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Abstract 

In this article, a complex nature structure is simulated by introducing the nanofluid that 

contains various shape of nanoparticles through forced convection and thermal diffusion. Double 

sided lid-driven in a porous curved cavity is dealt to handle the forced convection phenomenon. 

Additionally, effect of internal heat generation/absorption is also considered. The horizontal and 

vertical walls are moving with a constant speed 𝑈𝑜 and 𝑉𝑜, respectively, which are further divided 

into two moving lids. The flat and curved walls are kept at constant temperature 𝑇𝐻 and 𝑇𝐶 

respectively. The governing equations are discretized and solved through Glariken residual method 

by mean of Finite Element Method (FEM). The effect of various directional velocity, porous 

medium (𝐷𝑎), Reynold’s number (𝑅𝑒), internal heat generation/ absorption coefficient (𝑄) and 

solid concentration of nanoparticles (𝜙) are investigated on transfer rate of heat in the form of 

Nusselt number, isotherm, streamlines, temperature and velocity profile. Result reveals that heat 
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is generated in cavity when the direction of velocity of moving wall is in the opposite inward 

direction. The heat transfer rate decreases in the case of internal heat generation and increases for 

nanoparticles. 

 

Keywords: Forced convection; cavity; finite element method; double lid-driven; curve grove. 

 

Nomenclature 

𝑥∗, 𝑦∗ Cartesian coordinates (𝑚) Greek symbols  

𝑢∗, 𝑣∗ Velocities in 𝑥∗ and 𝑦∗ directions 𝑚/𝑠 𝛼 thermal diffusivity (𝑚2/𝑠) 

𝐷𝑎 Darcy number 𝜃∗ Dimensionless temperature 

𝑅𝑒 Reynolds number  𝛽 Thermal expansion coefficient  

𝑅𝑖 Ricardson number 𝛾 Penalty parameter 

𝐺𝑟 Grashof number 𝜌 density (𝑘𝑔/𝑚3) 

𝑃𝑟 Prandtl number  𝜇 dynamic viscosity (𝑘𝑔/𝑚/𝑠) 

𝐻 characteristic length  𝜈 kinematic viscosity (𝑚2/𝑠) 

𝑔 Acceleration due to gravity Ω computational domain 

𝑄 Heat generation/absorption coefficient 𝑘 thermal conductivity 

𝑁𝑢 Nusselt number Subscripts  

𝑋∗, 𝑌∗ dimensionless Cartesian coordinates  avg average 

𝑈∗, 𝑉∗ dimensionless velocities  𝑜 Reference state 

𝑇∗ Temperature 𝑓 Base fluid 

𝑐 specific heat 𝑛𝑓 nanofluid 
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𝑝 Dimensional pressure 𝑐 cold surface 

𝑃 Dimensionless pressure 𝑝 (nano) particle 

𝑚 Shape factor of nanoparticle   

 

 

1. Introduction 

Thermal enhancement of the heat transfer is one of the major problems in engineering devices 

such as ventilation, heating, cooling devices, heat exchanger, and drying food. In industrial 

equipment, to enhance the heat flow nanofluid has a significant role in the recent decade. A high 

heat transfer rate is required for cooling processors and electronic devices. For this purpose, the 

nanofluid suspension is used which is formed from nanoparticle and base fluid. The applications 

of nanoparticles in industries have been studied recently in [1-5]. Various experimental and 

theoretical models have been introduced to estimate the thermophysical properties of nanofluids 

which are based on the size of nanoparticle, temperature, the shape of particle, and interaction of 

the nanoparticle and pure water.  

Nowadays, the importance of heat transfer is significant especially in vehicles, avionics, 

textile, food, and petrochemical industries, etc. The transportation of fluid in a lid-driven cavity is 

important due to the forced convection. Haq et al. [6] studied the trapezoidal cavity which was 

partially heated, and they also discussed the convection of fluid flow. A numerical analysis done 

by Mansour and Ahmed [7] had conducted the numerical analysis on a lid-driven cavity with a 

bottom heat source. The effect of nanoparticles on heat transfer rate was studied by Boutra et al. 

