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Abstract: 

Magnetoelectric (ME) composites composed of piezoelectric and magnetostrictive materials have 

excellent energy conversion properties. In this paper, a novel micromechanical modeling framework 

is proposed to study the effective material properties and nonlinear electro-magneto-elastic 

behaviors of magnetoelectric composites under multiple physical fields. Initially, a fully coupled 

nonlinear electro-magneto-thermo-elastic constitutive relationship is established. Based on finite 

volume direct averaging micromechanics (FVDAM), the local stress, electric displacement and 

magnetic flux density distribution of discrete elements are obtained by constructing the generalized 

local stiffness matrix and assembling the global stiffness matrix. The equivalent material 

coefficients of the magnetoelectric composite are obtained by employing the homogenization 

technique. Results of the numerical model are compared with different discrete elements and 

experimental data to verify the convergence and effectiveness of the developed algorithm. Moreover, 

effects of external prestress, ambient temperature, microscopic structure and applied magnetic field 

intensity on material properties such as magnetoelectric and piezomagnetic coefficients are 

investigated. Finally, the influences of initial damage and constituent phase volume fraction on the 

equivalent material coefficient and local mechanical response are discussed. The promising results 

provide a solid foundation for theoretical study and useful insight into the optimal design of high-

performance ME composites. 
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1. Introduction 

Magneto-electric (ME) composites composed of piezoelectric and magnetostrictive materials are 

widely used in emerging intelligent equipment and devices, owing to their mechanical-electric-

magnetic coupling characteristics [1–4]. As compared to single crystal ferroelectric materials, ME 

composites including piezoelectric materials as the matrix exhibit significant advantages in material 

ductility, excellent plasticity and structural integrity [5,6], thus attracting extensive attention in the 

fields of bionic robots and structural health monitoring. Manufacturing the intelligent devices 

composed of ME composites aims at  high sensitivity, lightweight, and low pollution, therefore the 

optimization of ME composites is necessary to meet the growing demands of smart devices [7–9]. 

However, the combination of different components and the multi-field coupling characteristics leads 

to additional complexity in the analysis of interaction and structural integrity. Thus, both the 
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effective coefficients and the local microscopic response of the composite materials need to be 

considered to achieve the accurate analysis. 

In general, the composition of ME composites can be divided into two constituent phases, which 

include a magnetostrictive phase (such as Nickel, or Terfenol- D) and piezoelectric phase (such as 

polyvinylidene fluoride (PVDF) or lead zirconate titanate (PZT)) [10,11]. One of the most important 

characteristics of ME composites is the magneto-mechanical-electric conversion property, that is, 

the ME coupling effect that cannot be observed in single ferroelectric or ferromagnetic materials. 

This ME coupling effect is demonstrated by the induced magnetization under the external electric 

field through the magnetostriction effect, or the polarization caused by the external magnetic field 

via the electromechanical effect [12,13]. Therefore, the research of ME composite requires the 

mechanical-electric-magnetic coupling analysis of piezoelectric characteristic, magnetostrictive 

characteristic and thermoelastic effects, as shown in Fig. 1. In the past decades, several analytical 

and numerical techniques have been developed to predict the effective material properties and 

coupling effects [14,15] of ME composites in order to avoid the time-consuming and laborious 

experimental measurement. As magnetostrictive materials, such as Terfenol-D, exhibit nonlinear 

mechanical behaviors in complex multi-field environments [16,17],  it is extremely significant to 

construct a numerical model that includes nonlinear constitutive relationships to predict the 

nonlinear magnetoelectric response of ME composites. Taking the benefit from the advance in 

classical mechanics theory and experimental tests, the magnetostrictive nonlinear constitutive 

model has been well established. By comparing numerical results with experimental data, Carmen 

and Mitrovic [18] proposed a standard square model. Duenas et al. [19] proposed an analytical 

model that used magnetization instead of magnetic field intensity as the independent variable in the 

calculation of the effective magnetostrictive characteristics. Based on the Gibbs free energy theory, 

Zheng and Liu [20,21] established a general nonlinear constitutive equation suitable for the complex 

multi-field coupling analysis and proposed the corresponding analytical expression. 

In order to reveal and analyze the effects of the volume fraction ratio, material distribution and 

microstructure on the macroscopic material properties, it is necessary to develop parametric 

modeling techniques for ME composites, therefore realizing the actual material preparation by 

numerical simulations. Early modeling techniques were based on classical micromechanical models. 

For example, Dinzart et al. [22] constructed the Mori-Tanaka (MT) model to study the coating 

inclusion problem arising from the analysis of ME composites. Herbst et al. [23] established the 

Composite Sphere Assemblage (CSA) model for particulate inclusion in ME composites, and Tong 

et al. [24] developed the Generalized Self-consistent Method (GSCM) for interface layer properties 

of fiber-reinforced ME composites. The above classical micromechanical models provide explicit 

analytical expressions and can obtain effective properties. However, the classical micromechanical 

model exists shortcomings, specifically manifested in the following aspects: 1) The classical 

microscopic mechanics model ignores the internal interaction of composites, leading to an 

ineffective analysis of interface damage, delamination, and porosity defects. 2) There is no effective 

parametric modeling, resulting in an inability to predict the local mechanical responses at the 

microscopic scale. The local stress distribution serves as a crucial indicator for microcrack and 

damage initiation, necessitating the advance in computational models with complex boundary 

conditions. At present, the finite element method (FEM) is widely used to construct 

micromechanical models, considering its concise theoretical framework and the capability of 

simulating intricate shapes and arrangements at the microstructure scale. Malakooti [25], Sladek 



3 

  

[26] and Govorukha [27] employed the FEM technique to investigate the electro-mechanical 

coupling characteristics of piezoelectric composites. Wang and Zhang et al. [28,29] implemented 

the nonlinear magnetostrictive constitutive relationship into the finite element model to study the 

effects of the magnetic field intensity and frequency on the magnetoelectric coupling performance. 

Utilizing Gaussian numerical integration points, the aforementioned FEM models can be developed 

to assess the mechanical response and electromagnetic field distribution in various directions at each 

element [30]. However, a substantial number of integral points are essential to ensure sufficient 

accuracy during the homogenization process using FEM. Therefore, it is demanding to establish the 

nonlinear constitutive model of the material coefficients in use of iterative algorithms for 

guaranteeing the computational convergence. 

To achieve this goal, the finite volume mechanics method is used to construct a micromechanical 

model with coupling characteristics of the multi-physics field. Initially, finite volume mechanics 

techniques were primarily employed in the field of fluid mechanics, while Pindera et al. [31,32] 

introduced solid mechanics as a numerical approach for investigating the micromechanical behavior 

of periodic composites. Khatam [33] and Cavalcante [34] further enhanced the accuracy of method 

by incorporating parametric elements for discretizing the model. Compared with traditional analysis 

methods, the distinctive feature of FVDAM is that it provides an explicit analytical expression of 

the local stiffness matrix for each discrete element in the local region. In addition, FVDAM uses the 

average surface quantity as the basic unknown variable to construct the global stiffness matrix, 

rather than using the unknown quantity at Gaussian points. In the existing research, it has been 

proved that the computational efficiency of the FVDAM model is higher and has sufficient accuracy 

compared with other numerical models [35–37]. Li et al. [38,39] have already utilized the finite 

volume theory to build effective microscopic mechanical models for piezoelectric composite 

materials and magnetostrictive composite materials, respectively. However, the FVDAM theory has 

not yet achieved the study of nonlinear ME effects in an electro-magnetic-mechanical environment 

with full coupling in the literature. 

