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ABSTRACT

Optical fields possess energy, momentum, and helicity. For the plane waves and paraxial fields of standard, classical optics,
the spin angular momentum and optical helicity are well understood, both being proportional to the degree of circular
polarization. In contrast, 3D non-paraxial optical fields generated by spatial confinement, such as tight focusing and
evanescent waves, may possess spin angular momentum and optical helicity when the degree of 2D-circular polarization
is zero. In this work using quantum electrodynamics we highlight two novel properties of non-paraxial optical vortices 1)
a non-zero optical helicity (chirality) density for 2D-unpolarized (and 2D-linearly polarized) 3D optical vortices and 2) a
longitudinal spin angular momentum density for 2D-linearly polarized 3D optical vortices.

Keywords: Optical helicity, optical chirality, chirality, spin angular momentum, optical angular momentum
nanophotonics, structured light, twisted light

1. INTRODUCTION

Electromagnetic fields possess a range of conserved dynamical properties?, each of which manifest in distinct physical
observables in experiments. Most important are the energy, linear momentum, spin angular momentum (SAM), orbital
angular momentum (OAM), and optical helicity. For the most well-known optical fields, such as propagating plane waves
and paraxial laser beams, the values of these conserved quantities in relation to the polarization and spatial degrees of
freedom have long been well understood, being found throughout undergraduate textbooks on optics and electrodynamics?
4. However, with the advent of nanophotonics there was required a new approach, where the non-paraxial nature of spatially
confined optical fields had to be addressed and exploited®. The novel physics and widespread applications of non-paraxial
fields in nanophotonics is breath-taking, particularly when compared to plane wave optics. In this work we are particularly
interested in the optical helicity and SAM of non-paraxial electromagnetic fields generated by tightly focusing optical
vortices. Optical helicity is the property of light responsible for non-mechanical chiral light-matter interactions and optical
activity®”; SAM is responsible for the mechanical spinning of probe particles. One of the remarkable properties of non-
paraxial fields is that they generate a transverse (with respect to the direction of propagation) SAM density® 2,

In contrast to propagating plane waves and paraxial fields which possess optical helicity proportional to the degree of
circular polarization, here we highlight that tightly focused optical vortices possess a hon-zero optical helicity density for
both a linearly polarized input beam and even more remarkably an unpolarized input beam (i.e. both have zero degree of
circular polarization). Furthermore, we also highlight how a tightly focused linearly polarized optical vortex generates a
longitudinal SAM density. Whilst many novel effects of non-paraxial fields compared to paraxial fields are now known
(e.g. transverse spin), the key thing to note is that the phenomena highlighted in this work are unique to non-paraxial optical
vortices, even when compared to other non-paraxial optical fields.
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2. 3D LAGUERRE-GAUSSIAN MODES

We refer to light as being 2D structured if it is inhomogeneous in the transverse plane (x,y) but is homogenous along the
direction of propagation (z)*3. Examples of 2D structured optical fields would be paraxial optical vortices (phase structured)
or vector beams (polarization structured)'*. 3D structured light manifests when an optical field is spatially confined,
examples include evanescent waves or tightly focussed laser beams. The key physical property of 3D structured light, that
which is responsible for much of their extraordinary properties, is the fact it exhibits longitudinal (with respect to the
direction of propagation) electromagnetic field components. The magnitude of longitudinal fields is proportional to a

smallness parameter, in the case of focused laser beams for example it is (l/ 27 W, )’l, and under very tight focusing they
can exceed transverse field components. The quantum electrodynamical (QED) electric e* (r) (the superscript denotes

transversality with respect to the Poynting vector) and magnetic mode b(r) expansions for a circularly polarized source
which include the first-order longitudinal field components are’®
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where k =27/ is the wavenumber, V is a quantization volume, Afp is a normalization constant for LG modes, o =+1,
the positive sign designates left-handed CPL,; the negative sign right-handed CPL, awp(”) (ki) is the annihilation operator,

expi(kz+(¢)is the phase, ¢ e Z is the topological charge, H.c. stands for Hermitian conjugate, and fio (r) is the radial

distribution function around the focal plane
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where w, is the beam waist, the normalization constant is given by C‘p" = 2p!/[7r( p +]C])!J and L‘;)‘ is the generalised

