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ABSTRACT
The irreversibility examination in steady flows of water based silver and copper nanofluids between two rotating disks is presented in this
paper. The Darcy–Forchheimer relation is applied to the fluid flow. The two disks are kept at constant temperatures and are rotating
with angular velocities. A magnetic field along radial and tangential directions is also applied. Moreover, viscous dissipation, heat gener-
ation, and Joule heating influences are taken in the nanofluid flows. The modeled problem is treated with the homotopy analysis method
(HAM) and shooting techniques. The deviations in both nanofluids due to embedded factors are shown in graphs. The HAM and shooting
techniques are compared and are shown with the help of figures and tables. The leading arguments of the current study are stated in the
concluding section.

© 2020 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0014952., s

I. INTRODUCTION

At present, nanofluid analysis is a prevalent area of research.
A suspension of solid nanoparticles in a base fluid is called a
nanofluid. Such fluids have much greater ability of thermal con-
duction as compared to pure base fluids. The applications of
nanofluids in the field of medicine include nanodrugs, electrome-
chanical systems, optical sensors, cooling and heating devices, etc.
Initially, Choi1 observed the enhancement in fluid thermal con-
ductivity by using nanoparticles. To analyze the thermal transfer
characteristics of fluids, Hwang et al.2 analyzed Al2O3 nanoparti-
cles in water based nanofluids. Bhatti and Rashidi3 investigated the

Williamson fluid flow over a stretched surface. The numerical analy-
sis of nanofluid flows through porous walls was examined by Hatami
et al.4 The analysis of radiative water based copper and silver
nanofluids was probed by Hayat et al.5 The peristaltic flows of cop-
per oxide water based nanofluids in a porous tube were presented by
Akbar et al.6 The nanofluid flow with shape effects of nanoparticles
and entropy optimization was discussed by Ellahi et al.7 Nanofluids
with magnetic field influence are magneto-nanofluids. Drug target-
ing, magnetohydrodynamic (MHD) sensors, nuclear reactors, power
generators, plasma confinement and accelerators, etc., are the appli-
cations of MHD. The magnetic field influence on convective three-
dimensional (3D) nanofluids was studied by Sheikholeslami and
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Ellahi.8 Hayat et al.9 presented the magnetohydrodynamic nanofluid
flow through an extending surface. Abbasi et al.10 presented the
convective Maxwell nanofluid flow with a heat source/sink. The
flow of unsteady MHD nanofluids over a rotating cone was pre-
sented by Raju et al.11 The thermal and mass transmission in chem-
ically reactive MHD nanofluids was analyzed by Jonnadula et al.12

Ellahi13 probed the MHD nanofluid with thermal dependent vis-
cosity. The magnetohydrodynamic flow of nanofluids with radia-
tion influence was presented by Kumam et al.14 The MHD radiative
Eyring–Powell fluid flow was investigated by Alharbi et al.15 Khan
et al.16 inspected the MHD Forchheimer nanofluid flow in the rotat-
ing frame. The MHD fluid flow with Hall current was investigated
by Shah et al.17

The researchers have shown much interest in the fluid flows
by two rotating disks. The convenient applications are in aircrafts,
gas turbines, car bake systems, engines, atomizers, computer disk
drives, medical equipment, rotational air cleaners, evaporators, and
extractors. Turkyilmazoglu18 investigated the boundary layer flow in
a rotating disk. Hatami et al.19 explored the thermal characteristics
of nanofluids in rotating disks. Yan and Soong20 analyzed the con-
vective flows in rotating disks. You et al.21 numerically investigated
elastic–plastic rotating disks. Soong22 theoretically investigated the
mixed convective flows in rotating disks. Hayat et al.23 presented
the fluid flow with chemical reactions by a rotating disk. Alreshidi
et al.24 investigated the nanofluid flow with Joule heating consider-
ing slip conditions by a rotating disk.

