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JEL classification: One of the original objectives of the (logit) quantal response equilibrium (LQRE) model was
€63 to provide a method for structural estimation of behavior in games, when behavior deviated
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from Nash equilibrium predictions. To date, only Chapter 6 of the book on quantal response

€90 equilibrium by Goeree et al. (2016) focuses on how such estimation can be implemented.
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to accomplish estimation, including guidance on how to tailor implementations to games with
different structures.

1. Introduction

In their book surveying the history, theory, and applications of quantal response equilibrium (QRE), Goeree et al. (2016) dedicate
Chapter 6 to the topic of using QRE, and in particular the logit specification of QRE (LQRE), as a structural model for estimation.
That chapter, which is one of the shorter chapters of the book, is given over to two principal topics. First, the chapter illustrates the
conceptual process of estimating LQRE through the use of fully-explicated MATLAB code, which computes likelihood-maximizing
points on the LQRE correspondence for 2 X 2 games. Because the fitted points are guaranteed to be LQRE of the game, the chapter
calls this the equilibrium correspondence approach. The chapter then proceeds to outline, at a very high level, some potential technical
issues in computing LQRE. In light of these potential issues, the chapter introduces an alternative approach, which removes the need
to solve the fixed-point problem in the definition of LQRE by substituting the empirical payoffs from the observed data; this is referred
to as the empirical payoff approach.

In most of the chapters of Goeree et al. (2016), the authors were able to rely on citing published articles developing the theory of
QRE and its application to various domains. Chapter 6 differs because there are few papers which discuss the properties of methods
for using QRE as a structural model, or of computational methods for doing so, as topics in their own right. As suggested by our
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subtitle, “The missing manual,” in this paper our goal is to fill in more completely and formally many of the details of the ideas
introduced that chapter.

One of the attractive features of the development of QRE as a structural model is that it encodes information about the strategic
structure of the game in the model. QRE has strong foundations in the tradition of game-theoretic analysis, as seen in the underpinning
results in McKelvey and Palfrey (1995), as well as its relationship to other concepts from standard game theory, such as the purification
argument of Harsanyi (1973). The encoding of the information about the strategic structure is implicated in the computational cost
of computing LQRE: the limit of the set of LQRE as the precision of responses becomes infinite is a subset of the Nash equilibria
of the game. This is indeed a computationally difficult problem, as we will make more precise in Section 6. The empirical payoff
approach, however, in essence throws away all of this strategic information by approximating the game as a decision problem. In
this paper we illustrate that the implications of this approximation are not necessarily innocuous. The empirical payoff approach
produces systematically different results than the fixed point method applied to the same game and data. Differences occur across all
games; in some games, most notably those with equilibria involving randomization, the results from the empirical payoff approach
can be so starkly different from those obtained via the equilibrium correspondence approach as to be misleading about the fit of the
data to the fully game-theoretic LQRE model.

Goeree et al. (2016) assert (p. 154) that “the computation of the logit QRE correspondence (or a selection from it) can be chal-
lenging computationally” and “in many games ... good algorithms for computing QREs are unavailable.” These statements are not
wrong, but neither are they precise. In particular, there is a lot of nuance hidden under the word “good.” There are two different
senses in which a computational problem can be “challenging” or, relatedly, an algorithm can be “good”.

The method illustrated in the MATLAB codes provided in Goeree et al. (2016) indeed does not scale well. Those codes are useful
as an expositional device for didactic purposes, but are not a proper foundation for production-quality code. The elegant structure of
the set of LQRE as the union of one-dimensional differentiable curves makes it suitable for computation using numerical continuation
methods. These methods are good not only at traversing a differentiable curve efficiently, but can find extreme points of functions,
such as a likelihood function, along the curve with negligible additional computational effort.

However, in view of the computational hardness results about computing Nash equilibria, there must be some other consideration
limiting the performance of numerical continuation methods, at least for some classes of games. As we develop in more detail, the
key piece of information that a numerical continuation method requires is to know the direction tangent to the curve at a given
point. Computing this requires knowledge of the Jacobian of the system of equations defining an LQRE. It is here where we pay the
computational price for one of the attractive features of LQRE. For any finite value of the precision parameter, an LQRE has full
support. This means we avoid the zero-likelihood problem in taking any empirical data to the model, as all strategies or actions occur
with positive probability. However, the Jacobian of the LQRE system requires computing the derivative of the expected payoff of
every strategy with respect to every other strategy, and those expected payoffs require considering all of the contingencies in the
game consistent with those two strategies being played. Practical experience shows that it is the time spent in computing these payoffs
which dominates the running time for LQRE computation and estimation. The structure of the Jacobian, therefore, is what allows us
to formalize the assertion in Goeree et al. (2016) that computation of LQRE in some “games of incomplete information with many
types and many strategies” can be slow, and therefore offer practical guidance for production-quality code to implement estimation
properly using the equilibrium correspondence.

2. The logit quantal response equilibrium
2.1. Definitions

For most of this paper, we consider n-player games in normal form. The set of players is N = {1, ...,n}, and each player i € N has
a set of J; strategies, S; = {s;1,...,5;;,}; let S be the Cartesian product of the strategy sets .S;, and J = Y, Ji- Let A; be the set of
probability distributions over S;. An element r; € A; specifies, for each strategy s;; € S;, the probability z;; that player i plays that
strategy. A mixed-strategy profile is an element 7 € A, where A is the Cartesian product of the A;. We write z° € A as the centroid
of A; this is the mixed-strategy profile such that zr?j = Ié{_\ forall1<i<Nand1<;j<J,.

We define a game on S by specifying, for each player‘i € N, a payoff function u; : S — R. We will use suitably-decorated versions
of the symbol I" to denote such games. Two games I and [ are equal, I' =", if and only if they share the same strategy space S = S’
and the same utility payoff function u = «’. In general we will work with a fixed strategy space S at any time, and so games are
differentiated by their corresponding payoff function. We assume players are expected-utility maximizers; therefore the payoff of
player i if a mixed-strategy profile x is played is u;(7) = ) o ¢ #(s)u;(s), where z(s) = [];cn 7 (s)-

Following McKelvey and Palfrey (1995), we make the following definition:

Definition 1. Given a game, a logit quantal response equilibrium (LQRE) is a pair (4, 7) consisting of a real number 0 < 1 < o
and a mixed-strategy profile 7 € A which satisfies, for all players 1 <i <n and all strategies 1 < j < J;,

exp |Au;; ()
Ty = JP[—,”] 1)
Tl oxp [uy ()]

It will be convenient in developing some ideas, and in computation, to express the equations (1) in ratio form. It is equivalent to state
that (4, z) is an LQRE if and only if, for all players 1 <i <n and all strategies 1 < j <J; — 1,
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I;J‘;-l =exp [AW; 41 (1) —w(x)] Vij:1<i<n1<j<J—1 N
Zj;]”ijzl Vi:i<i<n.

By taking limits as the precision parameter A becomes large, LQRE can be used to make a selection from the set of Nash equilibria.

Proposition 2 (McKelvey and Palfrey (1995), Theorem 2). Fix a game, and a sequence {(4;,7;)}2, of LQRE such that lim,_, , 4, = oo and
lim,_, , 7, = #*. Then =* is a Nash equilibrium of the game.

This result legitimates the following definition, as at places in our analysis it will be useful to include the limiting Nash equilibria.

Definition 3. Given a game I', we define

+ £(I) to be the (extended) set of LQRE of I': the union of all (A, ) pairs that are LQRE, and of all pairs (co, 7*) where z* is a
limit of some sequence of LQRE as in Proposition 2.
« PM)={x : (4, m) € L)}, the set of mixed strategy profiles in £(I"), which we refer to as the locus of LQRE profiles of .

Distinguishing the locus of LQRE profiles from the set of LQRE will be useful in what follows, due to the following well-known
property of the logit specification.

Proposition 4. Fix a strategy space S and consider two games, I, which has payoff function u, and I"', which has payoff function u’. Then
P(@)=P{I") if and only if u' = Ku+ L, for some K >0 and L € R.

Proof. Fix a strategy profile 7 € P(I"). Then, there exists some A’ such that, foreach 1 <i<Nand 1< <J;, -1,
i j+1 _ 1ot ’ _ ’

——=exp A, (m) = uj ()| =exp [KA (W 41 () = uy (7)) - 3)

ij

Setting A = KA/, we have that (A, ) € L(I'), and z € P(I). [

The above calculation reminds us that the precision parameter A is denominated in units of inverse utility. Finally, we note the
following facts about the relationship between £(I") and P(I'):

Fact 5. For a given game I":

1. If # € P(T') and 7z # #°, then there exists a unique A such that (4, 7) € £(I).
2. (4,7°) € L(I) for some 0 < 4 < oo if and only if (4,7°) € L(T) for all 1 € R, U {c0}.

2.2. Maximum-likelihood estimation

McKelvey and Palfrey (1995) introduced the convention of taking LQRE to data using maximum likelihood estimation. Given a
game I, let p € A denote observed empirical frequencies of play in a sample: p;; is therefore the proportion of plays of the game
in which player i played strategy s; j.1 The best-fit LQRE is selected by maximizing the (log-)likelihood of the data over the set of
LQRE,? where we follow the convention that 0log0 = 0.

i=

N J
w00 =are gt 33y ey "

When this is applied directly to the full specification of a game, this is referred to in Goeree et al. (2016) as the equilibrium
correspondence approach.

From Fact 5, the maximizer # maps to a unique value of A, except in the non-generic edge case in which # = z° and #° is a Nash
equilibrium of the game. While we note this includes games with nontrivial strategic considerations, not least pure-coordination
games, this situation is easily diagnosed. In what follows we therefore focus on the case in which either 7 # z°, or if # = z°, then z°
is not a Nash equilibrium.

The analysis of McKelvey and Palfrey (1995) shows that, with the exception of the limiting Nash equilibrium points, £(I") can be
expressed as the union of differentiable curves on R, X A. Let M be the set of those curves, with typical element m € M. We can

! In applications, one would use the counts of plays rather than frequencies. Using counts or frequencies both result in the same likelihood-maximizing LQRE, and
it is these fitted LQRE which are of interest in this paper. Count data is important when the maximizing log-likelihood is important, for example for likelihood-ratio
tests.

2 When McKelvey and Palfrey (1995) took LQRE to the data from Ochs (1995), which we look at as a case study below, they estimate Nash equilibrium play for
one block of data. Therefore the inclusion of the limiting Nash equilibria in P(I") is essential for the correctness of (4).
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express the curve m in parametric form; that is, the curve is defined by some function (A(s), z(s)). We can then re-express the problem
(4) as

J:
#(p,T)=ar max log (s 5
) gmeM,(m)’”(s))em;F]p,, g 7;;(5) ®

In this case, the first-order necessary condition for (A(s), z(s)) to be a local maximizer along a given curve m € M is®

> a2t = ©®

We use the symbol Vz(s) to denote the vector of derivatives ”; ().

A few observations about our formulation (5) of the problem are in order. First, we take care to account for the existence of multiple
curves comprising the feasible set. In many applications, attention is focused on the curve, referred to as the principal branch by
McKelvey and Palfrey (1995), which contains the point (0, z°). Such a curve always exists in the feasible set, and furthermore is
computationally accessible given that (0, z°) is known to be one endpoint of it. It may also be the most behaviorally-relevant, either
because it is the unique curve that comprises the set, or because behavior is sufficiently noisy, corresponding to relatively small
values of A, that the best fit will fall on this curve. Further, we express the component curves as parameterized curves which are
not (necessarily) parameterized by A. This is essential for dealing with branches other than the principal one. McKelvey and Palfrey
(1995) showed that for any given A the number of corresponding LQRE profiles is generically odd; combined with Proposition 2 this
implies that curves other than the principal one “connect” two Nash equilibria, and therefore must have at least one turning point at
some finite A.* It is often convenient to think of s as the arclength along the curve. However, this is not necessary; whatever scaling
is used cancels out when calculating observable, empirically-relevant quantities such as the mixed-strategy profiles.