Stemming from the theoretical framework of FVDAM, this paper has developed a microscopic 

modelling framework that can effectively predict the nonlinear mechanical behaviors of ME 

composites. On this basis, the local response and equivalent material properties are obtained under 

the consideration of external multi-physics fields and internal microstructure. The subsequent 

sections present the remaining parts of this paper as follows: Section 2 describes the construction 

process of nonlinear coupled electro-magneto-thermo-elastic constitutive equations. The Section 3 

derives the generalized numerical solution using the finite volume theory and constructs the 

parameterized micromechanical model of the FVDAM. As compared with the experimental results, 

the validity of the numerical model results is conducted in Section 4. Then, the convergence of the 

model is demonstrated by the local field distributions of the mechanical model with different mesh 

densities. Subsequently, the influence of magnetic field intensity, prestress and temperature on 

magnetostrictive strain, electric field intensity and ME coupling coefficients are discussed in detail. 

Finally, the results of stress distribution and equivalent material properties under the influence of 

initial damage with the variation of magnetostrictive phase volume fraction are obtained. This 

research is summarized in Section 5. 
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2. Electro-Magneto-Thermo-Elastic coupling constitutive relation 

For stationary behavior without external electric field or physical forces, linear fully coupled 

electro-magneto-thermo-elastic constitutive relation consists of divergence equations (i.e., elastic 

equilibrium and Gauss's law) and gradient equations (for example, strain-displacement, electric 

field-potential and magnetic field-potential relations). This constitutive relation can be described by 

generalized Hooke's law [40]: 

 ij ijkl kl kij k kij k ijC e E q H T       (1) 

 i ikl kl ik k ik k iD e E H T         (2) 

 i ikl kl ik k ik k iB q E H T         (3) 

where 
ij  , iD   and iB   are stress, electric displacement and magnetic flux density components, 

respectively. 
ijklC  , 

kije  , 
kijq  , ik  , ik   and 

ik
  

denote the elastic stiffness, piezoelectric, 

piezomagnetic, dielectric permittivity, magnetoelectric and magnetic permeability coefficients, 

respectively. 
ij  , i   and i   represent the thermal stress, pyroelectric and pyromagnetic 

Fig. 1. Surface plot of compressive prestress and temperature conditions [45]. Properties and application of each 

component phase material of magnetoelectric composites. Structural configuration of PVDF and its copolymers 

[46]. Measured voltage response of an array of PVDF-TrFE fibers under cycling bending at 1 Hz [47]. Schematic 

of the crystal structure of NiFe2O4 NPs [48]. Digital photograph and schematic presentation of ME laminate 

composites [49].  
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coefficients, respectively. To facilitate the calculation, the constitutive relations in Eqs. (1)-(3) are 

written in a matrix form as follows: 

 T Y = GX Γ  (4) 

where the vectors X  and Y  are formulated as: 

  11 22 33 23 13 12 1 2 3 1 2 3,  ,  ,  2 ,  2 ,  2 ,  ,  ,  ,  ,  ,  E E E H H H           X  (5) 

  11 22 33 23 13 12 1 2 3 1 2 3,  ,  ,  2 ,  2 ,  2 ,  ,  ,  ,  ,  ,  D D D B B B           Y  (6) 

and the symmetric coefficient matrix G  and thermal coefficient vector Γ  are defined as follows: 

 ,  

   
   

    
     

T T
C e q Λ

G e -κ -α Γ ρ

q -α -μ λ

 (7) 

In Eq. (7), the sixth-order square matrix C  represents the elastic stiffness coefficients denoted by 

the contracted symbol. T
e  represents the transpose of the 3 6  rectangular matrix e  that represents 

the corresponding piezoelectric coefficients. T
q  represents the transpose of the 3 6  rectangular 

matrix q   that denotes the corresponding piezomagnetic coefficients. κ   is a third-order square 

matrix corresponding to the dielectric permittivity coefficients, and μ  is a third-order square matrix 

corresponding to the magnetic permeability coefficients. α   is the third order square matrix 

representing the magnetoelectric coefficients. The sixth-order vector Λ  denotes the thermal stress 

coefficients. The two third order ρ  and λ  denotes the corresponding pyroelectric coefficients and 

pyromagnetic coefficients. Therefore, the items in the fully coupled electro-magneto-thermo-elastic 

constitutive relation matrix shown in Eq. (7) are given as: 

 

11 12 13 14 15 16 11 21 31 11 21 31

21 22 23 24 25 26 12 22 32 12 22 32

31 32 33 34 35 36 13 23 33 13 23 33

41 42 43 44 45 46 14 24 34 14 24 34

51 52 53 54 55 56 15 25 35 15 25 35

61 62 63 64 65 66

C C C C C C e e e q q q

C C C C C C e e e q q q

C C C C C C e e e q q q

C C C C C C e e e q q q

C C C C C C e e e q q q

C C C C C C
G

16 26 36 16 26 36

11 12 13 14 15 16 11 12 13 11 12 13

21 22 23 24 25 26 21 22 23 21 22 23

31 32 33 34 35 36 31 32 33 31 32 33

11 12 13 14 15 16 11 12 13 11 12 13

21 22 23 24 25 26 21 22 23 21 22

- - -

- -

e e e q q q

e e e e e e

e e e e e e

e e e e e e

q q q q q q

q q q q q q

     

     

     

     

    

1

2

3

4

5

6

1

2

3

1

23 2

31 32 33 34 35 36 31 32 33 31 32 33 3

,  

-

- - -q q q q q q









 

      

  
   
  
   
  
  
   
  
  

   
  
  
  
  
  
  
  
  

   

Γ  (8) 

2.1. Nonlinear magnetostrictive constitutive equation 

Considering the nonlinear strain response under the magnetic field loading, it is imperative to 

establish a nonlinear constitutive relationship defining the magneto-elastic coupling. The internal 

energy density function  ,  ,  ij kU M S , which encompasses strain components 
ij , magnetization 

components iM , and entropy density S , is presented as follows: 
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0( , , )ij k ij ij k kdU M S d H dM TdS       (9) 

The equation of thermodynamics in the form of the Gibbs free energy function is employed as 

follows: 

  , ,ij ij ijG T U TS    
k

M  (10) 

In order to determine the strain component 
ij  and the magnetic field intensity component kH , the 

partial derivatives of the Gibbs free energy function with respect to stress and magnetization are 

deduced, resulting in the following thermodynamic relations: 

 
   

0

, , , ,
,  

ij k ij k

ij k

ij k

G M T G M T
H

M

 
 



 
 

 
 (11) 

A second-order Taylor expansion of the Gibbs free energy function shown in Eq. (10) at a steady 

state ( , ) (0,0)ij kM   is substituted into Eq. (11) to obtain polynomial equations with the stress and 

magnetization as variables. The coupled magneto-elastic nonlinear constitutive relation is employed 

to describe the above magnetostrictive nonlinear characteristics as follows: 

 

2

1 3 1
(1 )

2 2

3 1

1 3 2 2

2 2

s

ij ij kk ij ij kk ij

s

S ij kk ij

s

s i j k k ij

s s

v v
E

M M M M
M


      



   


 


 
        

 

   
         

  
   

 (12) 

where E   and v   mean the Young's modulus and Poisson's ratio. s  , sM   and s   represent the 

saturation magnetostrictive strain, saturation magnetization and maximum pre-stress, respectively. 

ij  is the Kronecker delta. The magnetic field intensity components kH  in Eq. (11) can be further 

reformulated as: 

 
   

2 2

1

2

0

31
3 ,

2

kk

s

ij ijs

k k ij kk ij j

s s

M
H L M M

k T M M T M

  
  

 


   

              

 (13) 

where  1 .L  means the inverse of the Langevin function ( ) coth( ) 1/L x x x  .  
 

3 m

S

k T
M T




 

is 

the relaxation factor with magnetic susceptibility m  .  
1/2

0

1 /

1 /

c

s s

T T
M T M

T T

 
  

 
  is the 

temperature-dependent saturation magnetization. 
1 2 3

2 2 2M M M M     denotes the modulus of 

the magnetization matrix. 

