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Abstract

Calculus courses have been attracting the attention of mathematics education
researchers over the last decades. Recent publications and special issues dedicated
to calculus highlight the diverse roles of calculus courses in the pathways for STEM
studies within and across educational levels, as well as issues related to the aca-
demic preparation of future STEM professionals, including mathematicians, non-
mathematics professionals (NMPs) and teachers. In this paper, we review recent lit-
erature, mostly since 2015, to identify and characterize explicit references to such
diverse roles of calculus courses. The review highlights an intrinsic tension between
two institutional roles of calculus: scaffolding and filtering. We find nuanced yet
substantial variation in how the dual role of calculus is experienced and managed
across different groups of students and stakeholders. With regard studies on calculus
for mathematics students, recent studies attend to changes in the rules underpinning
calculus notions and processes, and highlight the scaffolding potential of calculus
courses towards abstraction and reasoning. In contrast, studies on calculus for NMPs
report that such courses often promote filtering rather than scaffolding and question
transferability and relevance of those courses for NMPs. Finally, studies challenge
the perception that traditional tertiary calculus courses scaffold school teaching and
underline the need for empirical research that would explain the nature of this scaf-
folding and how it can be realized in practice. We conclude that further empirical
research, in particular theory development, is needed to address the diverse roles of
calculus at the intersection of institutions, disciplines and communities.
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Attending to the Diverse Social, Cultural and Institutional Contexts
of the Teaching and Learning of Calculus: An Emerging Need

The teaching and learning of calculus has been attracting the attention of the math-
ematics education research community over the last decades. Even more, in recent
years, our community has been particularly active in disseminating findings from
research studies on calculus in review chapters, special issues and specialized con-
ferences. Some recent indicative examples include: special issues on the Teaching
and Learning of Calculus in 2014 (Rasmussen et al., 2014) and recently on Calcu-
lus in High School and College Around the World (Thompson & Harel, 2021); the
ICME13-Topical Survey on the Teaching and Learning of Calculus (Bressoud et al.,
2016); book chapters such as Generalization, Covariation, Functions, and Calcu-
lus (Hitt & Gonzélez-Martin, 2016) and Understanding the Concepts of Calculus
(Larsen et al., 2017); and, the first Calculus in Upper Secondary and Beginning
University Mathematics Conference (Monaghan et al., 2019) where we conceived
the special issue which we guest-edit and which includes this paper. These studies
discuss students’ difficulties with calculus (Bressoud et al., 2016; Hitt & Gonzélez-
Martin, 2016; Larsen et al., 2017; Rasmussen et al., 2014; Thompson & Harel,
2021) and students’ learning experiences and meaning making of calculus across
educational levels (Rasmussen et al., 2014; Thompson & Harel, 2021). Often the
central focus of the discussion is around specific topics of calculus — such as limits,
derivatives or integrals (Bressoud et al., 2016; Larsen et al., 2017; Rasmussen et al.,
2014; Thompson & Harel, 2021). In other works, the focus shifts beyond attending
to students’ learning of specific topics. Such works highlight the critical role of cal-
culus courses in the pathways for STEM' studies at and within certain educational
levels (e.g., Bressoud, 2021; Bressoud et al., 2016; Larsen et al., 2017; Rasmussen
et al., 2014; Torner et al., 2014); the role of student affiliations (e.g., engineering or
mathematics) in their learning and working with calculus topics (e.g., Bingolbali
et al., 2007); and, the quality of the academic preparation of future professionals,
including engineers, scientists, and mathematics teachers (e.g., Hitt & Gonzélez-
Martin, 2016; Winslgw & Grgnbak, 2014).

We contend that, to explore and address issues that go beyond the learning of spe-
cific topics, research on calculus education needs to acknowledge the diverse social,
cultural and institutional contexts of the teaching and learning of calculus (Rasmussen
et al., 2014). In this paper, we review recent studies that are attentive to this diversity
and resonate with the overarching question of the special issue in which this paper
appears: How do calculus courses address the varied — sometimes conflicting — goals,
values, and needs of different institutions, disciplines, and communities? Specifi-
cally, in this review, we explore, identify and characterize the various roles of calculus
courses at the intersection of: educational levels (e.g., in the transition from secondary
to tertiary education); mathematical domains and practices students may encounter

! For the purpose of this paper, we use the acronym STEM, which was initially proposed for Science,
Technology, Engineering, and Mathematics, with S representing also Social Science subjects such as
Psychology, Economics or (Teacher) Education.
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before (e.g., algebra or geometry), during (e.g., from calculations to proof) or after
calculus courses (e.g., real analysis); communities of students (e.g., calculus for math-
ematics or engineering students); different professions (e.g., mathematicians, econo-
mists or engineers); and, calculus courses and teaching primary and secondary math-
ematics in the preparation of mathematics teachers.

Before describing the methodology of the literature review, we note that we found
a substantial variation of what ‘calculus’ means in terms of content, rigor (e.g., the
role of definition and proof), range of techniques and applications. We also noticed
that calculus content appears at various educational levels in different educational
systems, usually at upper secondary (or high school), post-compulsory, and ter-
tiary? levels. In this paper, we adopted a general definition of a ‘calculus course’, as
a course’ that relates to the mathematical study of continuous change in the context
of real numbers and typically includes limits, continuity of functions, derivatives,
integrals and the fundamental theorem of calculus (other notions, such as infinite
sequences and series may also be included). This content can be seen in the same
course, or sometimes split over two courses of differential and integral calculus.
Some calculus courses may solely focus on one-variable functions, while in other
courses the focus may extend to two-variable (and rarely multivariable) functions
(e.g., Trigueros et al., 2018). In some educational systems, calculus courses are
separated from proof-based real analysis courses (Kondratieva & Winslgw, 2018).
However, in many educational systems the distinction between calculus and real
analysis courses is blurred, and post-compulsory and tertiary calculus courses may
include elements of real analysis. Furthermore, calculus courses at the tertiary level
very often are offered to groups of students from different programs (e.g., math-
ematics, engineering, science, teacher education, etc.) or to students who have not
chosen their specialisation yet. The fact that calculus is often taught in large classes,
makes addressing diverse student needs even more difficult. To address such vari-
ations in educational systems and target audiences, we have conducted this review
with attention to contextual and institutional characteristics of the reviewed studies.
We describe how we did so in what follows.

Literature Review Method
In the selection of studies, we used two criteria. Firstly, we selected studies that

report insights specific to calculus courses. In such studies, calculus is pertinent to
their research questions or aims and not merely incidental to the context in which

2 Post-compulsory education is for students who follow specialised pathways towards admission to ter-
tiary education. In some systems, post-compulsory courses are offered in school, while, in other systems,
these courses are offered in further education institutions (e.g., colleges) or they are introductory courses
offered by tertiary institutions (e.g., pre-university or foundation courses). Upper secondary level might
be post-compulsory as well (in many countries, compulsory education ends at the age of 16).

3 The title of these courses may include the terms “calculus” (e.g., Calculus I, II and III in the US)
or “ Infinitesimal Calculus” (e.g., in Greece or Israel) or may not include any reference to calculus (e.g.,
“Matemdticas I’ at college in Spain).
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the study was conducted. Secondly, we looked for studies which make explicit ref-
erence to the diverse roles of calculus, especially at the intersection of institutions,
disciplines, and communities. Such reference was sought: in the research questions
or the aims of the study; in the conceptual framework (e.g., its affordances to study
cultural and institutional differences); and, in the interpretation of the findings. In
each item we reviewed, we searched for explicit elaboration regarding the institu-
tions, disciplines and/or communities involved in the study. With these two criteria
in mind, we reviewed the literature through the following stages:

a)

b)

c)

d)

Initially, we selected six seminal journals in mathematics education with a range
of specializations including teaching and learning of mathematics at the upper/
post-secondary and tertiary levels. These journals are: Educational Studies in
Mathematics, International Journal of Mathematical Education in Science and
Technology, International Journal of Research in Undergraduate Mathematics
Education, Journal for Research in Mathematics Education, Journal of Math-
ematical Behavior and ZDM — Mathematics Education. We started our review
considering papers published in these journals from 2015 onwards. We chose
2015 as a starting point of our review because around that year several reviews of
studies on the teaching and learning of calculus came out (Bressoud et al., 2016;
Hitt & Gonzalez-Martin, 2016; Larsen et al., 2017), which we have included and
built on in our review. We have also included the ZDM-Mathematics Education
special issue on calculus (Rasmussen et al., 2014).