In order to verify the recital of numerous systems used in engi-
neering and industrial applications, entropy optimization is used.
Therefore, many engineers and researchers have struggled with the
problems of entropy generation. Initially, Bejan25 presented the the-
oretical analysis on entropy optimization. The irreversibility exami-
nation in MHD flows of the Newtonian fluid over an extending disk
was probed by Hayat et al.26 Dawar et al.27 probed the irreversibility
in MHD flows of the nanofluid. The irreversibility examination in a
viscous fluid over an extending sheet was scrutinized by Govindaraju
et al.28 The Newtonian convective fluid flow with the irreversibility
process was presented by Khan et al.29 The irreversibility analysis in
the radiative Newtonian fluid with the buoyancy force was presented
by Ganesh et al.30 Some further studies related to entropy optimiza-
tion can be seen in Refs. 31–35. Numerical and analytical studies of
the boundary value problem with different approaches and effects
can be seen in Refs. 36–39.

In view of the above-mentioned literature survey, the entropy
generation in MHD flows of water based silver and copper nanoflu-
ids is presented in this work. The nanofluid flows are taken between
two stretched rotating disks. A porous medium is filled by incom-
pressible fluids that are categorized by the Darcy–Forchheimer
relation.

II. PROBLEM FORMULATION
The axisymmetric flows of water based silver and copper

nanofluids between two rotating disks are assumed here. The two
lower and upper disks are located at z = 0 and z = h, respectively
(Fig. 1). T1 and T2 are considered the two constant temperatures
at lower and upper disks correspondingly. The disks are rotating
with angular velocities γ1 and γ2 with stretching rates λ1 and λ2,
respectively. The copper and silver water based nanofluids contain

FIG. 1. Flow geometry.

nanoparticles. A porous medium is filled by incompressible fluids
that are categorized by the Darcy–Forchheimer relation. A mag-
netic field along radial and tangential directions is applied. More-
over, heat generation, Joule heating, and viscous dissipation are pre-
sented. In the presence of silver and copper (base fluids) nanofluids,
entropy optimization is investigated. The principal equations for the
contemporary flow with cylindrical coordinates are40
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The conditions at the boundaries are

u = λ1r, v = γ1r, w = 0, T = T1 at z = 0, u = λ2r,
v = γ2r, w = 0, T = T2 at z = h.

(6)
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The fundamental properties of the nanofluid are41–44

μnf
μf
= 1
(1 − φ)2.5 , ρnf = φρs + (1 − φ)ρf ,

(ρcp)nf = (1 − φ)(ρcp)f + φ(ρcp)s,

σnf
σf
=

3φ( σsσf − 1)

( σsσf + 2) − φ( σsσf − 1)
+ 1,

knf
kf
=
(ks + 2kf ) − 2φ(kf − ks)
(ks + 2kf ) + φ(kf − ks)

.

(7)
In the above equations, u, v, andw are the velocity components along
r−, θ−, and z− directions, respectively, T1 and T2 are the tempera-
tures of lower and upper disks, respectively, Q0 is the heat genera-
tion, F∗ and K are the Forchheimer coefficient and porous medium
permeability, μnf is the dynamic viscosity, υnf is the kinematic vis-
cosity, knf is the thermal conductivity, ρnf is the density, σnf is the
electrical conductivity, (ρcp)nf is the capacitance of the nanofluid, φ
is the nanoparticle volume fraction, and the subscripts nf, s, and f
are used for thermo-physical properties of the nanofluid, nano-solid
particles, and base fluid, respectively.

The following transformations are defined:

u = γ1rf ′(ω), v = γ1rg(ω), w = −2hγ1f (ω),

θ(ω) = T − T2

T1 − T2
, ω = z

h
.

(8)

Using Eq. (8), Eq. (1) is obvious and Eqs. (2)–(6) are reduced as
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f = 0, f ′ = A1, g = 1, θ = 1 at ω = 0,

f ′ = A2, g = γ, θ = 0 at ω = 1.
(13)

Here, Re is the Reynolds number, Ha is the Hartmann number, λ
is the porosity parameter, Pr is the Prandtl number, F is the local
inertial coefficient, A1 and A2 are stretching parameters, Ec is the
Eckert number, Br is the Brinkman number, β is the heat generation
parameter, and γ is the rotation parameter, which are defined as
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III. PHYSICAL QUANTITIES OF INTEREST
The surface drag force at the lower disk (Cf 0) and upper disk

