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Abstract

In this thesis we study the deformation of an elastic cell in an inviscid �uid �ow.

We formulate the system of equations which governs the unsteady interaction

between a thin-walled two-dimensional elastic cell and an inviscid �uid �ow,

allowing for �uids both in the exterior and interior of the cell. We present a

conformal mapping method to simplify the exterior �ow, and discuss numerical

methods to evaluate the interior �ow.

We focus on two particular �ow con�gurations: a massless cell in a uniform

stream, and a massive cell in a stream with circulation where the weight of

the cell is balanced by the lift generated by the �ow. We present asymptotic

methods to obtain equilibria at low �ow speeds, and use numerical methods to

perform a detailed analysis of the solution space. For the massless cell we also

analyse the linear stability of the equilibria, and study the subsequent nonlinear

evolution of the unsteady cells.

We also extend the elastic cell formulation to allow for a �xed angle corner

and an inextensible internal support, providing a simple model of an in�atable

aerofoil. We present numerical methods based on a conformal mapping and a

boundary integral equation which we use to analyse the deformed cell shapes

in an inviscid �ow, and obtain the parameter values for which the cell takes an

aerodynamic shape. We compute the viscous �ow past these deformed aerofoils

and assess their aerodynamic viability.
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1

Introduction

1.1 Motivation

The deformation of an elastic body in response to hydrodynamic forces is a

problem with applications in many �elds. In biomechanics, elastic cells have

been used to model the deformation of blood cells as they travel through veins

and arteries (Pozrikidis, 2003; Fedosov et al., 2014), as well as elastic capsules

used for drug delivery (Chang and Olbricht, 1993). Elastic models can be used

to understand the collapse of veins in response to an imposed transmural

pressure under laboratory conditions (Moreno et al., 1970), or due to the blood

�ow itself (Fung, 1997). In the aerospace industry there is increasing interest

in the use of in�atable aerofoils which deform elastically in response to the

air�ow. The most well-known of these in�atable aerofoils is the Goodyear

In�atoplane (Goodyear Aircraft, 1957). In�atable aerofoils have several

advantages over traditional rigid aerofoils. They can be packed into a small

volume for ease of transportation, and for this reason they have been

suggested for use in extraterrestrial exploration (Smith et al., 2000; Landis

et al., 2003). Their design also typically involves some sort of internal support

structure, which can be tailored in-�ight to optimise the performance in

multiple roles with di�erent �ight requirements (Lynch and Rogers, 1976;

Simpson, 2008). In each of these examples an understanding of the

�uid-structure interaction between the elastic body and the �ow is of
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fundamental importance; it is crucial to be able to predict the �uid �ow and

subsequent elastic deformation and to assess the stability of the deformed

states.

1.2 Background

The deformation of an elastic cell in response to a uniform transmural

pressure was �rst examined by Lévy (1884), who identi�ed a critical pressure

above which a circular cell can deform into a buckled shape. Halphen (1888)

subsequently identi�ed a set of critical pressures 𝑝𝑛 above which the circular

cell deforms into a mode-𝑛 rotationally symmetric shape, and both Halphen

(1888) and Greenhill (1899) obtained analytical solutions for these deformed

cells in terms of elliptic integrals. The deformation of an elastic cell in

response to a uniform transmural pressure has since been studied extensively,

notably by Carrier (1947) and Tadjbakhsh and Odeh (1967).

Several extensions to this problem have subsequently been studied.

Flaherty et al. (1972) used a similarity solution to obtain buckled cells with

regions of self-contact, signi�cantly expanding the set of physically

permissible solutions. These self-contact solutions were further expanded on

by Djondjorov et al. (2011). Watson and Wang (1981) studied the deformed

shape of a heavy cell supported by a point force, while Blyth and Pozrikidis

(2002) examined the bucking of a heavy cell resting on a horizontal or inclined

plane. Elgindi et al. (1992) studied the deformation of an elastic tube

submerged in a �uid with a variable hydrostatic pressure.

There is extensive literature on the numerical modelling of elastic cells in

viscous �ows (e.g. Pozrikidis, 2010), as well as semi-analytical studies (e.g.

Higley et al., 2012). However, the problem of an elastic cell submerged in an

inviscid �uid �ow has received comparatively little attention. In this case the
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pressure �eld around the cell is not known in advance, but depends on the

�ow �eld past the deformed cell shape. This coupling between the elastic

deformation and the �uid �ow signi�cantly increases the complexity of the

problem.

A closely related problem is that of a bubble in a uniform stream. This

problem was notably studied by Vanden-Broeck and Keller (1980), who

obtained numerical solutions by formulating the problem as an

integrodi�erential equation. Shankar (1992) used a conformal mapping

method to obtain asymptotic solutions for low �ow speeds, while Nie and

Tanveer (1995) assessed the linear stability of the bubble in a uniform stream.

Exact solutions for the deformation of a bubble in a circulatory �ow were

obtained by Crowdy (1999), and extended upon by Wegmann and Crowdy

(2000).

The deformation of an elastic cell in a �uid �owwas notably studied by Blyth

and Părău (2013), who used a method based on a conformal mapping to obtain

both analytical and numerical results for deformed equilibria shapes for a cell in

either a uniform stream or a circulatory �ow. Focussing on cell shapes which

are both left-right symmetric and top-bottom symmetric, they used a linear

expansion for the cell curvature to predict the �rst order deformation of an

initially circular cell in a weak �ow. Guided by these results they computed fully

nonlinear equilibria using a numerical method based on a conformal mapping

that is restricted to cells with a top-bottom cell symmetry. They demonstrated

that at low �ow speeds a cell will deform into an elliptical-type shape with its

major axis oriented either horizontally aligned with the uniform stream or at

ninety degrees to it, depending on whether the transmural pressure is above or

below the �rst buckling pressure obtained by Lévy (1884) for a cell in a static

�uid.
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1.3 Thesis Outline

In Chapter 2 we formulate the system of equations which governs the unsteady

interaction between a thin-walled two-dimensional elastic cell and an inviscid,

irrotational, and incompressible �uid �ow. The �uid �ow past the cell is taken

to be a uniform stream in the far-�eldwith some circulation around the cell. The

cell material is assumed to have some weight, which can be taken to balance the

lift force generated by the �ow. We also allow for the cell to be �lled with an

incompressible �uid. We use a conformal mapping method to simplify the �ow

equations, and derive the steady system for cells in equilibria. We also con�rm

the conservation of energy of the unsteady system.

In Chapter 3 we study the equilibria, stability and unsteady motion of a

massless cell in a uniform �ow. This provides a good model for cells consisting

of a thin, low-density elastic material, where the inertia of the cell wall is

much lower than the elastic and �uid forces acting upon it. We take as our

point of departure the work of Blyth and Părău (2013), who used a linear

expansion of the curvature at low �ow speeds to demonstrate that a circular

cell in a static �uid will deform into an elliptical-type shape with its major axis

oriented either horizontally aligned with the uniform stream or at ninety

degrees to it, depending on whether the transmural pressure is above or below

the critical pressure identi�ed by Lévy (1884). We use a conformal mapping

method based on that used by Shankar (1992) to obtain asymptotic expansions

of the equilibria at low �ow speeds, and use numerical methods to explore the

full solution space. We �nd a sequence of critical pressures, corresponding to

those identi�ed by Halphen (1888), at which further bifurcations are

encountered; notably, we show for the �rst time that steady cell shapes with

left-right asymmetry and cells with top-bottom asymmetry in the presence of

a uniform �ow are possible. We develop a linear stability method based on

that presented by Nie and Tanveer (1995) to study the linear stability of the
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deformed cells both for a uniform pressure interior and a �uid �lled interior

and present maps in parameter space of the regions of stability. We discover

that certain solution branches are always stable, while some are stable only for

a small region of parameter space, and �nd that the presence of a �uid in the

interior of the cell signi�cantly reduces the region of parameter-space for

which the steady solutions are linearly stable. We compute the nonlinear

time-evolution of the unstable cells subjected to a small initial perturbation

and identify regions in which they fall into one of two distinct regular

motions, either a �ipping motion or a bulging motion, while travelling

downstream with the �ow. The presence of an interior �uid is found to

increase the frequency of these motions while reducing the mean speed of the

motion downstream. Finally, we compute the Lyapunov exponent of one of

these unsteady simulations to assess the chaos of the system. Some of the

results presented in Chapter 3 have previously been published in Yorkston

et al. (2020a).

In Chapter 4 we study the equilibria of an elastic cell in a �ow with

circulation. We �rstly consider a circulatory �ow, with no �ow in the far-�eld.

This problem was studied in detail by Blyth and Părău (2013), who used a

linear analysis to obtain a dispersion relation between the circulation and the

�uid pressure at which mode-𝑘 buckled cells emerge. Using the conformal

mapping method described in Chapter 3 we obtain asymptotic expansions for

these buckled cells, and use numerical solutions to verify their accuracy. We

then consider a uniform stream �ow, with some circulation around the cell to

allow for the generation of lift. This lift force is balanced by the weight of the

cell material. We use a conformal mapping to obtain asymptotic solutions for

low �ow speeds and �nd that, as in the uniform stream problem, distinct

solution branches bifurcate from the unit circle at a series of critical pressures.

However, in the presence of circulation we �nd a much more complex
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bifurcation structure and uncover solution branches which are distinct from

any previously obtained.

In Chapter 5 we study the deformation a simple in�atable aerofoil,

modelled as thin two-dimensional elastic sheet whose ends are joined together

to form a corner of prescribed angle. We also allow for a straight inextensible

support joining two chosen points on the boundary, which constrains the

deformation to provide a more realistic model of an in�atable aerofoil. We

present two separate numerical methods used to evaluate the aerofoil

deformation in response to an inviscid �ow; we use a conformal mapping

method based on the Kármán-Tre�tz transform for the unsupported cell, while

an iterative method based on a boundary integral method is required for the

supported cell. We present a set of distinct equilibria shapes in the absence of

a �ow and relate these solutions to the buckled cells described in the previous

chapters. We analyse the deformation in response to a �uid �ow and uncover

a complex interchange of the solution branches as the �ow speed is increased.

We show that by tuning the internal support a good aerofoil-like shape can be

obtained and analyse the physical parameters for which the aerofoil can

maintain a good shape in response to the �uid pressures. We use a

combination of boundary layer calculations and full DNS using the software

package Gerris (Popinet, 2003, 2009) in order to assess the relevance of the

inviscid calculations to a real �ow, and determine the aerodynamic viability of

the deformed aerofoils by computing the lift-to-drag ratio. Some of the results

presented in Chapter 5 have been prepared for publication in Yorkston et al.

(2020b).

Finally, in Chapter 6 we summarise our results and discuss potential future

work.



2

Formulation of the Governing

Equations

In this chapter we formulate the system of equations which governs the

unsteady interaction between a thin-walled two-dimensional elastic cell and

an inviscid, irrotational, incompressible �uid �ow. The �uid �ow past the cell

is taken to be a uniform stream in the far-�eld with some circulation around

the cell. We also allow for the cell to be �lled with a volume of incompressible

�uid, which provides a model of an air-�lled cell in an air �ow, for example.

