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Laguerre–Gaussian (LG) modes are solutions of the parax-
ial Helmholtz equation in cylindrical coordinates and are
associated with light fields carrying orbital angular momen-
tum (OAM). It is customary to modulate such beams using
phase-only vortex profiles, e.g. when increasing (laddering
up) or decreasing (laddering down) the OAM content of
some given LG mode. However, the resulting beams have
been shown to be hypergeometric-Gaussian modes, due to
the changing radial amplitudes on propagation. In this work,
we show that these beams in fact have the angular spec-
trum of a set of modes known as elegant Laguerre–Gaussian
(eLG) modes, which map back to LG-type modes more intu-
itively than hypergeometric-Gaussian modes. Accordingly,
the fields obtain new OAM and radial quantum numbers
that depend on the initial OAM and additional OAM gained
during modulation. © 2025 Optica Publishing Group. All rights,
including for text and data mining (TDM), Artificial Intelligence (AI)
training, and similar technologies, are reserved.

https://doi.org/10.1364/OL.547825

The standard Laguerre–Gaussian (LG) beam is well-known as
an eigenmode of the paraxial wave equation whose mode order
is determined by the topological charge ℓ ∈ Z and radial index
p ∈ N0. While ℓ tells us the number of intertwined helical wave-
fronts, and consequently the value of OAM ℓℏ per photon, the
radial index determines the number of nodes, or p + 1 concen-
tric rings of intensity. Over the past few decades, LG beams
have gained significant attention due to their broad applications
in areas such as optical trapping and manipulation, classical
and quantum optical communications, imaging, metrology, and
spectroscopy [1,2]. Popular passive techniques for generating
LG beams include spatial light modulators [3], Q-plates [4], and
metasurfaces [5]. Active (direct) generation from a source can
be achieved in free-space, fiber, and on-chip lasers [1,6].

As extensions of the LG beam, elegant Hermite–Gaussian
(eHG) and elegant Laguerre–Gaussian (eLG) beams were
introduced in 1973 by Siegman and in 1985 by Takenaka,
respectively, as solutions to the paraxial wave equation for free-
space propagation [7,8]. The elegance to which these beams
owe their namesake arises from the fact that while the LG and

HG’s polynomial argument is real, the eLG and eHG’s polyno-
mial is complex, endowing the mathematics that describes the
beams with compactness and elegance, a feature retained even in
three-dimensional generalizations (non-paraxial regime) of eLG
beams [8,9]. However, before this, eHG and eLG beams had been
explored in the context of resonators with variable-reflectivity
mirrors [10,11] and lens-like gain media [12,13]. Connections
between elegant and standard modes have been established [14],
and eLG beams with high radial orders have been shown to share
similarities with Bessel–Gaussian (BG) beams [15,16], which
are finite-energy realizations of the non-diffracting Bessel beam
[17]. eLG beams are also complementary to other complex light
fields, even though, due to their complex argument, they display
distinctive structural changes in their transverse profiles upon
propagation that have been studied in detail [14]. Furthermore,
eLG modes exhibit more symmetry compared to LG modes
[9,18,19]. Many theoretical studies have also been dedicated to
eLG beams pertaining to their vortex structure [20,21], OAM
[22,23], and vector wave packet behavior [24].

In this work, we demonstrate that LG beams undergoing
azimuthal phase modulation evolve into elegant LG modes
upon propagation. It has been previously shown that these types
of evolving LG beams can be described as hypergeometric-
Gaussian modes [25–27] and, when expressed in the complete
LG azimuthal and radial basis, the field represents a superposi-
tion of LG modes. However, such a description is unintuitive due
to the indices that describe hypergeometric-Gaussian modes. We
show here that LG modes undergoing azimuthal phase modula-
tion revert to fields that are characterized by well-defined radial
indices and topological charges, specifically the eLG modes.