In our formulation (5) and the first-order necessary condition (6), the only place in which LQRE enters into the equation is via the
set of curves M which comprise £(I'). The equations therefore in principle apply to any solution concept whose values can be written
as the union of a set of differentiable curves. The important computational takeaway from the equations is that the ease or difficulty

.
i

of finding a maximizer is directly related to the ease or difficulty of computing the values of - along those curves. Relatedly, we
ij

note that A does not appear explicitly in (6). The parameter A plays an important role in determining the curves in M; however, (6)

shows we can frame the estimation problem in terms of quantities - the entries in mixed-strategy profiles - which are in principle

observable. Later in the paper we will touch on the interpretation of 4 values arising from maximum likelihood estimation processes.
s . . . . () . . .
The intuitively-simple advice that the key to solving (4) and (5) is to compute ”” & conceals important practical computational
i
considerations. Turocy (2005) demonstrated how a given curve m € M can be followed using numerical continuation methods.

..
)

An output of this procedure is the value of -
ij

® along the curve, meaning that, conditional on tracing the curve, identifying local

extreme points can be done at no extra computational cost.”> However, there are both theoretical and practical reasons why the time
required to solve the fixed-point problem (1) repeatedly along the curve may scale poorly in practice. We will discuss these practical
considerations in greater detail in Section 6.

2.3. The empirical payoff approach

As an alternative to having to solve the LQRE fixed-point problem, Bajari and Hortacsu (2005) made the observation that, if in
fact players are playing mixed strategies according to some LQRE, then the empirically-observed frequencies of play are consistent
estimators of the probabilities assigned by the LQRE mixed-strategy profile, and, further, because in an LQRE players have correct
beliefs about the play of others, are consistent estimators of players’ beliefs. Therefore, the empirically-observed frequencies can be
used to estimate the expected payoffs to each strategy. This empirical payoff approach proceeds in two steps. First, given a profile
of strategy frequencies p € A, the empirical payoff function for each strategy s;; can be computed as u;;(p). This empirical payoff
function is taken as fixed. Logit responses to this fixed payoff function are then computed as a function of A, and A is varied to
maximize the likelihood of the data as a function of those logit responses. Goeree et al. (2016, pp. 155-156) provides one formal
exposition of this procedure.

We take a slightly different approach in our exposition by introducing some notation which will be useful in our analysis. The
empirical payoff approach defines an auxiliary game [(I", p) which is a function both of the base game I' and the observed strategy
frequencies p € A. This auxiliary game has the same set of players and strategies as the base game. In the auxiliary game, the payoff

function is defined by #;;(x) = u;;(p). This means that #,; is a constant function with respect to the mixed strategy profile z. As a

3 Multiple local maximizers are possible and not uncommon. For example, they occur along a one-dimensional set in the asymmetric and generalized matching
pennies games in Section 4.

4 It is also possible to find examples where the principal curve has turning points in A.

5 McKelvey and Palfrey (1995) computed their estimates using a grid-search method. However, grid searches run into numerical problems for large 4. For sufficiently
small A, the LQRE correspondence is the fixed-point of a contraction mapping and therefore iterative methods could be used. However, in general iterative methods
are not guaranteed to converge.
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result, an auxiliary game I'(T', p) has a trivial strategic structure; in fact it is no more than a collection of » decision problems, one for
each player. Turocy (2005) pointed out that for a decision problem, the locus of LQRE profiles is exactly the path of the replicator
dynamics (Taylor and Jonker, 1978) applied to the decision problem, where 4 is time and the starting point is the centroid z°.

Given a game T, each realized profile of empirical strategy frequencies p results in a different auxiliary game I'(T", p) and therefore
a different set of LQRE in the resulting auxiliary game. Further, the set of LQRE in the realized auxiliary game differs from those in
the base game. We further note that the auxiliary game in general does not preserve properties of the base game: for example, if the
base game is constant-sum, the auxiliary game generally is not.

Given an auxiliary game I'(T, p), maximum likelihood estimation is then carried out as in (4). For notational compactness, for
a given profile of strategy frequencies p, we will generally suppress explicit reference to the base or auxiliary games, and refer to
the mixed strategy profile arising from the equilibrium correspondence approach as #£€ (p), with corresponding precision parameter
AEC (p); those arising from the empirical payoff approach are written 2E(p) and A£P (p), respectively.

3. Properties of the empirical payoff approach

The empirical payoff approach completely discards the strategic interaction of the game and treats the situation as a decision
problem. This greatly simplifies the structure of the corresponding feasible set M. As a result, we are able to state some general
properties about the resulting estimator.

First, we remark that any LQRE profile in T'(T", p) can also be justified using the principle of maximum entropy.

Proposition 6. Fix a point = € L(I'(T, p)) and let u = ZLI ZIJ’:I 7;;u;;(p) be the sum of expected payoffs across all players at profile x.
Then, = maximizes entropy among all strategy profiles which yield a total payoff of at least u.

Proof. The strategy profile which maximizes entropy subject to the total payoff constraint satisfies the problem

n J;
maximize ZZ logp:
ven Py pl/ gplj

n J;
subject to Z Z pijui;(p) > u
i=1 j=1
Ji
Y py=1VieN,
j=1

where we use the fact that randomization is done independently by players, and the entropy of a product of distributions is the sum
of the entropy of the individual distributions. Assigning 4 > 0 as the Lagrange multiplier on payoffs and y; € R on each player i’s
sum-to-one constraint, we have for each player i and strategy j,

L;; =1+logp;; — Au;;(p) + u; = 0. ()]

Fix player i, and two strategies s;; and s, of player i. Applying (7) to both strategies and combining, we obtain

logp;; —logpy =4 [“ij(p) - ”ik(l’)] .

Because this is true for all players and all pairs of strategies for each player, this is equivalent to the logit probability distribution. []

Proposition 6 illustrates the interpretation of A as the shadow price which trades off randomness and higher realized payoffs.® In
the statement of the result, the total payoff over all players arises because of the assumption of a common 4 across all players. If, as
is frequently done, we use the data from all players to estimate a common value of 4, the total empirical payoff across all players
determines the resulting estimate.

Proposition 7. Fix a base game I" and an auxiliary game I'(T, p), and suppose the maximum-likelihood estimator #EF (p) # 0. Then #EP
satisfies a conservation of total payoffs property:

~

i N Ji
ﬁilfpu,‘j(P) = Z Zpijuij(p)~ (8)

i=1 j=1

M=

i=1j

EP

Furthermore, #=" is unique.

6 In fact, another way to derive logit is to assume that players receive utility from the act of randomizing itself, proportionally to the entropy of the mixed strategy
they choose.
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Table 1
Game 1 from Selten and Chmura (2008).
Player 2
(1) (1 -m,)
L R
Player 1 () U 10,8 0,18
(I =m) D 9,9 10,8

Proof. To prove the first claim, £(I'(I", p)) consists of a single path in which all probabilities are monotonic in A, and is the same as
the path of the replicator dynamics in which A is time. Therefore, at any (4, z) € LT, p)) forall 1 <i < N,

!, (3)
”ij(}“)

Ji
=u;(p) = ) Ty (A (p). ©
k=1

Specializing this to 7 = #EP(p) and substituting into the first-order condition (6) we obtain

N J;

ZZm{%@ Zm%mm& (10)

i=1 j=1
Therefore,

N J;

&~

A,A”@WM@—ZZmU®
i=1j
N J;

ﬁ@m@—ZZm%@

1j=1 i=1 j=

=
1l

i

1j=1
J;

'MZ

where the last step follows because ZJJ' =1and Z et ® AEP (p)u; (p) is constant with respect to p;;.

To establish uniqueness, the set M associated with the auxiliary game consists of a single curve. That curve is equivalent to the
path taken by the replicator dynamics, with A interpreted as time. Because strategy payoffs are constant, this implies the total payoff
summed across all players is strictly increasing, and so any total payoff is associated with at most one point on the curve. []

Proposition 7 also identifies the conditions for which the empirical payoff approach will return an estimated profile that is not z°:
the total payoff across all players must exceed what the players would obtain by uniform randomization. Stochastic best response, in
which all players play their strategies with probabilities in the same order as their rank in expected payoffs, is a sufficient condition
for this to occur. It is not a necessary condition, even in 2 X 2 games, as subsequent examples will demonstrate.

A direct consequence of combining Proposition 6 and Proposition 7 is that we can characterize the strategy profile estimated by
the empirical payoff approach.

Corollary 8. Fix a base game I' and a profile of strategy frequencies p. Suppose the maximum-likelihood estimator ftiip (p) # 7%, and let
u= Z’Z | ZIJ‘: | Pijui;(p) be the sum of expected payoffs across players at p. Then ﬁiip (p) maximizes entropy across all strategy profiles at
which players attain a total payoff of at least u.

A justification for the empirical payoff approach is that, if the true data generating process is some strategy profile in £(I"), then
as the sample size gets large the empirical frequencies and empirical strategy payoffs will converge to the true values. If empirical
strategy frequencies form an LQRE profile, then both approaches do indeed produce the same estimator.

Proposition 9. Fix a base game I' and some (4, p) € L(T'). Then, #E€(p) = #EP (p) = p and 1EC(p) = AEP (p) = A

Proof. As is well-known, the global, unconstrained maximizer # of the log-likelihood function sets #;; = p for all 1 <i < N and all
1 < j < J;. By assumption, p € P(I') and therefore #E€(p) = p. Because p € P(I'(T’, p)), it follows that #EP(p) = p. The definition of
[(T', p) ensures that u;;(p) =ii;; (p); therefore the 1 associated with 7 is the same in both games. []

To develop further the comparison between the equilibrium correspondence and empirical payoff approaches, in Table 1 we show
the payoff table for Game 1 from Selten and Chmura (2008). With this and other 2 X 2 games below, for compactness we will write
mixed-strategy profiles and empirical strategy frequencies as 7 = (7, 7,) and p = (p, p,), respectively, where the first component is
the probability Player 1 plays U and the second the probability Player 2 plays L. This game has a unique Nash equilibrium in mixed
strategies, with (7, 7,) = (.091,.909). Selten and Chmura report empirical frequencies of play (p,,p,) = (.079,.690). Given this data,
Fig. 1 computes the locus of LQRE profiles for both the base game and the auxiliary game given p, and plots the locations of the mixed
strategy profiles estimated by both approaches. The estimated precision parameters also differ, with AF€ =1.229 > 1.074 = 1P,
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1.0() s v rerronranranran ettt .
0.75 -}

0.50 -:

0.25 -

m,: Probability column player plays L

0_00_:.................' ................ SILELELRELRIERLE jrrereereesniend |
0.00 0.25 0.50 0.75 1.00
m;: Probability row player plays U

Fig. 1. Data and estimation results for Game 1 from Selten and Chmura (2008). The empirical strategy probabilities are represented by the triangle. The locus of LQRE
profiles of the base game is represented by the darker solid curve, and that of the auxiliary game by the lighter dashed curve. The dots indicate the corresponding
maximum likelihood estimates for the two approaches.

In this initial example, we can observe that the locus of LQRE, the feasible sets over which the two approaches optimize, differ
qualitatively. They do intersect at a point that is not the centroid, but the tangents to the curves at the point of intersection are quite
different. It is therefore not surprising that the estimated #F€ and 27 differ; in this case, the estimated 2£€ is closer to the empirical
frequencies p. Finally, in this game, it happens that #£% is in fact an LQRE profile of the base game. In the next series of results, we
will explore the extent to which these observations are general characteristics of the two approaches.

First the example shows that it is possible for the locus of LQRE of the base and auxiliary game to intersect at a point that is not
the observed frequencies. However, the LQRE correspondences, inclusive of the corresponding 4 values, in general do not.

Proposition 10. Fix a base game I and observed strategy frequencies p € A. Suppose there exists a = € A, with z # z°, such that = € P(I')
and = € P(C'(T, p)). Let (AE€, ) € L) and (AEP, z) € L(T). Then AEFC = AEP if and only if u(x) = u(p).

