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Abstract--A Brushless Doubly-Fed Induction Machine 

(BDFIM) has wide application potential in wind turbines, 

industrial drives, small hydro power plants, power supply of ships, 

aircraft starters, and electric vehicles. In electric vehicles, a 

BDFIM offers a robust structure without needing permanent 

magnet materials, slip-rings, and brushes, which makes it 

particularly suitable for heavy vehicles, such as buses, agriculture 

and construction vehicles, where the low power density of a 

BDFIM is of less significance compared to that in passenger cars. 

To effectively analyze and control a BDFIM in various 

applications, it is essential to develop its accurate electrical 

equivalent circuit models. This paper presents a comprehensive 

review on various electrical equivalent circuit models of BDFIMs 

in the literature with different level of complexity. A full order 

model is complex, but can represent the complete electrical 

behavior of a BDFIM. By simplifying the full order model and 

neglecting certain parameters, a reduced order model requires 

fewer state variables due to practical approximations. Dynamic 

behavior of BDFIMs under various operating conditions are 

demonstrated in the paper to showcase the effectiveness of these 

existing models. This review emphasizes the significance of 

electrical equivalent circuit models in the design, analysis and 

control of BDFIMs. Future research directions for the model 

refinement are recommended. 
 

Index Terms-- Brushless doubly fed induction machine, electrical 

equivalent circuits, full order model, iron losses, magnetic saturation.  

NOMENCLATURE 

��⃗  , �⃗ , �⃗  Voltage, current, flux vectors   

�	 Torque 


 Power 

� Winding resistance 

�
 Leakage inductance 

�� Magnetizing inductance 

���� 
�-axis component of power winding (PW) magnetizing 

inductance  

���� �-axis component of PW magnetizing inductance 

���� 
�-axis component of control winding (CW) magnetizing 

inductance 

���� �-axis component of CW magnetizing inductance 
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���� Cross-coupling inductance between �- and �-axis of PW  

���� Cross-coupling inductance between �- and �-axis of CW 

��� �- axis component of PW self-inductance  

��� �- axis component of PW self-inductance 

��� �- axis component of CW self-inductance  

��� �- axis component of CW self-inductance 

� Number of pole pair 

�� Number of rotor loops (nests) 

� Frequency 

�� Synchronous rotor speed 

�� Arbitrary angular speed 

�� Natural synchronous speed 

� Derivative operator 

Subscripts 

� , �, � PW, CW, rotor 

  , ! Arbitrary reference frame 

" Magnetizing 

I.  INTRODUCTION 

ITH introduction of alternating current (AC) electric 

machines in the late 19th century, their speed control 

became a fundamental requirement. However, efficiently 

controlling the speed of AC machines across a wide operating 

range was a significant challenge. In 1897, Steinmetz in the 

United States and Görges in Germany developed a cascade 

control system [1] as a solution to achieve more flexible control 

of induction machines (IMs) with a cascade connection of two 

wound rotor IMs sharing a common shaft. In 1907, Hunt 

introduced a self-cascaded machine with a specially designed 

stator winding, featuring taps that could be connected to a 

rheostat for speed control or starting. Subsequently, researchers 

at the University of Bristol studied Hunt’s machine and 

developed a unique rotor structure, known as the "nested loop," 

which is still prevalent in the modern brushless doubly fed 

induction machine (BDFIM) designs [2],[3]. Building upon the 

research conducted at Bristol University, Wallace, Li, and Spee 

at Oregon State University made significant advancements in 

the mid-1980s by investigating the use of two separated stator 
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windings for self-cascaded doubly-fed induction machines [4]. 

By modifying the stator winding structure proposed by Hunt, 

they introduced what is now known as the BDFIM. The term 

“BDFIM” was first coined by Wallace in 1989, and the 

extensive research has been conducted on control, dynamics, 

and optimization of BDFIMs [5]-[9].  

A BDFIM possesses remarkable characteristics by 

combining advantages of an IM and a synchronous machine. It 

operates efficiently with only a partially rated converter and 

enables the synchronous operation across a wide range of speed 

precisely by controlling the control winding’s frequency. The 

brushless structure of a BDFIM ensures reliable operations and 

the fault tolerance, even in the event of converter failures [10]-

[13]. BDFIMs can be used in wind turbines [15]-[18], industrial 

drives [19] -[22], small hydro power plants [23], power supply 

of ships [24], aircraft starters [25], and electric vehicles [26], 

[27]. For potential applications in electric vehicles, since a 

BDFIM does not need permanent magnet material, slip-rings 

and brushes, it can be implemented as near-wheel or wheel-hub 

direct traction drive. Multi-axle, multi-track vehicles are also 

suitable for BDFIMs, where each wheel in each operated axle 

is driven by its own motor. Furthermore, BDFIMs are 

particularly relevant for heavy vehicles, such as buses, 

agriculture and construction vehicles. Low power density of a 

BDFIM in these vehicles is of less significance compared to 

that in passenger cars, therefore, its cost effective materials and 

production, and its system level benefits due to power 

electronics, control and functional safety make the BDFIM a 

great choice in the transportation sector. 

Studying the BDFIM’s dynamic performance has been 

advanced by developing various mathematical models. The 

initial coupled circuit model, introduced by Wallace et al. 

[28],[29], provided valuable insights but had certain limitations. 

Specifically, the model did not account for the effects of the 

leakage inductance and saturation, and its applicability to a 

wide range of machines [30]. Analytically solving equations of 

this model, except for the standstill position, was not feasible 

due to the position-dependent mutual inductance matrices. To 

address these limitations, a two-axis model is derived from a 

coupled circuit model using a precise mathematical process in 

[6], so the characteristics of a BDFIM can be analyzed under 

steady state and dynamic conditions; separate three-phase 

windings are used in this model although a multi-tap single 

winding would be effectively the same under the modeling 

assumptions in [6]. In [31], Boger et al. generalized the model 

in [6] to any pole pair configurations by using an assumed stator 

and rotor configuration. They showed that a d-q transformation 

could be applied to a BDFIM. This transformation starts from 

an idealized machine, rather than an explicit transformation of 

a more general model. In [30], a BDFIM is viewed as two 

interconnected IMs, and a steady state equivalent circuit 

applicable to all modes of operations is formulated; this model 

has a complicated structure, making the analysis and control of 

a BDFIM difficult, and this complexity is further increased by 

considering iron loss effects. An over-simplified model, known 

as the “core model”, is proposed in [32] to analyze the steady 

state performance of a BDFIM in motoring and generating 

modes; since magnetizing reactances and stator and rotor 

resistances are ignored in this core model, so it is not suitable 

for control purposes. To facilitate the analysis of a BDFIM, its 

steady state and dynamic models are simplified in [34]. 