To describe the nonlinear response of magnetic field intensity with respect to magnetostrictive 
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properties, the incremental form of strain and magnetic field intensity in Eqs. (12) and (13) is 

introduced and expressed in matrix, as follows: 

 T
      

       
      

TΔσ Δε ΛC q
=

ΔB -ΔH λq -μ
 (14) 

where  11 22 33 23 13 12

T
           Δσ  ,  1 2 3

T
H H H   ΔH  ,

 1 2 3

T
B B B   ΔB ,

  11 22 33 23 13 122 2 2
T

           Δε .  

To determinate the nonlinear magnetostrictive coefficient matrix 
 

  
 

T
C q

L
q -μ

 and pyromagnetic 

coefficient vector 
 

  
 

Λ
R

λ
 in Eq. (14), the combination of the partial derivatives of Eqs. (12) and 

(13) should be conducted as follows: 

               
1 1 1 1 1

,  ,  ,  ,  
T T

 

 

        
    
    

C q μ Λ λ
H H H

M
                     (15) 

To solve the Eq. (14), the boundary condition should be considered: Without consideration of 

external load, free charge density and magnetic flux density, the incremental constitutive equations 

mentioned above satisfy the stress equilibrium and Maxwell’s equations in the Cartesian coordinates 

ix , that is, 

 0, 0,  0
ij i i

j i i

D B

x x x

  
  

  
 (16) 

where the components of the magnetic flux density iB
  
are related to magnetic field density 

components iH
 
and magnetization components iM

 
in the form  0i i iB H M  .  

  

2.2. Linear piezoelectric constitutive equation 

To investigate the mechanical properties of piezoelectric composites, a linear piezoelectric 

coupling constitutive relation is adopted. The mechanical stress tensor ij   and electric 

displacement vector iD  are commonly defined by Eqs. (17)-(18): 

 ij ijkl kl kij kC e E    (15) 

 i kij kl ik kD e E    (16) 

where kl  and kE  represent the strain tensor and electric field vector, respectively. Alternatively, 
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Eqs. (17)-(18) can be reformulated into a matrix form as follows: 

 
      

       
      

Tσ ε εC e
P

D E Ee κ
 (17) 

where C , e  and κ  are the 6 6  elastic stiffness coefficient matrix, 6 3  piezoelectric coefficient 

matrix, and 3 3  relative permittivity coefficient matrix, respectively. 
 

  
 

T
C e

P
e κ

 denotes the 

electro-elastic property matrix.  

 

3. Micromechanical model of FVDAM 

In this section, a microscopic mechanical model of periodic structure is established to study the 

nonlinear mechanical-electric-magnetic coupling behavior of ME composites. Continuous fibers are 

used as magnetostrictive reinforcements surrounded by piezoelectric matrix. As shown in Fig. 2, the 

representative volume element (RVE) containing microscopic features is applied for numerical 

model analysis. The nonlinear magnetoelectric coupling constitutive relationship proposed in 

Section 2 is implemented into the finite volume direct averaging micromechanics (FVDAM) model. 

Using this microscopic modeling strategy, the changes in displacement, electric potential and 

magnetic potential are considered in the two-scale modeling of structures - macroscopic composites 

involving the global 1 2 3x x x    coordinates and microstructure referring to the local 2 3y y  

coordinates, respectively. 

 

 
 

3.1. Parametric element mapping relationship 

Fig. 2. Schematic diagram of the periodic microstructure. 
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The multi-physics analysis using the FVDAM model is based on the principle of asymptotic 

homogenization theory and introduces the electric potential and magnetic potential fields to 

effectively solve the prediction problem of the equivalent physical and mechanical properties of ME 

composites. The present micromechanical model considers surface average quantities instead of 

nodal physical quantities as the unknowns, and a parameterized convex quadrilateral mesh is 

proposed to discretize the representative volume elements, as shown in Fig. 3 (a). The N N   

parametric elements are used to discretize the RVE, which could be defined by a curved surface of 

the microscopic geometry. The subscripts   and   are the location indexes of the element in 
2y  

and
3y  directions, respectively. The location of the actual microstructure is determined by the 

vertices      ,

2 3( , )
m m

y y
 

 of the discretized sub-cells located in the natural 2 3y y  coordinate system 

( 1y  denotes the axial direction). The coordinate mapping relationship is defined as:   

      
4

,( , )

2 3

1

, ,     1,2,3i m i

m

y y y N y i
    



   (18) 

where 

 

     

     

1 2

3 4

1 1
1 1 1 1

4 4

1 1
1 1 1 1

4 4

N N

N N

   

   

     

     

 (19) 

The subscripts 1,2,3,4m   denotes the boundary sequence number of the quadrilateral. The 

shape functions  ,mN  
  
are used to characterize the mapping relation between the coordinate 

system and the reference coordinate system. Using the Q4-type parameter mapping function 

 ,mN   , the regular quadrilateral sub-cell in the reference    coordinates system is mapped to 

a quadrilateral sub-cell in the actual microstructure shown in Figs. 3(b) and (c), thus the  ,
th

   

parametric element is generated. 
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As the fundamental assumption in zero-order homogenization theory [41] is stated, the 

microstructure scale is infinitesimal with respect to the macroscopic structure size in the FVDAM 

model. As a result, the local stresses, electric displacements, and magnetic flux density at the 

microstructural scale include the macroscopic average contributions and the microscopic fluctuating 

contributions located on the global 1 2 3x x x    coordinates and the 2 3y y   local coordinates, 

respectively. Thus, the displacement components, electric potential components and magnetic 

potential components are represented in incremental form as follows: 

    , ,
iji j iu x u

   
       (20) 

    , ,
j jf E x f

         (21) 

    , ,
j jH x

   
       (22) 

The quantities 
 ,

iu
   , 

 ,
f

    and 
 , 

   are the sub-cell fluctuating displacement, electric 

potential components and magnetic potential components located in the local 2 3y y  coordinate 

system. The local strain, electric field intensity and magnetic field intensity in the sub-cells are 

determined by the macroscopic quantity and fluctuation components defined in Eqs. (25)-(27), 

(a) 

(b) (c)  

Fig. 3. Mapping of the reference sub-cell in the    coordinates system onto a quadrilateral sub-cell in the 2 3y y  

coordinate system. (a) Parameterized discrete elements, (b) Reference coordinate system and (c) Natural coordinate 

system. 
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   

 ,

, , 1

2

ji

ij ij ij ij

j i

uu

y y

 

   
   

 
          

   

 (23) 

 
   

 ,

, ,

j j j j

j

f
E E E E

y

 

   
 

         
  

 (24) 

 
   

 ,

, ,

j j j jj

j

H H H H
y

 

     
         

  

 (25) 

where ij  , jE   and jH   are the increment of macroscopic strain, electric field intensity and 

magnetic field intensity components, respectively. Especially,  ,

11 11

 
    ,  ,

1 1E E
 

    and 

 ,

1 1H H
 

    are  observed due to the continuous fiber reinforcement in the axial 1y - direction. 

