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Abstract

We investigate the dynamics of a three-dimensional droplet sitting on a time-
dependent solid substrate. The study focuses on droplet motion caused by slow
deformations of the substrate, where inertial effects are negligible, and the shape
of the droplet at each time instant is governed by the balance of the gravity and
capillary forces. Four models of the contact line dynamics are considered in the
present study.

A quasi-static approximation is employed to analyse this dynamic problem.
Our approach to solving the quasi-static problem involves using asymptotic
methods by considering a small perturbation to the elevation of the solid
substrate. Initially, the solid substrate is flat and horizontal, and the droplet is
axisymmetric and at rest. The first-order correction of the droplet shape,
induced by slow motions of the substrate, depends on the specific contact line
model applied.

In the first model, the contact line remains fixed during the dynamic process.
Apart from determining the droplet shape, the current local contact angle needs
to be calculated. By contrast, in the second model, the contact line is free to move,
and the current local contact angle along the moving contact line is assumed to
be equal to the equilibrium contact angle. The first-order corrections of both the
position of the contact line and the droplet shape are determined simultaneously.

The third model combines the previous two models. Depending on the
current local contact angle, the different parts of the contact line have different
characteristics, termed pinned and unpinned regions. Lastly, the fourth model
of contact line motion is known as the Cox-Voinov model, in which the contact
line is always moving in the direction of its normal.
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Introduction

1.1 Background

As a liquid is deposited on a solid surface, two general scenarios exist. In the first
situation, the liquid spreads entirely over the surface, as observed when silicone
oil is placed on a horizontal surface (Tanner, 1979). In contrast, in the second
case, a drop forms a spherical cap for a small volume instead of spreading out.
This behaviour, such as a water droplet on a silicon wafer, is referred to as the
sessile drop.

The contact angle, θc, of the sessile drop is defined as an angle between the
tangent planes to the air/liquid and liquid/solid interfaces at the contact line.
Considering the surface of the solid substrate to be flat, rigid, perfectly smooth,
and chemically homogeneous, a unique angle is formed for this specific vapour,
liquid, and solid system at equilibrium, depicted in Figure 1.1.1. This angle is
called the static or equilibrium contact angle, denoted as θe. Young (1805)
considered the mechanical force balance on the three-phase line to determine the
equilibrium contact angle,

γ cos θe = γSG − γSL. (1.1.1)

Here γ, γSG, and γSL represent the surface tension at the liquid/gas, solid/gas,
and solid/liquid interfaces, respectively. The contact angle can be used to
quantify the wettability of a solid surface by a liquid. A substrate is called
hydrophilic if the contact angle is less than 90◦; otherwise, it is called
hydrophobic.

Figure 1.1.1: A droplet on a flat surface at equilibrium.
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The dynamics of sessile drops play a crucial role in various industrial processes
and attract scientific interest. As a testament to its importance, the number
of publications on droplets has increased tenfold in the last 50 years (Brutin
and Starov, 2018). These droplets find applications in a wide range of areas,
including drop manipulation in microfluidics (Daniel et al., 2005), inkjet printing
(Wijshoff, 2018), mixing of fluids (Whitehill et al., 2012), spray painting (Zabihi
and Eslamian, 2015), surface treatment and many others.

There are various methods to induce motion in drops on a solid surface.
Technologies for transporting drops include establishing wettability gradients
(Daniel et al., 2004) or thermodynamic gradients (Mettu and Chaudhury,
2008). The successful demonstration of drop motion has been achieved on
ratchet topological structures (Buguin et al., 2002) or textured surfaces
(Duncombe et al., 2012). Brunet et al. (2007) employed an experimental
approach to investigate the dynamic behaviour of a droplet placed on a
vibrating inclined plate. Their research revealed a climbing phenomenon instead
of sliding down due to gravity, which occurs when the vibration acceleration
surpasses a certain threshold.

Tsai et al. (2015) explored the dynamic behaviours of a sessile drop on a
vibrating elastic plate, where the vibration amplitude was different in different
parts of the plate. The study involved a comparison between theoretical shapes
and frequencies of the resonant mode with those observed in experiments,
providing insights into different regimes of droplet oscillations. The circular
patterns of the elastic plate oscillations, called Chladni figures, were visualised
using small solid particles. The resulting nodal lines in the plate, corresponding
to the external forcing frequency, were accurately predicted by the theoretical
model. A droplet placed at a nodal line oscillated due to the pitch motion of
the plate at this line but not due to the plate vertical vibration, which is
negligible in experiments at the nodal line. In contrast, a droplet located away
from the nodal lines displayed distinct behaviour, leading to potential depinning
of the contact line due to the plate deflection.

Our objective is to investigate the motion of a sessile drop induced by time-
dependent deformations of a solid substrate. Given slow deformations of the
substrate, the quasi-static approximation is employed to analyse the dynamic
behaviour of the droplet. To benefit the modelling of this problem, we conduct a
literature review on (1) the droplet shape on a flat solid surface, (2) the droplet
on an inclined plane, and (3) the dynamic contact line models.

The research on the droplet shape on a flat solid surface is typically associated
with static behaviour. In this situation, the contact angle along the contact line
remains constant, and the shape of the droplet can be reasonably regarded as
axisymmetric. In contrast, investigations of the droplet on an incline, where the
contact angles on the uphill and downhill sides differ, represent a shift from static
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to dynamic behaviour. To gain a better understanding of drop motion caused by
the deformation of the solid plate, it is necessary to have models of the contact
line that relate the speed of the contact line to the variable contact angle. Section
1.3 offers an overview of the content within each chapter of this thesis.

1.2 Literature review

1.2.1 Droplet shape on a flat surface

Generally, when a droplet is placed on a flat solid surface, the contact angle is
regarded as the equilibrium contact angle, see equation (1.1.1). Many
mathematical models exist to determine the droplet shape on the flat solid
surface. The simplest one is to adopt the shape of a spherical cap (Polyanin and
Manzhirov, 2006). Once the height of the apex and the width of the base are
known, determining the shape of the droplet is straightforward. This model is
applicable when the droplet size is small enough that the influence of gravity
can be neglected. Extrand (2006) investigated the relationship between
wettability and contact area by considering a small droplet. The result can be
applied to two-phase flow in small channels like fuel cells.

The second model, the most famous one, is based on the Young-Laplace
equation (Young, 1805) (Laplace, 1806). This equation relates the pressure
jump across the interface to its principal radii of curvature,

∆p = γ

(
1

R1
+

1

R2

)
, (1.2.1)

where ∆p is the pressure difference, γ is the surface tension coefficient, and R1 and
R2 are principal curvature radii. There is no analytical solution for the Young-
Laplace equation. The earliest significant progress in this field was made by
Bashforth and Adams (1883). They generated tables of the sessile drop shapes
for various surface tensions using numerical iteration methods without the aid
of modern computers. Fordham (1948) extended their work and calculated the
tables for the pendant drop. Hartland and Hartley (1976) first utilised a computer
program to solve the Young-Laplace equation numerically, employing a fourth-
order Runge-Kutta method.

O’Brien and van den Brule (1991) employed the perturbation method by
considering the small droplet to find the shape of an axisymmetric sessile drop.
This solution enables the easy estimation of the contact angle through the
maximum radius and height of the droplet. Allen (2003) simplified the
Young-Laplace equation by considering the small slope of the droplet shape.
The resulting approximated solution eliminates the need for numerical
integration and is valid for any size but a small contact angle.
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The solid surface is considered smooth and homogeneous in Young’s model
(1.1.1), so the contact angle models need to be adjusted when accounting for
surface roughness and heterogeneity. Wenzel (1936) used the roughness factor,
which is the ratio of the actual surface area to the projected planar surface area, to
illustrate how the contact angle changes when it comes into contact with a rough
or textured solid surface. In contrast, Cassie and Baxter (1944) introduced the
idea that air can become trapped at the contact area between the droplet and
the surface, which characterises wetting and non-wetting states. This model is
particularly relevant when dealing with heterogeneous substrates.

Apart from calculating the Young-Laplace equation to determine the droplet
shape, another common approach is applying the energy minimisation method
by considering the gravitational and surface energies in an Euler-Lagrange
framework. The shapes of droplets on rough and flat (Chen et al., 2005) or the
heterogeneous and flat (Brandon et al., 1997) surfaces were investigated using
numerical simulations, which minimises the free energy of the system by the
software Surface Evolver. Bormashenko (2009) explored various contact angle
models for a droplet positioned on a curved solid surface through variational
analysis. The findings reveal that the classic contact angle models, Young’s,
Wenzel’s and Cassie’s models, are still applied to curved surfaces. Ye and
Mizutani (2023) employed the same analysis but focused on structured surfaces,
specifically those featuring concentric and parallel V-shaped grooves.

1.2.2 Droplet shape on an inclined plate

Consider a sessile droplet initially placed on a flat horizontal solid plate. Then
this solid plate is inclined slowly. The droplet may stay at rest or slide down.
The front case has been depicted in Figure 1.2.1. The tilted angle of the plate
is denoted by α. The contact angle at the uphill and the downhill have different
values.

Figure 1.2.1: A droplet stays on an incline with the tilted angle α.

Berejnov and Thorne (2007) employed an experimental approach to
investigate the influence of the tilted angle on the phenomena of staying and
sliding on a solid surface. Their study identified three distinct thresholds of the
tilted angle corresponding to transitional events of the unpinning contact line.
Initially, as the substrate is tilted at a small inclined angle, the contact line
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remains pinned in its original circular configuration. Beyond the first critical tilt
angle, the portion of the contact line on the downhill becomes locally unstable,
leading to a displacement and establishing a new equilibrium configuration,
referred to as the advancing behaviour. A similar incident occurs beyond a
second, larger critical tilted angle but on the uphill side, resulting in the
receding behaviour. However, beyond a third critical angle of inclination, the
whole contact line is unstable, and the droplet slides continuously. A similar
experimental observation was mentioned by Chou et al. (2012), but in their
case, the advancing and receding transitions might coincide simultaneously.

As a droplet is on the inclined plate, the contact angle on the downhill side
reaches its maximum value before part of the contact line slips, known as the
advancing contact angle, θa. Conversely, the contact line starts to recede,
where the contact angle at this point is the receding contact angle, θr. From
the experimental observation, the static contact angle can be of any value between
the advancing and receding contact angles, depending on how the droplet is
initially placed. The difference between these two contact angles, θa − θr, is
termed the contact angle hysteresis (Butt et al., 2022).

For a sessile drop on a tilted plate, a retention force at the three-phase line
is required to balance gravity. This retention force of the pinning droplet on an
inclined plate was formulated by Macdougall and Ockrent (1942),

F = kγw(cos θr − cos θa). (1.2.2)

Here, k is an empirical constant dependent on the shape of the contact line, γ is
the surface tension at the liquid/gas interface, and 2w is the width of the elliptical
contact line. Note that for the circular contact line, w can be replaced by the
radius of the contact line (Extrand and Kumagai, 1995). de la Madrid et al.
(2019) pointed out that the constant k depends on not only the geometry of the
contact line but also the types of the droplet, like the sessile drop or pendant
drop. If gravity cannot overcome this retention force, the droplet should stay
on the inclined plate, and the contact angle along the contact line falls into the
interval [θr, θa].

Many studies employ numerical simulations to determine the droplet shape
on an inclined plate by minimising the free energy in the system. However,
no shape of a droplet on the inclined plate can achieve equilibrium in terms of
the system’s potential energy since it decreases when the droplet shifts down
on the surface. Santos and White (2011) proposed a model where the contact
line is stationary for contact angles within the range of the advancing and the
receding angles, and moves in order to prevent angles outside this range. The
variational problem was solved using the Surface Evolver software. Following a
similar approach, Prabhala et al. (2013) developed a routine in Surface Evolver
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to explore contact angle hysteresis, focusing specifically on the retention force on
the contact line. Building upon this, Janardan and Panchagnula (2014) utilised
Surface Evolver to simulate the nonsymmetrical droplet shape on the inclined
plate and investigated the effect of the tilted angle. The simulation result is in
agreement with the experimental findings. Apart from the contact line hysteresis,
Musterd et al. (2014) also incorporated the effect from the initial shape into the
contact line model, which agrees with the experimental results from Ruiz-Cabello
et al. (2011).

In numerous theoretical investigations related to droplets on inclined
surfaces, a common approach involves determining the droplet shape by
balancing the pressure terms, utilising Young’s Laplace equation with an extra
forcing term. De Coninck et al. (2017) employed the asymptotic method by
considering a small tilted angle (α ≪ 1) with a stationary circular configuration
of the contact line. They compared the asymptotic solution of the first-order
correction to the numerical simulation from Surface Evolver, achieving good
agreement for small Bond numbers. However, the circular contact line
assumption contradicted the experimental observation (Berejnov and Thorne,
2007). To approximate the droplet shape with an elliptical contact line,
ElSherbini and Jacobi (2004) employed two circles sharing a common tangent at
the maximum height. Ravazzoli et al. (2019) analysed the droplet shape using
the shallow water approximation, expressing the analytical series solution of the
droplet shape in terms of a combination of modified Bessel functions of the first
kind and trigonometric functions. The obtained theoretical results were
consistent with experimental observations.

1.2.3 Dynamic contact line

Traditionally, the flow model is computed using the Navier-Stokes equation with a
no-slip condition. However, when it comes to modelling the moving contact line,
challenges related to stress singularities emerge. To address these challenges,
several models have been proposed to describe the conditions near the contact
line (Bonn et al., 2009).

Based on the experimental observation, relationships between the local
contact angle θc and the velocity of the contact line, U , are used to model the
contact line dynamics. In a simplified model, the local contact angle depends on
the magnitude of U and its direction. Such a model may explain the hysteresis
effect as well, as sketched in Figure 1.2.2. The upper point on the solid line
there, where U = 0, is the advancing contact angle, while the bottom one is the
receding contact angle, and a jump between these two points represents
hysteresis. When U > 0, the droplet advances, while U < 0 indicates the
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droplet is receding. This phenomenon can be described by a set of inequalities,
U > 0, θc > θa,

U = 0, θa > θc > θr,

U < 0, θc < θr.

(1.2.3)

Figure 1.2.2: A sketch of the relationship between the local contact angle θc and
velocity of the contact line U .

There are two main physical approaches to modelling the dynamics of the
contact line, as Figure 1.2.3 shows. The first one, known as the hydrodynamic
theory, focuses on dissipation caused by viscous flow near the moving contact
line. In this hydrodynamic model, three relevant length scales are introduced:
macroscopic, mesoscopic, and microscopic. The local contact angle is related
to the macroscopic scale, while the bending of the liquid-gas interface due to
viscosity within a mesoscopic region contributes to changes in the local contact
angle. The microscopic contact angle, denoted as θm, is assumed to be governed
by intermolecular forces and retains its static value. Various models have been
proposed to establish relationships between dynamic contact angle θc and the
dimensionless velocity called the capillary number,

Ca = µU/γ

(
viscous drag force

surface tension

)
, (1.2.4)

where µ is the dynamic viscosity of the liquid, γ is the surface tension at the air-
liquid interface, and U is the velocity of the contact line. These models typically
rely on several key assumptions: (1) the solid surface is assumed to be perfectly
smooth, (2) inertial effects are considered negligible, (3) the capillary number is
small.
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Figure 1.2.3: Schematic figures of the contact line models: (a) hydrodynamic
theory (b) molecular-kinetic theory.

By employing lubrication theory (Hamrock et al., 2004), the flow near the
contact line at the leading order is governed by a delicate balance between
viscous and capillary forces. The seminal work by Voinov (1976) provided
insights into the behaviour of the solution. Cox (1986) applied the method of
matched asymptotic expansions to reproduce the Voinov relation,

θ3c = θ3m + 9Ca ln(LM/Lm), θm = θe, (1.2.5)

where Lm is a microscopic length scale, and LM is the distance to the wall
where the model is applied. Equation (1.2.5) is commonly referred to as the
Cox-Voinov equation. Blake (2006) pointed out that the logarithmic term in
equation (1.2.5) suggests that the dynamic contact angle θc depends on
macroscopic-scale geometry. However, this term is often regarded as an
adjustable parameter in practice. The estimates place the value of this
logarithmic term on the order of 10. Nevertheless, experimental results for
non-wetting liquids have shown various values (Petrov et al., 2003). These
larger values are typically considered physically unrealistic, as they would
seemingly necessitate sub-molecular microscopic length scales, but the
hydrodynamic model is mostly satisfactory in a small contact line velocity
regime (Ca ≪ 1).

The second approach to the contact line dynamic is often called the molecular-
kinetic theory. It focuses on the vicinity of the moving contact line, where fluid
particles (molecules) may attach to or detach from the solid surface. In this
model, the microscopic contact angle depends on velocity and is identical to the
experimentally observed angle. Thus, there are two length scales: the molecular
scale, where dissipation occurs, and the macroscopic scale.

In contrast to the hydrodynamic model, molecular-kinetic theory neglects
viscous dissipation and incorporates solid-surface characteristics. Two key
parameters come into play: the molecular oscillation frequency, denoted as K0,
and the average distance of each activated jump, λ0. Within the
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molecular-kinetic theory, the motion of the contact line is determined by the
statistical dynamics of the molecules within a three-phase line. The driving
force for the contact line to move is given by γ(cos θe − cos θc). The resulting
equation for the wetting line velocity is described by

U = 2K0λ sinh

(
γλ2

0

2kBT
(cos θe − cos θc)

)
, (1.2.6)

where kB is the Boltzmann constant and T is the absolute temperature.

1.3 Thesis outline

The aim of this thesis is to investigate the dynamics of a three-dimensional
droplet placed on a time-dependent solid substrate. The solid surface is
assumed to be smooth and homogeneous. The flow inside the droplet is
considered inviscid, incompressible and irrotational. The droplet volume is
assumed to be constant since we do not consider the secondary droplet
generated or the droplet evaporation and condensation effect. The shape of the
droplet and the contact line are unknown in advance, so essentially, we are
working on a free boundary value problem. We explore four distinct models of
contact line dynamics in this study.

In this thesis, we employ the quasi-static approximation to analyse this
dynamic problem, wherein the flow inside the droplet is neglected in the leading
order (see section 2.5, where this approximation is justified), and the droplet
shape at each instant is balanced by gravity and capillary forces. The governing
equation is the Young-Laplace equation (Young, 1805). Our approach to solving
this problem employs asymptotic methods by considering a small perturbation
to the elevation of the solid substrate. We consider slow deformations of the
solid substrate starting from its flat horizontal position at the initial instant.
Before the substrate starts deforming, the droplet is at rest and is of an
axisymmetric shape. The first correction to the initial droplet shape caused by
the slow motion of the substrate depends on which contact line model is
applied.

In chapter 2, section 2.1 provides the mathematical formulation of our
problem. To facilitate a better understanding, fundamental quantities are
defined, which are later used to describe the dynamics of the droplet. Section
2.2 introduces the contact angle in the three-dimensional space, and section 2.3
deals with the normal velocity of the contact line. The axisymmetric initial
droplet shape is calculated in section 2.4. In this problem, the radius of the
contact line is unknown in advance and should be determined together with the
droplet shape. The contact angle for the initial shape is equal to the
equilibrium contact angle. The initial axisymmetric shape of the droplet and
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the radius of its contact line provide the initial conditions for all contact line
models under consideration. In section 2.5, we obtain the conditions under
which the quasi-static approximation is valid.

In chapter 3, we study the pinned contact line, where the contact line does
not move with respect to the moving substrate. In this model, the position of
the contact line is provided from the initial condition, which is simplified to a
boundary value problem. The free surface of the droplet and the current local
contact angle along the contact line are determined in the first-order correction.

Unlike the pinned contact line model, the contact line is allowed to move in
chapter 4. For this unpinned model, we assume the current local contact angle
at each point along the contact line is equal to the equilibrium contact angle.
The contact line could be different from its initial circular shape. To handle this
issue, we introduce the stretched coordinates to incorporate the contact line into
our formulation. In this model, we are solving a free boundary value problem as
both the droplet shape and the position of the contact line should be determined.

In chapter 5, we consider the part of the contact line to be free to move,
but the rest is pinned. In other words, the contact line is split into pinned and
unpinned regions. Within the pinned region, the current local contact angle falls
into the interval of the advancing and receding contact angles, and this part of the
contact line is stationary. The contact line in the unpinned region moves forward
or backward in its normal direction, but we assume that the current local contact
angle is equal to either the advancing or receding contact angle. The interval of
the unpinned region is unknown in advance, making this problem to be a free
mixed boundary value problem. To determine this interval of the unpinned part,
we apply condition that the contact line is continuous and smooth at any time
instant.

Chapter 6 employs the Cox-Voinov equation (Cox, 1986; Voinov, 1976) as
the contact line model. The contact line is always in motion with its normal
local velocity related to the local contact angle. In contrast to other models, in
this model, the displacement of the contact line at each time instant is directly
determined by its normal velocity, providing the evolution of the contact line. In
the present model, the problem is addressed in two steps at each time instant.
The first step is to determine the droplet shape and the contact angle at the
current time instant, with a given position of the contact line, while the second
step is to find the new position of the contact line at the next time instant. The
entire problem is solved through a forward iteration process.



2

Mathematical formulation of the
problem

Our objective is to investigate the dynamics of a droplet on a solid,
time-dependent substrate. This chapter is organized as follows: section 2.1
provides a general description of the problem considered throughout this thesis
and outlines the specific problem scenarios we address; sections 2.2 and 2.3
define fundamental quantities of the three-dimensional contact angle and the
normal velocity of the contact line, respectively, which are later used to describe
the dynamics of the droplet; in section 2.4, we calculate the axisymmetric shape
of droplets on the flat surface and the radius of the contact line, serving as the
initial conditions for all problems; section 2.5 explains the validity of the
quasi-static approximation and the assumptions and conditions under which it
holds.

2.1 Formulation of the problem and models of the
contact line motion

The dynamics of a three-dimensional droplet placed on a solid time-varying
substrate is investigated. The shape of the substrate is described by the
equation z = zp(x, y, t) in the Cartesian coordinates (x, y, z), where the vertical
z-axis is in the direction opposite to gravity, t is time, and the function
zp(x, y, t) is given. The shape of the free surface of the droplet, z = η(x, y, t),
where (x, y) ∈ S(t), is unknown in advance and should be determined together
with the position of the contact line, Γ(t). We restrict ourselves to a hydrophilic
droplet, where the function η(x, y, t) is single-valued. Here, S(t) is the droplet
projection onto the xy-plane, and the contact line Γ(t) is a three-dimensional
intersection line between the free surface of the droplet and the surface of the
substrate. The projection of the contact line onto the xy-plane is the boundary
of S(t), denoted as ∂S(t).

The effects of the liquid evaporation and condensation are assumed to be
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negligible, so the volume of the droplet remains constant over time,

V0 =
x
S(t)

[η(x, y, t)− zp(x, y, t)]dxdy. (2.1.1)

The domain of the droplet Ω(t) is described by

Ω(t) = {x, y, z | zp(x, y, t) < z < η(x, y, t), (x, y) ∈ S(t)}. (2.1.2)

We assume that the flow inside the droplet is inviscid, incompressible and
irrotational. Here, we utilise the dimensionless parameter Reynolds number
(Re) to demonstrate the assumption of inviscid flow, defined as the ratio of
inertial forces to viscous forces within a fluid. The Reynolds number is given by
the equation

Re =
ρuLd

µ
, (2.1.3)

where ρ is the liquid density, u is the flow speed, and Ld is the characteristic
length of the droplet, and µ is the dynamic viscosity of the fluid. For water
as the working fluid, assuming Ld = 5mm and u = 20mms−1, (following the
results from Tsai et al. (2015)), the resulting Reynolds number is approximately
100, which implies that the viscous forces are much smaller than the inertial
ones and can be neglected in the leading order. Please note that since we are
considering a large droplet, gravity cannot be neglected in our study. Hence, the
flow is described by the velocity potential ϕ(x, y, z, t), which satisfies Laplace’s
equation in the flow region,

∇2ϕ = 0 ((x, y, z) ∈ Ω(t)). (2.1.4)

At the boundaries of the droplet, liquid particles can move only along the
boundaries, but cannot leave the boundaries. This corresponds to the following
kinematic boundary conditions at the free surface and substrate:

∂ϕ

∂z
=

∂ϕ

∂x

∂η

∂x
+

∂ϕ

∂y

∂η

∂y
+

∂η

∂t
(z = η(x, y, t), (x, y) ∈ S(t)), (2.1.5)

∂ϕ

∂z
=

∂ϕ

∂x

∂zp
∂x

+
∂ϕ

∂y

∂zp
∂y

+
∂zp
∂t

(z = zp(x, y, t), (x, y) ∈ S(t)). (2.1.6)

At the free surface of the droplet, we also have the following dynamic boundary
condition,

p(x, y, z, t) = pa + γκ(x, y, t) (z = η(x, y, t), (x, y) ∈ S(t)). (2.1.7)

Here pa is the atmospheric pressure outside the droplet, which is assumed
constant, γ is the surface tension coefficient at the air/liquid interface, and
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κ(x, y, t) is the curvature of the free surface of the droplet. The curvature
κ(x, y, t) of the free surface is given by the divergence of the unit normal vector,
nd = ∇(z − η(x, y, t))/|∇(z − η(x, y, t))|, see details in Pressley (2010),

κ(x, y, t) = ∇ ·
(

∇(z − η(x, y, t))

|∇(z − η(x, y, t))|

)
. (2.1.8)

In the flow region, the hydrodynamic pressure, p(x, y, z, t), is given by Bernoulli’s
equation,

p(x, y, z, t) = −ρ

(
∂ϕ

∂t
+

1

2
|∇ϕ|2 + gz

)
+ f(t), (2.1.9)

where g is the gravitational acceleration, and f(t) is an unknown function of time
that is to be determined. At the contact line,

η(x, y, t) = zp(x, y, t) ((x, y) ∈ ∂S(t)). (2.1.10)

The free surface of the droplet and the flow inside the droplet should be
determined together with the position of the contact line Γ(t). To solve this
problem, one more condition is required, which depends on which contact line
model is considered. In this thesis, four models of the contact line dynamics are
investigated. Within each of these models, the surface of the substrate is allowed
to move only in the z-direction. This simplification of the substrate motion does
not affect equations (2.1.1)–(2.1.10), but only the dynamics of the contact line
Γ(t).

In the first model of the pinned contact line, we assume that the contact
line does not move with respect to the substrate, which is that the projection
S(t) of the droplet onto the xy-plane does not change in time, S(t) = S(0). In
this model, the contact angle between the free surface and the substrate at the
contact line, θc(x, y, t), where (x, y) ∈ ∂S(0), should be determined as part of the
solution. The definition of the contact angle in a three-dimensional problem will
be given in section 2.2.

In the second model, the contact line Γ(t) moves along the substrate in such
a way that the contact angle at each point of the moving contact line is equal to
the so-called equilibrium contact angle θe. The equation θc(x, y, t) = θe governs
the position of the contact line at each time instant. The value θe is assumed to
be known. It is a characteristic of the liquid, the air above it, and the properties
of the substrate surface.

In the third model, so-called advancing θa and receding θr contact angles
are introduced, where θr < θe < θa, see Gennes et al. (2004). They are given
constants. We consider the situation where initially the droplet is axisymmetric,
the substrate is flat, and the radius of the wetted part of the substrate, R0, is
such that the contact angle along Γ(0) is equal to θe. Then deformations of
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the substrate start at t = 0. The contact angle becomes a function of time,
θc(x, y, t), but the contact line remains to be pinned if the inequalities, θr <

θc(x, y, t) < θa, are satisfied. If, at a certain part of the contact line Γ(0), the
contact angle θc(x, y, t) approaches either θa or θr, this part of the contact line is
displaced such that θc(x, y, t) stays in the interval [θr, θa]. This model combines
the first and second models in the way that θc = θa or θc = θr in moving parts
of the contact line and θr < θc < θa along stationary parts of the contact line.
The moving intervals of the contact line are unknown in advance and should be
determined using the condition that the contact line and the tangent vector to it
are continuous along Γ(t) at each time instant.

The fourth model of the contact line motion is known as the Cox-Voinov
model (Cox, 1986; Voinov, 1976). In this model, the contact line is always in
motion with its normal velocity along the substrate surface being proportional
to θ3c (x, y, t) − θ3e . The displacement of the contact line at each time instant is
determined by computing the normal velocity of this line, which is not used in
the third model, where the contact line displacement is determined directly. The
normal velocity of the contact line will be defined in section 2.3.

In all four models, we need to know the contact angle θc(x, y, t) for given
functions zp(x, y, t) and η(x, y, t), and a given position of the contact line.
Equations (2.1.1)–(2.1.10) together with a model of the contact line motion
require initial conditions. The initial conditions are the same for any model. We
assume that initially, t = 0, the substrate is flat, zp(x, y, 0) = 0, the liquid in the
droplet is at rest, the free surface of the droplet is axisymmetric, z = η̄0(r),
r =

√
x2 + y2, and the radius R0 of the contact line Γ(0) is such that the

contact angle θc is equal to the equilibrium contact angle θe at any point of the
contact line. η̄0(r) and R0 for given V0, ρ, g and γ are calculated and
investigated in section 2.4.