Accordingly, its electromagnetic torque is broken down into 

induction and synchronous torque components. Through the 

electromagnetic torque analysis, simulations and experiments, 

it is found that the contribution of induction torque is negligible 

in practical applications. Therefore, simplifications are 

proposed in both steady state and dynamic models of BDFIMs, 

and BDFIM models become very similar to those of 

conventional doubly fed induction machines (DFIMs). These 

developments in mathematical modeling have significantly 

contributed to the understanding and analysis of BDFIMs’ 

dynamic and steady-state behaviors. Analytical models also 

play a crucial role in predicting the machine performance 

during the design stage prior to construction. 

One important factor to consider in the design and optimization 

of electrical machines is iron losses in the core, as iron losses 

play a significant role in the overall losses of an electric 

machine. For instance, in standard IMs, iron losses represent 

approximately 20% of the total losses on average [35]. It is 

recognized that neglecting iron losses during the vector control 

can lead to errors in the orientation angle of an IM [36]. 

BDFIMs tend to have higher iron losses than conventional IMs 

at the same capacity. This is primarily attributed to spatial 

harmonic distortions in the air-gap, a non-uniform distribution 

of the magnetic field, and operations that deviate from the 

synchronous speed of both stator fields [37]-[40]. Several 

models are proposed to consider iron losses in BDFIMs [41]-

[44]. Ref. [41] presents a novel hysteresis model based on the 

scalar Preisach model for the stator iron of a BDFIM; this model 

assesses how rotational characteristics of magnetic fields in a 

BDFIM affect iron losses through 2-D time-stepping finite 

element (FE) analysis and experimental data from a prototype 

D160 BDFM. In [42], magnetic field characteristics in BDFIMs 

are investigated, and a new iron loss formulation is proposed by 

considering the rotational field and harmonic effects in the iron 

loss prediction. In [43], analytical models are presented 

specifically for iron losses in BDFIMs, but no equivalent 

circuits are developed to evaluate the effect of iron losses. 

Building upon similarities between BDFIMs and conventional 

IMs, a simple model for iron losses in BDFIMs is introduced in 

[44], which incorporates separate resistances on the power 

winding (PW) and control winding (CW) sides to determine 

iron losses for each stator winding (these resistance values are 

obtained through optimization). 

Considering iron losses in BDFIMs, a steady-state equivalent 

circuit model is presented in [45] that includes four resistances: 

the PW’s iron loss resistance, the rotor’s iron loss resistance 

referred to the PW side, the CW’s iron loss resistance, and the 

rotor’s iron loss resistance referred to the CW side. This model 

provides a comprehensive representation of iron losses in 

BDFIMs. The model in [45] is further improved in [46] by 

deriving analytical expressions for the iron loss components 

related to each stator winding, and a steady-state model that 

considers iron losses in BDFIMs is proposed. In [47], the iron 
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loss modeling in a space vector equivalent circuit of BDFMs in 

a stationary reference frame is proposed. The torque equation is 

derived based on this model, and the impact of neglecting iron 

losses is demonstrated in the speed, torque, and input power 

waveforms. To simplify the complexity of the full order model, 

a reduced order model is developed in [48] while considering 

iron losses. This reduced order model neglects the direct cross-

coupling between the stator and rotor’s magnetic fields and 

introduces a practical method to calculate iron losses in 

BDFIMs with respect to frequency variations. In [49], dynamic 

modeling in an arbitrary reference frame is utilized to 

incorporate iron losses and saturation effects of the main flux in 

a two-axis model of BDFIMs. This model includes terms 

representing the cross-saturation effect to enhance accuracy. 

Taking into account the close relationship between the torque 

and the power, the torque equation is derived considering iron 

losses and magnetic saturation based on the electrical input 

power’s expression. 

Fig. 1 illustrates the evolution of the BDFIM’s electric 

modeling. Initially, the electric equivalent circuit (EEC) took 

the form of a coupled-circuit model, which later progressed into 

various configurations. Although attempts to model BDFIMs 

can be traced back to the late 20th century, a significant 

breakthrough occurred with the introduction of a steady-state 

full order model by Roberts in 2004 [30]. This model served as 

the foundation for subsequent models in this field. This paper 

aims to offer a comprehensive overview of electrical equivalent 

circuit models developed for BDFIMs. The primary motivation 

behind conducting this review is to provide a broad and detailed 

insight into existing models, while evaluating their practicality, 

implementation, and accuracy. The importance of this review 

lies in its ability to facilitate advancements in BDFIMs research 

and development by understanding and analyzing strengths and 

weaknesses of these electrical equivalent circuit models. By 

examining various proposed models, researchers can identify 

the most suitable models for practical applications and address 

any limitations or challenges associated with the models’ 

implementation. By consolidating the knowledge and insights 

gained from existing models, this review contributes to the 

progress of BDFIMs design, control, and performance 

optimization. To compare and analyze different models, several 

factors including mathematical formulation, nonlinear effects, 

complexity or simplicity are considered in this paper.  

II.  BDFIMS STRUCTURE 

A BDFIM has two sets of balanced three-phase windings 

with the different number of poles wound on a single common 

stator frame (Fig. 2a). The first winding is known as the PW 

and is connected to the grid directly, and the majority of power 

exchange between the machine and the grid occurs through this 

winding. The second winding is called the CW and a partially 

rated back-to-back converter connects the CW to the grid. This 

converter enables the control over the rotor speed, the torque, 

and the reactive power of the PW. To prevent the direct 

magnetic coupling between the PW and the CW in a BDFIM, it 

is necessary that PW and CW windings have a different number 

of pole pairs [50]. To minimize the  unbalanced  magnetic  pull 

 
Fig. 1. A classification of electric equivalent circuits (EECs) of BDFIMs. 