Laguerre polynomial of order p.
3. OPTICAL HELICITY AND CHIRALITY DENSITY

For the monochromatic fields used throughout this work, the optical helicity 7 and optical chirality X are directly
proportional H = X /ck? 6. The optical helicity in QED is given as'’

H:gocjdsr(—jeidt)-b. 4)

For the remainder of this work we are interested in the integrand of (4), the optical helicity density h, along with the
understanding it is directly proportional to the optical chirality density y . For an input laser mode (k,O', L, p) of n

photons ’n(k,a,ﬁ, p)) using (1) and (2) in (4) we produce the following optical helicity density for a 2D-circularly

polarized 3D LG mode (2D-circularly polarized means the transverse field is circularly polarized):

4 ,2
]{afuz—iz(afﬂ—%ﬁ'ﬂr—ffzﬂ. (5)

We have dropped the dependencies of the factors for notational brevity (the prime denotes partial differentiation with
respect to r). Setting ¢ =0in (5) gives us the helicity density of a fundamental Gaussian beam, dependent solely on the
sign of o (alternatively put, the handedness of the input circular polarization). More interesting physics manifests for
tightly focused (w, = A4 in all simulations) LG modes where ¢ # 0 . First we have the potential for an interplay between
angular momentum via the two distinct combinations of parallel sgno=sgn¢ or anti-parallel sgno =-sgn/
combinations of SAM and OAM, as highlighted in Figure 1.
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Figure 1: normalised optical helicity (chirality) density distribution equation (5) in the focal plane for wy =1 a) o =1,(=-1 b)
o=-1(=1c)o=10=1d) o=-1(=-1. p=0 (a)-(d). The helicity densities in a) and b) have a major contribution from
the zeroth-order transverse fields which is oc r’ and a smaller, on-axis contribution from the longitudinal fields (i.e. o r°); the
helicity densities in c) and d) have a major contribution from zeroth-order transverse fields that is oc r®, but the longitudinal

contributions in this case are oc r*. Dashed circles aid visual clarity of the non-zero on-axis helicity density in the cases where
sgno=-sgn’.

Significantly more interesting however is that setting o =0 gives a non-zero helicity density for a 2D-linearly polarized
3D LG beam:

hz—Z‘{ nh ]é ' (6)

4Lp Afz,pv

The helicity density (6) is plotted in Figure 2 for /=41,+2; p=0. It has recently been shown that the optical helicity

density (6) produces discriminatory radial forces on a mixture of chiral particles, enabling the separation of right- and left-
handed enantiomers into distinct rings in the transverse plane® (See Fig 2.).
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Figure 2: normalized polarization-independent optical helicity density (6) at W, (z = 0) . p=0 in(a)-(d).
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This remarkable result was first theorized for a coherent superposition of Bessel beams by Rosales-Guzman et al.*® and
later observed experimentally for a tightly focused 2D-linearly polarized LG beam by Banzer’s group?. It is important to
note that the integrated value of (6), i.e. H, is zero and so probe particles must be smaller than the transverse width of
beam?!. The story does not end here, however, and it has recently been highlighted? that a 2D-unpolarized vortex beam
can generate a non-zero optical helicity density when tightly-focused, which is in stark contrast to the prevailing textbook
understanding of light’s optical chirality and helicity. Though an extraordinary result, it is relatively easy to show. In order
to get the observable optical helicity density for a 2D-unpolarized input beam we need to average the result over two
orthogonal polarizations on the Poincare sphere. Right- and left-handed circular polarized beams are orthogonal, and so
averaging the two results of (5) when o =1and o =—-1we yield
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which is identical to (6) and so the optical helicity density spatial distributions of a tightly focused 2D-unpolarized optical

