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Relaxation Dynamics of Half-Quantum Vortices in a’ Two-
Dimensional Two-Component Bose-Einstein Condensate

M. T. WHEELER!, H. SALMAN* and M. O. Borcu'

T Physics, Faculty of Science, University of East Anglia, NR4 7TJ, United Kingdom
*School of Mathematics, University of Fast Anglia, NR4 7TJ, United Kingdom

PACS 67.25.dk — Vortices and turbulence

PACS 67.85.Fg — Multicomponent condensates; spinor condensates
PACS 03.75.Lm — Tunneling, Josephson effect, Bose-Einstein condensates in periedi¢c potentials,
solitons, vortices, and topological excitations

Abstract —We study the relaxation dynamics of quantum turbulenée in.a two-cemponent Bose-
Einstein condensate containing half-quantum vortices. We find a temporal scaling regime for the
number of vortices and the correlation lengths that at early timesis strongly dependent on the
relative strength of the inter-species interaction. At later timesswe find that the scaling becomes
universal, independent of the inter-species interaction, and approaches thgt numerically observed

in a scalar Bose-Einstein condensate.

Introduction. — Since the realization of superflu=
idity, quantum turbulence (QT) has been studied hin
systems ranging from superfluid liquid Helium [1, 2] to
quasi-particle condensates in solid-state systems [3]. Due
to their unprecedented experimental accessibility,»QT in
Bose-Einstein condensates (BECs) in dilate, ultraceld
atomic gases have attracted considerable theoretical [4-9]
and experimental [10-15] interest in both 2D and:3D' con-
figurations. In a scalar BEC, the QT state is made up of a
large number of vortices with quantisediéirculation. The
collective behaviour of the vortices plays a key role in the
hydrodynamics, recovering features of elassical turbulence
that can exhibit the characteristic Kolmogorov power-law
spectrum [16].

In contrast to the scalar_superfluids, multicomponent
and spinor BECs are described by multicomponent order
parameters and allow for a avider; range.of topological de-
fects, which give rise to novel dynamics [17-20]. Conse-
quently, there has been inereasing interest in the prop-
erties of QT and non-equilibrium dynamics in such sys-
tems [21-25]. The simplest non-scalar topological excita-
tion appears'in a two-component BEC, described by two
complex fields, as the appearance of a phase singularity
in only one component. When the atomic mass and mean
density of the components are equal, such vortices are of-
ten, referrédrto. as half-quantum vortices (HQVs), due to
their\similarities with vortices carrying half a quantum of

superfluid circulation in superfluid 3He [26,27] and spin-1
BEGs [28,29]. The study of QT in BECs can be separated
into two distinct categories: 1) forced turbulence where
a statistically stationary state is established; 2) decay-
ing turbulence where a non-equilibrium initial condition,
typically involving vortices, relaxes towards equilibrium.
Here, we numerically investigate the spatial and temporal
properties of the relaxation dynamics of a non-equilibrium
initial state in a two-dimensional two-component system
containing HQVs. Using a pseudospin interpretation, we
compute the temporal scaling of the correlation functions
associated with the spin- and mass-superfluid ordering.
We relate these to the vortex decay rate and analyse how
this depends on the intra-component interaction strength.
We contrast our observations for this system with similar
simulations that have been performed for scalar BECs and
reported in [30-32].

The two-component BEC. — We consider an un-
trapped two-component BEC described by the Gross-
Pitaevskii (GP) mean-field theory subject to periodic
boundary conditions. The dynamics of the condensate is
described by the two coupled GP equations

Yo

(1)

1,2

ih
ST

1/11,2|2 + gi12]W2.1

h2
= (— v? + 91,2
2m1,2

p-1

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49



oNOYTULT D WN =

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

AUTHOR SUBMITTED MANUSCRIPT - EPL-21-100216.R1

M. T. Wheeler et al.

where 1; is the condensate wavefunction and m; (j =
1,2) is the atomic mass for the jth component. The
strength of inter- and intra-component interactions are
described by g; and gi2, respectively. We consider a con-
densate where m; = mo = m, as is the case, e.g., when
the two components are different hyperfine states of the
same atomic species, and also assume g1 = g5 = g. The
key parameter is then the ratio of intra- to inter-species
interactions

=22 )

which in experiment could be tuned using magnetic [33]
or microwave-induced [34] Feshbach resonances. Here we
consider 0 < v < 1, such that all interactions are repulsive,
while keeping the condensate stable against separation of
the components.

