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On the p-adic Langlands correspondence for

algebraic tori

par CHRISTOPHER BIRKBECK

RESUME. Nous étendons les résultats de R.P. Langlands sur les représen-
tations des groupes algébriques abéliens connexes. Pour démontrer nos théo-
remes, nous considérons les caracteres a valeurs dans un groupe topologique
abélien divisible quelconque. Cela nous permet de prouver le cas abélien du
programme de Langlands p-adique.

ABSTRACT. We extend the results by R.P. Langlands on representations of
(connected) abelian algebraic groups. This is done by considering characters
into any divisible abelian topological group. With this we can then prove what
is known as the abelian case of the p-adic Langlands program.

Introduction.

In [4], Langlands relates representations of the Weil group of a finite Ga-
lois extension K of a number field F' into the L-group of an algebraic torus
T, with representations of T'(Ap)/T(F) into C*. The main goal of this pa-
per is to extend these results by allowing representations of T'(Ap)/T(F)
into a more general class of groups. In particular, we want to look at rep-
resentations into C; (the units of the completion of an algebraic closure of
Qp), which gives us what is called the abelian case of the p-adic Langlands
program. These results are well-known to the experts but there appears to
be no source in the literature for them. We have tried to stay faithful to
the main ideas in Langlands’ paper [4], but aim to present the results in
more detail and in more generality.

Before stating our main theorem let us setup some notation. Recall that
there is one-to-one correspondence between algebraic tori defined over a
field F', that split over a finite Galois extension K of F', and equivalence
classes of lattices on which Gal(K/F) acts. Here by lattice we mean a
finitely generated free Z-module (i.e. isomorphic to Z" for some n € Zx>g).
If T is an algebraic torus and it corresponds to the lattice L, then the
group T'(K) of K-rational points corresponds to the Gal(K/F)-module
Hom(L, K*). Moreover, we have that T'(K)Gal(K/F) — 7(F).

Manuscrit regu le 31 mars 2019, révisé le 19 aout 2019, accepté le 24 avril 2020.
2020 Mathematics Subject Classification. 11R39.
Mots-clefs. p-adic, Langlands, tori.



134 Christopher BIRKBECK

Notation.

(1) We let F' be any local or global field and K a finite Galois extension
of F' and let Wi denote the relative Weil group as defined in [9].

(2) Let L = Hom(L,Z) and Tp = Hom(L, D), where D is any divisible
abelian topological group with trivial Gal(K/F')-action.
(3) Let
O — the idele class group of £ if F is a global field
E7 B if F is a local field.
(4) If A, B are two topological groups, we let Hom(A, B) represents
the group of continuous group homomorphisms from A to B, and

similarly Z}, (A, B), BL,(A, B) represent the continuous 1-cocycles
and 1-coboundaries, respectively, and H},, = ZL./Bl..

Our main theorems are as follows:
Theorem. There is a canonical isomorphism
HY,(Wie/p, Tp) — Homes(Homga e/ (L, Cc), D).

where Wi p has the usual topology as defined in [9, Definition 1.1] and fD
has the topology induced from D.

s W, TD) is locally trivial
(Wg,,Tp) for all places v of F.

If I is a global field, we say an element in H}

if it restricts to zero in H (}ts

Theorem.

(a) If K is a local field, then HY,
Homs(T(F), D).

(b) Let D’ be a divisible abelian topological group such that for any finite
group G, Hom(G, D') is finite, and let

Tpr = Hom(L, D).
If K is a global field, then there is a canonical surjective homomor-
phism
ﬁcltS(WK/Fv fZ/—\VD/) — HomctS(T(AF)/T(F)7 Dl)?

and the kernel of this homomorphism is finite. Furthermore, if D' is
also Hausdorff, then the kernel consists of the locally trivial classes.

(WK/F,TA“D) is 1isomorphic to

A particular case of interest is when we set D = (C;. It is well-known
that, as fields, C and C, are isomorphic, but not as topological fields. We
will see that the topology on D is irrelevant for the first theorem and is only
needed for the last part of the second theorem, so since C; is a divisible
abelian topological group and for any n € Z~o we have that the number
of elements of order dividing n is finite, which means Hom(G, C)) will be
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a finite group for any finite group G, furthermore it is Hausdorff since it is
a metric space. So we have that both theorems apply, from which we can
then deduce the abelian case of the p-adic Langlands program. In general,
we can let D = A*, where A is any Hausdorfl topological field, like for
example F,,, @, or C. The case D = C* was what was originally proved by
Langlands in [4].

The paper is split into three sections. In Section 1 we setup some notation
and recall some basic facts about Weil groups. Section 2 contains the main
technical results (which are largely, calculations in homological algebra),
culminating in the proof of the first stated theorem in the introduction.
Finally, in Section 3, we show how to use the results from Section 2 prove
second stated theorem.

Acknowledgements. I wish to thank Kevin Buzzard for suggesting this
problem and encouraging me to write this paper. This work was part of the
author’s masters thesis under his supervision.

1. Setup and notation

In what follows we will do many calculations involving cohomology classes
in homology, cohomology and Tate cohomology groups. For this we well use
the following notation:

Notation 1.1.

(1) Throughout, we will denote Gal(K/F') simply by &.

(2) If G is any group and A is a G-module, then for z € Z,(G,A) (a
n-cocyle) we let [z] represent its class in H,(G, A), and we do the
same for cohomology and Tate cohomology groups.

(3) Throughout, we will denote Tate cohomology group by H. We re-
call that for i > 1, H* = H' and for i < —1, H' = H;. So they
only differ in degree —1 and 0, where, for G a finite group and A
a G-module, we have H°(G, A) = A9/Ng(A) and H (G, A) =
ker(Ng)/IgA where Ng is the norm map! and I is the augmen-
tation ideal. Lastly, we let Aq = A/l denote the coinvariants.

Remark 1.2. Note that from the action of & on L, we can define a &-
action on L by setting (gA\)(z) = A(g™! - z), for \€ L, z € L and g € ®.
Similarly, we define the action of & on Tp as (ga)(A) = a(g~! - \) where
aeTD,/\ELandgeﬁ

For our purposes we will use the following simple description of the Weil

group W .

IThis sends a to deG ga.
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Proposition 1.3. The Weil group Wi fits in an evact sequence
0— Cx — Wi/p —> & — 0,
corresponding to the fundamental class [ug,p] in H?(G,Ck).
Proof. See [9, (1.2)]. O

Notation 1.4. We fix once and for all {wgy | g € &} to be the set of left
coset representatives of Cx in W /p.