[8]. Mixed convection in a lid-driven cavity was studied by Esfe et al. [9] withthe inside of the 

heated obstacle. Nanofluid mixed convection inside a sinusoidal (heated) lid-driven cavity was 

investigated by Abbasian Arani et al. [10]. Ghofrani et al. [11] analyzed the forced convection of 

heat transfer of ferrofluid flow in a circular copper tube in addition to the magnetic field. Nasrin 

et al. [12] investigated the mixed convection in a double lid-driven triangular wavy cavity, which 

is filled with 𝐶𝑢𝑂 nanoparticles having different nanofluid viscosity models, namely the Pak and 

Cho [13] correlation and Brinkman [14] model. In a square cavity, the effect of nanofluid was 

reported by Ho et al. [15]. Izadi et al. [16] analysed the forced convection in the annulus. That 
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annulus filled with   𝐴𝑙2𝑂3 nanofluid concertation. In that case, they reported that friction 

coefficient is highly dependent on the nanofluid concentration. Mahmoodi [17] investigated the 

mixed convection of  𝐴𝑙2𝑂3 water nanofluid in a lid-driven enclosure having a bottom wall is hot 

and moving with constant velocity. In a rectangular cavity, the effect of nanofluid properties in a 

mixed convection case was reported by Mazrouei Sebdani et al. [18].  

Porous media has a high impact on heat transfer in the cavity with the presence of 

nanoparticles. It enhances the transportation of heat in the enclosure. In literature, many 

researchers [19-30] have reported that high thermal conductivity is developed in the porous cavity 

due to the presence of nanofluid particles. Chatterjee et al. [31] worked in a lid-driven cavity 

containing the rotating cylinder and nanofluids. In that enclosure, combined convection was 

performed for heat transportation. The top wall moving with constant speed from left to right while 

all other walls are fixed or stationary. They also analysed the effect of rotating cylinder speed on 

heat transfer. Heat and mass transfer were reviewed by Yazid et al. [32] with the presence of CNT-

nanoparticle characteristics. Alsabery et al. [33] investigated the effect of nanofluid particles in the 

trapezoidal cavity with the non-uniform temperature of the sidewall. Chamkha [34] analysed the 

effect of internal heat generation coefficient and magnetic field on combined convection in a lid-

driven cavity. The result shows that the Nusselt number decreases with the increase of the magnetic 

field. Oztop et al. [35] investigated the heat transfer and convection in MHD lid-driven cavity 

which has a heated corner. They reported that an inverse relation is developed between Hartmann 

number and heat transfer. For engineering, the higher impact of heat transfer in a porous cavity 

with the nanofluids was investigated by [36-50]. 

The main purpose of this study is to analyze the heat transfer and fluid flow with the forced 

convection of nanofluids through a porous two-dimensional double lid-driven curve groves cavity 

by using Finite Element Method (FEM). In the present article, the effect of heat 

generation/absorption coefficient on temperature and Nusselt number are investigated. The effect 

of different directional velocities of the moving walls on isotherm and streamline is analyzed. 

Graphical representations of the core parameter on heat flow, heat transfer, and velocity are shown 

in section 4. 

2. Mathematical formulation 

 Consider the two-dimensional viscous flow enclosed by curve shape that is heated from the 

bottom and left wall, flow is due to the fully heated walls of lid-driven.  In order to construct the 
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mathematical model inside the partially corrugated cavity (see Figure 1), we have defined various 

constraints which are mandatory to examine the theoretical investigation. For an incompressible 

fluid, a steady, two-dimensional Newtonian model is considered with a constant density. Based 

upon the constant density, the conservation equations are defined as: 

Continuity equation:  

     ∇. 𝒗 = 0, (1) 

Fig. 1: Geometry of the lid-driven cavity.  

Momentum equations in 𝑥∗ − and 𝑦∗ −directions by [51]: 

𝑣∗ 𝜕𝑢∗

𝜕𝑦∗
+ 𝑢∗ 𝜕𝑢∗

𝜕𝑥∗
= −

1

𝜌𝑛𝑓

𝜕𝑝

𝜕𝑥∗
+

𝜇𝑛𝑓

𝜌𝑛𝑓
(

𝜕2𝑢∗

𝜕𝑦∗2 +
𝜕2𝑢∗

𝜕𝑥∗2
 
−

𝑢∗

𝑘
),         (2) 

𝑣∗ 𝜕𝑣∗

𝜕𝑦∗ + 𝑢∗ 𝜕𝑣∗

𝜕𝑥∗ = −
1

𝜌𝑛𝑓

𝜕𝑝

𝜕𝑦∗ +
𝜇𝑛𝑓

𝜌𝑛𝑓
(

𝜕2𝑣∗

𝜕𝑦∗2 +
𝜕2𝑣∗

𝜕𝑥∗2
 
−

𝑣∗

𝑘
) +

( 𝜌𝛽)𝑛𝑓

𝜌𝑛𝑓
𝑔(𝑇∗ − 𝑇𝑜),      (3) 

Energy equation:  

       𝑣∗ 𝜕𝑇∗

𝜕𝑦∗
+ 𝑢∗ 𝜕𝑇∗

𝜕𝑥∗
= 𝛼𝑛𝑓∇2𝑇∗ +

𝑄𝑜

(𝜌𝑐𝑝)
𝑛𝑓

(𝑇∗ − 𝑇𝑜)     (4) 