The vortex states of the two-component BEC may be
understood as follows: We write the two-component wave-
function as the vector (i1,12)T. Taking 6; = Arg(y;),
this may be decomposed as

LN A e N A [ B
<¢;) = <|¢;|€i92> = ¢© <¢gl|e_iq>> ; (3)

© = (61 +62)/2,

where
¢ = (01 —02)/2. (4)

Gradients in ® can then be interpreted in terms of pseu-
dospin currents, while gradients in ® may be associated
with a total, superfluid mass current.

Now consider a vortex state consisting of a phase singu-
larity in 11, around which 6; winds by 27 while 6> remains
unchanged, such that

ig . i¢/2
(ZJ;) = <|¢|111/)|26 ) = ¢i?/2 (llzi1||ee_i¢/2> ) (5)

where ¢ is the azimuthal angle arotind the wvortex. The
vortex is thus equivalently described by a m¢change in ©
(and a simulateous 7 change in ®)along a closed path
encircling the vortex. Since © can be associated with a
total mass current in the two components together, these
vortex states are often referred to as HQVs and we adopt
this language from here,on. However, the two-component
vortices are topologically distinct from HQVs in the A and
polar phases of supeffluid *He 26, 27] and in the uniaxial
nematic phase of spin-1BECs [28;29].

A pseudospin picture also/allows us to understand the
size of HQV ¢ores in terms of an energetic hierarchy of
length scales (arising from the inter- and intra-component
interactions. These length scales are associated, respec-
tively, with variations of the total superfluid density and
of the density difference between the components. We thus
define the density and spin healing lengths as [35]

~h (12
fd—ma fs—fd(m> ) (6)

where ng is the number density of each component in a
uniform system. Since a HQV consists of a phase singu-
larity in only one condensate component,/he remaining
component is free to fill the vortex core.” This can be
interpreted as a variation of the pseuodspin.z-component,
whose size is determined by the spin healing length. When
&s 2 &4, the vortex core can thus expand, lowering the to-
tal energy. Therefore, v directly determines the'sizes of the
vortex cores in the system. A similar energetic hierarchy
of length scales leads to dramatic defect-core deformations
in spinor BECs [36], including splitting of singly quantised
vortices into HQVs [29,37]s

Numerical method. — To| study the dynamics of
vortices in a turbulentsregime we numerically evolve the
time-dependent two-compomnent Gross-Pitaevskii equa-
tions using a split-stepfalgorithm [38]. We write eq. (1) in
terms of the difiensionless ariables: 7 = r/ay, t = t/7,
g = 2mg/h* and 1 = d1b;, where ay is the lattice spac-
ing and 7 &,2ma?/h is'the lattice time. The resulting
equations.then become

10V12
ot

==V + glr2]> +vglvea?) Y12, (7)
where/we hawe dropped the tildes for notational conve-
nience. Our simulations were performed on a periodic do-
main of non-dimensional area L? with side length L = N,
where N? is the number of grid points. We solve eq. (7)
omva grid of 10242 points with a, = 1. Motivated by sim-
ilar work in a scalar BEC [32], we take N = 3.2 x 10°
atoms per component and dimensionless g = L2/4N.
The non-dimensional density healing length is thus fixed
at No/(gN)'/2 = 2. We now explore the role of the
inter-component interaction by varying ~ within the range
0<y<l1.

The initial condition for the GP evolution is constructed
as a grid of vortex positions containing 482 vortices in
each component with the grids of each component offset
in both x and y to avoid overlapping positions. We then
add a small, random displacement to each position to cre-
ate an irregular distribution of vortices. This facilitates
the development of an initially chaotic and subsequently
turbulent vortex evolution during the relaxation dynam-
ics. The phase of each component is subsequently con-
structed as an alternating 27 winding around each vortex
position using the method described in ref. [5] that also
accounts for the periodic boundary conditions. An ini-
tial short period of imaginary-time propagation, keeping
the phase profile fixed, allows the vortex cores to form.
The resulting HQVs consist of a density depletion in one
component at the position of the phase singularity, which
is then filled with atoms of the other component, as il-
lustrated in fig. 1. From this initial state, the system is
evolved according to eq. (7). HQVs with opposite circula-
tion but with the phase singularity in the same component
may annihilate which leads to a decay of the total vortex
number.