Inspired by studies presented at the first Calculus in Upper Secondary and Begin-
ning University Mathematics Conference (Monaghan et al., 2019), we initially
agreed that our review will focus on the areas of: transitions across secondary,
post-secondary and tertiary education; connections across mathematical domains;
education and professional needs of engineers and other professionals; education
and professional needs of teachers; equity, access and gender issues; and, affect,
beliefs and identity.

We searched the journals listed in (a), selected papers that satisfied the two afore-
mentioned criteria, and recorded our work in a shared spreadsheet in which we
kept account of citation information (authors, year, journal, abstract, keywords)
and brief notes on each paper, including whether the paper relates to the areas
described in (b). Finally, we drew on publications cited in the papers we reviewed
to identify additional studies that met our two criteria or could provide a broader
perspective on some of the issues we identified in our calculus-focused review
(e.g., non-calculus specific studies regarding access to STEM).

Areas (see (b)) that were connected to a small number of papers (less than 5) were
not included in the review or were merged with other areas. This led to the four
areas we discuss in "Calculus in the Transition Across Educational Levels", "Cal-
culus and other Mathematical Areas", "Calculus for Engineers and other Non-
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Mathematics Professionals" and "Calculus for Mathematics Teachers". Within
each of these areas, we identified the questions that guided our review.

e) With the areas and the questions agreed, we read thoroughly the studies shortlisted
in stage (c). During this stage, some initially selected publications were filtered
out and others emerged from citations within the papers we were reading. Overall,
we prioritized journal publications and book chapters over conference papers.

In what follows, we discuss findings in relation to the four areas we agreed in
stage (d): calculus in the transition across educational levels; calculus and other
mathematical areas, calculus for engineers and other non-mathematics profession-
als; and, calculus for mathematics teachers. Each section opens with the questions
that guided our review in each area.

Calculus in the Transition Across Educational Levels

Issues related to the transition from secondary to tertiary mathematics have been
discussed extensively in the literature (Biza et al., 2016; Gueudet, 2008; Hochmuth
et al., 2021). Such studies identify tensions in relation to “(dis)connections between
mathematics and between students’ attitudes, practices, and performances at school
and tertiary level” as well as in relation to “the transition to abstraction and formal
mathematical thinking” (Biza et al., 2016, p. 16). Calculus courses, specifically, have
an essential role in the transitions across institutions and their practices (institutional
role) and are essential in students’ first tertiary (or post-compulsory) experiences of
mathematics (Bressoud et al., 2016), a role that is often at the heart of their deci-
sion to continue or not with STEM studies. In what follows, we synthesize insights
from recent literature guided by the following questions: (1) What is the institutional
role of calculus courses in the transition across educational levels? (2) What is the
impact of this role on students’ experiences and study choices?

The Institutional Role of Calculus Courses in the Transition Across Educational
Levels: Scaffolding and Filtering

Calculus courses are often institutionally located at critical positions in students’
pathways through secondary and post-compulsory education and towards their
preparation for STEM studies (Thompson & Harel, 2021; Torner et al., 2014). In
the studies we reviewed, we observed two (intended or unintended) roles of calcu-
lus courses in post-compulsory and/or early tertiary level: (a) calculus courses sup-
port students towards their preparation for STEM studies, and (b) success to those
courses is part of the selection process towards STEM studies at tertiary level. This
observation is not new, and several metaphors have been used in the past to high-
light that the former role should prevail the latter: “pump rather than a filter” or
“to become a door, not a barrier” (Steen, 1987, p. 12). In this section, we introduce
a variation of the pump / filter metaphor, the metaphor of scaffolding, to describe
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the support calculus courses intend to offer towards students’ transition from one
institution to another while maintaining the metaphor of filtering to describe the
(intended or unintended) role of calculus courses in the selection of students who
aspire to pursue STEM studies at tertiary level. These two roles are interconnected
as we discuss in what follows.

In the educational contexts of the seven European countries* discussed by Térner
et al. (2014), calculus is offered in schools since the beginning of the twentieth cen-
tury as an effort “to bridge the gap between mathematics at university and at school”
(p. 550) (scaffolding). The described approach to calculus in schools is more intui-
tive, with less or no attention to proofs and more emphasis on student engagement,
problem-solving, applications, modelling and the gradual introduction/use of digi-
tal technologies. Calculus is compulsory for students who aspire to pursue STEM-
related studies and it is included in their university entrance examinations (filtering).
Furthermore, teaching approaches are mainly procedure-oriented with a focus on
student preparation for exams. Calculus notions are not introduced through their for-
mal definition. Such informal introduction, “especially of the concept of limit, does
not seem to encourage the progression to the formal definitions later at university”
(p- 558).

In the US, calculus is offered in some schools (currently, 20% of high school stu-
dents take calculus) while it is a prerequisite for selective colleges and universities
(Bressoud, 2021). Because of the lack of uniformity in students’ background, many
tertiary level institutions offer a series of calculus courses (Calculus I, II and III).
Over 50% of the students who take Calculus I have already taken a calculus course
in secondary school (Ellis et al., 2014). In comparison to secondary, Calculus I, II
and 11 courses are usually more rigorous in the discussion of notions such as limits,
graphical interpretations, definitions, etc., and applications of these notions. Proofs,
however, are typically not part of these courses (Ellis et al., 2014). Tertiary level
calculus courses serve as a prerequisite for STEM studies and filtering takes place
during the first year of university studies (see also section "Calculus for Engineers and
other Non-Mathematics Professionals"). For some of the students, a calculus course
might be the last mathematical course they take (Bressoud, 2021).

Besides the European and the US educational systems, within which the majority of
the studies we reviewed have been conducted, calculus courses in many countries play
similar roles in terms of preparing the students at the upper secondary level (scaffold-
ing) and then selecting (filtering) those who will continue for STEM studies — e.g., in
Cameroon (e.g., Gonzédlez-Martin & Nseanpa, 2021), Canada (Hitt & Dufour, 2021),
Israel (Dreyfus et al., 2021), Singapore (Toh, 2021), South Korea (Yoon et al., 2021)
and Tunisia (Ghedamsi & Lecorre, 2021). In most of the cases we reviewed, calcu-
lus courses put limited attention to proof. Moreover, the integration of applications of
calculus notions to real life or to non-mathematical problems varies. In some cases,
applications are included in the secondary or post-secondary calculus curriculum (e.g.,
Bressoud, 2021 for the US; Torner et al., 2014, for some European countries), whereas,
in other cases, research reports that examples and applications are scarce or are not

4 Belgium, Cyprus, France, Germany, Greece, Italy and UK-England.
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emphasized by teachers (e.g., Gonzélez-Martin et al., 2018, in Canada). Finally, there
are cases in which calculus notions are discussed in mathematics courses while their
applications are included in other courses such as physics (Lyublinskaya & Petrova,
2021, in Russia).

The scaffolding and filtering institutional roles of calculus courses are interre-
lated: students are allegedly prepared for their tertiary studies and this preparedness
is assessed through university admission examinations (Toh, 2021; Torner et al.,
2014; Yoon et al., 2021) or at the first year of university studies and before students
proceed with their specialization (Bressoud, 2021; Ellis et al., 2014). However,
teaching oriented towards high stake examinations intends to support students on
the development of certain routines that may not be appropriate for their specialization
attertiary level (Frank & Thompson, 2021; Toh, 2021; Torner et al., 2014). We discuss
this in section "Calculus for Engineers and other Non-Mathematics Professionals".
Also, such filtering keeps students who have not been prepared appropriately away
from STEM studies (Ellis et al., 2014; Frank & Thompson, 2021); we elaborate this
in the discussion of the second question.