The partial differential jy    regarding the fluctuation components defined in Eqs. (25)-(27) is 

transformed into 
y 

 


 
 by the Jacobian matrix J in the coordinate transformation process, that 

is, 

 

           , , ,, , ,

2 2 21 1 1

3 33

,  , 

i i

i i

u fu f

y y y

u fu f

y yy

          
 

  

 

 

  

                 
              
            

                  
                       

J J J  (26) 

where 

 

   

   

4 4

2 3

1 1 22 231

4 4

32 33
2 3

1 1

ˆ ˆ
,  

ˆ ˆ

m mm m

m m

m mm m

m m

N N
y y

J J

N N J J
y y

 

 

  

 

  
    
    
     
 

  

 

 
J J  (27) 

3.2. Generalization of the local stiffness matrix 

The sub-cell fluctuating displacement 
 ,

iu
   , electric potential components 

 ,
f

    and 

magnetic potential components 
 , 

   are expanded into the second-order polynomials in the 

reference    coordinate system according to the asymptotic homogenization theory [42], that is,  

 
 

 
 

 
 

 
     

     
 , , , , , ,2 2

00 10 01 20 02

1 1
3 1 3 1

2 2
i i i i i i

u W W W W W
           

                 (28) 

 
 

 
 

 
 

 
     

     
 , , , , , ,2 2

4 00 4 10 4 01 4 20 4 02

1 1
3 1 3 1

2 2
f W W W W W

           
                 (29) 

 
 

 
 

 
 

 
     

     
 , , , , , ,2 2

5 00 5 10 5 01 5 20 5 02

1 1
3 1 3 1

2 2
W W W W W

           
                  (30) 
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where the intermediate variables  
 ,

10
W

 
  and 

 
 ,

01
W

 
   represent the first-order fluctuating 

contributions in the   and   directions, respectively. Similarly,  
 ,

20
W

 
  and 

 
 ,

02
W

 
  denote the 

second-order fluctuating contributions. Combining the above polynomial expansions, the sub-cell 

surface integral equation are as follows: 

    
1 1

(1),(3) (2),(4)

1 1

1 1
ˆ ˆ, 1        1,

2 2
i i i iu u d u u d   

 

 

            (31) 

    
1 1

(1),(3) (2),(4)

1 1

1 1ˆ ˆ, 1        1,
2 2

f f d f f d   
 

 

            (32) 

    
1 1

(1),(3) (2),(4)

1 1

1 1ˆ ˆ, 1       1,
2 2

d d       
 

 

            (33) 

where the superscripts (1), (2), (3) and (4) represent the vortex number of the sub-cell shown in Fig. 

3(c). Substituting the second-order polynomials in Eqs. (30)-(32), the fluctuating surface-averaged 

displacements ˆ
iu  ,  electric potentials f̂   and  magnetic potentials ̂  on faces 1 3,F F ( 1   ) 

and 2 4,F F ( 1  ) can be evaluated by the integral governing Eqs (33)-(35), that is, 

 
(1),(3) (2),(4)

(00) (01) (00) (00) (01) (00)
ˆ ˆ+         +i i i i i i i iu W W W u W W W             (34) 

 (1),(3) (2),(4)

4(00) 4(01) 4(00) 4(00) 4(01) 4(00)
ˆ ˆ+         +f W W W f W W W            (35) 

 (1),(3) (2),(4)

5(00) 5(01) 5(00) 5(00) 5(01) 5(00)
ˆ ˆ+         +W W W W W W             (36) 

For the crossover operation of Eqs. (36)-(38), the four intermediate variables 
 
 ,

01
W

 
 ,  

 ,

10
W

 
 , 

 
 ,

02
W

 
   and  

 ,

20
W

 
   are expressed as functions of the surface-averaged components and zero-

order intermediate variable 
 
 ,

00
W

 
 , that is, 

 

 

 

 

 

 

 

 

 

(1)

10 00

(2)

01 00

(3)

20 00

(4)

02 00

ˆ
0 1 0 1

ˆ1 0 1 01

0 1 0 1 ˆ2

1 0 1 0 ˆ

i i i

i i i

i i i

i i i

W u W

W u W

W u W

W u W

     
    

       
    
      
                

 (37) 

Similar to Eqs (33)-(35), the increments of the surface-averaged traction ît  , normal electric 

displacements ˆ
nD   and normal magnetic flux density ˆ

nB
  
are derived by integrating the 

corresponding interfacial components on faces 1 3,F F ( 1   ) and 2 4,F F ( 1  ), that is, 
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        
1 1

1,3 2,4

1 1

1 1
ˆ ˆ, 1           1,

2 2
i i i it t d t t d   

 

 

         (38) 

        
1 1

1,3 2,4

1 1

1 1ˆ ˆ, 1        1,
2 2

n n n nD D d D D d   
 

 

         (39) 

    
1 1

(1,3) (2,4)

1 1

1 1ˆ ˆ, 1         1,
2 2

n n n nB B d B B d   
 

 

         (40) 

where the unit normal vector in  denotes the vertical direction vector of the quadrilateral element 

surface on face mF . The surface traction 
it , normal electric displacement 

nD  and normal 

magnetic flux density 
nB  are defined by: 

  1 2 12 3 13t n n       (41) 

  2 2 22 3 23t n n       (42) 

  3 2 23 3 33t n n       (43) 

  2 2 3 3nD n D n D      (44) 

  2 2 3 3nB n B n B      (45) 

Substituting the electro-magneto-thermo-elastic coupling constitutive relation in Eqs. (4) into Eqs. 

(43)-(47), the relationship between the macroscopic load and the local response of the sub-cell can 

be further formulated into a matrix form: 

 
     m m m

T  I N GΔX N Γ  (46) 

where 

  

 
3 2

2 3

3 2

2 3

2 3

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

m

m

n n

n n

n n

n n

n n

 
 
 
 
 
 
 
 

N  (47) 

 
           

31 2
ˆ ˆˆˆ ˆ

T
m m mm m m

n nt D Bt t     
 

I  (48) 

The orientation matrix 
 m

N contains the normal vector of the sub-cell boundary. 
 m

I  denotes the 

vector determinants of the surface-averaged traction, normal electric displacement, and normal flux 

density. The macroscopic load vector ΔX  is defined by constitutive relation in Eq. (5). Taking into 

account the stress equilibrium and Maxwell’s equations in Eq. (15), the surface-averaged traction, 
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normal electric displacements and normal magnetic flux density on each side of mF  are obtained by 

the integration, 

  
4

1

ˆ 0
m

i m i

ml

t dl l t


     (49) 

  
4

1

ˆ 0
m

n m n

ml

D dl l D


     (50) 

  
4

1

ˆ 0
m

n m n

ml

B dl l B


     (51) 

Combining the coordinate transformation process in Eqs. (25)-(28) and the second-order polynomial 

of the fluctuating components in Eqs. (30)-(32), a complete form of the local equilibrium equations 

(see Appendix) is achieved. The first- and second-order intermediate variables 
 
 ,

01
W

 
 , 

 
 ,

10
W

 
 , 

 
 ,

02
W

 
  and 

 
 ,

20
W

 
  are eliminated according to the surface integral Eq. (39), and the zero-order 

intermediate variable 
 
 ,

00
W

 
  is expressed in the matrix form as a function of the surface-averaged 

displacement, potential, and magnetic potential, as follows: 

 

 

 

 

 

 

(1) (2)

1 1

(3) (4)

1 1

(1) (2)

2 2

1 00 (3) (4)

2 2

2 00 (1) (2)

3 31

(3) (4)3 00

3 3

(1) (2)4 00

(3) (4)5 00

(1) (2)

(3)

ˆ ˆ

ˆ ˆ

ˆ ˆ

ˆ ˆ

ˆ ˆ

ˆ ˆ

ˆ ˆ

ˆ ˆ

ˆ ˆ

ˆ

u u

u u

u u
W

u u
W

u u
W

u u
W

f f
W

f f

 





   

   

   
 
     
 

    
 

    
      
      

   

 

L R

(4)̂

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

 (52) 

where the elements in the matrices L  and R  in Eq. (54) are given explicitly in Appendix. The 

surface-averaged tractions 
ît  , normal electric displacements ˆ

nD   and normal magnetic flux 

density ˆ
nB  in Eqs. (51)-(53) can be further written as an ensemble matrix 

 , 
U  containing the 

surface-averaged displacements, electric potential, and magnetic potential by assembling the local 

stiffness matrix in sub-cell. The final relations of the  ,
th

   sub-cell on each face can be written 

in a matrix form as follows, 
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 

 

 

 

   

 

 

 

 

     

 

 

 

 

 

 

, , ,
1 1 1

2 2 2

, , , ,

3 3 3

4 4 4

local T

     

       

     
     
     

        
     
     
     

I N N

I N N
G ΔX K U Γ

I N N

I N N

 (53) 

where 

11 22 33 23 13 12 1 2 3 1 2 3, , ,2 ,  2 ,2 , , , , , ,E E E H H H                    X  

           ,
, 1 2 3 4

,  ,  ,  
 

   
 

U u u u u  with 
   

1 2 3
ˆ ˆˆ ˆ ˆ,  ,  ,  ,  

m
m

u u u f           
 

u  

Finally, the generalized local stiffness matrices  ,

local

 
K  including 20 20 elements are obtained by 

the sub-cell geometry and material properties. 