To begin, let us suppose an LG mode is modulated with a
phase profile, exp(i∆ℓϕ), where ∆ℓ is an integer as shown in
Figs. 1(a) (∆ℓ = 1) and 1(b) (∆ℓ = 2) and ϕ is the azimuthal coor-
dinate. Initially, the LG mode has the field function LGℓin (r, ϕ) =
f|ℓin |(r) exp(iℓinϕ), where ℓin is the initial topological charge,
and f|ℓin |(r) = (

√
2r/w)|ℓin | exp

(︁
−r2/w2

)︁
is the radial envelope

function for the LG mode, defined in cylindrical coordinates,
(r, ϕ, z = 0). We assume that the initial field does not have
radial modes, i.e., initially p = 0. Here w is the mode size of
the embedded Gaussian envelope, where the Gaussian envelope
is exp(−r2/w2). An example is illustrated in Fig. 1(a), where
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Fig. 1. Concept figure. (a), (b) Conceptual illustration of modulating an LG mode with topological charge ℓin using a spiral phase (ei∆ℓφ)
of charge ∆ℓ, yielding a new mode with ℓout = ℓin + ∆ℓ. Shown analytically, for (a) ℓin = 2 , ∆ℓ = 1 and (b) ℓin = −2 , ∆ℓ = 2 over distances
z = 0 to 1.5zR in 0.5zR intervals for intensity and phase profiles. (c) Analytical transverse angular spectral for various (ℓin, ∆ℓ) producing OAM
and radial index pairs, (ℓout, p), with the intensity profiles and their cross sections in large, and their corresponding phase profiles appearing
as insets. (d), (e) Analytical and numerical intensity and phase profiles for ℓin = 6 , ∆ℓ = −4, resulting in ℓout = 2 , p = 2.

a beam is numerically propagated for a mode with an initial
OAM charge of ℓin = 2. After modulation, the beam acquires
an additional OAM charge of ∆ℓ = 1, resulting in a final topo-
logical charge of ℓout = ℓin + ∆ℓ = 3. Notably, the beam in this
example preserves its characteristic donut-like shape through-
out propagation. While the field initially does not have radial
modes (nodes), it appears that in some cases, they emerge as
the beam propagates, as can be seen in the numerical propa-
gation in Fig. 1(b) for ℓin = −2 and ∆ℓ = 2 corresponding to
an output OAM topological charge of ℓout = 0. To compute the
angular spectrum of the field, we assume Fraunhofer diffraction
and exploit the cylindrical symmetry of the modes. Accordingly,
the angular spectrum that describes the field can be computed
from the Fourier transform:

Ψℓout (k) ∝ F (f|ℓin |(r)e
iℓoutφ) =

1
2π

∫
f|ℓin |(r)e

iℓoutφeik·rd2r, (1)

mapping from position r = (r, ϕ) to momentum space k =
(kr, ϕk), where kr and ϕk are the radial and azimuthal polar
coordinates in the momentum space, respectively. By apply-
ing the Jacobi–Anger expansion for plane waves and solving
the azimuthal and radial integral (that results in the |ℓin |th order
Hankel transform of the radial function f|ℓin |(r)), we arrive at the
following solution:

Ψℓout ,p(k) = N i−ℓout eiℓoutφk

(︃
krw
2

)︃ |ℓout |

e−(krw/2)2 L|ℓout |
p

[︄(︃
krw
2

)︃2
]︄

,

(2)
where N is a normalization factor and the radial mode index
is given by p = 1

2 (|ℓin | − |ℓout |). In the absence of modulation,
p= 0, and the behavior of the mode reduces to a standard LG
mode. To allow for half-integer values for the radial index, we

use the generalized Laguerre polynomials defined in terms of
the confluent hypergeometric functions, which can be defined
as L|ℓ |

p (z) = (|ℓ |+1)p
p! 1F1 (−p; |ℓ | + 1; z), where (·)p denotes the

Pochhammer symbol. This allows the p-index to take nega-
tive values as well since it is possible to have |ℓin |> |ℓout |. The
calculated angular spectrum that we have derived resembles
that of eLG modes [19], which have the characteristic form,
eLGm