(UMP) on the rotor, the difference between the number of pole 

pairs of the two stator windings should be larger than one [51]. 

In [30], general guidelines are provided for selecting the 

number of poles. One winding should have an even number of 

pole pairs, while the other winding should have an odd number 

of pole pairs. Alternatively, both windings can have even 

numbers of pole pairs, as long as the ratio between the two sets 

of pole pairs is not an odd number. If the ratio of pole pairs is a 

multiple of three, both windings can have odd numbers of pole 

pairs.  It is important to highlight that, when implementing the 

parallel winding design, it is crucial to exercise caution to 

prevent a direct coupling between the PW and the CW [52].  

The rotor of a BDFIM features a unique cage structure 

known as the “nested loop”, and consists of multiple poles or 

nests (Fig. 2(b)). Each nest comprises a set of short-circuited 

concentric loops. The total number of nests is equal to the sum 

of pole pair numbers of the stator windings. Nested-loop rotors 

are used extensively in BDFMs, but may not be suitable for 

large machines [53]. There are several advances on the basic 

version of the nested loop rotor. Two optimized rotors, a bar 

cage rotor and a nested-loop rotor, are developed in [53].  

The loop number in the rotor of a BDFIM is determined by 

harmonic contents of the magnetomotive force and the 

permissible flux density in the rotor.  Also, practicalities related 

to preferred stator and rotor slot number combinations do make 

some contributions to the torque and reduce harmonics.  

  
(a) (b) 

Fig. 2. The BDFIM prototype: (a) Stator, (b) Nested-loop rotor (three loops in 

each nest) [54]. 
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In a BDFIM, when one stator winding, either the PW or the 

CW, is connected to a power source, while the other stator 

winding remains open-circuited, the machine operates as an IM 

with �� or �� pole pairs, respectively. This scenario occurs 

during a converter failure and is known as the “induction 

mode”. In this mode, the machine exhibits similar 

characteristics to a standard IM with a compromised 

performance. On the other hand, if the non-supplied stator 

winding is short-circuited, the machine behaves as a cascaded 

IM. A cascade IM, formed by combining machines with �� and 

�� pole pairs, exhibits characteristics similar to an IM with 

#�� + ��% pole pairs. This mode, known as the “cascade 

induction mode”, is typically used during starting and 

acceleration towards the synchronous speed. Both the induction 

mode and the cascade induction mode are asynchronous modes 

of operations, where the shaft speed depends on the machine 

load and the power supply frequency. 

However, the synchronous mode is a desirable mode of 

operations for BDFIMs, and the speed is determined by the PW 

and CW’s frequencies. In this mode, the majority of power 

exchange between the machine and the grid occurs through the 

PW, and the CW only processes a fraction of the power, 

depending on the speed deviation from the synchronous speed.  

III.  ELECTRIC MODELING OF BDFIMS 

The modeling of BDFIMs has been a significant focus since 

their introduction, as the study of machine behaviors and the 

development of control structures are based on their models. 

The steady-state full order model presented by Roberts et al. has 

served as the foundation for various models, including the core 

model, the full order model with iron losses, the reduced order 

model, the reduced order model with iron losses, and the full 

order model considering iron losses and magnetic saturation. 

The reduced order model offers a solution to a complex 

structure of the full order model by reducing the number of 

electrical state variables, making the modeling and control of 

BDFIMs similar to that of DFIMs. Compared to the core model, 

the reduced order model provides a better approximation of the 

full order model by neglecting direct cross coupling. The core 

model, on the other hand, is a simplified version of the full order 

model by omitting the magnetizing reactance, as well as the 

stator and rotor resistances. These different modeling 

approaches provide varying levels of complexity and accuracy, 

allowing researchers and engineers to choose the most suitable 

model for their specific analysis and control design needs. 

A. Full Order Model 

A BDFIM can be understood as the combination of two 

distinct IMs that are interconnected within a common frame. 

The equivalent electric circuit for the BDFIM is derived from 

the single-phase equivalent circuit of each individual IM. Each 

machine comprises a wound rotor with a specific number of 

pole pairs, as depicted in Fig. 3. Note that each circuit has its 

own corresponding slip value. When the rotors of the two 

machines are interconnected, the single-phase steady-state 

equivalent circuit of the BDFIM can be referenced to the PW 

side, neglecting factors, such as iron losses and magnetic 

saturation, as shown in Fig. 4. The slips of the PW and CW are 

denoted as �� and ��  and represented by 

�& ≜ (�& − �&��) �&��⁄ ,       , = �, � (1) 

In the synchronous mode, the rotor speed is independent of 

the applied torque and can be expressed by 

�� = (�. + �/) (�. + �/)⁄  (2) 

If the CW is fed by a DC source (�/ = 0), the rotor will 

rotate at a speed known as the “natural speed”. The law of 

conservation of energy is used to derive the torque equation of 

the full order model under steady state operations. For this 

purpose, Eqs. (3) and (4) are obtained from Fig. 4. 

 
Fig. 3. Single-phase steady-state equivalent circuit of the IM [30]. 