p-2

Page 2 of 7

68

69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112



Page 3 of 7

oNOYTULT D WN =

281;
29
305
3
3247
335
341
352
362
372
382
39
4Q2s
42
42
435
44

45

46

47

48

49

50

51

52

535
545,
53
58;,
57
58,
59
6035

AUTHOR SUBMITTED MANUSCRIPT - EPL-21-100216.R1

Relaxation Dynamics of Two-Component BEC

20000
® & & & 8 0 8 8 g
401% & * » 2% " a0
s % 8 5 8 * . "
e 5 9" s By 8 H
20_.. ® & 2 & _ ®
.........‘
s ® @ LI ™ o
- . s l‘... o
w4 ® - - & a * W
= .0..00000 ~_
* 5 % L, 8t 5 8 , s
* .%o n %00 =
201 ®*_* .- s
l.....OQ.
. @ % & 5, » &
A EE E E R BN
—-40+ ® 8 & 5 ® = 8 @
N BN RN 0

-40 -20 0 20 40

X/€q

Fig. 1: Density |11]? in a 100&4 x 100£4 subdomain of the initial
state after a short imaginary-time evolution. We can identify
the vortices in this component by the density depletion (blue).
Density peaks (red) form in v at the positions of vortices in
the 12 component.

Results. — We first investigate the effect of v on the
relaxation dynamics of HQVs. Fig. 2(a)—(c) shows the
density of the 1¢; component for v = 0.1,0.6,0.8. HQVS
with a phase singularity in this component are readily ap-
parent by the corresponding density depletion, and have a
core size that grows with increasing . For v > 0.6, high
density peaks also become noticeable and correspond to
the positions of HQVs with phase singularity in 5. This
can be understood from the healing lengths, eq. (6). For
small 7, & ~ &;. As 7y increases, the spin healing length
also increases. Consequently, the cores of theeHQVs fill
with atoms from the other component as/the resulting
lowering of the kinetic energy offsets the cost, in interac-
tion energy. This causes the vortex corés to expand to a
size similar to the spin healing length, @as borne out by our
simulations.

To track the vortex positions, we evaluatesthe pseudo-
vorticity [39,40]

opy = N (n0), 0
where
(nv); = [1/) (V) (V)] (9)

is the mass current of component j = 1,2. The pseudo-
vorticity remains, regular and non-zero within the core of
each vortexy and relaxes to zero away from the vortex
singularity (at length scales exceeding the spin-healing
length, &), aswshown in fig. 2(d)—(f). The sign of the
pseudo-vorticity also determines the charge of the vortex.
The pseudo=vorticity shows the vortex positions particu-
larly sharply for small «, where the vortex cores are small.

We now investigate the spatial properties of our turbu-
lent system. We split the kinetic energy, Ey, = FY + E9,
into classical (EV), and quantum-pressure (#2) contribu-
tions. These are given by

(v + ) 00

B =[x (v P ¥ v g

where n; = [;]? for j = 1,2.

The energy spectra for theseseontributions involve the
Fourier transforms of the generalised wvelocities for the in-
compressible (i), compressible (¢), and quantum pressure

(q) parts [21], defined as
~

whC,— \/n—l'ui’c n \/@v;,c,
w? =2(Vy/ni+ Vi/n2) .

The incompressible,and compressible components of the
velocity field areyrecovered from a Helmholtz decomposi-
tion into aldivergence free, incompressible part V- v* = 0,
and an irrotational, compressible part V x v¢ = 0. The
kinetic energy spectrum can then be calculated by inte-
grating the corresponding Fourier transforms over the full
k-space angle

(12)

1 2m

dQy, |w°
1/, k|

(k)|?, (6=1,c,q), (13)