2.1 Physical problem  
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In the above equation, ( 
𝜕

𝜕𝑥∗  ,
𝜕

𝜕𝑦∗ , 0) are the partial differential operator and (𝑢∗ , 𝑣∗, 0) are 

velocity field according to the two-dimensional flow (𝑋∗ − and 𝑌∗ −directions). Where 

𝑇 and 𝑇𝑐 are the temperature of fluid and cold surface respectively. Moreover, 𝑃 is the initial 

pressure exerted by a fluid particle in the 𝑋∗ − and 𝑌∗ −directions. In the above system of 

equations, 𝜇𝑛𝑓 , 𝜌𝑛𝑓 , 𝑐𝑝 and 𝑔 are the dynamic viscosity, density, specific heat, and gravity 

respectively. Various techniques are used for the thermophysical properties of the solid volume 

fraction of nanofluid formulation. In this article, we used the previous technique, in which it 

depends only on the nanoparticles.  

The effective density (𝜌𝑛𝑓) of the nanofluid is  

𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑝              (5) 

𝜙 (solid volume) fraction, 𝜌𝑓 (fluid density) and 𝜌𝑝 (solid fraction density) and the heat capacity 

of the fluid is given by  

(𝜌𝑐𝑝)
𝑛𝑓

= (1 − 𝜙)(𝜌𝑐𝑝)
𝑓

+ 𝜙(𝜌𝑐𝑝)
𝑝
               (6)  

The thermal expansion coefficient of the nano-fluid can be determined by the expression 

(𝜌𝛽)𝑛𝑓 = (1 − 𝜙)(𝜌𝛽)𝑓 + 𝜙(𝜌𝛽)𝑝           (7)  

Here 𝛽𝑓 and 𝛽𝑝 represent the thermal expansion coefficient of the fluid and solid fractions 

respectively. 

𝛼𝑛𝑓 be the thermal diffusivity of the nanofluid is defined as: 

𝛼𝑛𝑓 =
𝑘𝑛𝑓

(𝜌𝑐𝑝)
𝑛𝑓

            (8) 

For spherical nanoparticles thermal conductivity (𝑘𝑛𝑓) of the nanofluid modelled by Maxwell [52]. 

Which is written in mathematical form as; 

𝑘𝑛𝑓

𝑘𝑓
=

𝑘𝑝+(𝑚−1)𝑘𝑓−(𝑚−1)𝜙(𝑘𝑓−𝑘𝑝)

𝑘𝑝+(𝑚−1)𝑘𝑓+𝜙(𝑘𝑓−𝑘𝑝)
            (9) 

The dynamic viscosity of the nanofluid is written as; 

        
𝜇𝑛𝑓

𝜇𝑓
=

1

(1−𝜙)2.5           (10) 

The dimensionless variables are introduced:  
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   (𝑋∗, 𝑌∗) =
(𝑥∗,𝑦∗)

𝐻
, (𝑈∗, 𝑉∗) =

(𝑢∗,𝑣∗)

𝑉𝑜
, 𝑃 =

𝑝

𝜌𝑛𝑓 𝑉𝑜 
2 , 𝜃∗ =

𝑇∗−𝑇𝐻

𝑇𝐻−𝑇𝑐
 ,    (11) 

𝑅𝑖 =
𝐺𝑟

𝑅𝑒2 , 𝑅𝑒 =
𝑉𝑜𝐻

𝜈𝑓
 , 𝜈𝑛𝑓 =

𝜇𝑛𝑓

𝜌𝑛𝑓
, 𝑄 =

𝑄𝑜 𝐻
2

(𝜌𝑐𝑝)
𝑓

𝛼𝑓
, 𝑃𝑟 =

𝜈𝑓

𝛼𝑓
 .  

In the above expressions, 𝑅𝑒 is the Reynolds number, 𝑅𝑖 is the Richardson number, 𝑄 is the 

heat generation/absorption parameter, and 𝑃𝑟 is the Prandtl number. Using (5) into the system of 

equations (2)-(4), we get 

Table 1 

 Value of shape factor of nanoparticle and base fluid: 

Spherical   𝑚 = 3.3 

Platelet  𝑚 = 5.7 

Cylindrical  

 

𝑚 = 4.8 

Brick  𝑚 = 3.7 

 

Table 2  

Thermo-physical properties of nanofluid particles and based fluid: 

Physical 

properties  

𝐶𝑝(𝐽/𝑘𝑔𝐾) 𝜌(𝑘𝑔/𝑚3) 𝐾(𝑊/𝑚𝐾) 𝛽 × 105(1/𝐾) 𝜎(Ω. 𝑚)−1 

Water 4179 997.1 0.613 21 0.05 

𝐶𝑢𝑂 540 6500 18 29 10−10 
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𝜕𝑈∗