2.2 Equation for the contact angle

The contact angle, in general, is not constant and may vary along the moving
contact line and in time. We denote the current local contact angle by θc(x, y, t)

where (x, y) ∈ ∂S(t). Calculations of θc(x, y, t) for given η(x, y, t) and zp(x, y, t)

are complicated in the three-dimensional space, so we explain these calculations
for the two-dimensional case first. The unit tangent vectors of the droplet Td

and the solid surface Ts in the two-dimensional case are defined by

Td =
î+ ηxk̂√
1 + η2x

, Ts =
î+ zpxk̂√
1 + z2p,x

, (2.2.1)
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where î, k̂ are the unit vectors in the directions x, z, respectively. The unit
normal outer vectors to the surface of the droplet, nd, and to the solid surface,
ns, in the two-dimensional case are

nd =
−ηx̂i+ k̂√

1 + η2x
, ns =

−zpx̂i+ k̂√
1 + z2px

. (2.2.2)

In the two-dimensional setting, as depicted in Figure 2.2.1, the local current
contact angle θc(x, t) is defined as the angle between the two tangent vectors,
which is equal to the angle between the normal outer vectors nd and ns,

cos θc(x, t) = Ts ·Td = ns · nd =
1 + ηxzpx√

(1 + z2px)(1 + η2x)
(x ∈ ∂S(t)). (2.2.3)

Figure 2.2.1: A sketch of the free surface of the droplet, z = η(x, t), the solid
surface, z = zp(x, t), the tangential vectors Td and Ts, and the normal vectors
nd and ns in the two-dimensional case.

In the three-dimensional case, the current local contact angle θc(x, y, t) is
defined as the angle between the free surface of the droplet and the surface of
the substrate in the plane, which is perpendicular to the tangential vector to the
three-dimensional contact line. The tangential vector to the contact line Γ(t),

T3 =
q1̂i+ q2̂j+ q3k̂√

q21 + q22 + q23
,

where ĵ is the unit vector in the y-direction, is orthogonal to both outer unit
vectors to the droplet surface nd, and to the solid surface, ns, which are given by

nd =
−ηx̂i− ηy ĵ+ k̂√

1 + (∇2η)2
, ns =

−zpx̂i− zpy ĵ+ k̂√
1 + (∇2zp)2

, (2.2.4)

where ∇2 is the two-dimensional gradient operator. Therefore, the plane P , see
Figure 2.2.2, perpendicular to T3, is made of the normal vectors (2.2.4), and the
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current local contact angle θc(x, y, t) can be calculated using the scalar product,

cos θc(x, y, t) = nd · ns =
ηxzpx + ηyzpy + 1√

1 + (∇2η)2
√

1 + (∇2zp)2
((x, y) ∈ ∂S(t)).

(2.2.5)

The tangential vector T3 can be obtained using the cross (vector) product,

T3 = ns × nd =
q1̂i+ q2̂j+ q3k̂√

q21 + q22 + q23
((x, y) ∈ ∂S(t)), (2.2.6)

where

q1 = ηy − zpy, q2 = zpx − ηx, q3 = ηyzpx − ηxzpy.

The tangential vector T3 is positively oriented, which means that the flow domain
Ω(t) is on the left when we are moving along the contact line in the direction of
the vector T3.

Figure 2.2.2: The plane P and the tangential vector T3 to the contact line.

2.3 Normal velocity of the contact line

In this study, we restrict ourselves to problems where the projection of the contact
line, ∂S(t), is about circular with a small perturbation such that this contact
line can be described by equation r = rc(φ, t) in the polar coordinates, where
φ ∈ (−π, π) is the polar angle. The function rc(φ, t) should be determined if
the contact line is not pinned. To define the velocity of the contact line in three-
dimensional space, we first explain how the contact line moves along the surface of
the substrate. The three-dimensional contact line Γ(t) moves in the n3 direction,
where the unit vector n3 is normal to Γ(t) and tangential to the solid surface
zp(x, y, t),

n3 = T3 × ns =
q4̂i+ q5̂j+ q6k̂√

q24 + q25 + q26
((x, y) ∈ ∂S(t)). (2.3.1)

Here T3 is the unit tangential vector to the three-dimensional contact line Γ(t)

given by equation (2.2.6) and ns is the unit normal vector to the solid surface,
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see equation (2.2.4). The elements of equation (2.3.1) are

q4 =ηyzpxzpy − ηxz
2
py + zpx − ηx,

q5 =ηxzpxzpy − ηyz
2
px + zpy − ηy,

q6 =z2px + z2py − ηxzpx − ηyzpy.

The contact line Γ(t) can be described by using the only unknown function rc(φ, t)

introduced above,

Γ(t) =


x = rc(φ, t) cosφ,

y = rc(φ, t) sinφ,

z = zp(rc(φ, t) cosφ, rc(φ, t) sinφ, t).

(2.3.2)

Figure 2.3.1: Scheme of the moving contact line along the substrate.

In Figure 2.3.1, the brown line depicts the position of the current contact line,
while the purple line represents the position of the contact line at the subsequent
time instant, t + ∆t. The red arrow illustrates the displacement of the contact
line in the normal direction n3 to Γ(t), which is

∆Sn3 = X(φ+∆φ, t+∆t)−X(φ, t), (2.3.3)

where ∆S represents the magnitude of the displacement, X(φ, t) is the position
vector,

X(φ, t) = rc(φ, t) cos φ̂i+ rc(φ, t) sin φ̂j+ zp(rc(φ, t) cosφ, rc(φ, t) sinφ, t)k̂,

of point A, and X(φ + ∆φ, t + ∆t) is the position vector of the point B, which
is the intersection of n3(φ, t) and Γ(t+∆t). Note that the n3 direction may not
follow the radial direction, so we need to consider a small change in the polar
angle ∆φ for small ∆t. Performing a Taylor expansion on equation (2.3.3), we
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obtain
Xφ(φ, t)∆φ+Xt(φ, t)∆t = ∆Sn3, (2.3.4)

where Xt =
∂X

∂t
, Xφ =

∂X

∂φ
are the derivatives of the position vector:

Xt(φ, t) =

(
∂rc
∂t

cosφ

)
î+

(
∂rc
∂t

sinφ

)
ĵ

+

(
zpx

∂rc
∂t

cosφ+ zpy
∂rc
∂t

sinφ+
∂zp
∂t

)
k̂,

Xφ(φ, t) =

(
∂rc
∂φ

cosφ− rc sinφ

)
î+

(
∂rc
∂φ

sinφ+ rc cosφ

)
ĵ

+

(
zpx

[
∂rc
∂φ

cosφ− rc sinφ

]
+ zpy

[
∂rc
∂φ

sinφ+ rc cosφ

])
k̂.

Taking the product of equation (2.3.4) with the tangential vector T3, we have

∆φ = −Xt(φ, t) ·T3

Xφ(φ, t) ·T3
∆t. (2.3.5)

The vector Xφ equals zero if and only if both equations ∂rc
∂φ cosφ−rc sinφ = 0 and

∂rc
∂φ sinφ+ rc cosφ = 0 must be satisfied. The former equation gives rc = sec(φ),
and the latter yields rc = csc(φ). Therefore, for non-zero function rc(φ, t), we
have nonzero Xφ. Note that both vectors Xφ and T3 are tangent to the contact
line Γ(t). Therefore, the scalar product in the denominator of (2.3.5) is equal to
|Xφ| · |T3| and cannot be equal to zero.

Taking the product of equation (2.3.4) with n3 and using equation (2.3.5),
we obtain

∆S =Xφ(φ, t) · n3

(
−Xt(φ, t) ·T3

Xφ(φ, t) ·T3
∆t

)
+Xt(φ, t) · n3∆t,

=Xt(φ, t) ·
(
n3 −

Xφ(φ, t) · n3

Xφ(φ, t) ·T3
T3

)
∆t. (2.3.6)

Hence, the velocity of the contact line moving in the normal n3 direction is defined
by

Vn = lim
∆t→0

∆S

∆t
= Xt(φ, t) ·

(
n3 −

Xφ(φ, t) · n3

Xφ(φ, t) ·T3
T3

)
. (2.3.7)

It is convenient to write all vectors in equation (2.3.7) in the cylindrical
coordinates (r, φ, z). In these coordinates, the droplet surface and solid surface
are described by the equations z = η̄(r, φ, t) and z = z̄p(r, φ, t) accordingly,
where

η(r cosφ, r sinφ, t) =η̄(r, φ, t),

zp(r cosφ, r sinφ, t) =z̄p(r, φ, t).
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Then, the unit tangential vector to the contact line (2.2.6) becomes

T3 =
q̄1êr + q̄2êφ + q̄3k̂√

q̄21 + q̄22 + q̄23
(r = rc(φ, t)), (2.3.8)

where êr, êφ represent the unit vectors in the radial and azimuthal direction in
the cylindrical coordinates, and

q̄1 =
η̄φ − z̄pφ

r
, q̄2 = z̄pr − η̄r, q̄3 =

z̄prη̄φ − η̄rz̄pφ
r

.

The unit normal vector (2.3.1) is now represented by

n3 =
q̄4êr + q̄5êφ + q̄6k̂√

q̄24 + q̄25 + q̄26
(r = rc(φ, t)), (2.3.9)

where

q̄4 =z̄pr − η̄r +
z̄prη̄φz̄pφ − η̄rz̄

2
pφ

r2
,

q̄5 =
η̄rz̄prz̄pφ − z̄2prη̄φ + z̄pφ − η̄φ

r
,

q̄6 =z̄2pr − η̄rz̄pr +
z̄2pφ − η̄φz̄pφ

r2
.

The derivatives of the position vector in the cylindrical coordinates can be written
in the form,

Xt(φ, t) =
∂rc
∂t

êr + 0êφ +

(
z̄pr

∂rc
∂t

+ z̄pt

)
k̂,

Xφ(φ, t) =
∂rc
∂φ

êr + rcêφ +

(
z̄pr

∂rc
∂φ

+ z̄pφ

)
k̂.

(2.3.10)

Substituting equations (2.3.8)–(2.3.10) into (2.3.7), we obtain the normal velocity
of the contact line in terms of rc(φ, t) and its first derivatives.

2.4 Initial shape of droplet

Initial droplet shape, η(x, y, 0), and the initial position of the contact line are
required as initial conditions in the problem of the droplet dynamics on a time-
varying substrate. We assume that initially, the substrate is flat and horizontal,
and the droplet is axisymmetric, with the contact line being a circle of radius R0.
In this static problem, the volume of the droplet is known, and the contact angle
θc(φ, 0) at any point of the contact line is equal to the equilibrium contact angle
θe.

In this section, we begin by formulating this static problem in the Cartesian
coordinates and then converting it into dimensionless cylindrical coordinates to
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benefit our analysis. There is no exact analytical solution for this problem, so we
use a numerical approach for moderate droplet volumes and asymptotic analysis
for large droplets. These methods yield results that show good agreement.

2.4.1 Formulation of the static axisymmetric problem

Let the static free surface of the droplet and the solid surface be described by
the equations z = η(x, y) and z = zp(x, y), respectively. The projection of the
droplet onto the z = 0 plane is S(0), and the boundary of this projection is ∂S(0),
see section 2.1. For a flat horizontal substrate, zp(x, y) = 0, the volume of the
droplet, V0, is given by

V0 =
x
S(0)

η(x, y)dxdy. (2.4.1)

In the static problem, the shape of the droplet is determined only by the dynamic
boundary condition (2.1.7) where the pressure is the hydrostatic pressure, see
equation (2.1.9). In other words, the equilibrium state is achieved when the
pressure on the free surface of the droplet is balanced by the hydrostatic pressure
and the capillary pressure, resulting in the governing equation, which is known
as the Young-Laplace equation (Young, 1805),

−γ∇2 ·

(
∇2η(x, y)√
1 + (∇2η)2

)
= ρg(B − η(x, y)) ((x, y) ∈ S(0)), (2.4.2)

where γ is the surface tension coefficient at the air/liquid interface, ρ is the density
of the fluid, g is the gravitational constant, and B is an unknown constant to
be determined. This constant can be related to the volume of the droplet, the
wetted area of the substrate, and the equilibrium contact angle θe. To find this
relation, we integrate the governing equation (2.4.2) over the region S(0) and use
equation (2.4.1). This gives

−γ
x
S(0)

∇2 ·

(
∇2η(x, y)√
1 + (∇2η)2

)
dxdy = ρg (B|S| − V0) , (2.4.3)

where |S| =
s

S dxdy is the area of the wetted part of the substrate. Utilising the
divergence theorem, the left-hand side of equation (2.4.3) is expressed as

−γ
x
S(0)

∇2 ·

(
∇2η(x, y)√
1 + (∇2η)2

)
dxdy = −γ

∫
∂S(0)

∇2η(x, y) · n2√
1 + (∇2η)2

ds,

where ds is a infinitesimal element of the two-dimensional contact line ∂S(0), and
n2 is the outward unit normal vector at ∂S(0) for the flat substrate. Equation
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(2.4.3) therefore becomes

−γ

∫
∂S(0)

∇2η(x, y) · n2√
1 + (∇2η)2

ds = ρg (B|S| − V0) , (2.4.4)

The condition (2.4.4) is a relation between the two-dimensional contact line
∂S(0), the droplet shape η(x, y), the droplet volume V0 and the constant B.

The problem under consideration is a free boundary-value problem. Not only
the free surface of the droplet, z = η(x, y), needs to be determined, but the
contact line, ∂S(0) as well. Therefore, we need to determine both the shape of
the droplet and the region in which it is defined. Equation (2.4.2) is a second-
order, nonlinear partial differential equation. In the case of a flat solid surface,
the height of the droplet at the contact line is zero, which leads to the following
boundary condition,

η(x, y) = 0 ((x, y) ∈ ∂S(0)). (2.4.5)

Once equation (2.4.2) with the boundary condition (2.4.5) and the condition
(2.4.4) has been solved for a given ∂S(0), the contact angle θc(x, y, 0) is then
calculated by equation (2.2.5),

cos θc(x, y, 0) =
1√

1 + (∇2η)2
((x, y) ∈ ∂S(0)). (2.4.6)

This equation provides tan θc(x, y, 0) = ±|∇2η|, where the positive sign is for θc

in the range 0 < θc < π/2 (hydrophilic surface), and minus for π/2 < θc < π

(hydrophobic surface). We search for a solution such that

θc(x, y, 0) = θe ((x, y) ∈ ∂S(0)). (2.4.7)

The latter condition serves to determine the contact line ∂S(0).
We assume that the resulting contact line is a circle and the shape of the

droplet is axisymmetric. It is convenient to formulate the axisymmetric problem
in the polar coordinates. In the polar coordinates, the shape of the droplet
depends only on the radial coordinate r, which is described by z = η̄(r), where
x = r cosφ, y = r sinφ, −π < φ < π, and r < R0. Then the curvature can be
expressed as (Peters, 2001),

κ = −
(

η̄rr

(1 + η̄2r )
3/2

+
η̄r

r(1 + η̄2r )
1/2

)
.

Hence, in the cylindrical coordinates, the governing equation (2.4.2) reads

−γ

(
η̄rr

(1 + η̄2r )
3/2

+
η̄r

r(1 + η̄2r )
1/2

)
= ρg(B − η̄(r)) (r < R0), (2.4.8)
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where R0 is the radius of the contact line. Note that the constant R0 should
be determined together with the solution of the equation (2.4.8) subject to the
boundary conditions,

η̄(R0) = 0, (2.4.9)

and

η̄r(0) =0. (2.4.10)

The condition (2.4.10) comes from the condition that the axisymmetric surface of
the droplet is smooth with finite and continuous curvature. The condition (2.4.7)
that the contact angle along the contact line is equal to the equilibrium contact
angle θe and equation (2.4.6) provide the second condition at the contact line,

η̄r(R0) = − tan θe. (2.4.11)

The normal unit vector n2 = êr in the polar coordinates. The left-hand side of
(2.4.4) can now be expressed as

−γ

∫
∂S

∇2η(x, y) · n2√
1 + (∇2η)2

ds =− γ

∫ 2π

0

η̄r(R0)√
1 + (η̄r(R0))

2
R0dφ,

=2πγR0 sin θe.

(2.4.12)

In the axisymmetric case, the projection of the contact area is given by |S| = πR2
0.

Equations (2.4.4) and (2.4.12) provide

B =
2γ sin θe
ρgR0

+
V0

πR2
0

. (2.4.13)

In equation (2.4.13), V0, γ, g and θe are given but the radius R0 of the contact
line is still undetermined.

The axisymmetric problem given by equations (2.4.8)–(2.4.13) will be
considered in dimensionless variables. Employing dimensionless variables
facilitates the analysis, interpretation, and generalization of equations and
results. It also enables us to gain a deeper understanding of the underlying
physics and enables more efficient problem-solving. The variables are scaled by
R0 in the radial direction and by B in the vertical direction. A tilde symbol
denotes the dimensionless variables,

r = R0r̃, z = Bz̃, η̄ = Bη̃(r̃). (2.4.14)

Note that R0 is still unknown and B is related to R0 by equation (2.4.13). Here
r̃ represents the dimensionless radius, and the dimensionless droplet surface is



Chapter 2: Mathematical formulation of the problem 23

described by z̃ = η̃(r̃). The derivatives of the droplet shape are transformed as

η̄r(r) =
dη̄

dr
=

B

R0

dη̃

dr̃
=

B

R0
η̃r̃(r̃), η̄rr(r) =

B

R2
0

η̃r̃r̃(r̃).

Substituting the above transformations of the variables and their derivatives into
equation (2.4.8) and dividing both sides by ρgB, we arrive at the governing
equation in the dimensionless cylindrical coordinates,

− 1

Bo

(
η̃r̃r̃

(1 + ε20η̃
2
r̃ )

3/2
+

η̃r̃

r̃(1 + ε20η̃
2
r̃ )

1/2

)
= 1− η̃(r̃) (r̃ ≤ 1). (2.4.15)

This is a second-order non-linear ordinary differential equation with a singular
coefficient at r̃ = 0. There are two unknown parameters, Bo = ρgR2

0/γ, which is
the Bond number, and ε0 = B/R0, which is the aspect ratio of the droplet. The
boundary conditions in the dimensionless cylindrical coordinate are given by

η̃(1) = 0, (2.4.16)

η̃r̃(1) = −tan θe
ε0

, (2.4.17)

η̃r̃(0) = 0. (2.4.18)

Equation (2.4.13) divided by R0 provides

ε0 =
V0

πR3
0

+
2 sin θe
Bo

. (2.4.19)

Thus, we derived the ordinary differential equation (2.4.15) which should be
solved subject to the boundary conditions (2.4.16)–(2.4.18), where ε0 is related
to the Bond number Bo and the dimensionless volume, V0/(πR

3
0), of the droplet

by equation (2.4.19).

2.4.2 Solution

The problem (2.4.15)–(2.4.19) is solved using a numerical approach and the
asymptotic analysis. This is a free boundary value problem since the contact
radius is unknown in advance. Consequently, the associated parameters, the
Bond number Bo and aspect ratio ε0, which are involved in the governing
equation, are also unknown. Moreover, the boundary condition (2.4.17) includes
the parameter ε0. Taking into account the complexity of the problem, we solve
it numerically.

Numerical solution

Using the MATLAB function bvp4c.m, we can efficiently solve the boundary
value problem (2.4.15), (2.4.17), (2.4.18) numerically for given Bo, ε0, θe. bvp4c
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is a finite difference code that employs a collocation technique to address a
system of first-order ordinary differential equations while satisfying specified
boundary conditions. This collocation technique creates a mesh of points,
dividing the integration interval into smaller subintervals. The solver then
generates a numerical solution by addressing a global system of algebraic
equations. These equations emerge from both the boundary conditions and the
collocation conditions applied to each subinterval. Within each subinterval, the
solution is approximated using a cubic spline. These splines are determined by
ensuring the continuity of the solution and its first derivative across the entire
interval, satisfying the boundary conditions, and ensuring that the ordinary
differential equations are satisfied at the midpoint and endpoints of each
subinterval.

This collocation approach provides a C1-continuous numerical solution, and
it has been demonstrated to be fourth-order accurate uniformly throughout the
integration interval (Kierzenka and Shampine, 2001). These conditions often
lead to a nonlinear system of algebraic equations used to determine the spline
coefficients. This system is solved using Newton’s method.

The bvp4c solver is designed to handle systems of first-order ordinary
differential equations,

y
′
(x) = f(x, y), Ia < x < Ib, (2.4.20)

where Ia and Ib are the start and end points of the integration interval. To
apply this solver to our second-order ordinary differential equation, we need to
transform our problem into a system of first-order ordinary differential equations.
Setting y1 = η̃ and y2 = η̃r̃, equation (2.4.15) can be rewritten as a system of
first-order ordinary differential equations,y

′
1 = y2,

y
′
2 = Bo(y1 − 1)(1 + ε20y

2
2)

3/2 − y2
r̃
(1 + ε20y

2
2).

(2.4.21)

The system is solved subject to the boundary conditionsy2(0) = 0,

y2(1) = − 1

ε0
tan θe.

(2.4.22)

The solver finds the numerical solution with an iterative approach. The iterations
are naturally controlled by the residual error, which is defined as

e(x) = |s′
(x)− f(x, s(x))|. (2.4.23)

Here, s(x) represents the numerical solution achieved through spline
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discretisations. If e(x) does not meet the desired tolerance, which is taken as
10−4 in the present study, the bvp4c solver adapts the mesh. This adaptation
process involves increasing the number of subintervals or adjusting their
positions within the interval. As a result, a new numerical solution s(x) is
computed, and its corresponding error e(x) is calculated. Calculations stop
when the error (2.4.23) is below the specified tolerance.

The numerical process starts by specifying the involved physical parameters:
the gravitational acceleration g, surface tension coefficient of the fluid γ, and
density of the fluid ρ. Next, we assign the droplet volume V0 and the
equilibrium contact angle θe. After that, we estimate the contact radius R0

using the geometrical properties of a hemispherical shape without accounting
for gravitational effects. Once we have the estimated value of R0, we calculate
Bo and ε0. Then, we solve the boundary value problem (2.4.15), (2.4.17),
(2.4.18) numerically and compare the calculated value of η̃(1) with zero as it is
stated in equation (2.4.16). If |η̃(1)| exceeds the error tolerance, we change the
contact radius and repeat the calculations with updated R0.
The algorithm for solving the problem is as follows:

1. Set the values of the physical parameters ρ, g, γ.

2. Set the equilibrium contact angle θe and the droplet volume V0.

3. Select a contact radius R0, then calculate the Bond number Bo and ε0 using
equation (2.4.19).

4. Solve the governing equation (2.4.15) numerically, employing the boundary
conditions (2.4.17) and (2.4.18).

5. Check whether the solution satisfies the boundary condition (2.4.16). If it
does not, update R0 accordingly and repeat steps 3 and 4 until a satisfactory
solution is obtained.

Following this algorithm, we can effectively solve the problem and find an accurate
solution. We first examine the cases with V0 = 0.1mL and the equilibrium contact
angle θe ranging from 20◦ to 80◦. Other parameters for water are g = 9.8m s−2,
γ = 72mNm−2, ρ = 999 kgm−3. Unless stated otherwise, we will use these
same parameters throughout this thesis. The shape of the free surface of the
droplet is shown in Figure 2.4.1. Different equilibrium contact angles correspond
to different values of the Bond number, which are shown in the figure. The
dimensionless variables are such that the radius of the droplet and its vertical
scale are equal to one. The higher contact angles correspond to the lower Bond
number and larger aspect ratio. The same shapes are presented in Figure 2.4.2 in
the dimensional variables. The droplet shape approaches a spherical one as the
contact angle increases. On the other hand, when the equilibrium contact angle
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is small, the droplet shape becomes flatter and more spread out. Note that the
shapes in Figure 2.4.2 are very different but they are very close one to another
in the dimensionless variables, see Figure 2.4.1.

Figure 2.4.1: Different droplet shapes correspond to various Bond numbers, each
associated with different values of the equilibrium contact angle θe.

Figure 2.4.2: Droplet shapes in dimensional units for different values of the
equilibrium contact angle θe.

We now discuss the effect of droplet volume while maintaining the same
contact angle θe = 70◦, as depicted in Figure 2.4.3, where larger volumes
correspond to larger Bond numbers. The results were then converted into
figures with the dimensional parameters. Figure 2.4.4 depicts the droplet shape
for volumes ranging from 0.1mL to 1mL, while Figure 2.4.5 shows the droplet
shapes from 1mL to 10mL. For small droplet volumes, we observe a consistent
increase in both the thickness and radius of the droplet as the volume increases.
However, for larger volumes, although the radius R0 continues to increase, the
maximum thickness of the droplet remains relatively constant. Notably, the
maximum height of the droplet at the largest volume is less than that of the
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smaller volume. Further increase of the droplet volume leads to numerical
problems.

Figure 2.4.3: Droplet shapes correspond to various Bond numbers, each
associated with different values of the droplet volume V0.

Figure 2.4.4: Droplet shapes for the volumes V0 from 0.1mL to 1mL.
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Figure 2.4.5: Droplet shapes for larger volumes from 1mL to 10mL.

The numerical results show that the thickness of the droplet becomes constant
far from the contact line for large volumes of the droplet. This gives us an
idea that the static shape of a large droplet can be described using methods of
asymptotic analysis.

Asymptotic solution

Figure 2.4.5 suggests that for large volume V0, we can subdivide the droplet into
the main and inner regions, as Figure 2.4.6 shows. In the main region, the height
of the drop is constant, which means the liquid surface is approximately flat, and
its curvature is almost zero. Compared to the main region, the inner region is
small. This section follows the approaches by Gennes et al. (2004).

Figure 2.4.6: Main and inner regions in a sessile drop for large volumes

In the inner region near the contact line, the surface tension and gravity
balance each other determining locally the droplet shape in the leading order as
ε0 → 0. We introduce the inner variables:

r̃ =1 + ε0λ (λ < 0), (2.4.24)

η̃(r̃) =η̃(1 + ε0λ) = h(λ, ε0), (2.4.25)
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where h(λ, ε0) is the thickness of the droplet in the inner region. The derivatives
of the droplet shape with respect to λ are

hλ(λ) = ε0η̃r̃(r̃), hλλ(λ) = ε20η̃r̃r̃(r̃).

For small aspect ratio, ε0 ≪ 1, the Bond number can be expressed as

Bo =

(
R0

lc

)2

=
1

ε20

(
B

lc

)2

, (2.4.26)

where lc =

√
γ

ρg
is the capillary length and B

lc
= O(1) as ε0 → 0. Substituting

the above relations into equation (2.4.15), we obtain

−
(
lc
B

)2( hλλ
(1 + h2λ)

3/2
+

ε0hλ
(1 + ε0λ)(1 + h2λ)

1/2

)
= 1− h(λ). (2.4.27)

In the leading order as ε0 → 0, equation (2.4.27) gives

−
(
lc
B

)2 hλλ
(1 + h2λ)

3/2
= 1− h(λ). (2.4.28)

Equation (2.4.28) is solved subject to the boundary conditions

h(0) =0,

hλ(0) =− tan θe,
(2.4.29)

which follow from equation (2.4.16) and (2.4.17). In addition, the inner solution
should match the leading order solution in the main region far from the contact
line, where the curvature is constant, as illustrated in Figure 2.4.7. Thus, we
have two matching conditions for equation (2.4.27), which is represented by

h(λ) → 1 (λ → −∞),

hλ(λ) → 0 (λ → −∞).
(2.4.30)

Figure 2.4.7: A schematic diagram for the boundary conditions in the inner region
and the matching conditions to the main region.

Multiplying equation (2.4.28) by hλ, and integrating both sides with respect
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to λ, we obtain (
lc
B

)2 1√
1 + h2λ

= h− 1

2
h2 + C, (2.4.31)

where C is an integration constant. By applying the boundary conditions (2.4.29)
and the matching conditions (2.4.30), we arrive at two equations for B and C:

C =

(
lc
B

)2

cos θe (λ = 0),

C =

(
lc
B

)2

− 1

2
(λ → −∞),

which give

C =
1

2

cos θe
1− cos θe

, (2.4.32)

lc
B

=
1√
2

1√
1− cos θe

=
1

2 sin(θe/2)
. (2.4.33)

Equation (2.4.33) yields that the thickness of the large droplet far from the
contact line is approximately equal to

B = 2lc sin(θe/2), (2.4.34)

which is independent of the droplet volume, as we observed in Figure 2.4.4 and
2.4.5. Comparison of the thickness of the droplet given by equation (2.4.34) with
the numerical results, as depicted in Figure 2.4.8. In this example, we set the
parameter θe = 70◦. As the droplet volume increases, the numerical solutions
approach the asymptotic solution.

Figure 2.4.8: Thickness of the droplet for the large volumes. The asymptotic
value (2.4.34) is shown by the dashed-dotted line.

Assuming that the part of the droplet near its periphery with non-flat free
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upper boundary is small, we can estimate the radius of the droplet using the
asymptotic leading-order solution as

πR2
0B ≈ V0, (2.4.35)

where B is given by equation (2.4.34). Figure 2.4.9 shows the radius the the
droplet calculated from numerical solution and approximated radius using
(2.4.35). As expected, the approximated radius is slightly smaller than the
numerical one. The relative error, depicted by the red line in Figure 2.4.9,
decreases with the volume of the droplet.

Figure 2.4.9: Comparison of the droplet radius with numerical and asymptotic
values.