for wave number k = |k|. The total kinetic energy is given
by integrating over all £ and summing over the different
contributions: Eyin = > 5 [dkE’(k) for 6 = (i,c,q). The
occupation numbers corresponding to the different energy
contributions are then
§(1) _ 1.—278 _
ni(k) = k2B (k), (0 =iseq). (14)
Fig. 3 shows the occupation number for each energy
contribution along with the total occupation number n(k)
for the case of ¥ = 0.6 at a time ¢t = 2 x 10°7. The
total single-particle spectrum obeys the predicted scaling
n(k) ~ k=% in the infrared (IR) region and n(k) ~ k=2 in
the ultraviolet (UV) seen for some turbulent, 2D, scalar
BEC systems [31,32,42]. Decomposing the kinetic energy
into its constituent parts, we see that the incompressible
contribution dominates in the IR and is responsible for
the change in scaling to k=% in this region. This incom-
pressible contribution is associated with the vortices in the
system [24]. At large k, the spectrum is dominated by the
compressible and quantum pressure contributions exhibit-
ing the weak-wave-turbulence scaling k~2. This scaling of
the energy is qualitatively insensitive to variations in +.
Next, we consider the time-dependent properties of the
turbulent dynamics. For this purpose, we will concentrate
on the correlation functions for the spin and mass parts
of the pseudospinor order parameter. For a homogeneous
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Fig. 2: Density (a)—(c) and pseudo-vorticity (d)—(f) of the 11 component in a 2564 x 256, subregion at time ¢ = 2.5 x 10%£3,
for v = 0.1 (left), v = 0.6 (middle) and v = 0.8 (right). Voortices in 1 appear as a density depletion. For v > 0.6, bright density
peaks show where 11 atoms fill the cores of HQVs with the phase singularity in 2. Vortices with positive (blue) and negative

(red) circulation are identifiable in the pseudo-vorticity field.
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Fig. 3: Occupation numbers for different fractions of the sys-
tem with v = 0.6 at t = & X 10%¢2: single particle spectrum for
quantum pressure, (purple diamonds), incompressible (red dia-
monds) and compressible (blue diamonds) contributions. The
total occupation nmber (black diamonds) for the single par-
ticle spectrum is obtained by summing the corresponding frac-
tions from eachycondensate component. The single particle
spectrum obeys a k=2 scaling (dotted line) in the ultra-violet
and ak *iscaling (dashed line) in the infrared regions.

turbulent system these are defined, respectively, as [43]

Galr,1) = S Tr(QO)Q()] (15)
Golr,1) = — (" (0)a(r)), (16)

n?
where (-) denotes ensemble averaging. Here, the matrix

_ Qacx Qm

me

where Quz = Re{¢)f¢2} and Q,y = Im{t)iepo}, is associ-
ated with spin ordering in the system, while @ = —2)11
is an alignment parameter. Exploiting the fact that our
turbulent system is homogeneous, we can replace ensem-
ble averages with spatial averages. The spin correlation
function is then equivalently defined as [43]

Galr.t) = [ an, [LFIEQEA L)

L2 n2 )

(18)

where [ d, denotes angular integration. We perform the
same averaging for the superfluid correlation function.

In fig. 4(a) we plot the results for the spin correlation
function at different times for v = 0.6. As the time in-
creases, the correlation function decays over a larger dis-
tance, indicating the emergence of long-range order within
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Fig. 4: (a): Spin-correlation function as a function,of time for
v = 0.6. The spin order decays more slowly as time increases,
indicating domain growth within the system. Inset: collapse of
the spin correlation function when scaled by the spin correla-
tion length. (b): Correlation lengths corresponding to the'spin
and superfluid correlation functions as a/function of time for
v = 0.3,0.6,0.8. Larger ~ give a faster initial{growth, with a
universal scaling appearing for t > 2.5%10%€3. The /5 scaling
predicted from the scalar BEC is indicated for comparison.

the system. We verify the same behaviour for the mass-
correlation function. From these correlation functions we
obtain the correlation length, Ls(¢)for § = {®, ©}, which
we take as the distance at which the eorresponding corre-
lation function decays tova quarter of its value at r = 0:
Gs(Ls,t) = $1Gs(0;t). The correlation functions are said
to exhibit dynamical scaling when their form at different
times remains self similar. /This means that they collapse
to a universal, time-independent function when scaled by
the correlation lengths, i.e. Hs(r) = Gs(r/Ls(t),t). The
inset in fig. 4 shows/this collapse of the spin correlation
function in our system, indicating that G (r,t) does in-
deed exhibitrdynamical scaling. We again verify the same
behaviour'for Gg(r,t).

102
+ Grid
+ Random
+ Random w/ noise
—_— 2
— t1s
o
W
<
Rod
|
10! 4+ .

