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We consider the effects of gravity on the two-dimensional flow caused by a symmetric
body vertically entering into initially calm water at constant speed. Surface tension,
viscosity and compressibility of the liquid are neglected. The flow is potential. The
region of contact of the water with the body surface starts from a single point and
grows monotonically in time. The effects of gravity on the size of the contact region, the
hydrodynamic force on the body, the hydrodynamic pressure distribution on the wetted
part of the body surface, and the free-surface elevation are analysed for the initial stage
of impact, using asymptotic methods with a small-valued gravity-related parameter. It
has been well accepted that the effects of gravity on water impact characteristics are
small. The analysis reveals that the effects of gravity are relatively small even for impact
conditions, where formally these effects should be included in the model. It is found
that gravity: slows down the contact points, reduces the hydrodynamic pressure at the
periphery of the contact region, but increases the pressure in the central part of the
wetted region, and hence increases the total fluid force on the body. The asymptotic
contributions are sensitive to the gravity correction to the size of the contact region,
even though it is relatively small. The effects of gravity become more important with
time for the later stages.

1. Introduction

The two-dimensional unsteady problem of a rigid symmetric body entering water
at constant speed, V , is considered. Before impact starts the water is at rest, with a
horizontal free surface, y = 0. The body initially, at time t = 0, touches the water surface
at a single point, which is taken as the origin of the Cartesian coordinate system Oxy,
where y is directed upwards, see figure 1. The body is symmetric with respect to the
vertical y-axis, rigid and convex. The angle between a tangent to the body surface in the
wetted zone and the positive x-axis, which is known as the dead-rise angle, is small in
the present analysis. As the body is forced into the water, the water is displaced. The
subsequent flow is symmetric with respect to the y-axis. Hence, only half of the flow
domain, x > 0, needs to be considered. In the right half of the flow domain, the water
surface is elevated by the impact and overturns near the body surface, forming a jet that
is thrown to the right, tangentially to the body surface, see figure 1. For small dead-rise
angles the jet is thin. The jet root is also known as the ‘overturning region’, or the ‘inner
flow region’, see Howison et al. (1991). The jet-root region is elevated above the x-axis
(the equilibrium water level), and is adjacent to the body surface. The jet root moves to
the right, along the surface of the body. The x-coordinate of the point on the free surface,
where the tangent to the free surface is vertical, is denoted by x = xc(t). We also use
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notation x = xc(t, 0) to describe the coordinate of this point in the absence of gravity,
g = 0, see section 3. Note that the elevation of the water surface, which is caused by
displacement of the water by the entering body, increases the width of the wetted part
of the body boundary. On the right from the turn-over point xc(t), there is a separation
point, where the jet separates from the surface of the body. The separation point is not
shown in 1. The jet separates from the body surface because of the surface curvature,
see Howison et al. (1991), and because of the gravity, which forces the jet overturn and
finally collide with the free surface underneath, see Sun & Faltinsen (2007). The position
of the separation point, and therefore, the wetted part of the impacting body is strongly
affected by the gravity. The jet flow with the effect of gravity is not covered in this paper,
see Zekri (2016) for more details.

According to Wagner (1932), the jet-root region is so small that one can make some
approximations allowing us to neglect fine details of the flow in this region and hence
calculate approximately the free-surface elevation, the distribution of the hydrodynamic
pressure in the contact region, the size of this contact region, and the total hydrodynamic
force acting on the entering body. For small dead-rise angles, of order O(ε) say, where
ε� 1, the relative size of the jet-root region is of order O

(
ε2
)
, see Howison et al. (1991).

Therefore the jet-root region can be treated, at leading order as ε→ 0, as a point at which
the slope of the water surface turns over to be vertical, producing a very thin spray jet,
see figure 2. The hydrodynamic pressure peaks in the jet-root region and quickly decays
down to the atmospheric pressure with the distance along the body surface towards the
separation point. The thin spray jet starts at the periphery of the jet-root region there,
where the hydrodynamic pressure is close to the ambient pressure above the liquid. The
spray jet is neglected at leading order in this approximation as ε → 0. Then x = xc(t)
becomes the coordinate of the right-hand contact point, where the free surface rises up
and meets the surface of the body, see Wagner (1932) and Howison et al. (1991). The
jet-root region can be neglected, as it has little effect on the pressure field in the rest of
the fluid domain far from the contact point x = xc(t). On the other hand, the jet-root
region and the spray jet itself make a sink of mass, momentum and kinetic energy, from
the viewpoint of the rest of the fluid domain. They also provide important contributions
to the higher order solutions of the water impact problems, see Korobkin (2007).

There are several physical phenomena which affect the water entry process but are
usually neglected in modelling. The surface tension on the liquid surface can be neglected
at leading order when the size of the body is much larger than the capillary length

(σ/(ρg))
1/2

, where σ is the surface tension coefficient, ρ is the liquid density and g is the
gravitational acceleration. This is the case for problems in ship hydrodynamics and wave
impact on coastal and offshore structures. For air-water interface, the capillary length is
about 2.7 mm. The viscosity of the liquid can be neglected when the body velocity V
is not very small compared with ν/L, where ν is the kinematic viscosity of the liquid
and L is the length scale of the body, see Korobkin & Pukhnachov (1988). For water at
room temperature the kinematic viscosity is about 1.0035 × 10−6 m2/s. In water entry
problems for a ship, we anticipate the Reynolds number V L/ν to be so much greater
than unity that we may neglect viscosity. The presence of the air between the water and
the body may be important for hull shapes with very small dead-rise angles. Then the
air can be trapped as a single cavity or several bubbles between the body and the water,
(see Wilson 1991; Khabakhpasheva et al. 2013). The leading order corrections of the
simplified model solution during the initial stage for surface tension, liquid viscosity and
nonlinear effects can be obtained independently for each effect using the perturbation
analysis. This technique was used in Korobkin & Pukhnachov (1988) to determine the
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Figure 1. Water impact by a symmetric body. Sketch of the flow and notation.

correction due to a horizontal component of the impact velocity and in Korobkin (1997)
to determine the leading order correction due to the liquid viscosity. These corrections
were obtained for the main flow region and during the early impact stage. The leading
order corrections due to the surface tension and viscous effects to the flow in the jet-
root region were obtained by Moore et al. (2014). The uniformly valid solutions of the
impact problems with account for the mentioned corrections were not obtained so far.
The matching of the asymptotic solutions in the main flow region, jet-root region and in
the spray jet requires comparison of the orders of all included effects, in contrast to the
asymptotic solutions in each of the subregions separately. Note that the air-cushion effect
is more difficult to account and analyse because this effect changes the scenario of the
impact. It is still unclear how to match the pre-impact stage with air-cushion effect and
the Wagner-type impact model, see recent papers by Ross & Hicks (2019) and Moore
(2021). In the present study, we focus on the correction to the solution in the main flow
region, which is without both the jet-root region and the spray jet, caused by the gravity.

Gravity can be neglected in the leading order when the acceleration of the liquid
particles caused by the impact is much greater than the acceleration due to gravity, g.
The fluid acceleration depends on the impact speed V and the dead-rise angle of the
body surface, which is on how quickly the impact occurs. A high speed of the impact
and/or a small dead-rise angle, provide high accelerations of the liquid particles. If the
fluid acceleration is comparable with g, then gravity should be included in the model, as
occurs, for example, with slow impact speeds. However, even when gravity is formally of
the same order of magnitude as the fluid inertia, the effect of gravity on the size of the
wetted region, the elevation of the free surface, and the hydrodynamic loads, is still small
and can be approximately neglected. Supporting evidence comes, in particular, from
numerical studies of water-entry problems (see Bertram 2000). This is also confirmed
and explained in the present paper through asymptotic analyses of the early stage of
water impact.