 

3.3. Assembly of global stiffness matrix 

According to the parametric FVDAM theory, the internal continuity and integrity of the material 

are assumed after deformation, ensuring that the surface traction force, normal electric displacement, 

and normal magnetic flux density on the common interface between adjacent sub-cells satisfy the 

continuous conditions. Moreover, the above physical parameters follow periodic boundary 

conditions at the RVE boundary. To assemble the global stiffness matrix, the following continuous 

and periodic conditions of surface traction matrices  , 
I  and displacement matrices 

 , 
u  between 

adjacent sub-cells are imposed as follows:   

(1) continuous conditions  

 
   1 ( , ) 3 ( , 1) 3( , 1)       u u u  (54) 

 
   2 ( 1, ) 4 ( , ) 2( 1, )       u u u  (55) 

 (1)( 1, ) (3)( , ) 0     I I  (56) 

 (2)( 1, ) (4)( , ) 0     I I  (57) 

(2) periodic conditions 

 
   3 ( , ) 3( , )1 ( ,1) N N  

 u u u  (58) 

 
   4 ( , ) 2( , )2 (1, ) N N  

 u u u  (59) 

 
(3)( , 1)(3)( ,1) 0

N

i i
 

 I I  (60) 

 
4( 1, )2(1, ) 0

N

i i
  

 I I  (61) 

The above conditions assemble all the sub-cells of the entire RVE into a unified entity, thereby 

enabling the derivation of the matrix representation for the global relation shown in Eq. (64) 
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 ˆ T     
global

K U ΔZ X Γ  (62) 

where 
global

K   represents the global stiffness matrix containing 10 10   sub-matrices. ˆ U   is 

composed of submatrices 2( , ) 
u   and 3( , ) 

u   including the surface-averaged displacements 1û  , 

electric potential f̂  , and magnetic potential ̂  in the  ,
th

   sub-cell. The superscripts 2 and 

3 represent the transverse 2y  - direction and longitudinal 3y  - direction of surface-averaged 

components, respectively. ΔZ   and Γ   are the matrices formed by the changes in the material 

coefficient matrix and thermal coefficient matrix of adjacent sub-cells.  

 

3.4. Homogenization 

By solving the global stiffness matrix, the global vector ˆ U  consisting of sub-cell displacement, 

electric potential and magnetic potential can be obtained. The application of macroscopic load  X  

on the sub-cell located at coordinate  ,   helps to obtain the generalized Hill electro-magnetic-

elastic concentration matrices  , 
A . 

    , ,
=

   
ΔX A X  (63) 

where the elements of the concentration matrix  , 
A   are determined by applying macroscopic 

strain 
( , )

ij

  , electric field ( , )

iE    and magnetic field ( , )

iH    of the sub-cell. Subsequently, the 

averaged macroscopic stresses, electric displacement and magnetic flux density represented by the 

volume weighted sum of the local components of the sub-cells is obtained by: 

 
   

 

   ,

,

, , ,

1 1 1 1

1 1
ˆ

N N N N

f

V

dV dV V
V V

   

 

 

     

      

     Δσ Δσ σ Δσ  (64) 

 
   

 

   ,

,

, , ,

1 1 1 1

1 1ˆ
N N N N

f

V

dV dV V
V V

   

 

 

     

      

     ΔE ΔE σ Δσ  (65) 

 
   

 

   ,

,

, , ,

1 1 1 1

1 1ˆ
N N N N

f

V

dV dV V
V V

   

 

 

     

      

    ΔB ΔB ΔB ΔB  (66) 

where  ,
V

 
  and 

 ,

fV
 

 is the volume and volume fraction of the  ,
th

   sub-cell, respectively. 

Substituting Eqs. (65)-(68) into the nonlinear magnetostrictive constitutive relation and linear 

piezoelectric relation defined by Eqs. (14) and (19), the macroscopic nonlinear incremental 

constitutive relation in each sub-cell for the electro-magneto-elastic composites is achieved as 

follows: 

 * T *
ΔY = G ΔX Γ  (67) 
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where the equivalent electro-magneto-elastic coefficients matrix 

* * *

* * * *

* * *

 
 

  
 
 

T T
C e q

G e -κ -α

q -α -μ   

is 

determined by the sub-cell geometry, constitutive law and electro-magneto-elastic concentration 

matrix in Eq. (65). The equivalent thermal coefficients matrix 

*

* *

*

 
 

  
 
 

Λ

Γ ρ

λ

  is determined by the 

thermal coefficient  , 
Γ . The calculations of *

G  and *
Γ  are given as follows: 

    , ,

1 1

1
N N

L L
V

 

   

 
  

 *
G G A  (68) 

  ,

1 1

1
N N

L L
V

 

 

 
  

 *
Γ Γ  (69) 

4. Results and discussions 

In this Section, the nonlinear modeling of coupled magnetic, mechanical, electrical properties and 

effects of the ME composites has been developed. In order to better understand the proposed 

modelling framework, Fig. 4 shows the flowchart of the nonlinear modeling process under the 

consideration of electro-magneto-thermo-elastic coupling behaviors. Material properties of ME 

composites [43–45] including piezoelectric polymers and magnetostrictive materials are provided 

in Table 1. The rationality of the established nonlinear model is demonstrated by two aspects. Firstly, 

the correctness of the developed model is verified by comparison with the experimental results. The 

second aspect is to enable the local distribution analysis of micromechanical model discretized with 

different meshes. As depicted in Fig. 4, the factors affecting the equivalent mechanical properties 

and nonlinear mechanical responses of ME composites are influenced by the external multi-physical 

field environment and the internal microstructure, respectively. Finally, the effects of these factors 

on ME composites are discussed. 

Table1. Material properties of constituents 

Material 

properties 
Implication Nickel PVDF 

E / GPa  Elasticity modulus 207 2.2 

v
 

Poisson ratio 0.3 0.29 

 / -1K
 

Coefficient of thermal expansion 613 10  650 10  

 / -1K
 

Coefficient of saturation 

magnetization thermal expansion 

82.05 10    

s  The saturation magnetostriction 54.65 10    

sM / kA/m  The saturation magnetization 460   
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4.1. Experimental validation on FVDAM model 

The experimental tests on the performance of ME composites were conducted at room 

temperature in Ref. [45], in which the magnetostrictive strains and coupling coefficients of the ME 

composites with the magnetostrictive phase composition of Nickel were obtained against the 

s / MPa  Maximum pre-stress 116   

m
 

The magnetic susceptibility 52.152   

11e / -2C m  Piezoelectric coefficients   0.1099  

22 / 1 1C V m    Dielectric coefficients   116.64 10  

Fig. 4. The nonlinear modeling flow chart of the ME composites under electro-magneto-thermo-elastic coupling 

condition. 
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magnetic field intensity in tests under different prestress. As compared to these experimental results, 

the strain response 11  and the equivalent coefficient ME  of the ME composites simulated using 

the FVDAM model under the same loading conditions are shown in Fig. 5. A volume fraction 0.25 

of magnetostrictive phase is selected in this study. The numerical results obtained by the FVDAM 

model agree well with the experimental data at the stage of magnetic saturation. A slight deviation 

is observed at the initial stage of the magnetization process.  As shown in Fig. 5(a), the strain under 

a 60 MPa prestress condition is significantly higher as compared to the strains under 20 MPa and 0 

MPa conditions, demonstrating the substantial impact of prestress on magnetostriction strain. Fig. 