(Cf 1) is defined as
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is the shear stress, in which τzr and τzθ
are the shear stresses at lower and upper disks, respectively, and are
defined as
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The dimensionless form of Eqs. (16) and (17) is

Cf 0Rer =
1
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√
(g′(0))2 + ( f ′′(0))2, (18)

Cf 1Rer =
1

(1 − φ)2.5

√
(g′(1))2 + ( f ′′(1))2. (19)

The rate of thermal transmission at lower (Nux0) and upper
(Nux1) disks is stated as

Nux0 =
hqw

(T1 − T2)kf
∣
z=0

, Nux1 =
hqw

(T1 − T2)kf
∣
z=h

, (20)

where qw = −knf ∂T∂z ∣z=0
and qw = −knf ∂T∂z ∣z=h are the heat fluxes at

lower and upper disks, respectively.
The dimensionless form of Eq. (20) is

Nux0 = −
knf
kf

θ′(0), Nux1 = −
knf
kf

θ′(1). (21)
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IV. ENTROPY GENERATION
Analyzing the second law behavior of the steady flow of water

based silver and copper nanofluids between rotating disks through
entropy optimization, the basic equation for entropy is written as

SG =
knf
T2
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which is reduced as
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The Bejan number is defined as
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The Bejan number is reduced as

Be =
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Here, NG depicts the entropy generation rate, Br is the Brinkman
number, and Td is the temperature difference, which are defined as

NG =
SGTf νf
(T1 − T2)kf

, Br =
μf h2γ2

(T1 − T2)kf
, Td =

(T1 − T2)
Tf

. (26)

V. METHODOLOGY
The model equations (9)–(13) are solved by using the homo-

topy analysis method (HAM) and shooting techniques. The HAM
is a semi-analytical method that agrees with the convergence of the
proposed model. The analytical solution of the modeled equations
(9)–(12) with boundary conditions (13) is treated with the help of
computed codes using Mathematica 10.0. The initial supposition
[f 0(ω), g0(ω), and θ0(ω)] and linear operatives (Lf , Lg , and Lθ) are
stated as
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Nθ(θ(ω;X), g(ω;X), f (ω;X)) =
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where X ∈ [0,1] is the entrenching factor.
The mth order deformation problems are

Lf ( fm(ω) − χmfm−1(ω)) = h̵fRf ,m(ω), (37)
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Lθ(θm(ω) − χmθm−1(ω)) = h̵θRθ,m(ω), (39)

fm(0) = f ′m(0) = f ′m(1) = gm(0) = gm(1) = θm(0) = θm(1) = 0,
(40)
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(1 − φ)2.5(1 − φ + ρs
ρf
φ)

f ′m−1

−ReF(f ′m−1)
2, (41)

Rg,m(ω) =
1

(1 − φ)2.5(1 − φ + ρs
ρf
φ)

g′′m−1 − Re(f ′m−1)
2

+ 2Re
k−1

∑
m=1
(fm−1−kg

′

k) − 2Re
k−1

∑
m=1
(gm−1−kf

′

k)

−
σnf
σf

ReHa

(1 − φ + ρs
ρf
φ)

gk−1, (42)

Rθ,m(ω) =
(ks + 2kf ) − 2φ(kf − ks)
(ks + 2kf ) + φ(kf − ks)

θ′′k−1

+
2RePr

(1 − φ +
(ρcp)s
(ρcp)f

φ)

k−1

∑
m=1
(fm−1−kθk)

+
Br

(1 − φ)2.5 ((f
′′

k−1)
2 + (g′k−1)

2 +
12
A
(f ′k−1)

2)

+ReMBr((f ′k−1)
2 + (gk−1)2) + RePrβθk−1, (43)

χm = {
1, m > 1
0, m ≤ 1.

(44)

VI. RESULTS AND DISCUSSION
This section enlightens the graphical consequences of influ-

ential factors on velocity components {radial [f
′

(ω)], tangential
[g(ω)]}, temperature, entropy optimization, and Bejan number fields
of the nanofluid flows between two rotating disks. In addition,
the variations in skin friction and Nusselt number due to these
factors are accessible through tables. The red line represents the
Cu–water nanofluid, and the blue dashed line indicates the Ag–
water nanofluid.