To find the shape of the droplet near the contact line, we introduce a new
unknown function θ(λ), which is related to h(λ) by

hλ = − tan(θ). (2.4.36)

Here, θ changes from θe at the contact line to zero in the far field. Then equation
(2.4.31) can be transformed as(

lc
B

)2

cos(θ) = −(1− h)2

2
+

(
lc
B

)2

. (2.4.37)

Note that C+
1

2
=

1

2

1

1− cos θe
=

(
lc
B

)2

, see equation (2.4.32). Solving equation

(2.4.37) with respect to h(θ), we get the thickness of the droplet as a function of
θ,

1− h(θ) =

√
1− cos(θ)

1− cos θe
. (2.4.38)

Next, we need to find a relation between λ and θ to obtain the shape of the
droplet in the parametric form h = h(θ) and λ = λ(θ). Using the relation of
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(2.4.36), we find

dh

dλ
= − tan(θ),

dh

dθ

dθ

dλ
= − tan(θ),

dλ

dθ
=

1

− tan(θ)

dh

dθ
,

(2.4.39)

Substituting equation (2.4.38) into the above equation, we then get

dλ

dθ
=

1

tan(θ)

d(1− h)

dθ
,

dλ

dθ
=

1

tan(θ)

1√
1− cos θe

1

2

sin(θ)√
1− cos(θ)

,

dλ =
1

2
√
1− cos θe

cos(θ)√
1− cos(θ)

dθ,

(2.4.40)

where

√
2
√
1− cos θe =2 sin(θe/2),

cos(θ)√
1− cos(θ)

=
1√
2

1

sin(θ/2)
−
√
2 sin(θ/2).

So equation (2.4.40) becomes

dλ =
1

2 sin(θe/2)

(
1

sin(θ/2)
− 2 sin(θ/2)

)
d(θ/2),

and then using the Table of Integral (Abramowitz et al., 1988),

dλ =
1

2 sin(θe/2)
d

(
−1

2
ln

(
1 + cos(θ/2)

1− cos(θ/2)

)
+ 2 cos(θ/2)

)
,

dλ =
1

2 sin(θe/2)
d (ln | tan(θ/4)|+ 2 cos(θ/2)) .

The latter equation is integrated,

λ =
ln | tan(θ/4)|+ 2 cos(θ/2) + C1

2 sin(θe/2)
, (2.4.41)

where the constant C1 is determined by the condition λ = 0 at θ = θe. Then

C1 = − ln | tan(θe/4)| − 2 cos(θe/2).

Finally, we obtain λ as a function of θ,

λ =
1

2 sin(θe/2)

(
ln | tan(θ/4)

tan(θe/4)
|+ 2 cos(θ/2)− 2 cos(θe/2)

)
. (2.4.42)
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The shape of the droplet close to the contact line is governed by equations
(2.4.38) and (2.4.42). However, we need to convert the parameter on the
horizontal axis when comparing the numerical results with the asymptotic
solution. To achieve this, we use the relation λ = (1 − r̃)/ε0 to transform the
dimensionless radial coordinate to the inner variable λ. The comparison of the
numerical and asymptotic solutions is shown in Figure 2.4.10. Here, we set the
parameter θe = 70◦. This figure illustrates that as the droplet volume increases,
the numerical results gradually approach the asymptotic line. The asymptotic
solution effectively captures the droplet shape when its volume exceeds 1mL. It
is worth noting that the endpoints of the curves differ because they correspond
to the inverse values of ε0 for each droplet volume.

Figure 2.4.10: Comparison of the numerical and asymptotic results in terms of
λ.

2.5 Conditions of quasi-static approximation

The time-dependent problem (2.1.1)–(2.1.9) with the certain conditions on the
contact line Γ(t), which are specific for each model of the contact line motion,
should be solved using the initial conditions obtained in section 2.4. This
three-dimensional problem is complicated because we should determine the flow
inside the droplet caused by deformations of the substrate, the free surface of
the droplet, and the position of the contact line. The present study is limited to
the problems with small and slow deformations of the substrate. The
deformations are so slow that the shape of the free surface and the position of
the contact line are governed by the gravity and surface tension at each time
instant. This approximation is known as the quasi-static approximation. Then,
the flow inside the droplet can be obtained by solving the hydrodynamic part of
the problem in the known domain and with certain boundary conditions. The
solution within the quasi-static approximation can be considered as the leading
order solution with respect to suitable small parameters, which quantifies the
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assumption of slow deformations of the substrate.
The quasi-static approximation is justified if the hydrodynamic pressure

(2.1.9) on the main part of the free surface can be approximated as the
hydrostatic one. Then the dynamic boundary condition (2.1.7) leads to the
equation (2.4.2), where now η(x, y, t), B(t), and S(t) are the functions of the
parameter t. The time t is treated as a parameter here because there are no
time derivatives of the unknown function within the quasi-static approximation.

To find the conditions of validity of the quasi-static approximation, we take
the radius R0 of the initial position of the contact line as the length scale and
introduce the scale of the deformations of the substrate, Zsc, and the timescale,
tsc, of the substrate deformation. The dimensionless variables are denoted by
tilde and are introduced as

zp(x, y, t) = Zscz̃p(x̃, ỹ, t̃), x = R0x̃, y = R0ỹ, t = tsct̃, z = R0z̃, (2.5.1)

ϕ(x, y, t) =

(
ZscR0

tsc

)
ϕ̃(x̃, ỹ, z̃, t̃), (2.5.2)

η(x, y, t) = B(0)η̃0(r̃) + Zscη̃(x̃, ỹ, t̃). (2.5.3)

The scaling (2.5.3) implies that the perturbed shape of the droplet is close to the
initial shape, B(0)η̃0(r̃), with the scale of the free surface perturbation being that
of the substrate deformation. The scale of the velocity potential follows from the
boundary condition (2.1.6) on the substrate surfaces because the flow inside the
droplet is forced through this condition. Condition (2.1.6) in the dimensionless
variables reads

∂ϕ̃

∂z̃
=

Zsc

R0

(
∂ϕ̃

∂x̃

∂z̃p
∂x̃

+
∂ϕ̃

∂ỹ

∂z̃p
∂ỹ

)
+

∂z̃p

∂t̃

(
z̃ =

Zsc

R0
z̃p(x̃, ỹ, t̃), (x̃, ỹ) ∈ S̃(t̃)

)
.

(2.5.4)

The assumption of small deformations of the substrate implies that the ratio
Zsc/R0 is small. Then, in the leading order, the condition (2.5.4) can be linearised
and imposed on z̃ = 0.

The kinematic condition on the free surface of the droplet (2.1.5) together
with (2.5.1)-(2.5.3) gives

∂ϕ̃

∂z̃
= ε0η̃

′
0(r̃)

1

r̃

(
∂ϕ̃

∂x̃
x̃+

∂ϕ̃

∂ỹ
ỹ

)
+

Zsc

R0

(
∂ϕ̃

∂x̃

∂η̃

∂x̃
+

∂ϕ̃

∂ỹ

∂η̃

∂ỹ

)
+

∂η̃

∂t̃(
z̃ = ε0η̃0(r̃) +

Zsc

R0
η̃(x̃, ỹ, t̃), (x̃, ỹ) ∈ S̃(t̃)

)
.

(2.5.5)

Here η̃
′
0(r̃)/r̃ is not singular because of the condition (2.4.18). The condition

(2.5.5) can be linearised as Zsc/R0 → 0 similar as it was discussed for the
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condition (2.5.4) on the surface of the substrate. Note that ε0 is assumed to be
of order O(1) in our analysis.

On the free surface of the droplet, z̃ = ε0η̃0(r̃) + (Zsc/R0)η̃(x̃, ỹ, t̃), the
hydrostatic component of the pressure (2.1.9) is of the order

ρgη(x, y, t) = O(ρgR0), (2.5.6)

and the dynamic component is of the order

−ρ

(
∂ϕ

∂t
+

1

2
|∇ϕ|2

)
= −ρZscR0

t2sc

(
∂ϕ̃

∂t̃
+

1

2

Zsc

R0
|∇̃ϕ̃|2

)
= O

(
ρZscR0

t2sc

)
. (2.5.7)

The dynamic pressure component (2.5.7) is much smaller than the hydrostatic
component (2.5.6) if

tsc ≫
√

Zsc/g. (2.5.8)

In this case, the dynamic boundary condition (2.1.7) leads to equation (2.4.2),
where now the droplet shape function η(x, y, t), the function B(t) and the region
S(t) depend on the parameter t.

As an example of scales, we consider a droplet of volume 10mL. We have
R0 ≈ 35mm for this droplet, see Figure 2.4.5. Let the scale Zsc of the substrate
deformation be 2mm, then Zsc/R0 < 0.057 and the condition (2.5.8) with g =

9.8m s−2 provides tsc ≫ 0.014 s. For the time scale tsc = 1 s, which satisfies
inequality (2.5.8), the characteristic speed of the substrate deformations is of
order of 2mms−1 and the substrate acceleration, Zsc/t

2
sc = 2×10−3ms−2, which

is much smaller than the gravitational acceleration g.
Once equation (2.4.2) with the corresponding conditions at the contact line,

which depend on the model of the contact line motion, has been solved, the flow
inside the droplet is calculated by solving the Neumann problem (2.5.3)–(2.5.5),
where zp(x, y, t), η(x, y, t) and S(t) are known from the solution of the quasi-static
problem. Next, the dynamic component of the hydrodynamic pressure (2.1.9) can
be evaluated and the problem can be formulated for the dynamic correction to
the shape of the moving droplet. This latter problem is similar to the quasi-static
problem with the equation (2.4.2), but now this equation will contain a forcing
term which comes from the dynamic pressure component. This perturbation
procedure can be continued and, potentially we can obtain higher-order solutions
with respect to the small parameter Zsc/(gt

2
sc).



3

Pinned contact line model

We consider a three-dimensional droplet of a given volume resting on a solid
substrate, the shape of which varies slowly in time. Initially, the solid surface is
assumed to be flat and horizontal, while the droplet shape axisymmetric. The
time-dependent shape of the droplet is to be determined employing the quasi-
static approximation, see section 2.5, within the pinned contact line model. The
shape of the substrate is given at each time instant. In this model, the contact
line is not allowed to move with respect to the substrate surface. We consider the
contact line to be pinned and assume no hydrophobic behaviours. The projection
of the droplet onto the xy-plane does not change in time. The contact angle
formed between the free surface and the substrate along the contact line should
be determined as part of the solution.

This chapter begins by outlining the formulation of the problem in Cartesian
coordinates. To facilitate analysis, we reformulate the problem in dimensionless
cylindrical coordinates. Note that the shape of the droplet is three-dimensional
for three-dimensional deformations of the substrate. However, the projection of
the three-dimensional contact line onto the xy-plane is still circular as for the
initial axisymmetric shape of the droplet at any time instant.

The quasi-static problem formulated in the cylindrical coordinates is solved
using the asymptotic method, assuming deformations of the substrate are small
compared with the vertical dimension of the droplet. Using the perturbation
method, the leading order three-dimensional correction of the droplet shape is
determined. We obtain that the first-order correction of the free surface of the
droplet is described by a Dirichlet boundary value problem for a second-order
partial differential equation with variable coefficients in a circle. The boundary
value problem is reduced through Fourier decomposition to an infinite number
of ordinary differential equations for the functions of the radial coordinate in
the Fourier series. Note that time plays a role of a parameter in the quasi-static
approximation. The second-order ordinary differential equations with variable
coefficients for the functions of the radial coordinate in the Fourier series are
solved independently, subject to certain boundary conditions at the contact
line. Coefficients in the ordinary differential equations are singular, which
makes a direct numerical solution of these equations problematic. To avoid
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these difficulties, the boundary value problem for the ordinary differential
equations is solved using the Frobenius method close to the centre of the
droplet, where the coefficients are singular and numerically close to the contact
line. Then, the series and numerical solutions are matched at the patching
point. Numerical examples of the three-dimensional droplet shape are shown for
a substrate which is slowly inclined but stays flat.

3.1 Formulation of the quasi-static problem for
pinned contact line.

For given deformation of the substrate, z = zp(x, y, t), the shape of the droplet
is governed by the equation

−γ∇2 ·

(
∇2η√

1 + (∇2η)2

)
= ρg[B(t)− η(x, y, t)] ((x, y) ∈ S(0)) , (3.1.1)

see equation (2.4.2), subject to the boundary condition,

η(x, y, t) = zp(x, y, t) ((x, y) ∈ ∂S(0)). (3.1.2)

The projection of the contact line, ∂S(0), onto the xy-plane does not vary in
time within the model of the pinned contact line. We are looking for a smooth
solution to the problem (3.1.1)–(3.1.2) with finite curvature, which is with finite
second-order derivatives ηxx, ηyy, and ηxy.

The initial axisymmetric shape, z = η̄0(r), of the droplet with given volume
V0 was obtained in section 2.4.2 by numerical methods together with the radius
of the contact line R0 and the vertical scale of the droplet B(0). This shape was
obtained for the flat and horizontal substrate, zp(x, y, 0) = 0. Therefore, we have

∂S(0) = {x, y | x2 + y2 = R2
0}, (3.1.3)

within the model with a pinned contact line.
The droplet shape for any substrate shape should be defined in the circle

x2 + y2 < R2
0. Therefore, it is convenient to reformulate the problem (3.1.1)–

(3.1.2) in the cylindrical coordinates (r, φ, z), where x = r cosφ, y = r sinφ. We
introduce

zp(x, y, t) =zp(r cosφ, r sinφ, t) = z̄p(r, φ, t),

η(x, y, t) =η(r cosφ, r sinφ, t) = η̄(r, φ, t),
(3.1.4)

and reformulate the problem (3.1.1)–(3.1.2) with respect to the function
η̄(r, φ, t). While most terms in the governing equation undergo a
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straightforward transformation, our focus will be on the term

∇2 ·

(
∇2η√

1 + (∇2η)2

)
. We notice that this term can be expressed as ∇2 · (ϕv),

where ϕ =
(
1 + (∇2η)

2
)−1/2 and v = ∇η. By applying the vector identity, we

obtain

∇2 · (ϕv) = ϕ∇2 · v + v · ∇2ϕ,

= ϕ∇2
2η(x, y) +∇2η(x, y) · ∇2ϕ.

(3.1.5)

The transformations for each term are listed below:

∇2η =η̄rêr +
1

r
η̄φêφ,

ϕ =

(
1 + η̄2r +

1

r2
η̄2φ

)−1/2

,

∇2ϕ =− ϕ3

(
η̄rη̄rr −

1

r3
η̄2φ +

1

r2
η̄φη̄rφ

)
êr − ϕ3

(
1

r
η̄rη̄rφ +

1

r3
η̄φη̄φφ

)
êφ,

∇2
2η =η̄rr +

1

r
η̄r +

1

r2
η̄φφ,

where the unit vector êr points in the direction of increasing r with φ fixed, and
the unit vector êφ points in the direction of increasing φ with r fixed. Then,

∇2 · (ϕv) =ϕ∇2
2η(x, y) +∇2η(x, y) · ∇2ϕ,

=ϕ3

(
η̄rr +

1

r
η̄r +

1

r2
η̄φφ

)(
1 + η̄2r +

1

r2
η̄2φ

)
− ϕ3

(
η̄rη̄rr −

1

r3
η̄2φ +

1

r2
η̄φη̄rφ

)
η̄r − ϕ3

(
1

r
η̄rη̄rφ +

1

r3
η̄φη̄φφ

)
1

r
η̄φ,

=ϕ3

(
η̄rr +

η̄r
r

+
η̄φφ
r2

+
η̄3r
r

+
η̄2r η̄φφ + η̄2φη̄rr − 2η̄φη̄rη̄rφ

r2
+

2η̄2φη̄r

r3

)
.

(3.1.6)

Hence, the governing equation (3.1.1) in the polar coordinates reads

−γ

(
1 + η̄2r +

η̄2φ
r2

)− 3
2
(
η̄rr +

η̄r
r

+
η̄φφ
r2

+
η̄3r
r

+
η̄2r η̄φφ + η̄2φη̄rr

r2
+

2η̄2φη̄r

r3
− 2η̄φη̄rη̄rφ

r2

)
= ρg[B(t)− η̄(r, φ, t)] (r < R0). (3.1.7)

The boundary condition on the contact line (3.1.2) becomes

η̄(r, φ, t) = z̄p(r, φ, t) (r = R0, −π < φ < π). (3.1.8)

The equation (2.2.5) for the contact angle θc(φ, t) at the contact line r = R0
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takes form in the polar coordinates,

cos θc(φ, t) =
1 + η̄rz̄pr +

1

r2
η̄φz̄pφ√

1 + η̄2r +
1

r2
η̄2φ

√
1 + z̄2pr +

1

r2
z̄2pφ

(r = R0, −π < φ < π).

(3.1.9)

The condition (2.1.1) of the constant volume of the droplet reads in the polar
coordinates,

V0 =

∫ π

−π

(∫ R0

0
[η̄(r, φ, t)− z̄p(r, φ, t)]rdr

)
dφ, (3.1.10)

so equation (2.4.4) takes the form

−γ

∫ π

−π

∇2η̄(R0) · n2√
1 + (∇2η̄(R0))2

R0dφ

= ρg

(
B(t)

∫ π

−π

∫ R0

0
rdrdφ− V0 −

∫ π

−π

∫ R0

0
z̄p(r, φ, t)rdrdφ

)
, (3.1.11)

where n2 is the outward normal vector to the projection of the contact line ∂S(0)

in the plane z = 0.
The radius R0 of the initial axisymmetric shape of the droplet is taken as

the scale of the radial coordinate, and the unknown function B(t) is taken as the
scale of the free surface elevation. Additionally, we define Zsc as the maximum
displacement of the solid substrate in the domain S(0) during the time of the
process. Dimensionless variables are denoted by a tilde,

r = R0r̃,

η̄(r, φ, t) = B(t)η̃(r̃, φ, t),

z̄p(r, φ, t) = Zscz̃p(r̃, φ, t).

(3.1.12)

Substituting (3.1.12) into the governing equation (3.1.7) and multiplying both
sides by −R2

0/γ, we get

a2 + ε2a3

(1 + ε2a1)3/2
= Bo[η̃(r̃, φ, t)− 1] (r̃ < 1, −π < φ < π), (3.1.13)

where Bo = ρgR2
0/γ is the Bond number, ε = B(t)/R0 is the aspect ratio, and

a1 =η̃2r̃ +
1

r̃2
η̃2φ,

a2 =η̃r̃r̃ +
1

r̃
η̃r̃ +

1

r̃2
η̃φφ,

a3 =
1

r̃
η̃3r̃ +

1

r̃2
η̃2r̃ η̃φφ +

1

r̃2
η̃2φη̃r̃r̃ +

2

r̃3
η̃2φη̃r̃ −

2

r̃2
η̃φη̃r̃η̃r̃φ.

(3.1.14)
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The boundary condition on the contact line (3.1.8) gives

η̃(1, φ, t) = δz̃p(1, φ, t), (3.1.15)

where δ = Zsc/B(t). The contact angle θc(φ, t) in the dimensionless polar
coordinates is written as

cos θc =

1 + εεz

(
η̃r̃z̃pr̃ +

1

r̃2
η̃φz̃pφ

)
√√√√1 + ε2

(
η̃2r̃ +

η̃2φ
r̃2

)√√√√1 + ε2z

(
z̃2pr̃ +

z̃2pφ
r̃2

) (r̃ = 1, −π < φ < π),

(3.1.16)

where εz = δε. The condition (3.1.11) in dimensionless variables reads

− 1

Bo

∫ π

−π

εη̃r̃(1)√√√√1 + ε2

[
η̃2r̃ (1) +

η̃2φ(1)

r̃2

]dφ = ε

(
π − δ

∫ π

−π

∫ 1

0
z̃p(r̃, φ)r̃dr̃dφ

)
− V0

R3
0

.

(3.1.17)

3.2 Asymptotic solution

An approximate solution of the problem (3.1.13), (3.1.15), (3.1.17) is sought in
the case where ε(t) = O(1) and δ ≪ 1 in the form,

η̃(r̃, φ, t) = η̃0(r̃) + δF1(r̃, φ) +O(δ2),

ε = ε0 + δε1 +O(δ2),

θc(φ) = θe + δV (φ) +O(δ2),

(3.2.1)

where ε0 = B(0)/R0 was calculated numerically in section 2.4.2 see formula
(2.4.19). The scales of the functions a1 and a2 like [r̃]−2, while the scales of a3
behave as [r̃]−3. Hence, as r̃ → 0, the asymptotic expansions break. To address
this issue, the boundary condition of η̃r̃ = 0 shall be satisfied such that a3 ∼ 0 as
r̃ → 0. Please note that we are considering a small perturbation on the contact
line, focusing on the puddle droplet, which has a large volume and contact radius.
As the quasi-static approximation is applied in the present study, the parameter
t will not be shown in the following equations. Then the asymptotic expansion
of the right-hand side of (3.1.13) is Bo(η̃0 − 1)+ δBoF1 +O(δ2). The expansions
of (1 + ε2a1)

−3/2 is expressed as

(1 + ε2a1)
−3/2 =

(
1 + ε20η̃

2
0,r̃

)−3/2 − 3δ
ε20η̃0,r̃F1,r̃ + ε0ε1η̃

2
0,r̃

(1 + ε20η̃
2
0,r̃)

5/2
+O(δ2). (3.2.2)
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The expansions of a2 and ε2a3 are given by

a2 =η̃0,r̃r̃ +
η̃0,r̃
r̃

+ δ

(
F1,r̃r̃ +

F1,r̃

r̃
+

F1,φφ

r̃2

)
+O(δ2),

ε2a3 =
1

r̃
ε20η̃

3
0,r̃ + δε20η̃

2
0,r̃

(
3
F1,r̃

r̃
+

F1,φφ

r̃2

)
+

2ε0ε1
r̃

η̃30,r̃ +O(δ2),

so we have

a2+ε2a3 = η̃0,r̃r̃ +
1

r̃
η̃0,r̃ +

1

r̃
ε20η̃

3
0,r̃

+ δ

(
F1,r̃r̃ + (1 + 3ε20η̃

2
0,r̃)

F1,r̃

r̃
+ (1 + ε20η̃

2
0,r̃)

F1,φφ

r̃2
+

2ε0η̃
3
0,r̃

r̃
ε1

)
+O(δ2).

(3.2.3)

Therefore, the governing equation (3.1.13) in the leading order as δ → 0 provides

(1 + ε20η̃
2
0,r̃)

−3/2

(
η̃0,r̃r̃ + (1 + ε20η̃

2
0,r̃)

η̃0,r̃
r̃

)
= Bo(η̃0 − 1) (r̃ < 1). (3.2.4)

This equation, together with the boundary conditions η0(1, φ, 0) = 0, see
(3.1.15), θc(φ, 0) = θe, see (3.1.16), and the condition of the constant volume of
the droplet, see (3.1.17), describes the initial axisymmetric shape of the droplet
for flat horizontal substrate, δ = 0. This problem was solved numerically in
section 2.4.

Substituting asymptotic expansions (3.2.2) and (3.2.3) as δ → 0, see above,
into equation (3.1.13) and collecting terms of order O(δ), we obtain the following
equation for the first-order correction of the droplet shape,

(1 + ε20η̃
2
0,r̃)

−3/2

(
F1,r̃r̃ + (1 + 3ε20η̃

2
0,r̃)

F1,r̃

r̃
+ (1 + ε20η̃

2
0,r̃)

F1,φφ

r̃2
+

2ε0η̃
3
0,r̃

r̃
ε1

)

− 3
ε20η̃0,r̃F1,r̃ + ε0ε1η̃

2
0,r̃

(1 + ε20η̃
2
0,r̃)

5/2

(
η̃0,r̃r̃ + (1 + ε20η̃

2
0,r̃)

η̃0,r̃
r̃

)
= BoF1 (r̃ < 1).

Using equation (3.2.4), the above equation is rearranged as

H1(r̃)F1,r̃r̃ +H2(r̃)
F1,r̃

r̃
+H3(r̃)

F1,φφ

r̃2
+H4(r̃)ε1 = BoF1 (r̃ < 1), (3.2.5)
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where

H1(r̃) =
(
1 + ε20η̃

2
0,r̃

)−3/2
,

H2(r̃) =
1 + 3ε20η̃

2
0,r̃

(1 + ε20η̃
2
0,r̃)

3/2
− 3ε20η̃0,r̃

Bo(η̃0 − 1)

1 + ε20η̃
2
0,r̃

r̃,

H3(r̃) =
1√

1 + ε20η̃
2
0,r̃

,

H4(r̃) =
2ε0η̃

3
0,r̃

r̃(1 + ε20η̃
2
0,r̃)

3/2
− 3ε0η̃

2
0,r̃

Bo(η̃0 − 1)

1 + ε20η̃
2
0,r̃

.

(3.2.6)

The functions (3.2.6) depend on the solution η̃0(r̃), constant ε0, and the Bond
number obtained in section 2.4. As an example, for the volume of droplet 0.1mL,
and θe = 70◦, the functions H1(r̃), H2(r̃), H3(r̃), and H4(r̃) are depicted in Figure
3.2.1. Here Bo = 2.90 and ε0 = 0.97 for these values of the parameters.
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Figure 3.2.1: The functions Hi(r̃), i = 1, 2, 3, 4, for V0 = 0.1mL.

Substituting the expansions (3.2.1) into (3.1.15)–(3.1.17), we have

η̃0(1) + δF1(1, φ) = δz̃p(1, φ) +O(δ2), (3.2.7)

cos θe − δ sin θeV (φ) =
1√

1 + ε20η̃
2
0,r̃(1)

+ δ
ε20η̃0,r̃(1)z̃p,r̃(1, φ)√

1 + ε20η̃
2
0,r̃(1)

− δ
ε0η̃

2
0,r̃(1)ε1 + ε20η̃0,r̃(1)F1,r̃(1, φ)(

1 + ε20η̃
2
0,r̃(1)

)3/2 +O(δ2), (3.2.8)
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− 1

Bo

∫ π

−π

ε0η̃0,r̃(1)√
1 + ε20η̃

2
0,r̃(1)

dφ+ δ

∫ π

−π

ε0F1,r̃(1, φ) + η̃0,r̃(1)ε1(
1 + ε20η̃

2
0,r̃(1)

)3/2 dφ


= πε0 −

V0

R3
0

+ δ

(
πε1 − ε0

∫ π

−π

∫ 1

0
z̃p(r̃, φ)r̃dr̃dφ

)
+O(δ2). (3.2.9)

Using η̃0,r̃(1) = − tan θe/ε0, see equation (2.4.17), and collecting terms of order
O(δ) from (3.2.7)–(3.2.9), we obtain the boundary condition for equation (3.2.5),

F1(1, φ) = z̃p(1, φ), (3.2.10)

and the equation for ε1,

2π sin θe cos
2 θe

Boε0
ε1 −

ε0 cos
3 θe

Bo

∫ π

−π
F1,r̃(1, φ)dφ = πε1 − ε0

∫ π

−π

∫ 1

0
z̃p(r̃, φ)r̃dr̃dφ.

(3.2.11)

Equation (3.2.8) leads to the following formula for the first-order correction of
the contact angle,

V (φ) = sin θe cos θe
ε1
ε0

− ε0 cos
2 θeF1,r̃(1, φ) + ε0z̃p,r̃(1, φ). (3.2.12)

The governing equation for the first-order correction of the droplet free surface
(3.2.5) is a second-order linear partial differential equation with singular variable
coefficients, which should be solved together with the Dirichlet condition (3.2.10)
and equation (3.2.11). Next, the first-order correction of the contact angle, V (φ),
is evaluated using (3.2.12). The function F1(r̃, φ) is sought in the form of Fourier
series,

F1(r̃, φ) = α0(r̃) +

∞∑
n=1

[αn(r̃) cosnφ+ α∗
n(r̃) sinnφ] , (3.2.13)

with coefficients α0(r̃), αn(r̃), α∗
n(r̃), n = 1, 2, 3, · · · , to be determined.

Substituting the Fourier series (3.2.13) into equation (3.2.5) and separating the
variables, we obtain the following set of ordinary differential equations,

H1(r̃)α
′′
0 +H2(r̃)

α
′
0

r̃
−Boα0 = −H4(r̃)ε1, (3.2.14)

H1(r̃)α
′′
n +H2(r̃)

α
′
n

r̃
−
[
Bor̃2 + n2H3(r̃)

] αn

r̃2
= 0, (3.2.15)

H1(r̃)α
∗′′
n +H2(r̃)

α∗′
n

r̃
−
[
Bor̃2 + n2H3(r̃)

] α∗
n

r̃2
= 0. (3.2.16)

Equations (3.2.14)–(3.2.16) are linear second-order ordinary differential
equations with singular variable coefficients where Hi(r̃), i = 1, 2, 3, 4, are given
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by equations (3.2.6). Each of the equations (3.2.14)–(3.2.16) requires two
boundary conditions. However, in this problem, we have only one condition
available for each equation, lacking the required second condition. Nevertheless,
there is a restriction on the class of the solutions since we seek the finite
curvature of the free surface of the droplet, which could be the required second
condition for each of the equations (3.2.14)–(3.2.16).

The Fourier series (3.2.13) and the boundary condition (3.2.10) provide the
corresponding boundary conditions for equations (3.2.14)–(3.2.16),

α0(1) =
1

2π

∫ π

−π
z̃p(1, φ)dφ,

αn(1) =
1

π

∫ π

−π
z̃p(1, φ) cos(nφ)dφ,

α∗
n(1) =

1

π

∫ π

−π
z̃p(1, φ) sin(nφ)dφ.