5(b) illustrates that the ME coupling coefficient increases rapidly at low magnetic field intensities 

and achieves its maximum value at the magnetization saturation point, and then declines as the 

magnetic field intensity increases. When the magnetic field intensity 1 100 OeH  , The maximum 

ME coupling coefficient 
max

ME  reaches approximately 234 MV・cm-1・Oe-1 under 0 MPa prestress. 

Under the conditions of prestresses with 20 MPa and 60 MPa, the peak values of the ME coupling 

coefficient decrease to approximately 175 MV・cm-1・Oe-1 and 117 MV・cm-1・Oe-1, 

respectively. This trend indicates a reduction in the peak values of the ME coupling coefficient with 

the increase of prestress. As the ME coupling coefficient represents the combined response of the 

magnetostrictive and piezoelectric phases, the correctness of the FVDAM model could be 

interpreted from a theoretical point of view as follows: 

 ME
ME

V

t H





 
 (70) 

where the ME voltage MEV  is derived from the piezoelectric response of the piezoelectric material 

induced by the magnetostrictive strain. According to the multi-physics constitutive relation in Eq. 

(1), the electric field intensity MEE  depends on the equivalent piezoelectric coefficient and the stress 

components. As the equivalent piezoelectric coefficient remains unaffected by the magnetic field 

intensity, the ME coupling coefficient ME  is primarily related to the ratio of the strain increment 

to the magnetic field intensity increment ( ME H     ). when the magnetostrictive strain 

approaches stable (for example, the strain change rate H    is approximately 0), the ME 

coupling coefficient ME  decreases to 0, thereby complying with the aforementioned conclusion. It 

should be noted that for ME coupling coefficient ME , a certain deviation between results by the 

FVDAM model and experimental data is observed as no consideration of the influence of factors 

including contact stress and accurately realizing experimental environment in numerical model on 

ME coupling coefficient. When the prestress was 0 MPa, the ME coupling coefficient seems 

especially apt to be affected by the above factors, thus a large deviation between results by the 
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develop FVDAM model and the experimental data are observed. However, the maximum coupling 

coefficient and magnetostrictive strain by the FVDAM model are in good agreement with the 

experimental results, which indicates the validity of the proposed model. This demonstrates that the 

FVDAM model offers a reliable and promising tool for accurately predicting the nonlinear response 

of ME composites. 

 

  

 

 

4.2. Local field distribution study of magnetic properties 

The representative volume element (RVE) is applied to perform the discrete parametric modelling, 

which enables the FVDAM model to determine local distributions of physical fields and offer an 

effective numerical tool for assessing the effect of microscopic damage on macroscopic equivalent 

performance. To verify the convergence of numerical models with different meshes, studies are 

conducted to analyze the magnetic field and flux distributions using the mesh sizes of 48 48  and 

96 96 , respectively. A magnetic field loading ( 2 1000 OeH  ) is applied on the boundary of RVE 

along the transversal direction in the developed FVDAM model. The magnetic field intensity ( 2H , 

3H ) and magnetic flux density  ( 2B , 3B ) with different mesh configurations are shown in Figs. 6 

and 7,  respectively. These fields in the vicinity of the magnetostrictive phase exhibit the symmetric 

pattern with the highest intensity regions (highlighted in red) and lowest intensity regions 

(highlighted in blue). The overall profiles of the magnetic field intensity distribution and the 

magnetic flux distribution are similar, indicating a strong correlation between these two field 

distributions. It is noted that the numerical differences in field distributions for the models with two 

different meshes are remarkable small, indicating that the numerical results converge. This also 

demonstrates its feasibility for predicting the local field distributions using different sizes of meshes. 

Therefore, the FVDAM model with 48 48  discretized meshes is adopted for the analysis of local 

field predictions in this study. 

 

Fig. 5. Comparison of experimental results and theoretical results (a) Magnetostrictive strain 11   and (b) ME 

coefficient ME . 

(b) (a) 
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Fig. 6. Comparison of local magnetic field distribution in the sub-cells with mesh sizes of 48×48 and 96×96. 

48 48 96 96
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4.3. The effect of coupling multi-physics fields on properties of ME composites 

In this study, the FVDAM model is utilized to analyze the nonlinear mechanical behavior of ME 

composites under the multi-physical field environment including the magnetic field, prestress, and 

temperature. The nonlinear electro-magneto-elastic coupling response is primarily attributed to the 

magnetization saturation process within the magnetostrictive phase. Fig. 8 shows the nonlinear 

responses of the magnetization intensity 
0 1M   and the magnetic flux density 

1B   against an 

variational magnetic field intensity ( 0 1200 Oe ) under different prestress (i.e., 0 MPa, 20 MPa, 

40 MPa, 60 MPa) at the reference temperature 20 CT   . As shown in Fig. 8(a), magnetization 

gradually approaches saturation with the increase of magnetic field intensity, reaching a maximum 

saturation magnetization of 0.52 T under a prestress of 60 MPa. The magnetization increases more 

rapidly with the increase of prestress during the initial magnetization stage (that is to say, when the 

magnetic field intensity 1 400 OeH  ). However, the saturation magnetization remains the same 

value across all four prestress levels (i.e., 0 MPa, 20 MPa, 40 MPa and 60 MPa), indicating that the 

external loading can only accelerate the magnetization process and has minimal impact on saturation 

magnetization. Based on Maxwell principle, the magnetic flux density  1 0 1 1B M H   depends 

2 / TB  

  

3 / TB  
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Fig. 7. Comparison of local magnetic flux density distribution in the sub-cells with mesh sizes of 48×48 and 96×96. 
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on the magnetization intensity 1M  and magnetic field intensity 1H . Therefore, as shown in Fig. 

8(b), as the magnetization intensity approaches saturation, the change in the magnetic flux density 

no longer exhibits the nonlinear behavior. However, the trend in magnetic flux density remains 

similar under four prestress loads. Overall, the higher levels of prestress significantly enhance the 

magnetization intensity and magnetic flux density, while its influence diminishes as the 

magnetization intensity approaches saturation. 

 

  

 

 

As the magnetic field intensity increases, internal defects and stresses are reduced due to the 

rearrangement of magnetic domains within the magnetostrictive material, leading to the changes in 

the elastic modulus. Applying the FVDAM micromechanical model, the results of the equivalent 

elastic modulus as a function of the magnetic field intensity ( 0 1000 Oe ) under different prestress 

loads are shown in Fig. 9. It is noted that the increase of the magnetic field intensity causes the 

nonlinear change in the elastic modulus, due to the hysteresis on the effect of magnetostriction. With 

the increase of the applied magnetic field intensity in Fig. 9(a), the equivalent axial elastic modulus 

*

11E   increases, while the equivalent transverse elastic modulus *

22E   decreases. The increase of 

prestress also leads to the increase of the change rate of elastic modulus. Considering a prestress 

load of 60 MPa, the axial elastic moduli *

11E  and transverse elastic moduli *

22E  reach the maximum 

and minimum values of 53.42 GPa and 35.68 GPa, respectively. 

 

Fig. 8. Nonlinear responses with respect to the magnetic field intensity 1H  under different prestresses at reference 

temperature 20 CT    (a) Magnetization intensity 0 1M , and (b) Axial magnetic flux density 1B . 