The equations which determine the internal stress of an elastic shell in

response to a deformation were notably studied by Pozrikidis (2002a), who

justi�ed a linear constitutive relation for the bending moment of the shell. We

use this relation, along with an inextensibility condition, to derive an

expression for the internal stress of an unsteady elastic cell, and thus derive

the equations which govern the unsteady motion of the cell in response to a

given transmural pressure. We formulate the equations which govern the �uid

�ow past the cell as well as the unsteady motion of the �uid in the interior of

the cell, and obtain dynamic and kinematic conditions which determine the

unsteady interaction between the �uid and the cell. We analyse the energy of

this system, and present a conformal mapping method to simplify the exterior

�ow problem. We present the steady system which governs the equilibrium

cell shapes, and obtain some invariants of the steady system.
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2.1 Problem Description

We consider the deformation of a smooth, two-dimensional elastic cell

submerged in an inviscid, incompressible, irrotational �uid �ow. The cell is

modelled as a thin elastic shell with uniform thickness ℎ and uniform density

𝜌𝑐 . The cell material is assumed to deform elastically with �exural rigidity 𝐸𝐵 ,

and in the absence of external forces the cell is assumed to take a circular

rest-state with radius ℓ . The cell material is also assumed to be inextensible,

with constant perimeter 2𝜋ℓ .

The �uid �ow past the cell is taken to be a uniform stream of speed𝑈 in the

positive 𝑥 direction, with circulation Γ around the cell. The �ow is assumed to

be inviscid, irrotational, and incompressible with uniform density 𝜌 (𝑒) . In the

interior of the cell, we allow for an inviscid, irrotational, and incompressible

�uid of density 𝜌 (𝑖) , where 𝜌 (𝑖) = 0 reduces the interior to a uniform pressure.

The cell is assumed to be impermeable, with no �uid motion across the cell

wall. Note however that, since the �ow is inviscid, we cannot enforce a no-slip

condition at the cell wall.

The system of equations and subsequent results derived in this chapter

provide a basis for the following chapters; in Chapter 3 we analyse the

equilibria of this system in the absence of circulation, and assess the linear

stability and compute the unsteady evolution of the full nonlinear system, and

in Chapter 4 we consider equlibria in the presence of circulation. Note that in

Chapters 3 and 4 restrictions are made on the parameters of the system in

order to provide a simpler solution space to analyse. The system derived in

this chapter is capable of modelling more general cases than those considered

in this thesis; these will be discussed in the Future Work section in Chapter 6.
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2.2 Elastic Deformation

We start by deriving the equations which govern the deformation and unsteady

motion of an elastic cell in response to some transmural pressure. We assume

the thickness ℎ of the cell wall is small, which allows us to represent the cell

boundary as a one-dimensional curve 𝜼(𝑠, 𝑡) = 𝑥 (𝑠, 𝑡) 𝒊 + 𝑦 (𝑠, 𝑡)𝒋, where 0 ≤

𝑠 ≤ 2𝜋ℓ is the arc-length distance along the boundary in the anticlockwise

direction relative to some reference point at 𝑠 = 0. The unit tangent vector in

the positive 𝑠 direction is given by 𝝉 = 𝜼𝑠 = 𝑥𝑠 𝒊+𝑦𝑠𝒋, and the unit normal vector

in the direction pointing from the interior to the exterior of the cell is given by

𝒏̂ = 𝑦𝑠 𝒊−𝑥𝑠𝒋. The arc-length derivatives of the unit tangent and normal vectors

are given by the Frenet-Serret formulae as 𝝉𝑠 = 𝜅𝒏̂ and 𝒏̂𝑠 = −𝜅𝝉 , where the

signed curvature 𝜅 is de�ned as 𝜅 = 𝑥𝑠𝑠𝑦𝑠 − 𝑥𝑠𝑦𝑠𝑠 . Note that the sign of the

curvature is sometimes taken to be the opposite of that used here; we have

chosen the sign such that the unit circle has a curvature of 𝜅 = −1.

Since we are going to model the �uid �ow using a complex potential, it will

be convenient to deal with vectors using complex notation. A vector 𝒂 = 𝑎𝑖 𝒊+𝑎 𝑗𝒋

can be represented as the complex number 𝑎 = 𝑎𝑖 + i𝑎 𝑗 , with the dot product

𝒂 ·𝒃 given by Re(𝑎𝑏). In complex form, the unit tangent and normal vectors are

given by 𝜏 = 𝜂𝑠 and 𝑛̂ = −i𝜂𝑠 respectively, and the curvature can be written as

𝜅 = −Im
(
𝜂𝑠𝑠𝜂𝑠

)
. A vector 𝒂 and its complex form 𝑎 thus satisfy 𝒂 · 𝝉 = Re

(
𝑎𝜂𝑠

)
and 𝒂 · 𝒏̂ = −Im

(
𝑎𝜂𝑠

)
. Throughout this work quantities will be represented in

both vector and complex form as appropriate, with bold symbols representing

vectors and non-bold symbols representing complex values.

The material properties of the cell wall are modelled using two

constitutive relations; an inextensibility condition, which prevents the cell

material stretching throughout the cell deformation, and a constitutive

relation for the elastic bending moment, which determines the extent to which

the cell deforms when subjected to an external force. Considering �rstly the
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Symbol Parameter Units

ℓ Radius of the undeformed cell m

ℎ Cell wall thickness m

𝜌𝑐 Cell wall density kgm−3

𝐸𝐵 Flexural rigidity of cell wall kgm2 s−2

𝑔 Acceleration due to gravity m s−2

𝑈 Far-�eld �ow speed m s−1

Γ Circulation m2 s−1

𝜌 (𝑒)/𝜌 (𝑖) Exterior/interior �uid density kgm−3

𝑝 (𝑒)/𝑝 (𝑖) Exterior/interior �uid pressure kgm−1 s−2

Table 2.1: The dimensional parameters of the system.

inextensibility condition, we require the arc-length distance between any two

physical material elements of the elastic material to remain constant

throughout the cell deformation. It is important to distinguish between the

arc-length parameter 𝑠 and the position of a physical material element, which

will not in general correspond to a �xed value of 𝑠 throughout the cell

deformation. The arc-length parameter 𝑠 represents some arbitrarily chosen

arc-length parametrisation, which in our case will be determined in terms of a

conformal mapping from the unit circle, and does not in general correspond to

a particular particle of the cell material throughout the cell deformation.

However, since the cell material is assumed to be inextensible, the arc-length

distance between any two material elements must be constant; the cell

material is thus restricted to a tank-treading motion, with each material

particle deviating by the same distance from its original arc-length position.

The arc-length position of the material element initially located at 𝑠 = 𝑠0 can

thus be expressed as 𝑠 = 𝑠0 + 𝑆0(𝑡), where the function 𝑆0(𝑡) gives the uniform

deviation of the cell material from its initial arc-length position and will be

determined by the dynamics of the system.
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The material derivative of the cell is de�ned as

D
D𝑡

=
𝜕

𝜕𝑡
+ 𝑆′0

𝜕

𝜕𝑠
, (2.2.1)

which gives the rate of change of a quantity from the perspective of a material

element. The velocity of the cell material can then be de�ned as

𝒗 (𝑐) (𝑠, 𝑡) = D𝜼
D𝑡

= 𝜼𝑡 + 𝑆′0𝝉 . (2.2.2)

This is equal to the time derivative of the cell parametrisation for a �xed 𝑠 plus

the rate at which the material element is deviating from that �xed value of 𝑠 in

the tangential direction. The time derivatives of the tangent and normal vectors

can be obtained by noting that 𝝉 𝑡 ·𝝉 = 1
2
𝜕
𝜕𝑡
(𝝉 · 𝝉 ) = 0 and 𝒏̂𝑡 · 𝒏̂ = 1

2
𝜕
𝜕𝑡
(𝒏̂ · 𝒏̂) = 0,

and so

𝝉 𝑡 = (𝝉 𝑡 · 𝒏̂)𝒏̂ =
(
𝜼𝑠𝑡 · 𝒏̂

)
𝒏̂ = −Im

(
𝜂𝑠𝑡𝜂𝑠

)
𝒏̂ (2.2.3)

and

𝒏̂𝑡 = (𝒏̂𝑡 · 𝝉 )𝝉 =

(
𝜕

𝜕𝑡
(𝒏̂ · 𝝉 ) − 𝒏̂ · 𝝉 𝑡

)
𝝉 = Im

(
𝜂𝑠𝑡𝜂𝑠

)
𝝉 . (2.2.4)

The acceleration of the cell material is thus given by

𝒂 (𝑐) (𝑠, 𝑡) = D2𝜼

D𝑡2
= 𝜼𝑡𝑡 + 𝑆′′0𝝉 − 2𝑆′0Im

(
𝜂𝑠𝑡𝜂𝑠

)
𝒏̂ + 𝑆′0

2
𝜅𝒏̂. (2.2.5)

As well as restricting the motion of the cell material, the inextensibility

condition requires the cell to have constant perimeter 2𝜋ℓ , equal to that of the

undeformed rest cell. The cell parametrisation 𝜂 (𝑠, 𝑡) must therefore be

periodic in 𝑠 with period 2𝜋ℓ .

We then consider the forces acting on the cell wall. Figure 2.2.1 shows the

forces acting on a cut-out segment of the cell wall. The cell is subjected to a

transmural pressure Δ𝑝 (𝑠, 𝑡) acting in the direction −𝒏̂ normal to the cell
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Δ𝑝 (𝑠, 𝑡)

𝜌𝑐𝑔

𝑁

𝑇
𝑀

𝑁

𝑇
𝑀

Figure 2.2.1: The forces acting on a segment of the elastic cell.

boundary, and a weight per unit area 𝜌𝑐ℎ𝑔 acting in the negative vertical

direction −𝒋. The cell material has some internal stress vector

𝑹 (𝑠, 𝑡) = 𝑁 (𝑠, 𝑡)𝒏̂ + 𝑇 (𝑠, 𝑡)𝝉 , where 𝑁 (𝑠, 𝑡) and 𝑇 (𝑠, 𝑡) are the normal and

tangential components of the stress respectively. By convention we take

𝑹 (𝑠, 𝑡) to be the stress acting on the end of the segment with a higher value of

𝑠 , and −𝑹 (𝑠, 𝑡) to be the stress acting on the end of the segment with a lower

value of 𝑠 . There is also bending moment 𝑀 (𝑠, 𝑡) acting at each end of the

segment. By convention a positive value of 𝑀 (𝑠, 𝑡) will act anticlockwise on

the end of the segment with a higher value of 𝑠 and clockwise on the end with

a lower value of 𝑠 . This bending moment arises directly from the elasticity of

the cell, acting to restore a deformed cell to its rest state.

Following the work of Pozrikidis (2002a), we assume the bending moment

at any point is directly proportional to the deviation of the curvature 𝜅 of the

cell wall from the circular rest-state, which has radius ℓ and curvature −1/ℓ .