p (ρ, ϕr) = ρ
|m|e−ρ2 L|m|

p (ρ2)eimφr for ρ ≡
krw
2 corresponding to

the scaled momentum coordinates, confirming that these fields
are indeed from the LG mode family. These modes are orthog-
onal in the OAM degree of freedom but not in the radial degree
of freedom and, nonetheless, form an over-complete set. Fig-
ure 1(c) shows exemplary analytical transverse angular spectral
intensity profiles for several initial OAM charges (ℓin) and trans-
ferred OAM charge pairs, i.e., (ℓin, ∆ℓ), that in turn produce the
total OAM charges (ℓout) and radial index (p) pairs, i.e., (ℓout, p).
For the first three cases, we see that the p-index satisfying p ≥ 0
corresponds to the number of dark rings that can be seen in the
intensity profiles of the propagated field. Whereas in the last
two cases, corresponding to p<0, we see that the field does not
have dark rings even though the magnitude of the radial index is
nonzero. To appreciate the significance of the radial index, we
examine the angular spectrum and, in particular, its polynomial
components. For p ≥ 0, the generalized Laguerre polynomials,
expressed using confluent hypergeometric functions, retain a
polynomial form, leading to radial profiles with nodes. This is
evident in the intensity and phase profiles for p = 1, 2, and 6 in
Fig. 1(c) (see phase insets). While the intensity does not have p
rings, the phase is seen to have p + 1 sign changes in the radial
direction. That is to say, beginning at the center of the phase pro-
file and moving radially outward, there will be p sudden phase
changes. However, for the case where the modes have negative
radial indices, shown in the last two examples of Fig. 1(c), the
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Fig. 2. Experimental figure. (a) Schematic of the experimental setup consisting of an expanded laser beam (using lenses L1(2)) that is incident
on a spatial light modulator (SLM), with the output mode imaged onto a camera (CCD) (using lenses L3(4)). (b) Heatmap of p−indexes (or
radial index) associated with various choices of ℓin and∆ℓ. The corresponding radial index is determined by p = (|ℓin | − |ℓout |)/2. Experimental,
theoretical (top, left inset) intensity profiles at propagation distances of z = 0.0, z = 0.5zR, z = zR, and z = 1.5zR and the far-field images for (c)
ℓin =−2 and ∆ℓ = 2, (d) ℓin = 6 and ∆ℓ =−4, (e) ℓin = 13 and ∆ℓ =−12, (f) ℓin = 6 and ∆ℓ =−5, (g) ℓin = 1 and ∆ℓ = 3, and (h) ℓin = 1 and ∆ℓ = 4.
The cross sections are shown below each measured intensity plot, with the solid line corresponding to the theoretical intensities, whereas the
points correspond to the measured values.

modes are defined in terms of convergent series of Laguerre
polynomials that have positive radial indices. In this case, two
types of solutions are expected; for integer negative values, the
functions are still polynomials; however, for non-integer neg-
ative values, the functions are infinite series of radial modes
[27]. This creates a radial profile resembling an LG mode with-
out nodes (p = 0) in the radial direction, despite the nonzero
index.

Nonetheless, the radial index we obtain resembles the version
derived in Ref. [28], which uses the radial quantum operator and
which has states from the LG mode family as its eigenstates.
Therefore, this gives us an equation analogous to the principal
quantum number, which here can be interpreted as the mode
order following, |ℓin | = 2p + |ℓout |, thereby setting constraints on
the allowable radial indexes (p) for a given initial (ℓin) and output
(ℓout) OAM charge mapping. Moreover, this expression reflects
the conservation of the total quanta in the initial field (|ℓin |),
suggesting that the transfer of OAM, ∆ℓ = ℓout − ℓin, is balanced
by the introduction of radial modes to compensate for changes
in the azimuthal component.

The far-field profile is thus given by the following:

Ψ
Far
ℓout ,p(k, z) =

N

λz
ei(kz−π/2(ℓout+1))ei z

2k k2
r eiℓoutφk

×

(︃
krw
2

)︃ |ℓout |

e−(krw/2)2 L|ℓout |
p

[︄(︃
krw
2

)︃2
]︄

,
(3)

and can be mapped to spatial coordinates through the expres-
sion kr =

k
z r, where k is the wavenumber. Further, the far-field

expression includes the radial curvature (ei z
2k k2

r ), the propagation
phase eikz, and i−ℓout = exp(−iπ/2ℓout)), which we interpret to be
associated with the Gouy phase in the far field. Accordingly, this
result is consistent with the far-field mode function as derived
in Ref. [19] (see Eq. (46) in the reference).