𝜕𝑋∗ +
𝜕𝑉∗

𝜕𝑌∗ = 0,          (12) 

             𝑈∗ 𝜕𝑈∗

𝜕𝑋∗
+ 𝑉∗ 𝜕𝑈∗

𝜕𝑌∗
= −

𝜕𝑃∗

𝜕𝑋∗
+

1

𝑅𝑒
(

𝜈𝑛𝑓

𝜈𝑓
) (

𝜕2𝑈∗

𝜕𝑋∗2 +
𝜕2𝑈∗

𝜕𝑌∗2 −
𝑈∗

𝐷𝑎
),    (13) 

𝑈∗ 𝜕𝑉∗

𝜕𝑋∗
+ 𝑉∗ 𝜕𝑉∗

𝜕𝑌∗
= −

𝜕𝑃∗

𝜕𝑌∗
+

1

𝑅𝑒
(

𝜈𝑛𝑓

𝜈𝑓
) (

𝜕2𝑉∗

𝜕𝑋∗2 +
𝜕2𝑉∗

𝜕𝑌∗2 −
𝑉∗

𝐷𝑎
) + 𝑅𝑖 

(𝜌𝛽)𝑛𝑓

𝜌𝑛𝑓𝛽𝑓
𝜃∗,     (14) 

𝑈∗ 𝜕𝜃∗

𝜕𝑋∗
+ 𝑉∗ 𝜕𝜃∗

𝜕𝑌∗
= (

𝛼𝑛𝑓

𝛼𝑓
)

1

𝑃𝑟𝑅𝑒
(

𝜕2𝜃∗

𝜕𝑋∗2 +
𝜕2𝜃∗

𝜕𝑌∗2)+(
𝑄

𝑃𝑟 𝑅𝑒
)

(𝜌𝑐𝑝)
𝑓

(𝜌𝑐𝑝)
𝑛𝑓

𝜃∗.                 (15) 

2.2 Boundary conditions 

The dimensionless form of the boundary conditions is:  

a) At the bottom solid wall (Ω1 & Ω2 ): 

𝑈∗ = 1; 𝑉∗ = 0; 𝜃∗ = 1, when  

                             Ω1 = {(𝑋∗, 𝑌∗)ϵ𝑅2 / 0.27 ≤ 𝑋∗ ≤ 0.365 and  𝑌∗ = 0 }, 

                                 Ω2 = {(𝑋∗, 𝑌∗)ϵ𝑅2 / 0.365 ≤ 𝑋∗ ≤ 1 and  𝑌∗ = 0 },        (16)  

b) At the left solid wall (Ω3 & Ω4) : 

𝑈∗ = 0; 𝑉∗ = 1; 𝜃∗ = 1, when  

Ω3 = {(𝑋∗, 𝑌∗)ϵ𝑅2 / 0.27 ≤ 𝑌∗ ≤ 0.365 and  𝑋∗ = 0 } 

         Ω4 = {(𝑋∗, 𝑌∗)ϵ𝑅2 / 0.365 ≤ 𝑌∗ ≤ 1 and  𝑋∗ = 0 }         (17) 

c) At solid corrugate wall (Ω5): 

𝑈∗ = 0, 𝑉∗ = 0, 𝜃∗ = 0,           (18) 

d) At the curve surface:  

        𝑈∗ = 0, 𝑉∗ = 0, 𝜃∗ = 0, when Ω5 = {(𝑋∗) 2 + (𝑌∗) 2 = (𝑟2)2 }.        (19) 

Where the center of the inner circle is (0,0) and radius is 0.27. 

3. Methodology and comparison 

To solve the dimensionless equations (12)-(15) with their corresponding boundary conditions, 

we apply Finite Element Method. In that study, Galerkin weighted residual scheme has been 

applied to solve the dimensionless equations. This numerical method is well analyzed by [53-54]. 

The geometry of the problem is divided into sub-domain in the form of non-uniform triangular 

meshes. Where meshes are composed of triangular elements, which contain nodes. In this study, 

velocities and temperatures are related to these nodes and at the corners, the nodes are associated 

with pressure. The pressure is defined in the form of a lower-order polynomial which satisfies the 
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continuity equation. Galerkin weighted residual scheme in the form of shape function converted 

the momentum and energy equations of nanofluids into integral equations. The integral equation 

of each term is converted into non-linear algebraic equations by using Gauss quadrature method. 

To solve the nonlinear equation in the form of the matrix, Newton Raphson technique is 

implemented to solve the Partial differential equations.  