vortex are the same as those given in Figure 2. Because (7) is directly proportional to ¢, a fundamental Gaussian beam
does not possess an optical helicity density for an unpolarized mode, nor does an evanescent wave. Interestingly, however,
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the latter two optical fields do possess a non-zero transverse spin momentum density when generated from a 2D-
unpolarized source?®. The distinguishing feature between optical vortex modes and non-vortex paraxial modes/ evanescent

waves is that the former possess the azimuthal phase exp(i(¢) which yields an azimuthal component of the canonical
momentum density, and when projected on to a transverse spin density gives a non-zero optical helicity, i.e. (5)-(7). The
non-vortex optical fields possess a canonical momentum density in the direction of propagation only, which projected on

to transverse spin momentum generated by linearly polarized or unpolarized optical fields (neccesarily with zero
longitudinal spin) clearly gives zero.

4. SPIN ANGULAR MOMENTUM

The SAM density is given in QED as'’
sz%[_elxjfdt—%bijdtj. (8)

The (longitudinal) SAM density which stems purely from the dominant zeroth-order transverse fields is well known to be
proportional to the degree of circular polarization. Linearly polarized/unpolarized plane waves and paraxial fields have
zero SAM. The extraordinary transverse spin momentum®*2 density stems from the cross product of the zeroth-order
transverse field and the first-order longitudinal field. For a 2D-linearly polarized 3D LG mode it is:

b e
Sy

Yy (&J% . ©

where s is the magnetic field contribution and s} is the electric field contribution. The individual s> and s; , as well as

the total sj,*“ , parts of (9) are plotted in Figure 8 for /=1, p=0,w,=41.
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Figure 3: Components of transverse SAM density (a) S; term in equation (9) ; (b) SS term in equation (9); and (c) the total s;“’ Eq.

). [(|=1p=0,w, =2 for (a)-(c).

Just as it was shown in the previous section that 3D optical vortices possess a unique optical helicity density for 2D-
unpolarized inputs (unique even compared to other non-paraxial optical fields), they also uniquely possess a SAM density
in the direction of propagation for 2D-linearly polarized inputs. This contribution stems from the cross product of the
zeroth-order transverse field and the second-order transverse fields. This longitudinal spin for linearly polarized tightly
focused optical vortices is given as (complete calculations can be found in Ref!’)

25 [iﬁ}ri_
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Remarkably what this shows is that there exists a SAM density in the direction of propagation even for 2D-linearly
polarized 3D optical vortices®*2°. Note that each term in (10) is dependent on ¢ and so this phenomenon is unique to
optical vortices: a linearly polarised Gaussian beam ¢ =0 does not possess this longitudinal SAM density. The total dual
symmetric contribution (10) is actually zero due to (again, see Ref'’ for further details).

L
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Experimentally of course light-matter interactions are generally dominated by electric dipole coupling and so the electric
field contribution to (10) should be observable provided kw, is small enough. The individual electric s° and magnetic s’

contributions of Eq. (10) are plotted in Fig. 4. Unlike the optical helicity density which persists for 2D-unpolarized 3D LG
beams in the previous section, a 2D-unpolarized 3D vortex beam possesses zero longitudinal spin (10).
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Figure 4: Components of longitudinal SAM density of () S; term in equation (10); (b) Sf’ term in Eq. (10) ]C’ =1 p=0,w, =4 for
(a)-(b).

5. CONCLUSION

Non-paraxial optical fields offer a plethora of novel physics and applications in nanophotonics compared to plane wave
and paraxial optics. Using a QED formulation, we have highlighted two novel properties of non-paraxial optical vortices:
1) a non-zero optical helicity (chirality) density for 2D-unpolarised (and 2D-linearly polarized) 3D optical vortices and
2) a longitudinal spin angular momentum density for 2D-linearly polarized 3D optical vortices. The key result is that
both results are unique to non-paraxial optical vortices, even when compared to other non-paraxial optical fields such as
tightly focused non-vortex laser beams and evanescent waves. This work adds to the rapidly growing field of optical
vortices and chirality?” and optical nanomanipulation with structured light?,
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