(3.2.17)

Equation (3.2.11) provides

ε1 = k1α
′
0(1) + k3, (3.2.18)

where k1 and k3 are known constants,

k1 =
2ε20 cos

3 θe
2 sin θe cos2 θe −Boε0

,

k3 =− Boε20
π(2 sin θe cos2 θe −Boε0)

∫ π

−π

∫ 1

0
z̃p(r̃, φ)r̃dr̃dφ,

(3.2.19)

and α
′
0(1) is to determined. The first-order correction of the contact angle reads,

see equation (3.2.12),

V (φ) =ε0z̃p,r̃(1, φ) + sin θe cos θe
ε1
ε0

− ε0 cos
2 θe

(
α

′
0(1) +

∞∑
n=1

[
α

′
n(1) cosnφ+ α∗′

n (1) sinnφ
])

, (3.2.20)

where α
′
n(1) and α∗′

n (1), n ≥ 1, should be determined as part of the solution.
In this section, we employed the perturbation method to derive the equations

for the first-order correction of the droplet shape (3.2.14)–(3.2.16) subjected to
the boundary conditions (3.2.17), equation (3.2.18) and the condition that the
solutions are bounded together with their first and second derivatives where 0 ≤
r̃ ≤ 1.
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3.3 Combined solution

The condition of regularity of the solutions makes the problem for equations
(3.2.14)–(3.2.16) difficult to solve by numerical means only. We solve the problems
by combining regular series solutions for small r̃, 0 ≤ r̃ < a, and numerical
solutions on the intervals a < r̃ ≤ 1. The series solutions and the numerical
solutions, which satisfy the boundary conditions (3.2.17), are matched smoothly
at the patching point r̃ = a.

3.3.1 Series solution

In this subsection, we are looking for regular solutions to the governing equations
(3.2.14)–(3.2.16) for small r̃. Note that r̃ = 0 is the regular singular point for
these equations and the functions Hi(r̃) can be approximated for small r̃ by power
series

Hi(r̃) =

∞∑
l=0

Hilr̃
l = Hi0 +Hi1r̃ +Hi2r̃

2 + · · · , (3.3.1)

where i = 1, 2, 3, 4. Here H1(0) = H2(0) = H3(0) = 1 and H4(0) = 0, see (3.2.6),
which gives H10 = H20 = H30 = 1 and H40 = 0.

The general solution of equation (3.2.14) has the form α0(r̃) = ε1α
(p)
0 (r̃) +

α
(h)
0 (r̃), where ε1α

(p)
0 (r̃) is a particular solution satisfying equation (3.2.14), and

α
(h)
0 (r̃) is the general solution of the corresponding homogeneous equation,

H1(r̃)α
′′
0 +H2(r̃)

α
′
0

r̃
−Boα0 = 0. (3.3.2)

The general solution of the equation (3.3.2) has the form,

α
(h)
0 (r̃) = C0α

(h1)
0 (r̃) + C̃0α

(h2)
0 (r̃), (3.3.3)

where C0 and C̃0 are arbitrary constants, and α(h1)(r̃) and α(h2)(r̃) are two
linearly independent solutions of the homogeneous equation (3.3.2). To find
α(h1)(r̃) and α(h2)(r̃), we use the Frobenius method,

α
(h1,2)
0 (r̃) =

∞∑
m=0

km0r̃
m+R, (3.3.4)

where R needs to be determined by the indicial equation. Substituting the series
(3.3.1) and (3.3.4) into equation (3.3.2) and collecting the terms of the lowest
power, we obtain the indicial equation,

R2 −R+R = 0,

which has a double root R = 0. Therefore, the linearly independent solutions of
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equation (3.3.2) have the form

α
(h1)
0 (r̃) =

∞∑
m=0

km0r̃
m, (3.3.5)

α
(h2)
0 (r̃) = log(r̃)α

(h1)
0 (r̃) +

∞∑
m=1

k̄m0r̃
m. (3.3.6)

The solution (3.3.6) is singular since log(r̃) → −∞ as r̃ → 0. However, we are
searching for regular solutions. Thus, the constant C̃0 in (3.3.3) should be set
to zero. As a result, the regular solution of the homogeneous equation (3.3.2) is
represented by

α
(h)
0 (r̃) = C0α

(hr)
0 (r̃) = C0

∞∑
m=0

km0r̃
m. (3.3.7)

It is convenient to introduce a new function,

H0(r̃) =
∞∑
l=0

H0lr̃
l, (3.3.8)

where

H0l =

Bo, l = 2,

0, l ̸= 2.

Substituting the series (3.3.1), (3.3.7), (3.3.8) into equation (3.3.2), we obtain

∞∑
m=0

∞∑
l=0

[m(m− 1)H1l +mH2l −H0l] km0r̃
m+l−2 = 0.

Let q = m+ l, then the above equation is transformed to

∞∑
q=0

(
q∑

m=0

[m(m− 1)H1(q−m) +mH2(q−m) −H0(q−m)]km0

)
r̃q−2 = 0. (3.3.9)

The inner summation terms in equation (3.3.9) should be equal to zero, which
leads to the recurrence relation for the coefficients km0, m ≥ 1,

km0 =


0 (m = 1),
Bo

4
k00 (m = 2),

−
∑m−1

i=2

i(i− 1)H1(m−i) + iH2(m−i) −H0(m−i)

m2
ki0 (m ≥ 3).

(3.3.10)
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Note that H10 = H20 = 1. Thus, we obtain the regular homogeneous solution,

α
(h)
0 (r̃) =C0α

(hr)
0 (r̃) = C0

∞∑
m=0

km0r̃
m,

=C0

(
k00 + k10r̃ + k20r̃

2 + k30r̃
3 + · · ·

)
,

=C0

(
1 + k̃10r̃ + k̃20r̃

2 + k̃30r̃
3 + · · ·

)
,

(3.3.11)

where constant C0 should be determined and the coefficients k̃10, k̃20, k̃30 · · · are
obtained using the recurrence relation (3.3.10) with k00 = 1.

ε1α
(p)
0 (r̃) is a particular solution of equation (3.2.14), where α

(p)
0 (r̃) satisfies

the equation

H1(r̃)α
′′
0 +H2(r̃)

α
′
0

r̃
−Boα0 = −H4(r̃). (3.3.12)

The solution of equation (3.3.12) is sought in the form,

α
(p)
0 (r̃) =

∞∑
m=0

fm0r̃
m+2. (3.3.13)

Substituting the series (3.3.1), (3.3.8), (3.3.13) into (3.3.12), we get the recurrence
relation for q = 0, 1, 2, 3, · · · ,

q∑
m=0

[(m+ 2)(m+ 1)H1(q−m) + (m+ 2)H2(q−m) −H0(q−m)]fm0 +H4q = 0,

which gives

fm0 =


0 (m = 0),

−
∑m−1

i=0

(i+ 2)(i+ 1)H1(m−i) + (i+ 2)H2(m−i) −H0(m−i)

(m+ 2)2
fi0

− H4m

(m+ 2)2
(m ≥ 1).

(3.3.14)
Note that H10 = H20 = 1 and H40 = 0. Thus, the general solution of equation
(3.2.14) reads

α0(r̃) =C0α
(hr)
0 (r̃) + ε1α

(p)
0 (r̃),

=C0

(
1 + k̃10r̃ + k̃20r̃

2 + k̃30r̃
3 + · · ·

)
+ ε1r̃

2
(
f00 + f10r̃ + f20r̃

2 + f30r̃
3 + · · ·

)
.

(3.3.15)

where C0 and ε1 should be determined, and the coefficients in the round
brackets are determined using the recurrence relations (3.3.10) and (3.3.14),
correspondingly.
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Given that equations (3.2.15) and (3.2.16) are essentially identical ordinary
differential equations, we only illustrate the solution procedure for (3.2.15). The
solution of equation (3.2.16) can then be obtained by following the same process
for equation (3.2.15) with a change in notation.

The general solution of the homogeneous equation (3.2.15) has the form,

α(h)
n (r̃) = Cnα

(h1)
n (r̃) + C̃nα

(h2)
n (r̃) (3.3.16)

where Cn and C̃n are arbitrary constants, and α(h1)(r̃) and α(h2)(r̃) are linearly
independent. We again employ the Frobenius method to find the series solution
in the form,

α(h1)
n (r̃) =

∞∑
m=0

kmnr̃
m+R.

In this case, the indicial equation provides R2 = n2 where n ≥ 1 and gives the
two roots, R = ±n, differing by an integer. Hence, we obtain

α(h1)
n (r̃) = r̃n

∞∑
m=0

kmnr̃
m,

α(h2)
n (r̃) = D̄n log(r̃)α

(h1)
n (r̃) + r̃−n

∞∑
m=0

k̄mnr̃
m, (3.3.17)

where D̄n is an arbitrary constant, see Tenenbaum and Pollard (1985) for details.
Since k̄0n ̸= 0 and r̃−n → ∞ as r̃ → 0, we set the coefficient C̃n to zero to
eliminate the singularity from the second solution. Thus, the regular general
solution of equation (3.2.15) reads

α(h)
n (r̃) = Cnα

(hr)
n (ξ) = Cn

∞∑
m=0

kmnr̃
m+n. (3.3.18)

Substituting (3.3.18) into equation (3.2.15), we obtain the recurrence relation to
determine the coefficients kmn, m ≥ 1,

kmn = −
m−1∑
i=0

[
(i+ n)(i+ n− 1)H1(m−i) + (i+ n)H2(m−i) − H̃3(m−i)

m(m+ 2n)

]
kin,

(3.3.19)

where coefficients H̃3(m−i) are defined as

H̃3(m−i) = H̃3l =

n2H3l (l ̸= 2),

n2H3l +Bo (l = 2).
(3.3.20)
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Hence, the regular solution of the homogeneous equation (3.2.15) reads

αn(r̃) =Cnα
(hr)
n (r̃) = Cn

∞∑
m=0

kmnr̃
m+n,

=Cnr̃
n
(
k0n + k1nr̃ + k2nr̃

2 + k3nr̃
3 + · · ·

)
,

=Cnr̃
n
(
1 + k̃1nr̃ + k̃2nr̃

2 + k̃3nr̃
3 + · · ·

)
,

(3.3.21)

where the constant Cn is to be determined, and the coefficients k̃1n, k̃2n, k̃3n · · · ,
are calculated using the recurrence relation (3.3.19) with k0n = 1.

The coefficients in the power series of each function Hi(r̃), where
i = 1, 2, 3, 4, see equation (3.3.1), are required to find the solutions α

(hr)
0 (r̃),

α
(p)
0 (r̃), and α

(hr)
n (r̃). We have H10 = H20 = H30 = 1 and H40 = 0. The

coefficients Hil, l ≥ 1, in the series (3.3.1) are determined by applying the
polynomial curve fitting. This fitting, which is a regression method, minimises
the sum of the square of the residual to find the approximated solution.

For a given initial droplet shape and contact radius, the functions Hi(r̃) are
computed using equation (3.2.6). Figure 3.3.1 depicts the third-order and sixth-
order polynomial approximations for V0 = 0.1mL, ρ = 999 kgm−3, g = 9.8m s−2,
γ = 72mNm−2, and θe = 70◦. The circles denote are Hi(r̃), while the solid lines
depict the approximating polynomials, Ĥi(r̃). The red dashed lines represent the
relative error,

Error =
|Hi(r̃)− Ĥi(r̃)|

|Hi(r̃)|
. (3.3.22)

In most cases, the error increases towards the edge r̃ = 1. As the polynomial
order increases, the error decreases.
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Figure 3.3.1: Polynomial curve fitting to functions Hi(r̃), i = 1, 2, 3, 4, within the
interval [0, 1]. The left column is for the third-order polynomial approximation,
and the right column shows the sixth-order approximation.

Subsequently, we consider the approximation in the smaller interval [0, a]

where a ∈ (0, 1). As seen in Figure 3.3.2, we carry out the third-order and
sixth-order polynomial curve fitting for the functions Hi(r̃), i = 1, 2, 3, 4, within
r̃ ∈ [0, 0.8]. Overall, the polynomial approximation in the smaller interval yields
more accurate results compared to the entire interval where r̃ ∈ [0, 1].
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Figure 3.3.2: Polynomial curve fitting to functions Hi(r̃), i = 1, 2, 3, 4, within the
interval [0, 0.8]. The left column is for the third-order polynomial approximation,
and the right column shows the sixth-order approximation.

Once the coefficients in series (3.3.1) are calculated, we then compute
coefficients k̃mn and fm0. However, those coefficients grow with m, suggesting
that the series solution for the entire interval in each model is not feasible since
it diverges. Even though a solution within the interval [0, 1] is not accessible, it
can still be used within a smaller interval. The coefficients k̃m0, fm0, k̃m2

increase with m, as illustrated in the upper row of Figure 3.3.3. Meanwhile, the
contribution from each power term decreases with m due to a < 1, as depicted
in the bottom row of Figure 3.3.3.
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Figure 3.3.3: The coefficients k̃m0, fm0, k̃m2 where m = 1, 2, 3, · · · , 40, in the
interval [0, 0.8].

Figure 3.3.4 presents the functions α
(hr)
0 (r̃), α

(p)
0 (r̃), α

(hr)
n (r̃) within the

interval [0, 0.8]. To guarantee the convergence of the series solution, we include
the additional 100 terms to assess the value of the series solution at any
position a. If the discrepancy is less than 10−4, then we consider the value of m
to be sufficient. The result in Figure 3.3.4 corresponds to selecting m = 200.
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Figure 3.3.4: Series solution valid on r̃ ∈ [0, 0.8].

The series solutions α(hr)
0 (r̃), α(p)

0 (r̃), α(hr)
n (r̃) are used only for r̃ ∈ [0, a] where

0 < a < 1. We solve the problem numerically for r̃ ∈ [a, 1]. Then the unknown
elements C0, ε1 and Cn are determined by matching the series and numerical
solutions at the patching point r̃ = a.
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3.3.2 Numerical solution and its matching with the series
solution

In this subsection, the numerical solutions of equations (3.2.14) and (3.2.15) will
be explained. We then match series and numerical solutions as the combined
solution. At the patching point a, there are patching conditions which ensure the
combined solution is smooth and continuous.

Numerical solution of equation (3.2.14) close to the contact line r̃ = 1 can be
presented in the form

α0(r̃) = α0(1)α
(1)
0 (r̃) + α

′
0(1)α

(2)
0 (r̃) + ε1α

(3)
0 (r̃), (3.3.23)

where α0(1) is given using (3.2.17), and α
′
0(1), ε1 are to be determined using the

patching conditions. Here, α(1)
0 (r̃) and α

(2)
0 (r̃) satisfy the homogeneous equation

(3.3.2) with the boundary conditions,α
(1)
0 (1) = 1,

α
(1)
0,r̃(1) = 0,

α
(2)
0 (1) = 0,

α
(2)
0,r̃(1) = 1,

(3.3.24)

and α
(3)
0 (r̃) satisfies equation (3.3.12) subject to the boundary conditions,α

(3)
0 (1) = 0,

α
(3)
0,r̃(1) = 0.

(3.3.25)

The functions α
(1)
0 (r̃), α

(2)
0 (r̃), and α

(3)
0 (r̃) are obtained numerically by

employing the fourth-order Runge–Kutta method. Using the series solution
(3.3.15) and numerical solution (3.3.23), the combined solution of the governing
equation (3.2.14) is expressed as

α0(r̃) =

C0α
(hr)
0 (r̃) + ε1α

(p)
0 (r̃) (0 < r̃ < a),

α0(1)α
(1)
0 (r̃) + α

′
0(1)α

(2)
0 (r̃) + ε1α

(3)
0 (r̃) (a < r̃ < 1).

(3.3.26)

Here, a is the patching point, where series and numerical solutions and their first
derivatives are required to be equal. This patching conditions and (3.2.18) for ε1

lead to the following system with respect to C0 and α
′
0(1):

α
(hr)
0 (a)C0 −M03α

′
0(1) = α

(1)
0 (a)α0(1) +M01k3,

α
(hr)
0,r̃ (a)C0 −M04α

′
0(1) = α

(1)
0,r̃(a)α0(1) +M02k3,

(3.3.27)
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where k1 and k3 are given by equation (3.2.19), and

M01 = α
(3)
0 (a)− α

(p)
0 (a), M03 = M01k1 + α

(2)
0 (a),

M02 = α
(3)
0,r̃(a)− α

(p)
0,r̃(a), M04 = M02k1 + α

(2)
0,r̃(a).

Once C0 and α
′
0(1) are determined by solving (3.3.27), ε1 is calculated using

equation (3.2.18), and then the combined solution (3.3.26) is completely
determined.

Similarly, the numerical solution of equation (3.2.15) near r̃ = 1 is sought in
the form,

αn(r̃) = αn(1)α
(1)
n (r̃) + α

′
n(1)α

(2)
n r̃. (3.3.28)

Here αn(1) is given by (3.2.17) and α
′
n(1) is to be determined. The functions

α
(1)
n (r̃) and α

(2)
n (r̃) satisfy the governing equation (3.2.15) subject to the boundary

conditions, α
(1)
n (1) = 1,

α
(1)
n,r̃(1) = 0,

α
(2)
n (1) = 0,

α
(2)
n,r̃(1) = 1.

(3.3.29)

The corresponding initial value problems are solved numerically. The combined
solution of the governing equation (3.2.15) reads

αn(r̃) =

Cnα
(hr)
n (r̃) (0 < r̃ < a),

αn(1)α
(1)
n (r̃) + α

′
n(1)α

(2)
n (r̃) (a < r̃ < 1).

(3.3.30)

The matching conditions at r̃ = a provides the following system of equations with
respect to Cn and α

′
n(1),

Cnα
(hr)
n (a)− α

′
n(1)α

(2)
n (a) = αn(1)α

(1)
n (a),

Cnα
(hr)
n,r̃ (a)− α

′
n(1)α

(2)
n,r̃(a) = αn(1)α

(1)
n,r̃(a).

(3.3.31)

The first-order correction of the droplet shape was searched in the form of
the Fourier series, see equation (3.2.13). The coefficients α0(r̃) and αn(r̃) were
presented by the equations (3.3.26) and (3.3.30). The unknown constants in
(3.3.26) and (3.3.30) were determined by matching conditions (3.3.27) and
(3.3.31). Once the whole functions and constants are calculated, the first-order
correction of the contact angle is then computed using equation (3.2.20).
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3.4 Example

If the shape of the solid substrate is continuous in φ ∈ (−π, π), and is expressed
in the form of Fourier series,

z̃p(r̃, φ) = z0(r̃) +
∞∑
j=1

[
zj(r̃) cos jφ+ z∗j (r̃) sin jφ

]
, (3.4.1)

the first-order correction of the droplet shape is obtained through the
superposition of the corresponding n case. We present two examples. The first
is the simplest case, where the droplet is placed on a plate inclining gradually.
This problem corresponding to the n = 1 case only required one single value
n = 1 to solve. In the second example, we consider a more complex deformation
of the substrate, which requires the inclusion of all of n for approximation.

3.4.1 Inclining plate

We consider a solid plate, which is initially horizontal and then starts to incline.
In the dimensionless variables, the position of the plate is described by the
equation

z̃p(r̃, φ) = A(t)r̃ cosφ, (3.4.2)

where A(0) = 0 and A(t) > 0 as t > 0. The function A(t) is not specific here. The
problem for the first-order correction of the droplet shape caused by the plate
inclination (3.2.5), (3.2.10), and (3.2.11) is linear with respect to A(t). Therefore,
we can solve the problem for A(t) = 1 and multiply the final solution by A(t) at
the end of the analysis. In particular, the correction to the local contact angle
V (φ) by (3.2.12) is proportional to A(t). In this case, we get k3 = 0, see equation
(3.2.19), and α0(1) = 0, see equation (3.2.17), so the patching conditions (3.3.27)
are reduced to

α
(hr)
0 (a)C0 +M03α

′
0(1) = 0,

α
(hr)
0,r̃ (a)C0 +M04α

′
0(1) = 0,

(3.4.3)

resulting in C0 = α
′
0(1) = 0. Next, ε1 = 0 is calculated using equation (3.2.18).

Likewise, since αn(1) = 0 for n ≥ 2, the patching conditions (3.3.31) become

α(hr)
n (a)Cn − α(2)

n (a)α
′
n(1) = 0,

α
(hr)
n,r̃ (a)Cn − α

(2)
n,r̃(a)α

′
n(1) = 0,

(3.4.4)

which gives Cn = α
′
n(1) = 0. In other words, for the inclined plate case, we

only need to solve for α1(r̃) since the remaining terms are all zeros. Thus, the
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first-order correction of the droplet shape reads

F1(r̃, φ) =

C1α
(hr)
1 (r̃) cosφ (0 < r̃ < a),(

α1(1)α
(1)
1 (r̃) + α

′
1(1)α

(2)
1 (r̃)

)
cosφ (a < r̃ < 1),

(3.4.5)

where C1 and α
′
1(1) are solutions of the system,

α
(hr)
1 (a)C1 − α

(2)
1 (a)α

′
1(1) = α

(1)
1 (a),

α
(hr)
1,r̃ (a)C1 − α

(2)
1,r̃(a)α

′
1(1) = α

(1)
1,r̃(a).

(3.4.6)

where a is the patching point. By solving the system of equations (3.4.6), we
obtain the values of C1 and α

′
1(1). Once getting C1 and α

′
1(1), the solution (3.4.5)

is complete determined. The first-order correction of the droplet F1(r̃) and its
first derivative F

′
1(r̃) are calculated by selecting the patching point a = 0.4, as

illustrated in Figure 3.4.1. The blue line represents the series solution from the
centre to the patching point, while the red line depicts the numerical solution.

Figure 3.4.1: F1(r̃) and F
′
1(r̃) calculated by choosing the patching point a = 0.4.

As expected, the first-order droplet shape is continuous and smooth since it
follows the patching conditions. To verify the effect of the patching point, the
difference between the second derivatives of the series and numerical solutions
at various patching points is depicted in Figure 3.4.2. The significant increase
in the jump of the second derivative at a = 0.2 and a = 0.8 may be due to the
series solution’s inadequacy as r̃ → 1, while the numerical solution’s divergence
as r̃ → 0. Given that the difference at a = 0.4 is less than in other cases, we adopt
a = 0.4 as the patching point throughout this thesis unless stated otherwise.
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Figure 3.4.2: The difference in the second derivative between the series and
numerical solutions varies across different patching points, ranging from r̃ = 0.2
to r̃ = 0.8.

The droplet shape is obtained by summing the leading order term and the
first-order correction. The initial droplet is obtained from section 2.4 for water
and V0 = 0.1mL and θe = 70◦, depicted in Figure 3.4.3 by the blue dashed line.
By choosing δ = 0.1, a cross-section of the free surface of the droplet at φ = 0 is
shown in Figure 3.4.3, while the black line represents the inclined plate.
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Figure 3.4.3: Cross-sections of the droplet shape at φ = 0.

Cross-sections of the droplet shape are presented at φ = 0, φ = π/4, and
φ = π/2, as depicted in Figure 3.4.4. To provide a more detailed explanation,
let us consider the first figure. The right half of the figure represents the polar
angle φ = 0, while the left half corresponds to φ = π. This shape exhibits line
symmetry along the y = 0 plane, so we display only the interval φ ∈ (0, π/2).
Building upon these results, we present a three-dimensional droplet shape in
Figure 3.4.5.
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Figure 3.4.4: Cross-sections of the droplet shape at φ = 0, φ = π/4, and φ = π/2.

Figure 3.4.5: A three-dimensional droplet on an inclined plate.

Lastly, the local contact angle varying along the contact line is calculated
using equation (3.2.20), which is reduced to

V (φ) = ε0

(
1− cos2 θeα

′
1(1)

)
cosφ. (3.4.7)

The local contact angle varies with the polar angle φ, as illustrated in Figure
3.4.6. A red line indicates the value of the equilibrium contact angle θ. The local
contact angle equals the equilibrium contact angle at φ = π/2 and φ = 3π/2.



Chapter 3: Pinned contact line model 59

Figure 3.4.6: Contact angle θc(φ) varies with the polar angle.

3.4.2 Substrate with a combined slope

We consider the solid surface described by

z̃p(r̃, φ) =

A(t)r̃ cosφ (−π/2 < φ < π/2),

0 (−π < φ < −π/2, π/2 < φ < π),
(3.4.8)

as depicted in Figure 3.4.7. Again, the first-order correction of the droplet shape
is proportional to A(t) in the leading order. This is why we set A(t) = 1 in the
following analysis.

Figure 3.4.7: An solid substrate with a different slope.

The first-order correction of the droplet shape reads

F1(r̃, φ) =


C0α

(hr)
0 (r̃) + ε1α

(p)
0 (r̃) +

∑∞
n=1Cnα

(hr)
n (r̃) cosnφ (0 < r̃ < a),

α0(1)α
(1)
0 (r̃) + α

′
0(1)α

(2)
0 (r̃) + ε1α

(3)
0 (r̃)

+
∑∞

n=1

(
αn(1)α

(1)
n (r̃) + α

′
n(1)α

(2)
n (r̃)

)
cosnφ (a < r̃ < 1),

(3.4.9)
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where a is the patching point. In this case, we have double integrals∫ π

−π

∫ 1

0
z̃p(r̃, φ)r̃dr̃dφ =

∫ π/2

−π/2

∫ 1

0
r̃2 cosφdr̃dφ = 2/3. (3.4.10)

The corresponding boundary condition to each case gives

α0(1) =
1

2π

∫ π

−π
z̃p(1, φ)dφ =

1

2π

∫ π/2

−π/2
cosφdφ =

1

π
,

α1(1) =
1

π

∫ π/2

−π/2
cos2 φdφ =

1

π

∫ π/2

−π/2

1 + cos(2φ)

2
dφ =

1

2
,

αn(1) =
1

π

∫ π/2

−π/2
cos(nφ) cosφdφ = − 2

π

cos(nπ/2)

n2 − 1
(n ≥ 2),

α∗
n(1) =

1

π

∫ π/2

−π/2
sin(nφ) cosφdφ = 0, (n ≥ 1).

In the current case, we have k3 due to the unbalanced deformation of the
substrate. In addition, the function of the shape of the substrate is symmetric
along the x-axis (even function), so there is no contribution from the
coefficients A∗

n. The first correction of the droplet shape is more complicated
since we now need to consider all values of n. The Fourier series of the
first-order correction of the droplet is truncated at n = N :

F1(r̃, φ) ≈ FN = α0(r̃) +

N∑
n=1

[αn(r̃) cosnφ+ α∗
n(r̃) sinnφ] . (3.4.11)

We use the following equation to verify the difference of truncated Fourier
approximations at n = N and n = N + 1,

De(N) =

∫ 1

0

∫ π

−π
|FN+1 − FN |2dφdr̃. (3.4.12)

De is calculated as illustrated in Figure 3.4.8, which shows that De decrease with
N and it become small once N > 6. Hence, we choose N = 10 for this example.
Furthermore, the difference De is significantly small when N is an odd number.
This occurs because the coefficients An are equal to zero for n = 2, 4, 6, 8, · · · .
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Figure 3.4.8: The difference in the truncated droplet shape corresponds to the
values of N .

The initial droplet shape was calculated for V0 = 0.1mL and θe = 70◦. We
then obtain the final droplet shape by summing the leading order term and first-
order correction. Cross-sections of the droplet at φ = 0 and φ = π/2 are depicted
in Figure 3.4.9, while the three-dimensional droplet shape is presented in Figure
3.4.10.
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Figure 3.4.9: The asymptotic solution of the droplet at φ = 0 and φ = π/2.

Figure 3.4.10: A three-dimensional droplet shape on a solid shape with different
slopes.
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After calculating the shape of the droplet, we examine the contact angle, as
depicted in Figure 3.4.11. On the left half of the plate, where the solid surface is
flat, the local contact angle increases. Since the contact line is pinned, the increase
in the local contact angle on the left side balances the change in the local contact
angle on the right side of the solid surface. The local contact angle on the inclined
right half of the plate becomes smaller than the equilibrium contact angle, but
surprisingly, some parts become larger near the φ = π/2 and φ = 3π/2.

Figure 3.4.11: The local contact angle of the droplet on a solid surface with
different slopes.

We observe wiggles in the result when N = 10 is chosen. Therefore, we also
present the results for higher values of N , as shown in Figure 3.4.12. As N

increases, the wiggles diminish, but we observe the significant peaks at φ = π/2

and φ = 3π/2.

Figure 3.4.12: For the cases where the truncation numbers N = 50 and N =
100 are selected, the local contact angle varies with the polar angle.
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Moving contact line model with
equilibrium contact angle

We investigate the dynamic behaviour of a three-dimensional droplet with a given
volume placed on a solid substrate that undergoes slow changes over time. We
employ the quasi-static approximation, see section 2.5, to analyse this dynamic
problem. Initially, the solid surface is assumed to be flat and horizontal, while the
droplet possesses an axisymmetric shape. In contrast to the previous chapter, the
contact line is now unpinned. This implies that the droplet has the freedom to
move, making a problem with an unknown domain. We consider that the contact
line is allowed to move until the current local contact angle, θc, is equal to the
equilibrium contact angle, θe. Within this model, we should determine both the
shape of the droplet and the position of the unknown contact line simultaneously.