(b) (a) 
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Subsequently, Fig. 10 shows the relationship between the equivalent piezomagnetic coefficients 

of the ME composite and the applied magnetic field intensities under different prestresses. It is 

worth noting that both the axial stress 11  and the transverse stress 22  exhibit significant nonlinear 

behaviors with the increase of magnetic field intensity. As the magnetization process reaches 

saturation, the axial and transverse stresses reach maximum values of 1124 MPa and 308 MPa, 

respectively. In Fig. 10(c), the increase of average electric field intensity 
1E   shows the larger 

amplitudes under different prestresses. This owes to the electric field intensity 
1E  comes from the 

piezoelectric effect generated by the interaction of the piezoelectric phase. The strain required to 

produce the piezoelectric effect includes the internal magnetostrictive strain and the elastic strain of 

the material generated by the external prestress, which results in a larger amplitude of variation in 

electric field intensity. Fig. 10(d) illustrates the variation of the equivalent piezomagnetic coefficient 

*

11q   in terms of the magnetic field intensity. The piezomagnetic coefficients *

11q   under the four 

prestress conditions (i.e., 0 MPa, 20 MPa, 40 MPa, 60 MPa) rapidly reach to the peak values (i.e., 

110 Pa/Oe, 161 Pa/Oe, 189 Pa/Oe, 219 Pa/Oe) at the initial stage of magnetization, respectively. 

Then, they quickly decreased to zeros, indicating that the prestress has significant impact on the 

peak location and magnitude of the piezomagnetic coefficient. 

 

Fig. 9. Comparisons of the equivalent elastic modulus with respect to the magnetic field intensity 
1H   under 

different prestresses at reference temperature 20 CT    (a) Axial elastic modulus *

11E , and (b) Transverse elastic 

moduli 
*

22E . 

(b) (a) 
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Finally, the temperature field, as a critical factor influencing the properties and response of ME 

composites, is investigated using the FVDAM model. Fig. 11 demonstrates the relationship between 

nonlinear responses and the magnetic field at different temperatures (i.e., 20 °C, 40 °C, 60 °C, 80 °C). 

To emphasize the impact of temperature on performance of the magnetoelectric composite, no 

prestress load condition is imposed. On the basis of nonlinear magneto-elastic-thermal constitutive 

relation in Eq. (10), the residual thermal stress caused by the increased temperature constrains the 

magnetostrictive stress. Consequently, the magnetostrictive stress responses ( 11 22,   ) are more 

pronounced at lower temperatures as shown in Figs. 11(a) and (b). With the increase of magnetic 

field, thermal disturbances induced by the increased temperature impedes the process of 

magnetization, leading to a weakening of internal stresses. This observation agrees well with the 

microscopic mechanism of magnetic domain structure. Moreover, as the prestress is not applied in 

this study, the electric field intensity 
1E  generated by the piezoelectric phase only depends on the 

variation of the internal stress. Compared to the electric field intensity shown in Fig. 10(c), the 

electric field intensity in Fig. 11(c) is less influenced by temperature. In Fig. 11(d), the peak value 

of the equivalent piezomagnetic coefficients *

11q  for the magnetic field intensity 1H  in the range of 

Fig. 10. The distributions of nonlinear responses and equivalent piezomagnetic coefficient with respect to the 

magnetic field intensity 1H  under different prestresses  at reference temperature 20 CT    (a) Axial average stress 

11 , (b) Transverse average stress 
22 , (c) Average electric field intensity 

1E  and (d) Equivalent piezomagnetic 

coefficient *

11q . 

(b) (a) 

(c) (d) 
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0 to 200 Oe is significantly affected by temperature, reaching a maximum peak of 110 Pa/Oe at a 

temperature 20 CT   . While at high magnetic field intensity, the piezomagnetic coefficients *

11q  

at all temperatures tend to be the same value. 

Fig. 12 shows the 3D surface plots of the ME coupling coefficients ME  as a function of the 

magnetic field intensity or the prestress at different ambient temperatures, respectively. Multi-field 

loading conditions are simulated under the conditions of the magnetic field intensity in the range of 

0 to 1000 Oe, prestress between 10 MPa and 60 MPa, and temperature in the range of 20 °C to 

100 °C. The decrease of the ME coupling coefficient ME  is observed as the temperature increases. 

Furthermore, the ME coupling coefficient exhibits a nonlinear relationship with the magnetic field 

intensity and a linear proportion to prestress. In practical applications, ME composites inevitably 

work under the condition of high temperature. Simulation results in Fig. 12(b) demonstrate that the 

increased prestress can compromise the impact of the rising temperature on the ME coupling 

coefficient, benefiting ME composites for a wide range of applications. 

  

  

 

 

Fig. 11. The distributions of the nonlinear responses with respect to the magnetic field intensity 1H  at temperature 

20 ~ 80 CT    (a) Axial average stress 
11 , (b) Transverse average stress 

22 , (c) Average electric field intensity 

2E  and (d) Equivalent piezomagnetic coefficient *

11q   . 

(b) (a) 

(c) (d) 
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4.4.  The effect of local damage on responses of ME composites 

The magnetostrictive phase typically consists of ferromagnetic materials, which are more 

susceptible to cracking and other forms of initial damage due to brittle characteristics. Therefore, it 

is crucial to analyze the impact of local damage on material properties and mechanical responses 

using the developed FVDAM model. Fig. 13 shows the stress distribution of the ME composites 

with different volume fractions ( 0.25,  0.4,  0.5fV   ) in the magnetostrictive phase under a 

magnetic field intensity 
1 1000 OeH  . The material parameters of the pre-set damaged sub-cells 

are assumed a scale of 0.001 for the magnetostrictive phase (Nickel) in Table 1. The volume fraction 

of initial damaged sub-cells is set to 0.69%. As the volume fraction of the magnetostrictive phase 

increases, the initial damage in the sub-cells increases proportionally shown in Fig. 13(a). It is 

evident that the magnetostrictive stresses concentrate at the edges of the damaged region. With the 

expansion of the damaged regions, the stress distribution becomes increasingly concentrated and 

complex, potentially leading to further damage or failure of the material in these areas. The axial 

stress 11 , aligned with the magnetic field direction, approaches zero within the damaged region 

shown in Fig. 13(b), indicating the performance degradation in damaged sub-cells. The maximum 

transverse stress max

22  shown in Fig. 13(c) occurs at the damage interface with values of 272.3 MPa, 

291.7 MPa and 334.2 MPa from left to right, respectively. While the maximum shear stress max

23  of 

different volume fractions remains relatively consistent, its distribution is concentrated around the 

damaged region, as shown in Fig. 13(d). 

Figs. 14(a) and (b) show the relationship between the elastic modulus and volume fraction in the 

range of 0.1 to 0.6. In order to demonstrate effects of the initial damage on the macroscopic 

properties, results of the magnetoelectric composite are compared in both the normal and the 

damaged states. It is noted that the axial elastic modulus *

11E  increases linearly with the increase of 

(b) (a) 

Fig. 12. Surface plots of the ME coupling coefficients combined multi-physics field loadings (a) Magnetic field 

intensity combined with temperature, and (b) Prestress combined with temperature. 
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the volume fraction of the magnetostrictive phase, while the transverse elastic modulus *

22E  exhibits 

a nonlinear increase. Moreover, effects of the initial damage on the axial elastic modulus are minor, 

while the transverse elastic modulus in the damaged area is significantly lower than that in the 

undamaged region, especially when the volume fraction of magnetostrictive phase increases.  

 

 

                               

(a) Damage Elements 

              
(b) 

11/MPa  
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Fig. 13. Distribution of the stress with different volume fractions with 0.25, 0.4 and 0.5 of the magnetostrictive 

phase at the initial damage state respectively. 
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In Fig. 15, effects of the volume fraction and initial damage on the piezoelectric coefficients *

11e  

and ME coupling coefficients ME   are discussed. The increase in the volume fraction of the 

magnetostrictive phase is accompanied by a corresponding decrease in the volume fraction of the 

piezoelectric phase, resulting in a linear decrease in the piezoelectric coefficient *

11e , as shown in 

Fig. 15(a). The piezoelectric coefficient *

11e  under damaged conditions closely aligns with the results 

obtained in the undamaged state, which is attributed to the less weakness of the piezoelectric 

polymers in the initial damage, as compared to the magnetostrictive materials. The ME coupling 

coefficient ME   represents the superposition of responses of the magnetostrictive phase and 

piezoelectric phase. Thus, the ME coupling coefficient ME   exhibits a step-shape change as a 

function of the volume fraction, as shown in Fig. 15(b). Its peak value is obtained at a specific 

volume fraction 0.3fV   , while either an excessive or insufficient volume fraction of the 

magnetostrictive phase leads to a reduced magnitude of ME coupling coefficient. Initial damage 

leads to a slight reduction in the ME coupling coefficient, but the overall trend remains similar to 

the result obtained in undamaged state. The peak values under the damaged and undamaged 

conditions are 285.2 MV・cm-1・Oe-1 and 301.3 MV・cm-1・Oe-1, respectively. It is noted that the 

maximum change in the ME coupling coefficients occurs as the damage state is approximately 

5.34%. 