Proof. Fix a player i € N and a pair of strategies s, s;; € S;. Because (AFC, z) € L),

ij>

ik

i
— =exp [A5C;; (m) — uy ()]

Because (AEP, 1) e LT, p)),

i
n—_’ =exp [25P (u;; (p) — uy (p))] -

ik

Combining these we obtain
AEC u(p) = uy(p)
AEP u,-j(zr)—u,k(ﬂ:)'

Therefore, % =1 if and only if u(z) =u(p). O

Proposition 10 illustrates the usefulness of thinking in terms of estimated behavior (strategy profiles) separately from the precision
parameter. In general, if the two approaches agree that a mixed strategy profile is an LQRE, they will disagree on the precision
parameter A required to make that profile an LQRE. Intuitively, this occurs because A must be interpreted in relation to (the inverse
of) the units of payoff. The two approaches imply different methods for determining the payoff scale. Roughly speaking, the payoff
scale used by the equilibrium correspondence approach is determined by the range of all payoffs in the game, while the empirical
payoff approach uses only the realized expected payoffs of strategies to determine the size of the stakes of the game.

The domain of applicability of Proposition 10 is admittedly small. It assumes an intersection between the locus of LQRE of the
base and auxiliary games exists. However, both of those are one-dimensional sets, and so for games other than 2 X 2 games, it is a
non-generic situation for the two sets to intersect except at the centroid or at a limiting pure-strategy equilibrium. We therefore turn
to the case of 2 X 2 games, where we can both develop some general results, and use those to explore the differences between the
two approaches in a series of examples. Table 2 presents a generic payoff matrix for 2 X 2 games. Except where otherwise noted, we
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Table 2
A general 2 X 2 normal form game.
Player 2
(”2) a1- 752)
L R
Player 1 (7)) U a; +cyp.by +dy; ag,by
(I-z) D ag.bp ag+Cpribp +dpg

will focus on the case where cy;; +cpr # 0 and dyy; + dpg # 0. If both of these sums are zero, then in fact the base game is just a
decision problem, in which the strategic incentives are independent of the other player’s strategy; in that situation, the equilibrium
correspondence and empirical payoff approaches are identical. Define

_ dpr DR

T = and 7, =
dyp+dpr

cyL+Cpr’
These are the required values of z; and 7, that would make Player 2 and Player 1, respectively, indifferent between their strategies.
If both 7, € (0,1) and 7, € (0, 1), then (7, 7,) is a mixed-strategy Nash equilibrium of the game. However, in the results below, 7,
and 7, are permitted to correspond to improper probabilities outside the [0, 1] interval.

In 2 X 2 games, we can specialize Proposition 10 to state precisely where an intersection between the locus of LQRE of the base
and auxiliary games will occur, if it does: it will be on the line connecting (p,, p,) and (7, 7).

Proposition 11. Fix a 2x 2 game I" and let (p;, p,) be the observed frequencies of play. If (n|,7,) € P(I') and (x|, 7,) € P, p)), and
(m1,7,) # p° and (x,, 7,) is not a Nash equilibrium of T, then

= T —x
1P _ 7 1 (11)

TH—p TH-m
Proof. Because (7, 7,) € P(I'), there exists 0 < AEC < 0 such that
1-7x

T
L —exp{AFC(my(cyy +cpr) — Cpr))
1

= exp{/IEC(ﬂl(dUL +dpr) —dpp)}

1-m,
Because (7, 7,) € P([(T, p)), there exists 0 < A¥C < oo such that

7
1—71'1

=exp{A"“(py(cy +cpr) — cpr)}

1 = exp{A"“(py(dy 1 +dpr) — dpr)}

7

Combining the above,
AEC _ my(cyr +Cpr) — Cpr _ 7 (dyp +dpr) —dpr
AEP py(eyp+epr)—cpr  Pi(dyp +dpr) —dpg

CDR dpr

Ty — m— —2R
2 cyrtepr _ 1" dyp+dpr
_ _¢r dpRr
2T iteor P dy+dpr

Ty —p _ -7

=Py -

Proposition 11 is illustrated by Fig. 1. In that example, the observed data, the intersection of the two loci of LQRE, and the mixed-
strategy equilibrium are all collinear. The Proposition confirms this is a general characteristic of 2 X 2 games. However, in Fig. 1 the
intersection of the two loci is the profile #E¥ estimated by the empirical payoff method. To address how general this occurrence is,

the next Proposition provides a characterization of the estimated profile #£°.

Proposition 12. Fix a 2 X 2 game I" and observed strategy frequencies (p;, p,). Then, (ﬁlEP s z%zEP ) satisfies

~EP _
=%  dyp+dpr P -7

~EP X = 12)
-7 cyrtCpr P27

Proof. In the auxiliary game, monotonicity of the unique curve comprising the set of LQRE allows us to parameterize the curve as
(71(4), 7(4)). The empirical payoff estimator (27, ) solves
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7' (1) 71"(1) y3 (1) /(D)
= - —P1)—+ —— —P2)2—=0~
(D) ) Py 1—m,(A)
We can re-write this as
pn-m@_ B m@-n@)
— m(4) (D[ = 7, ()] 7 (A ’
Let Ay =uy(p) —up(p) = pylcy +cpr) — cpg and Ay =u; (p) —ug(p) = py(dy +dpr) — dpg. Then, for i = 1,2, m;(1) = —ML and

ﬂi’(/l) = A;7;(A)(1 — 7;(A)). Therefore,
pi—m(4d) _ _ﬁ _ _Pl(dUL +dpr) —dpr
Py — mp(4) Ay pa(cyp +¢pr) — Cpr
_dyrt+dpr P17
cyrtCpr P27

Corollary 13. Let T be a 2 x 2 game, and let (p,, p,) be the observed frequencies of play. Suppose (r,,7,) € P(T') and (x,, x,) € P(L(T, p)),
and (7, 7,) # x° and (xy, ) is not a Nash equilibrium of T. Then (27, #7'") = (x|, x,) if and only if dyy; + dpg = —(cy + cpp)- In

EP EP) — (7[1

particular, (#; ) for constant-sum games.

Proof. Applying dy; + dpr = —(cyr + cpg) to (12) from Proposition 12, ‘:';Z‘ = —;‘;i‘
2772 27P2

Proposition 11. To complete the proof, observe that dy;; +dpr = —(cy +cpp) is necessarily satisfied by any constant-sum game. []

. The claim then follows by applying

Game 1 in Table 1 satisfies d;;; +dpg = —(cy 1 +cpr), and therefore #EP lies at the intersection of the two sets of LQRE profiles.
Indeed, all games considered by Selten and Chmura (2008) satisfy this property. However, this provides another cautionary note
about comparing values of A£€ and A£¥. Under the conditions of Corollary 13, #£% is in fact an LQRE profile of the base game;
however, (A1EP, #EP) is not an LQRE of the base game!

4. Some illustrative examples

To build understanding of the properties of the empirical payoff approach compared to the equilibrium correspondence approach,
we look at several 2 X 2 games. These games are simple enough to be amenable to graphical analysis to help unpack the different
effects at work in distinguishing the operation of the empirical payoff approach from the equilibrium correspondence approach. At
the same time, even this simple class of games is rich enough to capture the key considerations.

4.1. Asymmetric matching pennies

McKelvey and Palfrey (1995) illustrated the usefulness of LQRE using data from an asymmetric version of matching pennies
studied by Ochs (1995). The payoff table of the version they considered is in Table 3b. This game has a unique mixed strategy
equilibrium at z* = (n:r,rr; ) =(0.5,0.2). The locus of LQRE profiles has a U-shape: in all LQRE, the row player plays U more than
half the time. It is this feature of the LQRE correspondence in this game which illustrates LQRE’s usefulness as a model which can
explain the “own-payoff” effects observed in experimental studies on this and similar games. In addition, the analysis of McKelvey
and Palfrey (1995) of the data reported in Ochs (1995) results in an estimate of A = o - that is, Nash equilibrium - for the final
periods of play.

McKelvey and Palfrey (1995) broke down the 52 periods of play in the data into four blocks, and report separate fits for each block.
We replicate this analysis in Table 3c, where using the equilibrium correspondence approach we replicate exactly the same fitted LQRE
mixed strategy profiles and corresponding values of A. We additionally compute the LQRE mixed strategy profiles and corresponding
values of A using the empirical payoff approach. For the middle two blocks, periods 17-32 and 33-48, the two approaches return
very similar results. For early play, periods 1-16, the approaches differ noticeably, with the empirical payoff approach reporting a
smaller 4 and a mixed-strategy profile closer to the centroid, representing an assessment of play that is less precise. In the final block,
periods 49-52, the contrast between the two approaches is maximally stark. The equilibrium correspondence approach suggests play
has converged to Nash, while the empirical payoff approach estimates that play is best described by uniform randomization.

We can build intuition for what drives the similarities, and more importantly the differences, of the two methods via a graphical
analysis, which we provide in Fig. 2. Each panel corresponds to one block of periods. The middle blocks, periods 16-32 and 33-48,
are ones in which empirical play is close to LQRE of the base game. In such a situation, the loci of LQRE profiles of the base game
and the auxiliary game are close to each other, and indeed will intersect nearby. Play in periods 1-16 is farther from an LQRE of the
base game. We see the resulting estimates differ substantially between the two methods. The plots also allow us to recognize what
causes the two approach to differ so greatly in the final block of periods. This game has the property that all base game LQRE lie in
the quadrant of the space of mixed strategies in which the pure strategy profile (U, R) is the best response. In the first three blocks,
empirical play lies in this quadrant, and so play is stochastically consistent with best response in that the higher-payoff strategy is
played more frequently by both players. For any empirical frequencies of play which lie in this quadrant, the locus of LQRE profiles
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Table 3

Replication of McKelvey and Palfrey (1995) analysis of Ochs (1995), Game 3. Our estimates using the
equilibrium correspondence approach match those reported by McKelvey and Palfrey. We add estimates
using the empirical payoff approach.

Player 2
() (1 =mp)
L R
Player 1 () v 4,0 0.1
(1 =x) D 0,1 1,0

(a) Payoff table in original units from Ochs (1995).

Player 2
(1) (1—-m)
L R
(my) U 1.1141,0.0000 | 0.0000,1.1141
=) D | 0.0000,1.1141 0.2785,0.0000

(b) Payoff table as transformed by McKelvey and Palfrey (1995).

Player 1

Actual Equilibrium correspondence Empirical payoff
Periods 12 P L iy A* L z A*
1-16 0.527 0.366 0.615 0.383 1.856 0.557 0.485 1.007
17-32 0.573 0.393 0.610 0.405 1.568 0.601 0.439 1.518
33-48 0.610 0.302 0.614 0.301 3.306 0.617 0.383 3.344
49-52 0.455 0.285 0.500 0.200 © 0.500 0.500 0.000

(c) Actual data and results of LQRE estimation, with A expressed in transformed units.

of the corresponding auxiliary game will connect the centroid to (U, R). In periods 49-52, the row player plays U less than one-half
of the time, and therefore the strict best response for the column player is to play L. The locus of the LQRE profiles of the auxiliary
game is therefore quite different; because the column player plays L (much) less than one-half of the time, the likelihood-maximizing
point on that locus is the centroid. In light of Proposition 7, we observe also that this means that, despite the empirical strategy
frequencies in the final block being not very far from the Nash equilibrium probabilities, the total expected payoff of the two players
is actually less than they would get by both randomizing uniformly.

The panels of Fig. 2 show that the analysis of the performance of the empirical payoff approach is complicated by the fact that the
auxiliary game, and therefore the auxiliary game’s LQRE, are functions of the observed data. To organize our explorations, we can use
Proposition 4, which showed that two games have the same locus of LQRE profiles if their payoff functions are affine transformations
of each other. Given any empirical frequency of play p, the payoffs to each strategy in the corresponding auxiliary game I'(p) depend
only on the p of the other player, but not the strategy the other player plays in the auxiliary game. Therefore, it follows that, among

% = K for some K. Because payoffs in two-player games are
linear in the probabilities of the other player’s mixed strategy, these sets of p are rays emanating from the mixed strategy equilibrium.