The Impact of Calculus Courses on Students’ Experiences and Study Choices:
Different Experiences and Views of Filtering and Scaffolding

We now examine how the scaffolding and filtering institutional roles of calculus courses
impact on student experiences and study choices. Calculus courses — especially elemen-
tary calculus courses such as Calculus I in the US — are essential in students’ first aca-
demic engagement with the tertiary institutions’ rules and routines and their decision to
continue with their intended specialization (Ellis et al., 2014). Students who withdraw
from STEM degrees “often cite traditional and uninspiring instruction that emphasized
rote memorization rather than conceptual understanding and applications as one of the
major reasons for their departure” (p. 662). However, not all students experience these
first calculus courses in the same way (Ellis et al., 2014; Rasmussen & Ellis, 2013).
Moreover, students’ experiences with calculus vary across populations with different
demographic characteristics. For example, in the study of Ellis et al. (2014) higher per-
centages of female, Asian, Pacific Islander, American Indian or Alaska Native students
decide not to continue with calculus. We note that some students persist after their fail-
ure in the first calculus course. Interested in these students, Dibbs (2019) followed — all
the way to graduation — a group of students who had failed their initial calculus course
and chose to retake it rather than change specialization. These students identified several
reasons for their success in the repeated course: processing their initial failure; having
a better instructor in the repeated course; and, participating regularly in the formative
assessments. Although these studies were conducted in the US, and we cannot claim that
these findings are readily transferrable to other educational contexts, the observation that
different groups of students experience the same calculus course differently in the US
calls for further investigation in other educational contexts as well.

Students’ earlier experience with calculus from secondary school (or post-compulsory
education) is critical in their transition to tertiary studies in mathematics, but also to other
STEM disciplines. College students in the US who have had prior exposure to calculus in
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secondary school perform “half grade higher in their college calculus courses” than stu-
dents without such exposure (Sadler & Sonnert, 2018, p. 321). Bressoud (2021) acknowl-
edges that the disparity in secondary school provision in calculus creates two downsides:
first, students with different background end up in the same calculus class; and, second,
students who cannot attend well-resourced public schools that offer calculus are disadvan-
taged compared to those who can. Therefore, he proposes strengthening “the high school
preparation in calculus of all students” (Bressoud, 2021, p. 532, his emphasis). In a simi-
lar spirit, Frank and Thompson (2021) claim that “investigating students’ calculus experi-
ences should also include investigation into their prior schooling” (p. 2).

It seems to us that there is no consensus between stakeholders involved in the
teaching of calculus on what students’ preparation should consist of. Yoon et al.
(2021) looked at how stakeholders and public opinions influenced the 2015 reform
in the calculus high school curriculum in South Korea that led to a reduction of
the calculus content taught at school level. Public opinion mainly from parents and
students argues that calculus serves as a filter that generates excessive stress for col-
lege applicants and proposes the removal of calculus from the school curriculum.
Tertiary level teachers do not agree with this argument and argue that calculus is essen-
tial in students’ preparation. We return to this point in section "Calculus for Engineers
and other Non-Mathematics Professionals". In another study, Sadler and Sonnert
(2018) asked 6,207 college calculus students and 216 college and high school teach-
ers in the US their views about the best preparation for college calculus. Discrep-
ancies between school and college teachers were observed in the responses: while
high school teachers generally feel that students are well prepared, especially if they
take calculus in high school, more college teachers, in comparison to school teachers,
argue for more emphasis on student preparation of pre-calculus and algebraic notions
at school level. We discuss the influence of students’ previous curricular experiences
on their learning of calculus topics in section "Calculus and other Mathematical
Areas" and we touch upon teachers’ professional development in relation to calculus
teaching in section "Calculus for Mathematics Teachers".

Calculus and other Mathematical Areas

We now turn to the role of calculus in the transitions across mathematical areas met
before, within and after calculus courses. In what follows, we synthesize insights
from recent literature on mathematical learning and teaching guided by the following
questions: (1) What are the issues in the transition across notions from pre-calculus
to calculus or within calculus? (2) What is the role of calculus courses in the transi-
tion from procedural calculations to mathematical abstraction and reasoning?

Transition Across Notions from Pre-Calculus to Calculus or within Calculus:
Attention to Changes in the Rules

The learning of calculus draws on students’ school experiences with pre-calculus notions
such as functions, algebraic expressions, geometrical objects and representations (Biza,
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2021; Frank & Thompson, 2021; Grant et al., 2016; Hitt & Gonzalez-Martin, 2016;
Thompson & Carlson, 2017). Such experiences are related to the curriculum students
encounter (Biza, 2021; Byerley, 2019) and to their teachers’ expectations (Ayalon &
Wilkie, 2019). Byerley (2019), for example, discusses the implication of three students’
fraction and measure schemes for their understanding of rate of change, while Biza
(2021) looks at how tangent lines to circles and conic sections influence how students
argue about tangent lines in calculus. In addition, essential ideas of calculus can be intro-
duced with algebraic and geometrical routines without the use of limits. Some research-
ers argue that such routines are a better preparation for students as they overcome the
formality of limits and their definition (Ely, 2021; Grant et al., 2016).

Several studies focus on the notion of function, a mathematical notion that is
met in pre-calculus courses and has strong implications for the learning of calcu-
lus. Frank and Thompson (2021), for example, focus on three ideas pre-calculus
addresses in school mathematics that have potential for students’ introduction
to calculus (Calculus I in the US): variational reasoning, meanings for average
rate of change, and representational use of function notation. Their study investi-
gates manifestations of these ideas in Calculus I students’ responses, in second-
ary mathematics teachers’ responses and in pre-calculus textbooks. Their find-
ings indicate similarities in meanings related to these notions held by teachers
and students and those conveyed by textbooks. However, as the authors claim,
such meanings are not always productive for understanding calculus (e.g., rate
of change as average in large intervals or emphasis on functions as a calculation
mechanism).

Recently, there has been more attention to changes in discursive rules (e.g., in
relation to how we use definitions or regarding what makes an argument acceptable)
in the transition from pre-calculus to calculus or within calculus. Learning about the
differences in discursive rules is what Sfard (2008) calls metalevel learning. Such
studies emphasize the importance of metalevel learning and propose teaching and
learning approaches in which discursive rules are negotiated explicitly (e.g., Giicler,
2013, 2014, 2016; Schiiler-Meyer, 2020). Here, we discuss three examples regarding
changes in discursive rules: in the transition across mathematical areas (Biza, 2021),
within one-variable calculus (Park, 2015) and from one-variable calculus to multi-
variable calculus (e.g., Trigueros et al., 2018).

Biza (2021) investigates how experiences with tangent lines across mathemati-
cal domains leave their marks on students’ subsequent work with tangents in cal-
culus. The study’s commognitive analyses (Sfard, 2008) highlight the importance
of students’ previous curricular experiences on how they learn in subsequent years.
Specifically, Biza (2021) introduces the notion of the discursive footprint of tan-
gents and its characteristics by reviewing how tangents are used across mathematical
domains in school textbooks. Manifestations of this footprint are sought in under-
graduate mathematics students’ responses to a questionnaire about tangents. Such
manifestations include the identification of characteristics of sole (and combination
of) discourses (geometry, algebra, calculus, real analysis) in student responses. For
example, students’ responses demonstrate evidence in which geometrical properties
(e.g., one point in common) are applied locally at a neighborhood of the tangency
point. Students may also use terms such as derivative (calculus discourse) and only
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one common point (geometry discourse) in the same argument without explicit evi-
dence of awareness that these terms are in conflict (intra-commognitive conflicts, see
Kontorovich, 2019).

Park’s (2015) study focuses on changes in discursive rules within calculus, spe-
cifically on university teachers’ discourses about the derivative at a point and about
the derivative as a function. Her findings indicate that teachers shift between both
notions without realizing that students may not be aware, and may not follow, these
shifts. Furthermore, students who are unaware of the differences between the deriva-
tive at a point and the derivative as a function might be reluctant to change routines
that worked well for them for new ones without seeing the reason for doing so. This
reason is less transparent when teaching emphasizes the procedures in the mathe-
matical activities (how), by mostly focusing on actions (e.g., how we calculate the
formula of a tangent line), and with less attention to why and when an existing or a
new routine should be used.