Proposition 1.5. Let F' be a global field and for each place v of F let F,
denote the completion at v. Furthermore, let Wg (resp. W, ) denote We/p

(resp. WFU/FU) where F and F,, are fived separable algebraic closures. Then
we have a commutative diagram:

Ov

Wr,

|

Wp —2— Gal(F/F)

Gal(F,/F,)

Proof. See [9, Proposition 1.6.1]. O

In what follows we will be concerned with representations of Wy, p into
the group
LTD = TD X &
(when D = C¥*, this group is known as the L-group of T'). We want to
study continuous homomorphisms

d) : WK/F — fD X &
that make

Wi /p —2—®
¢

fDXI@ &

a commutative diagram; these are called admissible homomorphisms. Two
admissible homomorphisms «, 8 from W/, p to LTy are called equivalent

if there exists t € fD such that o = t8t~!'. Now, note that we can write
¢ = [ x o, where f € Z} (Wg/r,Tp), from which it follows that two
admissible homomorphisms a = f,, x 0 and 8 = fg x o from Wg/p to LTy
are equivalent if and only if f, and fg represent the same cohomology class
of Hys(Wk/r,Tp)-
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2. The duality theorem
In this section we will prove the following;:
Theorem 2.1. There is a canonical isomorphism
HY (Wie/p, Tp) — Homes(Homgaa e/ (L, Crc), D).
We begin by proving that there exists an isomorphism
U HY (W p, Tp) — Hom(Homgayx,r) (L, Ck), D),

(this will follow from 2.6 and Proposition 2.8) and then we prove that W([f])
is a continuous homomorphism if and only if f € Z}, (W, 7, Tp) (this is
Proposition 2.15).

In what follows we extend the natural action of & on Cf, to that of Wi/
on Ck, by letting Wg/r act by conjugation. Since C is an abelian normal
subgroup of W, we see that C will act trivially on itself and hence we
get an induced -action, which agrees with the standard Galois action of &
on Ck. Also all &-modules can be viewed as Wi, modules, and therefore
can also be viewed as Cg-modules, where Cx will act trivially.

Remark 2.2. Throughout we will be proving results about (co)homology
groups and in the proofs we will always work with n-(co)cycles and usu-
ally ignore n-(co)boundaries, since in all of these cases the maps involved
are maps between (co)homology groups which will automatically send
(co)boundaries to (co)boundaries, so all that we need to check is how the
maps in question act on the n-(co)cycles.

Proposition 2.3. There is a natural -isomorphism of Hl(CK,E) with
Hom(L, CK)

Proof. Since Ck acts trivially on L then
Hl(CK,f/) = CK X7, f/

since if a group X acts trivially on a X-module A, then H;(X,A) =
X/[X, X] ®z A where [X, X]| denotes the commutator subgroup (see [10,
p. 164]). So in this case, since Ck is an abelian group we get the result above
and note this will be a ®-isomorphism?. Furthermore, we have a natural
®-isomorphism Cx ®z L— Hom(L, Ck) where for Ne L andac Ck we
send a ® A to the homomorphism A — a** where A € L and (-,-) is the
natural bilinear paring (-,-) : L X L — Z, and this is a &-isomorphism.
Combining these two isomorphisms, we get a &-isomorphism

H,(Cg, L) — Hom(L, Ck) O

2Here ® acts on l-cycles = € Z1(CK,/L\) as g-x(a) = gz(g~' - a) for all a € Ck, and & acts
diagonally on Cx ® L.
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Under this isomorphism we see that a 1-cycle x € Z;(Ck, E), will map
to the homomorphism

A— H aMe@) for A € L.

a€Cyk

Note the homomorphism makes sense as the support of the 1-cycles and
1-boundaries is always finite.
Now, from the Universal Coefficients Theorem we have the following:

Proposition 2.4. Let G be any group, and let D be a divisible abelian
group with trivial G-action. Then for all n > 0 we have an isomorphism

H"(G,Hom(B, D)) — Hom(H,(G, B), D), for any left G-module B.
Proof. This follows from [7, Corollary 7.61]. O

Remark 2.5. For n = 1, the isomorphism from Proposition 2.4 can be
seen to be induced by the paring

HY(G,Hom(B, D)) x H,(G,B) — D,
which sends a 1-cocycle f and a 1-cycle z to 3 co(f(9), z(g)).3

2.6. We can now use this result to reduce the task of finding an isomor-
phism

v Hl(WK/Fa,fD) — Hom(Homga(x/ry (L, Ck), D),
to finding an isomorphism

Hi(Wy/p, L) — H1(Ck,L)°,

since once we have this, settingn =1, B = f, and G = Wy, p in Proposi-
tion 2.4 and using Proposition 2.3 gives W. To find this isomorphism we use
the fact C is a normal subgroup of Wy, and of finite index |&| together
with the following:

Proposition 2.7. Let G be any group, and let H be a subgroup of G of
finite index with {g;} denoting left coset representatives of H in G. Then
forn > 0 and any G-module A, there exists unique homomorphisms Try, :

H,(G,A) - H,(H,A), such that:

(1) Forn =0, and all a € A, we have Tro(a) = Y, gia, where on the
left a denotes the image of a in Ag and on the right g;a denotes
the image of g;a in Ag.

Here by (f(g),z(g)) we mean f(g)(x(g)).
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(2) If 0 3 A— B -2 C —50 s an ezact sequence of G-modules,
then there is a commutative diagram

H,(G, B) —— H,(G,C) — = H, (G, A) —"—~ H, (G, B)

Try, Try, ‘/ Trp—1 ‘ Trp—1

H,(H, B) —— H,(H,C) —— H,_\(H, A) —"— H,_.(H, B)
Proof. See [7, Proposition 9.93]. O

~

Thus the transfer maps give us homomorphisms Tr,, : Hn(WK/ L) —
H,(Ck, f;) Our goal now is to prove:

Proposition 2.8. The map Try : Hl(WK/F,E) — Hl(C'K,f/)@3 s an 1so-
morphism.