The effect of gravity changes the flow and the hydrodynamic pressure caused by the
impact differently in different parts of the flow region and in different stages of the impact.
The present study is focused on the initial stage, when the impact loads are high and the
total hydrodynamic force peaks as a function of time. We do not consider the later stage,
when the body is already completely wetted and continue to penetrate into the liquid
with a cavity behind it. The cavity evolution and its final collapse are strongly dependent
on gravity, see Bao et al. (2016). We do not consider also other impact configurations,
such as wave impact and a floating plate impact, where the gravity can provide important
contribution, see Sun & Wu (2020).

The effect of gravity on the flow characteristics during the early stage is not obvious.
The present study was, in particular, motivated by the paper Khabakhpasheva et al.
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Figure 2. Sketch of the flow in the jet-root region. Note that there is a point on the free
surface where the tangent to this surface is vertical.

(2016), where water entry of a wedge with deadrise angle of 45 degrees, initial speed 4
m/s and deceleration 3g was studied both by CFD and simplified impact models. The
maximum magnitude of the force, which occurs at t = 0.12 sec after the impact instant,
was overpredicted by 25% without account for gravity. Here we concentrate on the effect
of gravity onto the characteristics of the flow in the main flow region. Fine details of the
flow in the jet-root region and the spray jet are not included in the present analysis.

The results on the gravity effects obtained so far are mainly numerical and experimen-
tal. We are unaware on previous theoretical studies of gravity effects on water impact.
As it can be seen from the analysis of the present paper, theoretical study of gravity
effects is complicated even using the perturbation method for the initial stage of impact.
Numerical analysis of gravity effects is more straightforward. Including gravity into a
fully nonlinear potential flow solver does not significantly change the algorithms. There
is a difficulty with numerical modelling position of the separation point on the body
surface, see Sun & Faltinsen (2007), but even by simply ignoring this difficulty, see Sun
et al. (2015), the numerical solution is very reasonable. This might be caused by a small
contribution of the separation point position on the total force. Careful determination
of the separation point requires a special treatment, see Sun & Faltinsen (2007). Below,
several papers with analysis of the gravity effects on water impact and results, which will
be used as references in our study, are described.

Mackie (1965) studied the free-surface elevation, with and without gravity, for the
water entry of a slender symmetric wedge. His analysis showed that, far from the body
gravity raises the water surface and near the body gravity pulls it down, relative to
the gravity-free case. He showed also that far from the body the increase in free-surface
elevation due to gravity grows linearly with time. Asymptotic analysis of the present
paper confirms this result but for a blunt symmetric body.

Greenhow (1987) studied numerically the vertical water entry of a wedge with gravity
included. He concluded that it is acceptable to neglect gravity in computations when
t 6 V/(2g), except for the description of the jets. Compared with the zero-gravity results,
he found a small difference in the magnitude of the hydrodynamic pressure in the wetted
part of the wedge surface with a slight decrease of the pressure in the jet region. The jets
moved along the wedge surface slightly slower when gravity is included. He reported that
the jets can separate from the surface of the wedge because of gravity, see also Sun &
Faltinsen (2007). Asymptotic analysis of the gravity effect on the jet flow was performed
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by Zekri (2016), who confirmed the numerical findings. The asymptotic analysis of the
jets is not included in the present paper.

Seif et al. (2005) used a CFD package to solve numerically the Reynolds-averaged
Navier-Stokes equations. One of their example computations is for water entry of a
semi-circular cylinder, of radius 5.5 m, descending into water at speed V = 10 m/s.
They computed the pressure peaks as the cylinder penetrates into the water. Surface
tension, gravity and turbulence were included in their computations. They also per-
formed computations in which these three effects were individually switched off. They
wrote “Only gravity was found to have a significant effect in this case, with results for
the slamming force coefficient being approximately 23.2% lower without gravity”. Our
asymptotic analysis reveals that the gravity contribution to the total hydrodynamic force
increases in time as t3/2 during the early stage.

Sun & Faltinsen (2007) developed a 2D + t theory with gravity to describe steady
three-dimensional planing flows at high and moderate Froude numbers. They used a time-
dependent two-dimensional boundary-element method. Their results demonstrated that
gravity becomes more important for moderate Froude number flows than for high Froude
number ones. Gravity lowers the spray jets. They found a negligible gravity effect on the
vertical force before the chines are wetted. The gravity is more pronounced after the flow
reaches the chines and the hydrostatic force becomes dominant for the moderate Froude
number case. By subtracting the hydrostatic force from the total vertical force, they found
very close but not identical results for the dynamic component of the forces for Froude
numbers equal to 2.5 and 5. They wrote “So gravity also influences the hydrodynamic
part of the force. This is because gravity will change the fluid flow around the hull and
affect the free-surface elevation, as one can see from Fig. 14. Therefore, simply adding the
hydrostatic force to the lift force obtained by neglecting gravity cannot fully account for
the influence of gravity.” Our asymptotic analysis reveals that the dynamic component
of the gravity correction to the impact force increases the total force by 6%.

Similar results were reported by Tveitnes et al. (2008). They performed experimental
investigation of vertical water entry of wedges at constant speed. They estimated the
impact force acting on the wedge from an empirical formula derived by Fairlie-Clarke &
Tveitnes (2008). They explained that the total force comprises a ‘hydrostatic force’, a
‘residual gravity force’ which is defined as that part of the force which does some work
against gravity to lift up the water splash above the still-water level, and a ‘hydrodynamic
force’ which is due to the rate of change of the added-mass momentum and the flow
momentum. In addition to hydrostatic forces, gravity can affect the water-entry forces
by changing the flow regime and the wetted width, and because work must be done to lift
the water in the splash jets. In the present paper, we do not use the force decomposition
as suggested by Tveitnes et al. (2008) because we did not find an easy way to identify
different contributions to the force from separate effects.

Sun et al. (2015) studied oblique water entry of a wedge into waves including gravity,
using a boundary element method with fully non-linear boundary conditions. They
concluded “The gravity effect is unimportant when the impact time is much less than the
ratio of the entry speed to the acceleration due to the gravity. It becomes increasingly
important for the pressure distribution as the impact time progresses. It will alter the
shape of the pressure distribution, the location and the peak of pressure, and very
noticeably the large pressure gradient near the jet root. As time continues, the gravity
would eventually pull the water down and attached flow will no longer be valid.”

Khabakhpasheva et al. (2016) investigated the water entry and exit of a symmetric
wedge with large displacement and non-constant speed. They used three mathematical
models, see Korobkin (2004), and computational fluid dynamics to study the pressure
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distribution along the wetted part of the wedge and the hydrodynamic force acting on
the wedge during both the entry and exit stages. In this study, a significant contribution
of gravity on the force appeared at the end of the entry stage. A similar problem (only for
entry stage) was previously studied by Khabakhpasheva et al. (2014) using the generalised
Wagner model and numerical conformal mapping.

In this paper, we study the early stage of a two-dimensional, symmetric, potential
flow caused by water entry of a parabolic body at constant speed V . The penetration
depth of the body is much smaller that the horizontal dimension of the wetted part
of the body surface during this early stage. The presence of air, surface tension and
liquid viscosity are neglected but gravity is included in the model. The problem is
formulated and its asymptotic analysis is performed in section 2. Two dimensionless
parameters of the problem are identified. The first one, ε = (V T/R)1/2, where T is
the time-scale of the impact and R > 0 is the radius of curvature of the body surface
at the point of first contact, appears as a coefficient of all the non-linear terms in the
boundary conditions and the Bernoulli equation for the hydrodynamic pressure. The
second parameter, δ = ε3gRV −2, is the coefficient of the gravity term in Bernoulli
equation. Our asymptotic analysis is based on inequalities ε� δ � 1, which imply that
the entry speed is small and the stage immediately after the start of the body motion is
not covered. The problem is complicated because both the equations of the flow and the
dimension of the contact region, between the water and the entering body, depend on
the small parameters. In the limit ε→ 0, the equations and boundary conditions of the
problem are linearised, but the limiting problem still depends on another small parameter
δ. An asymptotic two-term solution of the linearised problem as δ → 0 is obtained in
section 3 in stretched coordinates. It is shown that the effect of gravity on the width of
the contact region is small even for relatively large δ. The leading order corrections to
the pressure distribution, hydrodynamic force and the free-surface elevation caused by
gravity are studied in sections 4, 5 and 6, respectively. Conclusions are drawn in section
7.