 
Fig. 4. Single-phase steady-state equivalent circuit of the BDFIM referred to the PW side [30].  
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3ℜ3�4��5�∗7 + 3 �� ��⁄ ℜ8�4��5�∗9 = 3��:�5�:/ + 3 �� ��⁄ :�5�:/ +
3�� �� ��⁄ :�5�:/

  
(3) 

3ℜ3�4��5�∗7 + 3ℜ8�4��5�∗9 = 3��:�5�:/ + 3��:�5�:/ + 3��:�5�:/ + ���	  (4) 

In (4), the sign �	 is positive for motoring operation. Active 

power delivered from the PW and CW sides to the rotor are 

defined by 


� ≜ 3ℜ3�4���5�∗7 = 3ℜ3�4��5�∗7 − 3��:�5�:/
 (5) 


� ≜ 3 �� ��⁄ ℜ8�4���5�∗9 = 3ℜ8�4��5�∗9 − 3��:�5�:/
 (6) 

The electric power converted into mechanical power is 

obtained from the difference of (3) and (4) as follows: 

3ℜ8�4��5�∗9#1 − �� ��⁄ % = 3��:�5�:/#1 − 1 ��⁄ % + 3��:�5�:/#1 −
�� ��⁄ % + ���	  

(7) 

By substituting (6) into (7), �	 is obtained as follows: 

�	 = − 3ℜ8�4���5�∗9 ��⁄ + 3��:�5�:/ �� ����⁄  (8) 

Based on (8), the torque equation of the BDFIM in the 

synchronous mode encompasses both synchronous and 

asynchronous components. However, when considering a 

BDFIM with 2/4 pole pairs operating at a nominal frequency of 

50 Hz, the typical speed range falls within 350 - 650 rpm. In 

this speed range, the slip of the PW (��) is relatively large, 

rendering the second term in the torque equation negligible. 

This simplification is employed in [34], where a reduced order 

model for BDFIMs is developed based on this assumption.    

B. Core Model 

To simplify the full order model of BDFIMs, it is possible 

to derive an equivalent circuit for the inner core by excluding 

the magnetization reactances, the rotor resistance, and the stator 

resistance. In [32], it is observed that for rotors with different 

designs, the leakage reactance of the rotor plays a significant 

role and cannot be neglected. The presence of high spatial 

harmonic content in the rotor field leads to a substantial leakage 

inductance. The resulting equivalent circuit (Fig. 5) bears 

resemblance to a synchronous machine’s equivalent circuit, 

with the exception of neglecting the stator resistance. 

Consequently, a similar analysis employed for synchronous 

machines can be applied to study BDFIMs.  

The key disparity between the circuits of BDFIMs and 

synchronous machines lies in the generation of the excitation 

voltage, denoted as �4���� ��<  in BDFIMs. In BDFIMs, the CW 

induces the voltage through the rotor into the PW. By utilizing 

the core model, neglecting rotor and stator losses, and 

neglecting leakage reactances of the stator windings, the power 

transferred to/from the PW (
�) can be related to the power 

transferred to/from the CW (
�) using the following expression: 


� = 3ℜ3�4���5��∗ 7 (9) 


� = 3ℜ8�4���5��∗ 9 (10) 

Considering �4���� �� = �4�� − =>
��5��< , we have 

 
Fig. 5. The equivalent circuit for the core of BDFIMs [32]. 

 


� = −3 �� ��⁄ ℜ3�4���5��∗ − =>
��5���5��∗ 7 = −3 �� ��⁄ ℜ3�4���5��∗ 7 =
− �� ��⁄ 
�  

(11) 

Using the relationship between the rotor speed, the natural 

speed, and the slip resulted in (11), Eq. (11) can be rewritten as 


� = (�� ��⁄ − 1)
� (12) 

According to (12), a BDFIM can operate either as a motor or a 

generator. The power flow within the stator windings is 

contingent upon two factors: 1) the operation mode (motor or 

generator); and 2) whether the machine is operating at a speed 

higher or lower than its natural speed. 

In the synchronous mode, assuming no power losses, if the 

rotor speed is below the natural speed, the PW absorbs active 

power in the motoring mode, while the CW produces active 

power in the generating mode. If the rotor speed is above the 

natural speed, the PW and CW absorb active power in the 

motoring mode, while both windings produce active power in 

the generating mode. The reactive power flow’s direction in the 

synchronous mode relies on the power factor of stator windings. 

In the synchronous mode, the voltage variation of the CW 

yields the same effect as changing the excitation in 

conventional synchronous machines [33]. In the motoring 

mode, taking into account power losses, if the rotor speed is 

below the natural speed, the power produced by the CW is 

equivalent to the power losses, resulting in zero power flow 

between the CW and the converter [15]. 

C. Reduced Order Model 

In the synchronous mode, the magnetic fields generated in a 

BDFIM give rise to three internal machines [34]: 

1) IM1 with �� pole pairs created by the PW and the rotor. 

2) IM2 with ��  pole pairs created by the CW and the rotor. 

3) DFIM with �� pole pairs created by the PW and the CW.  

Each of the three machines produces its own torque, but the 

torque components associated with the induction torque of IM1 

and IM2 can be neglected for the following reasons: 

• The rotor slip caused by the magnetic flux density 

established in the air gap by the PW and the CW denoted 

as ?� and ?�, respectively, is significant. 

• ?� and ?� rotate in opposite directions relative to the rotor, 

resulting in torque components that are also in opposite 

directions. This can be demonstrated by examining the 

different operating regions of IM1 and IM2, as illustrated 

in Fig. 6. In each speed range, the active power of the two 

internal machines always exhibits a opposite sign. 

C.1. Steady-state Model 

By neglecting the induction torque components, specifically 

the term �� ��⁄  in the steady-state equivalent circuit of 

BDFIMs, a simplified model can be obtained. As mentioned in 

Section A, the variation of the PW’s slip (��) is relatively large 
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in the rotor speed range. For instance, for a BDFIM with 2/4 

pole pair combination, �� varies between 0.57 and 0.77. 

Therefore, it is a reasonable approximation to omit the term 

associated with the induction torque component in (8). 