Since we are working with the idele class group C'x, the Tate—Nakayama
Lemma (see [8, Chapter IX, Section 8]) tells us that we can use cup products
to obtain isomorphisms between Tate cohomology groups?. So we can use
Tate—-Nakayama to form the following diagram

H2(6,1)
Coinf (6 7

Hy(Cx, L) —<2> H\ (Wi, L)
0 — Ng(H1(Ck, L)) = H,(Ck,L)® — H(&, H,(Ck,L)) —0

) —0

HY(6,L ® Ck)

Here the top sequence is derived from the standard Lyndon—Hochschild—
Serre spectral sequence, the bottom sequence comes from the definition
of the Tate cohomology groups and the fourth vertical arrow is given by
taking cup products with the fundamental class [u K/ r]. Since we will be
trying to show this diagram commutes, it will be useful to recall how the
maps involved are defined

e If 2 € Z1(Ck, L), then Cor([z]) is in the class containing the 1-cycle
y € Z1(Wgk/p, L) such that y(w) = x(w) if w € Cx and y(w) = 0
elsewhere.

4The conditions of the Tate-Nakayama Lemma hold by class field theory and the fact that
TorZ(L,C) = 0 since L is a free and hence flat Z-module.
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~

o If v € Z1(Wg/p, L), then Coinf([x]) = [y], where y is the 1-cycle in
Z1(G, L) such that
y(g) = Z 1'(@'11}9),
aeCyk
where wy is as in Notation 1.4.

Note that both of these maps will send cycles to cycles and boundaries to
boundaries, so they are well-defined. Our goal is to first show (A) com-
mutes. Once we have this, it follows at once (by a simple diagram chase)
that Try is surjective; we will then prove that Tr; is injective to finish the
proof of Proposition 2.8.

2.1. Try is surjective. Before proving surjectivity we first need to define
Tr; and show that its image in Hy(Ck, IAL)Qs. To do this the strategy is to
use dimension shifting and the definition of Try.

We begin by noting that for any g € & and w € Wk, p, we have that
wyw € W p belongs to a unique left coset of C in Wi/ p. Therefore there
is a unique element u(wgy, w) € Ckx and a unique j(g) € &, such that

wyw = u(wg, w)w;(g),

where j is just a permutation of the elements of &. This can be related to
the fundamental class [ug/p] € H?(®,Ck), by noting that the 2-cocycle
ug/p representing the fundamental class has the property that for each
9,9 € 8, wgwy = ug/p(g, 9 )wey . Therefore, if w = awy € Wi /p, then

u(wg, w) = wgawgluK/F(ga g9).

Proposition 2.9. If =z € Zl(WK/F,E), then, for all a € Ck, we have a
well-defined map

(Tri(@)) (@) = DY wyz(w),
u(wg,w)=a
Here the sum on the right is taken over all g € & and w € Wi such that
u(wp, w) = a. Furthermore, the image of Try is in Hl(C'K,IAJ)Q5
Proof. We begin by considering the exact sequence
0 — Iy — Z[Wg/p] — Z — 0

where € is the augmentation map >, n;g; — >, n; and Iy is the augmen-
tation ideal from Notation 1.1(3). This is split over Z, so it remains exact
when tensored with L, and thus we get the exact sequence of Wi, modules

0—Iw®L — ZWg/p]®L —Z&L — 0.

Note that in this sequence we have Wi, acting diagonally on each of the
terms, but we can find a W, p-module isomorphism that gives the middle
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term an action only on the first term of the tensor product; this then makes
Z[Wg/p] @ L an induced module, which means that, for any subgroup .S of
Wk r, we have

Ho (S, ZWi/pl®L) =0,  forn > 0.
If we now identify Z ® L with f/, then we get the exact sequence
0—Iw®L— Z[Wg/p]® L — L — 0

where the middle term, is an induced module, so we can use dimension
shifting to get a well-defined isomorphism

8 Hy(Wryp, L) = HoWi/p, Iw ® L),
that sends [z] € H1(Wk/p, L) to the class of

Z (w ' = 1)1 ® z(w)) (here the action is diagonal).
'LUGWK/F

Now by Proposition 2.7(2), we get the following commutative diagram

Hi(Wg/p, L)~ Ho(Wgyp, Iw ® L)

E B
Hi(Ck,L) —~— Hy(Cg, Iyy ® L).

with the horizontal isomorphisms given by 6, defined above. Now take a
l-cycle x € Z1(Wg/p, L), under 6, its image in Ho(Wg,/p, Iw ® L) is in the
class of 3= ,ew,, . (w™! = 1)(1 @ x(w)). If we then apply Tro, we get that it
maps to the class of

ng w =1(I®r(w) = Z( w (1®x(w)) —wy(1@ x(w)))
<’> —ng "lez(w ng (1®z(w

in Hy(Ck, Iy ® L). Now, since we can write wyw = u(wg, w)wjg), we can
use this and the fact that j is just a permutation of the elements of &, to

write (@) as

Zu(wh, w) twy, (1@ z(w ZZw91®x

h,w

which after changing the summation index in the second term gives

Z(u(wh, w) ™ = Dwy (1 @ z(w)).

haw
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This can be rewritten as

Z {(a—l —1) Z wp(l® x(w))} .
(

aeCk u(wp,w)=a

Recall that we define the action of w, € Wk p on a ® b as wy(a ® b) =
wya @ wgb and also note that

(wp, — 1) @ wpz(w) = wp(l1 @ z(w)) — (1 @ wpz(w)),

but the term on the left is clearly in Iyy ® L so by definition of Hy we have
that the sum above is in the same class as

Z {(al —1) Z 1® whx(w)} ,
(

acCk u(wp,w)=a

in Hy(Ck, Iw ® E) But this is just the image under § of the class of the
1-cycle y € Z1(Ck, L), where y is defined as

y:a— Z wpz(w).

Observe that this is indeed a 1-cycle, since Cx acts trivially on E, o)
Y acon @ y(a) = Y .ec, y(a). Furthermore it has finite support since z
has finite support. So by dimension shifting, it follows that Try([z]) = [y].

Lastly, we need to show that the image of Try is in H; (Ck, E)"j, for which
it suffices to show that for all g € & and z € Zl(WK/F,E), the class of
g - Tri([z]) is the same as the class of Tri([z]). From the definition of Try,
it follows that the image of Trg is in Ho(Cx, Iy ® E)Qﬁ. Therefore we have
the following commutative diagram.