The aim of our paper is to quantify the meaning of “gravity is negligible during the
impact stage”, putting the known results on a solid mathematical footing. We are unaware
of existing estimates of gravity effects on water impact.

Let us think about water wave impact on a structure, see Zekri (2016). A water wave
is governed by gravity. Impact conditions are governed by gravity. However, the impact
loads caused by wave impact are only weakly dependent on gravity. We believe this
is an interesting question. We show in this paper that arguments based on the Froude
number, Fr = V/(gR)1/2, where V is the impact velocity, g is the gravity acceleration and
R is the linear scale of the problem, could be misleading. Gravity can still be neglected
even though the Froude number is small. This is the parameter, δ = ε3/Fr2, which is
responsible for the gravity effects in water impact problems. Gravity can be neglected if
δ is small. This is not the end of the story about gravity. The size of the wetted part
of the body is weakly dependent on gravity, even if δ is moderate, say δ = 2. This is
because the corrections for gravity in the asymptotic formulae of this paper are not only
about the orders of these corrections (all of them are of order of O(δ)) but also about the
coefficients in these formulae. If a coefficient is small, then the correction is small even if
the parameter of the asymptotic analysis is not very small. This occurs with the size of
the contact region but not with the pressure, total force and the free-surface elevation.
The asymptotic behaviour of the size of the contact region as δ tends to zero, is important
because this is the size of the contact region, which makes the problem non-linear, even
after all possible simplifications have been made. A surprising result is that this size is
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weakly dependent on gravity, even though gravity is important for other quantities of
the flow.

2. Formulation of the problem

We consider the initial stage of water impact by a smooth body with constant speed
V . The duration of this stage, T , is formal and such that the body penetration, V T , is
much smaller than a characteristic length scale of the flow. The problem is formulated
within the theory of two-dimensional, symmetric and potential flows.

2.1. Main unknowns and their scales

In this subsection, notation and scales of main variables describing the early stage of
water impact are introduced. Initially the liquid occupies the lower half-plane, y < 0, and
is bounded from above by the flat free surface, y = 0. The position of the body surface
is described by the equation

y =
x2

2R
− V t, (2.1)

where R is the radius of curvature of the body’s surface and t is the time variable.
Initially, t = 0, the parabolic body (2.1) touches the liquid free surface, y = 0, at a
single point, x = 0. In general, any smooth symmetric body can be approximated by a
parabolic contour (2.1) near the impact point during the early stage of impact.

The linear scale of the flow region, Xsc, is proportional to the coordinate xc(T ) of the
turn-over point, see figure 1. However, the function xc(t) is unknown in advance and
should be determined as part of the solution. We can argue that during the initial stage
xc(t) is of the same order as the coordinate xk(t) of the intersection point between the
moving contour (2.1) and the initial position of the liquid free surface, y = 0, see figure
1. The points x = ±xk(t) are known as the von Karman contact points, Von Karman
(1929), which separate the contact region −xk(t) < x < xk(t) from the free surfaces,
y = 0, x < −xk(t) and x > xk(t), in the von Karman water impact model which does
not account for elevation of the free surface during the impact. Setting y = 0 in (2.1),
one finds xk(t) =

√
2RV t. This gives Xsc =

√
RV T .

The duration of the initial stage, T , is defined by the condition that the displacement
of the body during this stage, V T , is much smaller than the linear scale of the flow
region, Xsc. Therefore, the duration T is such that the ratio V T/Xsc =

√
V T/R = ε is

small compared with unity. The non-dimensional parameter ε plays the role of a small
parameter in the problem under consideration. Note that T = ε2R/V and Xsc = εR,
which implies that the length scale of the flow region during the initial stage is much
smaller than the characteristic scale, R, of the body shape. This observation makes it
possible to approximate any smooth shape by the parabolic contour (2.1), where x =
O(Xsc).

The flow generated by the impact is described by a velocity potential ϕ(x, y, t). The
position of the free surface is given by the equation y = η(x, t), where |x| > xc(t). The
water-entry problem is considered below in dimensionless variables. The dimensionless
variables denoted by a hat are introduced by x = Xscx̂, y = Xscŷ and t = T t̂. The scales
of the velocity potential, the free-surface elevation and the function xc(t) are XscV , V T
and Xsc, respectively. Then ϕ = XscV ϕ̂

(
x̂, ŷ, t̂

)
, η = V T η̂

(
x̂, t̂
)

and xc(t) = Xscx̂c(t̂).

The hydrodynamic pressure p(x, y, t) = ρV 2ε−1p̂
(
x̂, ŷ, t̂

)
in the liquid is related to the

velocity potential ϕ̂ by the non-linear Bernoulli equation which reads



8

−p̂
(
x̂, ŷ, t̂

)
=
∂ϕ̂

∂t̂
+

1

2
ε|∇̂ϕ̂|2 +

δ

ε
ŷ, δ =

gR

V 2
ε3, (2.2)

in the dimensionless variables, where ρ is the liquid density and g is the gravitational
acceleration. The atmospheric pressure is set to zero. The last term in (2.2) corresponds
to the hydrostatic component of the pressure in the liquid, which is ρgy in the dimensional
variables. The dimensionless parameter δ describes the gravity effect on the flow caused
by the impact. This parameter can be presented as δ = ε3Fr−2, where Fr = V/

√
gR is

the Froude number and ε is the small parameter indicating that the early stage of the
impact is of concern. Therefore, the effect of gravity is characterized not only by the
Froude number but also by the small parameter ε, which is specific for impact processes.

In the dimensionless variables, the position of the body is described by the equation
ŷ = ε

(
x̂2/2− t̂

)
, and the position of the free surface by the equation ŷ = εη̂(x̂, t̂), where

|x̂| > x̂c(t̂). Note that the function η̂(x̂, t̂) can be multi-valued, see figure 1 and Oliver
(2002). Only the dimensionless variables are used below. The hat is dropped.

2.2. Equations of the flow and boundary conditions

The mathematical formulation of the problem is presented in this subsection. The
velocity potential ϕ(x, y, t) satisfies Laplace’s equation,

∂2ϕ

∂x2
+
∂2ϕ

∂y2
= 0, (2.3)

in the flow region

Ω(t) =
{
x, y|y < ε(x2/2− t), |x| < xc(t) and y < εη(x, t), |x| > xc(t)

}
, (2.4)

the boundary condition,

∂ϕ

∂y
= εx

∂ϕ

∂x
− 1, (2.5)

on the wetted part of the body surface, y = ε(x2/2− t), where |x| < xc(t), the kinematic
boundary condition,

∂ϕ

∂y
= εx

∂η

∂x

∂ϕ

∂x
+
∂η

∂t
, (2.6)

and the dynamic boundary condition,

∂ϕ

∂t
+

1

2
ε|∇ϕ|2 + δη =

ε

We

∂2η

∂x2

(
1 + ε2

(
∂η̂

∂x̂

)2
)−3/2

, (2.7)

on the free surface, y = εη(x, t), where |x| > xc(t). Here We= ρV 2R/σ is the Weber
number and σ is the coefficient of surface tension. The initial conditions are

ϕ(x, y, 0) = 0, η(x, 0) = 0, xc(0) = 0, (2.8)

at t = 0, and the far-field conditions are

ϕ→ 0, η → 0
(
x2 + y2 →∞

)
. (2.9)

In addition, we require that the free surface is below the surface of the moving body at
any time of the motion,

η(x, t) <
1

2
x2 − t (|x| > xc(t)) . (2.10)
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2.3. Dimensionless parameters of the problem

In this subsection, we discuss the main parameters of the problem and their values in
different situations. The conditions of the present study are also specified.

