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1 | INTRODUCTION

In this paper we propose a nonlinear mathematical model of unemployment, allowing for both an extensive and an intensive
margin of the labour market, generating unemployment as well as underemployment. As such, we reconsider the possibility
of ’time-limited jobs’ or underemployment, as an intermediary status in the labour market - between regular employment and
unemployment. Our system allows for both job market creation, and policy intervention to limit unemployment, along with the
possibility that migrants take some regular jobs.

We build on the documented incidence of underemployment (for example'’), whereas workers in either full or part-time jobs
cite an interest to work a larger number of hours than those available to them in their present employment and at the going
wage rate. Our paper thereby extends an earlier analysis® by focusing on policy effectiveness in reducing unemployment. In
this context, employers have the option to draw on immigrants to fill in labour shortages, as well as to use the pool of the
underemployed when the demand arises for extra hours of work. This builds on evidence in the post-2008 Great Recession
period, whereby employers draw on the underemployed or their internal labour market - in particular during a recovery period.
The mechanism also informs the possibility of filling in labour market gaps, such as those associated with post-pandemic labour
shortages.
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The adjustment in our model of unemployment dynamics could thus explain why unemployment rates changed only a little,
in spite of major events such as the Great Recession or the post-pandemic recovery. Moreover, after the 2008 financial crisis,
real wages stagnated during the recovery period, while underemployment stayed high relative to the level of unemployment
across most European countries, and also in the USA U On the other hand, the end of the COVID-19 pandemic coincided with
some upward pressure on wages along with labour shortages. This happened in spite of the expectation of sharp increases in
unemployment following the end of furlough schemes during the times of COVID-19 - temporarily controlling unemployment
through policy intervention. Coupled with a subsequent decline in underemployment, this has also coincided with a sharp decline
in international migration - showing that unemployment has been influenced by a mix of these dynamic processes, which should
be modelled simultaneously. Going forward, it appears that underemployment is back to the relative levels experienced before
the Great Recession, and time will tell whether its role in the unemployment dynamics is becoming less influential, or remains a
factor to be kept in check. Our model will capture the role of underemployment in the determination of unemployment dynamics,
by modelling policy intervention along with the contribution of limited-hours employment options. It further adds immigration
as part of the system, which is also in line with a significant explanation of how shortages developed in the post-pandemic period
along with disruptions to cross-border migrant flows.

In sum, we follow the intuition in Bell and Blanchflower® and reconsider the slack in the labour market beyond unemployment,
to include those working fewer hours than intended. As such, underemployment needs to be added to a system of dynamic
interaction of labour market processes and policy intervention to model more realistic scenarios.

We acknowledge the approach of earlier work>/ZS8OUOLIINIY 6 ynemployment control. Yet, unlike in” we adjust our
unemployment model to allow for the possibility that workers of all skills can become subject to employment contracts that
allow for fewer hours of work compared to what some of them would be happy to provide at the going wage rate.

In fact, where labour market slack is linked with underemployment measures, rather than unemployment alone, it is estimated
that the share of those working part-time who would be interested in working full-time in Europe varies between 2 and almost
9 per cent of total employment over the decade leading to the Covid-19 pandemic'’. Ultimately, we build on the fact that the
availability of an underemployed workforce reduces the need for external recruitment by employers from the unemployeds.
This results in similar dynamics as illustrated by a system where employers can fill in jobs from a pool of immigrants, thereby
reducing the speed of unemployment reduction. Motivated by the above considerations, our paper builds on this analogy and
creates a model of unemployment dynamics with both migration and underemployment, to check for the effectiveness of policy
intervention and the further significance of delayed reactions.

The paper is organised as follows. In Section 2 the model for unemployment reduction considering underemployment and
migration and two kernels is described. Section 3 adds a non-dimensional model. An equilibrium analysis is presented in Section
4. For different types of delay kernels a stability analysis is done in Section 5. and Section 6 for regular employment-free
equilibrium. Section 7 provides the local asymptotic stability for the positive equilibrium. Numerical simulation substantiates
the theoretical findings in Section 8. Finally, concluding remarks are given in Section 9.

2 | THE MATHEMATICAL MODEL

The state variables of the considered mathematical model are: the number of unemployed persons U (¢), the number of immi-
grants M (t), the number of those underemployed persons or persons working limited hours T'(¢), the number of regularly
employed persons R(t), and the number of available vacancies V (¢), at time ¢.