To simplify our further calculations we use the original payoff matrix as in Table 3a. It is straightforward to verify that the mixed-
strategy profile = = (7, 7,) = (% %) is an LQRE, with A= % [In5 —1n2].” At this profile, uy (z) —up(x) = % and uy (r) —ug(r) = —%.
From this, it follows that the locus of LQRE for the auxiliary game I'(T", 7) is a straight line segment between the centroid and (1,0).
By Proposition 4, this is also the locus of LQRE for all auxiliary games I'(I", p) where the observed strategy frequencies p lie on

auxiliary games, the locus P(I'(p)) is constant for all p such that

the line segment between (% 1) and the Nash equilibrium (é %) In Fig. 3a we summarize how the estimates returned by the two

approaches compare along this line segment. As play moves towards Nash, the equilibrium correspondence approach returns estimates
which move along the locus of LQRE profiles in the direction of more precise play; in contrast, the empirical payoff approach returns
estimates which move in the direction of less precise play. This contrast is not unique to this ray of observed strategy frequencies,
but is a general feature of this game. In Fig. 3b we repeat the exercise along the ray of strategy frequencies lying on the line segment
between (1, 1) and (é %) The same pattern emerges: as play moves towards Nash, the equilibrium correspondence approach moves
along the locus towards more precise play, while the empirical payoff approach moves in the direction of less precise play.

The preceding analysis focuses on the quadrant of mixed strategies in which p; > % and p, > 1. Which is the quadrant which
contains the LQRE locus of the game and in which the observed strategy frequencies from the first three blocks of periods are located.
The best reply to any strategy profile located in this quadrant is (U, L). Therefore, the locus of LQRE of the auxiliary game generated
by any strategy profile in this quadrant is a curve which monotonically connects the centroid to (1,0), and cuts across the locus of
LQRE of the base game at some point; the shape of the auxiliary game locus of LQRE and the point of intersection depend on the
details of the observed strategy frequencies.

7 The analysis of Friedman and Mauersberger (2024) provides a method which makes it possible to find, in many two-player games, strategy profiles with rational
probabilities which are LQRE.
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Fig. 2. Graphical comparison of LQRE analysis of Table 3 via the equilibrium correspondence and empirical payoff approaches. The solid curve is the locus of LQRE
profiles of the base game. The triangle indicates the location of the empirical frequencies of play. Each dashed curve represents the locus of LQRE profiles of the
auxiliary game arising from the empirical data. Dotted lines connect the empirical data to the fitted profiles on the loci of the respective approaches.

The data from the fourth block of periods, which produced the maximally contrasting results of Nash play from the equilibrium
correspondence approach and uniform play from the empirical payoff approach, falls outside this quadrant. In the other three quad-
rants, the locus of LQRE of the auxiliary game does not intersect the locus of LQRE of the base game, except at the centroid. To
illustrate this, in Fig. 4 we repeat the exercise from Fig. 3 while looking at line segments of observed strategy frequencies falling in
each of the other three quadrants. Fig. 4a looks at the quadrant in which the data from the final block of periods occurs. In this quad-
rant, the pure-strategy best response is (D, L), and therefore the locus of LQRE of the auxiliary game, moves away from the quadrant
in both dimensions as precision increases. Therefore, the empirical payoff approach maps any empirical strategy frequencies falling
in this quadrant to maximally imprecise play at the centroid. This is true even for any empirical strategy frequency in this quadrant
arbitrarily close to the Nash equilibrium. This illustrates the mechanics behind the behavior of the empirical payoff approach on the
final block of data, and that it is a generic phenomenon that will occur with substantial probability even if play is arbitrarily close to
the Nash equilibrium. Fig. 4b looks at the quadrant in which (D, R) is the best response profile to the observed strategy frequencies.
As illustrated by the example ray, the equilibrium correspondence approach maps all points in this quadrant to the mixed-strategy
equilibrium. In contrast, the empirical payoff approach maps all points to the maximally-imprecise strategy profile at the centroid.
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Fig. 3. Graphical comparison of LQRE analysis of Table 3 via the equilibrium correspondence and empirical payoff approaches. In each panel, we consider families of
empirical data which result in auxiliary games with the same locus of LQRE profiles.
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Fig. 4. Graphical comparison of LQRE analysis of Table 3 via the equilibrium correspondence and empirical payoff approaches. Each panel corresponds to a quadrant
of the set of mixed strategies in which one or both strategy frequencies is inconsistent with stochastic best response. In each panel, we consider families of empirical
data which result in auxiliary games with the same locus of LQRE profiles.

Finally, Fig. 4c looks at the quadrant in which (U, R) is the best response profile. Along the sample ray of observed strategy fre-
quencies shown, as the frequencies move towards the mixed-strategy equilibrium, the equilibrium correspondence approach estimates
move along the locus of LQRE profiles towards the equilibrium as well. In contrast, the estimates from the empirical payoff approach
limit to the mixed strategy profile (.35,.35). This mixed strategy profile is the closest point on the auxiliary game locus of LQRE to
the mixed-strategy equilibrium. However, recall that the mapping between the locus of LQRE of the auxiliary game and values of the
precision parameter A are a function of the scale of the difference in the strategy values. For observed strategy frequencies close to
the mixed-strategy equilibrium, the differences in strategy values uy; —up and u; —ug become small. Therefore, for any point on the
locus of LQRE of the auxiliary game, the corresponding A becomes larger. Intuitively, this is because any profile on the locus of LQRE
that is not the centroid implies that responses are very precise, and therefore A is large. So, along this ray of observed frequencies, the
value of A estimated by the empirical payoff approach does tend to infinity, even though the fitted mixed strategy profile converges
to an interior point that is not the mixed-strategy equilibrium. As a further remark, this illustrates that although in this quadrant
the observed strategy frequencies are not consistent with stochastic best response to each other, nevertheless the estimated strategy
profile is not the centroid, but instead pick out a point on the locus of QRE of the auxiliary game which have the same total payoff
to both players, as in Proposition 7.
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Table 4
A generalized matching pennies game.
Player 2
(71'2) 1- 752)
L R
Player 1 (7)) U 4,0 0,12
(I-m) D 0,15 15,0

4.2. Generalized matching pennies

It is fitting to open the examples with the Ochs asymmetric matching pennies game, as it was the first 2 X 2 game to be analyzed
through the lens of LQRE. However, the LQRE correspondence of that game does have a few special features. The locus of LQRE
profiles is always contained in the same quadrant relative to the mixed-strategy equilibrium, and the equilibrium involves one player
mixing equiprobably over their strategies. This latter feature made the game ideal for showcasing the own-payoff effects that LQRE
can capture, but also restricts the possibilities for the comparative statics of the empirical payoff method as a function of the observed
strategy frequencies.

Predictions of LQRE have been explored further in the broader class of games dubbed “generalized matching pennies” by Goeree
et al. (2003). Table 4 presents a parameterization of a generalized matching pennies game we have chosen to draw some contrasts to
i
in Fig. 3. Each panel illustrates the estimates of #5C and #EF for a set of empirical strategy frequencies that share a common locus
of LQRE profiles in the auxiliary game. Fig. 5a demonstrates a case in which, as the observed strategy frequencies move towards the
mixed-strategy equilibrium, both #£€ and 2P move along their respective loci in the direction of more precise responses. In this
case, the locus of LQRE profiles of the auxiliary game is not a bad approximation of the locus in the base game for a range in the
vicinity of the centroid, so estimates are similar in the two approaches for the less precise points shown. The approaches diverge for
more precise play, with the empirical payoff approach limiting to a point corresponding to rather imprecise play. Fig. 5¢c demonstrates
a reversal of this, with the pattern observed in the Ochs game of more precise play being mapped by the empirical payoff approach
to less precise estimates. Fig. 5b shows where the switching point lies: in this case as play becomes more precise #£€ also becomes
more precise while #E% is constant. This shows that even in the simplest case of 2 X 2 games, the comparative statics of #£¥ are not
just game-dependent but even data-dependent within the game.

In Fig. 5d we show the case in which the locus of LQRE profiles of the auxiliary game intersects that of the base game at the

the Ochs game. This game has its unique equilibrium at (z,,7,) = ( ) Fig. 5a through Fig. 5c display a parallel exercise to that

equilibrium point itself. This occurs for any empirical strategy probabilities on the line segment between (% 1) and the equilibrium.

For these points, the estimates of both approaches do converge to the Nash equilibrium as play becomes more precise; however they
do so from opposite directions, because the loci of LQRE profiles of the two approaches are orthogonal to each other at the equilibrium
point. This line segment demonstrates the only one along which the empirical payoff approach can successfully estimate a profile that
approximates a Nash equilibrium. Furthermore, AZ” also converges to infinity along this line segment, even though the estimated
point is precisely in the middle of the locus of LQRE profiles. This is a consequence of the empirical payoff approach using the
empirical payoffs to determine the scale of payoffs in the game, and therefore the scale of A, along the locus.

4.3. Estimation of A as a function of observed data

Our analysis has focused principally on the locus of LQRE. In the games considered so far, there is a one-to-one mapping between
4 and elements of the locus of LQRE, and so therefore it is meaningful to say that moving along the locus from the centroid towards
the mixed-strategy equilibrium is a direction of increasing precision. However, this ordinal interpretation only applies within a given
locus of LQRE; with the exception of endpoints, we cannot rank whether a point on the locus of LQRE for the base game is more or
less precise than a point on the locus of LQRE for an auxiliary game. In taking LQRE to the data, it is customary to report estimates
of 4 itself.

We return to the Ochs asymmetric matching pennies game with payoffs as in Table 3a. To compare the A values fitted by the two
approaches, in Fig. 6 we plot the level sets of AZ€ and AE® for selected values of 1.8

From this analysis, we see that for most realizations of the empirical strategy frequencies p, we will have AE€ > J1EP_ There are
two regions which are exceptions. For A less than about 1, there is a region above and outside the locus of LQRE profiles where
AEP 5 2EC For ) greater than about 1, there likewise is a region “inside” the C-shape of the locus where this occurs. There are
therefore two distinct factors at work which jointly determine whether A£? is greater than or less than AEC. First, the level sets of
AEC are always straight line segments.’ In contrast, the level sets of A£¥ are curved, and specifically in the case of this game the
upper-contour sets of A£F are convex. The curvature of the level sets of A% is a consequence of the locus of LQRE profiles of the
auxiliary game changing as a function of the observed data. Second, although Proposition 9 ensures that the level sets with the same

8 The level sets for A£C converge along a line segment. Points along this line segment are ones in which the likelihood function has two local maximizers, one
corresponding to x, closer to %, and the other corresponding to x, closer to the equilibrium probability of é The jog in the line segment in this region is an artifact
of the plotting algorithm struggling with the level sets meeting and then ending along this line segment.

9 This is true in all games: for all games, these level sets are subsets of a hyperplane.
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Fig. 5. Four examples of comparative statics of #£€ and #£” for the generalized matching pennies game in Table 4.

4 value must meet at a point on the base game locus of LQRE corresponding to that 4, in this game they are not tangent to each
other but cross. The curvature of the level sets accounts for the general tendency for 4£€ > 1£P. The regions of A7 > 1EC, and the
fact that these regions sit along one side or the other of the locus of LQRE profiles, is a consequence of the crossing of the level sets
coming from the two approaches.