More details are given now about the three non-dimensional parameters, ε, δ and We,
in the formulated problem (2.3)–(2.10). The small parameter ε stands as the coefficient
of the non-linear terms. It can be considered as a parameter of the linearisation of the
problem. The parameter δ is responsible for the gravitational effects. These effects can
be neglected at leading order if the impact conditions are such that δ � 1. The Weber
number, We, describes the importance of the capillarity effects on the flow generated by
the blunt body impact. The coefficient in (2.7) is equal to

ε

We
=
( a

εR

)2
δ, (2.11)

where a =
√
σ/ρg is the capillary length, a = 2.7 mm for water at temperature 20oC.

Therefore, the capillary effects can be neglected in the dynamic condition (2.7) compared
with the effect of gravity if a/(εR)� 1. That is, the lengthscale, εR, of the flow region is
much greater than the capillary length. The capillary length depends only on the liquid
characteristics.

The non-linear term on the left side of (2.7) can be neglected compared with the gravity
term if ε� δ. This inequality together with the inequality obtained above, ε� a/R, and
the definition of the small parameter, δ = ε3gR/V 2, provide that both the non-linear
term and capillary term in condition (2.7) can be neglected compared with the gravity
term if

V√
gR
� ε,

a

R
� ε. (2.12)

The inequalities (2.12) are not satisfied during the very early stage of impact when the
size of the contact region is as small as either the capillary length a or O(V

√
R/g).

In the present study, we are concerned with the effect of gravity on the flow and the
hydrodynamic loads during the early stage of water impact. This effect is not negligible
only under conditions (2.12).

The gravity effect is as important as the inertia effect during the water impact if we
put δ = 1, which gives expressions for the parameter ε and the timescale T ,

ε =

(
V 2

gR

)1/3

, T =

(
RV

g2

)1/3

. (2.13)

For example, for V = 0.5 m/s, g = 9.81 m/s2 and R = 10 m, we find ε = 0.136 and
T = 0.373 s. Such a parabolic body penetrates water at depth less than 20 cm at t = T ,
which is much smaller than the characteristic length of the body R.

Below we restrict ourselves to the case where the gravity effect is still small compared
with the fluid inertia but stronger than both surface tension and non-linear effects:

ε� δ � 1. (2.14)

This range of the parameter δ corresponds to the stage of the impact when

V

g
� T �

(
RV

g2

)1/3

, (2.15)
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or, in terms of the quantity introduced by Greenhow (1987)

1� gT

V
�
(
gR

V 2

)1/3

. (2.16)

Note that on the basis of his numerical results Greenhow (1987) suggested that gravity
can be safely neglected during the early stage when gT/V 6 1/2. For impact with V = 0.5
m/s, g = 9.81 m/s2 and R = 10 m, inequalities (2.15) provide 0.05 s � T � 0.4 s.

2.4. Asymptotic model of water impact with gravity

A Wagner-type model of water impact is derived in this subsection for the initial stage
of impact. Letting ε → 0 in (2.3)–(2.10) and using (2.14) we conclude that at leading
order the flow domain (2.4) can be approximated by the lower half-plane, y < 0, where

∂2ϕ

∂x2
+
∂2ϕ

∂y2
= 0 (y < 0), (2.17)

the kinematic boundary conditions (2.5) and (2.6) can be linearised and imposed on
the undisturbed liquid boundary, y = 0, in the intervals |x| < xc(t) and |x| > xc(t),
respectively:

∂ϕ

∂y
= −1 (y = 0, |x| < xc(t)) , (2.18)

∂ϕ

∂y
=
∂η

∂t
(y = 0, |x| > xc(t)) . (2.19)

The initial (2.8) and far-field (2.9) conditions do not change, and the dynamic condition
(2.7) takes the form,

∂ϕ

∂t
+ δη = 0 (y = 0, |x| > xc(t)) . (2.20)

Note that the original notation is used for the limiting values of the unknown functions
as ε → 0. The linearised hydrodynamic problem (2.17)–(2.20), (2.8), (2.9) should be
supplemented by an equation for the coordinate of the contact point xc(t). Such an
equation was suggested by Wagner (1932) and it is known as the Wagner condition in
water impact problems. The condition requires that the elevation of the free surface at
the contact point, x = xc(t), is equal to the vertical coordinate of the body surface at
this point,

η(xc(t), t) =
1

2
x2c(t)− t. (2.21)

The Wagner condition (2.21) implies that the free surface, y = εη(x, t), of the linearised
water impact problem matches the body surface without the jet and without the jet-root
region between them. Wagner (1932) explained how to include both the jet-root and jet
regions in the solution. The heuristic approach by Wagner was justified and formalized
through asymptotic methods by Howison et al. (1991). The jet root is attached to the
body, but the jet flow is not necessarily attached to the body. We only assume that the
upper edge of the jet root is tangent to the body surface. See Semenov & Wu (2019).

2.5. Displacement potential in the Wagner-type problem with gravity

The problem of the initial stage of water impact with gravity is formulated using a
displacement potential. It is explained at the end of the subsection how the present
problem is different from the classical Wagner problem and how this difference makes
the problem complicated for the analysis.
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The Wagner condition (2.21) is difficult to implement within the formulated problem
of impact with account for gravity. It is convenient to introduce a so-called displacement
potential φ(x, y, t), defined as the time-integral of the velocity potential,

φ (x, y, t) =

∫ t

0

ϕ (x, y, τ) dτ, (2.22)

(see Korobkin 1982, 1996; Howison et al. 1991). The boundary-value problem with respect
to the displacement potential φ(x, y, t) is derived by integrating equations (2.17)–(2.20),
(2.9) in time, and using (2.22). The body boundary condition (2.18) is the most difficult
one to integrate; conditions (2.19) and (2.21) are used to perform the integration. The
resulting boundary-value problem for φ(x, y, t) reads

∂2φ

∂x2
+
∂2φ

∂y2
= 0 (y < 0, t > 0), (2.23)

∂2φ

∂t2
+ δ

∂φ

∂y
= 0 (y = 0, |x| > xc(t, δ)), (2.24)

∂φ

∂y
=

1

2
x2 − t (y = 0, |x| < xc(t, δ)), (2.25)

φ(x, y, 0) = 0 ,
∂φ

∂t
(x, y, 0) = 0, (2.26)

φ(x, y, t)→ 0 (x2 + y2 →∞). (2.27)

The elevation of the free surface is given by

η(x, t) =
∂φ

∂y
(x, 0, t), (2.28)

and the pressure in the contact region is given by the linearised Bernoulli equation,

−p(x, 0, t) =
∂2φ

∂t2
+ δ

(
x2

2
− t
)

(|x| < xc(t, δ)), (2.29)

where the second term on the right-hand side corresponds to the hydrostatic pressure. The
Wagner condition (2.21) together with (2.25) and (2.28) imply that the potential φ(x, y, t)
is required to be continuous up to the boundary, together with its first derivatives in x, y
and t. In particular, continuity of the derivative ∂φ/∂y on the boundary, y = 0, at the
contact point, x = xc(t), is equivalent to the Wagner condition (2.21), see Korobkin
(1996). In the following, the function xc(t) is determined from the condition that the
displacements φx and φy are finite in y 6 0 including the contact points.

The hydrodynamic problem (2.23)–(2.28) is linear. However, the function x = xc(t) is
unknown in advance and should be selected in such a way that the displacements, ∇φ,
of the liquid particles are finite in the flow region y < 0 up to the boundary, y = 0.
The equation for x = xc(t) derived in Korobkin (1996) cannot be used for the present
problem with gravity, where φ(x, 0, t) 6= 0 on the free surface, in contrast to the entry
problem without gravity, where φ(x, 0, t) = 0.