In the model description, the following assumptions are made: the separation rate of unemployed individuals and the labour
market entry rate of migrants are constant at a; and m, respectively. Also, there are movements among different categories.

We model unemployment in a continuous time framework, along with a delayed reaction of markets in terms of job creation.
The number of individuals claiming unemployment rises over time under the influence of external factors and we see this
number diminish where a proportion of the unemployed find jobs created by recovering markets. Yet, some of those currently
in regular employment or underemployed might also be dismissed, and such job losses increase unemployment. Finally, some
of the unemployed can also leave or retire, thus diminishing the numbers of those in the unemployment pool. The change
in unemployment is captured in Eq. (I); below. At any time t, the number of unemployed persons, U(t) also changes by an
autonomous factor a,. The instantaneous rate of movement from unemployment to employment is jointly proportional to U(t)
and the number of available vacancies V(t), where V(t) is the total number of vacancies being created by the market.
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Migrants are further attracted to a particular labour market by economic opportunities, with an ongoing inflow of workers
from abroad ready and able to enter the labour market of our observed economy. As they do not have access to unemployment
benefits upon entry, they are not expected to add to the number of unemployed. There is an autonomous rise of migrant stocks,
independent of economic conditions. Yet migrants’ attraction to a labour market is a function of their employability, which
depends on the available vacancies in the destination economy. By joining the labour force at destination, immigrants add to the
regularly employed population. On the other hand, return migration often represents a significant proportion of the new arrivals
diminishing the migrant stock along with natural attrition. Such developments are captured by Eq. (I), . As envisaged in Eq.
(I the pool of the underemployed is enlarged by people otherwise unemployed, but who can find limited-hours employment,
and diminishes where they can move to regular jobs according to job openings and the expected labour supply at going wage
rates. Attrition is also occurring amongst the underemployed, due to various reasons determining labour market exit.

The number of individuals in regular employment rises through the job findings of the unemployed and by migrant workers
occupying newly created jobs or vacancies and the underemployed filling in labour market gaps or temporary shortages arising
in recovery periods. Total employment decreases as a consequence of a number of workers losing their regular jobs, or becoming
unemployed, but also through retirement or natural loss. This is expressed formally in Eq. (I)),.

Finally, we observe the creation of job opportunities by the market, as a delayed reaction to the observation of employment
conditions at various points in time, with vacancy numbers also undergoing a process of decline, as modeled by Eq. (I)s.

The system of differential equations, defined on the half-line (# > 0), is:

U@ = a, —a, U@V (@) + a3 R(@) — a,U(t) + asT(t) — b, fow h (Ut = s)ds

M@)=m —m,M@®)V(t)—b,M(1)

T(t) = a,U(t) — asT(t) — ¢, TV () — b3T(t) (1)

R(t) = a,U@V (1) + my M@V (1) + ¢, TV (t) — a3 R(t) — by R(t)

V(@) =c, [,7 hy(s)R(t — s)ds — bsV (1)
where a,, a,, as, a,, as, by, by, bs, by, bs, m;, m,, ¢, and c, are positive constants and stand for: a, is the constant growth
rate of unemployed persons entering the labour market, a, is the rate of regular hiring, a; is the rate of firing from regular
employment, a, is the rate of movement from unemployment to limited hours employment, as is the rate of movement from
limited hours employment to unemployment; b, is the rate of exit from unemployment; b, is the rate of return or death of the
migrant population; b5 is the rate of exiting the labour market of the limited-hours employed persons; b, is the rate of retirement,
migration or death of regularly employed persons; b is the rate of vacancies decline; c, is the rate of upgrading from limited
hours to regular employment; c, is the rate of vacancies creation in response to current employment conditions; m; represents
the exogenous increase in migration and mj, is the migrants’ entry rate into regular employment.

The delay kernels h,h, : [0,00) — [0, 00) are the probability density functions, assumed to be bounded, piecewise

continuous and satisfying

/hl(s)ds =1, 7= /shl(s)ds < 0. 2)
0 0
/hz(s)a’s =1, 7,= /shz(s)ds < 00. 3)
0 0

Here, 7, is the average time delay for unemployment based on past exit from the labour market due to various factors including
disillusioned workers, migration, mortality, and 7, represents the average time delay for available vacancies related to past regular
employment levels.