Hy(Wiyp, L) —= Ho(Wgp, Iw ® L)

I B

g |  Hi(Ck,L) —— Hy(Cg,Iyw ® L) | Txo

l» J»

H\(C, L) —=— Ho(Ck, Iy ® L)

From this and [7, Proposition 9.93] we get that the class of (g - Try)([z]) is
the same as the class of Try([z]) for all z € Z;(Wg/p, L). So the image of

Tr; is in Hy(Ck, L)®. O
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Proposition 2.10. The square

H\(Cx, L) —%~ H, (Wi, L)

| [

Ng(Hi(Ck, L)) = H,(Ck,L)®

s commutative.

Proof. We only need to show that Trj o Cor = Ng. This follows from [3,
Chapter III, Proposition 9.5]), but the proof is simple so we include it for

completeness. First note that, if [z] € Hi(Ck, L), then Cor([z]) only has
support in Ck, so Tri(Cor([z])) = [y], with y € Z1(Ck, L), such that

ya)= > wn(Cor(x))(w)= > wpz(b),

u(wp,w)=a whbwglia
for b € Cx. Now we simply note that > ,ce h - z(a) = (Ne(x))(a). O

Before continuing, we first need a way to express the action of taking cup
products in terms of cycles and cocycles, for which we have the following
three results.

Lemma 2.11. Let G be a finite group and let A, B be G-modules where
we make the notational convention that for a € A with Ng(a) = 0, we let
[a]°, [a]_1 denote the canonical images of a in I;TO(G, A), ﬁfl(G, A) respec-
tively.

Leta € A with Ng(a) = 0 and [r] is the class of a 1-cocycler € Z' (G, B).
Then

[a]-1 U [r] = [d]°,
where
c=— Zga@r(g).
geG
Proof. See [8, Lemma 2, p. 176-177]. O

This lemma is just what we need to be able to express the action of
taking cup products in terms in cycles and cocycles. Recall that for any
finite group G and G-module B we can form the exact sequence

0—Ig®B—Z[G]l®B— B —0

as we did in Proposition 2.14. Similarly, since the category of G-modules
has enough injectives, we can find G-modules B’, B” such that

0—B—B —B"—0
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is an exact sequence and B’ is an induced module. From which we get
isomorphisms

§: H"(G,B) = H" (G, I¢ ® B);
8: H"(G,B") = H""Y(G, B).

In particular, when n = —1 the isomorphisms are induced by Ng. So we
get

§: HY(G,B) — HY(G, I ® B)

> g®gy

geG

and
0:H'(G,B") — H°(G, B)

Zg.a: .

geG

Proposition 2.12. Let G be a ﬁm’teAgroup, and let A, B be G-modules. If
f € ZYG,A) is a 1-cocycle and x € Z7%(G, B) is a 1-cycle, then [z] U [f]

is in the class of
Fi==7% ()@ f(g)
geG

in H-Y(G, B ® A).

Proof. First note that since we have an isomorphism H 1(G,B® A) =
H°(G, I ®B® A) induced by Ng, which we denote by §. In order to prove
the result, it is enough to check that the class of 6([x] U [f]) = d([z]) U [f]
in HY(G,I¢ ® B® A) is the class containing

— > h®ha(g) @ hf(g).

g,heG

Now, as before, we have that under 8 the image of [z] in H~ (G, Ig ® B)

is in the class of
b=> (9" = (1 ®x(g)).
geG

Note that
Nga(b) = Z(hg_ —h)(1®x(g Zhg (1®x(g Zhl@x
g,heG

Since we are working in Ig ® B we have that this can be rewritten as
Y gn1®hg te(g) =3, , 1®hx(g). But now recall that since  is a 1-cycle,
we have Y 97 x(g) = X, z(g), which combined with the above, tells
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us that Ng(b) = 0. Therefore we can apply Lemma 2.11 with A and B
replaced by I ® B and A respectively, to get that the class of [b] U [f] in
HY(G,1g ® B® A) is the class containing

—Zhb@f =Y hg ' @hgx(g) @ f(h) + > h®ha(g) ® f(h)
h,g h,g
:—Zh@)hx ) ® f(hg) +>_ h®@ha(g) @ f(h).
h.g

However, since f is a l—cocycle we have that f(hg) = f(h) + hf(g), which
after substituting gives

- Z h® hz(g) ® hf(g). O
g,heG
Now we can use this to get a result for 2-cocycles.
Proposition 2.13. Let G be a finite group and let A, B be G-modules. If
f € Z%(G,B) is a 2-cocycle and x € Z~2(G, A) is a 1-cycle, then the class
of [f]U[z] in H*(G, B ® A) is the class containing
> flg.h) @ ga(h)
g,heG
Note that, in this case, [f] U [z] = [z] U [f].
Proof. (Based on J.P Serre [8, Lemma 4, p. 178]) We begin by noting that
since we have an exact sequence 0 — B — B’ — B” — 0, with B’ an

induced module, then H?(G, B') = 0. This means we can find a 1-cochain
f': G — B’, such that

fg,h) = gf'(h) — f'(gh) + f'(9).
If we compose f’ with the map B’ — B”, we get a 1-cocycle f”: G — B”,
such that 9([f"]) = [f]. We can then use this and the previous proposition

to see that
[Fuz = 0" U la]] = 61" U a]) %27 6 ([Z f"(h) @ a(h) )
[Z g f'(h) ® gx(h )]

heG
g,heG

(1)

(In the last equality we change from f” to f’ since by definition of § we
must first lift to B’.)

Now, we know that g - f'(h) = f(g,h) + f'(gh) — f'(g), so (}) becomes
the class containing

> {f(g.h) + f'(gh) — f'(9)} ® gz(h)

g,heG
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which we expand as

> flg.h) @ ga(h) + Z "(9)) ® gz (h).
g,h

Therefore, in order to finish the proof we have to show that the second term
is actually zero. By changing summation indexes we have

> (f'(gh) = f'(9)) © gx(h) = > f'(gh) @ ga(h Z f'(9) ® g (h
g,h

g;h

=> f(g) ®gh™a( Zf ) ® ga(h
h

=> flo)eyg <Z(hl - 1)w(h)> =0.

h
with the last equality due to x being a 1-cocycle. O

Now with this result we can prove:
Proposition 2.14. The square
Hi(Wg/p, L) Hy(®,L)

iTn iU[UK/F}
H(Ck,L)® —— H°(®,Hom(L, Ck))

Coinf

15 commutative.