—— —
104 10°

HTIE3]

Fig. 5: Mean vortex distance.in a scalar BEC for three different
initial conditionsfusing the same parameters as in ref. [32]. The
/5 early-time as well.as the t'/2 late-time scaling regimes are
recovered.

Fig. 4(b) shows both correlation lengths L o(t) as a
function of time for v = 0.3, v = 0.6 and v = 0.8. After
the initial evolution the temporal scaling of the correlation
lengths becomes universal for all values of v. However, the
effect of vis apparent in the early time evolution where a
larger leads to a faster growth of the correlation lengths.
This is indicative of a difference in the decay rate of the
vortices in the early-time dynamics.

We can investigate this behaviour by considering the
total number of vortices in the system as a function of
time. We extract the mean distance between vortices as
Lq = 1/v/Nyort, where Nyor is the total number of vortices
in the system. As a point of reference, in a scalar BEC ini-
tially containing a large number of vortices, £4 ~ % [32],
where § characterises the vortex annihilation rate. In par-
ticular, after some (possibly short) period of evolution, a
B = 1/5 scaling is observed. For comparison, we have in-
dicated this theoretically expected scaling in fig. 4(b) for
our two-component BEC. At late times, a 8 = 1/2 scaling
appears in the scalar BEC, whose onset is delayed if the
initial vortex distribution is highly clustered [32]. In fig. 5
we reproduce this late-time scaling using the parameters
of ref. [32] for an initial grid of elementary vortices anal-
ogous to our two-component initial state, as well as for a
random vortex distribution with and without noise added
to the energy spectrum. In all cases we recover both the
t'/% scaling after initial evolution and the ¢'/? late-time
scaling, indicating that this behavior is robust and quali-
tatively insensitive to details of the initial condition.

Motivated by this previous work, we perform a sim-
ilar analysis to establish how these results extend to a
two-component system with HQVs and how the vortex
annihilation rate depends on 7. We focus on the early
vortex evolution, where fig. 4(b) suggests that the ~-
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Fig. 6: Total vortex number in both components (red) as a function of time for v = 0.3,0.7,0.9. Larger 7 leads to a steeper decay

due to the rapid annihilation of opposite-signed vortices in the

same component. Oyerlaid for comparison is twice the vortex

number (black) from a corresponding scalar-BEC simulation (equivalent to v = 0)/withthe same initial vortex distribution,

atom number, and interaction strength g as 1.

41 e
* . .
3 *
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2
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Y

Fig. 7: Exponent z as a function of « in_the interval 2.5, x
10262 < t < 2.5 x 10%¢2. A rapid decreaserof the exponent
arises for v 2 0.6.

dependence is significant. Fig. 6 shows Nygg-as a func-
tion of time for three different values of 7. -For v = 0.7
and 0.9, a new scaling regime emerges at early times
(2.5 x 10%€2 <t < 2.5 x 103€2), where Vot (t) decays
as t™! (y=0.7) and ¢t~ 15 (/=1019). For t > 2.5 x 103¢2,
Nyort(t) approaches a universal t—2/5yscaling correspond-
ing to £y ~ t'/°, similar to the scalar BEC also shown.
These results imply a better agreement with the theoreti-
cal t/% scaling than indicated from the correlation lengths
[fig. 4(b)]. This suggests that although their growth is
driven by vortex ammihilation, the length scales Lo o(t)
are not fully equivalent tofq(t). The region of interest in
fig. 6 only extlends up tét = 5x 10*£2 and we therefore ex-
pect a universabtransition to 4 ~ t*/? at times extending
beyond the time interval of our simulations.

Previous work ‘has demonstrated that, for a sufficiently
high v Z0:6, a dipole consisting of HQVs with opposite
phase winding in the same component will shrink in size as
the vortices move toward one another and annihilate [17].
We therefore attribute the different scaling regime at early

times, when the mean inter-vortex separation is small, to
this behaviour. This i§ further supported by the fact that
we do not see such scaling for v < 0.6, where such rapid
annihilation rate is not prevalent. Within that range of
values, foryy, the vortex dynamics begins to recover the
behavioriebserved in a scalar BEC.