The local Nusselt number in dimensionless form at horizontal and vertical lid walls are written 

in mathematical form as 

𝑁𝑢Ω1
= −

𝑘𝑛𝑓

𝑘𝑓
(

𝜕𝜃∗

𝜕𝑌∗
)

𝑌∗=0
= 𝑁𝑢Ω2

     (20a) 

𝑁𝑢Ω3
= −

𝑘𝑛𝑓

𝑘𝑓
(

𝜕𝜃∗

𝜕𝑋∗)
𝑋∗=0

= 𝑁𝑢Ω4
     (20b) 

In this section, we have validated the numerical result of the present problem with other 

manuscripts. Thermal performance in the lid-driven square model can be compared with earlier 

works done by Khanafer and Chamkha [55] and Iwatsu et al. [56] in Fig.2(a), our current thermal 

work in contour with limiting conditions is depicted in Fig. 2(b). 

3.1 Mesh Independency  

 The various grid has resorted for each case. The average Nusselt number calculated for 

different grids at the wall is shown in Table 3.   

Table 3  

Comparison of Average Nusselt number for uniform and nonuniform mesh distribution at the wall, 

when 𝑅𝑒 = 300, 𝐷𝑎 = 10−3, 𝑄 = 5, 𝜙 = 0.2, 𝑃𝑟 = 6.2. 

Grid size 30 × 30 40 × 30 60 × 25 45 × 60 65 × 65 

Avg. Nusselt −1.64531 −1.65621 −1.66243 −1.66250 −1.66250 

 

Table 4 

 Average Nusselt number when different shapes of nanoparticles, when 𝑅𝑒 = 350, 𝑄 = 10, 𝜙 =

0.1, 𝑃𝑟 = 6.2. 

𝐷𝑎 Spherical Bricks Cylindrical Platelet 

10 −1.29828 −1.35907 −1.44892 −1.51773 

Table 5  

Comparison of the mean Nusselt number at the top wall, for different values of 𝑅𝑒 at 𝑃𝑟 = 0.71, 
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𝑅𝑒 Iwatsu et al. [56] Khanafer & Chamkha [55] Present work 

100 1.94 2.01 1.93 

400 3.84 3.91 3.90 

1000 6.33 6.33 6.33 

 

 

                                (a) 

 

 
(b) 

Fig. 2: Comparison of isotherms in a square cavity: (a) Khanafer and Chamkha [55] (straight 

line) and Iwatsu et al. [56] (dotted line) when Re =103 (b) Present work. 

4. Results and Discussion 

In this script, forced convection of water-based nanofluid in a corrigent porous cavity with a 

partially double lid-driven wall is investigated using Finite element method (FEM). Numerical 

results are illustrated for various values of Reynolds number (𝑅𝑒 = 100 to 400), double lid wall 

with different uniform velocities, Darcy number (𝐷𝑎 = 0.0001 to 10), Heat generation coefficient 

(𝑄 =  −1000 to 75), and the solid volume fraction of nanoparticles (𝐶𝑢𝑂). Table 4 illustrates the 

shape of the nanoparticle effect on the average Nusselt number. In the case of spherical shape 

maximum values of Nusselt number are recorded. Simulation is performed for different parameters 

when the spherical shape of the nanoparticle is used.    

4.1 Effect of the double moving lid-wall direction 

Case I: Horizontal lid moves left to right and vertical lid wall moves bottom to top. 

8.4234

8.2540

7.8289

7.2741

6.5163

5.6802

4.8504

3.6723

2.0495

0.2638

-1.7842

-3.8322

-5.8802

-9.9762

-14.0723

-18.1683

-22.2643

X

Y

0 0.25 0.5 0.75 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
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Fig. 3(a) represents the streamline due to the moving lid wall with a constant temperature. In the 

case of lid walls, symmetric lines are generated near the lid walls and heat is generated inside of 

the cavity. Fig. 3(b) illustrates the streamlines profile in that case. The molecular movement of the 

particle is quite similar around the lid walls. It creates two bigger eddies near the wall. 

Case II: Lid walls move with opposite inward directional velocity. 

Fig. 3(c) and (d) illustrate isotherm and streamlines profile respectively. The more heat is 

generated in that case and heat generated inside the enclosure is due to the inside movement of the 

two-lid moving wall. Heat generation is clearly seen in the mid of the lid walls. Fig. 3(d) illustrates 

the path of the molecule movement inside the enclosure. More eddies are created due to the 

opposite direction of lid-moving walls and counterclockwise rotation of the molecular movements. 

That eddy may be the formation of the secondary eddies due to the partition of the major eddies. 

Case III: Lid walls move with opposite outward directional velocity. 