This gives the constitutive equation for the bending moment

𝑀 = −𝐸𝐵
(
1
ℓ
+ 𝜅

)
, (2.2.6)

where 𝐸𝐵 is the �exural rigidity of the cell material; this is the force couple

required to bend the cell one unit of curvature from its rest-state. According

to thin-shell theory (Pozrikidis, 2002a), the �exural rigidity is given by 𝐸𝐵 =

𝐸ℎ3

12(1−𝜈2) , where 𝐸 is the Young’s modulus of the cell material, 𝜈 is the Poisson’s

ratio of the cell material, and ℎ is the thickness of the cell wall.
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To obtain a relation between the internal stress 𝑹 (𝑠, 𝑡) and the bending

moment 𝑀 (𝑠, 𝑡), we consider a small segment of the cell wall of length 2𝛿𝑠

spanning from 𝑠 − 𝛿𝑠 to 𝑠 + 𝛿𝑠 . We consider the rotational form of Newton’s

2nd law acting on this segment, which states that the rate of change of the

angular momentum of a body is equal to the sum of all external moments

acting upon it. This can be written as

∑︁
𝑀𝑖𝒌 = 𝜌𝑐ℎ

d
d𝑡

∫ 𝑠+𝛿𝑠

𝑠−𝛿𝑠

[
𝜼(𝑠′, 𝑡) − 𝜼0(𝑡)

]
× 𝒗 (𝑐) (𝑠′, 𝑡)d𝑠′ (2.2.7)

where 𝒌 ≡ 𝒊 × 𝒋, 𝜼0(𝑡) is the centre of mass of the segment,
∑
𝑀𝑖 is the sum of

the all moments acting on the segment about the centre of mass, and

𝜌𝑐ℎ
∫ 𝑠+𝛿𝑠
𝑠−𝛿𝑠

[
𝜼(𝑠′, 𝑡) − 𝜼0(𝑡)

]
× 𝒗 (𝑐) (𝑠′, 𝑡)d𝑠′ is the angular momentum of the

elastic material. The moments acting on the segment are the bending

moments 𝑀 (𝑠 + 𝛿𝑠, 𝑡) and −𝑀 (𝑠 − 𝛿𝑠, 𝑡), the moments due to the stress acting

at each end of the cell
[
𝜼(𝑠 + 𝛿𝑠, 𝑡) − 𝜼0(𝑡)

]
× 𝑹 (𝑠 + 𝛿𝑠, 𝑡) and[

𝜼(𝑠 − 𝛿𝑠, 𝑡) − 𝜼0(𝑡)
]
× −𝑹 (𝑠 − 𝛿𝑠, 𝑡), and the moment due to the external

forces acting upon the cell

∫ 𝑠+𝛿𝑠

𝑠−𝛿𝑠

[
𝜼(𝑠′, 𝑡) − 𝜼0(𝑡)

]
× [−𝜌𝑐ℎ𝑔𝒋 − Δ𝑝 (𝑠′, 𝑡)𝒏̂(𝑠′, 𝑡)]d𝑠′.

Equation (2.2.7) thus gives

𝑀 (𝑠 + 𝛿𝑠, 𝑡)𝒌 −𝑀 (𝑠 − 𝛿𝑠, 𝑡)𝒌

+
[
𝜼(𝑠 + 𝛿𝑠, 𝑡) − 𝜼0(𝑡)

]
× 𝑹 (𝑠 + 𝛿𝑠, 𝑡) −

[
𝜼(𝑠 − 𝛿𝑠, 𝑡) − 𝜼0(𝑡)

]
× 𝑹 (𝑠 − 𝛿𝑠, 𝑡)

−
∫ 𝑠+𝛿𝑠

𝑠−𝛿𝑠

[
𝜼(𝑠′, 𝑡) − 𝜼0(𝑡)

]
×

[
𝜌𝑐ℎ𝑔𝒋 + Δ𝑝 (𝑠′)𝒏̂(𝑠′, 𝑡)

]
d𝑠′

=
𝑑

𝑑𝑡

∫ 𝑠+𝛿𝑠

𝑠−𝛿𝑠
𝜌𝑐ℎ

[
𝜼(𝑠′, 𝑡) − 𝜼0(𝑡)

]
× 𝒗 (𝑐) (𝑠′, 𝑡)d𝑠′.

Dividing this expression by 𝛿𝑠 and taking the limit as 𝛿𝑠 → 0, we obtain 2𝑀𝑠𝒌 +

2𝜼𝑠 × 𝑹 = 0, where 𝜼𝑠 × 𝑹 = −𝑁𝒌 . Recalling the elastic constitutive relation
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(2.2.6), we obtain

𝑁 = 𝑀𝑠 = −𝐸𝐵𝜅𝑠 . (2.2.8)

The normal stress 𝑁 (𝑠, 𝑡) is thus given explicitly in terms of the cell curvature

𝜅 (𝑠, 𝑡) and the �exural rigidity 𝐸𝐵 .

Next considering the linear form of Newton’s second law on the same

segment of the cell material, we require

𝑹 (𝑠 + 𝛿𝑠, 𝑡) − 𝑹 (𝑠 − 𝛿𝑠, 𝑡)

−
∫ 𝑠+𝛿𝑠

𝑠−𝛿𝑠
[𝜌𝑐ℎ𝑔𝒋 + Δ𝑝 (𝑠′, 𝑡)𝒏̂(𝑠′, 𝑡)]d𝑠′ =

∫ 𝑠+𝛿𝑠

𝑠−𝛿𝑠
𝜌𝑐ℎ𝒂

(𝑐) (𝑠′, 𝑡)d𝑠′,

where the left-hand side is the net force acting upon the segment and the

right-hand side is the mean acceleration of the segment, where 𝒂 (𝑐) (𝑠, 𝑡) is the

material acceleration of the cell given by (2.2.5). Dividing this expression by 𝛿𝑠

and taking the limit as 𝛿𝑠 → 0, we obtain

𝑹𝑠 − 𝜌𝑐ℎ𝑔𝒋 − Δ𝑝𝒏̂ = 𝜌𝑐𝒂
(𝑐) . (2.2.9)

Recalling from (2.2.8) that 𝑁 = −𝐸𝐵𝜅𝑠 , 𝑹𝑠 can be written in the form

𝑹𝑠 =
𝜕

𝜕𝑠
(−𝐸𝐵𝜅𝑠 𝒏̂ +𝑇𝝉 ) = (−𝐸𝐵𝜅𝑠𝑠 + 𝜅𝑇 )𝒏̂ + (𝑇𝑠 + 𝐸𝐵𝜅𝜅𝑠)𝝉 ,

where the derivatives of 𝝉 and 𝒏̂ are given by the Frenet-Serret formulae. This

allows us to split (2.2.9) into normal and tangential parts as

−𝐸𝐵𝜅𝑠𝑠 + 𝜅𝑇 + 𝜌𝑐ℎ𝑔Re(𝜂𝑠) − Δ𝑝 = 𝜌𝑐ℎ𝒂
(𝑐) · 𝒏̂, (2.2.10)

𝑇𝑠 + 𝐸𝐵𝜅𝜅𝑠 − 𝜌𝑐ℎ𝑔Im(𝜂𝑠) = 𝜌𝑐ℎ𝒂 (𝑐) · 𝝉 . (2.2.11)
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Integrating (2.2.11), we obtain

𝑇 = −1
2𝐸𝐵𝜅

2 + 𝐸𝐵𝜎
ℓ2

+ 𝜌𝑐ℎ𝑔Im(𝜂) + 𝜌𝑐ℎ
∫ 𝑠

0
𝒂 (𝑐) · 𝝉d𝑠, (2.2.12)

where the term 𝐸𝐵𝜎

ℓ2
is an unknown function of integration with dimensionless

function of time 𝜎 (𝑡), which acts as a sort of constraint force which must be

chosen to satisfy the inextensibility constraint. The role of this parameter in

the dynamics of the system will be explained in more detail in Chapter 3.

Recalling the expression for the material acceleration 𝒂 (𝑐) given by (2.2.5),

we have

𝒂 (𝑐) · 𝒏̂ = −Im
(
𝜂𝑡𝑡𝜂𝑠

)
− 2𝑆′0Im

(
𝜂𝑠𝑡𝜂𝑠

)
+ 𝜅𝑆′0

2
, 𝒂 (𝑐) · 𝝉 = Re

(
𝜂𝑡𝑡𝜂𝑠

)
+ 𝑆′′0 ,

where 𝑆0(𝑡) is the arc-length position of the material element initially located

at 𝑠 = 0. Equation (2.2.12) is thus reduced to

𝑇 = −1
2𝐸𝐵𝜅

2 + 𝐸𝐵𝜎
ℓ2

+ 𝜌𝑐ℎ𝑔Im(𝜂) + 𝜌𝑐ℎ
(
𝑆′′0 𝑠 +

∫ 𝑠

0
𝑅𝑒

(
𝜂𝑡𝑡𝜂𝑠

)
d𝑠

)
, (2.2.13)

Substituting (2.2.13) into (2.2.10), we obtain

Δ𝑝 = − 𝐸𝐵
(
𝜅𝑠𝑠 + 1

2𝜅
3 − 𝜎

ℓ2
𝜅

)
+ 𝜌𝑐ℎ𝑔

(
Re(𝜂𝑠) + 𝜅Im(𝜂)

)
+ 𝜌𝑐ℎ

(
Im

(
𝜂𝑡𝑡𝜂𝑠

)
+ 2𝑆′0Im

(
𝜂𝑠𝑡𝜂𝑠

)
− 𝜅𝑆′0

2 + 𝑆′′0𝜅𝑠 + 𝜅
∫ 𝑠

0
Re

(
𝜂𝑡𝑡𝜂𝑠

)
d𝑠

)
.

(2.2.14)

This equation implicitly determines the unsteady deformation of the cell in

response to a given transmural pressure. This transmural pressure will

generally depend on the �uid �ows in the exterior and interior of the cell,

which themselves depend on the deformed shape of the cell. The equations

which govern the �uid �ow and the coupling between the �ow and the cell
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deformation will be discussed in the following sections.

Evaluating the di�erence between (2.2.14) at 𝑠 = 2𝜋 and 𝑠 = 0, we obtain

2𝜋𝑆′′0 +
∫ 2𝜋ℓ

0
Re

(
𝜂𝑡𝑡𝜂𝑠

)
d𝑠 =

∫ 2𝜋ℓ

0
𝒂 (𝑐) · 𝝉d𝑠 = 0. (2.2.15)

The value of 𝑆′′0 , which determines the tangential acceleration of the cell

material, is thus given explicitly in terms of the boundary parametrisation

𝜂 (𝑠, 𝑡). We can obtain a more convenient expression for 𝑆′′0 by noting that

Re
(
𝜂𝑡𝑡𝜂𝑠

)
=
𝜕

𝜕𝑡
Re

(
𝜂𝑡𝜂𝑠

)
− 1
2
𝜕

𝜕𝑠

(
𝜂𝑡𝜂𝑡

)
,

which gives

𝑆′′0 = − 1
2𝜋ℓ

𝜕

𝜕𝑡

(∫ 2𝜋ℓ

0
Re

(
𝜂𝑡𝜂𝑠

)
d𝑠

)
.

We thus obtain

𝑆′0(𝑡) = 𝑆′0(0) +
1

2𝜋ℓ

[∫ 2𝜋ℓ

0
𝜼𝑡 · 𝜼𝑠d𝑠

]
𝑡=0

− 1
2𝜋ℓ

∫ 2𝜋ℓ

0
𝜼𝑡 · 𝜼𝑠d𝑠 . (2.2.16)

This equation can be considered as a conservation of the angular momentum

of the cell wall, which determines the speed of the tank-treading of the cell

material relative to the arc-length parameter 𝑠 . Note that the value of 𝑆0(𝑡)

does not appear in (2.2.14), which depends only on 𝑆′0(𝑡) and 𝑆′′0 (𝑡), which are

both given explicitly in terms of 𝜂 (𝑠, 𝑡) and its derivatives.

2.3 Fluid Flow

We next consider the equations which govern the unsteady �uid �ow in the

interior and exterior of the cell. Both �uids are assumed to be incompressible,

irrotational, and inviscid; these assumptions allow for the use of a complex

potential to describe the �ows, which will signi�cantly simplify the problem.
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The exterior and interior �uids have uniform densities 𝜌 (𝑒) and 𝜌 (𝑖) respectively.

In the far-�eld the exterior �uid takes the form of a uniform stream of speed𝑈

in the positive horizontal direction, and the �uid is taken to have some constant

circulation Γ around the cell.