The crossing of the level sets for a given 4 is a consequence of the crossing of the locus of LQRE of the base game and the auxiliary
game, which we observed in Fig. 3. Understanding the interplay of the two factors contributing to whether A£€ > 1EP is challenging
because, unlike in Fig. 3, we cannot only look at convenient line segments along which the locus of LQRE profiles of the auxiliary
game does not change. We can focus on the curvature of the level sets of A£” by looking at a family of games in which the level sets
of AEC and AEP for a given A are tangent when crossing the base game LQRE locus. To do this, we need a family of games in which
the locus of LQRE is the same for both the base game and all auxiliary games, for realized strategy frequencies which are LQRE of
the base game. We accomplish this by looking at 2 X 2 games where all LQRE are symmetric. Table 5 specializes the payoff structure
of Table 2 to this case. In this family of games, A (x) = uy (7)) —up(r) = my(cy + cpr) — cpr is the row player’s payoff premium to
playing U, and A,(7) = uy(n) —ug(n) = m1(cyr + cpr) — cpr is the column player’s payoff premium to playing L. Without loss of
generality we will assume ¢;;; > 0, so (U, L) is always a Nash equilibrium, and also assume c;; > cpg. When ¢pp > 0, (D, R) is also
a Nash equilibrium, and the locus of LQRE profiles consists of two curves: one, the principal branch, is the line segment connecting
the centroid to (U, L); the other is the line segment connecting the mixed-strategy equilibrium to (D, R). When cp <0, the locus
of LQRE profiles consists only of the line segment connecting the centroid to (U, L). To streamline the analysis we will focus on the
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Fig. 6. Level sets of A£€ and AEP for various values of A for the Ochs game in Table 3a. The solid line is the locus of LQRE profiles for the base game. The darker
dot-dashed lines correspond to level sets of JEC and lighter dashed lines to level sets of JEP Fora given common 4, the level sets of EC and EP intersect at the point
where they cross the locus of profiles.

Table 5
A family of 2 X 2 normal form games where all LQRE are symmetric. This is
obtained from the payoffs in Table 2 by setting dy;; =cy; and dpp =cpp.

Player 2
(75) (1 =m,)
L R
Player 1 (my) U ap +cyp.by +eyp ag, by
(=z) D a;,bp ag +Cpr.bp +Ccpr

quadrant containing the principal branch, that is, where z; > % and 7, > %; the key observations apply as well to the other branch,
when it exists, with a suitable extension of notation.

Given observed strategy frequencies (p,, p,) in this quadrant, the equilibrium correspondence approach is equivalent to solving the
problem m)z(ix(pl +py)logm + (2 — p; — py)log(l — x), which has solution #EC = % It is therefore natural to express any observed

frequencies (p;,p,) as (p + 6, p — 6), where p is an LQRE profile of the base game and 6 > 0 without loss of generality.

#EC4zEC REPEP

— —L—2— is the same as the sign of c;;; + cpg-

Proposition 14. For given observed strategy frequencies (p+ 6, p — 6), the sign of ]T 3

Proof. From the proof of Proposition 12, we know that given 6 the profile #£F (5) satisfies

p+6—#EP A
M U— (13)
p—5—ﬁ'§P Ay

Consider the case c;;; +cpg > 0. Then A, > A, which, applying to (13), implies p+6 — ﬁfP >—p+6+ ﬁ'fp, which reduces to 7

~EP - ; AEC _ ~E
#;y" <2p. The cases ¢y + cpgr <0 and ¢y + cpg =0 are analogous. Recalling that #~ = 2

i

7€ = p completes the argument. []

The three cases in Proposition 14 are illustrated in Fig. 7. The game in Fig. 7a is a Pareto coordination game; a qualitatively
similar picture would arise if D and R were dominated strategies but the outcome (D, R) is not too bad (cpr <0 but ci;; > —cpg)-
The game in Fig. 7c is a game in which D and R are dominated strategies, and the outcome arising from the combination of D and R
is particularly bad for both players. The knife-edge case in Fig. 7b arises in, for example, a two-player linear voluntary contributions
game. In that case, the empirical payoff approach always gets A; and A, correct, because those differences are independent of the
strategies played.

Fig. 7 alone is not enough to determine whether there are systematic differences in A between the two approaches. Fig. 8 plots
level sets for AZ€ and A£P. Compared to the Ochs game, we observe the useful property that in this game, the level sets of 1£€
and AEP are tangent, for given A, at the point they cross the locus of LQRE profiles. We also see that for these example games, the
curvature of the level sets of AE” is game-specific. We now formalize this observation to characterize the cases when A£C Z 3EP,

Lemma 15. For the family of games in Table 5, the empirical payoff approach profile #5¥ satisfies A, 25 (1- 27 P) = A 2FP(1-2FF) > 0.
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Fig. 7. Examples of the three cases for the family of games in Table 5. The empirical strategy frequencies illustrated are (1, %) for all three examples, all of which

are mapped to (% 3 ) by the equilibrium correspondence approach.
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Fig. 8. Level sets of A£€ and A£” for games from Fig. 7 with symmetric LQRE profiles. The solid line is the locus of LQRE profiles for the base game. The darker
dot-dashed lines correspond to level sets of A£€, and lighter dashed lines to level sets of A£7.

Proof. Given realized strategy frequencies p, the level sets of the log-likelihood function satisfy

pilnz+(1=p)In(1 —z)+pyInzy +(1 = py))In(1 —7,) =K a4
for any given K. Because in the auxiliary game 7, and x, are both increasing in 4 we can parameterize the locus of LQRE profiles
by (7, 7y (x;)). Differentiating (14) with respect to 7| and rearranging gives
! o —m) ,
=—- T

= . (15)
Ty — Py (1 —my) 2

Geometrically, this says that along any line segment starting at p, the level sets of the likelihood function are orthogonal to that line
segment. Evaluating (15) at #F” and applying Proposition 12,
A, #EP(-2ED)

— ”/(AEP
Ay 2EPQ-2EPY?

T

8,REP(1 - 2EP)

@)= ———75 >0,
2l A REP(1 - 2EP)
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because n; > 0 due to the monotonicity of the locus of LQRE profiles. As a geometric interpretation, note that z,(4) — z;(4) is

quasiconcave in 4; therefore, this result states that the empirical payoff estimator A occurs at a lower value of A than the one that
maximizes the difference between 7, and ;. []

Proposition 16. For the family of games in Table 5, the sign of AEC (p) — AEP (p) is the same as the sign of ¢y + cpg-

Proof. Again from the proof of Proposition 12, we know that given 6,

A(p+8—2")+ A (p—5—-2#3F)=0. (16)

We can rearrange this to
A 2EP + 0 2EP = (A = )6 + (A + Ay)p

=2k + (A + Ay)p.

Let ¢p(x) = %, and note that ¢’(x) = ¢(x)(1 — ¢(x)). Because the z%l.EP are an LQRE profile of the auxiliary game for some AEP,

A PAEP A + Dy p(AFP Ay) = 282 + (A + A,)p. 17)

Differentiating with respect to &, noting that A% and A,; are all functions of 6,

A GAEPA) + A ¢ AEPADAEY Ay + AEPA)
+ALPAEP M) + Ay (AEP AAEP A, 4+ JEP Al)=—4k5+ (A + A)p

Let k = ¢y +cpg and note that A| = —k and A =k,

—kpAEPA) + A ¢ AEPADNAEP A, = JEPK)
+rd(AEP AY) + Ay (AEP AD)AEP' A, + AEP i) = —dxcs
AEP (A2 (AEP A ) + A2¢/ (GEP A,)]
+x {[@AEP Ay = pUAEPAD] + AEF [Ay ' AEP Ay — A1/ GEP A} = -4k

Consider the case x > 0; in this case we want to show that AP < 0. The expression in square brackets multiplying A% "<0is
positive, and the right-hand side is negative. To complete the argument the expression in curly braces multiplying x must be positive.
G(Ahy) > P(AA,) for all A >0 because A, > A, and A,¢'(AEPA,) — A ¢/ (AEPA|) > 0 from Lemma 15. The argument for x < 0 is
analogous.

The result then follows from observing that when & = 0, A£€ = 1£P | and A£€ is constant with respect to & given p. []

Some intuition for these results can be gained by recalling the difference between the locus of LQRE profiles and the LQRE
correspondence. In this family of games, when the realized strategy frequencies are the same, p; = p,, the locus of LQRE profiles of
the auxiliary game is exactly the same as that of the base game. However, the mapping from A to profiles is not the same. Fig. 9
demonstrates this for the case when the observed frequencies are p; = p, = 3. In the auxiliary game, the value of p; = p, sets the
strength of the incentives between U and D (respectively, L and R), and this is constant for all A. Consider the case of the Pareto-
coordination game as in Fig. 9a. For small A, this overstates the strategic incentive, relative to that of the LQRE of the base game,
and so 7E? increases more rapidly. For large A the situation is reversed; the incentives are stronger in the base game and so the
probability of U (respectively L) increases more rapidly. This is reversed when cpp is very low; this situation is depicted in Fig. 9b.

This example shows that the patterns of bias in A£® are not coming from the fact that randomization is important in the asymmetric
and generalized matching pennies games. In cases in which a limiting pure-strategy equilibrium is relevant, increasing the probability
a strategy is played by one player often sharpens the incentives of another player, such as occurs in games with a coordination aspect.
Omitting this reinforcement effect in LQRE usually leads to a systematic bias in AZ”, which can be in either direction depending on
the structure of the game.

5. Simulated comparisons of the estimators

Working through examples of 2 X 2 games has a number of benefits. Because in these games the set of mixed strategy profiles
is a bounded subset of a plane, there are many constraints on the possible structure of the equilibrium correspondence, and the
relationships between the equilibrium correspondence of the base game and the correspondences arising from the auxiliary games,
making a somewhat exhaustive analysis practical. Further, as the set of mixed strategy profiles is isomorphic to a square, we can use
appropriately designed pictures to build intuition as to the possible differences between the two estimation approaches.

That said, computing the equilibrium correspondence in 2 X 2 games is not computationally demanding; if LQRE were applied
only to these games the empirical payoff approach would never have been developed. The first paper we are aware of that substituted
the empirical payoff approach for estimation using the equilibrium correspondence was the paper of Bajari and Hortacsu (2005),
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Fig. 9. Correspondence plots of 7£€(4) = 77¢(4) and =[P (1) = 7" (4) for games from Fig. 7 with symmetric LQRE profiles, given observed strategy frequencies
pI=pr= ;i. The darker dot-dashed lines correspond to the correspondence 7€, and lighter dashed lines to z%7.

who were looking at data from auction games with many player types and many bids possible per type. Other papers applying this
approach to auctions include Camerer et al. (2016). Goeree and Zhang (2017), and Breitmoser (2019); the latter paper mentions that
computing the fixed point “is not yet possible using regular computers,” a claim we will examine in more detail in the following
section. Other papers using empirical payoff estimation in other settings as a substitute for the equilibrium model include Chen et al.
(2012), Morgan et al. (2012), Ge and Godager (2021), Hanaki and Masilitinas (2021), Noti (2021), Dreyfuss et al. (2022), Fréchette
et al. (2022), Chui et al. (2023), and Wei (2023). We also importantly note Bland (2019) and Turocy and Cason (2015) likewise have
applied the empirical payoff approach.

A natural question is whether it is possible to obtain more general results comparing the two estimation approaches that would
apply to the larger games to which the empirical payoff approach has been applied. The results of the 2 X 2 case are already negative
in this regard. Asymmetric and generalized matching pennies games show that even within a game, the sign of A£¥ — 1£€ is data-
dependent. Meanwhile, the previous section demonstrated that there are families of games in which that sign is always in one direction
for a given parameterization of the game, but the sign itself is dependent on the payoff specification.

Two important practical questions remain from the analysis of the 2 X 2 case. First, can we observe similar systematic biases in
larger games drawn from domains in which applying LQRE is of interest? Although it would seem likely that the intuitions drawn
from the examples shown would generalize to games with more strategies (or players), the calculations so far do not necessarily
generalize. Second, to what extent is the difference between the two approaches quantitatively important? Even in the case of 2 X 2
games, analyses such as that in Fig. 6 only show how each approach maps a given observed profile of play to A. This is only part of
the picture in evaluating the performance of the estimator, as the distribution over those profiles of play arising from a given data
generating process is also relevant in quantifying any systematic biases.