This chapter begins by outlining the formulation of the problem in
dimensionless cylindrical coordinates, which follows the formulation from
Chapter 3. In the model of this chapter, the projection of the contact line onto
the xy-plane may no longer remain circular, so we introduce the stretched
coordinates to incorporate the contact line into our equations.

A methodology similar to that in the previous chapter is used to analyse
the present problem. However, now the position of the contact line is unknown
in contrast to the model of chapter 3. By employing the perturbation method
under the assumption that the small deformation of the substrate compared to
the thickness of the droplet, and the Fourier decomposition, we derive a set
of ordinary differential equations with variable coefficients for the functions of
the radial coordinate in the Fourier series. The resulting ordinary differential
equations are similar to the outcome in the previous chapter, but they become
more complicated due to the contribution from the configuration of the contact
line, introducing non-homogeneous terms into the equations. These ordinary
differential equations are solved independently. As coefficients in the ordinary
differential equations are singular, we employ a similar approach as in chapter
3, which involves matching the series solution and the numerical solution at a
patching point a ∈ (0, 1). At the end of the chapter, we provide illustrative
examples of the droplet placed on an inclined plate and a saddle shape.
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4.1 Problem description

The projection of the contact line is now considered to be non-circular. It is
described in dimensionless variables, which are introduced by (3.1.12), by the
equation r̃ = r̃c(φ, t), where r̃c(φ, t) = rc(φ, t)/R0, see section 2.3. Here R0

is the contact radius of the initial droplet shape η̄0(r). Note that the function
r̃c(φ, t) is unknown and should be determined as part of the solution. Since we
employ the quasi-static approximation, see section 2.5, to analyse our problem,
the parameter t is not included in the following formulation.

As a droplet is placed on a given solid substrate described by the equation
z̃ = δz̃p(r̃, φ), where δ = Zsc/B(t) is the ratio of the vertical scale of the substrate
to the current thickness of the droplet, the free surface of the droplet at each time
instant is governing by the equation

a2 + ε2a3

(1 + ε2a1)3/2
= Bo[η̃(r̃, φ)− 1] (r̃ < r̃c(φ), −π < φ < π), (4.1.1)

where Bo = ρgR2
0/γ is the Bond number, ε = B/R0, see equation (3.1.13), and

the functions a1, a2, a3 are given by equation (3.1.14). In this model of the
unpinned contact line, a boundary condition on the contact line gives

η̃(r̃c(φ), φ) = δz̃p(r̃c(φ), φ), (4.1.2)

see equation (3.1.15), and the local contact angle along the contact line is assumed
to be equal to the equilibrium contact angle θe. Thus, equation (3.1.16) for the
contact angle at the contact line gives the second boundary condition,

1 + εεz

(
η̃r̃z̃pr̃ +

1

r̃2
η̃φz̃pφ

)
√√√√1 + ε2

(
η̃2r̃ +

η̃2φ
r̃2

)√√√√1 + ε2z

(
z̃2pr̃ +

z̃2pφ
r̃2

) = cos θe (r̃ = r̃c(φ), −π < φ < π),

(4.1.3)

where εz = δε. The condition (3.1.17) of the constant volume of the droplet reads

− 1

Bo

∫ π

−π

 ε(η̃r̃êr +
1
r̃ η̃φêφ)√

1 + ε2(η̃2r̃ +
1
r̃2
η̃2φ)


r̃=r̃c

· n2r̃c(φ)dφ

= ε

(
|S| − δ

∫ π

−π

∫ r̃c

0
z̃p(r̃, φ)r̃dr̃dφ

)
− V0

R3
0

, (4.1.4)

where |S| = 1
2

∫ π
−π r̃

2
c (φ)dφ, and n2 is the outward unit normal vector to the

projection of the contact line onto the xy-plane. The two-dimensional contact
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line can be represented by parameterised equations in terms of φ,x(φ) = r̃c(φ) cosφ,

y(φ) = r̃c(φ) sinφ.

By differentiating these parametric equations with respect to φ, we obtain the
tangent vector to the two-dimensional contact line, T2 = x

′
(φ)̂i + y

′
(φ)̂j, then

the outward unit normal vector reads

n2 =
y
′
(φ)√

(x′)2 + (y′)2
î− x

′
(φ)√

(x′)2 + (y′)2
ĵ,

=
r̃c(φ)√
r̃2c + (r̃′

c)
2
êr +

r̃
′
c(φ)√

r̃2c + (r̃′
c)

2
êφ.

The boundary value problem (4.1.1)–(4.1.3) in the unknown region r̃ < r̃c(φ)

is complicated, so we introduce the stretched coordinates to incorporate r̃c(φ)

into our equations for the further analysis. In this coordinate system, the radial
variable is scaled as follows,

r̃ = ξr̃c(φ). (4.1.5)

Within these dimensionless stretched coordinates, the free surface of the droplet
and the solid surface are represented by F (ξ, φ) and Z(ξ, φ), respectively, where

η̃(r̃, φ) = η̃(ξr̃c(φ), φ) = F (ξ, φ),

z̃p(r̃, φ) = z̃p(ξr̃c(φ), φ) = Z(ξ, φ).

We first establish the transformation between the two coordinate systems to
derive the governing equation and boundary conditions in the stretched
coordinates. The transformations for the derivatives of the droplet shape take
the form

Fξ =r̃c(φ)η̃r̃,

Fφ =ξr̃
′
c(φ)η̃r̃ + η̃φ,

Fξξ =r̃2c (φ)η̃r̃r̃,

Fξφ =ξr̃
′
c(φ)r̃c(φ)η̃r̃r̃ + r̃c(φ)η̃r̃φ + r̃

′
c(φ)η̃r̃,

Fφφ =
(
ξr̃

′
c(φ)

)2
η̃r̃r̃ + 2ξr̃

′
c(φ)η̃r̃φ + ξr̃

′′
c (φ)η̃r̃ + η̃φφ.
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Rearranging the above equations, we obtain

η̃r̃ =
1

r̃c
Fξ,

η̃φ =Fφ − ξ
r̃
′
c

r̃c
Fξ,

η̃r̃r̃ =
1

r̃2c
Fξξ,

η̃r̃φ =
1

r̃c
Fξφ − ξ

r̃
′
c

r̃2c
Fξξ −

r̃
′
c

r̃2c
Fξ,

η̃φφ =Fφφ + ξ2
(r̃

′
c)

2

r̃2c
Fξξ − 2ξ

r̃
′
c

r̃c
Fξφ + 2ξ

(r̃
′
c)

2

r̃2c
Fξ − ξ

r̃
′′
c

r̃c
Fξ.

(4.1.6)

Likewise, following the above equations, we have the transformations for the
derivatives of the solid substrate, but now η̃ is replaced by z̃p and F by Z.
Substituting the transformations (4.1.6) into the governing equation (4.1.1), we
obtain

a2 + ε2a3

(1 + ε2a1)3/2
= Bo[F (ξ, φ)− 1] (ξ < 1, −π < φ < π), (4.1.7)

where

a1 =

(
1

r̃2c
+

(r̃
′
c)

2

r̃4c

)
F 2
ξ − 2

ξ

r̃
′
c

r̃3c
FξFφ +

1

ξ2
1

r̃2c
F 2
φ,

a2 =

(
1

r̃2c
+

(r̃
′
c)

2

r̃4c

)
Fξξ −

2

ξ

r̃
′
c

r̃3c
Fξφ +

1

ξ2
1

r̃2c
Fφφ +

1

ξ

(
1

r̃2c
+ 2

(r̃
′
c)

2

r̃4c
− r̃

′′
c

r̃3c

)
Fξ,

a3 =
1

ξ2
1

r̃4c
(F 2

ξ Fφφ + F 2
φFξξ) +

1

ξ

(
1

r̃4c
+ 2

(r̃
′
c)

2

r̃6c
− r̃

′′
c

r̃5c

)
F 3
ξ

− 2

ξ2
r̃
′
c

r̃5c
F 2
ξ Fφ +

2

ξ3
1

r̃4c
FξF

2
φ − 2

ξ2
1

r̃4c
FξFφFξφ.

(4.1.8)

Substituting the transformations for the droplet shape (4.1.6) and the solid
surface into boundary conditions (4.1.2)–(4.1.3), we obtain

F (ξ, φ) = δZ(ξ, φ) (ξ = 1, −π < φ < π), (4.1.9)
1 + εεza5√

1 + ε2a4
√

1 + ε2za6
= cos θe (ξ = 1, −π < φ < π), (4.1.10)
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where

a4 =
1

r̃2c
F 2
φ − 2

r̃
′
c

r̃3c
FφFξ +

(
1

r̃2c
+

(r̃
′
c)

2

r̃4c

)
F 2
ξ ,

a5 =
1

r̃2c
FφZφ − r̃

′
c

r̃3c
(FφZξ + ZφFξ) +

(
1

r̃2c
+

(r̃
′
c)

2

r̃4c

)
FξZξ,

a6 =
1

r̃2c
Z2
φ − 2

r̃
′
c

r̃3c
ZφZξ +

(
1

r̃2c
+

(r̃
′
c)

2

r̃4c

)
Z2
ξ .

(4.1.11)

Equation (4.1.4) becomes

− 1

Bo

∫ π

−π

(
εa7r̃c(φ)√
1 + ε2a4

)
dφ = ε

(
|S| − δ

∫ π

−π

∫ 1

0
Z(ξ, φ)r̃2c (φ)ξdξdφ

)
− V0

R3
0

,

(4.1.12)

where |S| = 1
2

∫ π
−π r̃

2
c (φ)dφ,

a7 =
Fξ(1, φ)√
r̃2c + (r̃′

c)
2
+

r̃cr̃
′
cFφ(1, φ)− (r̃

′
c)

2Fξ(1, φ)

r̃2c
√
r̃2c + (r̃′

c)
2

. (4.1.13)

This section presented the complete formulation of the problem with the
constant contact angle in the stretched coordinates, where the contact line is
incorporated in the governing equation and the boundary conditions.

4.2 Asymptotic method

We seek an asymptotic solution to the problem for small deformations of the
substrate with δ → 0. We are concerned with the first-order correction to the
leading order axisymmetric solution obtained in section 2.4. The droplet shape,
the radius of the contact line, the aspect ratio and the solid surface are sought
in the forms,

F =F0(ξ) + δF1(ξ, φ) +O(δ2),

r̃c(φ) =1 + δg(φ) +O(δ2),

ε =ε0 + δε1 +O(δ2),

Z(ξ, φ) =z̃p(ξ, φ) + δξg(φ)z̃p,r(ξ, φ) +O(δ2).

(4.2.1)
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The expansions of (1 + ε2a1)
−3/2 and a2 + εa3 are given by

1

(1 + ε2a1)3/2
=

1(
1 + ε20F

2
0,ξ

)3/2 − 3δ
ε20F0,ξF1,ξ + ε0ε1F

2
0,ξ − ε20F

2
0,ξg(φ)(

1 + ε20F
2
0,ξ

)5/2 +O(δ2),

(4.2.2)

a2 + εa3 = F0,ξξ +
1

ξ
F0,ξ +

1

ξ
ε20F

3
0,ξ

+ δ

(
F1,ξξ + (1 + 3ε20F

2
0,ξ)

F1,ξ

ξ
+ (1 + ε20F

2
0,ξ)

F1,φφ

ξ2
+

2ε0F
3
0,ξ

ξ
ε1

)

− 2δ

(
F0,ξξ + (1 + 2ε20F

2
0,ξ)

F0,ξ

ξ

)
g(φ)− δ(1 + ε20F

2
0,ξ)

F0,ξ

ξ
g
′′
(φ) +O(δ2).

(4.2.3)

Substituting the expansions (4.2.2) and (4.2.3) into (4.1.7), and using the
leading order term of the governing equation, see equation (3.2.4), the
first-order correction of the droplet shape reads

H1(ξ)F1,ξξ +H2(ξ)
F1,ξ

ξ
+H3(ξ)

F1,φφ

ξ2
+H4(ξ)ε1

+H5(ξ)g(φ) +H6(ξ)g
′′
(φ) = BoF1 (ξ < 1),

(4.2.4)

where the functions Hi(ξ), i = 1, 2, 3, 4, are defined in equation (3.2.6) and

H5(ξ) = Bo(F0 − 1)

(
3ε20F

2
0,ξ

1 + ε20F
2
0,ξ

− 2

)
−

2ε20F
3
0,ξ

ξ
(
1 + ε20F

2
0,ξ

)3/2 ,
H6(ξ) = −

F0,ξ

ξ
√

1 + ε20F
2
0,ξ

.

(4.2.5)

Substituting the expansions (4.2.1) into (4.1.9)–(4.1.12), using
F0,ξ(1) = − tan θe/ε0, see equation (2.4.17), and collecting the terms of order
O(δ), we obtain the first-order corrections of the boundary conditions,

F1(1, φ) = z̃p(1, φ), (4.2.6)

F1,ξ(1, φ) =
z̃p,ξ(1, φ)

cos2 θe
+

tan θe
ε0

(
ε1
ε0

− g(φ)

)
, (4.2.7)

and the following relation for constant ε1,

1

Bo

∫ π

−π

(
sin θe cos

2 θe
ε1
ε0

− cos3 θeε0F1,ξ(1, φ) + sin3 θeg(φ)

)
dφ

= ε1π + ε0

(∫ π

−π
g(φ)dφ−

∫ π

−π

∫ 1

0
z̃p(ξ, φ)ξdξdφ

)
. (4.2.8)
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The governing equation for the first-order correction of the free surface of the
droplet (4.2.4) is a linear second-order partial differential equation with singular
variable coefficients, which should be solved together with (4.2.6)–(4.2.8). We
employ the Fourier decomposition to separate the variables ξ and φ, where the
first-order correction of the free surface, F1(ξ, φ), and the first-order correction
of the contact line, g(φ), are searched in the Fourier series forms,

F1(ξ, φ) = α0(ξ) +

∞∑
n=1

[αn(ξ) cosnφ+ α∗
n(ξ) sinnφ], (4.2.9)

g(φ) = A0 +
∞∑
n=1

[An cosnφ+A∗
n sinnφ], (4.2.10)

where coefficients α0(ξ), αn(ξ), α∗
n(ξ), A0, An, A∗

n, n = 1, 2, 3, · · · , to be
determined, resulting in an infinite set of ordinary differential equations,

H1(ξ)α
′′
0 +H2(ξ)

α
′
0

ξ
−Boα0 = −H4(ξ)ε1 −H5(ξ)A0, (4.2.11)

H1(ξ)α
′′
n +H2(ξ)

α
′
n

ξ
−
[
Boξ2 + n2H3(ξ)

] αn

ξ2
=
[
n2H6(ξ)−H5(ξ)

]
An,

(4.2.12)

H1(ξ)α
∗′′
n +H2(ξ)

α∗′
n

ξ
−
[
Boξ2 + n2H3(ξ)

] α∗
n

ξ2
=
[
n2H6(ξ)−H5(ξ)

]
A∗

n.

(4.2.13)

Compared to (3.2.14)–(3.2.16) in the model of the pinned contact line, we now
have the extra forcing term coming from the first-order correction of the contact
line. Equations (4.2.11)–(4.2.13) are linear second-order ordinary differential
equations with singular variable coefficients, where Hi(ξ), i = 1, 2, · · · , 6, are
given by equations (3.2.6) and (4.2.5). We should determine the regular
solutions of (4.2.11)–(4.2.13) subject to the corresponding boundary conditions,
as well as the coefficients ε1, A0, An, A∗

n.
The Fourier series (4.2.9)–(4.2.10) and equations (4.2.6)–(4.2.8) provide the

corresponding boundary conditions for equations (4.2.11)–(4.2.13),

α0(1) =
1

2π

∫ π

−π
z̃p(1, φ)dφ,

αn(1) =
1

π

∫ π

−π
z̃p(1, φ) cos(nφ)dφ,

α∗
n(1) =

1

π

∫ π

−π
z̃p(1, φ) sin(nφ)dφ,

(4.2.14)
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α
′
0(1) =

1

2π cos2 θe

∫ π

−π
z̃p,ξ(1, φ)dφ− tan θe

ε0

(
A0 −

ε1
ε0

)
,

α
′
n(1) =

1

π cos2 θe

∫ π

−π
z̃p,ξ(1, φ) cos(nφ)dφ− tan θe

ε0
An,

α∗′
n (1) =

1

π cos2 θe

∫ π

−π
z̃p,ξ(1, φ) sin(nφ)dφ− tan θe

ε0
A∗

n,

(4.2.15)

and a relation for ε1,
ε1 = k1α

′
0(1) + k2A0 + k3, (4.2.16)

where

k1 =
2ε20 cos

3 θe
2 sin θe cos2 θe −Boε0

,

k2 =
2ε0(ε0Bo− sin3 θe)

sin θe cos2 θe −Boε0
,

k3 =− ε20Bo

π(2 sin θe cos2 θe −Boε0)

∫ π

−π

∫ 1

0
z̃p(ξ, φ)ξdξdφ.

(4.2.17)

In this section, we applied the perturbation method and Fourier
decomposition to derive the first-order correction of the free surface of the
droplet given by (4.2.11)–(4.2.13) subjected to the boundary conditions
(4.2.14)–(4.2.15) and one equation (4.2.16).

4.3 Combined solution

In the current model, we should determine the position of the contact line as
part of the solution. This means that, apart from the free surface of the droplet,
the unknown coefficients A0, An, A∗

n need to be determined. Due to the high
similarity to the governing equation (3.2.14)–(3.2.16), we employ a methodology
similar to the one used in the model of the pinned contact line to establish
a general solution. Our approach involves seeking a regular series solution for
ξ ∈ [0, a] and a numerical solution within the interval [a, 1], where ξ = a ∈ (0, 1)

is the patching point. We then combine both solutions by applying the patching
conditions, which ensures that the combined solution is continuous and smooth
at the patching point.

4.3.1 Series solution

We seek regular solutions to the governing equations (4.2.11)–(4.2.13), where
ξ = 0 is the regular singular point, for small ξ. The power series approximations
of the functions Hi(ξ), where i = 1, 2, 3, 4, 5, 6, for small ξ read

Hi(ξ) =
∞∑
l=0

Hilξ
l = Hi0 +Hi1ξ +Hi2ξ

2 + · · · , (4.3.1)
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see equation (3.3.1).
The general solution of equation (4.2.11) is expected to have the form,

α0(ξ) = C0α
(hr)
0 (ξ) + ε1α

(p1)
0 (ξ) +A0α

(p2)
0 (ξ), (4.3.2)

where constants C0, ε1 and A0 are to be determined. α
(hr)
0 (ξ) is the regular

solution of the corresponding homogeneous equation to (4.2.11),

H1(ξ)α
′′
0 + H2(ξ)

α
′
0

ξ
− Boα0 = 0, which was solved by applying the Frobenius

method, see equation (3.3.11). ε1α
(p1)
0 (ξ) + A0α

(p2)
0 (ξ) is a particular solution of

(4.2.11). Here α
(p1)
0 (ξ), which satisfies the equation (3.3.12),

H1(ξ)α
′′
0 +H2(ξ)

α
′
0

ξ
−Boα0 = −H4(ξ), (4.3.3)

is sought in the form

α
(p1)
0 (ξ) =

∞∑
m=0

fm0ξ
m+2, (4.3.4)

where the coefficients fm0 are given by the recurrence relation (3.3.14). Likewise,
the function α

(p2)
0 (ξ) is the solution of the equation

H1(ξ)α
′′
0 +H2(ξ)

α
′
0

ξ
−Boα0 = −H5(ξ), (4.3.5)

and is searched in the form

α
(p2)
0 (ξ) =

∞∑
m=0

f∗
m0ξ

m+2, (4.3.6)

where the coefficients f∗
m0 are given by

f∗
m0 =



−1

4
H50 (m = 0),

−
∑m−1

i=0

(i+ 2)(i+ 1)H1(m−i) + (i+ 2)H2(m−i) −H0(m−i)

(m+ 2)2
fi0

− H5m

(m+ 2)2
(m > 0).

(4.3.7)
Note that the coefficient H0(m−i) is given by equation (3.3.8),

H0(m−i) = H0l =

Bo, l = 2,

0, l ̸= 2.



Chapter 4: Moving contact line model with equilibrium contact angle 72

Thus, the general solution of equation (4.2.11) reads

α0(ξ) =C0

(
1 + k̃10ξ + k̃20ξ

2 + k̃30ξ
3 + · · ·

)
+ ε1

(
f00ξ

2 + f10ξ
3f20ξ

4 + · · ·
)

+A0

(
f∗
00ξ

2 + f∗
10ξ

3 + f∗
20ξ

4 + · · ·
)
,

(4.3.8)

where the coefficients in the round brackets can be found using the recurrence
relations (3.3.10), (3.3.14), (4.3.7), and the constants C0, A0, ε1 need to be
determined by the patching conditions.

Since equations (4.2.12) and (4.2.13) are essentially identical ordinary
differential equations, we will focus on detailing the solution procedure for
(4.2.12). Obtaining the solution for equation (4.2.13) involves following the
same process as for equation (4.2.12), with a change in notation. The general
solution of (4.2.12) is written in

αn(ξ) = Cnα
(hr)
n (ξ) +Anα

(p)
n (ξ), (4.3.9)

where Cn and An are unknown constants that need to be determined. α
(hr)
n (ξ) is

the regular solution of the homogeneous equation (3.2.15), which was solved using
the Frobenius method, see equation (3.3.21). Anα

(p)
n (ξ) is a particular solution,

where function α
(p)
n (ξ) satisfies the equation

H1(ξ)α
′′
n +H2(ξ)

α
′
n

ξ
−
[
Boξ2 + n2H3(ξ)

] αn

ξ2
= n2H6(ξ)−H5(ξ). (4.3.10)

The particular solution α
(p)
n is sought in the following form

α(p)
n (ξ) = ξ2

∞∑
m=0

fmnξ
m + ξn log(ξ)

∞∑
m=0

hmnξ
m. (4.3.11)

The solution (4.3.11) is similar to the solution (3.3.17), where the latter term is
replaced by another series, which starts from ξ2. The derivatives are

α
′(p)
n =

∞∑
m=0

(m+ 2)fmnξ
m+1 +

∞∑
m=0

hmnξ
m+n−1 + log(ξ)

∞∑
m=0

(n+m)hmnξ
m+n−1,

α
′′(p)
n =

∞∑
m=0

(m+ 2)(m+ 1)fmnξ
m +

∞∑
m=0

(2n+ 2m− 1)hmnξ
m+n−2

+ log(ξ)
∞∑

m=0

(n+m)(n+m− 1)hmnξ
m+n−2.

When we substitute these series into equation (4.3.10), we should ensure that
the logarithmic terms balance each other. Collecting all logarithmic terms and
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dividing each term by ξn, we obtain

log(ξ)

∞∑
q

(
q∑

m=0

[
(n+m)(n+m− 1)H1(q−m) + (n+m)H2(q−m) − H̃3(q−m)

]
hmn

)
ξq−2,

(4.3.12)
where coefficients H̃3(q−m) are defined in equation (3.3.20),

H̃3(q−m) = H̃3l =

n2H3l, l ̸= 2,

n2H3l +Bo, l = 2.

In fact, the recurrence relation for hmn is identical to (3.3.19). This implies
that the logarithmic term can be represented by Kn log(ξ)α

(hr)
n (ξ), where Kn is a

constant to be determined. We will explain how to determine this constant later.
Here, α(hr)

n (ξ) = ξnJ̃n(ξ), where J̃n(ξ) =
∑∞

m=0 k̃mnξ
m, with k̃0n = 1. Hence, the

particular solution is now expressed as

α(p)
n (ξ) =

∞∑
m=0

fmnξ
m+2 +Kn log(ξ)α

(hr)
n (ξ), (4.3.13)

and its derivatives are

α
′(p)
n (ξ) =

∞∑
m=0

(m+ 2)fmnξ
m+1 +Kn

(
log(ξ)α

′(hr)
n (ξ) +

1

ξ
α(hr)
n (ξ)

)
,

α
′′(p)
n (ξ) =

∞∑
m=0

(m+ 2)(m+ 1)fmnξ
m

+Kn

(
log(ξ)α

′′(hr)
n (ξ) +

2

ξ
α

′(hr)
n (ξ)− 1

ξ2
α(hr)
n (ξ)

)
.

(4.3.14)

Substituting the series (4.3.13) and (4.3.14) into equation (4.3.10) and multiplying
both sides by ξ2, we find

Kn log(ξ)
(
ξ2H1(ξ)α

′′(hr)
n (ξ) + ξH2(ξ)α

′(hr)
n (ξ)− [Boξ2 + n2H3(ξ)]α

(hr)
n (ξ)

)
+Kn

(
[H2(ξ)−H1(ξ)]α

(hr)
n (ξ) + 2ξH1(ξ)α

′(hr)
n (ξ)

)
+

∞∑
m=0

(m+ 2) [(m+ 1)H1(ξ)−H2(ξ)] fmnξ
m+2

−
∞∑

m=0

(n2H3(ξ) +Boξ2)fmnξ
m+2 = ξ2[n2H6(ξ)−H5(ξ)].

(4.3.15)

The logarithmic term in (4.3.15) has no contribution since the expression in the
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first round brackets is equal to zero. The second term on the left-hand side gives

Kn

(
[H2(ξ)−H1(ξ)]α

(hr)
n (ξ) + 2ξH1(ξ)α

′(hr)
n (ξ)

)
=Knξ

n
∞∑
q

q∑
m=0

[
H2(q−m) −H1(q−m) + 2(n+m)H1(q−m)

]
k̃mnξ

q

=Knξ
n

∞∑
q=0

sqnξ
q,

(4.3.16)

where the recurrence relation for sqn reads

sqn =

2n q = 0,∑q
m=0

[
H2(q−m) −H1(q−m) + 2(n+m)H1(q−m)

]
k̃mn q ≥ 1.

(4.3.17)

Hence, (4.3.15) becomes

∞∑
q

q∑
m=0

[
(m+ 2)(m+ 1)H1(q−m)) + (m+ 2)H2(q−m)) − H̃3(q−m)

]
fmnξ

q+2

=

∞∑
l=0

[n2H6l −H5l]ξ
l+2 −Kn

∞∑
q=0

sqnξ
q+n.

(4.3.18)

There are three series terms in the equation above. In the case of n = 1, the third
term in equation (4.3.18) starts from ξ, while the rest begin from ξ2, requiring
us to set K1 = 0. For n = 2, collecting the lowest terms on both sides yields

0 · f02 = 4H60 −H50 −K2s02, (4.3.19)

where s02 = 4, see equation (4.3.17). Since the first derivative of the leading
order of the droplet shape at the centre is zero, F0,ξ(0) = 0, see equation (2.4.18),
we have

H5(0) = −2Bo[F0(0)− 1],

H6(0) = − lim
ξ→0

F0,ξ

ξ
= −F0,ξξ(0) = −Bo[F0(0)− 1]

2
,

(4.3.20)

see (4.2.5), where the second derivative is calculated using the governing equation
(3.2.4). Hence, we find 4H60 − H50 = 0, and consequently, K2 = 0. Both K1

and K2 are zeros, meaning the logarithmic term is not present in the particular
solution for the cases of n = 1 and n = 2. In other words, the particular solution
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more precisely follows the expressions:

α(p)
n (ξ) =

ξ2
∑∞

m=0 fmnξ
m (n = 1, 2),

ξ2
∑∞

m=0 fmnξ
m +Kn log(ξ)α

(hr)
n (ξ) (n ≥ 3).

(4.3.21)

For n = 1 and n = 2, we have the recurrence relations for the coefficients fm1

and fm2,

fm1 =



H60 −H50

3
(m = 0),

−
∑m−1

i=0

(i+ 2)(i+ 1)H1(m−i) + (i+ 2)H2(m−i) − H̃3(m−i)

(m+ 2)2 − 1
fi1

+
H6m −H5m

(m+ 2)2 − 1
(m ≥ 1).

(4.3.22)

fm2 =



0 (m = 0),
4H61 −H51

5
(m = 1),

−
∑m−1

i=0

(i+ 2)(i+ 1)H1(m−i) + (i+ 2)H2(m−i) − H̃3(m−i)

(m+ 2)2 − 4
fi2

+
4H6m −H5m

(m+ 2)2 − 4
(m > 1),

(4.3.23)
where coefficients H̃3(m−i) are defined in equation (3.3.20),

H̃3(m−i) = H̃3l =

n2H3l (l ̸= 2),

n2H3l +Bo (l = 2).

Next, let us discuss how to determine the constant Kn in (4.3.21) for n ≥ 3.
To illustrate this process, we first take the n = 3 case as an example. Equating
the coefficients of the lowest terms (ξ2) on both sides, we find the equation for
f03,

(2 + 2− 32)f03 = 32H60 −H50.

We then collect the coefficients of ξ3 terms,

(2H11 + 2H21 − 9H31)f03 + 0 · f13 = 9H61 −H51 −K3s03.