The parameter δ is the only parameter of the formulated problem (2.23)–(2.27). In the
asymptotic analysis of this paper, we assume that δ � 1 and investigate the corrections
due to gravity to the solution of the problem without gravity, δ = 0. Only the leading
order corrections will be determined.
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3. First-order displacement potential

Both the displacement potential φ(x, y, t, δ) and the function xc(t, δ) depend on the
small parameter δ. We are concerned with asymptotic behaviours of these unknown
functions as δ → 0. The asymptotic analysis is non-trivial because the positions of the
contact points, x = ±xc(t, δ), which separate the boundary conditions (2.24) and (2.25),
also depend on the parameter δ. The solution of the problem for δ = 0 is well-known, see
Wagner (1932). In particular, xc(t, 0) = 2

√
t, and the velocity potential in the contact

region is ϕ(x, 0, t, 0) = −
√

4t− x2, where |x| < 2
√
t.

To make the problem (2.23)–(2.28) suitable for asymptotic analysis as δ → 0, we
introduce new stretched variables,

x̃ = x
xc(t, 0)

xc (t, δ)
, ỹ = y

xc(t, 0)

xc (t, δ)
, φ̃ (x̃, ỹ, t, δ) = φ(x, y, t, δ), (3.1)

denoted by tilde, and search for asymptotic expansions of the unknown functions,

φ̃ (x̃, ỹ, t, δ) = φ̃0 (x̃, ỹ, t) + δφ̃1 (x̃, ỹ, t) +O
(
δ2
)
, (3.2)

xc (t, δ) = xc (t, 0)
(
1 + δx1(t) +O

(
δ2
))
. (3.3)

Note that the size of the contact region is independent of δ in the new stretched variables,
|x̃| < xc(t, 0). The potentials φ̃0 and φ̃1 satisfy the Laplace equation in ỹ < 0 and vanish
at infinity. The boundary conditions for these potentials are derived below. The body
boundary condition (2.25) in the new stretched variables reads

∂φ

∂ỹ
=
xc (t, δ)

xc (t, 0)

(
x2c (t, δ)

2x2c (t, 0)
x̃2 − t

)
=
(
1 + δx1(t) +O

(
δ2
))((

1 + 2δx1(t) +O
(
δ2
)) x̃2

2
− t
)
.

This provides us with the boundary conditions

∂φ̃0
∂ỹ

=
1

2
x̃2 − t, ∂φ̃1

∂ỹ
= x1(t)

(
3

2
x̃2 − t

)
(ỹ = 0, |x̃| < xc(t, 0)). (3.4)

The second time-derivative on the boundary is approximated as

∂2φ

∂t2
(x, 0, t, δ) =

∂2φ̃0
∂t2

(x̃, 0, t) + δ

(
∂2φ̃1
∂t2

− 2x̃x′1(t)
∂2φ̃0
∂x̃∂t

− x̃x′′1(t)
∂φ̃0
∂x̃

)
+O(δ2).(3.5)

The free-surface boundary condition (2.24) and the asymptotic expansions (3.2) and (3.5)
provide ∂2φ0/∂t

2 = 0, where y = 0 and |x̃| > xc(t, 0), at the leading order as δ → 0.
This condition can be integrated in time twice using the initial conditions (2.26),

φ̃0 = 0 (ỹ = 0, |x̃| > xc(t, 0)). (3.6)

Substituting (3.5) in (2.24) and using (3.6), we find in the first approximation,

∂2φ̃1
∂t2

+
∂φ̃0
∂ỹ

= 0 (ỹ = 0, |x̃| > xc(t, 0)). (3.7)

The leading order displacement potential, φ̃0 (x̃, ỹ, t), satisfies the Laplace equation in
ỹ < 0 and the boundary conditions (3.4) and (3.6). The leading order displacements, φ̃0x
and φ̃0y are required to be bounded in y 6 0. The solution of this leading order problem
with bounded displacements can be found in, for example, Korobkin (1996):
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xc(t, 0) = 2
√
t, φ̃0 (x̃, 0, t) = −1

6

(
4t− x̃2

)3/2
, (|x̃| < 2

√
t), (3.8)

∂φ̃0
∂ỹ

(x̃, 0, t) =
x̃

2

(
x̃−

√
x̃2 − 4t

)
− t, (|x̃| > 2

√
t). (3.9)

Substituting (3.9) in (3.7) and integrating the condition twice in time by using the
initial conditions (2.26) and the far-field condition (2.27), we obtain the first-order
displacement potential,

φ̃1 (x̃, 0, t) =
t3

6
− x̃2

4
t2 +

x̃4

12
t− x̃6

120
+

x̃

120

(
x̃2 − 4t

)5/2
(ỹ = 0, x̃ > 2

√
t), (3.10)

and the first-order horizontal displacement,

∂φ̃1
∂x̃

(x̃, 0, t) = − x̃
2
t2 +

x̃3

3
t− x̃

5

20
+

1

120

(
x̃2 − 4t

)3/2 (
6x̃2 − 4t

)
(ỹ = 0, x̃ > 2

√
t), (3.11)

on the right-hand free surface.
The boundary conditions (3.4) and (3.10), and the Laplace equation in y < 0 indicate

that the first-order potential φ̃1 (x̃, ỹ, t) is self-similar, where

φ̃1 (x̃, ỹ, t) = 2t3Φ (ξ, ζ) , x1(t) = µt3/2, (3.12)

and the new self-similar variables are

ξ =
x̃

2
√
t
, ζ =

ỹ

2
√
t

(3.13)

with µ being a constant to be determined. It is convenient to reformulate the first-order
problem with respect to the complex displacement ∂Φ/∂ξ− i∂Φ/∂ζ, which is analytic in
the flow region, ζ < 0, decays at infinity and satisfies the following boundary conditions,

∂Φ

∂ξ
= −ξ +

8

3
ξ3 − 8

5
ξ5 +

4

15

(
ξ2 − 1

)3/2 (
6ξ2 − 1

)
sgn(ξ), (ζ = 0, |ξ| > 1), (3.14)

∂Φ

∂ζ
= µ

(
6ξ2 − 1

)
, (ζ = 0, |ξ| < 1). (3.15)

A new unknown function W(z) = (∂Φ/∂ξ − i∂Φ/∂ζ)
√
z2 − 1, z = ξ + iζ, has been

introduced by Zekri (2016). The function
√
z2 − 1 is defined in the complex z-plane with

the cut along the interval ζ = 0, −1 < ξ < 1 in such a way that it is real and positive
where ζ = 0 and ξ > 1. The function W(z) is analytic in ζ < 0 and decays at infinity. The
real, Re[W(ξ− i0)], and imaginary, Im[W(ξ− i0)], parts of this function on the boundary
are related by the Hilbert formula, Gakhov (1966),

Im [W(ξ − i0)] =
1

π
p.v.

∫ ∞
−∞

Re [W(τ − i0)]

τ − ξ
dτ, (3.16)

where the integral is understood as a Cauchy principal-value integral and

Re [W(ξ − i0)] =


∂Φ
∂ξ (ξ, 0)

√
ξ2 − 1, (ξ > 1),

−∂Φ∂ξ (ξ, 0)
√
ξ2 − 1, (ξ < −1),

−∂Φ∂ζ (ξ, 0)
√

1− ξ2, (|ξ| < 1),

(3.17)

Im [W(ξ − i0)] =


−∂Φ∂ζ (ξ, 0)

√
ξ2 − 1 (ξ > 1),

∂Φ
∂ζ (ξ, 0)

√
ξ2 − 1 (ξ < −1),

−∂Φ∂ξ (ξ, 0)
√

1− ξ2 (|ξ| < 1).