Given the origins of the empirical payoff approach in application to auctions, we take as our example Goeree et al. (2002), who
were the first to apply QRE to auctions. There are two bidders for a single, indivisible unit of good for sale. The bidders have a private
value v for the good, where the bidder values are drawn independently. They consider two treatments: a “low values” treatment
in which the values are drawn uniformly from the set {0,2,4,6,8,11}, and a “high values” treatment in which the set of values if
{0,3,5,7,9,12}. Knowing their own value but not that of the other bidder, bidders simultaneously choose a bid b € {0, 1,2,3,4,5,6}.
The higher bidder purchases the object, with ties broken by a coin toss. The payoff of the winning bidder is v — b; the payoff of the
losing bidder is zero. The values and bids are chosen such that there is a unique, fully separating Nash equilibrium, with 5(0) = 0 and
each higher value choosing the next higher bid, approximating the symmetric equilibrium in the case of continuous values and bids
of bidding one-half of one’s value.

We conduct a simulation exercise, in which we suppose that the true data generating process is the LQRE with a specified value
of .10 We use A =2,4,8, 16. For each A, we generate 200 simulated samples of types and bids using the LQRE profile, where in each
sample we draw 40 bids for each type. For each sample we then compute the A and # estimated by both approaches.

The results of this simulation exercise are summarized in Table 6. We find that A£* is systematically smaller than A£€; the
proportion of samples in which 2% < AEC ranges from 84.5% of with 4 =1 in the low values treatment to 99.5% with A = 16 and
low values. The gap in magnitude between A£¥ and AEC generally grows with A. In all the simulation experiments, A£€ is roughly

10 We follow Goeree et al. (2002) and the general convention in auctions by using the agent LQRE of McKelvey and Palfrey (1998). We note that the two-player
agent LQRE is equivalent to a 12-player strategic form QRE, with one player per type. Further, we follow Goeree et al. (2002) in restricting bids to be no more than
the value.
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Table 6
Comparison of estimation approaches for the private-values first-price auction games of Goeree et al. (2002). Based
on 200 simulations, with 40 observations per type, assuming the true data generating process is the LQRE with the

specified A.
Low values High values
True underlying A A=2 A=4 A=8 A=16 A=2 A=4 A=8 A=16
Median £ 1.938 3.825 7.392 12.898 1.932 3.839 7.491 15.024
Median AE€ 1.992 3.967 8.100 16.104  2.005 4.051 7.953 16.201
Pr(AFP < AEC) 0.845 0.905 0.990 0.995 0.895 0.945 0.955 0.875
Entropy of LQRE 7 -2.945 2724  -2.490  -2.308 -3.019  -2.804 -2.544  -2.278

Median entropy of #57  -2.953  -2.734  -2.506  -2.341  -3.024 -2.816 -2.567  -2.308
Median entropy of #°€  -2.946  -2.727  -2.487 -2306  -3.018 -2799 -2.546  -2.273

equally likely to be above or below the true value, while A£” is systematically more likely to return a value of A smaller than the
true one.'!

In passing to games with larger strategy or action sets we lose the ability to visualize easily the comparison between the estimation
approaches. In particular, we observed in Proposition 10 that the scale of A£% is influenced by the empirical differences in payoffs, and
so we cannot immediately conclude that the systematic pattern of A7 < 1€ can be interpreted as estimating more noisy behavior as
opposed to some scaling effect. This motivated our focus on properties of the estimated profile 7 as well in our theoretical development.
To take this to the data for this auction example, we summarize the degree of randomness in a strategy profile by computing the
entropy of the induced distribution over (value, bid) pairs. Table 6 includes the entropy of the true LQRE strategy profile =, and the
median of the entropy values from each of the estimation approaches. From this we observe that the equilibrium correspondence
approach recovers the true entropy value, while using empirical payoffs returns profiles which are systematically higher entropy than
the underlying data generating profile. So, indeed, the empirical payoff approach does systematically underestimate the precision of
responses in this example.

The exercise also paints a more complex picture both of the relative performance of the estimation approaches, and of the com-
plexities of LQRE correspondences that make it difficult to prove very general results. Both of these games are first-price auctions, and
they were designed as a treatment pair to compare behavior. However, in the low values treatment, for higher A the two approaches
diverge significantly in their performance, while in the high values treatment the divergence is quantitatively smaller. This is however
not solely because of the rate of convergence of LQRE towards the equilibrium. In the limit with larger A, the LQRE with high values
intuitively is less random than the LQRE with low values; the high values treatment shifts the private values upwards which has an
effect of sharpening incentives. However, this is not uniformly true for all 4; for small A, the LQRE for high values is actually more
random, as measured by entropy. This is an effect of the equilibrium nature of LQRE, and it would be difficult to know from first
principles which specifications of the environment would lead to this reversal.

Keeping with our focus on estimation methods, the important observation is this. Suppose under both treatments LQRE with a
common 4 = 16 prevailed. If we use the equilibrium correspondence approach, we would be relatively unlikely to reject the null
hypothesis that A is the same between the treatments. However, if we use the empirical payoff approach, we would be more likely
to commit the Type I error of concluding that A is smaller with low values.

However, the objective of taking LQRE to data is frequently not to recover an estimate of 4, but to use LQRE as a structural model
to estimate other environmental or behavioral parameters of interest. A robust empirical regularity in first-price auction experiments
is that bids tend to be in excess of the equilibrium that arises from maximization of expected monetary payoffs, whereas the LQRE
correspondence converges to the equilibrium “from below,” that is, predicting underbidding. We therefore posit an augmented utility
function for bidders by adding a joy of winning w > 0, such that the payoff to winning the auction now becomes v + w — b.!2

We take w = 1 and repeat the same simulation exercise as above, focusing on A € {4,8,16}. We report results on the estimated
values of w in Table 7. For the low values treatment, we observe a difference between the two approaches. The median estimate of
EC is comparable to the true value of w = 1 for all three levels of A. Meanwhile, the estimates (0f” are more likely to be below the
true value for larger A, while for A =4, the two approaches produce very similar results. In contrast, for the high values treatment,
both approaches produce similar results for all three underlying A values considered. As a result, using the empirical payoff approach
would increase the chance of a Type I error concluding that joy of winning is smaller under low values.

One of the successes of (L)QRE that has led to its adoption in behavioral game theory is that the LQRE correspondence captures
directional changes in behavior under manipulation of features of the environment, which are not captured by, for example, Nash
equilibrium. This was a feature of the design and analysis of this auction example, but it also a feature of many of the applications

11 We prefer the median rather than the mean values of A as they are easier to interpret. As demonstrated in the previous section, outlier estimates of 1 =0 or 1= co
are not uncommon in some games. The mean values of A are similar to the median values across the samples we generate in this exercise.

12 Goeree et al. (2002), and many other papers, invoke risk aversion as an explanation for bids observed in first-price private-values auctions. We note that there
are technical complications in combining risk aversion with random utility models such as logit, as outlined by Apesteguia and Ballester (2018). In parallel, because
4 has units of (inverse) utility, and incorporating risk aversion changes the curvature of the utility function, the interpretation of 4 when risk aversion changes is
difficult. In numerical experiments on this auction setting, we have found that the results comparing the two approaches can depend on exactly how a utility function
incorporating risk aversion is specified. To fix ideas we therefore consider this simpler specification which avoids the distraction of these technical complications.
Commonly-used utility specifications incorporating anticipated regret, cursedness, altruism, or inequity aversion have a similar structure to the one we consider here.
We choose this joy-of-winning model for simplicity and not because we endorse it as an explanation for overbidding!
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Table 7

Comparison of estimation approaches for a joy-of-winning model in the private-
values first-price auction game of Goeree et al. (2002), considering both their “low
values” and “high values” games. Based on 200 simulations, with 40 observations
per type, assuming the true data generating process is the LQRE with the specified
4, and the true joy-of-winning parameter is w = 1.

Low values High values
True underlying A  A=4 A=8 A=16 i=4 A=8 A=16
Median ®f? 1.001  0.989  0.957 1.007  1.000  1.004
Median wf€ 0.992  1.003  1.001 1.001  1.005  1.002

Pr(wf? < wFC) 0.460  0.615  0.790 0.415  0.430 0.515

highlighted in Goeree et al. (2016). Our simulations show that the performance of the empirical payoff approach is in fact a function
of the changes in the LQRE correspondence induced by those manipulations. If one were to use the empirical payoff approach to
analyze the data from this experiment, then the joint ensemble of the experimental design and the estimation method would suffer
from a confound, because the performance of the empirical payoff approach is not the same between the treatments. Therefore,
a result finding a treatment difference with the empirical payoff approach may be an artifact of the estimation procedure rather
than an indication of a treatment difference in the data. In contrast, the ensemble of the experimental design with the equilibrium
correspondence approach would not be confounded in this way.

6. Implementing the equilibrium correspondence approach

Looking at the results of Section 4 and the simulations of Section 5, we see that it is not easy to know in advance the extent
to which the empirical payoff approach is sensitive to changes in the LQRE correspondence induced by treatment manipulations,
without already knowing at least partial information about the LQRE correspondence. We therefore now turn to an exposition of
implementing the equilibrium correspondence approach. In doing so we have two goals. First, we provide a more complete exposition
of the scalability of using this approach, and that, in particular, it should be applicable out of the box to larger games than asserted in
some of the foregoing citations. Nevertheless, computational complexity is indeed an issue. Our second goal therefore is that, through
this exposition, we can provide suggestions for future directions which allow for more robust approximations of LQRE for estimation
purposes without undue computational burden.

6.1. Computing likelihood maxima using numerical continuation

In many instances in which we turn to numerical calculation to solve optimization problems, we do so because we cannot easily
characterize the optimizer because the objective function is complex, while the constraints on the feasible set are relatively simple.
This is the use case for which optimization routines in most software packages are targeted. The optimization problem defined in
(5) is interestingly different because the objective function is very easy to work with - the log-likelihood is strictly concave — but the
structure of the feasible set P(I') is potentially complex for a non-trivial game.

Because (0, z°) is always path-connected to at least one (oo, 7*), where z* is a Nash equilibrium, computing the full feasible set
in (5) is a method for computing a Nash equilibrium. The problem of computing a Nash equilibrium of a finite game has been shown
to be PPAD-complete (Daskalakis et al., 2009). This is bad news, because it is believed that problems in PPAD are hard, and no
algorithms are known to solve these problems in time polynomial in the size of the input. So, even computing the principal branch of
the LQRE correspondence may be difficult. Meanwhile, the problem of determining whether a game has a second Nash equilibrium
is NP-complete, so optimizing over all LQRE, including those not on the principal branch, is a difficult problem.

However, these complexity class results apply to all problems, that is, all possible games. Further, even if it is the case that any
algorithm must take time that grows exponentially in the size of the game, nevertheless exponential growth may be sufficiently slow
as not to matter significantly when working with games of even moderate size. We observe that the practical problem of taking LQRE
to data is generally not done on randomly-generated games. In experimental settings, experimenters usually choose games which
have some structure on their payoff functions, and the (effective) size of the strategy space in most experimental games is not too
large.'® So we turn to a discussion which outlines how computer codes which solve (5) operate, and the practical computational load
associated with those algorithms as a function of the types of games most frequently studied. The methods available in the Gambit
package (Savani and Turocy, 2024) for computing LQRE and doing maximum-likelihood estimation are based on the methods below.
As part of an electronic appendix to this paper we provide standalone implementations in pure Python to complement the exposition.

The problem of computing points along a smooth curve is well-suited to the use of the predictor-corrector (PC) method for nu-
merical continuation. We will develop the basic ideas briefly, based on the treatment of Allgower and Georg (2003). Following the
developments in Turocy (2005) and Turocy (2010), we can write a curve m € M as m(s) = (p(s), A(s)) satisfying H (m(s)) =0, where
p is the vector of log-probabilities, p;;(s) =log z;;(s), and the curve m is parameterized by arclength 5. We can then re-state the LQRE
conditions (2) as

13 In referring to the “effective” size of a strategy space, we are observing that, while an experiment may permit participants to select a number from, say, 0 to 1000
inclusive, in practice choices will be concentrated on “accessible” numbers such as multiples of 10 or 100, and the vast majority of strategies will not appear at all in
the experiment’s dataset.
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The smoothness of the curve justifies treating the problem as a differential equation on the parameter s, and so H'(m(s))Vm(s) =0
where ||Vm(s)|| = 1 is chosen by convention. This equation allows us to compute the direction of the curve Vm at a given point m(s)
based on the system’s Jacobian H'(m(s)) at that point.