Trigueros and colleagues discuss the transition from single variable functions to
two- (or multi) variable functions (e.g., Trigueros et al., 2018). According to them,
transition to three or more dimensions requires changes in the meaning of function
and in the use of objects such as slope (e.g., from tangent line to tangent plane) and
derivative (e.g., directional). Also, the visualization of graphs and slopes beyond
two dimensions is not easy for students even when they manage to work out calcula-
tions with multivariable functions (Trigueros et al., 2018). As they argue, multivari-
able calculus “should not be considered as a simple generalization of one-variable
calculus” (Trigueros et al., 2021, p. 94). In practice, the rules of how already known
from single variable functions mathematical objects change in the transition to two-
(or multi) variable functions.

Learning of calculus cannot be seen in isolation and without consideration of stu-
dents’ previous experiences. Pre-calculus courses may fail to prepare students for
what is coming in calculus whereas calculus courses may fail to acknowledge stu-
dents’ previous experiences. Attention to changes in the rules can scaffold towards
calculus learning but also towards what is coming after calculus (e.g., real analysis).
We now discuss these opportunities for scaffolding.

The Role of Calculus Courses in the Transition from Procedural Calculations
to Mathematical Abstraction and Reasoning: Opportunities for Scaffolding
towards Reasoning and Abstraction

Returning to the role calculus courses play (or have the potential to play) in stu-
dent introduction to abstraction and reasoning, we note that, in some educational
systems, such as the US’s, calculus in the post-secondary curriculum is seen mostly
as related to procedural calculations in comparison to real analysis that deals
with abstraction and proving. Sometimes, Introduction to Proof (ITP) courses are
seen as a bridge between calculus and real analysis, as they are “designed to sup-
port students in their mathematical training by bridging the gap between the cal-
culus sequence, which typically focuses on calculation, and advanced mathematics
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courses that require skills in proof” (David & Zazkis, 2020, p. 388). In other stud-
ies, however, calculus courses are seen as a dynamic environment in which reason-
ing skills grow (Rasmussen & Keene, 2019; Schiiler-Meyer, 2020). Such studies
highlight that when calculus goes beyond applications of formulae and calculations,
it can become a fruitful environment for the development of sophisticated reasoning
skills (scaffolding).

Looking further on the transition from procedural calculation to abstraction,
again more insight is needed into the differences between underpinning teacher and
student practices. In the terms of the Anthropological Theory of Didactics (ATD,
Chevallard, 1999) such differences reflect different praxeologies.’ For example,
Kondratieva and Winslgw (2018) argue that, in calculus, calculation practices focus
on algebraic computational rules (praxis), which are rarely explained (logos) and
are often allocated in different sections of the curriculum (e.g., differentiation tech-
niques, integration techniques, differential equations, etc.). In real analysis courses,
students learn about the theory (logos) that justifies the practices (praxis) they have
seen in calculus. However, the connection is not explicitly negotiated. Kondratieva
and Winslgw (2018) use the term “desyncretization of knowledge” (proposed by
Verret, 1975) to describe how areas of tertiary mathematics “which were originally
combined and united, for instance in the context of discovery, become separated
again as they are taught” (p. 120). They propose a frame for early resyncretization
experiences in calculus courses that can prepare students for real analysis. Such
approach demands a careful design that connects the praxis that dominates calculus
with the logos that characterizes real analysis.

We see that some studies consider calculus courses as fostering only procedural
calculations, while other studies see the potential of those courses towards the transi-
tion from pre-calculus ideas to mathematical abstraction and reasoning (scaffolding).
However, calculus courses are usually offered to large cohorts of STEM students, only
a small number of whom will proceed with further mathematical studies that include
abstraction and reasoning. Are the early resyncretization experiences (Kondratieva &
Winslgw, 2018), the exploration of why and when of actions (Biza, 2021; Park, 2015)
or the shift to formal narratives (Schiiler-Meyer, 2020) appropriate for all the students
who attend calculus courses? Whatever works as scaffolding for mathematics students
might become just filtering for non-mathematics specialists. We return to this discussion
in relation to engineers and other non-mathematics professionals in section "Calculus
for Engineers and other Non-Mathematics Professionals". Furthermore, as we discuss
in section "Calculus for Mathematics Teachers", the potential of highlighting connec-
tions between actions and reasons behind actions is maybe more pertinent for those
who are trained at tertiary level to teach calculus at school (Winslgw & Grgnbek,
2014).

5 In ATD, knowledge is seen as including practical action (tasks and techniques; praxis), as well as the
rationales about them (technologies and theories; logos). A praxeology is a basic unit used to analyse
human action in general in the light of said praxis and logos.
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Calculus for Engineers and other Non-Mathematics Professionals

As we discussed in section "Calculus in the Transition Across Educational Levels",
calculus courses play, explicitly or not, the institutional roles of filfering and/or
of scaffolding in many academic programs for those who aspire to pursue further
studies in mathematics as well as in other STEM disciplines — what Rasmussen
et al. (2014) call client disciplines. We now focus specifically on calculus courses
for these client disciplines with attention to how content and approaches are rel-
evant to these disciplines. As discussed by Artigue et al. (2007), research on math-
ematics for non-mathematics professionals (NMPs) has received increasing atten-
tion due, among many reasons, to the increase of public accountability and scrutiny
of instruction quality and student satisfaction in post-secondary institutions. How-
ever, they noted that much research on post-secondary mathematics education has
been developed having in mind, implicitly or explicitly, “the mathematical educa-
tion of “pure mathematicians” or mathematics teachers and their particular needs”
(Artigue et al., 2007, p. 1013), and this was still the case ten years later (Artigue,
2016). It is, therefore, necessary to develop research investigating the relationships
between calculus and these client disciplines (Rasmussen et al., 2014), with atten-
tion to the practices of these disciplines (Hitt & Gonzalez-Martin, 2016; Yan et al.,
2020). We note that mathematics teaching is seen as a part of the group of client
disciplines by Rasmussen et al. (2014) while for Artigue et al. (2007) mathemat-
ics teachers are seen apart from NMPs. As mathematics teachers are expected not
only to be confident with the mathematics they teach but also to draw on math-
ematics to inform their teaching and to address students’ needs (Ball & Bass, 2009;
Wasserman, 2018a), in this paper, we have opted for the latter: we have separated
teachers from other NMPs and section "Calculus for Mathematics Teachers" is
entirely dedicated to tertiary calculus and mathematics teachers.

In what follows, we synthesize insights from recent literature around issues
related to calculus and the training and practices of NMPs guided by the following
questions: (1) What is the impact of the institutional roles of calculus courses for
NMPs? (2) How do NMPs draw on content and approaches from calculus courses?

Impact of the Institutional Roles of Calculus Courses for NMPs: Filtering Rather
than Scaffolding

As we mentioned in section "Calculus in the Transition Across Educational Levels",
several studies indicate that calculus courses prevent many students from pursu-
ing their intended career (filtering). Researchers have identified tertiary mathemat-
ics courses (in particular, calculus) as overemphasizing technical skills and rote
memorization (Ellis et al., 2014) and being taught in a mathematical way (Loch &
Lamborn, 2016). These reasons are probably among those resulting in first-year cal-
culus high failure rates (Artigue et al., 2007) and high dropout rates (Ellis et al.,
2014), particularly in engineering programs (Faulkner et al., 2019, 2020). In a large
survey conducted in the US (Ellis et al., 2014), the results indicate that students in
medicine, business and engineering, as well as those who are yet to decide their
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specialization, may change specializations after their first calculus (Calculus I)
experience. We observe that engineering is one of the client disciplines with more
studies about retention issues. For instance, Faulkner et al. (2019) discuss that
“many students drop out of engineering not because they have failed an engineering
course, but because they failed a mathematics course” (p. 98). In these programs, the
strictness of the “core math sequence” (p. 98) — Calculus I, II or III, linear algebra,
and differential equations — may also disadvantage students who lacked access to
secondary school calculus (Faulkner et al., 2019), as well as female and minority
students (Faulkner et al., 2020), as we also discussed in section "Calculus in the
Transition Across Educational Levels". It is natural to wonder why calculus courses
appear in the first year of many STEM programs. In the case of engineering, histori-
cally, it seems that the institutional role of calculus has been guided by the origins
of the Ecole Polytechnique, founded in 1794 in France, whose model was followed
by many engineering programs in the world. Due to the decline of geometry in the
nineteenth century and the rise of real analysis, Lagrange and Laplace had a critical
role in introducing the study of real analysis in the training of engineers (Belhoste,
1994; Gonzalez-Martin et al., 2021). If the needs of current engineers are different
than those at the end of the eighteenth century, then the purpose of calculus courses
towards the preparation of engineering students (scaffolding) might be compromised
to mostly filtering those who can continue.