(3.18)
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The boundary conditions (3.14) and (3.15) provide that the real part of the unknown
function (3.17) on the boundary is given. Therefore, the integral in (3.16) can be evaluated
yielding the first-order vertical displacement, ∂Φ/∂ζ(ξ, 0), on the free surfaces and the
horizontal displacement, ∂Φ/∂ξ(ξ, 0), in the contact region, |ξ| < 1, see equations (3.18).
Equations (3.18) show that the imaginary part, Im[W(ξ − i0)], is equal to zero at the
contact points, ξ = ±1, for finite displacements ∂Φ/∂ξ and ∂Φ/∂ζ. Therefore, the integral
in (3.16) should be equal to zero at ξ = ±1, which gives an equation for the constant µ
and the leading order gravity correction to the positions of the contact points. Due to
the flow symmetry, it is enough to equate the integral to zero only at ξ = 1,

p.v.

∫ ∞
−∞

Re [W(τ − i0)]

τ − 1
dτ = 0. (3.19)

The integral (3.19) is evaluated analytically using (3.14) and (3.15). Detailed calculations
are not shown here. The result is

µ = − 8

225π
. (3.20)

Equations (3.3), (3.12) and (3.20) yield the coordinate of the right contact point corrected
for the gravity effect:

xc (t, δ) = 2
√
t
(

1− δ|µ|t3/2 +O
(
δ2
))
. (3.21)

We conclude that gravity reduces the size of the contact region. This reduction is small,
even for moderate values of δ. Indeed, in (3.21), t = O(1) and µ ≈ −0.0113. Gravity also
reduces the speed of the contact points,

dxc
dt

(t, δ) =
1√
t
− 4δ|µ|t+O

(
δ2
)
. (3.22)

In the contact region, |ξ| < 1, the Hilbert formula (3.16) provides

∂Φ

∂ξ
(ξ, 0)

√
1− ξ2 =

µ

π
p.v.

∫ 1

−1

(6ξ20 − 1)(1− ξ20)√
1− ξ20(ξ0 − ξ)

dξ0 −
2ξ

π

∫ ∞
1

∂Φ

∂ξ
(ξ0, 0)

√
ξ20 − 1

ξ20 − ξ2
dξ0.

(3.23)
The integrals in (3.23) are evaluated analytically using (3.14) and (3.20) with the result

∂Φ

∂ξ
(ξ, 0) =

24

225π
ξ
√

1− ξ2(23− 30ξ2) +
4

15π
(1− ξ2)3/2(1− 6ξ2) ln

∣∣∣1 + ξ

1− ξ

∣∣∣
− 1

15
ξ(24ξ4 − 40ξ2 + 15) |ξ| < 1. (3.24)

On the free surface, ξ > 1, the Hilbert formula provides

∂Φ

∂ζ
(ξ, 0)

√
ξ2 − 1 =

1

π

∫ 1

−1

∂Φ

∂ζ
(ξ0, 0)

√
1− ξ20
ξ0 − ξ

dξ0 −
2ξ

π
p.v.

∫ ∞
1

∂Φ

∂ξ
(ξ0, 0)

√
ξ20 − 1

ξ20 − ξ2
dξ0.

(3.25)
The integrals in (3.25) are evaluated analytically using (3.14), (3.15) and (3.20) with the
result

∂Φ

∂ζ
(ξ, 0) =

8ξ

75π

√
ξ2 − 1

(
30ξ2 − 23

)
+

8(1− 6ξ2)

225π

(
1 +

15

2

(
ξ2 − 1

) 3
2 ln

(
ξ + 1

ξ − 1

))
.

(3.26)
By using the obtained first-order solution of the water entry problem with gravity, we
can investigate the effect of gravity on both the dynamic and kinematic characteristics
of the flow.
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Figure 3. The function P (ξ) (solid line) and its hydrostatic component (dashed line), where
P (0) = 1.0863.

Figure 4. The dynamic component of the gravity correction function P (ξ). The curve has a
terminal point -0.1867 at ξ = 1 and 0.0863 at ξ = 0.

4. Pressure distribution in the contact region

In this section, the pressure distribution along the wetted part of the body during
the impact is calculated with account for gravity. The asymptotic expansion of the
hydrodynamic pressure in stretched variables (3.1) for small δ is sought in the form

p̃ (x̃, ỹ, t, δ) = p̃0 (x̃, ỹ, t) + δp̃1 (x̃, ỹ, t) +O
(
δ2
)
. (4.1)

In the contact region, |x̃| < 2
√
t, equations (2.23), (3.5) and (3.8) provide the leading-

order pressure distribution without gravity, (see Wagner 1932; Howison et al. 1991),

p̃0 (x̃, 0, t) =
2√

4t− x̃2
(ỹ = 0, |x̃| < 2

√
t). (4.2)

The leading-order pressure (4.2) is positive with integrable singularity at the contact
points, x̃ = ±2

√
t. The leading-order correction to the pressure in the wetted area, is
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given by the formula,

p̃1(x̃, 0, t) = −∂
2φ̃1
∂t2

+ x̃ẍ1(t)
∂φ̃0
∂x̃

+ 2x̃ẋ1(t)
∂2φ̃0
∂x̃∂t

− x̃2

2
+ t, (4.3)

where φ̃1 (x̃, 0, t) and x1(t) are given by (3.12), (3.13), and φ̃0 (x̃, 0, t) in the wetted area
by (3.8). Equations (3.12), (3.13) and (3.8) provide after some algebra,

∂2φ̃1
∂t2

(x̃, 0, t) =
t

2

[
24Φ− 9ξ

∂Φ

∂ξ
+ ξ2

∂2Φ

∂ξ2

]
(ỹ = 0, |x̃| < 2

√
t), (4.4)

∂φ̃0
∂x̃

(x̃, 0, t) =
x̃

2

(
4t− x̃2

)1/2
,
∂2φ̃0
∂x̃∂t

(x̃, 0, t) =
x̃√

4t− x̃2
(ỹ = 0, |x̃| < 2

√
t), (4.5)

where the derivative Φξ in the wetted area is given by (3.24). The second derivative, Φξξ,
is obtained by differentiation of (3.24),

∂2Φ

∂ξ2
(ξ, 0) = −1 +

3600ξ4 − 4104ξ2 + 672

225π
√

1− ξ2
+ 8ξ2(1− ξ2)− 4

π
ξ(1− 2ξ2)

√
1− ξ2 ln

∣∣∣∣1 + ξ

1− ξ

∣∣∣∣ ,
(4.6)

and the function Φ(ξ, 0) is obtained by integration (3.24) in ξ using the condition that
this function is continuous at ξ = 1, see Zekri (2016) for more details. Then the first-order
pressure in the wetted area reads,

p̃(x̃, 0, t) = p̃0(x̃, 0, t)
(

1 + δt3/2P (ξ) +O
(
δ2
))
, (4.7)

where

P (ξ) = 3µξ2(3− ξ2) +
√

1− ξ2S(ξ), (4.8)

S(ξ) = 1− 2ξ2 − 12Φ(ξ, 0) +
9

2
ξΦξ(ξ, 0)− 1

2
ξ2Φξξ(ξ, 0) (|ξ| < 1). (4.9)

Note that the pressure distribution with account for gravity (4.7) is also square-root
singular as the pressure without gravity. However, the relative correction to the pressure,
δt3/2P (ξ), is finite and small for early stage of impact. This correction is not small for
a later stage when t = O(1) and δ = O(1), in contrast to the correction of the contact
point position, see (3.21) where µ is small.

The even function P (ξ) is shown by solid line in figure 3 for 0 < ξ < 1. It is seen
that gravity increases the pressure in the central part of the contact region and decreases
it near the periphery of this region. The hydrostatic part of the gravity correction, the
second term on the right-hand side of (2.29), corresponds to

√
1− ξ2(1 − 2ξ2) in (4.8)

and (4.9). This term is shown in figure 3 by dashed line. Therefore, the main contribution
to the leading order correction to the pressure comes from the hydrostatic pressure. The
difference between the solid and dashed lines in figure 3 corresponds to the dynamic
component of the gravity correction function P (ξ). This dynamic component is shown in
figure 4. It is ten times smaller that the hydrostatic component of the pressure inside the
wetted area but it provides a main contribution at the periphery of the contact region.
The dynamic pressure component depends on the free-surface pressure contribution, see
the first term in (4.3), and on the leading order correction x1(t) to the contact point
motion, see the second and third terms in (4.3).