Fig. 14. The variation of elastic modulus with respect to the volume fraction 0.1 ~ 0.6fV   at the initial damage 

state and normal state (a) axial elastic modulus *

11E , and (b) transverse elastic modulus 
*

22E . 

(b) (a) 
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5. Conclusions 

 In this study, an improved micromechanical modeling framework is developed to conduct 

nonlinear analysis of magnetoelectric (ME) composites under the fully coupled multi-physics 

condition. Based on free energy theory, nonlinear electro-magneto-thermo-elastic constitutive 

relations are derived and then, the representative volume element (RVE) is selected for the 

parametric discretization with the assumption of periodic boundary conditions. The accuracy of the 

proposed model is verified by the existing experimental data. Main findings are summarized as 

follows: 

1) Under the influence of magnetic fields, the reorganization of magnetic domains caused by 

magnetostriction reduces the internal stress, enhancing material stiffness and increasing 

elasticity modulus. Due to the hysteresis of magnetostriction, the change in elasticity 

modulus exhibits nonlinear behaviors, and then stabilizes as the magnetization saturates. 

2) At the low magnetic field intensities, the increased prestress accelerates the magnetic 

domain reorganization and enhances the magnetostriction effect, therefore increasing the 

piezomagnetic coefficients. Once the magnetic field intensity reaches saturation, the 

magnetic domain configuration stabilizes, and then the piezomagnetic coefficients are 

reduced by a further increase of the magnetic field intensity. 

3) The nonlinear electro-magneto-thermo-elastic constitutive relations show that residual 

thermal stress from the temperature change inhibits the magnetostriction effect, particularly 

at low magnetic field intensity. Under high-temperature conditions, both the saturated 

magnetostriction stress and ME coupling coefficient decrease, though the increased 

prestress can mitigate these negative effects. 

4) Initial damage at the interface leads to stress concentration, potentially causing further 

failure in this region. The ME coupling coefficients are affected by the interaction between 

the magnetostrictive and piezoelectric phases, thereby the optimal volume fraction for 

(a) (b) 

Fig. 15. The variation of the magnetoelectric properties with respect to the volume fraction 0.1 ~ 0.6fV   under 

initial damage state and normal state (a) piezoelectric coefficients 
*

11e , and (b) ME coupling coefficients ME . 
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maximizing the ME coupling coefficients can be determined by tailoring phase proportions. 

Summarily, the aforementioned observations provide key information to unveil the 

performance mechanism of ME composites and lay a solid foundation of understanding for 

nonlinear behaviors of ME composites under multi-physics field coupling conditions. 
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Appendix  

In this Section, the first- and second-order intermediate variables 
 
 ,

01
W

 
  ,  

 ,

10
W

 
  , 

 
 ,

02
W

 
  

and  
 ,

20
W

 
   are eliminated employing the local equilibrium equation in Eqs. (51)-(53), that is, 
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32 

  

           

           

   

2 2 2 2

26 22 45 32 25 46 22 32 1(20) 26 23 25 33 25 46 23 33 1(02)

2 2 2 2

22 22 44 32 24 42 22 32 2(20) 22 23 44 33 24 42 23 33 2(02)

2

24 22 43 32

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ

C J C J C C J J W C J C J C C J J W

C J C J C C J J W C J C J C C J J W

C J C J

          
      

          
      

        

           

     

2 2 2

23 44 22 32 3(20) 24 23 43 33 23 44 23 33 3(02)

2 2 2 2

22 22 34 32 24 32 22 32 4(20) 22 23 34 33 24 32 23 33 4(02)

2 2

22 22 34 32 24 32 22 3

ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

C C J J W C J C J C C J J W

e J e J e e J J W e J e J e e J J W

q J q J q q J J

         
      

          
      

        
2 2

2 5(20) 22 23 34 33 24 32 23 33 5(02)
ˆ ˆ ˆ ˆ 0W q J q J q q J J W       

      

 

(A.2) 

           

           

   

2 2 2 2

46 22 35 32 45 36 22 32 1(20) 46 23 35 33 45 36 23 33 1(02)

2 2 2 2

42 22 34 32 44 32 22 32 2(20) 42 23 34 33 44 32 23 33 2(02)

2

44 22 33 32

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ

C J C J C C J J W C J C J C C J J W

C J C J C C J J W C J C J C C J J W

C J C J

          
      

          
      

        

           

     

2 2 2

43 34 22 32 3(20) 44 23 33 33 43 34 23 33 3(02)

2 2 2 2

24 22 35 32 23 34 22 32 4(20) 24 23 35 33 23 34 23 33 4(02)

2 2

24 22 35 32 23 34 22 3

ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

C C J J W C J C J C C J J W

e J e J e e J J W e J e J e e J J W

q J q J q q J J

         
      

          
      

        
2 2

2 5(20) 24 23 35 33 23 34 23 33 5(02)
ˆ ˆ ˆ ˆ 0W q J q J q q J J W       

      

 

(A.3) 

           

           

   

2 2 2 2

26 22 35 32 25 36 22 32 1(20) 26 23 35 33 25 36 23 33 1(02)

2 2 2 2

22 22 34 32 24 32 22 32 2(20) 22 23 34 33 24 32 23 33 2(02)

2

24 22 33 32

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ

e J e J e e J J W e J e J e e J J W

e J e J e e J J W e J e J e e J J W

e J e J

          
      

          
      

        

           

     

2 2 2

23 34 22 32 3(20) 24 23 33 33 23 34 23 33 3(02)

2 2 2 2

22 22 33 32 23 32 22 32 4(20) 22 23 33 33 23 32 23 33 4(02)

2 2

22 22 33 32 23 32 22 3

ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

e e J J W e J e J e e J J W

J J J J W J J J J W

J J J J

       

   

         
      

          
      

        
2 2

2 5(20) 22 23 33 33 23 32 23 33 5(02)
ˆ ˆ ˆ ˆ 0W J J J J W          

      

 

(A.4) 

           

           

   

2 2 2 2

26 22 35 32 25 36 22 32 1(20) 26 23 35 33 25 36 23 33 1(02)

2 2 2 2

22 22 34 32 24 32 22 32 2(20) 22 23 34 33 24 32 23 33 2(02)

2

24 22 33 32

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ

q J q J q q J J W q J q J q q J J W

q J q J q q J J W q J q J q q J J W

q J q J

          
      

          
      

        

           

     

2 2 2

23 34 22 32 3(20) 24 23 33 33 23 34 23 33 3(02)

2 2 2 2

22 22 33 32 23 32 22 32 4(20) 22 23 33 33 23 32 23 33 4(02)

2 2

22 22 33 32 23 32 22 3

ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

q q J J W q J q J q q J J W

J J J J W J J J J W

J J J J

       

   

         
      

          
      

        
2 2

2 5(20) 22 23 33 33 23 32 23 33 5(02)
ˆ ˆ ˆ ˆ 0W J J J J W          

      

 

(A.5) 

The zero-order intermediate variable 
 
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. 00
W

 
  is expressed in matrix form as a function of the 

surface-averaged displacement, potential, and magnetic potential, as follows: 
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