To estimate the z-dependent function, we assume that it can
be computed from the Fresnel diffraction integral, ψℓout (r) ∝
F (f|ℓin |(r)eiℓoutφei k

2z r2
), which is similar to the previous Fourier

integral but with the addition of a radially dependent phase
modulation factor, ei k

2z r2 . Solving this integral in cylindrical
coordinates yields the following expression:

Ψℓout ,p(r, ϕ, z) = Nei(kz−π/2(ℓout+1))

(︃
q

w(z)2

)︃1+p+|ℓout |/2

ei k r2
2 R(z)

× eiℓoutφ

(︃√qr
w(z)

)︃ |ℓout |

e−
r2

w(z)2 L|ℓout |
p

[︃
qr2

w(z)2

]︃
,

(4)

where w(z) = w0

√︃
1 +

(︂
z

zR

)︂2
, q = 1 + i zR

z , R(z) = (z2 + z2
R)/z is

the radius of curvature and zR = 1/2kw2 is the Rayleigh
range of the embedded Gaussian mode from the initial beam
LGℓin (·). Exemplary z-dependent intensity (Fig. 1(d)) and phase
(Fig. 1(e)) profiles are shown using our analytical formulas in
Eq. (4) (top panel) and the numerically propagated simulations
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(bottom panel) using the angular spectrum propagation method.
The analytical and numerical results are in perfect agreement
producing a fidelity of 100% in each case. The experiment val-
idating our theory is shown in Fig. 2(a). A He–Ne laser beam
(λ = 633 nm) passed through a lens system (L1(2)) to ensure uni-
form intensity on a phase-only spatial light modulator (SLM).
The SLM was encoded with a complex amplitude hologram
of an LG mode (OAM ℓin, p = 0) multiplied by an additional
azimuthal phase exp(i∆ℓ) (inset, Fig. 2(a)). A 4f imaging system
(L3 and L4) enabled spatial filtering of the first diffraction order
and imaging of the generated field on a Thorlabs CCD camera,
which captured intensity profiles from the image plane to 1.5
times the Rayleigh range and the far field. The combinations
selected for ℓin and ∆ℓ are highlighted (by yellow outlines) in
the table of Fig. 2(b), except for the case of Fig. 2(e), which falls
outside the plotted range of the heatmap. The intensity profiles
obtained are presented in Figs. 2(c)–2(h), where an initial OAM
mode of ℓin is produced and then modulated with an azimuthal
phase of ∆ℓ. The value of ∆ℓ is theoretically limited to any
integer but may be practically constrained by factors such as the
diffraction limit and aperture size used to record the intensity
profile. Here the first three measurements, i.e., Figs. 2(c)–2(e),
include cases for (ℓout, p) corresponding to (0, 1), (2, 2), and (1,
6), which were produced from pairs (ℓin,∆ℓ) of (−2, 2), (6, −4),
and (13, −12), respectively. These cases were chosen as they all
produce positive radial indices. Next we show a result for a case
where the radial index is a half-integer value, shown in Fig. 2(f)
for (ℓout, p) = (1, 2.5), which was produced by (ℓin,∆ℓ)= (6, −5).
While the cases shown so far correspond to positive integer
values for the radial index (p), since p = 1

2 (|ℓin | − |ℓout |), the p-
index can be negative in value. We show measurements for
such cases in Figs. 2(g) and 2(h) for p = −1.5 and p = −2, for
half-integer and integer cases, with corresponding topological
charges of ℓout = 4 and ℓout = 5, respectively. These were pro-
duced for (ℓin,∆ℓ) pairs corresponding to (1, 3) and (1, 4) for
Figs. 2(g) and 2(h), respectively. To measure the accuracy of
the experimental results, a correlation between the experimental
intensity profiles and the theoretical (top, left inset) intensity pro-
files was performed for each of these mentioned cases. Each case
produced correlations of above 90%, showing a clear agreement,
as can be confirmed by cross-sectional plots of the analytical
(solid lines) and experimental results (points).

To conclude, we have examined the behavior of LG modes
modulated by an azimuthal phase factor and observed that the
resultant modes have the angular spectrum of eLG beams, made
apparent by their matching intensity profiles. Previously, it was
deduced that modulation of LG modes with a phase-only spiral
phase was deleterious as it reduced mode purity and beam power
[27]; however, here we have shown that these modes have an
analytical expression that can be interpreted again in terms of
LG mode families (though it has been shown that they are also
hypergeometric-Gaussian mode functions [26]). The link to eLG
modes opens up the possibility of controlling the radial index
via phase-only control of the OAM content of an optical field;
this unveils a coupling between the radial and azimuthal degrees

of freedom. We emphasize that while the p-modes generated by
these eLG fields are not orthogonal in the p-mode index, their
ability to assume negative values is intriguing, as it arises from
the conservation of the mode number. A detailed interpretation
of this phenomenon will be explored in future studies.
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