In contrast to conventional IMs, which must have the rotor 

resistance to produce torque, BDFIMs can achieve the torque 

production and power conversion without the need for rotor 

resistance [32]. This is possible because the main torque 

generation in BDFIMs is attributed to the indirect coupling 

between the PW and the CW, which is independent of the rotor 

resistance. By employing the delta-to-star transformation on the 

rotor loop in Fig. 4 and neglecting the resistance �� ��⁄ , the 

steady state reduced order model of BDFIMs can then be 

derived, as shown in Fig. 7.  In this figure, >., >/ and >@ are 

obtained by 

>. = ABCADC
ABCEAFCEADC  ,  >/ = AFCADC

ABCEAFCEADC  ,   >@ = ABCAFC
ABCEAFCEADC (13) 

Ignoring the rotor resistance in the mechanical power 

equation (7), the terms related to the mechanical power of IMs 

are omitted. Based on Fig. 7, active power of the PW and the 

CW can be obtained as follows: 

(14) 

� = 3ℜ3�4��5�∗7 = 3ℜ GH���5� + =#>
� + >.%�5� + =>@#�5� +
�5�%I �5�∗J = 3��:�5�:/ + 3ℜ3=>@�5�∗�5�7  

(15)  


� = 3ℜ8�4��5�∗9 = 3ℜ KL�� MF
MB �5� + =(>
� + >/)�5� +

=>@#�5� + �5�%N �5�∗O = 3��:�5�:/ + 3 �� ��⁄ ℜ3=>@�5�∗�5�7  
By substituting (15) into (7), the torque equation is obtained by 

(16) 

�	 = .
PC L3ℜ8�4��5�∗9 Q1 − MF

MBR − 3��:�5�:/ Q1 − MF
MBRN =

.
PC QH3��:�5�:/ + 3 �� ��⁄ ℜ3=>@�5�∗�5�7I #1 − �� ��⁄ % −
3��:�5�:/#1 − �� ��⁄ %R = @

PC #�� ��⁄ − 1%ℜ3=>@�5�∗�5�7     
By knowing 

(17) �� ��⁄ = (�� − ����) ��⁄  

For the reduced order model, the torque equation in steady-state 

can be rewritten as follows: 

(18) �	 = 3 >@ ��⁄ ��ℑ3�5�∗�5�7       
C.2. Dynamic Model 

In the dynamic mode, flux linkages of the PW, the CW and 

the rotor are obtained by 

(19) T�⃗ U = #VWU + VUX%YZZ[ZZ\
VU

]⃗U + VUX]⃗X 

(20) �⃗� = (�
� + ���)YZZ[ZZ\
^F

�⃗� + ��� �⃗� 

(21) 
�⃗� = #�
� + ��� + ���%YZZZZ[ZZZZ\

^C
�⃗� + ��� �⃗� + ��� �⃗� 

 By combining the rotor voltage equation with (19) to (21), 

the rotor current can be calculated by 

(22) ]⃗X =
− H_ + `#ab − UUaX%I QVUXVU TU + VcXVc TcR

dX + H_ + `#ab − UUaX%I LVX − VUXe
VU − VcXe

Vc N
 

For the nested loop rotors, the rotor resistance, which is the 

first term in the denominator of (22), is generally lower than the 

second term, so it can be omitted [55]. By substituting (19) and 

(20) into (22), we have 

(23) ]⃗X = −(VUX VX⁄ )]⃗U − (VcX VX⁄ )]⃗c 

Now, substituting (23) into (19) and (20), we have 

(24) 
T�⃗ U = #VWU + Vf + Vg%YZZZZ[ZZZZ\

VhU
]⃗U + (−Vg)]⃗c  

(25) 
�⃗� = (−�@)�⃗� + (�
� + �/ + �@)YZZZZ[ZZZZ\

^iF
�⃗�  

Therefore, in the dynamic reduced order model, PW and CW 

flux linkages are obtained in (24) and (25). In the dynamic full 

order model, the electromagnetic torque can be calculated by 

(26) jk = g
e UU]l3T�⃗ U∗ m⃗U7 + g

e Uc]l3T�⃗ cm⃗c∗7 

If the PW and CW currents from (19) and (20) are 

substituted into (26), the electromagnetic torque can be 

decomposed into three components as follows: 

(27) 
jk = j]nf + j]ne + j_o]n = f. q VUX

VUVXh UU]l3T�⃗ UT�⃗ X∗7 +
f. q VcX

VcVXh Uc]l3T�⃗ XT�⃗ c∗7 + f. q Vg
VUVch rX]l3T�⃗ UT�⃗ c∗7  

where σ = ���/ ����< + ���/ ����⁄ − 1, and �@ = ������ ��⁄ .  

In the reduced order model, the first two terms of (27), which 

correspond to the induction torques, are neglected. This implies 

that the rotor flux linkage is assumed to be zero. Ref. [34] shows 

that based on simulations and experimental results, neglecting �w�. and �w�/ will not cause a substantial error in calculations. 

 

 
Fig. 6. Operating regions of two IMs inside a BDFIM.
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Fig. 7. The steady state reduced order model for BDFIMs in the synchronous mode [34]. 

  
(a) (b) 

 
(c) 

Fig. 8. Simulation results of complete and simplified dynamic models of BDFIMs (solid line for the full order model, dashed line for the reduced order model): 

(a) PW current, (b) CW current, (c) Electromagnetic torque [34]. 

 
Fig. 9. Space vector equivalent circuit of BDFIMs including iron losses in a stationary reference frame (a full order model) [48]. 

As a result of this simplification, the torque equation can be 

expressed by 

�	 ≃ 1.5 �@����z ��ℑ3�⃗��⃗�∗7 (28) 

To evaluate the performance of the simplified model during 

transient scenarios, a time-domain simulation is conducted on a 

BDFIM in [34]. The simulation assumes a constant and 

normalized input mechanical power of 1 per unit. Subsequently, 

a sudden 85% voltage dip is applied to all three phases at the 

machine terminal. Fig. 8 shows a good agreement between the 

reduced order model and the full order model.   

D. Reduced Order Dynamic Model including Iron Losses 

To derive the full order dynamic model considering iron 

losses, the space vector equations in a stationary reference 

frame, neglecting iron losses, can be expressed by 

��⃗�M = ���⃗�M +  �⃗�M  {⁄  (29) 

��⃗�M = �� �⃗�M +  �⃗�M  {⁄ − =�����⃗�M (30) 

��⃗�M = 0 = �� �⃗�M +  �⃗�M  {⁄ − =�����⃗�M  (31) 

The iron loss resistances on the PW and CW sides (�&�M  and 

�&,	|) [48] are included in parallel with the magnetizing 
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inductances ��� and ��� , respectively, following a conventional 

method to model iron losses in IMs [56]. This results in a full 

order model in a stationary reference frame, as shown in Fig. 9. 