Here s03 = 6, see equation (4.3.17), we can determine K3 from this relation. We
let f13 = 0 for simplicity. Collecting the coefficients of ξ4 terms on both sides,
we have

(2H12 + 2H22 − H̃32)f03+(6H11 + 3H21 − 9H31)f13 + (12 + 4− 9)f23

= 9H62 −H52 −K3s13.
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The coefficient f23 is determined from the above relation. Note that s13 is
calculated using equation (4.3.17). In the n = 3 case, once K3 is determined,
the coefficients fm3, where m = 2, 3, 4, · · · , can be found. Extending to the n

case, where n ≥ 3, we obtain

fmn =



n2H60 −H50

4− n2
(m = 0),

−
∑m−1

i=0

(i2 + 3i+ 2)H1(m−i) + (i+ 2)H2(m−i) − H̃3(m−i)

(m+ 2)2 − n2
fin

+
n2H6m −H5m

(m+ 2)2 − n2
(0 < m < n− 2),

0 (m = n− 2),

−
∑m−1

i=0

(i2 + 3i+ 2)H1(m−i) + (i+ 2)H2(m−i) − H̃3(m−i)

(m+ 2)2 − n2
fin

+
n2H6m −H5m

(m+ 2)2 − n2
−

Kns(m−n+2)n

(m+ 2)2 − n2
(m > n− 2).

(4.3.24)
In this case, we can easily find the coefficients f0n, · · · , f(n−3)n. Collecting the
coefficients of ξn terms, we get a relation to determine

Kn =
n2H6(n−2) −H5(n−2)

2n

−
n−3∑
i=0

(i2 + 3i+ 2)H1(n−i−2) + (i+ 2)H2(n−i−2) − H̃3(n−i−2)

2n
fin. (4.3.25)

The coefficient f(n−2)n is set to zero for simplicity. The coefficients s(m−n+2)n are
calculated using the recurrence relation (4.3.17). Hence, the general solution of
equation (4.2.12) for n < 3 reads

αn(ξ) =Cnξ
n
(
1 + k̃1nξ + k̃2nξ

2 + k̃3nξ
3 + · · ·

)
+An

(
f0nξ

2 + f1nξ
3 + f2nξ

4 + · · ·
)
,

(4.3.26)

while for n ≥ 3 it takes the form

αn(ξ) =Cnξ
n
(
1 + k̃1nξ + k̃2nξ

2 + k̃3nξ
3 + · · ·

)
+An

(
f0nξ

2 + f1nξ
3 + f2nξ

4 + · · ·
)

+AnKnξ
n log(ξ)

(
1 + k̃1nξ + k̃2nξ

2 + k̃3nξ
3 + · · ·

)
.

(4.3.27)

Here, Kn is determined using equation (4.3.25), the coefficients in the round
brackets are found through the recurrence relations (3.3.19), (4.3.22), (4.3.23),
(4.3.24) and the unknown constant Cn, An should be determined by using the
patching conditions at ξ = a.
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4.3.2 Numerical solution and patching conditions

In this subsection, we explain the numerical solutions of equations
(4.2.11)–(4.2.12). Subsequently, the combined solutions are obtained by
matching the series and numerical solutions at the patching point ξ = a.

The boundary conditions for equation (4.2.11) can be written in terms of A0

and ε1,

α0(1) = d01 + e01ε1 + f01A0, (4.3.28)

α
′
0(1) = d02 + e02ε1 + f02A0, (4.3.29)

where e01 = 0, e02 = tan θe/ε
2
0, f01 = 0, f02 = − tan θe/ε0, and

d01 =
1

2π

∫ π

−π
z̃p(1, φ)dφ,

d02 =
1

2π cos2 θe

∫ π

−π
z̃p,ξ(1, φ)dφ,

see equations (4.2.14) and (4.2.15). Hence, a numerical solution of equation
(4.2.11) near the contact line ξ = 1 can be expressed as

α0(ξ) = α
(1)
0 (ξ) + ε1α

(2)
0 (ξ) +A0α

(3)
0 (ξ), (4.3.30)

where constants A0, ε1 are to be determined. α
(1)
0 (ξ) is the solution of the

homogeneous equation corresponding to the governing equation (4.2.11),
subject to the boundary conditions,

α
(1)
0 (1) = d01, α

(1)
0,ξ(1) = d02. (4.3.31)

α
(2)
0 (ξ) satisfies equation (4.3.3) with the boundary conditions,

α
(2)
0 (1) = e01, α

(2)
0,ξ(1) = e02, (4.3.32)

while α
(3)
0 (ξ) satisfies equation (4.3.5) subject to the boundary conditions,

α
(3)
0 (1) = f01, α

(3)
0,ξ(1) = f02. (4.3.33)

The functions α
(1)
0 (ξ), α(2)

0 (ξ), α(3)
0 (ξ) are determined numerically by the fourth-

order Runge–Kutta method. Using the series solution (4.3.8) and the numerical
solution (4.3.30), the combined solution of (4.2.11) is represented by

α0 =

C0α
(hr)
0 (ξ) + ε1α

(p1)
0 (ξ) +A0α

(p2)
0 (ξ) (0 < ξ < a),

α
(1)
0 (ξ) + ε1α

(2)
0 (ξ) +A0α

(3)
0 (ξ) (a < ξ < 1),

(4.3.34)
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The patching conditions at ξ = a read

C0α
(hr)
0 (a) +A0

(
α
(p2)
0 (a)− α

(3)
0 (a)

)
= α

(1)
0 (a) + ε1M01,

C0α
(hr)
0,ξ (a) +A0

(
α
(p2)
0,ξ (a)− α

(3)
0,ξ(a)

)
= α

(1)
0,ξ(a) + ε1M02,

(4.3.35)

where M01 = α
(2)
0 (a) − α

(p1)
0 (a), and M02 = α

(2)
0,ξ(a) − α

(p1)
0,ξ (a). Using equations

(4.2.16) and (4.3.29), ε1 and α
′
0(1) can be written in terms of A0 as

ε1 = l̃1A0 + l̃2, (4.3.36)

α
′
0(1) = l̃3A0 + l̃4, (4.3.37)

where the constant coefficients are

l̃1 =
k2 + k1f02
1− k1e02

, l̃2 =
k3 + k1d02
1− k1e02

, l̃3 =
f02 + e02k2
1− k1e02

, l̃4 =
d02 + e02k3
1− k1e02

,

and k1, k2 and k3 are given by equation (4.2.17). Substituting (4.3.36) into the
patching conditions (4.3.35), we obtain the system of equations with respect to
two unknowns, C0 and A0,

C0α
(hr)
0 (a) +A0M03 = α

(1)
0 (a) + l̃2M01,

C0α
(hr)
0,ξ (a) +A0M04 = α

(1)
0,ξ(a) + l̃2M02.

(4.3.38)

where M03 = α
(p2)
0 (a) − α

(3)
0 (a) − l̃1M01 and M04 = α

(p2)
0,ξ (a) − α

(3)
0,ξ(a) − l̃1M02.

After solving (4.3.38) with respect to C0 and A0, the constant ε1 is calculated
using equation (4.3.36). Subsequently, the combined solution (4.3.34) is fully
determined.

Similarly, the corresponding boundary conditions for equation (4.2.12) are
expressed as

αn(1) = dn1 + en1An,

α
′
n(1) = dn2 + en2An,

(4.3.39)

where en1 = 0, en2 = − tan θe/ε0, and

dn1 =
1

π

∫ π

−π
z̃p(1, φ) cos(nφ)dφ,

dn2 =
1

π cos2 θe

∫ π

−π
z̃p,ξ(1, φ) cos(nφ)dφ,

so the numerical solution of equation (4.2.12) near ξ = 1 has the following form,

αn(ξ) = α(1)
n (ξ) +Anα

(2)
n (ξ). (4.3.40)



Chapter 4: Moving contact line model with equilibrium contact angle 79

Here An is to be determined. The function α
(1)
n (ξ) satisfies the homogeneous

equation corresponding to equation (4.2.12) subject to the boundary conditions,

α(1)
n (1) = dn1, α

(1)
n,ξ(1) = dn2, (4.3.41)

while α
(2)
n (ξ) satisfies equation (4.3.10) subject to the boundary conditions

α(2)
n (1) = en1, α

(2)
n,ξ(1) = en2. (4.3.42)

The functions α(1)
n (ξ) and α

(2)
n (ξ) are calculated by the fourth-order Runge–Kutta

method. Thus, the combined solution of the governing equation (4.2.12) reads

αn(ξ) =

Cnα
(hr)
n (ξ) +Anα

(p)
n (ξ) (0 < ξ < a),

α
(1)
n (ξ) +Anα

(2)
n (ξ) (a < ξ < 1).

(4.3.43)

The patching conditions at ξ = a give the following system with respect to Cn

and An, n ≥ 1,

Cnα
(hr)
n (a) +An

(
α(p)
n (a)− α(2)

n (a)
)
= α(1)

n (a),

Cnα
(hr)
n,ξ (a) +An

(
α
(p)
n,ξ(a)− α

(2)
n,ξ(a)

)
= α

(1)
n,ξ(a).

(4.3.44)

The first-order correction of the droplet shape and the contact line were
sought in the form of the Fourier series, see equation (4.2.9) and (4.2.10). The
coefficients α0(ξ) and αn(ξ) were presented by the equations (4.3.34) and
(4.3.43). The unknown constants in (4.3.34) and (4.3.43) were determined by
patching conditions (4.3.38) and (4.3.44).

4.4 Example

The deformation of the solid plate is assumed to follow the equation

z̃p(ξ, φ) = A(t)
∞∑
j=1

zj(ξ) cos jφ, (4.4.1)

where A(0) = 0 and A(t) > 0 as t > 0. The function A(t) is not specific here.
The problem for the first-order correction of the droplet shape caused by the
deformation of the solid surface (4.2.4)–(4.2.8) is linear with respect to A(t).
Therefore, we consider the problem for A(t) = 1 and multiply the final solution
by A(t) at the end of the analysis.

In this problem, we only need the combined solutions (4.3.43). Once we get
the shape of the solid substrate, the numerical solution (4.3.40) is calculated,
and then the corresponding constants Cn and An are determined by using the
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patching conditions (4.3.44). We select a saddle shape z̃p(ξ, φ) = ξ2 cos 2φ and
the inclined plate z̃p(ξ, φ) = ξ cosφ as our examples.

When considering a solid surface given by z̃p(ξ, φ) = ξ2 cos 2φ, the only
solution for n = 2 is non-zero due to orthogonality properties. The resulting
contact line is given by

r̃c(φ) = 1 + δA2 cos(2φ), (4.4.2)

see equation (4.2.10). By selecting the parameter δ = 0.2, Figure 4.4.1 illustrates
the original contact line represented by a black dashed line, while the position
of the contact line after the deformation of the substrate is depicted by a blue
line. On this saddle shape, the contact line is elongated in the y-direction and is
shortened in the x-direction.

Figure 4.4.1: The contact line of a droplet on a saddle solid surface.

With a droplet volume of V0 = 0.1mL with θe = 70◦, the initial shape of the
droplet is calculated in section 2.4. We determine the droplet shape on the
saddle by combining the initial droplet shape with the first-order corrections, as
visualised in Figure 4.4.2. Since this shape shows mirror symmetry along the
y = 0 plane, we present the cross-sections in the polar angle φ from 0 to π/2. In
the figures, blue represents the free surface of the droplet, while black represents
the solid surface. The left column exhibits the cross-section in stretched
coordinates, and to understand the actual droplet shape, we need to convert the
coordinate system back into dimensionless cylindrical coordinates, presented in
the right column of Figure 4.4.2. For enhanced visualisation and
comprehension, a three-dimensional representation of the droplet placed on the
saddle substrate is provided in Figure 4.4.3.
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Figure 4.4.2: Cross-sections of a droplet sitting on a saddle-shaped surface at
φ = 0, π/8, π/4, 3π/8, and π/2 in the cylindrical coordinates.

Figure 4.4.3: A three-dimensional droplet shape placed on a saddle shape.

Next, we consider the inclined plate described by the equation z̃p(ξ, φ) =

ξ cosφ. Because of orthogonality properties, we only work with the n = 1 case.
The constants C1 and A1 are calculated using patching conditions (4.3.44). The
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contact line is given by
r̃c(φ) = 1 + δA1 cosφ, (4.4.3)

For δ = 0.004, the contact line is visualised in Figure 4.4.4.

Figure 4.4.4: The contact line of a droplet on an inclined plate.

The droplet shape on the inclined plane is approximated by the sum of the
initial axisymmetric droplet shape with the given droplet volume V0 = 0.1mL

and the first-order corrections. This shape exhibits symmetry along the x-axis,
allowing us to visualise the cross-sections in the polar angle φ ranging from 0 to
π/2, as shown in Figure 4.4.5. In the figures, the blue line represents the free
surface of the droplet, while the black line signifies the solid surface. The left
column provides cross-sections in stretched coordinates, while the right column
shows the same in dimensionless cylindrical coordinates. For better
comprehension, we also provide a three-dimensional representation in Figure
4.4.6.
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Figure 4.4.5: Cross-sections of a droplet placed on an inclined plate vary with
the polar angle in the cylindrical coordinates. These sections correspond to the
polar angle of φ = 0, π/8, π/4, 3π/8, and π/2, respectively.

Figure 4.4.6: The three-dimensional figures of a droplet deposited on an inclined
plate in the different coordinates. The left one is displayed in the stretched
coordinates, while the right one is shown in the cylindrical coordinates.

In these two examples of solid surface deformations, the droplet shape on the
saddle shape aligns with our expectations. On the other hand, the droplet shape
on the inclined plate in the stretched coordinates has a significant deformation,
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especially at φ = 0. Once converted back to the original coordinate, it looks like
a symmetric shape but slides toward the downhill side.



5

Mixed contact line model with
pinned and unpinned part of the

contact line

Initially, an axisymmetric droplet with a given volume is placed on a flat and
horizontal solid substrate. We investigate the three-dimensional droplet motion
induced by slow deformations of the solid plate. A quasi-static approximation
is applied to analyse the dynamic behaviour of the droplet, see section 2.5. In
chapter 3, we considered the model of a pinned contact line, where the contact
line was restricted from moving along the substrate. In chapter 4, we explored
the model of a moving contact line, where the local contact angle is equal to
the equilibrium contact angle at any time instant along the contact line. In
the present chapter, we introduce the concept of hysteresis: if the current local
contact angle θc falls within the range (θr, θa), with θr and θa being the receding
and advancing contact angles, respectively, the contact line remains pinned; if
the current local contact angle surpasses these limits, the contact line in the
corresponding intervals of the contact line moves. Within the unpinned intervals
of the contact line, we assume that the current local contact angle is equal to either
the advancing or receding contact angle. Furthermore, the unpinned interval is
unknown in advance and should be determined as part of the solution.

The problem is formulated in the stretched coordinates in this chapter since
the contact line is non-circular, which follows the formulations in chapter 4. In
the current model, we should determine parts of the contact line with different
conditions for the current local contact angle. Note that both the position of
the contact line and its subdivision into subintervals with different conditions on
them are unknown in advance. The conditions of continuity and smoothness of
the contact line are used to determine those subintervals of the contact line.

To solve the quasi-static problem in the stretched coordinates, we employ
an asymptotic approach, assuming the substrate deformations are considerably
smaller than the vertical dimension of the droplet. The first-order correction of
the droplet shape is determined using the perturbation method, resulting in a
mixed boundary value problem for a second-order partial differential equation
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with variable coefficients. We then apply the Fourier decomposition to convert
the problem into an infinite number of ordinary differential equations for the
functions of the radial coordinate in the Fourier series.

These ordinary differential equations with the corresponding boundary
conditions are solved independently. To find solutions for each of the ordinary
differential equations, we employ a combination of series and numerical
solutions, similar to the one in chapter 4. However, the condition of the contact
angle in the current model becomes complicated since it varies across different
subintervals. Substituting the general solution into the conditions on the
contact angle, we obtain coupled integral equations. By solving numerically
these integral equations, we obtain the entire contact line. Once the contact
line is known, the free surface of the droplet can be calculated. At the end of
the chapter, examples of a droplet on an inclined plate are provided to
demonstrate the present model of the contact line motion.

5.1 Problem description

In this chapter, we utilise the quasi-static approximation, as detailed in section
2.5, to investigate the behaviour of a droplet placed on a solid surface, which varies
in time t slowly, so the parameter time t is dropped off from our formulation in
the following. The projection of the contact line is non-circular and is described
by the equation r̃ = r̃c(φ), where r̃c(φ) = rc(φ)/R0, see section 2.3. Here R0

is the contact radius of the initial droplet shape η̄0(r), and the function r̃c(φ) is
unknown in advance and should be determined. It is worth noting that in the
current model, we consider the depinned or pinned timescale to occur at a faster
rate than the substrate deformation.

The current model divides the contact line into two distinct parts: the pinned
and unpinned regions. Within the pinned region, where the local contact angle
is in between the receding, θr, and the advancing, θa, contact angles, the contact
line remains stationary. In contrast, within the unpinned region, the local contact
angle is considered constant, being equal to either the receding or advancing
contact angle. Note that both receding θr and advancing θa contact angles are
given constants. This model combines the previous two models in the way that
θc = θa or θc = θr in the unpinned region and θr < θc < θa along the pinned region
of the contact line. Additionally, the unpinned region consists of the advancing
and receding parts. To simplify the problem, we consider each advancing and
receding part to involve only one interval, which represents a droplet placed on
an inclined plate, as observed in Berejnov and Thorne (2007) and Chou et al.
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(2012). This results in the following representation

r̃c(φ) =


r̃cr(φ) (φr1 < φ < φr2),

r̃ca(φ) (φa1 < φ < φa2),

1 (−π < φ < φr1, φr2 < φ < φa1, φa2 < φ < π),

(5.1.1)

as depicted in Figure 5.1.1.

Figure 5.1.1: The unpinned region of the contact line involves the advancing and
receding parts.

In equation (5.1.1), the unknown functions r̃cr(φ) and r̃ca(φ) represent the
receding and advancing parts of the contact line, respectively, and should be
determined. The parameters φr1, φr2, φa1, φa2 are unknown as well. For
convenience, we assume that −π < φr1 < φr2 < φa1 < φa2 < π. The contact
line is supposed to be continuous and smooth, which provides the following
equations,

r̃cr(φr1) = r̃cr(φr2) = 1,

r̃
′
cr(φr1) = r̃

′
cr(φr2) = 0,

(5.1.2)

r̃ca(φa1) = r̃cr(φa2) = 1,

r̃
′
ca(φa1) = r̃

′
cr(φa2) = 0,

(5.1.3)

to determine φr1, φr2, φa1, φa2. The contact angle along the contact line satisfies
the relations,

θc(1, φ) = θr (φr1 < φ < φr2),

θc(1, φ) = θa (φa1 < φ < φa2),

θr <θc(1, φ) < θa (−π < φ < φr1, φr2 < φ < φa1, φa2 < φ < π),

(5.1.4)

where the contact line is at ξ = 1 in the stretched variables.
In the stretched coordinates (ξ, φ, z̃), the governing equation of the droplet
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shape deposited on the substrate, z̃ = δZ(ξ, φ), where δ = Zsc/B is the ratio of
the vertical scale of the substrate to the thickness of the droplet, is described by

a2 + ε2a3

(1 + ε2a1)3/2
= Bo[F (ξ, φ)− 1] (ξ < 1,−π < φ < π), (5.1.5)

see equation (4.1.7), where Bo is Bond number, and the functions a1, a2, a3

are given by equations (4.1.8). The governing equation (5.1.5) is accompanied
by a boundary condition, which arises from the fact that the contact line is the
intersection between the free surface of the droplet and the solid substrate,

F (1, φ) = δZ(1, φ), (5.1.6)

see equation (4.1.9), and the condition of constant volume of the droplet

− 1

Bo

∫ π

−π

(
εa7r̃c(φ)√
1 + ε2a4

)
dφ = ε

(
|S| − δ

∫ π

−π

∫ 1

0
Z(ξ, φ)r̃2c (φ)ξdξdφ

)
− V0

R3
0

,

(5.1.7)

see equation (4.1.12), where |S| = 1
2

∫ π
−π r̃

2
c (φ)dφ, the functions a4 and a7 are

given by equations (4.1.11) and (4.1.13). Equations (5.1.5)–(5.1.7) are identical
to the equations in the model of the moving contact line since they are applied
across the entire contact region, including the contact line, in the current model.
The primary difference lies in the condition for the contact angle,

cos θc(1, φ) =
1 + εεza5√

1 + ε2a4
√
1 + ε2za6

, (5.1.8)

where θc(1, φ) follows the relations in (5.1.4), and the functions a4, a5, a6 are
given by equations (4.1.11).

This section formulated the problem in the dimensionless stretched
coordinates. In the current model, we used the same equations as in chapter 4
except for the conditions on the contact angle presented in equations (5.1.8),
where the unknown parameters φr1, φr2, φa1, φa2 need to be determined using
the conditions (5.1.2)–(5.1.3).
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5.2 Asymptotic method

An approximate solution of problem (5.1.5)–(5.1.8) is sought for ε = O(1) and
δ ≪ 1 in the form,

F (ξ, φ) = F0(ξ) + δF1(ξ, φ) +O(δ2),

ε = ε0 + δε1 +O(δ2),

r̃c(φ) = 1 + δg(φ) +O(δ2),

θc(φ) = θe + δV (φ) +O(δ2).

(5.2.1)

The model is the same as chapter 4, see equations (4.2.4)–(4.2.8), with the contact
angle condition (4.2.7) replaced with

V (φ) =


V1 (φa1 < φ < φa2),

V2 (φr1 < φ < φr2),

v0(φ) (−π < φ < φr1, φr2 < φ < φa1, φa2 < φ < π),

(5.2.2)

where V1 = (θa−θe)/δ and V2 = (θr−θe)/δ are given constants, and the function
v0(φ) is to be determined. Furthermore, the first-order correction of the contact
line is given by

g(φ) =


ga(φ) (φa1 < φ < φa2),

gr(φ) (φr1 < φ < φr2),

0 (−π < φ < φr1, φr2 < φ < φa1, φa2 < φ < π).

(5.2.3)

where the functions ga(φ) and gr(φ) are to be determined. Note that the unknown
parameters φa1, φa2, φr1, φr2 should be determined using equations (5.1.2) and
(5.1.3), which take the form for the first-order correction,

gr(φr1) = gr(φr2) = 0,

g
′
r(φr1) = g

′
r(φr2) = 0,

(5.2.4)

ga(φa1) = gr(φa2) = 0,

g
′
a(φa1) = g

′
a(φa2) = 0.

(5.2.5)

Thus, the first-order correction of the contact angle can be written in the form

F1,ξ(1, φ) =
z̃p,ξ(1, φ)

cos2 θe
+

tan θe
ε0

(
ε1
ε0

− g(φ)

)
− V (φ)

ε0 cos2 θe
. (5.2.6)

This condition differs from (4.2.7) by the term with V (φ), which was equal to
zero in chapter 4.

The problem for the first-order correction of the free surface is given by (4.2.4)
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subject to the boundary conditions (4.2.7), (5.2.6) with condition (4.2.8). The
governing equation (4.2.4) is a second-order partial differential equation with
variable coefficients. To separate variables ξ and φ, we employ the Fourier series

F1(ξ, φ) = α0(ξ) +
∞∑
n=1

[αn(ξ) cosnφ+ α∗
n(ξ) sinnφ], (5.2.7)

g(φ) = A0 +

∞∑
n=1

[An cosnφ+A∗
n sinnφ], (5.2.8)

V (φ) = B0 +
∞∑
n=1

[Bn cosnφ+B∗
n sinnφ], (5.2.9)

where α0(ξ), αn(ξ), α∗
n(ξ), A0, An, A∗

n, B0, Bn, B∗
n, n = 1, 2, 3, · · · , are to be

determined, see equations (4.2.9)–(4.2.10). After applying the Fourier
decomposition, the governing equations for the first-order correction of the
droplet shape are presented in (4.2.11)–(4.2.13) subject to boundary condition
(4.2.14) and one relation (4.2.16). The condition (5.2.6) gives

α
′
0(1) =

1

2π cos2 θe

∫ π

−π
z̃p,ξ(1, φ)dφ− tan θe

ε0

(
A0 −

ε1
ε0

)
− B0

ε0 cos2 θe
,

α
′
n(1) =

1

π cos2 θe

∫ π

−π
z̃p,ξ(1, φ) cos(nφ)dφ− tan θe

ε0
An − Bn

ε0 cos2 θe
,

α∗′
n (1) =

1

π cos2 θe

∫ π

−π
z̃p,ξ(1, φ) sin(nφ)dφ− tan θe

ε0
A∗

n − B∗
n

ε0 cos2 θe
,

(5.2.10)

Since the functions g(φ) and V (φ) are not periodic over the entire interval (−π, π)

but in the small subintervals, we introduce the two Fourier series

ga(φ) = I0 +
∞∑

m=1

[
Im cos

(mπ

L
(φ− φa0)

)
+ I∗m sin

(mπ

L
(φ− φa0)

)]
(φa1 < φ < φa2), (5.2.11)

gr(φ) = G0 +
∞∑

m=1

[
Gm cos

(mπ

R
(φ− φr0)

)
+G∗

m sin
(mπ

R
(φ− φr0)

)]
(φr1 < φ < φr2), (5.2.12)

where

φa0 = (φa1 + φa2)/2, L = (φa2 − φa1)/2,

φr0 = (φr1 + φr2)/2, R = (φr2 − φr1)/2.
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We now seek the relation between g(φ) and ga(φ), gr(φ). Integrating (5.2.3)
by φ from −π to π and using the Fourier series (5.2.8), (5.2.11), (5.2.12), we
obtain

2πA0 =

∫ π

−π
g(φ)dφ =

∫ φr2

φr1

gr(φ0)dφ0 +

∫ φa2

φa1

ga(φ0)dφ0

=G0

∫ R

−R
dφ0 +

∞∑
m=1

(
Gm

∫ R

−R
cos

mπφ0

R
dφ0 +G∗

m

∫ R

−R
sin

mπφ0

R
dφ0

)

+ I0

∫ L

−L
dφ0 +

∞∑
m=1

(
Im

∫ L

−L
cos

mπφ0

L
dφ0 + I∗m

∫ L

−L
sin

mπφ0

L
dφ0

)
.

(5.2.13)

Multiplying equation (5.2.3) by cosnφ and integrating the resulting equation
over φ from −π to π, we obtain the relations between the coefficients An and the
coefficients in the function Ga and Gr.

πAn =G0

∫ R

−R
cosn(φ0 + φr0)dφ0 + I0

∫ L

−L
cosn(φ0 + φa0)dφ0

+

∞∑
m=1

Gm

∫ R

−R
cos

mπφ0

R
cosn(φ0 + φr0)dφ0

+
∞∑

m=1

G∗
m

∫ R

−R
sin

mπφ0

R
cosn(φ0 + φr0)dφ0

+
∞∑

m=1

Im

∫ L

−L
cos

mπφ0

L
cosn(φ0 + φa0)dφ0

+

∞∑
m=1

I∗m

∫ L

−L
sin

mπφ0

L
cosn(φ0 + φa0)dφ0 (5.2.14)

Similarly, using the same operation but replacing cosnφ by sinnφ, we have the
relations between A∗

n and the coefficients in the function Ga and Gr. This
resulting relation is similar to equation (5.2.14), where An is replaced by A∗

n,
cosn(φ0 + φr0) by sinn(φ0 + φr0) and cosn(φ0 + φa0) by sinn(φ0 + φa0).

The series (5.2.8), (5.2.11) and (5.2.12) are truncated to n term. We introduce
the vectors

A⃗ =(A0, A1, A2, A3, · · · , An, A
∗
1, A

∗
2, A

∗
3, · · · , A∗

n)
⊺, (5.2.15)

G⃗r =(G0, G1, G2, G3, · · · , Gn, G
∗
1, G

∗
2, G

∗
3, · · · , G∗

n)
⊺, (5.2.16)

G⃗a =(I0, I1, I2, I3, · · · , In, I∗1 , I∗2 , I∗3 , · · · , I∗n)⊺, (5.2.17)

of length 2n+ 1, so the above equations can be represented by

A⃗ =
C1

π
G⃗a +

C2

π
G⃗r. (5.2.18)
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Here C1 and C2 are (2n+1)× (2n+1) matrices. The components of the matrix
C1 are

Cij =



1
2

∫ L
−L cos

(
(j − 1)π

L
(φ0 + φa0)

)
dφ0 (i = 1, 1 ≤ j ≤ n+ 1),

1
2

∫ L
−L sin

(
(j − n− 1)π

L
(φ0 + φa0)

)
dφ0

(i = 1, n+ 1 < j ≤ 2n+ 1),∫ L
−L cos ((i− 1)(φ0 + φa0)) cos

(
(j − 1)πφ0

L

)
dφ0

(2 ≤ i ≤ n+ 1, 1 ≤ j ≤ n+ 1),∫ L
−L cos ((i− 1)(φ0 + φa0)) sin

(
(j − n− 1)πφ0

L

)
dφ0

(2 ≤ i ≤ n+ 1, n+ 1 < j ≤ 2n+ 1),∫ L
−L sin ((i− n− 1)(φ0 + φa0)) cos

(
(j − 1)πφ0

L

)
dφ0

(n+ 1 < i ≤ 2n+ 1, 1 ≤ j ≤ n+ 1),∫ L
−L sin ((i− n− 1)(φ0 + φa0)) sin

(
(j − n− 1)πφ0

L

)
dφ0

(n+ 1 < i ≤ 2n+ 1, n+ 1 < j ≤ 2n+ 1).