Note that the dynamic component is about constant in the inner part of the contact
region. This gives an idea to introduce a modified hydrostatic component with the zero-
pressure level elevated by about 10% of the body penetration depth. The resulting
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modified dynamic component with opposite sign is shown in figure 3 by the dotted line.
It is seen that the modified dynamic correction is of the same order as the hydrostatic
pressure near the contact points but is negligible in the inner part of the contact region.
The idea of modified hydrostatic pressure was used in Khabakhpasheva et al. (2016) to
identify different contributions to the total hydrodynamic force acting on a rigid wedge
entering and then exiting fluid. We have no clear rational arguments for the modified
components of the relative corrections of the impact pressure.

5. Hydrodynamic force

In this section, we evaluate the hydrodynamic force acting on the impacting body
with account for gravity. The hydrodynamic force is obtained either by integration of
the pressure over the wetted body surface, (see Faltinsen 1993; Oliver 2002; Korobkin
2007), or by using the energy arguments, see Miloh (1981). Wu (1998) used both these
approaches and showed that they give the same results.

In this study, we evaluate the vertical force F (t) acting on the symmetric body by
integrating the pressure distribution along the wetted area. The scale of the force is
ρV 2R. In the dimensionless variables, the force is given by

F (t) =

∫ xc(t)

−xc(t)

p

(
x, ε

(
x2

2
− t
)
, t

)
dx. (5.1)

At the leading order as ε→ 0 and using the stretched variables (3.1), formulae (4.7) and
(5.1), we find

F (t) = 2

∫ xc(t,0)

0

p̃0(x̃, 0, t)

(
1 + δt3/2P

(
x̃

2
√
t

))(
1− δ|µ|t3/2

)
dx̃+O(ε) +O(δ2),

(5.2)

where p̃0(x̃, 0, t) = t−1/2/
√

1− ξ2, ξ = x̃/2
√
t, and P (ξ) is given by (4.8) and (4.9). The

formula (5.2) can be simplified by using (4.8),

F (t) = 4

∫ 1

0

(
1√

1− ξ2
+ δt3/2

P (ξ) + µ√
1− ξ2

)
dξ +O(δ2), (5.3)

F (t) = 2π + 4δt3/2

(
µ

∫ 1

0

3ξ2(3− ξ2) + 1√
1− ξ2

dξ +

∫ 1

0

S(ξ)dξ

)
+O(δ2), (5.4)

where

µ

∫ 1

0

3ξ2(3− ξ2) + 1√
1− ξ2

dξ = − 7

90
,

∫ 1

0

S(ξ)dξ =
1

2
+

35

2

∫ 1

0

ξΦξ(ξ, 0)dξ, (5.5)

the derivative Φξ in the wetted area is given by (3.24). Hence the coefficient of δt3/2 in
equation (5.4) is

4

(
− 7

90
+

1

2
+

35

2

∫ 1

0

ξΦξ(ξ, 0)dξ

)
= 4

(
− 7

90
+

1

2
+

35

2
(−0.00381)

)
= 1.4222, (5.6)

see Zekri (2016). Putting all these results together we find,

F (t) = 2π + 1.4222 δ t3/2 +O(δ2). (5.7)

Asymptotic formula (5.7) shows that gravity increases the hydrodynamic force. However,
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Figure 5. The components of the free-surface shape in the self-similar variable ξ. The gravity
correction term, η1(ξ), multiplied by 10 is shown by solid line, and the free-surface elevation
without gravity, η0(ξ), is shown by the dashed line. The terminal values at ξ = 1 are
η0(1) = 0.7538, η1(1) = −0.019.

this increase is small for small time t. One may suggest a simplified model, where the
dimension of the contact region does not depend on gravity because its contribution to the
position of the contact point is small, see (3.21), and the pressure in the contact region
depends on gravity only through the hydrostatic pressure assuming that the dynamic
pressure is not affected by gravity, see figure 3. In this model, the force is also given by
(5.7) but with the coefficient 1.4222 of the correction term to be changed to 4/3 which
is about 6% smaller than the actual value.

6. Gravity correction to the free-surface shape

In this section, we shall investigate how significant is the contribution of gravity to the
free-surface shape. The free-surface shape is given by equation (2.28),

η(x, t) =
xc(t, 0)

xc(t, δ)

∂φ̃

∂ỹ
(x̃, 0, t), (6.1)

in the stretched variables. Asymptotic expansions (3.2) and (3.3) provide
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Equations (3.9) and (3.12) written in the self-similar variables yield

∂φ̃0
∂ỹ

(x̃, 0, t) = tη0(ξ), η0(ξ) = (ξ +
√
ξ2 − 1)−2, ξ = x̃/2

√
t, (6.3)
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(x̃, 0, t) = t
5
2
∂Φ

∂ζ
(ξ, 0) (ξ > 1). (6.4)

where the derivative Φζ(ξ, 0) is given by (3.26). Then the asymptotic formula for the
elevation of the right free surface, ξ > 1, as δ → 0 reads

η(x, t) = tη0(ξ) + δt
5
2 η1(ξ) +O

(
δ2
)
, (6.5)
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where η1(ξ) = −µη0(ξ) + Φζ(ξ, 0). The functions η0(ξ) and η1(ξ) are shown in figure 5
by dashed and solid lines, respectively. The gravity-correction term, η1(ξ), is very small.
It is shown in the figure multiplied by 10. It is seen that gravity lifts the free-surface
elevation at a distance from the contact point ξ = 1 but lowers it just next to the contact
point. Both the elevation without account for gravity and the gravity-correction term
vanish quickly with increasing distance from the body surface.

The elevation of the free surface caused by the body entry can be considered as a reason
for increase of the hydrostatic pressure along the wetted part of the body. This idea was
used in Khabakhpasheva et al. (2016), where the impact forces computed by CFD and
by semi-analytical models were compared for a wedge of 45o deadrise angle with account
for gravity. The body moved vertically with non-zero initial velocity and a constant
deceleration. The penetration depth was described by a quadratic function of time.
Initially the wedge penetrated water with a decreasing speed, then stopped and finally
exited from water. The first impact stage was well described by the Modified Logvinovich
Model (MLM) from Korobkin (2004) and the Generalised Wagner Model (GWM) from
Khabakhpasheva et al. (2014). At the end of the impact stage the velocity of the wedge
was small and the gravity effects are important. This is the stage which is similar to the
process studied in the present paper. The semi-analytical models from Korobkin (2004)
and Khabakhpasheva et al. (2014) do not provide forces comparable with the CFD forces
at the transient stage from entry to exit. Both models were developed further including
gravity in Khabakhpasheva et al. (2016). It was shown that the dynamic component of
the gravity-induced correction can be reduced to an extra hydrostatic pressure within
the GWM. Namely, the zero level of the hydrostatic pressure was supported to be placed
at the pile-up height (elevation of the water surface at the contact points) increasing
the hydrostatic pressure in the wetted part of the wedge. A similar idea was used to
include gravity into the MLM. Note that the MLM was developed for water impact of
bodies with small deadrise angles. However, the MLM was shown to work well without
gravity included even for wedge of 45o and moderate penetration depths. The gravity
was included in the MLM by the zero-level lifted to a half of the pile-up height without
a rational explanation of this procedure. The modified GWM and MLM with gravity
included provided the hydrodynamic forces comparable with the CFD force up to the
end of the entry stage, when the wedge speed dropped down to zero.