Equation (32) is a general relation for the transfer from one 

reference frame to another arbitrary reference frame. 

(32) }��⃗ e = }��⃗ fk~`�c  

The space vectors in the current and new reference frames are 

denoted by �⃗. and �⃗/, respectively. The angle θ� represents the 

phase difference between the two reference frames (θ/ − θ.). 

To transfer a stationary reference frame to an arbitrary reference 

frame with the angular velocity ��, the transformation �⃗/ =�⃗.����  is utilized. By applying this transformation, the voltage 

and the flux linkage equations for the PW, the CW, and the rotor 

can be derived as follows: 

(33) ���⃗ U = dU]⃗U + �T�⃗ U ��⁄ + `abT�⃗ U 

(34) ��⃗� = �� �⃗� +  �⃗�  {⁄ + =(�� − ����)�⃗� 

(35) ��⃗� = 0 = �� �⃗� +  �⃗�  {⁄ + =#�� − ����%�⃗� 

(36) �⃗� = �
��⃗� + ��� �⃗�B 

(37) �⃗� = �
� �⃗� + ��� �⃗�F 

(38) �⃗� = �
� �⃗� + ��� �⃗�B + ��� �⃗�F 

From (33) to (38), the dynamic equivalent circuit of 

BDFIMs is obtained considering iron losses in an arbitrary 

reference frame, as shown in Fig. 10. The torque equation for 

the full order model is derived based on the input active power 

equation. The active power comprises the power stored in the 

magnetic field of the machine, the power converted into 

mechanical power, and power losses. During steady-state 

operations, the power stored in the magnetic field remains 

constant since the flux density in the air gap has a constant 

amplitude. Therefore, after the initial transient, no energy is 

being stored in the field. The torque equation for the machine 

with iron losses is derived by 

(39) jk = g
e UUVUX]l G]⃗lU ]⃗X∗J − g

e UcVcX]l3]⃗lc ]⃗X∗7 

The process used to derive the full order model can also be 

applied to derive the reduced order model. By neglecting the 

rotor resistance in the full order equivalent circuit, we obtain 

the reduced order model, as shown in Fig. 11. �., �/ and �@ are 

obtained based on inductances of the full order model by 

�. = ^BC^DC
^BCE^FCE^DC   ,  �/ = ^FC^DC

^BCE^FCE^DC  ,  �@ = ^BC^FC
^BCE^FCE^DC (40) 

Ref. [48] investigates dynamic behaviors of a full order 

model and a reduced order model during a three-phase fault. 

The fault occurs at t = 2 s , and is cleared after two seconds. 

With the BDFIM’s stator current equal to zero, the 

electromagnetic torque is also zero, so the load torque 

decelerates the BDFIM’s rotor speed. The acceptable accuracy 

of the reduced order model during the three-phase fault is 

shown in Fig. 12. 

E. Dynamic full-order model including iron losses and 

magnetic saturation effects 

To derive the full nonlinear model of BDFIMs in an arbitrary 

reference frame, voltage space vector equations for the PW, the 

CW, and the rotor are expressed by (33)-(35). By incorporating 

the saturation effect into these equations, the first-time 

derivatives of the d- and q-axis components of the PW 

magnetizing flux in an arbitrary reference frame are derived by  

(41)  ����  {⁄ = ���  ,���  {⁄ + ,��� ���  {⁄  

(42)  ���|  {⁄ = ���  ,��|  {⁄ + ,��| ���  {⁄  

Under saturated conditions, the first-time derivative of the 

magnetizing inductance is computed as follows: 

(43)  ���  {⁄ = ##�� − ���% :�⃗��:< %  :�⃗��:  {⁄  

where �� and ��� are dynamic and static time variant 

inductances of the PW, respectively. ��� represents the chord 

slope of the PW magnetizing curve, while �� refers to the 

tangent slope. Unlike the linear magnetic condition where the 

tangent-slope inductance is equal to the chord-slope inductance,  

 

 
Fig. 10. The space vector equivalent circuit of BDFIMs including iron losses (a full order model) [48]. 

 

 
Fig. 11. The reduced order dynamic equivalent circuit of BDFIMs [48]. 

prL

++++ −−−− ++++ −−−−
cR

cI
r

lrL

eqiR ,

cV
r

pV
r

pI
r

paj λλλλωωωω
r

ci
I
r

lpL lcLpR

++++
−−−−

pmpra ILj
r

ωωωω

s
ipR

piI
r

pmI
r

++++−−−−

rrpa pj λλλλωωωωωωωω
r

)( −−−−
rR

crL

++++

−−−− cmcrrra ILNj
r

)( ωωωωωωωω −−−−

cmI
r

crra Nj λλλλωωωωωωωω
r

)( −−−−

rI
r

3L

thR

++++ −−−− ++++ −−−−
cR

cI
r

2L

++++ −−−−

eqiR ,
cV
r

thV
r

thI
r

paj λλλλωωωω
r

1LLlp ++++
cmcrrra ILNj

r
)( ωωωωωωωω −−−− clcrra ILNj

r
)( ωωωωωωωω −−−− lcL

ps
ipp

s
ip

th V
RR

R
V

rr

++++

==== s
ippth RRR ||====

This article has been accepted for publication in IEEE Transactions on Transportation Electrification. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TTE.2024.3408112

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: Univ of East Anglia. Downloaded on July 08,2024 at 09:30:16 UTC from IEEE Xplore.  Restrictions apply. 



 4 

 

 
(a) 

 
(b) 

Fig. 12. Dynamic performance of a reduced order model including iron losses 

during a three-phase fault; (a) rotor speed, (b) electromagnetic torque [48].  