Figures 2–4 exhibit the variation in velocity components and
thermal profiles via the Reynolds number. The radial velocity com-
ponent escalates, while the tangential velocity component and tem-
perature profiles have opposite behavior for the increasing Reynolds
number. Actually, escalating the Reynolds number escalates viscous
effects, which heighten the velocity profile along the radial direction,
while deescalate the velocity profile along the tangential direction.
The Reynolds number depicts the fluid viscosity. So, increasing the
Reynolds number declines the fluid viscosity and hence reduces
the thermal field of both nanofluids. Figures 5–7 show the effect of
the nanoparticle volume fraction on the axial velocity, radial veloc-
ity, and thermal profiles. It is concluded from Figs. 5–7 that the
velocity fields reduce, while the thermal profile escalates with the
higher values of the nanoparticle volume fraction. The nanofluid
flow variation via the Hartmann number is displayed in Figs. 8–10.
The radial and tangential velocity components decline with the esca-
lation in the Hartmann number. This effect is due to the Lorentz

FIG. 2. Re on f
′

(ω).
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FIG. 3. Re on g(ω).

FIG. 4. Re on θ(ω).

FIG. 5. φ on f
′

(ω).

FIG. 6. φ on g(ω).

FIG. 7. φ on θ(ω).

FIG. 8. Ha on f ′(ω).
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FIG. 9. Ha on g(ω).

force, which generates the opposing force to the nanofluid flow. This
force reduces the nanofluid velocity in both directions. The oppo-
site variation is depicted against the temperature profile. In fact,
the magnetic field strength increases with the increasing Hartmann
number, which supplies extra heat to the nanofluid flows. Thus,
the thermal field upsurges. Figure 11 presents the influence of the
porosity parameter on the axial velocity component. The porous
medium shows reducing behavior to the nanofluid flows. The vari-
ation in the axial velocity component via the inertial coefficient is
displayed in Fig. 12. A declining impact of the inertial coefficient
against the axial velocity is observed here. Figures 13 and 14 indi-
cate the variation in nanofluid flows along the radial direction via
stretching parameters. As we heighten the stretching rates of the
parameters, the velocity of the nanofluid flows escalates. Thus, the
heightening impact on the radial velocity component is observed via
the stretching parameter. Figures 15 and 16 indicate the variation in
nanofluid flows along radial and tangential directions via the rota-
tion parameter. As we heighten the rotation parameter, the velocity
of the nanofluid flows escalates. Thus, the heightening impacts on

FIG. 10. Ha on θ(ω).

FIG. 11. Variation in f ′(ω) via λ.

FIG. 12. Variation in f ′(ω) via F.

FIG. 13. A2 on f ′(ω).
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FIG. 14. A1 on f ′(ω).

FIG. 15. γ on f ′(ω).

FIG. 16. γ on g(ω).

FIG. 17. Variation in θ(ω) via Br.

both radial and tangential velocity components are observed via the
rotation parameter. Figure 17 displays the change in the thermal field
due to a greater Brinkman number. Actually, the greater Brinkman
number provides thermal conduction to the flow in a very small
amount. Thus, the greater Brinkman number heightens the thermal
field. Figure 18 indicates the effect of the heat generation factor on
the thermal profile of the nanofluid flows. Higher values of the heat
generation parameter produce nanofluid flows, which escalate the
temperature field. The influence of the increasing Brinkman num-
ber on entropy optimization and Bejan number is demonstrated
in Figs. 19 and 20. An escalating behavior of entropy generation is
depicted via a higher Brinkman number. Actually, greater values of
the Brinkman number reduce the thermal conduction in nanoflu-
ids, and thus, the entropy optimization is improved. A conflicting
variation in the Bejan number is observed. The influence of the
nanoparticle volume fraction on entropy optimization and Bejan
number is exhibited in Figs. 21 and 22. Both profiles are intensifying
with escalating values of the nanoparticle volume fraction. In fact,
the irreversibility process increases because of fluid friction. Thus,

FIG. 18. Variation in θ(ω) via β.
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FIG. 19. Br on NG(ω).

FIG. 20. Br on Be(ω).

FIG. 21. φ on NG(ω).