The PC method'* produces a sequence {m, } of points along the curve. The method requires a starting point m, known to be on the
curve for example, starting from (0, z°) allows the principal branch to be traced. Given a point m,, a predictor for m, 41 is determined
by m? = =m,+hV(m,); that is, a step of length £ is taken in the direction suggested by the tangent to the Jacobian at m,. This predictor
step is typical for any numerical differential-equation solver. More can be done, however, by taking advantage of the knowledge that
H (m(s)) = 0; for example, we can apply Newton’s method for finding a zero of a system of equations, an iterative process which
converges quadratically to a solution. Specifically, a sequence of correctors can be computed via mkrll = lhk - H' (mk Y H (n%t+1 ),
where A™ denotes the Moore-Penrose inverse of A; this iteration can be done until a required accuracy ||m 1 || <egis obtalned. The
point accepted under this criterion then becomes m, ;.

We can contrast the PC method with the approach taken in the sample MATLAB codes in Goeree et al. (2016). In those codes,
the equations defining logit responses are transformed into a minimization problem by taking the sum of squares of “belief errors,”
that is, the differences between the belief probabilities and the logit responses to those beliefs. It is true that the global minima of
this function correspond exactly to LQRE. However, as pointed out by Judd (1998), the technique of converting finding the zeroes
of a system of equations to one in which a function is minimized has a number of unattractive numerical properties. In particular,
the condition number of the Hessian of the objective function is roughly the square of the condition number of the Jacobian of the
system of equations. As a result, numerical optimization routines may struggle to find a solution even when methods for solving the
system of equations directly experience no problems.>

This brief discussion of the ideas behind predictor-corrector methods is useful reference for understanding the practical com-
putational expectations for being able to solve problem (5). First, we note that the PC method computes Vm, for every point m;.
The values of m, and Vm, are exactly the data required to be able to evaluate the first-order condition (5). Newton’s method can
be adapted to find a zero of a function such as (5) with desired precision and likewise benefits from quadratic convergence. This
formalizes the observation that all of the hard computational work for solving problem (5) is in computing points on or sufficiently
close to the curves in M; having done this computation, finding zeroes of the first-order condition can be done at essentially zero
extra computational effort. We will therefore focus our discussion on practical aspects of the process of tracing out a given curve m.

So far, we have not discussed the choice of the hyperparameter 4 of the PC method. Clearly /4 cannot be chosen as a constant,
because the curves comprising £(I") which limit to a Nash equilibrium have an infinitely-long arclength.'® PC methods generally
use an adaptive steplength. The idea behind steplength adaptation is that the predictor step just needs to be “good enough” that the
corrector step converges quickly to a point on the curve. Given a current steplength 4 and a point m(s) on the curve, if m(s) + hVm(s)
turns out to be a point on or close to the curve, then heuristically it would make sense to try a larger steplength on the next iteration.
Conversely, if convergence at the predicted point is slow, or fails entirely, then trying again with a shorter steplength would be
indicated.

We can illustrate some intuition for the interaction of the predictor and corrector steps, and steplength adaptation strategies, by
looking at the PC method as applied to auxiliary games.!” Because we know that there are no turning points in an auxiliary game,
we can simplify the exposition by taking A as the parameter. For each player i and all strategies j and k of player i, we have that

18)

pij(A) = pi(A) = Au;; — uy)
p:j(j') - p:k(i) =Uy = Ui

We can differentiate the requirement that probabilities sum to one for each player to obtain

Ji
Z p;j(ﬂ)eﬂ[fu) =0
j=1
J:

Z [p:k(/l) + (uij - uik)] efiid =
j=1

14 Properly speaking, there are many variations on the predictor-corrector idea for numerical continuation, and as such referring to “a” PC method would be more
proper. In this paper we will discuss one implementation, and as such use the definite article where it is more natural and where reference to a specific implementation
is unambiguous from the context.

15 See the discussion on pages 171-173 of Judd (1998) for further details.

16 The arclength can be made finite by instead re-parameterizing the curve via a transformation similar to v = ﬁ, referred to humorously in Turocy (2005) as
the “Texas” parameterization. Even with this parameterization a fixed steplength is not satisfying, as the transformation rescales the regions of the noise/precision
parameter on which the behavior of the LQRE set may be the most interesting, and so an adaptive steplength would still be indicated.

17 Although numerical continuation is not necessary in these cases, as the LQRE can be found through direct computation of the formulas, these are useful for
building understanding of how PC methods and steplength adaptation work.
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Ji
P+ Y (wyy —uy )i P =0
j=1

Ji
P ==Y ;= uy)m;;(A) 19
j=1

The significance of (19) is that, given (4, p(4)), it is used to predict the next point (4 + &, 5(4 + h)). We now observe that this predictor
is quite good, in that the predictor always satisfies the relative-payoff equation exactly:

Ji Ji
ﬁij — b= [pij —h Z(”il - uij)”il:| - [Pik —h Z(”il - uik)”il:|

1=1 I=1

Ji
=pi; = puth |:Z(”ij - "ik)””]

I=1
= /I(uij —uy)+ h(u,-j — Uir)

= (A+ MUy — ).

The predictor is not perfect because the system is not linear in log-probabilities; the sum-to-one equations for each player do not
balance exactly when using this predictor. The Newton step in the corrector recognizes this, and takes a step that re-scales the total
probabilities while keeping the relative log-probabilities in their correct proportions. In fact the corrector phase needs only one step to
find a point on the curve, as the step will always complete the normalization exactly on the first iteration. Because the convergence is
so rapid, this is evidence that the steplength can be increased, and so traversal of the curve can proceed using relatively few steps. The
PC method is therefore surprisingly competitive for computing the LQRE of auxiliary games when compared to solving the equations
directly, as it does more or less the same computational operations.

However, because the problem of computing a Nash equilibrium is PPAD-complete, we know that there must be games for which
the PC method will not work as elegantly as this. The running time of the PC method is determined by the number of steps it must
take, and the computational time involved in taking one step. We consider these in turn.

At a given point m(s), the tangent Vm(s) used to form the predictor incorporates two effects, which we can think of as the
payoff effect and the strategic effect.'® The payoff effect is determined by applying the replicator dynamics, which as we have just
seen, is well-predicted by a linear approximation in log-probabilities. The strategic effect comes from the adaptation of each player’s
play to the anticipated play of others. The predictor step operates, roughly, by assuming that the strategic effect at m(s) is a good
approximation to the effect at m(s + h). The extent to which this is true will influence the steplength adaptation, and therefore the
number of steps needed; this is different across games, and even at different parts of the LQRE correspondence for a given game.

Irrespective of how the number of steps required by the PC method depends on the features of a game, an important practical
determinant of running times is the time it takes to complete a step. It is important to remember that for practical application,
it is not necessarily the case that algorithms with running times that scale exponentially in the size of their input are necessarily
impractical and those which scale polynomially are practical; an exponential algorithm with running times growing slowly over
the range of problem sizes of interest may beat a polynomial one with running times growing more rapidly over the range. The PC
method requires information both about the function H (m(s)) defining the curve, and its Jacobian H’(m(s)), at each of the points ¥t
considered as a predictor or corrector. The method then does linear algebra to compute the relevant tangent for the predictor step,
and steps for the correctors. These operations are done on matrices of size J X J and J X (J + 1), so the total number of strategies J
is the determinant of the complexity of this part of the algorithm.

However, experience with implementing the PC method in Gambit (Savani and Turocy, 2024) has shown that it is neither the
number of steps nor the linear algebra at each step which dominates the running time. Instead, the overwhelming majority of
computational time is spent computing expected payoffs. Here, one of the attractive features of LQRE, that it has full support for all
finite A, implies a curse of dimensionality. We must visit all H,','=1 J; contingencies of the game to compute the expected payoffs of
all of player i’s strategies, meaning that the cost of computing H (m) is proportional to N HLI J;.

However, in the most generic implementations, it is the Jacobian which consumes most of the computational cycles. For each of
the H;; equations, computing the Jacobian precisely implies:

2

. H,' i
1. Computing — A’ .
. oH;; .
2. Computing ap—" for every player / # i and every strategy m of that player /;
Im
These two items correspond precisely to the payoff effect and the strategic effect, respectively. The column of the Jacobian consisting
oH;; . . . . o .
of 3 /{j is exactly the replicator dynamics, evaluated at the current vector of strategy payoffs. The columns with the derivatives with
respect to strategy probabilities capture the changes in strategy values. Here we can exactly pinpoint one of the ways in which the

18 This builds off of the observations in Turocy (2005) relating LQRE tracing to the Tracing Procedure of Harsanyi and Selten (1988).
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empirical payoff approach saves computational time: it sets all of those cross-partials with respect to strategies to zero. In the simplest
implementation of expected payoff calculations, this saves visits to Y.7_; >, £(Ji + I )[4 I contingencies in the game'® for each
step of the PC method.

6.2. Practical computational considerations
Using the exposition above, we can provide some heuristic answers to two important questions:

1. In what types of games is it likely to be “easy” or “difficult” to compute LQRE, and therefore by extension implement the EC
approach?
2. If you have a game which falls in the “difficult” class, what can be done?

The running time of the method boils down to the time it takes to complete a step, times the number of steps taken. The number of
steps taken depends on whether the linear extrapolation of the predictor step is an accurate guess for finding the next point on the
curve. It was observed above that in the case of a decision problem, this predictor is quite accurate. In games this will not always
be the case, because of the interaction effects between players’ strategies; games may have regions of the correspondence which
have sharper curves, requiring smaller step sizes. It is difficult, if not impossible, to predict in advance whether a game has an LQRE

correspondence with this property.
In practical experience, however, the running time is often dominated by the time it takes to compute the required expected
payoffs, and here it is possible to give some indicative advice based on existing results. The predictor step requires computation of
ij Ui j1 (7)) Oujj(x)

the Jacobian of the system H in (18). The entries Ay (for i # 1) from the Jacobian of (18) require computing 2

. Note
Hyy, [ [

that the partial derivative % is simply the expected payoff to player i when they play s,;, player / # i plays s,,,, and all other
Im

2
players play according to z.

Quijy1 (7))  Oujj(x)
oy, - oy,
Therefore, the Jacobian can be expressed as straightforward linear matrix operations, which are quite fast. So in general, two-player

games tend to scale well, even into many hundreds of strategies per player.
This property of the Jacobian is also enjoyed by polymatrix games (Janovskaya, 1968; Howson, 1972). In a polymatrix game, the

payoff to player i from choosing strategy j against a given pure strategy profile s can be written in the form

An immediate consequence of this observation is that, for two-player games, the differences are independent of z.

THOED I (20)

I#i
In other words, the game can be expressed as a set of bimatrix games between each pair of players i and /, with payoff function
v, Some games are exactly representable as polymatrix games; an important class of these is two-person Bayesian games (Howson
and Rosenthal, 1972), which includes the two-bidder auction example from the previous section. Experience indicates computing
the LQRE correspondence in such games scales well; with our sample codes the correspondence for the two-bidder auction games in
Turocy and Cason (2015), which, with 50 types each with 100 bids, are of a size typical for experiments intended to approximate the

continuous case, can be computed in around 20 minutes on typical machines.

duwvH (7) _ 014,/ (7)
7,

A second consideration, applicable to games with any number of players, is whether the differences are (relatively)

easy to compute. An example of a class of games satisfying this is the all-pay auction, the LQRE of which wé';e analyzlgd by Anderson et
al. (1998a) in the case of a continuum of bids. In the case of private values and turning to a discrete set of feasible bids {5y, b;,...,b;},
the payoff difference between b; and b;_; can be computed considering only the CDF of the bids of other players. Anderson et al.
(1998b) provided an analysis of voluntary contributions public goods games using LQRE. In the case in which the marginal benefit
from contribution is constant, and is additively separable from the cost of contribution, the cross-partial derivatives in the Jacobian
are constant.