From Fig. 3(e), it is observed that the isotherm spread near the wall, and a major part of 

the heat was located near the corrugated wall. The symmetric hope of the isotherm lines was 

created due to the opposite direction of the bottom vertical and left horizontal wall. Fig. 

3(f) demonstrates streamlines in the shape of two larger and two smaller eddies near the wall. 

  Case IV: Horizontal walls move from right to left and vertical walls move from top to 

bottom. 

Fig. 3(g) illustrates the effect of the inside movement of the lid walls on streamlines. It is 

observed that the heat distribution near the corrugated wall is maximum than the lid wall and 

isotherm lines are quite stable away from the lid walls. Through the molecular movement of the 

particles, two bigger eddies are created which cover the whole cavity in the form of lines.   

Fig. 4(a)-(e) represents the temperature, velocity profile, and Nusselt number for different 

lid wall constraints. Fig. 4(a) illustrates that the maximum heat transfer is noticed because of the 

right horizontal and top vertical partial wall which move with the velocity 𝑈𝑅 = 𝑉𝑇 = −1. Inside 

the movement of the walls, more heat is created within the cavity. The minimum temperature 

gradient is recorded in the case of outside movement of all lid walls. Minimum temperature 

gradient recorded in case of outside movement of all lid walls. Fig. 4(b) and (c) illustrate the 

Nusselt number horizontal and vertical mean position. Nusselt number decreases in case of outside 

movement inside movement of the lid walls. But attain its maximum flow rate of heat when the 

velocity of the moving wall is 𝑈𝐿 = 𝑉𝐵 = −1. In that case, significant Nusselt number increases 
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in the middle of the cavity. Horizontal and vertical velocity profile, in this case, is demonstrated 

in Fig. 4(d) and (e). Its significant effect on velocity profile could be due to drag force variation 

near the moving walls. 

4.2 Effect of the Reynolds Number  

Fig. 5 (a-h) shows the impact of Reynolds number on streamlines and isotherms for 

nanofluid particles in a corrigent enclosure. As it can be noticed from isotherm plots that at low 

𝑅𝑒 the contour is uniformly distributed with the heat on both sides of the lid walls.  
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 Fig. 3. Effect of various lid-moving walls on the isotherm and streamlines.  

0.0559

0.0479

0.0399

0.0318

0.0238

0.0157

0.0077

-0.0003

-0.0084

-0.0164

-0.0245

-0.0325

-0.0405

-0.0486

-0.0566

U
*

L
= U

*

R
=1

V
*

B
= V

*

T
= 1 

(b)

0.9375

0.8750

0.8125

0.7500

0.6875

0.6250

0.5625

0.5000

0.4375

0.3750

0.3125

0.2500

0.1875

0.1250

0.0625

U
*

L
= U

*

R
=1

V
*

B
= V

*

T
= 1 

*

(a)

0.9375

0.8750

0.8125

0.7500

0.6875

0.6250

0.5625

0.5000

0.4375

0.3750

0.3125

0.2500

0.1875

0.1250

0.0625

U
*

L
= 1, U

*

R
=-1

V
*

B
= 1, V

*

T
= -1


*

(c)

0.0559

0.0479

0.0399

0.0318

0.0238

0.0157

0.0077

-0.0003

-0.0084

-0.0164

-0.0245

-0.0325

-0.0405

-0.0486

-0.0566

U
*

L
= 1, U

*

R
=-1

V
*

B
= 1, V

*

T
= -1 

(d)

0.9375

0.8750

0.8125

0.7500

0.6875

0.6250

0.5625

0.5000

0.4375

0.3750

0.3125

0.2500

0.1875

0.1250

0.0625

U
*

L
= -1, U

*

R
=1

V
*

B
= -1, V

*

T
= 1 

*

(e)

0.0559

0.0479

0.0399

0.0318

0.0238

0.0157

0.0077

-0.0003

-0.0084

-0.0164

-0.0245

-0.0325

-0.0405

-0.0486

-0.0566

U
*

L
= -1, U

*

R
=1

V
*

B
= -1, V

*

T
= 1 

(f)

0.9375

0.8750

0.8125

0.7500

0.6875

0.6250

0.5625

0.5000

0.4375

0.3750

0.3125

0.2500

0.1875

0.1250

0.0625

U
*

L
= -1, U

*

R
=-1

V
*

B
= -1, V

*

T
= -1


*

(g)

0.0559

0.0479

0.0399

0.0318

0.0238

0.0157

0.0077

-0.0003

-0.0084

-0.0164

-0.0245

-0.0325

-0.0405

-0.0486

-0.0566

U
*

L
= -1, U

*

R
=-1

V
*

B
= -1, V

*

T
= -1



(h)



 

14 
 

 