FIG. 22. φ on Be(ω).

both fields are increased. The change in entropy optimization and
Bejan number due to the influential Hartmann number is displayed
in Figs. 23 and 24. The intensifying values of the Hartmann num-
ber surge the entropy generation, while the opposite behavior on
the Bejan number is perceived. Actually, the heightening Hartmann
number creates the resistive force to the motion of the nanoparti-
cles of the nanofluids. Thus, entropy generation is increased, while
the Bejan number is reduced. The influence of temperature differ-
ence on entropy optimization and Bejan number is portrayed in
Figs. 25 and 26. Both profiles are increased via temperature dif-
ference. Figures 27–29 and Table I express the association of the
HAM and shooting techniques. From Figs. 27–29 and Table I, it
is found that both the techniques are quite applicable to the mod-
eled problem of the nanofluids. Table II shows the thermo-physical
properties of the base fluid and nanoparticles. Table III is displayed
in order to analyze the impact of embedded factors on drag force. A
higher Reynolds number escalates the skin friction at the lower disk,
while deescalates the skin friction at the upper disk for the Ag–water
nanofluid. In addition, the increasing behavior is depicted at both

FIG. 23. Ha on NG(ω).
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FIG. 24. Ha on Be(ω).

FIG. 25. Td on NG(ω).

FIG. 26. Td on Be(ω).

FIG. 27. HAM vs shooting for f ′(ω).

FIG. 28. HAM vs shooting for g(ω).

FIG. 29. HAM vs shooting for θ(ω).
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TABLE I. Association between shooting and HAM for f ′(ω), g(ω), and θ(ω).

f ′(ω) g(ω) θ(ω)

ω HAM Shooting HAM Shooting HAM Shooting

0.0 0.000 000 0.000 000 0.000 000 −5.3455 × 10−10 1.000 000 1.000 000
0.2 0.179 837 0.178 984 0.200 278 0.200 744 0.805 720 0.827 635
0.4 0.319 366 0.317 233 0.400 529 0.401 781 0.606 375 0.630 152
0.6 0.418 674 0.416 121 0.600 672 0.600 672 0.404 148 0.414 028
0.8 0.477 971 0.476 095 0.800 563 0.800 563 0.201 267 0.190 028
1.0 0.497 621 0.496 460 1.000 000 1.005 020 5.1499 × 10−18 0.004 763

TABLE II. Thermo-physical properties of base fluids and nanoparticles.

ρ (kg/m3) cp (J/kg K) k (W/m K) σ (1/γm)

Silver (Ag) 10 500 235 429 6.30 × 107

Copper (Cu) 8933 385 401 5.96 × 107

Water (H2O) 997.1 4179 0.613 0.05

disks for the Cu–water nanofluid. A similar impact is also observed
for both nanofluids for a higher Hartmann number. At the lower
disk surface, with higher values of the porosity parameter, Ag–water
and Cu–water nanofluids escalate, whereas conflicting conduct is
depicted at the upper disk for both nanofluids. The greater values of
the inertial coefficient escalate both nanofluids at the lower disk sur-
face, while conflicting behavior is depicted at the upper disk for both
nanofluids. The escalating stretching rates decline the surface drag

TABLE III. Numerical consequences of the surface drag force at the lower disk (Cf 0) and upper disk (Cf 1) for both nanofluids.

Ag–water Cu–water

Re Ha λ F A1 A2 γ φ Cf 0 Cf 1 Cf 0 Cf 1

0.1 0.3 0.5 0.1 0.7 0.5 0.8 0.1 0.5804 0.3966 0.5836 0.3995
0.2 0.7116 0.3497 0.6966 0.3498
0.3 0.8348 0.2851 0.8116 0.3372
0.4 0.1 0.9066 0.3767 0.8747 0.3634

0.2 0.9317 0.3746 0.8992 0.3596
0.3 0.9568 0.3742 0.9257 0.3577
0.4 0.1 0.9420 0.4139 0.9094 0.3996

0.2 0.9457 0.4037 0.9131 0.3889
0.3 0.9480 0.3937 0.9171 0.3783
0.4 0.2 0.9509 0.3663 0.9299 0.3499