 

under saturated conditions, the tangent-slope inductance is non-

zero. So, these inductances are defined by   

(44) VU = �:T�⃗ lU: �:m⃗lU:<  ,        VlU = :T�⃗ lU: :m⃗lU:<  

The magnetizing flux linkages are calculated using the 

conventional no-load test procedure. In (43), the first-time 

derivative of the amplitude of magnetizing current (:�⃗��:) can 

be determined by 

(45) �:m⃗lU: ��⁄ = c�� �U ��lU� ��⁄ + ��� �U ��lU� ��⁄  

where �� is the angular displacement of �⃗�� with respect to the 

direct axis of an arbitrary reference frame. By substituting (43) 

into (41) and (42), the first-time derivative of the d- and q-axis 

components of the PW magnetizing flux can be rewritten by 

(46) �TlU� ��⁄ = VnU� ��lU� ��⁄ + VU����lU� ��⁄  

(47)  ���|  {⁄ = ���|  ,��|  {⁄ + ���| ,���  {⁄  

By obtaining the CW magnetizing curve, as well as dynamic 

and static inductances, the first-time derivatives of the  - and !-axis components of the CW and rotor magnetizing fluxes can 

be determined similarly by considering the saturation effect: 

(48) �Tlc� ��⁄ = Vnc� ��lc� ��⁄ + Vc����lc� ��⁄  

(49)  ���|  {⁄ = ���|  ,��|  {⁄ + ���� ,���  {⁄  

(50) 
 ���  {⁄ = �
�  ,��  {⁄ + ����  ,���  {⁄ +
���|  ,��|  {⁄ + ����  ,���  {⁄ + ���|  ,��|  {⁄   

(51) 
 ��|  {⁄ = �
�  ,�|  {⁄ + ���|  ,��|  {⁄ +
���|  ,���  {⁄ + ���|  ,��|  {⁄ + ���|  ,���  {⁄   

where ����,|, ����,|, and ��,��|  depend on both static and 

dynamic inductances [49]. Under linear magnetic conditions, 

the static inductances are equal to the dynamic inductances, so ���� = ���| = ���, ���� = ���| = ��� , and ���| =
���| = 0 .  

The saturated d-q full model of BDFIMs in an arbitrary 

reference frame, considering iron losses, can be finally derived. 

In this model (Fig. 13), the orthogonal d-q axes are coupled 

through the cross-coupling inductances, ���| and ���| .  

To evaluate this model’s dynamic performance, a three-

phase terminal fault is applied to a 50 Hz power system under 

the steady state by setting the source voltage to zero at { =0.5 �. The load torque is adjusted to 50% of the rated torque, 

and the machine operates in the synchronous mode. Due to this 

fault, the terminal voltage of the machine abruptly decreases to 

zero, causing the transient fluctuations in both PW and CW 

currents. However, the fluctuations are gradually dampened 

before the fault is cleared, and eventually, the machine’s 

currents settle back to zero. After a duration of 25 cycles, the 

fault is cleared, and the source voltage is restored, and the 

machine returns to its initial operation state. Simulation results 

in Fig. 14 closely match experimental results. The discrepancies 

between theoretical and experimental tests can be attributed to 

 
Fig. 13. The saturated two-axis (d-q) full model of BDFIMs including the iron losses effect in an arbitrary reference frame [49]. 

500

550

600

650

700

R
o

to
r 

s
p

e
e
d

 (
rp

m
)

 

 

Simulation (Reduced order model)

Simulation (Complete model)

Experimental

[1 s / div][1 s / div][1 s / div][1 s / div]

3-phase fault

Fault cleared

1 2 3 4 5 6 7

-1.6

-0.8

0

0.8

1.6

T
e
 (

p
u

)

[1 s / div][1 s / div][1 s / div][1 s / div]

++++−−−− ++++−−−−
cRlrL

eqiR ,

pDi lpL
lcLpR

++++

−−−−

++++ −−−−
rR

++++
−−−−

rDi

.
pDv

pQa λλλλωωωω

MpDL

rQrpa p λλλλωωωωωωωω )( −−−−

McDL

. mcQrra N λλλλωωωωωωωω )( −−−−

cQrra N λλλλωωωωωωωω )( −−−−
cDi

cDv

pDii mpDi mcDi
cDii

ipR

++++ −−−− ++++ −−−−
cRlrL

eqiR ,

lpL
lcLpR

++++
−−−−

++++−−−−
rR

++++

−−−−

.

mpDaλλλλωωωω .

ipR

pDQL cDQL

pQv

pQi pDaλλλλωωωω

pQii

mpQaλλλλωωωω

mpQi

MpQL

rQi

rDrpa p λλλλωωωωωωωω )( −−−−

mcQi
cQii

mcDrra N λλλλωωωωωωωω )( −−−−

cDrra N λλλλωωωωωωωω )( −−−−

cQv

cQi

McQL

This article has been accepted for publication in IEEE Transactions on Transportation Electrification. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TTE.2024.3408112

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: Univ of East Anglia. Downloaded on July 08,2024 at 09:30:16 UTC from IEEE Xplore.  Restrictions apply. 



 5 

 
(a)                                                                                                                             (b) 

Fig. 14. Currents of the PW and CW during a terminal fault (Phase A); (a) PW current, (b) CW current. (��� = 50 ��, ��� = 20 ��) [49].  

TABLE I 

COMPARISON OF EXISTING BDFIM MODELS IN THE LITERATURE 

Ref. Rotor resistance 

considered? 

Iron losses 

considered? 

Magnetic saturation 

considered? 

Dynamic or steady-

state modelling? 
[6] Yes No No Dynamic 

[29] Yes No No Dynamic 

[32] No No No Steady-state 

[33] Yes No No Steady-state 

[34] No No No Dynamic/Steady-state 

[46] Yes Yes No Steady-state 

[47] Yes Yes No Steady-state 

[48] Yes Yes No Dynamic 

[49] No Yes No Dynamic 

[50] Yes Yes Yes Dynamic 

 
(a) 

 
(b) 

Fig. 15. The performance of BDFIM during free acceleration; (a) Rotor speed, 

(b) Electromagnetic torque. 

factors, such as stray load losses and mechanical losses, not 

being considered in the modeling approach.  

It is valuable to provide a comparison of existing BDFIM 

models in the literature. Accordingly, key attributes of ten 

existing BDFIM models have been summarized in Table I. 