3 | NON-DIMENSIONAL MODEL

The following transformations are employed with the aim of reducing the number of parameters from system (I)):

a,c t a,c t a,c t a,c t a t
xl(t)=2—22U <—>, xz(t)=2_22M <_>7 x3(t)=2—22T <—>, X4(1)=2—22R <—>, x5(t)=—2V <—>
a as a 615 a 615 aS as (15 as

5 5 5
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leading to the following equivalent non-dimensional system:

X1 (1) =y — x1(O)x5(t) + o3x4(F) — %, (1) + x3(8) — f foDc ki(8)x,(t = s)ds,

Xy (1) = vy — oy x5 ()x5(1) — frx5(0),

X3(1) = ayx (1) — x3(t) — oy x5(1)x5(1) — P3x5(1), @
X4 (1) = x,([O)x5(F) + Ay x,(£)x5(t) + oy x5()x5(1) — a3x4(F) — fyx4(2),

x5() = [y ky(8)x,(t — ) = Psx5(t),

where the coefficients are expressed as:

a,a,¢ a,Crm

= 3 = 3

as as
0‘1—0_1 ’0‘2—m2 ,a;-ﬁ ’0‘4—%
a, 2 G as
ﬂlz_’ﬁ2=_7ﬁ3=_’ﬂ4=_’ﬂ5=_
as as as as ds

and the delay kernels are: k,(s) = alh1 <ai> and k,(s) = aih2 (ai :
. . . 5 5 . 5 . 5 . . . . . . . .
As general distributed time delays are taken into account in the mathematical model and its non-dimensional version, initial
conditions for system (@) are considered of the form

X(0) = ¢,(0), VO€E(-0,0], Vi=15,

where ¢; belong to the Banach space C M(IR_, R) (where u > 0) of continuous real valued functions defined on (—o0, 0] such
that tlim e’ (1) = 0, considered with respect to the norm:
——00
lollw, = sup e"|o@)].
1€(=0,0]
The existence and uniqueness of solutions of the distributed delay system (@) are a consequence of the theoretical results from'.2.,
The positivity and boundedness of solutions of (@) can be proved by similar reasonings as in'2, and is summarized in the
following Theorem:
Theorem 1. The open positive octant of R’ is invariant to the flow of system (@). Moreover, the set
+ +
Q= {(xl,xz,x3,x4,x5) T0Sx x5+ xy < ylﬂ 727 0<x5< ylﬁ ﬁ?’z } ,

m mF5

where f,, = min(f,, f,, B5, B,) is a region of attraction for the system (IJ) and it attracts all the solutions initiating in the interior
of the positive octant of R>.

Remark 1. The previous theorem states that solutions of system (@) originating from initial conditions belonging to the open

positive octant of R3, ie. @; @ (=00,0] = (0, 0), for i = 1,5, remain positive for any ¢ > 0. Moreover, such solutions satisfy
the inequalities: N N
lim sup[x; (#) + x, (1) + x3(1) + x,(1)] < ntr and limsupx5(t) < 4 72'
) m t—00 ﬂsﬁm

4 | EQUILIBRIA ANALYSIS

The equilibrium points are obtained by solving the system of algebraic equations

-

V2 = @XyXs = flx, = 0,
9 (X4x1 - X3 - a1X3X5 - ﬂ3X3 = 0, (5)

X4 - ﬂ5X5 e O.

From the last equation of the system (5) we get
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We distinguish two cases:
e Casel: x5=0

Then using (6) we get x, = 0. Replacing in the second equation of the system (5) we obtain

72
X, = —=. @)
7B
Using the first and third equations of the system (5) we get
1+
X, = 71( P3) ®)
Br+ BiPs + aupbs
and o
X3 = _dan )
By + BiPs + aypbs

Therefore, the first equilibrium point is denoted with S and is given by
S0 1= (8,(1 + B;), 8,,6,a4,0,0)
where
§i=—T1  and 5,=2
By + 183 + ayps /i3
called regular employment-free equilibrium.