0.3 0.9652 0.3586 0.9390 0.3425
0.4 0.9696 0.3511 0.9485 0.3351
0.5 0.1 0.9398 0.4745 0.9926 0.4877

0.3 0.8673 0.2928 0.8381 0.2925
0.5 0.8108 0.2527 0.7804 0.2280
0.7 0.1 1.1671 0.8985 1.1521 0.8949

0.4 0.9890 0.4849 0.9620 0.4753
0.6 0.9412 0.3192 0.9066 0.2935
0.5 0.3 1.9930 0.9792 1.9967 0.9563

0.5 1.9286 1.1043 1.8713 1.1361
0.7 1.8664 1.2120 1.7768 1.2971
0.8 0.20 2.5818 1.4261 2.6059 1.3951

0.21 2.6243 1.4751 2.6499 1.4411
0.22 2.6682 1.5241 2.6951 1.4891
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TABLE IV. Numerical results for the thermal transfer rate at the lower disk (Nux 0) and
upper disk (Nux 1) for both nanofluids when A1 = 0.7, A2 = 0.5, Re = 0.4, and γ = 0.8.

Ag–water Cu–water

Ha λ F Ec φ Nux0 Nux1 Nux0 Nux1

0.1 0.5 0.1 0.7 0.1 2.2586 0.9931 2.1600 0.9694
0.2 2.2282 0.9968 2.1405 0.9830
0.3 2.1080 0.9992 2.1201 0.9964
0.3 0.1 2.2127 0.9936 2.2250 0.9896

0.2 2.2115 0.9952 2.2238 0.9913
0.3 2.2003 0.9969 2.2225 0.9931
0.5 0.2 2.1800 0.9117 2.2191 0.9978

0.3 2.1759 0.9132 2.2181 0.9992
0.4 2.1649 0.9146 2.2172 1.0014
0.1 0.2 2.0511 0.9452 2.1629 2.1214

0.3 1.5071 2.2205 1.5094 2.2250
0.4 1.3974 2.3204 1.3998 2.3248
0.1 0.20 1.9948 2.4545 1.9989 2.4635

0.21 2.1479 2.5041 2.1522 2.5135
0.22 2.1921 2.5549 2.1966 2.5648

force of both nanofluids at both disks. The rising rotation factors
reduce the surface drag force for both nanofluids at the lower disk,
while the reverse impression is observed at the upper disk. The skin
friction rises for both nanofluids at both disks with escalating values
of the nanoparticle volume fraction. Table IV displays the variation
in the Nusselt number via influential factors. The Nusselt number
escalates with higher values of the Hartmann number and inertial
coefficient at the lower disk for both nanofluids, while reduces at the
upper disk for both nanofluids. The escalating values of the porosity
parameter reduceNu at the lower disk, while escalateNu at the upper
disk for both nanofluids. The rising estimations of the Eckert num-
ber decline Nu at the lower disk, while the opposing performance is
observed at the upper disk for both nanofluids. The growing values
of the nanoparticle volume fraction escalateNu at both disks for both
nanofluids.

VII. CONCLUSION
Entropy generation in Darcy–Forchheimer flows of Cu–water

and Ag–water nanofluids between two rotating disks is investigated.
A magnetic field along radial and tangential directions is applied.
The modeled coupled equations are solved analytically and numer-
ically. Core points of the present analysis for both nanofluids are as
follows:

a. The radial velocity component is heightened, while the tangen-
tial velocity component and temperature profile are reduced
with the Reynolds number.

b. The radial and tangential velocity components are declined,
while the temperature profile is escalated with the Hartmann
number and nanoparticle volume fraction.

c. The radial velocity component is declined with the poros-
ity parameter and inertial coefficient, while heightened with
stretching parameters.

d. The radial and tangential velocity components are escalated
with the rotation parameter.

e. The temperature profile is escalated with the Brinkman num-
ber and heat generation parameter.

f. Entropy generation and Bejan number are increased with the
volume fraction of nanoparticles, temperature difference, and
Brinkman number.

g. The entropy generation is improved with the Hartmann num-
ber, while the Bejan number is reduced with the Hartmann
number.

h. The close contract of both analytical and numerical techniques
is observed.
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