(5.2.19)
The components of the matrix C2 are similar to those of C1, where R is
replaced by L and φa0 by φr0, For the function v0 in (5.2.2), we should solve the
governing equations (4.2.11)–(4.2.13) along with the corresponding conditions
(4.2.14) (4.2.16) and (5.2.10) to determine the functions α0(ξ), αn(ξ), α∗

n(ξ) and
the constants A0, An, A∗

n, B0, Bn, B∗
n together. However, the condition (5.2.10)

is reliant on the functions ga(φ), gr(φ), which are components of the contact
line g(φ). Therefore, we need to employ equation (5.2.18), which establishes the
coefficient relationship between the functions ga(φ), gr(φ), and g(φ).

5.3 General solution

The governing equations (4.2.11)–(4.2.13) subject to the corresponding boundary
conditions (4.2.14) with the condition (4.2.16) keep the same forms, so we can
obtain the solution, which combines series and numerical solutions at the patching
point, by following the previous work.

The series solution of equation (4.2.11) for small ξ reads

α0(ξ) = C0α
(hr)
0 (ξ) + ε1α

(p1)
0 (ξ) +A0α

(p2)
0 (ξ), (5.3.1)

see equation (4.3.8). The numerical solution of equation (4.2.11) near the contact
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line ξ = 1 is presented in the form

α0(ξ) = α0(1)α
(1)
0 (ξ) + α

′
0(1)α

(2)
0 (ξ) + ε1α

(3)
0 (ξ) +A0α

(4)
0 (ξ), (5.3.2)

where α0(1) is given by (4.2.14), α
′
0(1) and ε1 are to be determined using the

patching conditions, and the unknown A0 needs to be determined using the
boundary condition (5.2.6). α

(1)
0 (ξ) and α

(2)
0 (ξ) satisfy the homogeneous

equation associated to (4.2.11) subject to the boundary conditions,α
(1)
0 (1) = 1,

α
(1)
0,ξ(1) = 0,

α
(2)
0 (1) = 0,

α
(2)
0,ξ(1) = 1.

(5.3.3)

α
(3)
0 (ξ) satisfies equation (4.3.3) with the boundary condition,

α
(3)
0 (1) = 0, α

(3)
0,ξ(1) = 0. (5.3.4)

α
(4)
0 (ξ) is the solution of (4.3.5) subject to the boundary condition,

α
(4)
0 (1) = 0, α

(4)
0,ξ(1) = 0. (5.3.5)

Here α(1)
0 (ξ), α(2)

0 (ξ), α(3)
0 (ξ), α(4)

0 (ξ) are obtained numerically by the fourth-order
Runge–Kutta method. Hence, the combined solution of (4.2.11) reads

α0(ξ) =

C0α
(hr)
0 (ξ) + ε1α

(p1)
0 (ξ) +A0α

(p2)
0 (ξ) (0 < ξ < a),

α0(1)α
(1)
0 (ξ) + α

′
0(1)α

(2)
0 (ξ) + ε1α

(3)
0 (ξ) +A0α

(4)
0 (ξ) (a < ξ < 1),

(5.3.6)
where a is the patching point. At ξ = a, the series solution (5.3.1) is equal
to the numerical solution (5.3.2), and their derivatives are equal as well, called
the patching conditions. These conditions and equation (4.2.16) for ε1 give the
system of equations with respect to C0 and α

′
0(1),

α
(hr)
0 (a)C0 −M03α

′
0(1) = M05A0 + α

(1)
0 (a)α0(1) +M01k3,

α
(hr)
0,ξ (a)C0 −M04α

′
0(1) = M06A0 + α

(1)
0,ξ(a)α0(1) +M02k3,

(5.3.7)

where k1, k2, k3 are given by equations (4.2.17), M01 = α
(3)
0 (a)−α

(p1)
0 (a), M02 =

α
(3)
0,ξ(a) − α

(p1)
0,ξ (a), M03 = α

(2)
0 (a) + M01k1, M04 = α

(2)
0,ξ(a) + M02k1, M05 =

α
(4)
0 (a)− α

(p2)
0 (a) +M01k2, and M06 = α

(4)
0,ξ(a)− α

(p2)
0,ξ (a) +M02k2. Note that A0

is to be determined.
Similarly, the series solution of (4.2.12) for small ξ is represented by

αn(ξ) = Cnα
(hr)
n (ξ) +Anα

(p)
n (ξ), (5.3.8)
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see equations (4.3.26) and (4.3.27), while the numerical solution of (4.2.12) near
ξ = 1 takes the form

αn(ξ) = αn(1)α
(1)
n (ξ) + α

′
n(1)α

(2)
n (ξ) +Anα

(3)
n (ξ). (5.3.9)

Here, αn(1) is calculated using (4.2.14), α′
n(1) and An are to be determined. The

functions α
(1)
n (ξ) and α

(2)
n (ξ) satisfy the homogeneous equation corresponding to

(4.2.12) subject to the boundary conditions,α
(1)
n (1) = 1,

α
(1)
n,ξ(1) = 0,

α
(2)
n (1) = 0,

α
(2)
n,ξ(1) = 1,

(5.3.10)

α
(3)
n (ξ) satisfies equation (4.3.10) with the boundary conditions,

α(3)
n (1) = 0, α

(3)
n,ξ(1) = 0. (5.3.11)

The combined solution of equation (4.2.12) reads

αn(ξ) =

Cnα
(hr)
n (ξ) +Anα

(p)
n (ξ), (0 < ξ < a),

αn(1)α
(1)
n (ξ) + α

′
n(1)α

(2)
n (ξ) +Anα

(3)
n (ξ) (a < ξ < 1).

(5.3.12)

The patching conditions at ξ = a provide the following system with respect to
Cn and α

′
n(1),

α(hr)
n (a)Cn − α(2)

n (a)α
′
n(1) = Mn1An + α(1)

n (a)αn(1),

α
(hr)
n,ξ (a)Cn − α

(2)
n,ξ(a)α

′
n(1) = Mn2An + α

(1)
n,ξ(a)αn(1).

(5.3.13)

where Mn1 = α
(3)
n (a)−α

(p)
n (a) and Mn2 = α

(3)
n,ξ(a)−α

(p)
n,ξ(a). Note that An is to be

determined. Likewise, the combined solution of (4.2.13) is obtained by following
the same process as for equation (4.2.12), with a change in notation,

α∗
n(ξ) =

C∗
nα

∗(hr)
n (ξ) +A∗

nα
∗(p)
n (ξ) (0 < ξ < a),

α∗
n(1)α

∗(1)
n (ξ) + α∗′

n (1)α
∗(2)
n (ξ) +A∗

nα
∗(3)
n (ξ) (a < ξ < 1).

(5.3.14)

The patching conditions of equation (4.2.13) read

α∗(hr)
n (a)C∗

n − α∗(2)
n (a)α∗′

n (1) = M∗
n1A

∗
n + α∗(1)

n (a)α∗
n(1),

α
∗(hr)
n,ξ (a)C∗

n − α
∗(2)
n,ξ (a)α∗′

n (1) = M∗
n2A

∗
n + α

∗(1)
n,ξ (a)α∗

n(1).
(5.3.15)
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The systems of equations (5.3.7), (5.3.13), (5.3.15) can be rewritten in the
following forms:

C0 =D01A0 + E01α0(1) + F01,

α
′
0(1) =D02A0 + E02α0(1) + F02, (5.3.16)

Cn =Dn1An + En1αn(1),

α
′
n(1) =Dn2An + En2αn(1), (5.3.17)

C∗
n =D∗

n1A
∗
n + E∗

n1α
∗
n(1),

α∗′
n (1) =D∗

n2A
∗
n + E∗

n2α
∗
n(1). (5.3.18)

The constants D01, E01, F01, D02, E02, F02 are given by the following equations:

D01 =
M05M04 −M06M03

α
(hr)
0 (a)M04 − α

(hr)
0,ξ (a)M03

,

E01 =
α
(1)
0 (a)M04 − α

(1)
0,ξ(a)M03

α
(hr)
0 (a)M04 − α

(hr)
0,ξ (a)M03

,

F01 =
M01M04 −M02M03

α
(hr)
0 (a)M04 − α

(hr)
0,ξ (a)M03

k3,

D02 =
M05α

(hr)
0,ξ (a)−M06α

(hr)
0 (a)

M04α
(hr)
0 (a)−M03α

(hr)
0,ξ (a)

E02 =
α
(1)
0 (a)α

(hr)
0,ξ (a)− α

(1)
0,ξ(a)α

(hr)
0 (a)

M04α
(hr)
0 (a)−M03α

(hr)
0,ξ (a)

,

F02 =
M01α

(hr)
0,ξ (a)−M02α

(hr)
0 (a)

M04α
(hr)
0 (a)−M03α

(hr)
0,ξ (a)

k3.

(5.3.19)

The constants Dn1, En1, Dn2, En2 are given by

Dn1 =
Mn1α

(2)
n,ξ(a)−Mn2α

(2)
n (a)

α
(hr)
n (a)α

(2)
n,ξ(a)− α

(hr)
n,ξ (a)α

(2)
n (a)

,

En1 =
α
(1)
n (a)α

(2)
n,ξ(a)− α

(1)
n,ξ(a)α

(2)
n (a)

α
(hr)
n (a)α

(2)
n,ξ(a)− α

(hr)
n,ξ (a)α

(2)
n (a)

,

Dn2 =
Mn1α

(hr)
n,ξ (a)−Mn2α

(hr)
n (a)

α
(2)
n,ξ(a)α

(hr)
n (a)− α

(2)
n (a)α

(hr)
n,ξ (a)

,

En2 =
α
(1)
n (a)α

(hr)
n,ξ (a)− α

(1)
n,ξ(a)α

(hr)
n (a)

α
(2)
n,ξ(a)α

(hr)
n (a)− α

(2)
n (a)α

(hr)
n,ξ (a)

.

(5.3.20)

The constants D∗
n1, E∗

n1, D∗
n2, E∗

n2 are similar to the above equations (5.3.20) but
with the addition of the symbol ∗.
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Substituting (5.3.16) into (4.2.16), the parameter ε1 take the form

ε1 = (k1D02 + k2)A0 + k1E02α0(1) + k1F02 + k3. (5.3.21)

Substituting (5.3.16)–(5.3.18) into (5.2.7), the first derivative of the first-order
corrections of the droplet shape at ξ = 1 is expressed as

F1,ξ(1, φ) =D02A0 + E02α0(1) + F02 +
∞∑
n=1

[Dn2An + En2αn(1)] cosnφ

+

∞∑
n=1

[D∗
n2A

∗
n + E∗

n2α
∗
n(1)] sinnφ.

(5.3.22)

Substituting (5.3.21)–(5.3.22) into the boundary conditions (5.2.6), we obtain

ga(φ) + (λ1D02 − λ2)A0 + λ1

∞∑
n=1

[Dn2An cosnφ+D∗
n2A

∗
n sinnφ]

= F̃a(φ) (φ ∈ (φa1, φa2)), (5.3.23)

gr(φ) + (λ1D02 − λ2)A0 + λ1

∞∑
n=1

[Dn2An cosnφ+D∗
n2A

∗
n sinnφ]

= F̃r(φ) (φ ∈ (φr1, φr2)), (5.3.24)

where λ1 =
ε0

tan θe
, λ2 =

k1D02 + k2
ε0

, and the functions F̃a(φ) and F̃r(φ) are

F̃a(φ) =
1

ε0
(k1E02α0(1) + k1F02 + k3)−

V1

sin θe cos θe
+

ε0z̃p,ξ(1, φ)

sin θe cos θe

− λ1

(
E02α0(1) + F02 +

∞∑
n=1

[En2αn(1) cosnφ+ E∗
n2α

∗
n(1) sinnφ]

)
,

F̃r(φ) =
1

ε0
(k1E02α0(1) + k1F02 + k3)−

V2

sin θe cos θe
+

ε0z̃p,ξ(1, φ)

sin θe cos θe

− λ1

(
E02α0(1) + F02 +

∞∑
n=1

[En2αn(1) cosnφ+ E∗
n2α

∗
n(1) sinnφ]

)
.

(5.3.25)

It is convenient to express F̃a(φ) and F̃r(φ) in the form of the Fourier Series

F̃a(φ) =Fa0 +

∞∑
n=1

[Fan cosnφ+ F ∗
an sinnφ] , (5.3.26)

F̃r(φ) =Fr0 +
∞∑
n=1

[Frn cosnφ+ F ∗
rn sinnφ] . (5.3.27)
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The series (5.3.26) and (5.3.27) are truncated to n term. We introduce the vectors

F⃗a =(Fa0, Fa1, Fa2, Fa3, · · · , Fan, F
∗
a1, F

∗
a2, F

∗
a3, · · · , F ∗

an)
⊺, (5.3.28)

F⃗r =(Fr0, Fr1, Fr2, Fr3, · · · , Frn, F
∗
r1, F

∗
r2, F

∗
r3, · · · , F ∗

rn)
⊺, (5.3.29)

of length 2n+ 1. Integrating equation (5.3.23) in φ from φa1 to φa2, we get the
first equation. Next, multiplying (5.3.23) by cos

(mπ

L
(φ− φa0)

)
, where m ≥ 1,

on both sides and integrating the resulting equation in φ from φa1 to φa2, we
obtain the second equation. Likewise, multiplying (5.3.23) by sin

(mπ

L
(φ− φa0)

)
on both sides and integrating the resulting equation in φ from φa1 to φa2, we get
the third equation. The sum of these three integral equations is represented by

D1G⃗a + λ1E1A⃗− λ2F1A⃗ = M1F⃗a, (5.3.30)

where the vectors A⃗, G⃗a, F⃗a are given by (5.2.15), (5.2.17), (5.3.28), and D1, E1,
F1, M1 are (2n+1)×(2n+1) matrices. D1 is a diagonal matrix with the element,

Dii =

2L (i = 1),

L (i ̸= 1).
(5.3.31)

The matrix M1 has the elements,

Mij =



∫ L
−L cos ((j − 1)(φ0 + φa0)) cos

(
(i− 1)πφ0

L

)
dφ0

(1 ≤ j ≤ n+ 1, 1 ≤ i ≤ n+ 1),∫ L
−L cos ((j − 1)(φ0 + φa0)) sin

(
(i− n− 1)πφ0

L

)
dφ0

(1 ≤ j ≤ n+ 1, n+ 1 < i ≤ 2n+ 1),∫ L
−L sin ((j − n− 1)(φ0 + φa0)) cos

(
(i− 1)πφ0

L

)
dφ0

(n+ 1 < j ≤ 2n+ 1, 1 ≤ i ≤ n+ 1),∫ L
−L sin ((j − n− 1)(φ0 + φa0)) sin

(
(i− n− 1)πφ0

L

)
dφ0

(n+ 1 < j ≤ 2n+ 1, n+ 1 < i ≤ 2n+ 1).

(5.3.32)

The components of the matrix E1 are

Eij =

D(j−1)2Mij (1 ≤ j ≤ n+ 1),

D∗
(j−1)2Mij (n+ 1 < j ≤ 2n+ 1).

(5.3.33)
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The matrix F1 has the elements,

Fij =


∫ L
−L cos

(
(j−1)π

L φ0

)
dφ0 (i = 1, 1 ≤ j ≤ n+ 1),∫ L

−L sin
(
(j−n−1)π

L φ0

)
dφ0 (i = 1, n+ 1 < j ≤ 2n+ 1),

0 (i ̸= 1).

(5.3.34)

Likewise, employing the similar operation on the equation (5.3.24), where φa0

is replaced by φr0, φa1 by φr1, and φa2 by φr2, we obtain

D2G⃗r + λ1E2A⃗− λ2F2A⃗ = M2F⃗r, (5.3.35)

where the vectors G⃗r and F⃗r are given by (5.2.16) and (5.3.29). D2, E2, F2, M2

are (2n + 1) × (2n + 1) matrices. The components of the matrix D2 are similar
to those of D1, where L is replaced by R,

D̃ii =

2R (i = 1),

R (i ̸= 1).
(5.3.36)

The matrix M2 has the elements

M̃ij =



∫ R
−R cos ((j − 1)(φ0 + φr0)) cos

(
(i− 1)πφ0

R

)
dφ0

(1 ≤ j ≤ n+ 1, 1 ≤ i ≤ n+ 1),∫ R
−R cos ((j − 1)(φ0 + φr0)) sin

(
(i− n− 1)πφ0

R

)
dφ0

(1 ≤ j ≤ n+ 1, n+ 1 < i ≤ 2n+ 1),∫ R
−R sin ((j − n− 1)(φ0 + φr0)) cos

(
(i− 1)πφ0

R

)
dφ0

(n+ 1 < j ≤ 2n+ 1, 1 ≤ i ≤ n+ 1),∫ R
−R sin ((j − n− 1)(φ0 + φr0)) sin

(
(i− n− 1)πφ0

R

)
dφ0

(n+ 1 < j ≤ 2n+ 1, n+ 1 < i ≤ 2n+ 1).

(5.3.37)

The components of the matrix E2 are

Ẽij =

D(j−1)2M̃ij (1 ≤ j ≤ n+ 1),

D∗
(j−1)2M̃ij (n+ 1 < j ≤ 2n+ 1).

(5.3.38)
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The matrix F2 has the elements,

F̃ij =


∫ R
−R cos

(
(j−1)π

R φ0

)
dφ0 (i = 1, 1 ≤ j ≤ n+ 1),∫ R

−R sin
(
(j−n−1)π

R φ0

)
dφ0 (i = 1, n+ 1 < j ≤ 2n+ 1),

0 (i ̸= 1).

(5.3.39)

Substituting the relation (5.2.18) into (5.3.30) and (5.3.35), we obtain(
D1 +

λ1

π
E1 · C1 −

λ2

π
F1 · C1

)
G⃗a +

(
λ1

π
E1 · C2 −

λ2

π
F1 · C2

)
G⃗r = F⃗a,(

λ1

π
E2 · C1 −

λ2

π
F2 · C1

)
G⃗a +

(
D2 +

λ1

π
E2 · C2 −

λ2

π
F2 · C2

)
G⃗r = F⃗r.

(5.3.40)

Once the vectors G⃗a and G⃗r is determined by solving the coupled equations
(5.3.40), A⃗ is calculated using relation (5.2.18), the combined solutions (5.3.6),
(5.3.12) and (5.3.14) are fully determined.

In the current model, the droplet shape in the first-order correction was
searched in the form of the Fourier series, see equation (5.2.7), where the
coefficients α0(ξ), αn(ξ) and α∗

n(ξ) were presented by the combined solutions
(5.3.6), (5.3.12) and (5.3.14). In the unpinned part of the contact line, the
position of the contact line presented by the Fourier series (5.2.11) and (5.2.12)
was part of the solution.

5.4 Examples

In practice, before a droplet moves on a solid substrate, we can observe the
phenomenon where the droplet deforms (elongates or shortens) but still stays on
the substrate. This occurs because only either advancing or receding is overcome,
rather than both simultaneously. Thus, we provide examples where only receding
occurs in the contact line and both advancing and receding occur. In the first
case, the change in the local contact angle only encounters the receding contact
angle. In the second case, however, the change exceeds the interval between the
advancing and receding contact angles. Both advancing and receding contact
angles are considered constants and are given in our examples.

We consider only one interval on each advancing and receding part of the
contact line, so we take a droplet on an inclined plate as an example. The
deformation of the solid plate is described by

Z(ξ, φ) = A(t)ξ cosφ, (5.4.1)

where A(0) = 0 and A(t) > 0 as t > 0. This problem is linear concerning the
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function A(t). Therefore, we can address the problem by setting A(t) = 1 during
the solution process and multiplying the obtained solution by A(t) at the end of
the analysis.

5.4.1 Simplified unpinned part of the contact line

We first consider a simplified case with a single receding region only. The receding
part of the contact line is within the interval (φr1, φr2). The shape of the droplet
and contact line are assumed to be symmetric along the x–axis, which gives
φr2 = R = −φr1. The first-order correction of the contact line is described by

g(φ) =

gr(φ) (−R < φ < R),

0 (−π < φ < −R, R < φ < π),
(5.4.2)

In the current example, where Ga = 0, there is no more coupling. Thus, (5.3.40)
can be sorted exactly, yielding

G⃗r =

(
D2 +

λ1

π
E2 · C2 −

λ2

π
F2 · C2

)−1

F⃗r. (5.4.3)

In this example, we set the receding contact angle to θr = 65◦. Although this
value does not have a specific physical interpretation, it is suitable for illustrating
the results in this particular case. The value of R is obtained by satisfying the
conditions (5.2.4) and (5.2.5), resulting in R = 0.91. The two-dimensional contact
line is computed using (5.4.3) and (5.2.18), depicted by a blue line in Figure 5.4.1,
while the original contact line is denoted by a black dashed line. As expected,
the contact line recedes in the region φ ∈ (−R,R) only.
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Figure 5.4.1: The two-dimensional contact line motion in the simplified case.
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Once we obtain the first-order correction of the contact line, the first-order
correction of the droplet shape is determined by equations (5.3.6) and (5.3.12).
The leading order term of the droplet shape is obtained from section 2.4 for
V0 = 0.1mL and θe = 70◦. A three-dimensional figure of the droplet shape is
shown in Figure 5.4.2.

Figure 5.4.2: A three-dimensional droplet shape with only one unpinned part.

The change of droplet shape primarily occurs in the polar angle φ ∈ (−R,R)

corresponding to the position of the contact line. The droplet shape is continuous
and smooth at φ = R since the contact line satisfies the conditions (5.2.4) and
(5.2.5). However, to ensure the validity of this truncated approximation, we need
to verify it using equation (3.4.12), depicted in Figure 5.4.3. We observe that De

is small for N > 8. For this example, we opt for N = 15 to truncate the Fourier
series of the droplet.

Figure 5.4.3: The difference of the droplet shape with the values of N .

Furthermore, we need to examine the contact angle θc(φ) for φ ∈ (−π, π).
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The contact angle remains constant and equal to the receding contact angle in
the unpinned part, while it exhibits variation along the pinned part of the contact
line. The Fourier wiggles are evident in the pinned region. To address this, we
increase the value of N to 200, resulting in the disappearance of these wiggles,
as shown in Figure 5.4.5.

Figure 5.4.4: The contact angle along the contact line in the simplified case.

Figure 5.4.5: The contact angle along the contact line in the simplified case.

5.4.2 Two regions of the unpinned part

Consider the contact line is symmetric along x–axis. The unpinned part of the
contact line is assumed to be split into the advancing and receding parts, which
are represented by the functions gr(φ) and ga(φ). Thus, the first-order correction
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of the contact line is described by

g(φ) =


0 (−π + L < φ < −R, R < φ < π − L),

gr(φ) (−R < φ < R),

ga(φ) (−π < φ < −π + L, π − L < φ < π),

(5.4.4)

and the first-order correction of the contact angle reads

V (φ) =


v0(φ) (−π + L < φ < −R, R < φ < π − L),

V2 (−R < φ < R),

V1 (−π < φ < −π + L, π − L < φ < π),

(5.4.5)

where the constants V2 =
θr − θe

δ
, V1 =

θa − θe
δ

, and the functions v0(φ), gr(φ),
ga(φ) are to be determined. In this example, we set the equilibrium contact angle
θe = 70◦, receding contact angle θr = 65◦ and advancing contact angle θr = 75◦.

The coefficients of gr(φ) and ga(φ) are determined by solving the coupled
equations (5.3.40), where R = L = 0.91 is obtained using the conditions (5.2.4)
and (5.2.4). Subsequently, the coefficients of the first-order correction of the
contact line are computed using (5.2.18). The resulting contact line is illustrated
in Figure 5.4.6, represented by a blue line, while the initial contact line is depicted
as a dashed line.
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Figure 5.4.6: A two-dimensional contact line motion with advancing and receding
regions on an inclined plate.

Next, the first-order correction of the droplet shape is obtained from (5.3.6)
and (5.3.12). By adding the leading order term, where V0 = 0.1mL, we obtain
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the droplet shape presented in the stretched coordinates. Converting the system
back to the dimensionless cylindrical coordinates, the droplet shape on the
inclined plate is shown in Figure 5.4.7. The primary change in the droplet
shape corresponds to the change in the position of the contact line.

Figure 5.4.7: A three-dimensional droplet shape on an inclined plate.

To validate the accuracy of this truncated approximation, we use (3.4.12) to
verify, as shown in Figure 5.4.8. We observe that De is small for N > 9. Hence,
we adopt N = 20 to truncate the Fourier series of the droplet in this example.

Figure 5.4.8: The change in the droplet shape De varies with N .

The first-order correction of the contact angle is calculated using (5.2.6),
presented in Figure 5.4.9. The contact angle remains constant and equal to the
receding or advancing contact angle in the unpinned part. There is variation in
the contact angle along the pinned region of the contact line. The Fourier wiggles
in the pinned region are observed at the N = 20 case. These wiggles disappear
when a truncated number of N = 200 is employed
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Figure 5.4.9: The contact angle θc(φ) along the contact line.

Figure 5.4.10: The contact angle θc(φ) along the contact line for choosing
N = 200.



6

Cox-Voinov model of contact line
motion

An axisymmetric droplet of a given volume, initially sitting on a flat and
horizontal solid surface, undergoes motion due to deformations in the solid
substrate. The investigation focuses on slow deformations, allowing the
application of the quasi-static approximation, see section 2.5. The Cox-Voinov
equation is employed as the contact line model in this chapter. This equation
establishes a relation between the current local contact angle θc and the normal
velocity of the contact line. In this model, the problem is solved in two steps at
each time instant. The first step is to determine the droplet shape together with
the contact angle at the time instant for the known contact line, similar to the
analysis performed in chapter 3, while the second step is to find the new
position of the contact line at the next time instant using the Cox-Voinov
formula for the local speed of the contact line.

In the current model, the problem is formulated in the stretched coordinates
as the contact line is not circular and moves. Due to the high similarity of the
present problem to the problem in the model of the pinned contact line, the focus
in this chapter is on the definition of the normal velocity of the contact line and
its formulation in the stretched coordinates.

We apply a similar methodology as in previous chapters to asymptotically
solve the quasi-static problem in the current model. The perturbation method,
by considering the small change of the solid substrate in its vertical direction
compared to the height of the droplet, and Fourier decomposition are used. The
resulting governing equation for the first-order correction of the droplet shape is
presented as a set of second-order ordinary differential equations with variables
coefficient, which is identical to the one in chapter 4. This set of ordinary
differential equations subject to the corresponding boundary conditions is
solved independently by combining series and numerical solutions at the
patching point, similar to the solution in chapter 5.

In addition, in this chapter, we obtain the first-order correction of the Cox-
Voinov equation, providing the relationship between the position of the contact
line at the current and next time instants. After determining the free surface
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of the droplet along with the contact angle at the current time instant in the
first step, the contact line at the next time instant is calculated using the Cox-
Voinov equation in the second step. Given the position of the contact line at
the next time instant, the free surface of the droplet and the contact angle can
be recalculated in the first step. This iterative process implies that the entire
problem in the current model is solved through forward iteration. Lastly, an
example of the drop motion on an inclined plate is provided.

6.1 Problem description

In this chapter, the motion of the contact line is governed by the Cox-Voinov
equation (Cox, 1986), which relates the current local contact angle, θc, to the
normal contact line velocity,

Ṽn = cT
(
θ3c − θ3e

)
, (6.1.1)

where cT is a constant depending on the solid–liquid–vapour combination and
θe is the equilibrium contact angle. The definition of the normal velocity of the
contact line for a non-flat substrate will be given below. This model does not
account for hysteresis effects, meaning that the contact line always moves and
only comes to a stop when and where the local current contact angle equals the
equilibrium contact angle.

In the cylindrical coordinates (r, φ, z), the free surface of the droplet is
described by the equation z = η̄(r, φ, t) and the solid substrate is given by
z = z̄p(r, φ, t). The intersection of these two surfaces is the contact line. The
projection of the contact line onto xy-plane is described by the equation
r = rc(φ, t), then the normal velocity of the contact line takes the form

Vn = Xt(φ, t) ·
(
n3 −

Xφ(φ, t) · n3

Xφ(φ, t) ·T3
T3

)
, (6.1.2)

see equation (2.3.7), where the derivatives of the position vector Xt, Xφ are given
by equations (2.3.10), and the vectors T3, n3 are given by equations (2.3.8) and
(2.3.9), respectively. Equation (6.1.2) gives the speed of the contact line in the
normal direction with dimensional parameters. We should convert the system
into dimensionless coordinates. Within these dimensionless coordinates,

r = R0r̃,

rc = R0r̃c,

η̄(r, φ, t) = B(t)η̃(r̃, φ, t),

z̄p(r, φ, t) = Zscz̃p(r̃, φ, t).