First of all, we introduce the basic reproduction number R, which has the role of a threshold parameter that prognosticates
whether the unemployment, immigration, and underemployed problems will increase or decrease. The next generation matrix
rises from the employment subsystem from the unemployment model rather than the infected subsystem in epidemic models.
To find R, we associate the differential equations with the employed people R(¢) and the available vacancies V/(¢) in model

as the following sub-model
;—g _ <—(a3 +p) U+a,M+ a1T> <x4(t)> ‘
o 1 —Ps xs5(1)

The Jacobian matrix J is evaluated at the equilibrium point .S°:

J(SO) — <—((X31+ ﬂ4) 51(1 + ﬁ3) +ﬁa252 + 51051054
—P5

bl

)=r-w.

where
F — O 61(1 +ﬂ3)+a252 +51061a4 and W _ —((x3 +ﬁ4) O )
0 0 1 —bs
Therefore, the threshold Ry, is the spectral radius p of the next generation matrix

G=Fw!,

in other words
6i(L+ Py +aya) + 6,07 Boyy + 01y Byyy + BrbBsri + b1y + 04837, + 21 sy,
(a3 + By)Ps Br(By + ayB5 + BiB3)(as + By)Ps .

Ry = p(G) =

o Case2: x5 #0

Adding the first four equations of the system (5)) we obtain
Y1+ 72— BixXy = Baxy = f3x3 — Pyxy = 0. (10)

The second equation of the system (5)) leads to y
2

By + ayxs

an

X2
From the fourth equation of the system (3)) we get:

(U39
x; = a3fs + PuPs — B tan oy X3. (12)
) + @y Xs
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Further, we write x, and x; in terms x5 by solving the system containing the equations (10 and (12), replacing (6) and (TI]

Pixi+Pxs =y +r,— br_ _ ByBsxs

Prtayxs

— LY
Xy +ayxy = a3fis + Pufs — ﬂ2+2a22x5

13)

and we have 5
Do+ Dyxs — ayfafsx;

BET (@18, — B3)(By + ayxs5)”

where
Dy = Boyi + &y By7, — Bi1PBsBs — a3 B By Bs,
D, = ayy, + ayyy = BrBaBs — a1 ByPs — a3 Ps.
We now determine x, in term of x5 from the second equation of the system @ and we get
Co+Cixs+a azﬂ4ﬂ5x§
(@b - B3) (B + ayxs)

X =

where
Co = 05,0385 + BoB384Bs — a1 B2y, — 0y B372,
Cy = 03305 + a1 fofyBs + a3 fuPs — ayayyy — @y az7,.
Therefore, the second equilibrium point which is denoted by S is given by
St = <_ O(xs5) + vid(xs) 72 O(xs) + f1d(xs)
By — v (x5 +vy)  ay(vy + x5)" o (B — vi) (v, + X5)
where x5 is the solution of the following cubic equation

’ﬁ5x57x5>

E;x} + Eyx3 + E\xs+ Ey =0, (14)
with
E; = a,p,ps.
Ey = ai(vafabs — 11 —v2) + Babs(1 + 3 + ayay) + a
E; = (PuPs —vi — )L+ B3 + ayay) — vpr 0 + up (1 + b5+ “10‘4;_1) + (uvy = )by,

K172
E, = —=(1-R,)),
0 a25152( )
where R, 6, and 6, are given above and
Ps Py
= —, \/2 = —,
a; a
O(xs5) = (BuPsxs — 71 — 72)(Xs + V) + 1oV,
d(x5) = u(xs + v,) — ¥5.

For two positive values x; and x; of the cubic equation (I4) we observe

Vl H = (a3 + ﬁ4)ﬁ59

_Q@Hvde <
Bi—vi -

_ Q(x)+/i‘1d(x) > 0
Bi—vi -

which implies

{sign(ﬁ, —VIOX) + v d(0)] < 0 s

sign(f; — vPIO(x) + f1d(x0)] 2 0.
Denoting with M = max{f,,v;} and m = min{p,, v, } we obtain
O(x) + Md(x) 20
O(x)+md(x) <0.

Therefore we get (M — m)d(x) > 0 then d(x) > 0. Hence x5 > 7;2 — V.
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From (15)) we have —M d(x) < Q(x) < —md(x) then —M < % <-m.