We can model the vortex decay rate by a kinetic-like
equation of the form

8iﬁj\']-vort ~ N

vort» (19)
where 17 > 1. The dependence of Nyt on the right-hand
side of the equation indicates that the decay rate is a func-
tion of the number of vortices that are involved in facili-
tating the annihilation. Using this simple model, we can

derive temporal scaling of the total vortex number as [44]
Nyorg ~ t_Q/zv (20)

where z = —2(1 — n). We note that an exponent of z = 2
corresponds to a two-body collision process whereas z = 5
corresponds to three-body collisions [32]. In fig. 7, we
quantify the v dependence of the early-time scaling by
considering the exponent z in the region 2.5 x 10%¢% <
t < 2.5 x 103¢3. We see a rapid decrease of the exponent
after v > 0.6, when the more rapid annihilation becomes
prevalent. The observed decrease in the value of z with ~y
in our simulations signals an additional interaction effect
not present in the scalar system.

Conclusions. — We have investigated spatial and
temporal aspects of a decaying turbulent two-component
BEC containing HQVs. The occupation-number spectrum
is found to show a scaling behaviour consistent with sim-
ilar results for a scalar BEC across a wide range of values
of the inter-component interaction strength.

However, we find that a new interaction-dependent scal-
ing regime appears in the temporal properties of the mass-
and spin-correlation functions, as well as the mean inter-
vortex separation. For large values of the relative inter-
component interaction strength, v 2 0.6, these exhibit
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a y-dependent scaling that is markedly different from the
universal behavior, which conforms to that of a scalar BEC
at a similar stage of time evolution. Modelling the total
vortex number using a simple kinetic equation, we have
found that this early-time decay rate for high ~ cannot
be explained by simple two- or three-body collisions. The
observed enhanced vortex decay rate at early times for
large v may be due to the role played by an additional
inter-vortex force that arises between vortices in the same
component. The results suggest that this force is short-
range and appears in addition to the well-known 1/R inter-
vortex force. This latter force appears to dominate once
the vortex density drops significantly following the rapid
vortex annihilations occurring at early times.

X 3k %k

The results presented were obtained using the High Per-
formance Computing Cluster supported by the Research
and Specialist Computing Support service at the Univer-
sity of East Anglia.

REFERENCES

[1] BARENGHI C.F., SKRBEK L. and SREENIVASAN K.R.,
PNAS, 111 (2014) 4647-4652

[2] WALMSLEY P., ZMEEV D., PAKPOUR F. and GoLov Al
PNAS, 111 (2014) 4691-4698

[3] KrRelL A.J.E., BozHKO D.A., MUSIIENKO-SHMAROVA
H.Yu., Vasyucaka V.I., L'vov V.S., POMYALOVSA.,
HILLEBRANDS B. and SERGA A.A., Phys. Rev. Lett.5121
(2018) 077203.

[4] KoBayasHI M. and TSuBOTA M., Phys. Rew, A, 76 (2007)
045603.

[5] REEVES M., BiLLaM T., ANDERSON B. and BRADLEY A.,
Phys. Rev. Lett., 110 (2013) 104501.

[6] BiLLaM T., REEVES M., ANDERSON B. and BRADLEY A.,
Phys. Rev. Lett., 112 (2014) 145301. N

[7] SsmuLa  T., Davis M.J. and/ HEEMERSON
Phys. Rev. Lett., 113 (2014) 165302

[8] BAGGALEY A.W. and BARENGHI C.F.; Phys.Rev. A, 97
(2018) 033601

[9] NumasaTo R., TSUBOTA«wM.
Phys. Rev. A, 81 (2010) 063630

[10] HENN E., SEMAN J., RoATI G., MAGALHAES K. and
BAGNATO V., Phys. Rev.Letty 103 (2009) 045301.

[11] KwoN W.J., MooN/G., CHOT J., SEO S. AND SHIN Y.,
Phys. Rev. A, 90 (2014) 063627

[12] SE0o S.W., Ko B., K J.H. and SHIN Y., Sci. Rep., 7
(2017) 4587

[13] NavoN N., EIGEN C.ZHANG J., LoPEs R., GAUNT
A.L., Fusimoto. K., TsuBora M., SMITH R.P. and
HADZIBABIC Z:, Science; 366 (2019) 382

[14] GuiLLAUME G., REEVES M.T., Yu X., BRADLEY A.S.,
Baker M.A., BELL T.A., RUBINSZTEIN-DUNLOP H.,
Davis M.J. and NEELY T.W., Science, 364 (2019) 1264.

[15}sJOHNSTONE S.P., GROSZEK A.J., STARKEY P.T.,
BILLINGTON,.C.J., SiMULA T.P. and HELMERSON, K., Sci-
ence, 364 (2019) 1267.