Figure 3 shows that the gravity-induced correction to the pressure (solid line) behaves
similar to the hydrostatic component (dashed line) but its magnitude is different. It
is observed that, if the zero-level for the hydrostatic pressure is increased from the
equilibrium water level y = 0 to P (0)−1, then the hydrostatic pressure becomes close to
the correction P (ξ). The difference between the correction by the modified hydrostatic

pressure,
√

1− ξ2(P (0)−2ξ2), and the calculated gravity correction, P (ξ), multiplied by
10 is shown in figure 3 by the dotted line. We may conclude that the dynamic component
of the gravity correction, see figure 4, is well approximated in the inner part of the contact
region by an extra hydrostatic pressure. However, this approximation does not work near
the contact point where ξ is close to 1, see figure 3. We conclude that the dynamic effects
are important in the gravity correction.

7. Conclusions

Impact by a symmetric two-dimensional and blunt body on a water surface was studied
for small speeds of entry when gravity becomes formally important. Within the fully non-
linear theory of potential flows, a gravity term appears only in the dynamic boundary
condition on the free surface if the body velocity is prescribed. There are numerical
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evidences that gravity can be well neglected even for the impact conditions when this
gravity term is formally of the same order as other terms in the problem.

To clarify this widely accepted observation, we formulated a problem for the early
stage of water entry, when the penetration depth is small and the liquid inertia is
dominant with the non-linear effects being negligible compared with both liquid inertia
and gravity. At the leading order this problem is an extension of the classical Wagner
problem of water impact with an extra term in the free-surface boundary condition, which
describes the gravity effect on the flow. We assumed that this term is small compared
with all other terms in the leading-order problem, and performed perturbation analysis
of the flow, pressure distribution, hydrodynamic force, and the free-surface elevation. The
corrections obtained, accounting for the influence of gravity, are found to be small, even
under conditions in which, formally, gravity should be dominant. The corrections were
calculated in stretched variables to account for the dependence of the size of the wetted
area of the body surface on gravity.

It was shown that the relative corrections to the length of the contact region, pressure
distribution along the contact region, total hydrodynamic force acting on the entering
body, and the free-surface elevations are of order O(δt3/2), where δ is a small parameter
describing the gravity effects and t is the dimensionless time, t = O(1). The coefficients
of δt3/2 in the corrections have different orders for different corrections. The magnitudes
of the coefficients are about 0.01 for the length of the wetted part of the body surface,
and 0.02 for the free-surface correction. We may conclude that kinematic characteristics
of the flow are not sensitive to gravity, even for small entry speeds, when the parameter δ
is not small. However, the dynamic characteristics of the flow, such as the hydrodynamic
pressure and the total force, are significantly influenced by gravity with the corresponding
correction coefficients being of order O(1). The main contributions to the pressure and
force corrections come from the hydrostatic pressure, which is easy to evaluate. Dynamic
corrections are smaller than 6% of the corresponding hydrostatic corrections. Physically,
gravity changes the fluid from a region of passive inertia into a more active responder
to the body being pushed downward. There is now a pre-existing hydrostatic pressure
distribution (and associated potential energy field) against which the body must force
its way downward. With this, the analysis shows an increase in pressure over the middle
70% of the body’s wetted region, and a surprising reduction in pressure near the contact
points. See figure 3. The wetted part of the body is shortened by gravity. The total
hydrodynamic force on the body is increased by gravity. The changes in water-surface
elevation are harder to interpret in purely physical terms. Gravity acts to pull inwards
and downwards the contact point and the free surface nearby, but gravity also pushes up
higher the water elevation everywhere else.

To sum up the conclusion, comparing with the gravity-free flow, gravity acts to:
reduce the width of the wetted length of body; slow down the speed of the contact point;
increase the hydrodynamic pressure in the central part of the wetted body; decrease
the pressure near the jet root; increase the total force exerted by the fluid on the body;
lower the free surface near the jet root and raise it everywhere else.

M.J. Cooker wishes to thank the Isaac Newton Institute for Mathematical Sciences,
Cambridge, for time spent there during early work for this paper. Hussein J. Zekri thanks
UEA and the University of Zakho for their support. He is also grateful to the Ministry
of Higher Education & Scientific Research, Kurdistan Region, Iraq for financial support
for this work.



21

REFERENCES

Bao, C. M., Wu, G. X. & Xu, G. D. 2016 Simulation of water entry of a two-dimension finite
wedge with flow detachment. Journal of Fluids and Structures 65, 44–59.

Bertram, V. 2000 Practical Ship Hydrodynamics. Oxford: Butterworth-Heinemann.
Fairlie-Clarke, A. C. & Tveitnes, T. 2008 Momentum and gravity effects during the

constant velocity water entry of wedge-shaped sections. Ocean Engng 35 (7), 706–716.
Faltinsen, O. M. 1993 Sea loads on ships and offshore structures. Cambridge University Press.
Faltinsen, O. M. 2020 Personal communication .
Faltinsen, O. M. & Semenov, Y. A. 2008 The effect of gravity and cavitation on a hydrofoil

near the free surface. Journal of Fluid Mechanics 597, 371.
Gakhov, F. D. 1966 Boundary value problems. Pergamon Press, Oxford.
Greenhow, M. 1987 Wedge entry into initially calm water. Appl. Ocean Res. 9 (4), 214–223.
Howison, S. D., Ockendon, J. R. & Wilson, S. K. 1991 Incompressible water-entry problems

at small deadrise angles. J. Fluid Mech. 222 (1), 215–230.
Khabakhpasheva, T. I., Kim, Y. & Korobkin, A. A. 2014 Generalised Wagner model of

water impact by numerical conformal mapping. Appl. Ocean Res. 44, 29–38.
Khabakhpasheva, T. I., Korobkin, A. A., Maki, K. J. & Seng, S. 2016 Water entry and

exit with large displacements by simplified models. In Proceedings 31st Intl. Workshop on
Water Waves and Floating Bodies, Michigan, USA, pp. 2–5.

Khabakhpasheva, T. I., Korobkin, A. A. & Malenica, S. 2013 Fluid impact onto a
corrugated panel with trapped gas cavity. Appl. Ocean Res. 39, 97–112.

Korobkin, A. A. 1982 Formulation of penetration problem as a variational inequality. Din.
Sploshnoi Sredy 58, 73–79.

Korobkin, A. A. 1996 Water impact problems in ship hydrodynamics. In: Advances in Marine
Hydrodynamics, 5. Computational Mechanics Publications, Southampton, pp. 323–371.

Korobkin, A. A. 1997 Asymptotic theory of liquid–solid impact. Philosophical Transactions of
the Royal Society of London. Series A: Mathematical, Physical and Engineering Sciences
355 (1724), 507–522.

Korobkin, A. A. 2004 Analytical models of water impact. Eur. J. Appl. Math. 15 (6), 821–838.
Korobkin, A. A. 2007 Second-order Wagner theory of wave impact. J. Eng. Math. 58 (1-4),

121–139.
Korobkin, A. A. & Pukhnachov, V. V. 1988 Initial stage of water impact. Annu. Rev. Fluid

Mech. 20 (1), 159–185.
Mackie, A. G. 1965 Gravity effects in the water entry problem. J. Aust. Math. Soc. 5 (4),

427–433.
Miloh, T. 1981 Wave slam on a sphere penetrating a free surface. J. Eng. Math. 15 (3), 221–240.
Moore, M. R. 2021 Introducing pre-impact air-cushioning effects into the wagner model of

impact theory. arXiv preprint arXiv:2101.01794 .
Moore, M. R., Ockendon, H., Ockendon, J. R. & Oliver, J. M. 2014 Capillary and

viscous perturbations to helmholtz flows. Journal of Fluid Mechanics 742.
Oliver, J. M. 2002 Water entry and related problems. D.Phil thesis, University of Oxford .
Ross, S. & Hicks, P. D. 2019 A comparison of pre-impact gas cushioning and wagner theory

for liquid-solid impacts. Physics of Fluids 31 (4), 042101.
Seif, M. S., Mousaviraad, S. M., Saddathosseini, S. H. & Bertram, V. 2005 Numerical

modeling of 2-d water impact in one degree of freedom. Śıntesis Tecnológica 2 (2), 79–83.
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