Since both �uids are inviscid and incompressible, their �ows are governed

by the incompressible Euler equations along with the irrotationality condition

(Batchelor, 2000)

𝜕𝒖

𝜕𝑡
+ 1
2
∇𝒖2 + 1

𝜌
∇𝑝 − 𝒈 = 0, (Euler momentum equation) (2.3.1)

∇ · 𝒖 = 0, (Incompressibility) (2.3.2)

∇ × 𝒖 = 0, (Irrotationality) (2.3.3)

where 𝒖 (𝑧, 𝑡) is the �ow velocity, 𝜌 is the �uid density, 𝑝 (𝑧, 𝑡) is the �uid

pressure, and 𝒈 is the force of gravity acting on the �uid. These equations are

valid for both the exterior �ow 𝒖 (𝑒) (𝑧, 𝑡) and the interior �ow velocity

𝒖 (𝑖) (𝑧, 𝑡); we use a superscript to distinguish between the two regions only

where a distinction is required. The incompressibility and irrotationality

conditions along with appropriately chosen boundary conditions determine

the �ow �elds, while the Euler momentum equation simply determines the

pressure �eld throughout the �ow.

At the cell boundary 𝑧 = 𝜂 (𝑠, 𝑡) we require a kinematic boundary condition

to ensure that no �uid passes through the cell wall, which is assumed to be

impermeable. The component of the �ow velocity normal to the cell wall must

therefore be equal to the normal velocity of the cell wall itself, which can be

written in vector form as

𝒖
(
𝜂 (𝑠, 𝑡), 𝑡

)
· 𝒏̂(𝑠, 𝑡) = 𝜼𝑡 (𝑠, 𝑡) · 𝒏̂(𝑠, 𝑡). (2.3.4)
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Note that since the �uids are inviscid, we do not impose a no-slip condition on

the cell wall.

For the interior �uid, (2.3.1)–(2.3.4) fully determine the �ow in the interior of

a given cell. For the exterior �owhowever, we also require a boundary condition

in the far-�eld. In the far-�eld the exterior �ow is assumed to be a uniform

stream of speed𝑈 in the positive horizontal direction, which gives the far-�eld

condition

𝒖 (𝑒) (𝑧, 𝑡) → 𝑈 𝒊 as |𝑧 | → ∞. (2.3.5)

Finally, we are free to choose the value of the circulation of the exterior �ow

around cell boundary Γ, de�ned by

Γ =

∫ 2𝜋

0
𝒖 (𝑒) · 𝝉d𝑠 . (2.3.6)

The �uid �ow equations can be simpli�ed by use of a complex potential

𝑤 (𝑧), de�ned by 𝑤 (𝑥 + i𝑦) = 𝜑 (𝑥,𝑦) + 𝜓 (𝑥,𝑦)i where 𝜑 (𝑥,𝑦) is the velocity

potential of the �ow and 𝜓 (𝑥,𝑦) is the stream function. Note that the exterior

and interior �ows each have distinct potentials, which are not required tomatch

at the boundary. We use a superscript to distinguish between the potentials in

the exterior and interior onlywhere a distinction is required. The �ow velocities

are given in complex form by the complex potentials as𝑢 (𝑧, 𝑡) = 𝑤𝑧 (𝑧, 𝑡), where

𝑢 is the complex conjugate of 𝑢, or in vector form as 𝒖 (𝑧, 𝑡) = ∇Re(𝑤 (𝑧, 𝑡)).

The potentials are required to be analytic throughout the region occupied by

the �uids, speci�cally the exterior of the cell for the exterior potential𝑤 (𝑒) (𝑧, 𝑡)

and the interior of the cell for the interior potential 𝑤 (𝑖) (𝑧, 𝑡). Note however

that there is no requirement for either of the potentials to be analytic at the cell

boundary itself.

The bene�ts of using a complex potential can be seen by considering the

incompressibility condition (2.3.2) and the irrotationality condition (2.3.3).
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Since the complex potential is required to be analytic in the region of the �ow,

it must satisfy Laplace’s equation ∇2(Re(𝑤)) = 0. The divergence of the �ow

velocity is thus ∇ · 𝒖 = ∇2(Re(𝑤)) = 0, and so the incompressibility condition

(2.3.2) is satis�ed automatically. The vorticity of the �ow is given by

∇ × 𝒖 = ∇ × ∇(Re(𝑤)) = 0, and so the irrotationality condition (2.3.3) is also

satis�ed automatically. Thus by introducing a complex potential we have

reduced the �uid �ow problem to �nding analytic functions 𝑤 (𝑒) (𝑧, 𝑡) and

𝑤 (𝑖) (𝑧, 𝑡) which satisfy the relevant boundary conditions; namely the

kinematic condition (2.3.4) for both the interior and exterior potentials, as well

as the far-�eld condition (2.3.5) and circulation (2.3.6) for the exterior

potential, with the pressure �eld determined by Euler’s equation (2.3.1).

To write the kinematic condition (2.3.4) in terms of the complex potential

𝑤 (𝑧, 𝑡) we introduce the notation Ω(𝑠, 𝑡) ≡ 𝑤 (𝜂 (𝑠, 𝑡), 𝑡) to denote the complex

potential evaluated on the surface of the cell, where the derivatives are given

by

𝑤𝑧
(
𝜂 (𝑠, 𝑡), 𝑡

)
=
Ω𝑠
𝜂𝑠
, 𝑤𝑡

(
𝜂 (𝑠, 𝑡), 𝑡

)
= Ω𝑡 −

𝜂𝑡

𝜂𝑠
Ω𝑠 .

The �ow velocity evaluated at the cell boundary 𝑧 = 𝜂 (𝑠, 𝑡) is then given by

𝑢 (𝜂 (𝑠, 𝑡), 𝑡) = 𝑤𝑧 (𝜂 (𝑠, 𝑡), 𝑡) =
Ω𝑠
𝜂𝑠
,

or in vector form as 𝒖 (𝜂 (𝑠, 𝑡), 𝑡) = Re(Ω𝑠)𝝉 + Im(Ω𝑠)𝒏̂, with the �ow speed at

the cell boundary given by 𝑞(𝑠, 𝑡) = |Ω𝑠 |. The kinematic condition (2.3.4) is thus

given in terms of the complex potentials as

Im
(
Ω(𝑒)
𝑠

)
= Im

(
Ω(𝑖)
𝑠

)
= −Im

(
𝜂𝑡𝜂𝑠

)
. (2.3.7)

For the exterior �ow we must also satisfy the far-�eld condition (2.3.5) and

the circulation condition (2.3.6). Recalling that the velocity is given in complex
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form as 𝑢 (𝑒) = 𝑤 (𝑒)
𝑧 , 𝑢 (𝑒) must be analytic in 𝑧 with a Laurent series of the form

𝑢 (𝑒) = 𝑈 +
∞∑︁
𝑛=1

𝑎𝑛 (𝑡)𝑧−𝑛, (2.3.8)

where 𝑢 → 𝑈 as 𝑧 → ∞ to satisfy the far-�eld condition. Integrating with

respect to 𝑧, we obtain a series expansion for𝑤 (𝑒) in the form

𝑤 (𝑒) (𝑧, 𝑡) = 𝑈𝑧 + 𝑎1(𝑡) log 𝑧 +
∞∑︁
𝑛=2

𝑎𝑛 (𝑡)
1 − 𝑛𝑧

1−𝑛,

where the constant of integration, which plays no role in the �ow �eld 𝒖 (𝑒) , has

been taken to be zero. To satisfy the circulation condition (2.3.6), we require

Γ =

∫ 2𝜋

0
Re

(
𝜂𝑠𝑢

(𝑒)
)
d𝑠 = Re

(∮
𝜂

𝑢 (𝑒)d𝑧
)
.

This contour integral can be evaluated using the residue theorem, where (2.3.8)

gives the residue of 𝑢 (𝑒) as 𝑎−1. We thus have Γ = Re(2𝜋 i𝑎1) = −2𝜋 Im(𝑎1), and

so 𝑎1 = Im(𝑎1)i = Γ
2𝜋 i . The complex potential thus takes the form

𝑤 (𝑒) (𝑧, 𝑡) = 𝑈𝑧 + Γ

2𝜋 i
log 𝑧 +

∞∑︁
𝑛=2

𝑎𝑛

1 − 𝑛𝑧
1−𝑛 .

Since we have only determined𝑤 (𝑒) up to𝑂 (1/𝑧) as 𝑧 → ∞, this can be written

as a far-�eld condition

𝑤 (𝑒) (𝑧, 𝑡) −𝑈𝑧 − Γ

2𝜋 i
log 𝑧 → 0 as |𝑧 | → ∞, (2.3.9)

which contains both the far-�eld condition for the �ow velocity (2.3.5) and the

circulation condition (2.3.6).

To obtain the pressure �eld in the �ow, we note that the Euler momentum
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equation (2.3.1) is given in terms of the complex potential as

∇
(
Re

(
𝜕𝑤

𝜕𝑡

)
+ 1

2 |∇𝑤 |2 + 1
𝜌
𝑝 + 𝑔𝑦

)
= 0,

which we integrate to obtain Bernoulli’s equation

Re
(
𝜕𝑤

𝜕𝑡

)
+ 1

2 |∇𝑤 |2 + 1
𝜌
𝑝 + 𝑔𝑦 = 𝐶 (𝑡), (2.3.10)

where 𝐶 (𝑡) is some function of time. Evaluating Bernoulli’s equation for the

interior �uid and comparing to some arbitrary reference point 𝑧 = 𝑧0(𝑡) located

in the interior of the cell to remove the unknown function 𝐶 (𝑡), we �nd that

the internal �uid pressure evaluated at the cell boundary is given by

𝑝 (𝑖) = 𝑝0 − 𝜌 (𝑖) Re
(
Ω(𝑖)
𝑡 − 𝜂𝑡

𝜂𝑠
Ω(𝑖)
𝑠 −𝑤 (𝑖)

𝑡 (𝑧0, 𝑡)
)

− 𝜌 (𝑖)

2

(��Ω(𝑖)
𝑠

��2 − ��𝑤 (𝑖)
𝑧 (𝑧0, 𝑡)

��2) − 𝜌 (𝑖)𝑔Im(𝜂 − 𝑧0),
(2.3.11)

where 𝑝0(𝑡) is the interior �uid pressure evaluated at the interior reference

point 𝑧 = 𝑧0(𝑡). The value of 𝑝0(𝑡) cannot be freely chosen, and will be

determined by the dynamics of the system. Note that setting 𝜌 (𝑖) = 0 reduces

the interior to a uniform pressure.