Anderson et al. (1998a) and Anderson et al. (1998b) are notable in that these papers are among the few that are able to make
relatively sharp statements about LQRE in a class of games. The mathematical reasons they are able to do so align closely with the
reasons why it is efficient to compute the payoffs required for the PC method. However, hand-coding payoff functions for each game
are not attractive, and potentially prone to error. An algorithmic system for identifying opportunities for optimization and efficient
representation would be ideal.

There are some options which already exist. The most straightforward is that, if a game has a non-trivial representation as an
extensive form with perfect recall, to use that representation to compute the required payoffs via Kuhn’s theorem. Many applications
may already use the extensive form and apply agent QRE, to which all of these same feasibility considerations apply. Automatic
discovery of representations which are more computationally advantageous may be achieved by using the methods in Mailath et al.
(1994) for constructing an extensive representation from a strategic game. Although the method of Mailath et al. does not always
yield such a reduction, extensions may be possible which allow some games to be represented by a more general directed graph
rather than a full-fledged extensive game.

19 Where the product over an empty range is defined by convention to be 1.
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Jiang and Leyton-Brown (2015) refer to classes of games as satisfying the polynomial expectation property if there is a method to
compute the expected payoffs for any mixed-strategy profile in time polynomial in the size of the game, as opposed to the exponential
number of entries in the payoff table of a generic normal form. (See also Papadimitriou and Roughgarden, 2008.) In addition to
polymatrix games as already mentioned, this class includes graphical games, symmetric games, anonymous games, congestion games,
and sparse games (games in which most payoffs are zero). Action-graph games (Jiang et al., 2011) provide a general representation
framework which can efficiently encode payoff functions with these properties. Jiang et al. report results on the substantial speedup
obtained when applying action-graph games to the global Newton method of Govindan and Wilson (2003) for computing a Nash
equilibrium. Briefly, the idea of the method is to perturb the payoffs of the game such that there exists a unique and easy-to-find
equilibrium, such as one in which all players have a strictly dominant strategy. Then, the structure theorem for Nash equilibrium
can be exploited to trace along the set of equilibria back to the original game of interest. There is a direct analog between the
global Newton method and the numerical continuation method described above: both are path-following algorithms which depend
on computing derivatives of payoffs, and so similar benefits apply to the PC method for computing LQRE.>°

So, then, the games which are likely to be challenging for exact calculation of LQRE are those which are not in the class of games
with the polynomial expectation property. These games must have more than two players, and at a minimum not be symmetric or
anonymous; and further, in the specific instances of interest, must have strategy spaces large enough for the difference in running
times between polynomial versus exponential to be relevant in practice. So, for example, even n-player auctions and contests will
generally scale well in the symmetric case if the expected payoff function is represented efficiently, and for these games slow running times
would arise from the implementation of the expected payoff function, as opposed to inherent limitations of complexity. However,
asymmetric auctions or contests, for example, could prove challenging with three or more players, and these are certainly games worth
studying. We now consider some options for being able to make progress in such cases.

At the predictor step, the Jacobian H’(m) is important because it is the information required to compute Vm, which determines
the direction of the step. However, because there is a subsequent corrector step, all that is important about the predictor step is that
it is “good enough” that the corrector step is then able to converge. Further, the corrector step also does not require an accurate
Jacobian. The quadratic convergence rate of a Newton-type iteration does assume access to the Jacobian at each iteration. However,
less accurate estimates of the Jacobian in general only slow convergence, but do not destroy it; the secant method for finding a root,
for example, requires only H(m), not H'(m), at the cost of convergence taking more iterations.?!

As an alternative, there are variations on the PC method which use the information obtained from evaluations of H (m) to maintain
an approximation to the Jacobian. One such implementation is given by Allgower and Georg (2003). The basic idea is that, given an
initial value of the Jacobian at some point, that value can be updated using the information already computed by taking a predictor
step. This update is only an approximation, as it uses just a fraction of the information that is contained in the full Jacobian. In the
electronic auxiliary materials with this paper we include a sample implementation in Python of such a method, based on the code of
Allgower and Georg (2003).22

There is an inherent tradeoff between using a Jacobian-approximation method versus one in which it is computed exactly. The more
precise the Jacobian is, the more accurate the predictor step will be, and therefore longer steps can be taken. With an approximated
or estimated Jacobian, shorter steps will be taken, but each step will be computationally less expensive.

An alternative would be to use game-theoretic considerations to inform approximations. The attractive properties of polymatrix
games were already noted above. Approximation by polymatrix games has been used to good effect in computing Nash equilibria.
Subsequent to the development of the global Newton method, Govindan and Wilson (2004) introduced a complementary approach,
which approximates the game by a sequence of polymatrix games; they find that when the method based on polymatrix approxima-
tions converges, it typically finds equilibria much faster than the global Newton method. More recently, there is increasing interest
in computer science in using polymatrix games to approximate more complex interactions to benefit from their attractive computa-
tional properties while retaining important features of the strategic structure of the full game. In particular, see Gemp et al. (2022),
who have done numerical experiments using these ideas and compare results to the predictor-corrector implementation available in
Gambit.?3

These considerations suggest a computational strategy for games with more than two players, which can incorporate some of the
ideas in the empirical payoff approach without throwing out entirely the strategic information of a game. If Jacobian-approximation
methods are not suitable because the updating of the approximation is too poor to permit step sizes to be increased, one can ap-
proximate the game by treating it as a polymatrix game. Following the idea of Govindan and Wilson (2004), the payoff matrices for
each pair of players are determined by taking expected values given the empirical strategy frequencies of the other n — 2 players.
This method retains the computational advantages of two-player games - that computing expected payoffs can be organized quite
efficiently by row and column multiplications, and that the Jacobian matrices require only filling in one column based on those
expected payoffs - while also incorporating a first-order approximation to the strategic aspects.

20 Computing LQRE using action-graph representations is available in Gambit. (Savani and Turocy, 2024).

21 In fact, the PC method implemented in the ancillary materials for this paper computes the Jacobian at the predictor, and uses that resulting Jacobian as an
approximation to the true Jacobian for the corrector iterations.

22 There are definitely errors in the code published in Allgower and Georg (2003). We believe we have corrected at least some of these in the sample codes, but our
code does come with the disclaimer that it is for illustrative purposes only.

23 We also mention Gemp et al. (2024) as related work, which uses local polymatrix approximation and QRE to find approximate Nash equilibria in many-player
games.
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7. Discussion

We have extended the discussion of the empirical payoff approach to estimating LQRE presented in Goeree et al. (2016) by
providing the first systematic analysis of the approach’s properties. Our theoretical development focused on 2 X 2 games. Although
the empirical payoff approach is not necessary computationally for these simple games, they are nevertheless rich enough to illustrate
the systematic differences between the empirical payoff approach and the equilibrium correspondence approach. We have isolated
and illustrated several important differences between the two approaches.

1. The results of the empirical payoff approach are sensitive to small movements in observed data in regions of the space of mixed
strategy profiles where the ordering of strategies by their expected payoffs change. This is in particular a concern in games in
which active randomization is behaviorally relevant, including when there are equilibria in which randomized strategies are
played.

2. The comparative statics of the strategy profiles, and values of the precision parameter A, as estimated by the empirical payoff
approach, may be counterintuitive. Along a sequence of strategy frequencies which equilibrium analysis suggests is increasing
in precision, the empirical payoff approach can actually claim behavior is becoming less precise. This arises in part because the
LQRE correspondence used by the empirical payoff approach is generally not a good approximation to the correspondence of the
original game.

3. Even in games in which the locus of LQRE of the original game is sufficiently simple that the empirical payoff approach’s
approximation is not too bad, there remain systematic biases in the estimates of the precision parameter A. The direction of the
bias is game specific: although in most games the tendency is for the empirical payoff approach to underestimate the precision
of play, counterexamples can be constructed where the systematic bias is to overestimate precision.

The root of all of these differences is the way the empirical payoff approach approximates the incentives in the game. Compared
to the information available in the game, the empirical payoff approach uses just one small piece of information: the expected
payoffs associated with each strategy against the sample of play. The implications of using such coarse information, and discarding
the information carried by the original game, are illustrated by the structure of the Jacobian of the system of equations defining
the LQRE correspondence: the entries associated with the strategic structure are set to zero, leaving only the replicator dynamics
component of LQRE.

Although the theoretical analysis of the 2 X 2 case illustrates that the empirical payoff approach may have some unsatisfying
properties, the most important question is whether these result in systematic effects on the estimates computed for parameters of
interest. Our simulation exercise in a first-price auction game provides mixed results in this regard. Even within the limited domain
of first-price auction games, we show that whether there are quantitatively important differences between the approaches depends
both on the observed data and on details of the game.

However, from both the theoretical analysis and the simulation exercise, the chances that the choice of the estimation approach
makes a difference generally is greater with larger A. To first order, larger 4 means more precise responses; however, it is also the
case that larger 1 means that equilibrium effects are more important. The technical contribution of McKelvey and Palfrey (1995) in
defining the quantal response equilibrium is that it incorporates both quantal response and equilibrium. To say that one “estimates QRE
using the empirical payoff approach,” then, is something of an oxymoron, because the empirical payoff approach discards equilibrium
entirely. Our results also underscore this: if the “E” in QRE is important to the model, then it is important both conceptually and
quantitatively to incorporate it in the estimation procedure.

We do not wave away the fact that incorporating equilibrium does increase computational burden. Our exposition of predictor-
corrector methods for computing points on the LQRE correspondence sheds light on where improvements can be made. In particular,
through this lens we see the importance of how the Jacobian of the system of QRE equations captures the strategic structure of
the game. In the Jacobian induced by the empirical payoff approach, most of the elements of the Jacobian are simply zeroed out;
this simplifies computation at the cost of discarding a lot of information about the game. Approaches based on various heuristic
approximations would seem promising, allowing at least some of the strategic information of the game to be incorporated properly
into estimations. It is also worth noting that if the objective of a tracing of the correspondence via numerical continuation is solving
the maximum likelihood problem, algorithms can use a greater tolerance for the precision of computing exactly the zeroes of the
equations until a critical value of the likelihood function is being approached. The toolkit of numerical continuation - with proper
tuning of the hyperparameters of algorithms - is a more promising approach to estimation and, combined with the modern scientific
computing ecosystem, should render the empirical payoff approach in its current form obsolete.

We note in closing that our discussion of the computational aspects of tracing a branch of the LQRE correspondence is motivated
by its practical relevance in taking LQRE to data as a structural model, and so we have not covered comprehensively all of the finer
points involved in producing production-quality implementations. One issue which can catch out naive implementations of LQRE
estimation code is bifurcations in the graph of LQRE. Goeree et al. (2016) mention this in the context of a battle-of-the-sexes game,
and Zhang and Hofbauer (2016) also illustrate bifurcations in the 2 X 2 setting. Although the results of McKelvey and Palfrey (1995)
show that generically bifurcations do not occur, in applications of game theory we do not choose the games we study randomly.
As a result it is not particularly uncommon in applications for games with multiple equilibria to exhibit bifurcations. Goeree et al.
(2016) assert (p. 153, footnote 9) that a “path-following algorithm ... generally runs into problems when the bifurcation value of
A is reached.” We can briefly make this statement more precise, and offer a more optimistic view. Taking the battle-of-the-sexes
example, the bifurcation point is where two curves in £(I') intersect. Looking at each curve in isolation, the tangent to the curve
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changes continuously when passing through that point. When the PC method passes through such a point in tracing a curve, the
most common outcome is that it continues “straight through” the bifurcation. However, this event can easily be detected, because
when passing through the bifurcation point, the sign of the tangent vector reverses.>* The identification and numerical analysis of
bifurcation points is a well-developed area®®; Allgower and Georg (2003) provide a brief outline of some of the standard techniques
for incorporating bifurcation analysis into PC methods.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Appendix A. Supplementary material

Supplementary material including the computer codes mentioned in the article can be found online at https://doi.org/10.1016/
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