Moreover the components of the positive equilibrium point .S verify the third equation of the system . Replacing to obtain
the cubic equation (14) we have

QW +1dx) _ 0 +pd)
e R AT

which implies

0x) _ A0+ +ayfs + i x

d(x) 1+ ps+ ooy +apx
and after computations we get
O(x) P —vi
=—fi+qy—— € (-M,—-m).
d(x) : 4x + (X4 + H—i

Ll
Considering

Pi(x) = Q) + B3 + oy x) + ayoy] + dX)[1(1 + f5 + a1 x) + vy 0]
and computing
Q0) =—-yv, <0
d(©0) = pv, -7,
and

Y
Py(0) = =y vy (1 + B3 + ayay) + (uv, — 7’2)5—1
1

v Y 1
=y [——2(1 + 3 +ajay) + </4—2 - y2> 5—]
1

a6, a6,
_nn [ 14btae (1 N1
a 6y 0, ? 6
V172
= |u-60+p+ + @y
05,5, [/4 A+ B+ aa) +a, 2]
HY172
=—=(1-R),
025152( 0)

it can be observed that if P;(0) < O then R, > 1 which means we have at least one solution on (0, +co).
In conclusion, we may either have one of the following situations:

e If Ry > 1 then E; < 0 and system (4) has at least one positive equilibrum point. Moreover, if either E; < 0, or E; > 0
and E, > 0, Descartes’ rule of signs guarantees the existence of a unique positive equilibrium point .S*.

e If Ry < 1then E, > 0, we may have either two or zero positive equilibrium points.

5 | LOCAL STABILITY ANALYSIS FOR S°

We study the local stability behaviour of equilibrium .S by analysing the roots of the characteristic equation of :

ay —HKH-4 0 1 ay a5
0 ap—4 0 0 a5
det as, 0 ap—-4 0 as [=0,
0 0 0 ayu—4 ayy
0 0 0 Ky(A) ass—4
where: ayy = —ay, a1y = a3, a5 = =6,(1+f;), ayy = =Py, ays = =6,03, a31 = @y, a3z = =1=f3, a35 = =6, 010y, 4y = —03=f,

ays = 6,(1 + fi3 + ayay) + 6,2y = Ry(az + f,)fs and ass = —fs.
The characteristic equation is:

(A4 $)0,(HQ5(H) =0 (16)
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where
O =U+a) A+ 3+ 1) —a,+ A+ f3 + DK, (),
O,(A) = (A+az + A+ fs) — Ry(as + ) B K> (A).

Lemma 1. All the roots of the function Q,(4) are in the open left half-plane if and only if R, < 1.

Proof. Let us first assume that R, < 1. Assuming by contradiction that there is a root 4 of Q,(4) such that R(4) > 0, it follows
that |A + | > p, for any x4 > 0. On the other hand, based on the properties of the Laplace transform, it is also easy to see that
|K,(4)| <1 and hence:

[(A+ a5 + B)(A + Bs)| = (a3 + By)Bs > Ry(az + B4)Bs| Ky (D).
Therefore Q,(4) = 0 cannot take place, and hence, all the roots of the function Q,(4) have negative real part.
On the other hand, if we assume that R, > 1, we have

QQ(O) = (a3 + ﬂ4)ﬂ5(1 - Ro) <0.

Moreover, it is easy to see that Q,(1) = oo as 4 — oo, and therefore, O,(4) has at least one real root in the interval [0, o0). [

Lemma 2. If the following inequality holds:
afy = (P +1)>0 a7
then all the roots of the function Q,(4) are in the open left half-plane, regardless of the delay kernel &, (¢).
Moreover, in the absence of time delay, i.e. k;(t) = 6(¢), all the roots of the function Q,(4) are in the open left half-plane.

Proof. Assuming by contradiction that there is a root A of Q;(4) such that R(4) > 0, it follows that

Atay = - p K, (A).

4
A+ py+1
Using similar methods as in the proof of Lemmal(l] based on inequality we have
ay, a,

Trh 1 - bk (D)) < it

Hence, the equality Q,(4) = 0 cannot take place.
Moreover, in the absence of time delay, i.e. K;(4) = 1, the function Q,(4) is a quadratic polynomial with positive coefficients,
and hence, the conclusion follows from the Routh-Hurwitz stability criterion. O

+ 0 <oy < |A+ay.

Combining the results obtained in the previous two lemmas, we can conclude the following:

Theorem 2. The following results hold for the equilibrium point .S° of system :
(i) In the non-delayed case, S° is locally asymptotically stable if and only if R, < 1.

(i1) If R, < 1 and inequality holds, the equilibrium point S° is locally asymptotically stable, for any choice of the delay
kernels k(¢) and k,(t).

(iii) If Ry > 1, the equilibrium S is unstable, regardless of the delay kernels k,(¢) and k,(?).