Note that once we have the commutativity of this square we will at
once have that diagram (A) is commutative (after using the isomorphism
Hl(CK, L) = HOHI(L, CK))

Proof. We begin by taking a 1-cycle x € Zl(WK/F,fL). From Proposi-
tion 2.9, its image in H;(Ck, E)@’ under Try is in the class of the 1-cycle
y:iar— Z wpx(w).
u(wp,w)=a
As before the sum is taken over all h € & and w € W/ p such that
u(wp, w) = a. UI/I\del" theAisomorphism Qf Proposition 2.3 and the natu-
ral map H1(Ck,L)® — HY(&,H (Ck, L)), we get that the image [y] in
H°(®, Hom(L, CK)) is in the class containing the homomorphism
A\ s H aMla H H aNwnz(w)) Hu(wh,w)o"whx(w».
aeCk @ u(wp,w)=a h,aw
Since each w € Wk /p can be written as aw, for some g € & and a € Ck,
we have
u(wp, w) = whawhfluK/F(h, 9).
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So we can rewrite the homomorphism above as

A — { H (whawh1)<)\,whz(awg)>} { H UK/F(h’g)()\,whx(awg))} ]

g,h,a g,h,a

Now note that the first term is the image of a norm, so since we are working
in the zeroth Tate cohomology group, we get that this homomorphism is
in the same class as

6 A H UK/F(hag)()\7th(awg)> = HUK/F(hvg)<)\7hZ(g)>>
g,h,a g,h

where

z(g) = Z z(awy), for all g € &.

aeCk

Alternatively, if we take x € Z1(Wk/p, f/) and go along the top of the square
we have that Coinf([z]) = [z]. So in order to show the square commutes we
must show that [[2] U [ug,/r]] = [B].

Now let B = Ckg and A = L in Proposition 2.13, then we can take
f(h,g9) = ugp(h, g) so that [ug,r] is the fundamental class, and we take
x to be z. Then Proposition 2.13 tell us that the class of [2] U [ug/p] in

HY(®,L ® Ck) is

g,he®

which maps to the homomorphism

Bix— [ uxp(h,g)*"=9)
g,he®

in H°(&, Hom(L, C)) as required. O
Thus we have that the second square in diagram (A) commutes. As we

mentioned before, this now tells us that Try is surjective (this is just a
simple diagram chase). We are left proving that Try is injective.

2.2. Tr; is injective. Note that, from the commutativity of (A), its
enough to show that the kernel of the map

Cor : Hy(Cx, L) — H1(Wg/r, L)
is equal to the kernel of the map
Ng : Hi(Cr, L) — Hy(Ck, L).

In other words, we want to show that the kernel of the corestriction consists
precisely of the elements of norm zero. This is equivalent to showing that
the image of

Cor’ : Hom(Hl(WK/F,E),Q/Z) — Hom(Hl(CK,E),Q/Z),
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consists of homomorphisms that vanish on elements of norm zero®. Here
Cor’ denotes the map induced by Cor. Now using Proposition 2.4, we have
isomorphisms

§ : Hom(Hy (W r, L), Q/Z) = H' (Wi, Hom(L, Q/Z))
¥ : Hom(H,(Ck,L),Q/Z) = H'(C,Hom(L,Q/Z)).
So, its enough to show that the image of
H'(Wir, Hom(L,Q/Z)) — H'(C,Hom(L,Q/Z)),

consists of elements corresponding (under §) to homomorphisms that van-
ish on elements of norm zero. In other words, we want to show that given
(] € H'(Ck,Hom(L,Q/Z)), we can extend this to a [¥] € H' W /p,
Hom(L,Q/Z)) if and only if [1)] = F(¢), where ¢ is a homomorphism
vanishing on elements of norm zero. Following Langlands [4, p. 13|, we re-
formulate this problem as follows: recall from Proposition 1.3 we have the
following exacts sequence

0 — Cx — Wg/p — Gal(K/F) — 0,

whose class in H*(6,Ck) is [ug,p] (the fundamental class). Also, we can

use the action of & on L, to give Hom(i, Q/7Z) a B-action, by letting & act
trivially on Q/Z, and we can form the semi-direct product Hom(L,Q/Z) %
6. Now suppose we have the following commutative diagram

0 CK WK/F 7 (5] 0

lw i\l/ lid
0 — Hom(L,Q/Z) — Hom(L,Q/Z) x & —= & —> 0.
We can define a 1-cochain f by ¥(w) = f(w) x o(w) and, in fact, f €
ZI(WK/F,Hom(L,Q/Z)). Conversely, given f € ZI(WK/F,Hom(L,Q/Z))
we can define ¥ = f X ¢, such that ¥ together with its restriction ¢ to C'x

will make the above diagram commute. Now what we want to prove is that
given a homomorphism

¢ : Cx — Hom(L,Q/Z),
we can extend this to a homomorphism
U : Wy — Hom(L,Q/Z) x &
making the diagram commute if and only if ¢ corresponds (under §) to a

homomorphism ¢ : Hi(Cg, L) — Q/Z that vanishes on elements of norm

5Note that Hom(—, Q/Z) is an exact contravariant functor since Q/Z is divisible.
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zero. By [1, Theorem 2] ¢ will extend to W if and only is ¢ is G-invariant
and® V«([ug/r]) = 0, where 1), is the map induced by 1.

Now, if 1 : Cx — Hom(L,Q/Z), corresponds (under F) to
¢ H1(Ck, L) = Q/Z,

then it is easy to see that for all a € Cx and A € L, we have (¢(a)) (A) =

©(A ® a), where we are using the fact that H,(Cx,L) = L ® Ck. So we
want to show that 1 is ®-invariant if ¢ vanishes on elements of norm zero.
But, by the above, we see that ¢ is &-invariant, if and only if for all X e L,
a € Ck and all g € &, we have 9(g - a)(N) = ¥(a)(g~'N), which is true
if and only if ()\ ® ga) = p(g A @ a). Now the latter will hold if for all
a®)\€C’K®L we have

g-A®@a)— (A®a) € ker(p)
which is true if ¢ vanishes on elements of norm zero.
So it remains to prove that ¥ ([ug,r]) = 0. For each pair of homomor-

phisms ¢ : Cx — Hom(E,Q/Z) and ¢ : Hi(Ck, f/) — Q/Z with ¥ = F(p),
we have the following commutative diagram

LoCx —2%% . T Hom(L,Q/Z)

! l

Hl(CKrE) 7 Q/Z

where the first vertical arrow is the isomorphism (see 2. 3) that sends A ® a
to the 1-cycle that is zero except at a where it is /\ for \€ Landa € Ck.
Now, if ¢ (and hence ¢) is B-invariant we get the following commutative
diagram:

A3(6,1) © B2(6,0x) —22Y . B-3(6,1) © B%(®, Hom(L,Q/Z))

| e

(&, Hi(Ck, 1)) . H'(®,Q/2),
where the vertical arrows are given by taking cup products, the map o is

induced by ¢. Note that for v € H3(6, L), the map v — pu(y ® [ug/F]),
gives an isomorphism

_3(67 f’) — H_1(®7H1<CK7 E))

This is the isomorphism given by taking cup-product with the fundamental
class [ug/p]. Similarly, for § € H*(®,L) and v € H*(&, Hom(L,Q/Z))

6This is because the class representing a semi-direct product is zero.
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the map 8 — (8 ®~) is an isomorphism for all v € H2(&, Hom(L, Q/Z)).
For a proof of this see [3, Corollary 7.3] and note that in this case, both

—3(®,L) and H2(®,Hom(L,Q/Z)) are finite groups (see Proposition 2.18).
So, from the diagram, we see that ¢.([ug/r]) = 0 if and only if for all
Be H3(6,L)

V(B @ Y«([ug/r])) = 0.

Now going around the diagram in the other direction we see that, since the
map v — p(y ® [ug/p]) is an isomorphism, we have that 1. ([ug/p]) = 0 if
and only if ¢’ is the zero map. This, by definition of ¢ and ﬁ’l, is true if
and only if ¢ vanishes on elements of norm zero. This now completes the
proof that Tr; is injective and thus we have proven Proposition 2.8.

2.3. Continuity. Note here that by using Proposition 2.3, we can give
H,(Ck, E) a topology by using the natural topology on Hom(L, Cx), and
consequently we get a topology on Hy(Wk/p, f/) by using the fact that Try
is an isomorphism. Our goal now is to prove the following:

Proposition 2.15. If x € ZI(WK/F,fD), then
U([z]) € Homes(Home (L, Ck), D)
if and only if x is a continuous 1-cocycle.
The proof will require several results. We begin with some basic lemmas.

Lemma 2.16. If M is a finitely generated G-module and G is a finite
group, then H'(G, M) is a finite group.
Proof. See [11, Proposition (3-1-9)]. O

Lemma 2.17. Let A be a topological group and let H and S be subgroups
of A with H open in A. If HNS is closed in H then S is closed in A.

Proof. This is elementary. O
With this we now have the following proposition:
Proposition 2.18. For all i € Z, H (&, Hom(L, Cx)) is a finite group.

Proof. Since we have a &-module isomorphism between Hom(L, Ck) and
L® Ck, it is enough to prove that H’((’i L® Ck) is a finite group. Now
from the Tate-Nakayama Lemma we have that for all 1 € Z

HY(6,1)~ H*(6,L ® Ck).
So we can reduce the problem to showing that H?(&, L) is finite. But since
L is a finitely generated Z-module, L will also be a finitely generated Z-

module and consequently L will also be a finitely generated Z[®]-module,
so Lemma 2.16 applies, giving the result. O
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Next we have the following key result.

Proposition 2.19. A homomorphism « : Homg (L, Cx) — D is continu-
ous if and only if « o Ng is continuous.

In order to prove this, it suffices to prove that Ng(Hom(L,Ck)) (the
image under Ng) is an open subgroup of Homg(L,Ck), since a homo-
morphism of topological groups is continuous if and only if it is continu-
ous at the identity. It follows that a homomorphism will be continuous on
Homg (L, Ck) if and only if it continuous on an open subgroup. In partic-
ular, using this result and Proposition 2.3, we may replace Homg (L, C)
with Hom(L, Cx) = H,(Ck, L) in Proposition 2.15.

Applying Proposition 2.18 with i = 0, gives that Ng(Hom(L,CFk)) has
finite index in Homg (L, Ck ). Therefore in order to prove Proposition 2.19
it suffices to prove that Ng(Hom(L,Ck)) is closed in Homg (L, Ck), since
any closed subgroup of finite index is automatically open. Now observe
that if K is a local field or a global function field, then we have a natural
homomorphism from Cg into Z, whose kernel Uy is known to be compact.
Similarly, if K is a number field, then there is a natural map from Cx to
R>0. whose kernel we once again denote by Uy and is also compact (see [6,
Theorem 1.6]). With this we can form the exact sequence of abelian groups

(%) 1 —Ug — Cg — Mg — 1,

where we set M = Z or My = R>? = R accordingly, and we call the two
cases the “Z-Case” and “R-Case” respectively.

2.3.1. Z-Case. Since L is a free Z-module (hence projective) we can
use (*) to form the exact sequence

0 —s Hom(L, Ux) = Hom(L, Cx) - Hom(L, Mg) — 0,

where we think of this as a sequence of &-modules by giving Mg the trivial
action. Note that in the Z-case we have

H'(6,Hom(L, M) = H(&,L), forallicZ
and Lemma 2.16 tells us that all of these groups are finite.
Proposition 2.20. There is an injective map 1, from

(Ne(Hom(L,Ck)) NHom(L,Uk)) /Ng(Hom(L, Uk))

to
H™Y(®, Hom(L, M))/uH " (6, Hom(L, Ck)).

In order to ease notation in the proof, we set

B = Ng(Hom(L,Ck)) NHom(L, Uk)
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and
V = H Y(&,Hom(L, Mg))/uH ™" (6, Hom(L, Ck)).

Note that once we have this result, it will follow that Ng (Hom(L, Uk)) has
finite index in B, since V is finite by the comment above.

Proof. We begin by taking x € Hom(L,Ck) such that z = Ng(z) €
Hom(L, Uk). If we let y = p(x) with p as above, then by exactness and the
fact that p is a homomorphism we have

Ne(y) = Ne(u(x)) = p(Ne () = 0.

We claim there is a well-defined map 1), such that ¢(z) = § where 7 is
the image of y in V. Note that if + € Hom(L,Uk), then § will be zero.
To prove this claim, observe that the image of y will be independent of x
since on the right we quotient out by pH (&, Hom(L,Ck)). Therefore,
if we had z = Ng(x) = Ng(2'), then letting x — 2/ = r, we would have
Ng(r) =0 and

y = p(z) = p(x’) + p(r) =y + p(r).

So when we look at i and 7’ we can clearly see they will represent the same
element in V| hence 1 is well-defined.