Fig. 4. Effect of various lid moving walls on the Temperature, velocity profile, and Nusselt 

number.  
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Isotherm lines create a circular format, and the isotherm lines are stronger as 𝑅𝑒 increases. The 

effect of forced convection is weaker for decreasing values of Re, the number of heated lines is 

reduced. However, as the Reynolds number rises, it steadily rises. For a maximum value of Re, 

the heat flux rises, making forced convection the dominating mode of transport. This indicates the 

dominant forced convection of heat in the cavity. Due to the lid moving at the middle of the lid 

walls the heat lines tilt towards the upward direction with the increase in 𝑅𝑒. For low Reynold 

numbers, the flow pattern is symmetric and creates eddies around the moving walls. For the smaller 

value of Reynolds number small circular vertex rotation generates creates near the lid walls. With 

an increase in 𝑅𝑒, vertex rotation size increases and remains quite stable for maximum value 

parameter. As with the increasing of 𝑅𝑒, the symmetry of the flow is disturbed as shown in Fig 

5(h). 

Fig. 6 (a)-(e) presents the effect of 𝑅𝑒 on velocity, temperature, and Nusselt number in the 

lid cavity. Fig. 6 (a) illustrates that the temperature distribution increases inside the cavity with 

increasing of 𝑅𝑒. For high 𝑅𝑒, greater convection is produced inside the cavity. Heat flow increases 

due to the molecular movement of the particles. Nusselt number also varies due to the moving lid 

walls and increasing of 𝑅𝑒. In the middle, strong convection is being observed. Horizontal and 

vertical velocity decreases with the increase in 𝑅𝑒 in the middle of the cavity. However, increases 

in the end of the cavity could be due to the moving walls with constant velocities.  

4.3 Effect of the Porous Medium 

Fig. 7 (a)-(h) presents the effect of Darcy number on isotherm and streamline profile for 

the maximum value of Reynolds number. The heat transfer rate is maximum at the bottom left 

corner and lowest at the right corrugated wall. The fluid is revolving anti-clockwise at a high 

temperature, which is the physical reason for this phenomenon (higher than hot wall temperature). 

As a result, the hot wall's left bottom corner created a massive temperature, as depicted in figures. 

It can be observed from the Fig. 7(a) when 𝐷𝑎 is small the convection inside the enclosure is strong 

and the isotherm is considerably distorted. The flat lines of isotherm in the middle of the cavity 

indicate small conduction. As 𝐷𝑎 increases, the forced convection is the dominant and circular 

format of isotherm is created as seen in Fig. 7(d). For the high number of 𝐷𝑎,flat lines are 

negligible due to the greater convection of lid moving. Fig. 7(e)-(h) illustrates the effect on 

streamlines for various Darcy numbers when it moves towards left and bottom lid walls. One can 



 

16 
 

observe that the domain of the cavity is dominated by two re-circular eddies, which are being 

created from the moving wall with constant velocity. As 𝐷𝑎 increases from 10−5 to 10 the 

streamline increases and near the lid wall lines are created in thinner form. Convection is expanded 

across the fluid rather than localized at the boundary as shown in Fig. 7(h), where the Darcy 

Number is maximum. 

Fig. 8(a) shows the effect of Darcy number on temperature profile at the horizontal mean 

position of double lid-driven cavity. Because the permeability of the medium increases as the 

Darcy number rises, the convective mode becomes stronger. As a result, the Darcy number rises, 

the temperature gradient across the hot wall rises too. For high permeability of the medium more 

heat is generated near the lid walls. Fig. 8(b) and (c) illustrate that the heat transfer increases with 

the increase of Darcy number. For higher 𝐷𝑎 the heat transfer rate is higher in the middle of the 

cavity and suddenly decreases at 0.9. The external heat increases with increasing or decreasing of 

internal heat. One can see that the localized clusters with consistent Reynolds number of heat 

concentrated towards the horizontal boundary, and the cooler parts on the curve boundary. Hence, 

increased Darcy number causes the convection to increase across the medium as permeability is 

increased. The symmetric behavior of the bolus can be observed for the high number of 𝐷𝑎 in the 

velocity profile in Fig. 8(d) and (e). For smaller 𝐷𝑎 the horizontal and vertical velocities are the 

same throughout the region.   

4.4 The Absorption/Generation Coefficient 

  Fig. 9(a)-(e) illustrates the absorption coefficient and Fig. 9(f)-(i) depicts the internal heat 

generation coefficient effect on isotherms. The heat transfer is significantly increased in the 

molecular composition of the fluid with increasing internal heat inside the cavity. One can see that 

for 𝑄 = −1000 the heat absorption is exceptionally low causing cooler patches within the fluid, 

however, as the value of 𝑄 increases, it is obvious to observe that the internal heat generation is 

significantly increased within the domain. As increasing the 𝑄 we see gradual convection of heat 

from the vertical boundary into the clockwise spiral motion towards the center of the cross-section. 