(6.1.3)
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see equations (3.1.12), where R0 is the initial radius of the axisymmetric droplet
calculated from section 2.4, B(t) is the vertical scale of the droplet and Zsc is the
maximum displacement of deformations of the solid substrate, the free surface
of the droplet is described by z̃ = η̃(r̃, φ, t) while the solid surface is given by
z̃ = δη̃(r̃, φ, t) where δ = Zsc/B(t). Substituting the dimensionless variables
(6.1.3) into (6.1.2), we have Vn = R0Ṽn, where the dimensionless normal velocity
of the contact line reads

Ṽn = X̃t(φ, t) ·

(
n3 −

X̃φ(φ, t) · n3

X̃φ(φ, t) ·T3

T3

)
. (6.1.4)

Here the derivatives of the position vector are given by

X̃t(φ, t) =
∂r̃c
∂t

êr + εz

(
∂z̃p
∂r̃

∂r̃c
∂t

+
∂z̃p
∂t

)
k̂ =

∂r̃c
∂t

K+ εz
∂z̃p
∂t

k̂,

X̃φ(φ, t) =
∂r̃c
∂φ

K+Ap,

(6.1.5)

where K = êr + εz
∂z̃p
∂r̃

k̂, Ap = r̃cêφ + εz
∂z̃p
∂φ

k̂, and εz = Zsc/R0. The elements
of vectors T3 and n3 become

q̄1 = ε
η̃φ
r̃

− εz
z̃pφ
r̃

, q̄2 = εz z̃pr − εη̃r̃, q̄3 = εεz
z̃pr̃η̃φ − η̃r̃z̃pφ

r̃
, (6.1.6)

q̄4 =εz z̃pr̃ − εη̃r̃ + εε2z
z̃pr̃η̃φz̃pφ − η̃r̃z̃

2
pφ

r̃2
,

q̄5 =εε2z
η̃r̃z̃pr̃z̃pφ − z̃2pr̃η̃φ

r̃
+ εz

z̃pφ
r̃

− ε
η̃φ
r̃
,

q̄6 =ε2z

(
z̃2pr̃ +

z̃2pφ
r̃2

)
− εεz

(
η̃r̃z̃pr̃ +

η̃φz̃pφ
r̃2

)
,

(6.1.7)

where ε = B(t)/R0. Substituting (6.1.4) into (6.1.1), we obtain the following
equation for the evolution of the contact line,

X̃t(φ, t) ·

(
n3 −

X̃φ(φ, t) · n3

X̃φ(φ, t) ·T3

T3

)
= cT

(
θ3c − θ3e

)
. (6.1.8)

It is convenient to convert equation (6.1.8) into the stretched coordinates
(ξ, φ, z̃), where the radial variable is scaled by ξ = r̃/r̃c(φ, t), see equation (4.1.5).
The free surface of the droplet and the solid surface in the stretched coordinates
are denoted by F (ξ, φ, t) and Z(ξ, φ, t), where

η̃(r̃, φ, t) = η̃(ξr̃c(φ), φ, t) = F (ξ, φ, t),

z̃p(r̃, φ, t) = z̃p(ξr̃c(φ), φ, t) = Z(ξ, φ, t).
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Substituting the transformations for the first derivatives, see equation (4.1.6) into
equation (6.1.8), we obtain the Cox-Voinov equation presented in the stretched
coordinates,

∂r̃c
∂t

(K · n3 −MK ·T3) + εz
∂Z

∂t
(b̄3 −Mā3) = cT

(
θ3c − θ3e

)
, (6.1.9)

where

M =

∂r̃c
∂φ

K · n3 +Ap · n3

∂r̃c
∂φ

K ·T3 +Ap ·T3

. (6.1.10)

The vectors in the stretched coordinates (at ξ = 1) are presented in the following
forms,

K = êr + εz
Zξ(ξ, φ, t)

r̃c(φ, t)
k̂, (6.1.11)

Ap = r̃cêφ + εz

(
Zφ − r̃

′
c

r̃c
Zξ

)
k̂. (6.1.12)

(6.1.6) and (6.1.7) in the stretched coordinates (at ξ = 1) become

q̄1 =
1

r̃c

(
ε(Fφ − r̃

′
c

r̃c
Fξ)− εz(Zφ − r̃

′
c

r̃c
Zξ)

)
,

q̄2 =
εzZξ − εFξ

r̃c
,

q̄3 =
εεz
r̃2c

(
Zξ(Fφ − r̃

′
c

r̃c
Fξ)− Fξ(Zφ − r̃

′
c

r̃c
Zξ)

)
,

(6.1.13)

q̄4 =
εzZξ − εFξ

r̃c
+

εε2z
r̃3c

(
Zξ(Fφ − r̃

′
c

r̃c
Fξ)(Zφ − r̃

′
c

r̃c
Zξ)− Fξ(Zφ − r̃

′
c

r̃c
Zξ)

2

)

q̄5 =
εε2z
r̃3c

(
FξZξ(Zφ − r̃

′
c

r̃c
Zξ)− Z2

ξ (Fφ − r̃
′
c

r̃c
Fξ)

)

+
1

r̃c

(
εz(Zφ − r̃

′
c

r̃c
Zξ)− ε(Fφ − r̃

′
c

r̃c
Fξ)

)
,

q̄6 =ε2z

(
(
Zξ

r̃c
)2 +

1

r̃2c
(Zφ − r̃

′
c

r̃c
Zξ)

2

)
− εεz

FξZξ

r̃2c

− εεz
r̃2c

(Fφ − r̃
′
c

r̃c
Fξ)(Zφ − r̃

′
c

r̃c
Zξ).

(6.1.14)

Equation (6.1.9) is a partial differential equation of the first order with only
first derivatives of the contact line ∂r̃c

∂t
, ∂r̃c
∂φ

, involved, and it depends on the
position function of contact line r̃c(φ, t), shape of the droplet F (ξ, φ, t), and
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shape of the solid substrate Z(ξ, φ, t). In our study, we are concerned with slow
deformations of the solid substrate, which allows us to analyse the dynamic
behaviour of the droplet by the quasi-static approximation without time
derivatives in the boundary conditions on the free surface of the droplet.
However, we keep the time derivative ∂r̃c

∂t
in the Cox-Voinov equation. To find

the motion of the contact line within the present model, we consider the next
time instant

t̂ = t+∆t, (6.1.15)

where ∆t is the step of integration of the Cox-Voinov equation in time. For small
∆t → 0, the partial derivatives ∂r̃c

∂t
and ∂Z

∂t
can be approximated as

∂r̃c(φ, t)

∂t
=

r̃c(φ, t̂)− r̃c(φ, t)

∆t
≈ r̂c(φ)− r̃c(φ)

∆t
,

∂Z(ξ, φ, t)

∂t
=

Z(ξ, φ, t̂)− Z(ξ, φ, t)

∆t
≈ Ẑ(ξ, φ)− Z(ξ, φ)

∆t
.

(6.1.16)

Here, r̃c(φ) and Z(ξ, φ) are the functions describing the positions of the contact
line and the solid surface at the current time instant while r̂c(φ) and Ẑ(ξ, φ)

represent the contact line and solid surface at the next time instant, respectively.
Thus, the Cox-Voinov equation in the quasi-static approximation read

(r̂c(φ)− r̃c(φ)) (K · n3 −MK ·T3) + εz(b̄3 −Mā3)
(
Ẑ(ξ, φ)− Z(ξ, φ)

)
= cT∆t

(
θ3c (ξ, φ)− θ3e

)
,

(6.1.17)

where the vectors in (6.1.17) are given by equations (6.1.10)–(6.1.14).
As we employ the quasi-static approximation, the parameter t is not shown

in the following equations. The results of chapter 4 provide that the free surface
of the droplet is governed by the Young-Laplace equation at each time instant,

a2 + ε2a3

(1 + ε2a1)3/2
= Bo[F (ξ, φ)− 1] (ξ < 1, −π < φ < π), (6.1.18)

see equation (4.1.7), where Bo is the Bond number, a1, a2 and a3 are given by
(4.1.8). The governing equation (6.1.18) subject to a boundary condition,

F (1, φ) = δZ(1, φ), (6.1.19)

see equation (4.1.9), and a condition of the constant droplet volume,

− 1

Bo

∫ π

−π

(
εa7r̃c(φ)√
1 + ε2a8

)
dφ = ε

(
|S| − δ

∫ π

−π

∫ 1

0
Z(ξ, φ)r̃2c (φ)ξdξdφ

)
− V0

R3
0

,

(6.1.20)
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where |S| = 1
2

∫ π
−π r̃

2
c (φ)dφ, see equation (4.1.12). Here a7 and a8 are given by

equation (4.1.13). The contact angle is calculated by the following equation,

cos θc(ξ, φ) =
1 + εεza5√

1 + ε2a4
√
1 + ε2za6

(ξ = 1, −π < φ < π), (6.1.21)

see equation (4.1.10), where the functions a4, a5, a6 are given by equation (4.1.11).
The problem of (6.1.18)–(6.1.20) with the model of the contact line (6.1.17) should
be solved using the initial contact line,

r̃c(φ) = 1 (t = 0), (6.1.22)

and droplet shape obtained in section 2.4.
This section presented the conversion of the Cox-Voinov equation to the

stretched coordinates (6.1.17). Within the stretched coordinates, the contact
line was incorporated into the governing equation (6.1.18) and conditions
(6.1.19)–(6.1.21).

6.2 Asymptotic solution

We employ a similar way following the previous chapters to find the asymptotic
solution of the problem (6.1.17)–(6.1.22) by considering a small deformation of
the solid substrate δ ≪ 1 and ε = O(1). The droplet shape, contact angle, aspect
ratio and position of the contact line are sought in the form,

F (ξ, φ) = F0(ξ) + δF1(ξ, φ) +O(δ2),

θc(φ) = θe + δV (φ) +O(δ2),

ε = ε0 + δε1 +O(δ2),

r̃c(φ) = 1 + δg(φ) +O(δ2),

r̂c(φ) = 1 + δĝ(φ) +O(δ2).

(6.2.1)

Note that g(φ) is known in this model of the contact line, but we need to add
this function to present the contribution from a non-circular contact line. The
function ĝ(φ), representing the position of the contact line at the next time
instant, is to be determined.

The results of chapter 4 give the governing equation for the first-order
correction of the droplet shape,

H1(ξ)F1,ξξ +H2(ξ)
F1,ξ

ξ
+H3(ξ)

F1,φφ

ξ2
+H4(ξ)ε1

+H5(ξ)g(φ) +H6(ξ)g
′′
(φ) = BoF1,

(6.2.2)

see equation (4.2.4), where the functions Hi(ξ), i = 1, 2, · · · , 6, are given by
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equations (3.2.6) and (4.2.5), and the boundary condition

F1(1, φ) = z̃p(1, φ), (6.2.3)

see equation (4.2.6). The condition (6.1.20) provides

1

Bo

∫ π

−π

(
sin θe cos

2 θe
ε1
ε0

− cos3 θeε0F1,ξ(1, φ) + sin3 θeg(φ)

)
dφ

= ε1π + ε0

(∫ π

−π
g(φ)dφ−

∫ π

−π

∫ 1

0
z̃p(ξ, φ)ξdξdφ

)
, (6.2.4)

see equation (4.2.8). The first-order correction of the contact angle is calculated
using the following equation

V (φ) = ε0z̃p,ξ(1, φ) + sin θe cos θe

(
ε1
ε0

− g(φ)

)
− ε0 cos

2 θeF1,ξ(1, φ), (6.2.5)

see equation (??).
Substituting the expansions (6.2.1) into (6.1.13) and (6.1.14), we have

q̄1 =δ
(
ε0F1,φ(1, φ)− ε0F0,ξ(1)g

′
(φ)− ε0z̃p,φ(1, φ)

)
+O(δ2),

q̄2 =− ε0F0,ξ(1) + δ (ε0z̃p,ξ(1, φ) + ε0F0,ξ(1)g(φ)− ε0F1,ξ(1, φ)− ε1F0,ξ(1)) +O(δ2),

q̄3 =− δε20F0,ξ(1)z̃p,φ(1, φ) +O(δ2),

(6.2.6)

q̄4 =− ε0F0,ξ(1) + δ (ε0z̃p,ξ(1) + ε0F0,ξ(1)g(φ)− ε0F1,ξ(1, φ)− ε1F0,ξ(1)) +O(δ2),

q̄5 =− δ
(
ε0F1,φ(1, φ)− ε0F0,ξ(1)g

′
(φ)− ε0z̃p,φ(1, φ)

)
+O(δ2),

q̄6 =− δε20F0,ξ(1)z̃p,ξ(1, φ) +O(δ2).

(6.2.7)

Hence, the term εz(b̄3 − Mā3)[Ẑ(ξ, φ) − Z(ξ, φ)] in equation (6.1.17) has no
contribution up to O(δ2). The magnitude

√
q̄21 + q̄22 + q̄23 only depends on the

component q̄2 while
√

q̄24 + q̄25 + q̄26 depends on q̄4 since the rest terms start with
O(δ2), which gives

1√
q̄21 + q̄22 + q̄23

=
1√

q̄24 + q̄25 + q̄26

= − 1

ε0F0,ξ(1)
− δ

ε0z̃p,ξ(1, φ) + ε0F0,ξ(1)g(φ)− ε0F1,ξ(1, φ)− ε1F0,ξ(1)

ε20F
2
0,ξ(1)

+O(δ2).

Once we get the magnitude of the vectors T3 and n3, the scalar products K ·n3,
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Ap · n3, K ·T3, Ap ·T3 can then be calculated

K · n3 =
q̄4√

q̄24 + q̄25 + q̄26
= 1 +O(δ2),

Ap · n3 =
r̃c(φ)q̄5√

q̄24 + q̄25 + q̄26
= −δ

(
z̃p,φ(1, φ)− F1,φ(1, φ)

F0,ξ(1)
+ g

′
(φ)

)
+O(δ2),

K ·T3 =
q̄1√

q̄21 + q̄22 + q̄23
= δ

(
z̃p,φ(1, φ)− F1,φ(1, φ)

F0,ξ(1)
+ g

′
(φ)

)
+O(δ2),

Ap ·T3 =
r̃c(φ)q̄2√

q̄21 + q̄22 + q̄23
= 1 + δg(φ) +O(δ2).

(6.2.8)

As a result, the expansions of (6.1.10) gives

M = −δ
z̃p,φ(1, φ)− F1,φ(1, φ)

F0,ξ(1)
+O(δ2), (6.2.9)

so the term MK ·T3 in (6.1.17) is negligible. Therefore, the first-order correction
of the Cox-Voinov equation reads

ĝ(φ)− g(φ) = 3cT θ
2
e∆tV (φ). (6.2.10)

The governing equation (6.2.2) is a second-order partial differential equation
with singular variables coefficients, which is solved by the same methodology as
the previous chapter by employing Fourier series to separate variables ξ and φ.
See equations (5.2.7)–(5.2.9) for F1(ξ, φ), g(φ), V (φ). The contact line at next
time step, ĝ(φ), is searched in the form of Fourier series,

ĝ(φ) = Â0 +
∞∑
n=1

[Ân cosnφ+ Â∗
n sinnφ], (6.2.11)

where Â0, Ân, Â∗
n, n = 1, 2, 3, · · · , are to be determined. Applying the Fourier

decomposition to equation (6.2.2), the resulting set of ordinary differential
equations takes the form

H1(ξ)α
′′
0 +H2(ξ)

α
′
0

ξ
−Boα0 = −H4(ξ)ε1 −H5(ξ)A0, (6.2.12)

H1(ξ)α
′′
n +H2(ξ)

α
′
n

ξ
−
[
Boξ2 + n2H3(ξ)

] αn

ξ2
=
[
n2H6(ξ)−H5(ξ)

]
An,

(6.2.13)

H1(ξ)α
∗′′
n +H2(ξ)

α∗′
n

ξ
−
[
Boξ2 + n2H3(ξ)

] α∗
n

ξ2
=
[
n2H6(ξ)−H5(ξ)

]
A∗

n,

(6.2.14)

see equations (4.2.11)–(4.2.13). The Fourier series and the boundary condition
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(6.2.3) provide the corresponding boundary conditions for equations (6.2.12)–
(6.2.14),

α0(1) =
1

2π

∫ π

−π
z̃p(1, φ)dφ,

αn(1) =
1

π

∫ π

−π
z̃p(1, φ) cos(nφ)dφ,

α∗
n(1) =

1

π

∫ π

−π
z̃p(1, φ) sin(nφ)dφ.

(6.2.15)

Also, we have a condition for ε1,

ε1 = k1α
′
0(1) + k2A0 + k3, (6.2.16)

see equation (4.2.16), where constants k1, k2, k3 are given by equations (4.2.17).
Two boundary conditions are required for each of the equations (6.2.12)–(6.2.14),
but we get only one available condition for each equation. However, we seek the
finite curvature of the free surface of the droplet at the droplet centre, so there
could exist a restriction on the class of solutions, which serves as the required
second condition for each of them, as in chapter 3. Using the Fourier series of
F1(ξ, φ), g(φ) and V (φ), the first-order correction of the contact angle (6.2.5) are
given by

B0 =ε0

∫ π

−π
z̃p,ξ(1, φ)dφ+ sin θe cos θe

(
ε1
ε0

−A0

)
− ε0 cos

2 θeα
′
0(1),

Bn =ε0

∫ π

−π
z̃p,ξ(1, φ) cos(nφ)dφ− sin θe cos θeAn − ε0 cos

2 θeα
′
n(1),

B∗
n =ε0

∫ π

−π
z̃p,ξ(1, φ) sin(nφ)dφ− sin θe cos θeA

∗
n − ε0 cos

2 θeα
′∗
n (1).

(6.2.17)

Substituting (5.2.8) and (6.2.11) into (6.2.10), we obtain the relation of the
position of the contact line at the current and next time instant,

Â0 =A0 + 3cT θ
2
e∆tB0,

Ân =An + 3cT θ
2
e∆tBn,

Â∗
n =A∗

n + 3cT θ
2
e∆tB∗

n,

(6.2.18)

The initial condition (6.1.22) provides (t = 0)

A0 = 0, An = 0, A∗
n = 0. (6.2.19)
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6.3 General solution

In this model, the governing equations (6.2.12)–(6.2.14) subject to the
corresponding boundary conditions (6.2.15) and condition (6.2.16) are first
solved with the given position of the contact line at the current time instant.
Once the droplet shape F1(ξ, φ) at the current instant is determined, the
contact angle V (φ) at the current instant is calculated using (6.2.17). After
that, the position of the contact line at the next time instant is determined
using (6.2.18). Following this, we obtain the droplet shape at the next time
instant by solving the problem of (6.2.12)–(6.2.16) with the new position of the
contact line from (6.2.18). This iterative process continues until the terminal
time is reached.

A similar approach to the one in chapter 5 is used to obtain the combined
solutions at the patching point a ∈ (0, 1). In this approach, regular series
solutions are applied for ξ ∈ [0, a] while numerical solutions are applied for the
interval ξ ∈ [a, 1]. For the current time instant, the combined solutions of the
governing equations (6.2.12) reads

α0(ξ) =

C0α
(hr)
0 (ξ) + ε1α

(p1)
0 (ξ) +A0α

(p2)
0 (ξ) (0 < ξ < a),

α0(1)α
(1)
0 (ξ) + α

′
0(1)α

(2)
0 (ξ) + ε1α

(3)
0 (ξ) +A0α

(4)
0 (ξ) (a < ξ < 1),

(6.3.1)
see equation (5.3.6), where α0(1) is given by equation (6.2.15), C0 and α

′
0(1) are

determined by solving the system of equations (5.3.7) with given A0, and ε1 is
calculated using (6.2.16) once A0 are α

′
0(1) are known. The solution (6.3.1) is

fully determined since A0 is given in the present model.
Likewise, the combined solution of (6.2.13) takes the form

αn(ξ) =

Cnα
(hr)
n (ξ) +Anα

(p)
n (ξ) (0 < ξ < a),

αn(1)α
(1)
n (ξ) + α

′
n(1)α

(2)
n (ξ) +Anα

(3)
n (ξ) (a < ξ < 1),

(6.3.2)

see equation (5.3.12), where αn(1), n = 1, 2, 3, · · · , are given by equations (6.2.15),
Cn and α

′
n(1) are determined by solving the system of equations (5.3.13) with

given An. In this model, the solution (6.3.2) is completely determined as An

is given. Note that equation (6.2.13) is identical to (6.2.14), so the combined
solution of (6.2.14) can be obtained by changing the notation in (6.3.2).

In this model, we have the initial contact line (6.2.19) and the relation of
the contact line between the current and next time instant (6.2.18). Hence, the
evolution of the position of the contact line can be completely described through
the forward iteration.
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6.4 Example

We consider an inclining plate, which is initially horizontal and gradually starts
to incline. This inclination is represented by the equation

z̃p(ξ, φ) = A(t)ξ cosφ, (6.4.1)

where A(t) = 0 at the initial time instant and A(t) > 0 as t > 0. Note that A(t)

cannot be scaled out in the current case since we now have the time derivative
in the Cox-Voinov equation.

In this particular case, only the n = 1 terms in equations (6.3.2) are required
due to the orthogonality, resulting in a simplified expression

α1(ξ) =

C1α
(hr)
1 (ξ) +A1α

(p)
1 (ξ) (0 < ξ < a),

α1(1)α
(1)
1 (ξ) + α

′
1(1)α

(2)
1 (ξ) +A1α

(3)
1 (ξ) (a < ξ < 1).

(6.4.2)

Here, C1 and α
′
1(1) are determined by solving the following system with respect

to C1 and α
′
1(1),

α
(hr)
1 (a)C1 − α

(2)
1 (a)α

′
1(1) = M11A1 + α

(1)
1 (a)α1(1),

α
(hr)
1,ξ (a)C1 − α

(2)
1,ξ(a)α

′
1(1) = M12A1 + α

(1)
1,ξ(a)α1(1),

(6.4.3)

see equations (5.3.13), where M11 = α
(3)
1 (a)−α

(p)
1 (a) and M12 = α

(3)
1,ξ(a)−α

(p)
1,ξ(a).

Since α
′
1(1) can be written in the form

α
′
1(1) = D12A1 + E12α1(1), (6.4.4)

see equation (5.3.17), where D12 and E12 are given by (5.3.20). The first-order
correction of the contact angle (6.2.17) is simplified to

B1 = ε0

∫ π

−π
z̃p,ξ(1, φ) cosφdφ− sin θe cos θeA1 − ε0 cos

2 θe [D12A1 + E12α1(1)] ,

(6.4.5)
and the Cox-Voinov equation (6.2.18) is reduced to

Â1 = A1 + C∆tB1, (6.4.6)

where C = 3cT θ
2
e . From the literature, cT , depending on the properties of the

fluid and the solid substrate, typically ranges from 2× 10−3 to 6× 10−3. Given
an equilibrium contact angle of 70◦ and cT = 4.5×10−3, we have C ≈ 0.02. Since
we are considering the slow deformation of the substrate, we set A(t) = 0.01t.
By choosing δ = 0.1, the evolution of the contact line is depicted in Figure 6.4.1.
Initially, the contact line has a circular shape. As time progresses, the contact
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line deforms and moves to the left.

Figure 6.4.1: The position of the contact line at the time instant of t0, t15, t30,
for C = 0.02.

Essentially, there is a geometric limitation to our contact line evolution. In
this example, the position of the contact line at a given time can be described by
the equation

r̃c(φ) = 1 +Q cosφ, (6.4.7)

where Q is a negative number as the contact line moves to the left. Figure 6.4.2
illustrates the position of the contact line corresponding to different values of Q.
For large values of Q, the contact line deviates from physical interpretation since
it has an intersection. To ensure meaningful simulation results, the terminal time
will be set when Q = −0.5.
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Figure 6.4.2: The position of the contact line changes with different values of Q.

To examine the influence of C, we introduce another scenario where all
parameters remain the same except for C, which varies from 0.02 to 0.1. Figure
6.4.3 displays two cases of the droplet’s cross-section, with V0 = 0.1mL. A
higher value of C represents better mobility.

Figure 6.4.3: Cross-section of the droplet shape with different C at the time
instant of t0, t10, t20 and t30.
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Figure 6.4.4 illustrates the three-dimensional motion of a droplet on an
inclined plate. The initial shape of the droplet is axisymmetric, and the black
line represents the initial position of the contact line. The elevation of the
substrate varies slowly over time, causing the droplet to move downward.

Up to this point, we have considered small values of A(t) to align with our
assumption. However, when adjusting to larger values of A(t), the evolution of
the contact line changes direction (the droplet climbs uphill), which reminds us of
the results observed by Brunet et al. (2007). In their finding, the droplet climbs
upward when the acceleration of the solid substrate exceeds a certain threshold.
Nevertheless, with large values of A(t), the droplet shape breaks due to the large
deformation of the substrate.

Figure 6.4.4: A three-dimensional droplet slides down along the inclined plate at
the instant times t0 t0, and t30.
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Conclusion

7.1 Summary

The analysis of droplet shapes on solid surfaces has been extensively studied
for over 20 years. It is well-known, especially for flat solid surfaces, since it
could be reasonable to assume the axisymmetric shape. However, discussing
non-flat surfaces still presents challenges. We are interested in studying droplet
motion induced by deformations of a solid substrate. Since we concentrate on
slow substrate deformations, we can analyse the droplet dynamics using the quasi-
static approximation. In this approximation, in the leading order, the flow inside
the droplet is neglected, and the droplet shape at each instant is balanced by
gravity and capillary forces.

This thesis explores various contact line models to understand droplet
dynamics. In each scenario, the axisymmetric droplet initially rests on a flat
and horizontal solid substrate before the substrate experiences a
time-dependent deformation. This initial axisymmetric free surface of the
droplet is calculated in section 2.4 numerically for appropriate droplet volumes
and asymptotically for large volumes. Then, we apply asymptotic methods to
solve the quasi-static problem, considering small deformations of the substrate
in the vertical dimension compared to the thickness of the droplet. The free
surface of the droplet is obtained by summing the leading order term and the
first-order correction, where the leading order term originates from the initial
axisymmetric droplet shape, and the first-order correction depends on the
chosen contact line model.

In chapter 3, the contact line remains circular at all time instants. The
model of the pinned contact line is represented as a Dirichlet boundary value
problem. The governing equation for the first-order correction of the droplet
shape is simplified to an infinite set of ordinary differential equations with variable
coefficients by employing Fourier decomposition. To find a solution for each of
the ordinary differential equations, we combine the series solution, which is solved
using the Frobenius method close to the centre of the droplet, and the numerical
solution at the patching point r̃ = a. The unknown constants in both series
and numerical solutions are determined through the patching conditions that
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ensure the combined solution is continuous and smooth. We provide the most
straightforward example where only one value of n = 1 is required to solve, which
refers to a droplet placed on an inclined plate. This scenario is commonly studied
to investigate non-axisymmetric shapes. In addition, we extend our analysis to
cases that require multiple values of n to illustrate the broader applicability of
our method.

We address a free boundary value problem in chapter 4, where the position
of the contact line r̃ = r̃c(φ) is unknown in advance and should be determined.
In this scenario, the contact line is non-circular, so we introduce the new
coordinates called the stretched coordinates (ξ, φ, z̃) where ξ = r̃/r̃c(φ) to
handle the issue. After substituting the asymptotic expansions and utilising the
Fourier decomposition to separate variables, the resulting governing equation in
the first-order correction is similar to the one in the model of the pinned
contact line but becomes more complicated due to the influence of the contact
line. Following a methodology similar to the one applied in the previous
chapter, we derive a combined solution for the free surface of the droplet and
the position of the contact line in the first correction.

In chapter 5, the model of the contact line integrates the characteristics of
the previous two models. The contact line is split into the pinned, where θr <

θc < θa, and unpinned regions, where θc = θa or θc = θr. The position of the
contact line in the unpinned region and the intervals of the unpinned region are
to be determined, so this is a free mixed boundary value problem. Following the
similar methodology as in chapter 4, we have the same governing equation for
the first-order correction of the droplet shape and then obtain a similar form of
a combined solution for the free surface of the droplet. However, in the present
model, the coefficients in the combined solution are not completely determined.
To resolve this, we solve the coupled equations to obtain the position of the
contact line. Once the contact line is known, the combined solution for the first-
order correction of droplet shape is fully determined. Here, we present the motion
of a droplet on an inclined surface, taking into account the hysteresis effect.
Our results closely align with experimental observations. The phenomenon of
advancing or receding can occur separately or simultaneously.

In chapter 6, we utilise The Cox-Voinov equation as the contact line model.
In this scenario, the contact line is not circular and moves at each time instant.
The problem is approached in two segments for each time instant. The first phase
involves determining the droplet shape together with the contact angle at the time
instant for the known contact line, similar to as in chapter 3. We use a similar
way to analyse the problem in this step. Essentially, the governing equation for
the free surface of the droplet and the combined solution of the droplet shape
have been presented in the previous chapters. The second phase involves using
the Cox-Voinov equation to establish the relationship between the position of the
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contact line in the first-order correction at the current and next time instants.
Hence, the problem in the present model is resolved through forward iteration.

7.2 Conclusion and future work

We develop our method for analysing droplet hydrodynamics by employing the
quasi-static approximation. The quasi-static problem is solved asymptotically.
While many studies in the literature have numerically solved this problem or
focused on specific substrate shapes theoretically, our methodology can be applied
to any shape of solid substrate with a theoretical solution.

Droplet dynamics are complicated, and our focus lies on determining the
shape (domain) of the droplet in the leading order. Since the droplet shape is
now known, we could consider calculating the flow inside the droplet through
computational fluid dynamics (CFD) simulation to extend our work.
Additionally, accounting for viscous effects would bring our model closer to
reality.

When addressing the hysteresis effect, many researchers have utilised
specialized software such as Surface Evolver. Our contact line models
successfully present the hysteresis effect, with results closely aligning with
qualitative experimental observations. However, for a more rigorous analysis, it
would be beneficial to compare our results with other data for quantitative
validation.

In our final model, we incorporated the Cox-Voinov equation to describe the
evolution of the contact line, including the time derivative. In future work,
verifying the value of C will be crucial for extending our approach to more
realistic scenarios.
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