In order to show the 1) is injective, it suffices to show that if ¢(z) = 0 for
z = Ng(z), and x € Hom(L, Ck ), then we can chose an ' € Hom(L, Uk)
such that Ng(z) = Ng(z'). So suppose that ¢(Ng(z)) = ¢(z) = 0, then
we have p(z) = y € Is(Hom(L, Mg)) (by definition of H~1), hence

y= Z(g_l — 1)y, for some vy € Hom(L, Mf).
g

Now since 1 is surjective we can pick uy € Hom(L, Cg), such that p(uy) =
vy and we can also pick x € Hom(L, C}) such that p(x) = y. Now consider

W= Y Dy,

9

it must lie in Hom(L, Uk) since p(z') = p(z) — Zg(g_1 —1)vy =0, but we
also have Ng(z) = Ng(2'), so we are done. O

With this result we can now show that in the Z-case, Ng (Hom(L, Ck)) is
closed in Homg (L, Ck ). First note that L = Z™ as abelian groups (for some
n € Z>o), and since Uk is compact and Hausdorff, then Hom(L,Uk) =
(Uk)™ is also compact and Hausdorff (being the direct sum of compact
and Hausdorff groups). Also since Ng is a continuous map, we have that
Ng(Hom(L,Uk)) must be closed in Hom(L,Ug) (being a compact
subgroup of a Hausdorff group). Therefore, since B is a subgroup of

Hom(L, Uk) and Ng(Hom(L, Uk)) is closed in Hom(L, U ), we must have
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that Ng(Hom(L,Ug)) is also closed in B. We also know Ng(Hom(L, Uk))
is of finite index in B. Therefore we can write

n
B = | J bpNe(Hom(L, Uk))

k=1
for some b, € B, and it follows that B is closed in Hom(L, Uk ). Now recall
that a normal subgroup H of a topological group G, is open if and only
if the quotient topology on G/H is discrete. So since Mg = Z we must
have that Ug is an open subgroup of Cx since we know that Uy is closed
in Cx and Ck/Ug = Z. Therefore Homg(L,Ugk) is an open subgroup
of Homg (L, Ck). To finish the proof that Ng(Hom(L,Ck)) is closed in
Homg (L, Ck) we can use Lemma 2.17, by letting

A =Homg (L, Ck), H = Homg (L, Uk), S = Ng(Hom(L, Ck)),
and noting that we are in the situation of Lemma 2.17 since
B = Ng(Hom(L,Ck))NHom(L,Uk) = Ng(Hom(L, Cx)) "Home (L, Uk ),
is closed in H. Hence in the Z-case we have that Ng(Hom (L, Ck)) is closed
in Homg (L, Ck).
2.3.2. R-case. Here we are in a slightly easier situation, since in this case
the exact sequence
1—Ux — Cr — R0 —1
splits as a sequence of &-modules. Therefore the sequence
0 — Hom(L,Uk) 2 Hom(L, Cx) - Hom(L, Mg) — 0
also splits as a sequence of B-modules, so we get
(1) Hom(L, Cx) = Hom(L, Uy ) x Hom(L,R),
and
Ng(Hom(L,Ck)) = Ng(Hom(L,Uk)) x Ng(Hom(L,R)).

Furthermore, if we look at the zeroth cohomology groups of (1), we get

Homg (L, Cx) = Homg (L, Uk) x Home (L, R).
Proposition 2.21. In the R-case we have that H*(&, Hom (L, Mk)) = 0.
Proof. First note that
H°(®,Hom(L, M) = H°(®, Hom(L,R)) = Home (L, R)/Ng(Hom(L, R))

so the result will follow if we can show that any &-linear homomorphism
from L to R can be written as the norm of some homomorphism from L to
R. Now since & acts trivially on R, we see that for any ¢ € Homg (L, R) we
have Ng(¢) = my where m = |®|. Therefore, since R is a divisible group,
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0 = (1/m)yp is also a homomorphism from L to R, and thus ¢ = Ng(0),
which gives the result. O

Now the proposition above tells us that Ng(Hom(L,R)) = Homg (L, R)
and, as before, Ng(Hom(L, Uk)) is closed in Homg (L, Uk ). It then follows
that

Ng(Hom(L,Uk)) X Ne(Hom(L,R))
is closed in
Hom@ (L, UK) X HOIIl@(L, R).
Hence Ng(Hom(L, Ck)) is closed in Home (L, Ck).

So we have shown that in both the Z-case and R-case Ng(Hom(L,Ck))
is closed in Homg (L, Ck) and of finite index. Thus Ng(Hom(L,Ck)) is
open in Homg (L, Ck ), which proves Proposition 2.19.

Proposition 2.22. A 1-cocycle in Zl(WK/F, fD) is continuous if and only
if its restriction to Cx is continuous.

Proof. Clearly if z € chts(WK/ F,fD), then its restriction to Cx will also
be continuous, so we only need to prove the other direction.

If z € Zl(WK/F,fD) is continuous on Ck, define o(a) = z(wa), where
w € Wg/p, a € Ck, then in order to prove that x is continuous on the
coset wCk we only need to prove that o is continuous. Now, since x is a

1-cocycle, we have
o(a) = z(wa) = wx(a) + z(w).

So as a goes through Ck, we have that wx(-) is continuous since xz(-)
is continuous on Ck and the action of Wi/ p is continuous (since it is

induced from the continuous action of & on Tp). Therefore, since z(w) is
just a constant, o is continuous and hence x is continuous on wCg. From
this it follows that z is continuous on all of Wy /. U

Now observe that we have the following diagram:

Hl(WK/Fa fD) — Hom(Hl(WK/Fa E)» D)

iRes iCOr'

HY(Cg,Tp) —=— Hom(H,(Ck, L), D),

where the horizontal arrows are isomorphisms given by Proposition 2.4,
Res is the standard restriction map on cohomology groups, and Cor’ is the
surjective map induced from

Cor : H(Ck, L) — Hi(Wg/p, L).

Now it is easy to show this diagram is in fact commutative since if we take
a l-cocyle f € ZI(WK/F, Tp) and first move along the top of the diagram,
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then by Remark 2.5 and the definition of Cor for homology, we get that f

o~

maps to the homomorphism sending x € Hy(Ck, L) to

> (f(a), z(a)).
a€Cyk
But this is clearly the same as going around the diagram in the other
direction.
This diagram together with Proposition 2.19 and Proposition 2.22, re-
duce Proposition 2.15 to proving the following:

Proposition 2.23. Let
U : HY(Ck,Tp) = Hom(H,(Ck, L), D).