Each model serves a specific purpose based on a desired level 

of accuracy. 

We have conducted a comparative study using three BDFIM 

electrical equivalent circuits proposed in the literature, as 

shown in Fig. 15 through simulations and experiments: 1) a full 

order model excluding iron losses in [33], 2) a full order model 

including iron losses in [48], and 3) a reduced order model 

including iron losses in [49]. In this study, the BDFIM is started 

in a cascade induction mode by shorting the CW and turning on 

the three low-side (or high-side) inverter switches. When the 

rotor speed reaches the natural synchronous speed, IGBTs are 

controlled in a normal way to lock into the synchronous mode. 

In Fig. 15, the rotor speed accelerates to the natural 

synchronous speed; the settling time increases and the 

acceleration decreases when iron losses are taken into account. 

The electromagnetic torque curves in Fig. 15 indicate that the 

torque decreases when considering iron losses. 

0 0.25 0.5 0.75 1 1.25 1.5
-20

-10

0

10

20

time (s)

P
W

 c
u

rr
e

n
t 

(A
)

 

 

0.25 0.26 0.27 0.28 0.29 0.3
-10

-5

0

5

10

 

 

Without iron loss and

 magnetic saturation

Proposed model

Experimental

0 0.25 0.5 0.75 1 1.25 1.5
-20

-10

0

10

20

time (s)

C
W

 c
u

rr
e

n
t 

(A
)

Without iron loss and

 magnetic saturation

Proposed model

Experimental

0.5 0.52 0.54 0.56 0.58 0.6
-15

-10

-5

0

5

0 0.1 0.2 0.3 0.4 0.5 0.6
0

0.5

1

1.5

2

T
e

 (
p

u
)

[0.1 s / div][0.1 s / div][0.1 s / div][0.1 s / div]

0 0.1 0.2 0.3 0.4 0.5 0.6
0

100

200

300

400

500

600

R
o

to
r 

s
p

e
e

d
 (

rp
m

)

 

 

[0.1 s  / div][0.1 s  / div][0.1 s  / div][0.1 s  / div]

This article has been accepted for publication in IEEE Transactions on Transportation Electrification. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TTE.2024.3408112

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: Univ of East Anglia. Downloaded on July 08,2024 at 09:30:16 UTC from IEEE Xplore.  Restrictions apply. 



 6 

IV.  FUTURE RESEARCH DIRECTIONS 

The future research directions are recommended as follows: 

A reduced order full-saturated model: Deriving a dynamic 

model by taking into account the effect of magnetic saturation 

and iron losses can be very useful to study the BDFIM’s 

behaviors. In electrical machines modeling, two approaches are 

generally used to consider the magnetic saturation effect. In the 

first approach, a variable inductance as a nonlinear function of 

the magnetizing current is used rather than a constant 

magnetizing inductance [57]. The second approach utilizes a 

complete nonlinear model that takes into account time 

variations of the magnetizing inductance, which results in 

different voltage equations compared to the unsaturated model. 

To represent this change, a new term called "dynamic cross-

saturation effects" is incorporated into the full nonlinear model, 

which is neglected in the simplified model [58], [59]. The full 

nonlinear model offers superior accuracy [60] and faster 

responses [61] compared to the simplified model. Although a 

complete saturated model, accounting for the iron losses effect, 

has been proposed for BDFIMs in [49], it is relatively complex 

and hard to be used to develop model-based control strategies. 

Therefore, a reduced order model with high accuracy is needed. 

This model can facilitate the performance analysis of BDFIMs 

and various advanced control techniques development, such as 

the optimized-efficiency strategy. 

Multi-physics modeling: The BDFIM involves multiple 

physical phenomena, such as electrical, magnetic, thermal, and 

mechanical aspects. Integrating these different physics into a 

comprehensive electrical equivalent circuit model can represent 

more realistic behaviors of the machine. Researchers can 

explore methodologies to develop multi-physics equivalent 

circuit models for BDFIMs. 

High-frequency effects: Traditional electrical equivalent 

circuits are designed for low and medium-frequency 

applications. However, with the increasing demand for high-

frequency electric machines, there is a need for equivalent 

circuit models that can accurately represent high-frequency 

behaviors. Developing high-frequency equivalent circuit 

models and associated parameter extraction techniques can be 

considered for BDFIMs electrical modeling.  

Integration of advanced materials: Emerging materials, such 

as advanced magnetic materials and superconductors, have 

unique electrical and magnetic properties that may require 

novel equivalent circuit models. Future research can focus on 

developing equivalent circuit models that can accurately 

represent behaviors of BDFIMs with advanced materials. 

Real-time simulation and hardware-in-the-loop: Real-time 

simulation and hardware-in-the-loop techniques are valuable 

tools for testing and validating electrical machine’s control 

strategies. Future research can explore methodologies to 

integrate electrical equivalent circuits of BDFIMs into real-time 

simulation platforms and hardware-in-the-loop setups, enabling 

rapid prototyping and performance evaluation of BDFIMs.  

V.  CONCLUSION 

Electrical equivalent circuit models are essential to analyze 

behaviors of BDFIMs and develop advanced control strategies. 

In this paper, various electrical equivalent circuit models for 

BDFIMs are reviewed, from the full order model to the reduced 

order model, by considering influencing factors, such as iron 

losses, the magnetic saturation, and the rotor resistance. The full 

order model serves as a comprehensive representation of a 

BDFIM’s electrical characteristics but is complex; by 

simplifying this full order model and neglecting certain 

components, such as the induction torque and rotor resistance, 

we can obtain the reduced order model that is less complex with 

fewer electrical state variables and provides practical 

approximations of the full order model. By incorporating 

equivalent resistances for iron losses, the influence of iron 

losses on the machine’s performance, particularly under 

dynamic conditions, can be accurately represented. Two 

common approaches are also highlighted to address the effect 

of magnetic saturation in the models. Further research could 

focus on refining the models to incorporate additional factors 

and improve their accuracy for specific applications of 

BDFIMs. 
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