Reports from the workplace provide contrasting information about the scaffold-
ing role of calculus courses in the preparation of NMPs. Quéré (2019) launched an
online survey that was completed by 261 French engineers. Of these participants,
only 24% believed their university mathematical training was adequate for their
professional needs (with 51% reporting it as insufficient). Of the 129 (49.4%) par-
ticipants who declared an actual need of university mathematics at work, only 43%
(21.24% of the entire sample) said they required the knowledge learned in their cal-
culus courses. This result calls for more research into the specific content of cal-
culus that is used, and in what professional activities this content is needed. Such
research may provide feedback for calculus course design, such as what content can
be left out, or what modelling activities can be integrated (see some recommenda-
tions for mathematics courses from Faulkner et al., 2019, and for calculus courses
from Gonzalez-Martin, 2021). The results of Quéré’s survey are consistent with pre-
vious reports about the actual use of mathematics by engineering professionals (e.g.,
Kent & Noss, 2003). Such observations challenge the prominent presence of calcu-
lus courses in certain STEM study programs, in principle with scaffolding purposes,
that result in high rates of failure (becoming rather a filter), while NMPs state they
do not actually need these courses. We develop this point in the next section.

NMPs’ (Non) Use of Content and Approaches from Calculus Courses: Questioning
Transferability and Relevance

Regarding how calculus content can prepare students’ work in other disciplines (scaf-
folding), in the case of engineering, faculty members who teach courses that have
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calculus as a prerequisite have stated that calculus is required “for mathematical
maturity more than just the actual calculus™ content, because “the way [the engi-
neering course] is taught, you can do it without calculus™ (Ferguson, 2012, cited by
Faulkner et al., 2019, pp. 98-99). Faulkner et al. (2019) note that faculty teaching
engineering courses having mathematics courses as prerequisite or co-requisite agree
that their students have difficulties with: using and interpreting mathematical models;
choosing and manipulating symbolic and graphical expressions; and, using computa-
tional tools. For instance, the participants complained about their students’ difficul-
ties to “set up integrals and derivatives to describe physical situations” (p. 112) and
that these students have a vision of calculus as just equations, preventing them from
“capturing the underlying physical principles” (p. 113). Similarly, Hitt and Dufour
(2021) identified college students’ difficulty to solve problems in context and to trans-
fer knowledge from calculus to physics (e.g., in the articulation of mathematics and
kinematics notions in motion problems).

Similar difficulties have also been reported in economics — such as students’ difficul-
ties to set up, from a contextualized problem, the function that needs to be optimized
(Mkhatshwa, 2019) — confirming “students’ tendency not to reason in the context of
a task when interpreting quantities while solving contextualized problems” (p. 1120).
Jones (2015, 2017) provides insight into how university students, who have passed a
calculus course, are not able to capture physics principles, and discusses whether activi-
ties emphasized (or not) in calculus are relevant to physics. Specifically, Jones (2015)
showed how the ‘area under a curve’ and ‘anti-derivative’ conceptualizations of inte-
grals (compared with the ‘adding up pieces’ conceptualization) are less helpful to
understand physics situations involving density, revolutions, pressure, or force. These
physics interpretations are present in other disciplines (such as engineering). Regarding
derivatives in non-kinematics contexts, Jones (2017) observed students’ low level of
covariation-based reasoning. Furthermore, the interpretation of the independent vari-
able as time — which is typical in applied problems in calculus — produced task-solving
difficulties for some participants. In addition, students’ grasp of the various symbols
(constants, parameters, variables) in a formula when considering derivatives was inac-
curate. This resonates with concerns expressed by engineering faculty (Faulkner et al,
2019). Students’ interpretations of phenomena with negative rate of change have also
been reported to be challenging (e.g., Arlebick & Doerr, 2018; Hitt & Dufour, 2021).
These studies indicate that content and approaches of calculus courses may not be
transferred or may not be relevant for transfer to other disciplines.

We now discuss some studies that report on the use (or lack thereof) of calculus
content and approaches in other disciplines. Gonzéalez-Martin (2021) analyzed the
use of integrals in two engineering courses (Strength of Materials and Electricity
and Magnetism) in reference books and teaching practices. The results indicate that
integrals underlie the development of techniques proper to the discipline, and that,
in these courses, they are used as an addition of infinitely small things — their ‘add-
ing up pieces’ conceptualization, resonating with Jones’ (2015) results. However,
in practice, these techniques are mostly reduced to the use of ready-to-use formu-
lae and geometric calculations. When the calculation of an antiderivative is neces-
sary, the functions under consideration are usually very simple, putting into question
the large amount of time typically dedicated in calculus courses to learn integration
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techniques of complicated functions. This resonates with Faulkner et al.’s (2019)
results, showing that “the sentiment that students need fewer fancy techniques and
more computational skills was universal [in their engineering faculty participants],
regardless of engineering discipline” and that “disciplines agreed that students need
not memorize formulas for infrequently used techniques of integration” (p. 118).
Moreover, Gonzalez-Martin’s (2021) analyses show the entanglement of rationales
from calculus and from engineering, leading to justifications that could be seen as
lacking the rigor of mathematics, but that are adequate to the practices of engineer-
ing (see also Gonzalez-Martin & Hernandes-Gomes, 2020, for more details).

In the same vein, Faulkner et al. (2020) analyzed engineering coursework to see
how well the content of calculus aligns with the mathematics used in the early engi-
neering courses on circuits and statics. They arrive to similar results, showing the
limited application of calculus ideas in both courses (8% and 20% of the course-
work, respectively), as well as differences in the use of calculus content between
the mathematical prerequisite course and subsequent engineering courses. Among
the main differences between practices in calculus courses and in these courses,
Faulkner et al. (2020) highlight: 1) the use of the simplest functions among those
studied in calculus; 2) the ampler presence of discontinuous functions in the engi-
neering courses; 3) a simpler use (or even non-use) of limits; and, 4) the reduction
of many techniques to algebra and geometry. As Faulkner et al. (2020) note, the
application of limits in circuits and statics is much simpler and less mathematically
rigorous than the application of limits in calculus courses. This can be traced back to
the historical development of these fields - for instance, “calculus had been used to
develop beam theory [...] nearly a century before the first epsilon-delta limit proof
was published” (p. 417).

In economics, Feudel and Biehler (2021) discuss how derivatives are used to
define marginal cost — the additional cost of the last unit — considering that one unit
is usually small in economics. Therefore, the expression of the additional cost of
the next unit C(x+h) — C(x) ~ C’(x).h when h =~ 0, becomes C(x+ 1) — C(x) ~ C’(x)
when we consider 2= 1. Two main differences between C’(x) and the additional cost
of the next unit need to be considered: 1) derivatives are a rate of change, while
the additional cost is an amount of change; 2) mathematically, C’(x) is generally an
inaccurate approximation for C(x+1) — C(x). It is thus important that economics
students are aware of these differences and are able to relate the mathematical use of
derivatives with its specific use in economics. However, Feudel and Biehler’s (2021)
study shows students’ difficulties to grasp these nuances.