If f is a I-cocycle in Zl(CK,fD), then f is continuous if and only if

U([f]) is a continuous homomorphism in Hom(H,(Ck, L), D) or, what is
the same, in Hom(L ® Ck, D).

Proof. In this case we can see ‘what f maps to. It will correspond to the
homomorphism ¥([f]) € Hom(L ® Ck, D)

U([f) : A@ar— (A f(a)

where, in this case, we have that (-,-) is the natural bilinear mapping
(-,-): LxTp — D. This bilinear map can easily be seen to be continuous
by observing that L has the discrete topology and Tp has topology induced
by that of D. Then with this it is clear that f will be a continuous 1-cocycle

if and only if W(f) is a continuous homomorphism. O

Hence we have proven Proposition 2.15, which completes the proof of
Theorem 2.1.

3. Applications to algebraic tori

Our next goal is to use this to say in a bit more detail how Theorem 2.1
relates to algebraic tori. Recall that at the start we identified T'(K) (the
group of K-rational points) with Hom(L, K*). In the case that K is a
global field, we have an exact sequence

1 — K* — Ay — Cg — 1,

which, since L is free (and hence projective), gives us the exact sequence

0 — Hom(L, K*) — Hom(L,A%) — Hom(L, Cx) — 0.

H
T(K) T(Ax)



156 Christopher BIRKBECK

Hence we can identify T'(Ax)/T(K) with Hom(L, Ck). Also from this we
obtain a long exact sequence

0 — T(F) — T(Ap) — Homg(L,Cx) — HY (&, T(K)) — ---,

which we will use later. Next we need a result that allows us to switch
between Wy r and Wr.

Proposition 3.1. Let D be a Hausdorff divisible abelian topological group.
Then the inflation map
Inf : Hclts(WK/FuTD) — Hclts(WFvTD)

is bijective.

Proof. (See [5, p. 111]) First recall that the inflation map is always injective
and so is its restriction to HJ,, so we only need to prove that in this case
it is also surjective. So take a continuous 1-cocycle f : Wrp — Tp, this
will restrict to a continuous 1-cocycle in Zk (W, Tp). Now the kernel of
f must contain the commutator group of Wk since Tp is commutative.
Furthermore, since Tp is Hausdorff, the kernel of f must also be closed.
So f must be trivial on W (the closure of the commutator group) and
hence it must factor through Wr/W§ = Wy p, giving that Inf is also
surjective. Il

Recall that for F a global field, we say an element in HY,,(Wg,Tp) is
locally trivial if it restricts to zero in HY (Wg,,Tp) for all places v of F.

Theorem 3.2.

(a) If K is a local field, then HcltS(WK/F,fD) is 1somorphic to
Homs(T'(F), D).

(b) Let D’ be a divisible abelian topological group such that for any finite
group G, Hom(G, D') is finite, and let

Tp = Hom(L, D').
If K is a global field, then there is a canonical surjective homomor-
phism
Hyy(Wip, Tpr) — Homers(T(Ap)/T(F), D),

and the kernel of this homomorphism is finite. Furthermore, if D' is
also Hausdorff, then the kernel consists of the locally trivial classes.

Proof. (a). This follows immediately from Theorem 2.1, since in this case
Ck = K* and therefore T(F) = T(K)® = Homg (L, Ck), and the isomor-
phism in question is exactly the one we found in Theorem 2.1.
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(b). We begin by considering the following commutative diagram

0 —> T(K) —= T(Ag) —> Hom(L, C) — 0.

Ng LN@

From before, we already know both rows are exact and the commutativity
of the diagram tells us that we must have Ng(Hom(L,Ck)) contained in
T(Ap)/T(F). By Proposition 2.18 we know that Ng(Hom(L,Ck)) has fi-
nite index in Homg (L, Ck), so it follows that T'(Ap)/T(F) has finite index
in Homg (L, Ck). Therefore we have the following exact sequence

0 — T(Ap)/T(F) — Homg(L,Cx) — G — 0

where G is some finite group. If we then apply the functor Hom( -, D’)
(which is an exact functor since D’ is Z-injective) we get the exact sequence

0 — Hom(G, D") = Hom(Homg (L, Ck), D') — Hom(T'(Ap)/T(F), D") — 0.

Now by assumption Hom(G, D') is a finite group, so it follows by Theo-
rem 2.1 that we have a homomorphism from H} (W, 7 Tpr) onto
Homs(T(Ap)/T(F),D’") with finite kernel.

Next we want prove that if D’ is Hausdorff, then the kernel consists of
locally trivial classes. With this in mind we use 3.1 and 1.5 to form the
commutative diagram

Hyy (We, Tor) Home:s(T(Ar)/T(F), D')

1L, Hclts(WFw Tp) =
From part (a) we have that the lower horizontal arrow will be an isomor-
phism and the result will follow if we can prove that the second vertical
arrow is injective.

Let x : T(Ap)/T(F) — D’ be a continuous homomorphism, whose
restriction to T'(F,) is the trivial homomorphism for all places v. We want
to show that this is in fact the trivial homomorphism. Note that we have

EB T(F,) C ker x.

[T, Home (T (Fy), D).

Now since D’ is Hausdorff, we have that ker x is closed in T'(Ap)/T(F).
Therefore the result will follow if we can show that €, 7(F),) is dense in
T(AF), since this would mean that T (Ar) is also in the kernel of y, which
makes y trivial. Now, since T'(Af) is the restricted topological product of
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T(F,) with respect to T'(O,), it is easy to see that any non-empty open set
in T(Ar) meets @, T'(F,). Hence the result follows. O

If we now take D = (C; then the above theorem relates admissible ho-
momorphisms Wx/p — T(Cx x & to continuous representations of T on
P

the “p-adic Banach space” C. This can be seen as the GL; case of more
general conjectures of the p-adic Langlands programme for GL,, which link
admissible n-dimensional representations of Gal(Q,/Q,) to certain contin-
uous n-dimensional representations of GL,, on p-adic Banach spaces (cf. [5,
p. 116]). Specifically, if one takes a more general reductive group G with
Langlands dual group “G, then the Langlands program links admissible ho-
momorphisms Wy, p — L@ with irreducible automorphic representations
of G (which are the analogue of our group Homs(7T'(F), D)). For more de-
tails and survey of what is known about the p-adic Langlands programme
we refer the reader to [2].
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