Proof. It is easy to see that A = —f, < 0 is a root of the characteristic equation (T6)). In the absence of time delays, all the roots
of Q,(4) have negative real part (see Lemma [2), while the roots of Q,(4) have negative real part if and only if R, < 1 (see
Lemmal(T)). Hence, (i) is proved.

Moreover, if Ry < 1 and inequality holds, the asymptotic stability of the equilibrium point .S follows from Lemma
and Lemma regardless of the delay kernels k,(f) and k,(¢), and hence, (ii) is true.

Finally, for the proof of (iii), if Ry > 1, Lemma shows that there is at least one root of Q,(4) which has positive (or null)
real part, and hence the characteristic equation (T6) has at least one root in the right half-plane. Therefore, the equilibrium S° is
unstable, regardless of the delay kernels k(¢) and k,(t). ]

We would like to point that in case of the presence of just the second delay kernel, as shown in'', the equilibrium point corre-
sponding to the state of no regular employment and no available vacancies is globally asymptotically stable. This is regardless
of the considered delay kernel, if the basic reproduction number satisfies an inequality.
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6 | HOPF BIFURCATION ANALYSIS FOR S°

Let us denote by 7; > 0 the average time delay associated to the delay kernel k,(¢), and K, (Ti) =K 1(4). Looking for pure
imaginary roots of the equation Q;(4) = 0 of the form A = i Tﬂ, denoting K |(iw) = C|(w) — iS,(w) and taking the real and
imaginary parts of Q(4) = 0 we have l

2
_<%> +afs + fy %Sl(w)+(ﬂ3+l)cl(a)) =0
%(0{4+ﬁ3+ D+ 8 %Cl(a))—(ﬁ3+ DS, ()| =0

(18)

with
Cy(®) = R[K,(iw)]
and
S, (@) = —S[K,(io)].
Eliminating 7, from system (I8), we deduce:

BrSTH@)(B; + Dlay + B Ci(@)] + [5y (B3 + DCy(@) + ayfsllay + b5 + 1+ ,Cy (@) = 0. 19)
Therefore, the following result is easily obtained:
Proposition 1. Let us assume that R, < 1 and the inequality is not satisfied.

a. If for the delay kernel K, (1), the equation (T9) does not have any solution in (0, ), the equilibrium point S is
asymptotically stable, for any average delay z; > 0.

b. If for the delay kernel K,(4) the equation (T9) has positive solutions w;, j € J C Z,, Hopf bifurcations occur in a
neighborhood of the equilibrium point .S at the critical values of the average delay
ay+ B3+ 1+ p,C(w))
A DS, (o,
BB+ DS (w))

provided that the above expressions are positive.

,JE€J,

6.1 | Weak Gamma kernel

Corollary 1. If R, < 1 and the inequality (I7) is not satisfied and if the weak Gamma kernel k, (t) = Tl‘le"/ 1 (with average
delay 7,) is considered, the equilibrium point .S, is asymptotically stable, for any 7; > 0.

~ > 0, it is easy to see that equation (I9) does not have any
positive solutions. Hence, based on Proposition|[I} the equilibrium .S, remains asymptotically stable, for any positive value of

Proof. Since for the weak Gamma kernel we have C,(w) = 1;

the average delay 7,. O

6.2 | Dirac kernel
Proposition 2. Assume that R, < 1 and the inequality (I7) is not satisfied. If the Dirac kernel k,(¢) = §(t — ;) is considered,
the critical values of the time delay 7, are:
ay+ p3+ 1+ ) cos(w;)
AT TR (B + Dsin(w,)
1173 j
where w; = sign(a, + f; + 1 — f)) arccos(u,) + 27, and u, is the unique root in the interval [—1, 0] of the quadratic equation

’jGZ_},’

e +cu+cy =0, (20)
where the coefficients are:
¢ = By[2ay(1+ B3)(1 +285) + az(1 +3B5) + (1 + B)IB + (1 + B3)*1},
co = au[B2(1 + fy) + B3(1 + ay + B3)°1.
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The equilibrium .S, is asymptotically stable if and only if 7, € [0, T?). At the critical values T{ , Hopf bifurcations occur in a
neighborhood of the equilibrium .S,.

Proof. When a Dirac kernel is considered, i.e. C;(w) = cosw and .S;(w) = sinw, the equation (I9) reduces to the quadratic
equation (20) for u = cos w. As inequality is not satisfied, it is easy to see that the quadratic equation (20) has a unique root
in the interval [—1, 0], denoted by u, and another root in the interval (—oco, —1). Hence, by means of Proposition we obtain
the positive critical values of the time delay 7.