In contrast to the examples we listed so far in which calculus courses fail to fulfil
their scaffolding purpose, there exist studies in which calculus courses tailored for a
specific student profile seem to be more successful in this regard. Czocher (2017),
for example, reports on a differential equations course for NMPs taught with mod-
elling principles. Regarding tailored calculus courses for engineers, to gain more
insight on what can make these courses successful, Ellis et al. (2021) analyzed two
calculus courses in two US universities. One of the courses was successful while
the other was discontinued. The criteria identified for the success were: “a) changes
were embedded into the core departmental business; b) a noticeable improvement in
student engagement was evident; c) long-term impact evaluations were carried out;
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and d) an ongoing focus on educational innovation and/or research was evident” (p.
382). Therefore, the researchers argue that “sustaining an innovative mathematics
course for engineering students requires deep commitments among influential actors
from both the engineering and mathematics communities” (p. 396). In spite of these
challenges, we stress that calculus courses designed for specific disciplines seem to
have higher passing rates than other calculus courses (Voigt et al., 2020). It seems,
therefore, necessary to gain more insight into what makes calculus courses offered
to NMPs more successful in comparison to others.

Calculus for Mathematics Teachers

Calculus is an essential aspect of the preparation and professional development
of teachers in many countries around the world (Tatto et al., 2010; Thompson &
Harel, 2021). For example, in the US, the Conference Board of the Mathematical
Sciences (CBMS, 2012) has recommended that preparation of high school teachers
comprises at least a three-course sequence of single- and multi-variable calculus,
complemented by a proof-based calculus course. A similar recommendation was
made in Israel by the Knowledge Base for Teaching Secondary School Mathematics
Committee, who asserted that infinitesimal calculus “must be the cornerstone of the
mathematical part of the teacher’s training” (Gutfreund & Rosenberg, 2012, p.55).
We note that, in both cases, teachers are recommended to study calculus content that
extends above and beyond what the teachers are expected to teach at school in the
respective countries. Hereafter, we refer to content and approaches of calculus that
are not part of the secondary curriculum of the educational system under considera-
tion as tertiary calculus.

Rationales given for the central role of tertiary calculus in teacher education often
attend to how such courses develop teachers’ knowledge of calculus and teachers’
knowledge about mathematics (Even, 2011), and how these two kinds of knowl-
edge can scaffold the work of teaching mathematics. For example, the CBMS report
(2012) suggests that studying tertiary calculus can help prospective teachers in
bringing together many of the ideas in high school mathematics, in deriving results
that may have been taken for granted in high school, and in clearing up common
confusion among expressions, equations, and functions. We note the emphasis on
how tertiary calculus has the potential to support the development of knowledge and
proficiency pertinent for teaching calculus, as well as other mathematical domains,
which is well aligned with the metaphor of calculus as scaffolding. At the same time,
the CBSM report also stresses the important role of tertiary calculus, among other
tertiary mathematics courses, in providing prospective teachers with experiences
needed for developing “the habits of mind of a mathematical thinker and problem-
solver, such as reasoning and explaining, modeling, seeing structure, and general-
izing” (CBMS, 2012, p. 19). Here again, calculus is seen as scaffolding the profes-
sional development of teachers by promoting their understanding and appreciation
of mathematics as a discipline, as well as their ability to work in ways characteristic
of the discipline.
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The disposition that tertiary mathematics courses scaffold school mathematics
teaching is consistent with (and often supported by) a long list of studies (e.g., Ball &
Bass, 2009; Schoenfeld & Kilpatrick, 2008; Wasserman, 2018a; Zazkis & Mamolo,
2011) and position papers (e.g., Cuoco, 2001; Wu, 2011). Nevertheless, there is rela-
tively little empirical evidence that can support this disposition, and in recent years,
the contribution and relevance of tertiary calculus, as well as other tertiary mathemat-
ics courses, to school mathematics teaching is undergoing increased scrutiny. Empiri-
cal research accumulated over the last decade suggests that the contribution for teach-
ers that is attributed to such courses may not be realized in school teaching (Ticknor,
2012; Wasserman et al., 2018; Winslgw & Grgnbeak, 2014; Zazkis & Leikin, 2010).
Specifically, these studies indicate that pre-service teachers taking such courses find
them unproductive and irrelevant for their future profession, while practicing teachers
find it difficult to cite specific examples in which their learning experiences in tertiary
mathematics courses were applicable in their teaching.

Growing recognition of the difficulty in translating learning experiences in ter-
tiary mathematics courses to knowledge teachers can draw on in and for mathemat-
ics teaching has sparked increasing efforts to explicate the role of tertiary mathemat-
ics courses in teacher education. In what follows, we focus on tertiary calculus and
synthesize insights from recent literature guided by the following questions: (1) How
can tertiary calculus scaffold school mathematics teaching? (2) How are content
and approaches usually present in tertiary calculus courses addressing teachers’
needs?

How Tertiary Calculus can Scaffold School Mathematics Teaching: The Pursuit
for Empirical Evidence

The question of the contribution of tertiary mathematics to school teaching was posed
already more than a century ago by the renowned mathematician Felix Klein, who
identified and drew attention to the discontinuity between teachers’ experiences of
studying mathematics at university and of teaching mathematics at school (Kilpatrick,
2019). Nevertheless, our knowledge and understanding of the actual contribution of ter-
tiary courses in general, and of tertiary calculus in particular, are still far from satisfying
(Even, 2011; Wasserman, 2018a, 2018b; Zazkis, 2020; Zazkis & Leikin, 2010). Moreo-
ver, documented examples of how teachers draw on content or approaches from tertiary
mathematics courses in teaching are fairly rare (Zazkis, 2020). Consequently, the expli-
cation of how tertiary calculus can scaffold the work of teachers is based more on theo-
retical speculation and personal experience than on systematic, evidence-based inquiry.

This situation started to change over the last decade, when empirical studies of
the affordances of tertiary mathematics for school mathematics teaching started to
accumulate. Wasserman (2018b) provides a notable such example in the area of
abstract algebra. Studies that attend specifically to the relevance and contribution of
tertiary calculus courses for teachers are only starting to emerge, and mostly attend
to proof-based courses (Hoffmann & Even, 2021; Mytlis & Even, 2021; Wasserman
et al., 2018; Weber et al., 2020; Yan et al., 2020). For example, Hoffmann and Even
(2021) identify three broad areas of contribution of tertiary calculus courses for
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teachers: knowledge of the essence of mathematics, knowledge of doing mathemat-
ics, and knowledge of the worth of mathematics. Yan et al. (2020) refined and elabo-
rated these three areas in the context of real analysis on the basis of interviews of
24 research mathematicians. They found that the mathematicians expected tertiary
calculus courses not only to help prospective teachers deepen their understanding of
the topics they will be teaching in school but, among other goals: to communicate
the nature of mathematics and promote disciplinary values and practices related to
formalism, proof, and rigor; to provide opportunities for mathematical investigation;
and, to highlight the human dimension of mathematical activity.

We observe that the above list of goals is well aligned with the common percep-
tion of how tertiary calculus may scaffold teachers’ knowledge about mathematics
(e.g., CBMS, 2012). However, there is very little empirical research that explains
whether and in what sense these goals are achieved. A few empirical studies that
have explored calculus and real analysis courses for teachers from the teacher’s side
warn that such courses may only have limited impact on school teaching if they
attend to mathematical content and approaches without also providing teachers with
opportunities to realize how they could draw on such content and approaches in
the context of teaching the school curriculum (Wasserman et al., 2018; Winslgw
& Grgnbek, 2014). A possible conclusion is that the scope of calculus in teacher
education should be extended to include also explicit and elaborated discussions of
the utilizations of tertiary calculus in and for mathematics teaching. Wasserman and
Weber (2017) note that identifying such utilizations is far from straightforward, in
part because these utilizations may be nonlocal in the sense of not being restricted
to teaching content in the school curriculum in close proximity to calculus, as calcu-
lus may inform teaching in various mathematics areas (Wasserman, 2018a). Zazkis
(2020) agreed with Wasserman (2018a), and observed further that the ways in which
teachers draw on tertiary mathematics in teaching are often tacit and personal, which
may explain the innate difficulty in recognizing, documenting, and explicating the
ways in which tertiary calculus actually scaffolds teaching.