For the exterior �uid pressure, we �rstly evaluate Bernoulli’s equation in

the far-�eld |𝑥 | → ∞ and 𝑦 = 0, which gives

𝐶 (𝑡) = 1
2
𝑈 2 + 𝑝∞

𝜌 (𝑒)
,

where 𝑝∞ is the far-�eld pressure evaluated at 𝑦 = 0. The �uid pressure

evaluated at the cell boundary is thus given by

𝑝 (𝑒) = 𝑝∞ − 𝜌 (𝑒)Re
(
Ω(𝑒)
𝑡 − 𝜂𝑡

𝜂𝑠
Ω(𝑒)
𝑠

)
− 𝜌 (𝑒)

2

(��Ω(𝑒)
𝑠

��2 −𝑈 2
)
− 𝜌 (𝑒)𝑔Im(𝜂). (2.3.12)
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2.4 Coupled System

We now seek to combine the equations which govern the cell deformation

with those which govern the unsteady �uid �ow to form a single coupled

system which governs the full dynamics of the problem. Recalling that the cell

deformation equation (2.2.14) depends on the transmural pressure di�erence,

we substitute the expressions for the exterior and interior �uid pressures

(2.3.12) and (2.3.11) into (2.2.14) to obtain the dynamic condition

𝑝0 − 𝑝∞ − 𝐸𝐵
(
𝜅𝑠𝑠 + 1

2𝜅
3 − 𝜎

ℓ2
𝜅

)
+ 𝜌 (𝑒) Re

(
Ω(𝑒)
𝑡 − 𝜂𝑡

𝜂𝑠
Ω(𝑒)
𝑠

)
+ 1

2𝜌
(𝑒)

(��Ω(𝑒)
𝑠

��2 −𝑈 2
)

− 𝜌 (𝑖) Re
(
Ω(𝑖)
𝑡 − 𝜂𝑡

𝜂𝑠
Ω(𝑖)
𝑠 −𝑤 (𝑖)

𝑡 (𝑧0, 𝑡)
)
− 1

2𝜌
(𝑖)

(��Ω(𝑖)
𝑠

��2 − ��𝑤 (𝑖)
𝑧 (𝑧0, 𝑡)

��2)
+ 𝜌 (𝑒)𝑔Im(𝜂) − 𝜌 (𝑖)𝑔Im(𝜂 − 𝑧0)

+ 𝜌𝑐ℎ𝑔
(
Re(𝜂𝑠) + 𝜅Im(𝜂)

)
+ 𝜌𝑐ℎ

(
Im

(
𝜂𝑡𝑡𝜂𝑠

)
+ 2𝑆′0𝜂𝑠𝑡𝜂𝑠 − 𝜅𝑆′0

2 + 𝑆′′0𝜅𝑠 + 𝜅
∫ 𝑠

0
Re

(
𝜂𝑡𝑡𝜂𝑠

)
d𝑠

)
= 0.

(2.4.1)

Here the terms on �rst line are the elastic and pressure terms, the terms on the

second and third rows relate to the exterior and interior �ows respectively, the

fourth row relates to the buoyancy of the cell, the �fth row relates to the

weight of the cell, and the sixth row relates to the inertia of the cell. The

dynamic condition (2.4.1) and the kinematic condition (2.3.4) couple the elastic

deformation problem with the �uid �ow problem, determining the unsteady

interaction between the elastic cell and �uids in the interior and exterior of

the cell.

We then nondimensionalise the system, taking the length scale ℓ to be the

perimeter of the cell divided by 2𝜋 , the velocity scale to be
√︃
𝐸𝐵/

(
ℓ3𝜌 (𝑒)

)
, and

the time scale to be
√︁
ℓ5𝜌 (𝑒)/𝐸𝐵 . Rescaling all variables and substituting into
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Symbol Meaning

𝛼 Far-�eld �ow speed

𝛽 Circulation

𝑃 (𝑡) Pressure di�erence between the far-�eld and the interior

𝜚 Ratio between the exterior and interior �uid densities

𝐷 Cell density

𝐺 Strength of gravity

𝑠 Arc-length distance around the cell boundary

𝑧 Position in the complex plane

𝜁 Position in the preimage plane

𝜙 Arc-length parameter of the unit circle in the 𝜁 -plane

𝜂 (𝑠, 𝑡) Complex position of the cell boundary

𝝉 (𝑠, 𝑡) Unit tangent vector to the cell boundary

𝒏̂(𝑠, 𝑡) Unit normal vector to the cell boundary

𝜅 (𝑠, 𝑡) Curvature of the cell boundary

𝜎 (𝑡) Parameter related to the internal stress of the cell

𝑧0(𝑡) Interior reference point

𝑤 (𝑒)/𝑤 (𝑖) (𝑧, 𝑡) Complex potential of the exterior/interior �ow

Ω(𝑒)/Ω(𝑖) (𝑠, 𝑡)
Complex potentials of the exterior/interior �ow evaluated

at the cell boundary

𝑢 (𝑒)/𝑢 (𝑖) (𝑧, 𝑡) Velocity of the exterior/interior �ow

𝑞 (𝑒)/𝑞 (𝑖) (𝑠, 𝑡) Exterior/interior �ow speed evaluated at the cell boundary

𝑣 (𝑐) (𝑠, 𝑡) Velocity of the cell material

𝑎(𝑐) (𝑠, 𝑡) Acceleration of the cell material

𝑆0(𝑡)
Arc-length position of the material element initially

located at 𝑠 = 0, 𝑡 = 0

Table 2.2: The dimensionless parameters of the system.
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(a) 𝛼 = 1.5, 𝑃 = 4 (b) 𝛼 = 1.5, 𝑃 = 6

(c) 𝛼 = 2, 𝑃 = 4 (d) 𝛼 = 2, 𝑃 = 6

(e) 𝛼 = 2.5, 𝑃 = 4 (f) 𝛼 = 2.5, 𝑃 = 6

Figure 5.2.7: Contour plot of the normalised �ow speed |𝒖 |/𝛼 and streamlines
for 𝛽 = 0 and 𝜃𝑐 = 𝜋/4 for various values of 𝛼 and 𝑃 , corresponding to the
solutions on the lower-right branch of Figure 5.2.5.
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(a) 𝛼 = 0.5, 𝛽 = 0 (b) 𝛼 = 0.5, 𝛽 = 0.5

(c) 𝛼 = 1, 𝛽 = 0 (d) 𝛼 = 1, 𝛽 = 0.5

Figure 5.2.8: Contour plot of the normalised �ow speed |𝒖 |/𝛼 and streamlines
for 𝑃 = 2 and 𝜃𝑐 = 𝜋/4 for various values of 𝛼 and 𝛽 .

shape. For 𝑃 = 0 the circulation has a similar e�ect on the aerofoil

deformation; for low values of 𝛼 the circulation causes the aerofoil to twist in

the clockwise direction while maintaining its general shape, while for larger

values of 𝛼 a more severe deformation occurs, with signi�cant deformation in

the negative 𝑦 direction.

5.3 Supported Aerofoil Results

We next consider the case of an aerofoil with an internal support. All results

in this section were obtained numerically using the iterative boundary integral

method presented in Section 5.1.2. To analyse the aerodynamic characteristics
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(a) 𝛼 = 1, 𝛽 = 0 (b) 𝛼 = 1, 𝛽 = 3

(c) 𝛼 = 2, 𝛽 = 0 (d) 𝛼 = 2, 𝛽 = 3

Figure 5.2.9: Contour plot of the normalised �ow speed |𝒖 |/𝛼 and streamlines
for 𝑃 = 0 and 𝜃𝑐 = 𝜋/4 for various values of 𝛼 and 𝛽 .

of the aerofoils we introduce the lift and drag coe�cients and the lift-drag ratio

𝐶𝐿 =
2𝑭 · 𝒋
𝜌𝑈 2ℓ

, 𝐶𝐷 =
2𝑭 · 𝒊
𝜌𝑈 2ℓ

,
𝐶𝑙

𝐶𝑑
=
F · 𝒋
F · 𝒊 (5.3.1)

where 𝑭 is the net �uid force acting upon the aerofoil. For an inviscid �ow we

have 𝑭 = −𝜌𝑈 Γ𝒋, and so 𝐶𝐿 = −2Γ/𝑈 ℓ = 2𝛾/𝛼 and 𝐶𝐷 = 0. Note however that

the e�ects of viscosity are important in determining the aerodynamic properties

of the aerofoil and will be considered in detail in Section 5.4.

Figure 5.3.1 shows the deformation of an elastic aerofoil in a static �uid

with an internal support of length 𝐿 = 0.75 for varying values of the corner

angle 𝜃𝑐 , as well as the corresponding unsupported aerofoil shape for

comparison. For 𝜃𝑐 = 3𝜋/4 and 𝜃𝑐 = 𝜋/2 the support restricts the maximum
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(c) 𝜃𝑐 = 𝜋/4
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(d) 𝜃𝑐 = 0

Figure 5.3.1: Equilibrium shapes in a static �uid with 𝑃 = 0 for varying trailing-
edge corner angles 𝜃𝑐 . The supported aerofoil has a support of length 𝐿 = 0.75
attached at 𝑆1 = 2𝜋/3 and 𝑆2 = 4𝜋/3, depicted as a broken line.

thickness of the aerofoil, although it bulges outwards either side of the

support points and retains a fairly blunt shape. For 𝜃𝑐 = 𝜋/4 and 𝜃𝑐 = 0

however, a thin aerofoil shape is attained. This supported aerofoil has a much

thinner pro�le than the corresponding unsupported aerofoil, and will

therefore have signi�cantly improved aerodynamic properties, as will be

discussed in Section 5.4.

Figure 5.3.2 depicts the �ow past the supported aerofoil as the �ow speed

parameter 𝛼 is increased with a �xed angle of attack of 12 degrees. Recall that

the angle of attack is de�ned as the angle the chord of the aerofoil makes to the

horizontal, with the chord de�ned as the line between the trailing edge corner

and the point furthest from the trailing edge. The angle of attack of 12 degrees is

towards the upper limit of a typical aerofoil, and was chosen to show the most

severe deformation; for lower angles of attack we found the aerofoil exhibits

a similar but less severe deformation. The corner angle and the length and
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(a) 𝛼 = 0, 𝐶𝐿 = 4.59
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(b) 𝛼 = 1/3, 𝐶𝐿 = 4.21
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(c) 𝛼 = 2/3, 𝐶𝐿 = 2.89
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(d) 𝛼 = 1, 𝐶𝐿 = 0.19

Figure 5.3.2: Aerofoil shapes and streamlines for an angle of attack of 12 degrees,
a corner angle of 𝜃𝑐 = 𝜋/6 and a pressure di�erence of 𝑃 = 0. The internal
support is depicted as a broken line of length 𝐿 = 0.75 attached at the points
𝑆1 = 2𝜋/3 and 𝑆2 = 4𝜋/3. The streamlines are evenly spaced in the far-�eld,
corresponding to evenly space values of the stream function in each panel,
although the spacing of the stream function varies between panels as the far-
�eld �ow speed 𝛼 is varied. (a) shows the limit as 𝛼 → 0, corresponding to a
rigid aerofoil.

position of the internal support have been chosen such that the aerofoil attains

a shape resembling a traditional rigid aerofoil at 𝛼 = 0. Note that the case of

𝛼 = 0 can be considered as either the limit as the �ow speed tends to zero,

or the �ow past a rigid aerofoil. As the �ow speed 𝛼 is increased the aerofoil

starts to deform in response to the �uid �ow. This deformation is most severe

at the trailing edge, which becomes concave on the upper section, resulting in

a region of relatively low �ow speed and thus a higher �uid pressure. We also

see an increase in the �ow speed on the lower section towards the trailing edge,

reducing the �ow pressure in the region below the aerofoil. The aerofoil thus
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Figure 5.3.3: Lift coe�cient 𝐶𝐿 against the angle of attack of the aerofoil in
degrees for various �ow speeds 𝛼 , with parameters 𝜃𝑐 = 𝜋/6, 𝑃 = 0, 𝐿 = 0.75,
𝑆 = 2𝜋/3, 𝑆2 = 4𝜋/3. The corresponding aerofoil shapes are shown in
Figure 5.3.2.

experiences a decrease in the lift coe�cient 𝐶𝐿 .