K.,

and /A.’vov, V.S,

[16] KoBaYyasHI M. and TSUBOTA M., J. Phys. Soc. Jpn., 74
(2005) 3248.

[17] KasamaTsu K., ETo M. and NiTTA M.,0Phgs. Rev. A,
93 (2016) 013615.

[18] WEIss L.S., BORGH M.O., BrLINOVA A, OLLIKAINEN
T, MOTTONEN M, RuUOSTEKOSKI J, and HAnL D.S.,
Nat. Commun., 10 (2019) 4772.

[19] KoBayasHI M, KAWAGUCHI Y, NITTA Mhand UEDA M.,
Phys. Rev. Lett., 103 (2009) 115301.

[20] KasamaTsu K., TsuBota . M.
Int. J. Mod. Phys., 19 (2005) 1835.

[21] ScuMIED C.-M, GASENzZER  T.
Phys. Rev. A, 100 (2019) 033603.

[22] PRUFER M., KUNKEL P4 STROBEL H.; LANNIG S., LIN-
NEMANN D., ScaMiED C.-M., BERGES J., GASENZER T.
and OBERTHALER M.KI, 'Nature, 563 (2018) 217.

[23] SALMAN H. and BERLOFE«N*G., Physica D, 238 (2009)
1482.

[24] KARL M., NowAk, B. and GASENZER T., Phys. Rev. A,
88 (2013) 063615.

[25] HOFMANN Ju, NATU S. Spand SARMA S. D.; Phys. Rev.
Lett., 113 (2014),095702.

[26] VoLOVIK G.E. and MINEEV V.P., JETP Lett., 24 (1976)
561.

[27) AuT®r S, DMITRIEV V.V., MAKINEN J.T., SOLDATOV
A Ay VoLovik G.E., YupiN A.N., ZaviarLov, V.V. and
Brrsoy VB, Phys. Rev. Lett., 117 (2016) 255301.

[28] [LEONHARDT U. and Vorovik G.E., JETP Lett., 72
(2000). 46.

[29] SEo “SiW., Kanc S., KwoN
Phys. Rev. Lett., 115 (2015) 015301.

[30] SeHoLE J., NowaK B. and GASENZER T., Phys. Rev. A,
86 (2012) 013624

[31} Nowak B., ScHOLE J., SEXTY D. and GASENZER T.,
Phys. Rev. A, 85 (2012) 043627.

[32] KARL M. and GASENZER T., New J. Phys., 19 (2017)
093014.

[33] INOUYE S., ANDREWS M.R., STENGER J., MIESNER H.-
J., STAMPER-KURN D.M. and KETTERLE W., Nature, 392
(1998) 151.

[34] PAPOULAR D.J., SHLYAPNIKOV G.V. and DALIBARD J.,
Phys. Rev. A, 81 (2010) 041603.

[35] ETO M., KasamaTsu K., NiTTA M., TAKEUCHI H. and
TSUBOTA M., Phys. Rev. A, 83 (2011) 063603.

[36] RUOSTEKOSKI J. and ANGLIN, J.R., Phys. Rev. Lett., 91
(2003) 190402.

[37] LOVEGROVE J., BORGH M.O. and RUOSTEKOSKI J., Phys.
Rev. A, 86 (2012) 013613.

[38] JAVANAINEN J. and RUOSTEKOSKI J.,
Math. Gen., 39 (2006) L179.

[39] ViLLois A., KrsTuLOVIC G., PROMENT D. and SALMAN
H., J. Phys. A: Math. Theor., 49 (2016) 415502.

[40] Roral C., SKIPPER J., KERR R.M. and SREENIVASAN
K.R., J. Fluid Mech., 808 (2016) 641.

[41] KawAaGuUcHI Y. and UEDA M., Phys. Rep., 520 (2012)
253.

[42] SALMAN H. and MAESTRINI D., Phys. Rev. A, 94 (2016)
043642.

[43] SyMES L. and BLAKIE P., Phys. Rev. A, 96 (2017) 013602.

[44] BRAY A.J., Adv. Phys., 43 (1994) 357-459.

and Uebpa M.,

and “BLAKIE P.,

W.J., SHIN Y.-L,

J. Phys. A:

p-7

308

309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

362

363

364

365

366

367