Similarly, in Fig. 9(e)-(f) one can see a more abrupt change in heat flow as the absorption 

coefficient is increased and heat begins to be generated internally. For the maximum value of 𝑄, 

the cavity is filled with heat as shown in Fig. 9(i). The heat transfer rate is maximum at the bottom 

left corner and lowest at the right corrugated wall. The fluid is revolving anti-clockwise at a high 

temperature, which is the physical reason for this phenomenon (higher than hot wall temperature). 
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As a result, the hot wall's left bottom corner created a massive temperature, as depicted in the 

Figures. 

Fig. 5. Effect of Reynold’s number on isotherm (a)-(d) and streamlines (e)-(h) 
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Fig. 6. Effect of various Reynold’s number on the Temperature, velocity profile and 

Nusselt number 
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Fig. 7. Effect of Darcy number on isotherm (a) – (d) and streamlines (e)-(h) 
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Fig. 8. Effect of various Darcy number on the Temperature, velocity profile and Nusselt number 
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Fig. 9. Effect of Internal heat generation/absorption on isotherm (a) – (i)  
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one can see the streamlines, where the localized hot and cold patches, with the cold regions being 

vertically dominant, and the greater heat being more dominant at the horizontal boundary 

 

Fig. 10. Effect of internal heat generation/absorption coefficient Temperature profile and Nusselt 

number 

Fig. 12(a)-(f) illustrates the effect of nanoparticles on the Nusselt number, temperature, and 

both horizontal and vertical velocity profiles. For the base fluid, the maximum temperature is 

obtained throughout the cavity. But with the increase of nanoparticles, the temperature gradient 

gradually decreases. Increasing the concentration of solids increases nanofluid thermal 

conductivity while marginally decreasing the gradient of temperature. Convection in the cavity 

increases so more heat transfer is done in the cavity that is clearly seen in Fig. 12(b) and (c) in the 

form of local Nusselt numbers against the horizontal and vertical moving walls. Both horizontal 

and vertical velocity decrease at the middle of the cavity with increasing concentration of 

nanoparticles as shown in Fig. 12(d) and (e).    

U
L
=1 U

R
=1?

(a) Horizontal mean position


*

0 0.2 0.4 0.6 0.8 1
0

0.6

1.2

1.8 Q = -1000

Q = -750

Q = -500

Q = -250

Q = -100

Q = 0

Q = 10

Q = 25

Q = 75

(b) Horizontal mean position

N
u

x
*

0.4 0.6 0.8 1

0

40

80

120

Q = -1000

Q = -750

Q = -500

Q = -250

Q = -100

Q = 0

Q = 10

Q = 25

Q = 75



 

23 
 

 

Fig. 11. Effect of solid volume fraction of nanoparticles on isotherm (a) – (c) and 

streamlines (d)-(f) 
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Fig. 12. Effect of solid volume fraction of nanoparticles on the Temperature, velocity 

profile, and Nusselt number 
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5. Conclusions 

After carefully examining the present model, we have developed the conclusion that describes 

the key factor of the entire study. As defined in the model, the current model is based upon forced 

convection due to lid-driven of left vertical and bottom horizontal walls. We have discussed the 

different directions of moving lid, then we analyze the model for the various value of Reynolds 

number, Richardson number, heat generation parameter, porous medium, and nanoparticle volume 

fraction. All the effects are discussed for velocity, temperature, stream function, and isotherms. 

Following are the key findings of the present model. 

 In isotherms, the opposing directional (inside) movement of the lid walls generates more heat 

inside the cavity.  

 In streamlines, the opposite directions of velocity produce more eddies than the velocity in 

the same direction.  

 The effect of velocity (in opposite outward direction) yields the maximum flow of heat 

transfer at the mean position from where it acts like a symmetric behavior in the local Nusselt 

number. 

 An increase in Reynolds number has caused an increase in isotherm lines and this effect on 

streamline causes the eddies movement towards the center. 

 Maximum velocity is observed in both ends of the cavity and minimum in the middle with a 

greater Reynolds number. 

 An increase in permeability region decreases the heat generation near the lid walls and pushes 

them away from the lid wall. 

 Increasing permeability decreases the local Nusselt number. 

 For the minimum value of 𝑄, heat is absorbed in the cavity and restricted to the lid walls 

whereas there is a maximum heat generator in the cavity for a greater value of 𝑄 = 75. 

  Local Nusselt number decreases with an increase in heat absorption coefficient. 

 Temperature profile decreases with an increase in nanoparticles while Nusselt number 

increases with increasing 𝜙. 
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