Figure 5.3.3 shows the inviscid lift coe�cient𝐶𝐿 against the angle of attack

of the supported aerofoil for various �ow speeds. For low �ow speed 𝛼 , the

elastic forces dominate over the �uid forces and the aerofoil acts rigidly as the

angle of attack is increased, with the lift coe�cient depending linearly on the

angle of the trailing edge. As the �ow speed 𝛼 is increased, the aerofoil starts to

deform in response to the �uid �ow, as seen in Figure 5.3.2. This deformation

results in a loss of lift; this loss in lift remains relatively small for low �ow

speeds 𝛼 , while for 𝛼 > 2/3 a more severe loss of lift occurs, with the aerofoil

achieving less than half of the lift of the corresponding rigid aerofoil.

The in�atable aerofoils used for small unmanned aircraft typically have a

chord length of approximately 40 cm (Landis et al., 2003; Simpson, 2008), while

the elastic aerofoils presented in this section typically have a dimensional chord

length of approximately 2.9ℓ ; we thus expect a typical length scale of ℓ = 0.14m.

Taking the cruise speed of the aerofoil to be 𝑈 = 16m s−1 (Simpson, 2008),

we �nd that a value of 𝛼 = 2/3 corresponds to a bending modulus of 𝐸𝐵 =

2 kgm2 s−2. While this value is relatively high for a simple elastic material, the

sti�ness is increased for aerofoils constructed with composite materials (Lynch

and Rogers, 1976) or in�atable panels (Bain et al., 1963).
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Figure 5.3.4: Lift coe�cient against −𝜃 (0) − 𝜃𝑐/2 for various values of 𝛼 , with
parameters 𝜃𝑐 = 𝜋/6, 𝐿 = 0.75, 𝑆1 = 2𝜋/3, 𝑆2 = 4𝜋/3. The function 𝜃 (𝑠) is the
argument of the tangent vector de�ned in (5.1.14), and the value −𝜃 (0) − 𝜃𝑐/2
is the angle that the trailing edge is rotated clockwise from horizontal, with
a value of −𝜃 (0) − 𝜃𝑐/2 = 0 corresponding to a corner which is top-bottom
symmetric. The corresponding aerofoil shapes are shown in Figure 5.3.2.

Figure 5.3.4 shows the inviscid lift coe�cient 𝐶𝐿 against the value −𝜃 (0) −

𝜃𝑐/2, the angle that the trailing edge is rotated clockwise from horizontal. At

−𝜃 (0) − 𝜃𝑐/2 = 0 there exist top-bottom symmetric aerofoils, for which no lift

is generated. For low values of 𝛼 the aerofoil behaves rigidly as the trailing

edge is rotated, with a clockwise rotation of the trailing edge corresponding to

a linear increase in the lift coe�cient. For larger values of 𝛼 however, a small

rotation of the trailing edge results in a more severe aerofoil deformation, with

a corresponding change in the lift generated. This sensitivity is most severe

around𝛼 ≈ 0.65, where small de�ections of the trailing edge drastically alter the

equilibrium aerofoil shape. For 𝛼 > 0.65 the relation between the trailing edge

and the lift coe�cient is more complex; for an initially top-bottom symmetric

aerofoil with −𝜃 (0) − 𝜃𝑐/2 = 0 an increase in the lift coe�cient corresponds to

an anticlockwise rotation of the trailing edge, until a turning point in the 𝐶𝐿

curve, beyond which the lift is further increased by rotating the trailing edge

clockwise as for a rigid aerofoil.

Figure 5.3.5 depicts �ow past the deformed aerofoil shapes as 𝑃 is

decreased, with the other parameters equal to those in Figure 5.3.2d. Note that
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(b) 𝑃 = −0.4, 𝐶𝐿 = 0.63
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(c) 𝑃 = −0.8, 𝐶𝐿 = 1.00
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(d) 𝑃 = −1.2, 𝐶𝐿 = 1.38

Figure 5.3.5: Aerofoil shapes and streamlines for an angle of attack of 12 degrees,
a corner angle of 𝜃𝑐 = 𝜋/6 and a far-�eld �ow speed 𝛼 = 1. The internal support
is depicted as a broken line of length 𝐿 = 0.75 attached at the points 𝑆1 = 2𝜋/3
and 𝑆2 = 4𝜋/3. The streamlines are evenly spaced in the far-�eld, corresponding
to evenly space values of the stream function.

a decrease of the parameter 𝑃 corresponds to an increase in the interior

pressure of the aerofoil. As the interior pressure is increased the aerofoil

thickness increases towards the trailing edge and the upper section becomes

less concave, resulting in a higher average �ow speed along the upper section.

This higher �ow speed results in a lower pressure above the aerofoil, and thus

a higher lift coe�cient 𝐶𝐿 . However, for 𝑃 ≈ −1.2 the aerofoil thickness is

signi�cantly increased, particularly towards the trailing edge, which we

expect to result in a higher viscous drag. This thickness could be reduced by

introducing a more complex internal support structure to the aerofoil, which

would allow for a higher internal pressure and thus a higher lift coe�cient

while limiting the corresponding viscous drag. This will be discussed in more
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detail in the summary. For an aerofoil with ℓ = 0.14m and bending modulus

𝐸𝐵 = 2 kgm2 s−2, as considered previously, a value of 𝑃 = −1.2 corresponds to

a maximum in�ation pressure 𝑝0 − 𝑝∞ of approximately 0.9 kPa. This suggests

that the aerofoil attains an aerodynamic shape at relatively low internal

pressures, which is desirable since a lower internal pressure reduces the risk

of leaks, improving the reliability of the aerofoil (Jacob and Smith, 2009).

5.4 Viscous E�ects

The deformed aerofoils presented in the previous sections were obtained by

assuming that the �uid �ow past the aerofoil is both inviscid and steady. While

these assumptions signi�cantly simplify the formulation of the problem, in a

physical �uid the e�ects of viscosity cannot be neglected. For a high speed,

low viscosity �ow, the �ow away from the aerofoil boundary can be treated as

inviscid, with the viscous e�ects concentrated in a thin boundary layer along

the aerofoil boundary. As the �uid in the boundary layer then passes the point

of maximum �ow speed along the aerofoil boundary it encounters a region of

adverse pressure gradient which can cause the boundary layer to separate from

the aerofoil boundary, producing a region of turbulent wake behind the aerofoil.

The �uid pressure in this turbulent region will generally have a lower pressure

than the potential �ow, producing a signi�cant drag force.

To analyse the e�ects of the viscous �ow we treat the deformed aerofoil

shapes obtained in the previous sections as rigid bodies, neglecting any

further deformation that may be caused by the viscous �ow. Such an approach

is valid as a �rst approximation for streamlined aerofoils in high Reynolds

number �ows, where the boundary layer separation occurs close to the

trailing edge of the aerofoil and the inviscid �ow provides a good

approximation to the viscous �ow. We will con�rm the validity of this
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assumption further on.

5.4.1 Numerical Method

We compute the viscous �ow past the aerofoil using the software package

Gerris (Popinet, 2003, 2009), which solves the unsteady incompressible

Navier-Stokes equations numerically using an adaptive mesh re�nement

method. The �ow is computed in a channel bounded by solid walls with a slip

boundary condition, with the channel width taken to be large enough that the

�ow near the aerofoil is una�ected by the walls. The �ow is initialised at time

𝑡 = 0 with a uniform horizontal �ow of speed 𝛼 . While this provides an

accurate simulation of the unsteady viscous �ow away from the aerofoil, the

locally spatially isotropic mesh re�nement used by Gerris is unsuitable for

precisely resolving the boundary layer at the aerofoil boundary (Popinet,

2003); the viscous drag acting on the aerofoil must therefore be computed

separately. Since the �uid pressure does not change throughout the boundary

layer, an accurate value of the pressure drag acting on the aerofoil can still be

obtained using the Gerris simulation.

To formulate the equations which govern the viscous boundary layer, we

consider the Navier-Stokes equations

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣 𝜕𝑢

𝜕𝑦
=
𝛼

𝑅𝑒

(
𝜕2𝑢

𝜕𝑥2
+ 𝜕

2𝑢

𝜕𝑦2

)
− 𝜕𝑝

𝜕𝑥
, (5.4.1)

𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣 𝜕𝑣

𝜕𝑦
=
𝛼

𝑅𝑒

(
𝜕2𝑣

𝜕𝑥2
+ 𝜕2𝑣

𝜕𝑦2

)
− 𝜕𝑝

𝜕𝑦
, (5.4.2)

which along with the continuity condition

𝜕𝑢

𝜕𝑥
+ 𝜕𝑣

𝜕𝑦
= 0, (5.4.3)

govern the steady two-dimensional incompressible viscous �ow. Here 𝑢 (𝑥,𝑦)
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and 𝑣 (𝑥,𝑦) are the horizontal and vertical components of the �uid velocity,

𝑝 (𝑥,𝑦) is the �uid pressure, and 𝑅𝑒 = 𝑈 ℓ/𝜈 is the Reynolds number where 𝜈 is

the kinematic viscosity of the �uid. It is well known that for 𝑅𝑒 � 1 a viscous

boundary layer of thickness O
(
𝑅𝑒−1/2

)
will form along the aerofoil boundary

due to the viscous no-slip condition (Prandtl, 1905). To obtain the equations

which govern the viscous �ow in this thin boundary layer we introduce the

boundary layer coordinates 𝑠 and 𝑦, where 𝑠 is the arc-length distance around

the aerofoil and 𝑦 is the distance from the point 𝑧 = 𝜂 (𝑠) in the normal

direction multiplied by 𝑅𝑒1/2 such that 𝑦 = 1 is a distance of 𝑅𝑒−1/2 from the

point 𝑧 = 𝜂 (𝑠). We denote as 𝑢̃ (𝑠,𝑦) and 𝑣 (𝑠,𝑦) the components of the �ow

velocity in the 𝑠 and 𝑦 directions respectively, where

𝑢 = Re(𝜂𝑠)𝑢̃ + 1
√
𝑅𝑒

Im(𝜂𝑠)𝑣, 𝑣 = Im(𝜂𝑠)𝑢̃ − 1
√
𝑅𝑒

Re(𝜂𝑠)𝑣 .

Note that the normal velocity 𝑣 has been rescaled to match the scale of 𝑦. The

Cartesian derivatives are then given in terms of the boundary layer coordinates

as

𝜕

𝜕𝑥
= Re(𝜂𝑠)

𝜕

𝜕𝑠
+
√
𝑅𝑒 Im(𝜂𝑠)

𝜕

𝜕𝑦
,

𝜕

𝜕𝑦
= Im(𝜂𝑠)

𝜕

𝜕𝑠
−
√
𝑅𝑒 Re(𝜂𝑠)

𝜕

𝜕𝑦
.

Substituting these expressions into (5.4.1)–(5.4.3) and taking the limit as 𝑅𝑒 →

∞, we obtain

𝑢̃
𝜕𝑢̃

𝜕𝑠
+ 𝑣 𝜕𝑢̃

𝜕𝑦
= −𝜕𝑝

𝜕𝑠
+ 𝛼 𝜕

2𝑢

𝜕𝑦2
, (5.4.4)

0 = −𝜕𝑝
𝜕𝑦
, (5.4.5)

𝜕𝑢̃

𝜕𝑠
+ 𝜕𝑣

𝜕𝑦
= 0. (5.4.6)

Equation (5.4.5) implies that the �uid pressure in the boundary layer is
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independent of 𝑦, and so is equal to the �uid pressure in the potential �ow

evaluated at the aerofoil boundary. We thus have 𝜕𝑝

𝜕𝑠
= −𝑞𝑞𝑠 , where 𝑞(𝑠) is the

potential �ow speed evaluated at the aerofoil boundary. Equation (5.4.4) is

thus reduced to

𝑢̃
𝜕𝑢̃

𝜕𝑠
+ 𝑣 𝜕𝑢̃

𝜕𝑦
= 𝑞𝑞𝑠 + 𝛼

𝜕2𝑢

𝜕𝑦2
. (5.4.7)

At the aerofoil boundary the viscous �ow must satisfy the no-slip and

no-penetration conditions

𝑢̃ (𝑠, 0) = 0, 𝑣 (𝑠, 0) = 0. (5.4.8)

To match the �ow velocity to that of the potential �ow as 𝑦 → ∞ we require

𝑢̃ (𝑠,∞) = 𝑞(𝑠) sgn(𝑠 − 𝑠∗), (5.4.9)

where 𝑠∗ is the arc-length position of the leading-edge stagnation point and the

sign sgn(𝑠 − 𝑠∗) has been taken since the potential �ow is in the negative 𝑠

direction for 𝑠 < 𝑠∗.