Nevertheless, this review suggests that there is a slow but persistent accumulation
of empirical studies of the connections between tertiary calculus and school teaching
and of the utilizations of these connections in school teaching. There are some initial
indications that attending explicitly to these connections and utilizations may support
teachers’ motivation and engagement in tertiary calculus courses (McGuffey et al.,
2019) as well as teachers’ preparedness for the classroom (Biza et al., 2018). Biza
et al. (2018) describe a course for prospective and practicing mathematics teachers
with a focus on the teaching of calculus. Course participants were invited to engage
with fictional, yet data grounded classroom situations (“mathtasks”) in which stu-
dent or/and teacher responses are inspired by commonly reported issues related to
calculus. Analyses suggest that deploying activities that combine the calculus con-
tent together with pedagogical issues related to the teaching of this content may con-
tribute towards the identification — as well as reflection upon and development — of
mathematics teachers’ diagnostic competences in teacher education and professional
development programs.
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The Content of Tertiary Calculus Courses and the Needs of Teachers: An Apparent
Misalignment

While the literature on the affordances of tertiary calculus for school teaching is
scarce and often does not specify how these benefits might manifest themselves
in teaching, insight into our second question may be drawn from the accumulating
body of research of secondary calculus teachers’ knowledge of and meanings for
calculus. For example, one line of studies compared US and South Korean teachers’
mathematical meanings for core notions in calculus, such as covariational reasoning
(Thompson et al., 2017), function notation (Yoon et al., 2021) and slope and rate of
change (Byerley & Thompson, 2017). These studies highlighted certain mathemati-
cal meanings that should be targeted by calculus courses for teachers (in the US,
but presumably in other countries as well), such as “function notation as a means
to represent one quantity’s values in relation to another quantity’s values” (Yoon &
Thompson, 2020, p.15) or “conceptualizing and representing the simultaneous vari-
ation in two quantities’ values” (Thompson et al., 2017, p. 109). Similarly, Moore
et al. (2019) studied teachers’ meanings for graphs and their conventions and nota-
tions, such as the direction and orientation of axes, and found that the teachers in
their study, who had completed the tertiary calculus sequence, had “developed math-
ematical meanings that, at best, limit their ability to attribute mathematical viability
to school mathematics concepts presented unconventionally” (p.192). Other studies
have attended to teachers’ understandings of students’ slope statements (Styers et al.,
2020), and of the density of irrational numbers in the real numbers (Marmur et al.,
2020).

Whereas the studies reviewed in this section have attended explicitly to tertiary
calculus courses in teacher education, they highlight teachers’ views on and under-
standings of calculus that differ from, and in some ways may come in conflict with,
content and approaches usually present in tertiary calculus courses. This apparent
misalignment between tertiary calculus courses and school calculus teaching raises
the question as to how appropriate the content and approaches of current tertiary
calculus courses are for preservice teachers, and whether teachers should be given
more opportunities to re-visit calculus as practicing teachers in programs that attend
explicitly to the aforementioned misalignment.

Attending to the Scaffolding and Filtering Roles of Calculus
at the Intersection of Institutions, Disciplines, and Communities:
Discussion and Ways Forward

To examine the question How do calculus courses address the varied — sometimes
conflicting — goals, values, and needs of different institutions, disciplines, and com-
munities?, we reviewed recent research literature, mostly since 2015, around four
interrelated areas: calculus in the transition across educational levels; calculus and
other mathematical areas; calculus for engineers and other non-mathematics pro-
fessionals (NMPs); and, calculus for mathematics teachers. Our review highlights an
intrinsic tension between two institutional roles of calculus courses: scaffolding and
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filtering. The role of scaffolding relates to supporting students towards their transi-
tion to STEM studies whereas the role of filtering relates to high failure and dropout
rates, which limit the number of students accessing STEM studies. We find nuanced
yet substantial variation in how the dual role of calculus courses is experienced and
managed across different groups of students and stakeholders. With regard to stud-
ies on calculus for mathematics students, some recent studies are more attentive to
changes in the rules underpinning calculus notions and processes, and highlight
the scaffolding potential of calculus courses towards abstraction and reasoning. In
contrast, studies on calculus for NMPs report that such courses often favor filtering
rather than scaffolding and question transferability and relevance of those courses
for NMPs. Finally, studies challenge the perception that traditional tertiary calculus
courses scaffold school teaching and underline the need for empirical research that
would explain the nature of this scaffolding and how it can be realized in practice.
In this section, we synthesize our findings across the four review areas and discuss
the variations in how the dual role of scaffolding and filtering of calculus courses
is experienced to challenge the view of calculus courses for all groups of students
and to propose areas of further investigation together with theory developments with
affordances towards such investigations.

In terms of scaffolding, in several studies, calculus courses are seen as an oppor-
tunity to introduce students to proof and mathematical abstract thinking, which are
taken to be relevant for mathematics students at large. However, looking at how cal-
culus courses are perceived by NMPs, such as engineers and economists, it seems
that these courses centralize content and approaches that do not always match the
needs and practices of future NMPs. Similarly, studies have indicated that tertiary
calculus courses are not tailored well enough to the professional needs and prac-
tices of school mathematics teachers. Although these courses are offered to benefit
teachers and improve the quality of school teaching, in practice, the learning gains
do not seem to be reflected in teachers’ toolkits for teaching and these courses are
not recognized by teachers as relevant or beneficial for their profession. In terms
of filtering, the reviewed literature suggests that students who have not been pre-
pared adequately in their upper secondary calculus courses may find it more dif-
ficult to continue their studies at the tertiary level. Also, students who have entered
tertiary level education may dropout or be forced to change their academic path due
to transition-related issues, which are particularly severe in tertiary calculus courses.
The filtering effects of calculus seem to have greater impact on groups with cer-
tain demographic characteristics (e.g., gender or ethnic origin, Ellis et al., 2014) or
on those who do not have access to well-resourced schools that can prepare them
for calculus (Bressoud, 2021). Thus, gender, ethnic origin or socioeconomic status
might be lurking factors that contribute to keeping students away from advancing to
and within STEM studies. Furthermore, as we mentioned earlier, calculus courses
do not seem to address the needs of NMPs. This has ethical and social implications:
many students are filtered out because they failed a course that does not seem to be
entirely relevant to their study specialization, not because of their lack of prepared-
ness for such specialization.

Through our review, it seems that further attention is needed, both in research and
practice, to the diverse needs of specific groups (mathematics students, NMPs and
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prospective and practicing teachers) who are the intended beneficiaries from calcu-
lus courses. Very often research on the learning and teaching of calculus does not
address the specific needs of groups of students and teachers who are involved. We
would like to challenge a research view of calculus courses for all students — without
consideration of the different student cohort needs and diverse study programs that
calculus courses are part of.

In the case of NMPs, calculus courses — as a pre-requisite or as an introduction
to STEM courses — are assumed to provide future professionals with a mathematical
toolkit and a vision of mathematics that will make them more efficient in their pro-
fession. The studies we reviewed in section "Calculus for Engineers and other Non-
Mathematics Professionals" report that several professionals state that they do not need
these courses and that the technical skills typically emphasized in calculus courses do
not seem to be necessary in their professional practice. Moreover, the analysis of profes-
sional practices shows that, even when calculus is used, such use does not always neces-
sitate the same techniques and rationales as in mathematics. Thus, it may be reasonable
to challenge the assumption that calculus courses per se make better professionals, or
that their content is easily transferred to other subjects. Further research should inves-
tigate the differences and connections between practices in calculus and the use of cal-
culus in other areas — see, for instance, calculus and mechanics in Hitier & Gonzalez-
Martin (this issue). We also note that many of the studies related to NMPs we reviewed
are written from the mathematics education point of view while they discuss the teaching
and learning of other disciplines. We advocate for a balance input from mathematics
educators and educators of other disciplines at practice and research levels.