Let us denote by A(z;) the root of the characteristic equation Q,(4) = 0 such that /1(1{ ) = iw s where j € Z,. Hence, A(7)
satisfies the equation:

R(A) = e

where

RA=—2  _(i+a).
A+ p;+1

It can be easily verified that the function @ — |R(iw)| is strictly increasing on (0, c0), and consequently, based on'l% , we deduce

that the following transversality condition holds:
— sign [ L |R(iw)| =1
T1=T{ do WO=w;

. < dR(A)
§ = sign
drt,

Therefore, at each critical value T{ of the time delay, a pair of complex conjugated roots of the characteristic equation cross
the imaginary axis, from the left half-plane to the right half-plane. Hence, Hopf bifurcations occur in a neighborhood of .S, at
the critical values Tf , and no stability switching is encountered. Based on Theorem it follows that .S, is asymptotically stable
if and only if 7; € [0, r?). O

7 | LOCAL STABILITY ANALYSIS FOR S*

We study the local stability behaviour of the positive equilibrium point S* by analysing the roots of the characteristic equation

of (I)):

—a,— i Kj(A) —x5— 4 0 1 o —x,
0 —fr —ayxs — A 0 0 —a,X,
det ay 0 —1=f3—axs—4 0 )X, =0,
Xs X5 ®)Xs =3 = Py = A (a3 + fy)Ps
0 0 0 K(A) —ps — 4

The characteristic equation is:
Py(A) + Pi(DK, (1) + P (DK (2) + Piy(DK (DK, (4) = 0, @1
where

Py(A) = =(fs + D (Py + ayx5 + D{(fy + Dxs + A+ (g + x5+ )(f5 + a; x5 + )]+
+ ozl (B3 + )+ A0 + s+ a;xs + )]},

P(A) = =pilaz+ s+ D(Ps + DA + f5 + a; x5 + A)(f, + ayx5 + A),

P(A) = a§a4x2x5(ﬂ3 +a; x5+ A)— a%xzxs(l + 05+ a; x5 + A)(A + x5)—
—ayfs(as + PPy + x5 + A) — aja,(fy + ayxs + ) (X X5 + a;X3X5)+
+ Ps(as + )1 + B3 + x5 + A)(Py + ayxs + Aoy + x5+ A)—
—x5(fy + apxs + Dla;x; + x (1 + 5 + oyx5 + A)]—
- afx3x5(ﬁ2 + ayxs + A)(xs + A),

Py(A) = Byl—agxyx5(1 + B3 + ay x5 + 4) — a7 x3x5(B, + apxs + )+

+ fs(az + )1 + B3 + ;x5 + (P + ayxs5 + A)]
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and K, (4) and K,(4) are the Laplace transforms of the delays kernel El(s) and Ez(s).

A full theoretical analysis of this characteristic equation involving many parameters and both Laplace transforms of the delay
kernels is a very tedious task, and hence, it will be omitted in this paper. However, the necessary bifurcation results can be
obtained by numerical means, as described in the next section.

We add that if only the delay kernel kAz(s) is considered, i.e. kA1 (s) = 6(s), it has been shown in'', that the positive equilibrium
point is globally asymptotically stable, regardless of the delay kernel, if the rate of firing a5 is zero.

8 | NUMERICAL SIMULATIONS

In order to exemplify the theoretical results of the model (I)) we present two scenarios, the first one with basic reproduction
number R, < 1, and the second one with R, > 1. It is important to note that while in the first scenario, there is only one
equilibrium point S°, in the second scenario, a regular employment-free equilibrium .S° coexists with a positive equilibrium S+.

For the first scenario, we consider the system parameters: a; = 687.5, a, = 0.0000152588, a; = 1, a, = 0.9375, a5 = 0.125,
b, =0.5, b, =0.51, by = 0.03125, b, = 0.5, bs = 0.5, ¢; = 0.000015258, ¢, = 0.5, m; =25.5, m, = 0.0078125. For this set of
parameters, the only equilibrium point of system () is S% = (1000, 50, 6000, 0, 0) and the computed value of the reproduction
number is Ry, = 0.331624 < 1, and hence, based on Theorem [2] (i), the equilibrium is asymptotically stable in the non-delayed
case. However, as inequality does not hold, Theorem [2]does not guarantee the local asymptotic stability of the equilibrium
point for any choice of the delay kernels. Indeed, in the case of Dirac kernels, the critical value for the Hopf bifurcation of the
discrete-time delay 7, is given by Proposition and is computed to be r? =295.In Figure we observe the convergence of
the trajectories to the asymptotically stable equilibrium point S° when 7; < T? and the appearance of sustained oscillations for
values of 7; exceeding the critical value.