To simplify the boundary layer equations, we use themethod of Keller (1978)

by introducing the rescaled variables

𝜁 (𝑠,𝑦) ≡ 𝑦

√︄
𝑞(𝑠)

𝛼 |𝑠 − 𝑠∗ | , 𝑓 (𝑠, 𝜁 (𝑠,𝑦)) ≡ sgn(𝑠 − 𝑠∗) 𝜓 (𝑠,𝑦)√︁
𝛼𝑞(𝑠) |𝑠 − 𝑠∗ |

, (5.4.10)

where 𝑠 = 𝑠∗ is the arc-length position of the leading-edge stagnation point,

and𝜓 (𝑠,𝑦) is a stream function which satis�es

𝑢̃ =
𝜕𝜓

𝜕𝑦
, 𝑣 = −𝜕𝜓

𝜕𝑠
.

Here 𝜁 can be considered the normal distance from the aerofoil boundary in the

boundary layer rescaled by the expected thickness of the boundary layer, and
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𝑓 (𝑠, 𝜁 ) is a rescaled stream function. The stream function automatically satis�es

the continuity equation (5.4.6), and (5.4.7) becomes

𝑓𝜁𝜁𝜁 +
1
2

(
(𝑠 − 𝑠∗)𝑞𝑠

𝑞
+ 1

)
𝑓 𝑓𝜁𝜁 +(𝑠−𝑠∗)

𝑞𝑠

𝑞

(
1 − 𝑓 2

𝜁

)
= (𝑠−𝑠∗)

(
𝑓𝜁 𝑓𝜁𝑠− 𝑓𝜁𝜁 𝑓𝑠

)
, (5.4.11)

with boundary conditions

𝑓 (𝑠, 0) = 0, 𝑓𝜁 (𝑠, 0) = 0, 𝑓𝜁 (𝑠,∞) = 1. (5.4.12)

Note that near the leading edge we have 𝑞(𝑠) = (𝑠 − 𝑠∗)𝑞𝑠 (𝑠∗) + O(𝑠 − 𝑠∗)2, and

so

(𝑠 − 𝑠∗)𝑞𝑠
𝑞

→ 1 as 𝑠 → 𝑠∗.

At 𝑠 = 𝑠∗, (5.4.11) is reduced to

𝑓𝜁𝜁𝜁 + 𝑓 𝑓𝜁𝜁 + 1 − 𝑓 2
𝜁
= 0, (5.4.13)

with boundary conditions

𝑓 (0, 0) = 0, 𝑓𝜁 (0, 0) = 0, 𝑓𝜁 (0,∞) = 1. (5.4.14)

This is a one-dimensional ODEwhich can easily be solved numerically to obtain

the values of 𝑓 (0, 𝜁 ), 𝑓𝜁 (0, 𝜁 ) and 𝑓𝜁𝜁 (0, 𝜁 ).

We solve (5.4.11) using the central di�erence method described by Keller

(1978). We introducing a grid 𝑠𝑖 = 𝑠∗ + 𝑖Δ𝑠 , 𝜁 𝑗 = 𝑗Δ𝜁 for 𝑖 = 0, 1, 2 . . . and

𝑗 = 0, 1, 2, . . . , 𝐽 , where Δ𝑠 and Δ𝜁 are small constants and 𝐽 is taken to be large

enough for the variables to attain their far-�eld values at 𝜁 𝐽 . We rewrite (5.4.11)
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as a system of three �rst order PDEs

𝜕

𝜕𝜁

©­­­­­«
𝑓

𝑓1

𝑓2

ª®®®®®¬
=

©­­­­­«
𝑓1

𝑓2

(𝑠 − 𝑠∗) 𝑞𝑠
𝑞

(
𝑓 21 − 1

2 𝑓 𝑓2 − 1
)
− 1

2 𝑓 𝑓2 + (𝑠 − 𝑠∗)
(
𝑓1𝑓1𝑠 − 𝑓2𝑓𝑠

)
ª®®®®®¬
, (5.4.15)

and then use a combination of central di�erence and two-point averages to

evaluate the values of the unknowns 𝑓 , 𝑓1 and 𝑓2 and their derivatives at the

centre points (𝑠𝑖+1/2, 𝜁𝑖+1/2) =
( 𝑠𝑖+1+𝑠𝑖

2 ,
𝜁𝑖+1+𝜁𝑖

2
)
, where their values are assumed to

be known at 𝑠𝑖 but unknown at 𝑠𝑖+1. For example, the centred values of 𝑓 and

its derivatives at (𝑠𝑖+1/2, 𝜁𝑖+1/2) are given by

𝑓𝑖+1/2, 𝑗+1/2 =
𝑓𝑖+1, 𝑗+1 + 𝑓𝑖+1, 𝑗 + 𝑓𝑖, 𝑗+1 + 𝑓𝑖, 𝑗

4
,(

𝜕 𝑓

𝜕𝑠

)
𝑖+1/2, 𝑗+1/2

=
𝑓𝑖+1, 𝑗+1 − 𝑓𝑖, 𝑗+1 + 𝑓𝑖+1, 𝑗 − 𝑓𝑖, 𝑗+1

2Δ𝑥
,(

𝜕 𝑓

𝜕𝜁

)
𝑖+1/2, 𝑗+1/2

=
𝑓𝑖+1, 𝑗+1 + 𝑓𝑖, 𝑗+1 − 𝑓𝑖+1, 𝑗 − 𝑓𝑖, 𝑗+1

2Δ𝜁
.

Starting at the leading edge 𝑠 = 𝑠∗, where values of 𝑓 , 𝑓1 and 𝑓2 can be obtained

numerically by solving (5.4.13), we use Newton’s method to solve (5.4.15),

evaluating the derivatives using the central di�erence formulae, to obtain

values of 𝑓 , 𝑓1 and 𝑓2 at 𝑠1 = 𝑠∗ + Δ𝑠 . We can then proceed in this way for each

value 𝑠𝑖 up until the boundary separates, at which point the system breaks

down and no further solution can be obtained. The boundary layer on the

upper section of the aerofoil is obtained by taking Δ𝑠 < 0, and the boundary

layer on the lower section is obtained by taking Δ𝑠 > 0.

Noting that the normal derivative of the boundary layer �ow speed is given

in terms of the transformed variables as

𝑢̃𝑦 = sgn(𝑠 − 𝑠∗)𝑞
√︂

𝑞

𝛼 |𝑠 − 𝑠∗ | 𝑓𝜁𝜁 ,
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we �nd that the dimensional shear stress on the aerofoil boundary is given by

𝜈𝑈 𝜌

𝛼ℓ

𝜕𝑢̃

𝜕𝑦

����
𝑦=0

=
𝜌𝑈 2

𝛼

√︂
1
𝑅𝑒

𝜕𝑢̃

𝜕𝑦

����
𝑦=0

= 𝜌𝑈 2
√︂

1
𝑅𝑒

(
𝑞

𝛼

)3/2 sgn(𝑠 − 𝑠∗)√︁
|𝑠 − 𝑠∗ |

𝑓𝜁𝜁 (𝑠, 0).

The net dimensional viscous force in the boundary layer acting upon the

aerofoil is thus given by

𝜌𝑈 2ℓ

√︂
1
𝑅𝑒

∫ 𝑠+

𝑠−

(
𝑞

𝛼

)3/2 sgn(𝑠 − 𝑠∗)√︁
|𝑠 − 𝑠∗ |

𝑓𝜁𝜁 (𝑠, 0)𝝉 (𝑠)d𝑠, (5.4.16)

where 𝑠− and 𝑠+ are the points at which the boundary layer separates on the

top and bottom of the aerofoil respectively. The net dimensional force per unit

span acting on the aerofoil can then be approximated as

∫ 1

0
−𝑝 (𝑠)𝒏̂(𝑠)ℓd𝑠 + 𝜌ℓ𝑈 2

√︂
1
𝑅𝑒

∫ 𝑠+

𝑠−

sgn(𝑠 − 𝑠∗)√︁
|𝑠 − 𝑠∗ |

(
𝑞(𝑠)
𝛼

)3/2
𝑓𝜁𝜁 (𝑠, 0) 𝝉 (𝑠)d𝑠,

(5.4.17)

where 𝑝 (𝑠) is the dimensional pressure at the aerofoil boundary computed by

the Gerris simulation. The �rst term in (5.4.17) is the net force due to the

pressure acting on the aerofoil, and the second term is the viscous drag in the

boundary layer. Note that this expression does not account for any viscous

drag occurring past the boundary layer separation. However, for an

aerodynamic aerofoil the separation will occur close to the trailing edge, so we

expect any viscous drag past the separation point to be much smaller than the

boundary layer drag and pressure forces.

5.4.2 Viscous Results

Figure 5.4.1 shows the viscous �ow past an unsupported aerofoil with an angle

of attack of 6 degrees, which is comparable to the angle of attack of a typical

rigid aerofoil. The viscous �ow is computed for both 𝑅𝑒 = 5 × 104 and 𝑅𝑒 =

10 × 104. For the �ow of air past an aerofoil with perimeter ℓ = 0.14m, as
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(a) Vorticity �eld for 𝑅𝑒 = 5 × 104

(b) Vorticity �eld for 𝑅𝑒 = 10 × 104
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Figure 5.4.1: Simulations of the viscous �ow past an unsupported aerofoil with
parameters 𝛼 = 1/3, 𝜃𝑐 = 𝜋/6, and an angle of attack of 6 degrees. (a) and (b)
show a snapshot of the vorticity �eld at 𝑡 = 10, with blue indicating negative
vorticity, red indicating positive vorticity, and green indicating zero vorticity.
(c) shows the lift-to-drag ratio of the aerofoil. (d) shows the dimensionless
transmural �uid pressure Δ𝑃 ≡ (𝑝 − 𝑝𝑖)ℓ3/𝐸𝐵 at 𝑡 = 10, with the inviscid
pressure obtained using the boundary integral method.
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considered in Section 5.3, these values of the Reynolds number correspond to

far-�eld �ow velocities of𝑈 = 5m s−1 and𝑈 = 10m s−1 respectively, where the

kinematic viscosity of air is taken to be approximately 𝜈 = 1.46 × 10−5m2 s−1.

For 𝑅𝑒 = 5× 104, which corresponds to𝑈 = 5m s−1, the viscous boundary layer

on the upper edge of the aerofoil separates relatively early due to the thickness

of the aerofoil, causing a large viscous wake. Figure 5.4.1c shows the lift-to-drag

ratio for this simulation, with the lift and drag forces computed using (5.4.17).