In the case of scaffolding for mathematics teachers, we identified two emerging
areas of research. Firstly, by and large, descriptions of the benefits of calculus courses
tend to be underspecified, and documented examples of teachers’ utilizations of ter-
tiary calculus in their teaching are relatively rare, possibly because teachers typically
find it difficult to cite instances in which they draw on tertiary mathematics in their
teaching (Zazkis & Leikin, 2010), or because such utilizations of calculus are tacit
and personal (Zazkis, 2020). Therefore, there is need for more systematic investiga-
tions into such affordances. One methodology for producing such examples, which
has been successfully implemented in a recent line of studies, is to scan the sylla-
buses of academic courses and identify potential pedagogical implications of top-
ics therein (Wasserman & Weber, 2017; Weber et al., 2020). Pinto and Cooper (this
issue) propose and demonstrate a different methodology in which small groups of
research mathematicians and experienced secondary mathematics teachers view vid-
eotaped secondary mathematics lessons and jointly inquire into mathematical issues
and pedagogical dilemmas that they recognize therein, bringing forth the knowledge
and expertise of these two communities. Regarding the second area of emerging
research, while there are only a few such studies to draw on, they seem to indicate
that teachers may find more value in tertiary mathematics courses if they attend them
as practicing teachers compared to teachers that attend such courses before gaining
teaching experience (Even, 2011; Hoffmann & Even, 2021; Mytlis & Even, 2021;
Pinto & Cooper, this issue). Therefore, in the future, it may be helpful to differentiate
between prospective and practicing teachers when exploring teachers’ processes of
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learning and utilizing tertiary calculus, and how experience and expertise in school
teaching may support these processes.

We note that in our literature review we could not locate an explicit discussion of
the filtering role of tertiary calculus in teacher education. We find this noteworthy
for at least two reasons. First, the absence of a discussion of the filtering role of
tertiary calculus in teacher education stands out in its contrast to the abundance of
evidence of the filtering role of tertiary calculus in other client disciplines (e.g., Ellis
et al., 2014; Rasmussen & Ellis, 2013). Secondly, the acute role of tertiary calculus
in the secondary-tertiary transition is well documented, and one would expect that
tertiary calculus would have an even more acute role in teachers’ transition back
and forth between learning secondary mathematics, to learning tertiary mathemat-
ics, and to teaching school mathematics, particularly since preservice teachers often
find tertiary calculus courses to be unproductive and irrelevant for their future pro-
fession. Thus, there is space for research that investigates whether and in what ways
tertiary calculus may play a filtering role for teachers.

We note that we have encountered a small number of studies that attended to per-
spectives and practices of tertiary teachers who teach calculus courses for NMPs
(e.g., Gonzélez-Martin & Hernandes-Gomes, 2021) and teachers (Moreno-Armella,
2021; Yan et al., 2020). Gonzalez-Martin and Hernandes-Gomes (2021), for exam-
ple, discuss how tertiary teachers with different background conceptualize in dif-
ferent ways what applications for engineering in a calculus course would be. In the
case of teachers, Moreno-Armella (2021) narrates the experiences of one tertiary
teacher in a calculus course for teachers over several semesters and illustrates that
calculus courses for teachers may be adapted in ingenious ways. We still have very
little information about adaptations of calculus courses to specific disciplines and
the rationales behind these adaptations. Furthermore, more research is needed on
what characteristics make calculus courses adapted to specific disciplines successful
(e.g., Ellis et al., 2021). Again, we anticipate that joint teams across disciplines will
provide important insights towards the design and the evaluation of these courses.

Another area in which we did not identify a critical body of literature for our dis-
cussion regards diversity, equity, and inclusion (DEI) in relation to calculus courses.
We have reported on large surveys that have identified issues of underrepresentation
and retention of students with certain demographic characteristics (Ellis et al., 2014).
In recent years, increased efforts are invested in the study and conduct of teaching
approaches that could disrupt negative discrepancies and support equitable learn-
ing opportunities, for example inquiry-based learning and inquiry-oriented learning
(Laursen & Rasmussen, 2019). Yet the nature of instruction that promotes DEI is
still mostly an uncharted research area. Two studies in this special issue help to start
addressing this gap. Leyva et al. (this issue) examined practices that are generally
perceived as supporting equitable learning from the perspective of calculus students
and found that these practices are insufficient to cultivate equitable opportunities in
calculus courses. Tremaine et al. (this issue) propose a framework for identifying the
motivations of different stakeholders in calculus programs towards attending to DEI,
and demonstrate how this framework can help to highlight strengths and areas in
need of growth, thus fostering and facilitating productive communication about DEI
within calculus programs. However, more studies are needed that zoom-in on the
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diverse experiences of calculus students and on how instructional approaches can
support equitable opportunities in calculus courses.

In our review, we noted that studies on affect, beliefs and identity, although with
increasing presence in our field at large, rarely focus on calculus specifically. Given
that a range of these studies are on transition from school to tertiary studies, calculus
is often merely the context rather than the focus of the research. This is a signal that
more research is needed on how calculus courses, which are so critical in the tran-
sition from school to tertiary level, impact on students’ beliefs, affect and identity
building in relation to mathematics. This is also related to mathematics teachers and
other professionals.

We also note that a substantial body of the studies we reviewed were conducted in
the US or Europe. In awareness of the significance that contextual and sociocultural
characteristics of the educational systems in which research is conducted has on find-
ings, we cannot claim that our findings are automatically applicable to other educa-
tional contexts. However, some observations and conclusions of these studies — such
as how different groups of students experience the same calculus course differently or
are prevented from continuing their STEM studies — might be (e.g., Gonzalez-Martin
& Nseanpa, 2021, for the case of Cameroon). To this end, it is crucial to look closely
at how the teaching and learning of calculus vary across countries and educational
contexts, as done for instance by Viirman et al. (this issue), who show important dif-
ferences in content and approaches of calculus courses across three European coun-
tries, and three educational levels therein.

Studies that address the diverse roles of calculus at the intersection of institu-
tions, disciplines and communities need support from theoretical perspectives that
can capture the goals, the rules and the values of these institutions, disciplines and
communities effectively. We see some capacity for this in socio-cultural, institu-
tional and discursive perspectives (Nardi et al., 2014). Yoon et al. (2021), for exam-
ple, argue that there is a need of a “socio-political perspective on the deliberation
process regarding mathematics curriculum” (p. 2) that can employ methodologies
beyond “traditional mathematics education research”, such as discourse and content
analysis of curricular documents, textbooks, media, public reports, etc. Such theo-
retical and methodological perspectives have the capacity to contextualize teaching
and learning experiences and to study curricular changes in relation to stakeholder
and public perceptions of calculus.

Furthermore, a common characteristic in studies that attend to the intra-mathematical,
interdisciplinary and intra-calculus differences in the use of calculus notions is the con-
textualization of such differences in terms of students’ curricular experiences. Some of
the studies we reviewed describe such differences either as a change of discourse (e.g.,
Biza, 2021; Giicler, 2013, 2014, 2016; Park, 2015) or change of institutionally embed-
ded praxeologies (e.g., Gonzélez-Martin, 2021; Kondratieva & Winslgw, 2018). These
studies propose that bringing discursive and institutional differences upfront and mak-
ing clear connections between the different ways in which calculus terms are used can
demystify mathematical meanings and enculturate students to how mathematical ideas
develop and are inter-connected. In this sense, the studies by Broley and Hardy (this
issue) and BasSi¢ and Milin éipué (this issue) show how practices in calculus can be
very distant from practices in subsequent courses such as real analysis or multivariate
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calculus, and highlight the necessity to address these differences explicitly. Calculus
courses can therefore provide an ideal environment to initiate such enculturation, espe-
cially in relation to the transition of practices from calculations to abstract thinking for
mathematics professionals or to modelling for NMPs or to reflecting on school math-
ematics for teachers. Similarly, studies on the needs of teachers and other professionals
need to consider the values and the practices of these communities explicitly. A blanket
approach to calculus teaching cannot address the disciplinary needs of different groups
and cannot address the differences in student background either. It is thus important not
only to be attentive to the learning of certain topics of calculus (e.g., limits, derivatives,
integrals, etc.), but also to enquire about what certain groups of students, professionals
and teachers need to learn about these topics and why. Such enquiries may yield calculus
courses that serve the purposes of scaffolding together with filtering through — and not
filtering out — those who aspire to continue with STEM studies.
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