For the second scenario, the system parameters are chosen as: a; = 300, a, = 0.0589286, a; = 0.108203, a, = 0.5,
as = 0.035, b, = 09375, b, = 0.5, b; = 0.02625, b, = 0.003125, b5 = 0.5, ¢; = 0.00021875, ¢, = 0.003125, m; = 60,
m, = 0.0175. For these parameters, the regular employment-free equilibrium S° = (260.465, 120,2126.25,0,0) is unstable,
regardless of the delay kernels considered in system (IJ), as R, = 1.0057 > 1 (based on Theorem[Z). However, there is a positive
equilibrium point of system (I)), namely S* = (U*, M*,T*, R*,V'*) = (280, 50,2000, 6400, 40).

Considering discrete time delays, Figure [2 |shows the stability region of the S* equilibrium in the (z;, 7,)-plane. The blue
region under the bold blue line describes the stability region for S*, while the region above the bold blue line represents the
instability region.

For the numerical simulations from Figure the following initial condition has been considered: U (0) = 280, M (0) = 50,
T(0) = 2000, R(0) = 6400, V' (0) = 40. If we considered Dirac delay kernels and we fix 7; = 50, the critical value of 7, for
the Hopf bifurcation is 77 = 39.6905. Figure [3 |displays the trajectories of the system for several values of 7, € [0, 50]. For
lower values of the average delay 7,, the positive equilibrium is locally asymptotically stable. On the other hand, for 7, > 77,
the positive equilibrium becomes unstable and sustained periodic oscillations appear in its neighborhood.

9 | CONCLUSIONS

The paper has developed and analysed a model for unemployment reduction where underemployment is providing an easily
available internal pool of resources for employers to temporarily draw on. Furthermore, migrant labour allows employers to fill
in any shortages during a period of recovery. This model is described by a nonlinear differential system with two distributed time
delays. At any time t, we have taken into account the following variables: the number of unemployed individuals, the number of
regularly employed individuals, the number of underemployed individuals with limited-time jobs, the number of newly arrived
immigrants, the number of total jobs on the market, and the number of vacancies created. One distributed delay relates to past
exit from the labour market, reducing current unemployment due to various factors. The second distributed delay relates to past
levels of regular employment that influence current vacancies.

Firstly, we used variables transformation to reduce the number of parameters and generated the non-dimensional system. We
have analyzed the existence of equilibria and established two points. The first is a vacancies and regular employment free point
S° and the second is a strictly positive one S*.



1z | Liliana Harding ET AL

Secondly, we have shown that the solutions of the system are positive and bounded. Then, we have undertaken the local
stability analysis for S° and analyzed the existence of the Hopf bifurcation for various delay kernels. In the absence of delay, the
equilibrium point is locally asymptotically stable under some conditions of the parameters. Additionally, we have attempted to
perform a local stability analysis for S*, however, due to the complexity of the problem, theoretical results cannot be formulated
concisely. Nonetheless, we have employed computational tools in this context.

We have tested the significance of taking underemployment and migration into account when formulating policies to address
unemployment. We thus have observed the evolution of unemployment, underemployment, regular employment, migration, and
vacancies related to average time delays, through numerical simulations. We have established values of the average time delays
by which the system becomes unstable.

In a further paper, we would consider new challenges of the labour market emerging in the economic environment following
the pandemic.
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FIGURE 1 Evolution of the state variables U (), M (t), T'(t), R(t), V (¢t) with fixed initial conditions, for fixed discrete time
delays 7, = 10 and 7, = 7 € [0, 30].
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FIGURE 2 Stability region for the positive equilibrium point S+
of system (1.



16 Liliana Harding ET AL
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FIGURE 3 Evolution of the state variables U (¢), M (¢), T(t), R(t), V (t) with fixed initial conditions, for fixed discrete time
delays 7, = 50 and 7, = 7 € [0, 50].
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