The lift-to-drag ratio is volatile just after the �ow is initiated, but by 𝑡 = 10

the lift-to-drag ratio tends to a value of 1.4, although small regular oscillations

remain due to the vortex shedding seen in panel (a). For 𝑅𝑒 = 10 × 104, which

corresponds to 𝑈 = 10m s−1, the viscous boundary layer remains attached up

to the trailing edge of the aerofoil, where it forms a thin, stable wake. The lift-

to-drag ratio settles to a value of 4.3 which, while signi�cantly better than the

previous value of 1.4, is relatively poor compared to conventional aerofoils.

The dimensionless transmural pressures for the viscous simulations at 𝑡 =

10 are compared to that of the inviscid �ow in Figure 5.4.1d. Near the leading-

edge stagnation point 𝑠 = 0.52, the viscous �uid pressures agree well with the

inviscid �ow. However, towards the trailing edge at 𝑠 = 0 and 𝑠 = 2𝜋 we observe

a signi�cant deviation between the pressures, with this deviation more severe

for the lower value of 𝑅𝑒 . Along the upper section 0 ≤ 𝑠 ≤ 0.52 we observe that

the �uid pressure generally increases for lower values of 𝑅𝑒 , while on the lower

section 0.52 ≤ 𝑠 ≤ 2𝜋 the �uid pressure decreases, resulting in a reduction

of the lift force acting on the aerofoil. We also observe a decrease in the �uid

pressure near the trailing edge, which corresponds to an increased form drag

acting on the aerofoil.

Figure 5.4.2 shows the viscous �ow past an aerofoil with internal support

of length 𝐿 = 0.75 connected to the aerofoil at 𝑆1 = 2𝜋/3 and 𝑆2 = 4𝜋/3. The

�ow parameters are the same as those in Figure 5.4.1. For 𝑅𝑒 = 5 × 104, which
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(a) Vorticity �eld for 𝑅𝑒 = 5 × 104

(b) Vorticity �eld for 𝑅𝑒 = 10 × 104
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Figure 5.4.2: Simulations of the viscous �ow past a supported aerofoil with
parameters 𝛼 = 1/3, 𝜃𝑐 = 𝜋/6, 𝐿 = 0.75, 𝑆1 = 2𝜋/3, 𝑆2 = 4𝜋/3, and an angle of
attack of 6 degrees. (a) and (b) show a snapshot of the vorticity �eld at 𝑡 = 10,
with black indicating negative vorticity, white indicating positive vorticity, and
grey indicating zero vorticity. (c) shows the lift-to-drag ratio of the aerofoil. (d)
shows the dimensionless transmural �uid pressure Δ𝑃 ≡ (𝑝−𝑝𝑖)ℓ3/𝐸𝐵 at 𝑡 = 10,
with the inviscid pressure obtained using the boundary integral method.
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corresponds to 𝑈 = 5m s−1, we �nd that, unlike the unsupported case, the

boundary layer remains attached up to the trailing edge, reducing the

oscillations in the lift-to-drag ratio. The lift-to-drag ratio attains a value of 4.7,

which is signi�cantly higher than that of the unsupported aerofoil. For

𝑅𝑒 = 10 × 104, which corresponds to 𝑈 = 10m s−1 the lift-to-drag ratio is

increased further, reaching a value of 8.2, almost twice the value for the

unsupported aerofoil.

The dimensionless transmural pressures for the viscous simulations at 𝑡 =

10 are compared to that of the inviscid �ow in Figure 5.4.2d. We �nd that the

viscous pressures agree very well with the inviscid pressures for both 𝑅𝑒 =

10 × 104 and 𝑅𝑒 = 5 × 104. Since the numerical method used to obtain the

aerofoil deformation is based on the inviscid model of the �ow, the accuracy of

the aerofoil shape will depend on the deviation of the transmural �uid pressure

between the inviscid and viscous �ows. We thus conclude that the inviscid �ow

used to obtain the deformed aerofoil shapes provides a good approximation for

the �ow speeds considered.

We have thus shown that with a simple internal support the aerofoil can

maintain a good aerodynamic shape in realistic �ow conditions, with

signi�cantly improved aerodynamic characteristics over an unsupported

aerofoil.

5.5 Summary

We have studied the deformation and aerodynamics of an elastic aerofoil in a

�uid �ow. By modelling the aerofoil as a thin two-dimensional elastic cell we

have formulated the equations which govern the aerofoil deformation in

response to an inviscid �uid. We have presented a conformal mapping which

is used to determine the inviscid �ow past an aerofoil with no internal
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support, and constructed an iterative numerical method based on a boundary

integral equation for aerofoils with a simple internal support. Using the

viscous boundary layer method by Keller (1978) along with unsteady viscous

simulations using the software package Gerris (Popinet, 2003) we have

analysed the aerodynamic properties of the deformed aerofoil shapes and

con�rmed the validity of the inviscid approximation.

We �rst considered the deformation of an elastic aerofoil with a �xed

angle corner without any internal support. Guided by the smooth cell results

from the previous chapters, we obtained a set of distinct solution branches for

aerofoils in a static �uid and analysed the intricate development of these

solution branches as a �uid �ow is introduced. We observed that the aerofoil

deformation in response to an increased �ow speed 𝛼 or pressure 𝑃 varies

signi�cantly depending on the precise parameter values. Notably, we showed

that the solution branch which passes through 𝑃 = 0 contains aerofoils with

good aerodynamic pro�les for low �ow speeds, for which an increase in the

parameter 𝑃 resulting in a more slender aerofoil. For larger �ow speeds

however, the aerofoil bulges out perpendicular to the �ow, with higher

transmural pressures resulting in a more severe deformation.

We then considered an aerofoil with an inextensible internal support which

acts to constrain the deformation of the aerofoil and provide a realistic model of

an in�atable aerofoil. We have focused on the case of an aerofoil with trailing

edge angle 𝜃𝑐 = 𝜋/6 and a single support of length 𝐿 = 0.75, attached to the

aerofoil at the points 𝑆1 = 2𝜋/3 and 𝑆2 = 4𝜋/3, which was found to provide a

good aerodynamic shape. For inviscid �ow the aerofoil does not signi�cantly

deform at low �ow speeds and the lift depends almost linearly on the angle of

attack as it would for a rigid aerofoil. At higher �ow speeds a more substantial

deformation occurs, particularly toward the trailing edge, and this results in a

signi�cant loss in lift. The loss in lift can be reduced by increasing the in�ation
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pressure, but at the expense of an increase in drag as the aerofoil bulges into

a less aerodynamic shape. By computing the viscous �ow past the deformed

aerofoils we found that the presence of an internal support delays the boundary

layer separation at the trailing edge, reducing the viscouswake and signi�cantly

improving the lift-to-drag ratio of the aerofoil.



6

Summary and Future Work

6.1 Summary

In this thesis we studied the deformation of a two-dimensional elastic cell in an

inviscid stream.

In Chapter 2 we formulated the system of equations which governs the

unsteady deformation of a two-dimensional elastic cell submerged in an

inviscid �uid �ow, and con�rmed that these equations conserve the energy of

the system. We presented a conformal mapping which is used to simplify the

exterior �ow problem, and reduced the steady form of the system to a single

one-dimensional equation, providing a foundation for the following chapters.

In Chapter 3 we studied the case of a massless elastic cell in a uniform

stream. Expanding on the results of Blyth and Părău (2013), we presented an

asymptotic method to obtain equilibria solutions to arbitrary powers of the

low �ow speed parameter, and uncovered a series distinct solution branches

which bifurcate at critical pressures corresponding to those obtained by

Halphen (1888) for a buckled cell in a static �uid. Of particular note, we

obtained steady cell shapes with left-right asymmetry and cells with

top-bottom asymmetry. We used numerical methods to present a detailed

analysis of the solution branches bifurcating from the �rst two critical

pressures, and presented maps of the regions of parameter space in which

these steady solutions are linearly stable. Using unsteady simulations, we



Chapter 6: Summary and Future Work 199

showed that unstable cells in certain regions of parameter space fall into a one

of two distinct regular motions, either a �ipping motion or a bulging motion,

while for other parameter values the cell undergoes a fully chaotic unsteady

motion.

In Chapter 4 we studied the equilibria of an elastic cell in �ows with

circulation. We used two di�erent asymptotic expansions to obtain solutions

which bifurcate from the unit circle at critical values of the transmural

pressure and the circulation, and obtained the buckled mode-𝑘 symmetric

equilibria cells �rst identi�ed by Blyth and Părău (2013). We then studied the

deformation of an elastic cell in a uniform stream with circulation, with the

lift force balanced by the weight of the cell. We obtained asymptotic

expansions for low �ow speeds, and used numerical methods to expand upon

the results obtained in Chapter 3, allowing for a detailed analysis of the more

complex bifurcation structure which emerges when circulation is introduced

to the �ow.

In Chapter 5 we adapted the elastic cell formulation to allow for a �xed

angle corner and an inextensible internal support, providing a simple model of

an in�atable aerofoil. We used a combination of conformal mapping and

boundary integral methods to analyse the deformed cell shapes for an

unsupported cell in an inviscid �uid �ow, and showed that while the cell takes

an aerofoil-like shape for certain parameter values, the �ow generally causes

the cell to swell outwards perpendicular to the �ow. We showed that by

introducing an inextensible internal support we can constrain the deformation

of the cell and maintain a good aerofoil-like shape for realistic �ow

parameters. We computed the viscous �ow past the deformed cells by solving

the viscous boundary layer equations along with unsteady viscous simulations

using the software package Gerris, and showed that by including an internal

support the viscous boundary layer separation can be delayed, signi�cantly
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improving the aerodynamic performance of the aerofoil.

6.2 Future Work

The general unsteady system of equations derived in Chapter 2 provided a

framework for the two speci�c cases considered in the two following chapters:

the unsteady motion of a massless cell in the absence of both lift and

buoyancy considered in Chapter 3, and the equilibria of a cell with a heavy

elastic boundary balanced by a lift force considered in Chapter 4. It would be

informative to study the problem under more general conditions, allowing for

buoyancy, a heavy cell boundary and a lift force, which would allow for a

more complete understanding of the full system.

In Chapter 3 we considered the equilibria of a massless cell in a uniform

stream. We showed that there exist an in�nite number of distinct solution

branches which bifurcate from the unit circle at a series of critical transmural

pressures and performed a detailed analysis of the solutions which bifurcate at

the lowest two values of these pressures. It would be informative to study the

solution branches which bifurcate from the higher critical pressures and

identify any general patterns which emerge.

The asymptotic expansions presented in Chapter 4 for cells in a circulatory

�ow with no uniform stream were based on perturbations of the circular rest

state for low �ow speeds. It would be informative to also take asymptotic

expansions for weakly elastic cells about the exact solutions of Crowdy (2000)

for a bubble in a circulatory �ow.

The analysis of massive cells in a uniform stream with circulation in

Chapter 4 was limited to �nding equilibria states. It would be useful to adapt

the linear stability method and the unsteady numerical method presented in

Chapter 3 to incorporate the inertial terms of the elastic deformation
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equations, allowing for a detailed analysis of the stability of the various

solution branches in the same vein as in Chapter 3.

In Chapter 5 we presented results for an in�atable aerofoil, with a simple

internal support chosen to demonstrate the improvement on the aerodynamic

behaviour of the in�atable aerofoil under steady cruise conditions. Some

in�atable aerofoils have a single support as considered here (e.g. Bain et al.,

1963), but aerofoils with more complex internal structure are commonly used

(e.g. Brown et al., 2001). It would therefore be useful to adapt the boundary

integral method used in Chapter 5 to account for these more complex support

structures, allowing for an analysis of a wider range of aerofoil designs. In

either case the framework we have provided could be used as a basis to

investigate how to optimise performance under di�erent �ight conditions

depending on the intended application.
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