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ABSTRACT

The present study is concerned with possible mechanisms of air entrainment in a thin liquid layer caused by oblique impact of a deformable
body on the layer. The two-dimensional unsteady problem of oblique elastic plate impact is considered within the thin-layer approximation
for the first time. The plate deflection is described by the Euler beam equation. The plate edges are free of stresses and shear forces. The plate
deflections are comparable with the liquid layer thickness. It is revealed in this paper that, for a stiff plate, the initial impact by the trailing
edge makes the plate rotate with the leading plate edge entering water before the wetted part of the plate arrives at this edge. The air cavity
trapped in such cases can be as long as 40% of the plate length. For a flexible plate, the impact does not cause the plate rotation. However, the
dry part of the plate in front of the advancing wetted region is deflected toward the liquid layer also trapping the air. The numerical results are
presented for elastic and rigid motions of the plate, hydrodynamic pressure in the wetted part of the plate, position of this wetted part, and
the flow beneath the plate.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0007121., s

I. INTRODUCTION
The unsteady two-dimensional and nonlinear problem of
oblique impact by an elastic plate onto a thin liquid layer is considered. The edges of the plate are free of bending stresses and shear
forces [see Fig. 1(a)]. This study is motivated by the experiments
on droplet deposition in annular gas–liquid flow and mass exchange
between the gas core and the liquid film (Cherdantsev et al., 2017).
Bubbles entrapped in the liquid film were observed for some conditions of oblique droplet impacts onto the film. The bubbles were
created during the impacts. Then, some of the bubbles collapsed
behind the impacting droplet, but others survived inside the liquid
film. Both the number of bubbles entrapped in the film and their
total volume were found to be dependent on the diameter of the
impacting droplet. Typical conditions of droplet impacts, which led
to bubble entrainment in the thin liquid layer, were as follows: the
diameter of the droplet was of order of 1 mm, the liquid layer thickness was of order of 0.2 mm, the horizontal speed of the droplets was
of order of 30 m/s, and the vertical speed was of order of 1 m/s. Bubble entrainment was observed, for example, for a droplet of diameter
0.71 mm impacting a thin film at a horizontal speed of 20 m/s. The
rate of bubble entrainment was high and could not be explained
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by the air-cushion effect, which is less significant for oblique liquid
impacts [see Hicks and Purvis (2010; 2011)].
The present study aims at identifying some possible mechanisms of bubble entrainment in a thin liquid layer as a result of
oblique impact onto the layer by a deformable body, which mimics a
liquid droplet. The simplest configuration with free–free elastic thin
plate is considered. One may assume that the air can be trapped (a)
in front of the impacting body due to the body deformation toward
the liquid and jetting, (b) under the body because of the body vibration and possible cavitation caused by the impact, and (c) behind the
body because of complex and oscillatory behavior of the wake. These
potential mechanisms of air entrainment could be important also at
larger scale of high-speed boats and ditching aircraft.
We assume that (a) the penetration of the body into the liquid layer is comparable with the thickness of the layer and (b) the
horizontal dimension of the problem, which is the projection of
the plate onto the layer, is much greater than the layer thickness.
These assumptions make it possible to describe the flow between
the impacting body and the bottom of the liquid layer within the
thin-layer approximation [see Korobkin (1995; 1999)] using certain
matching conditions at the edges of the wetted part of the body surface. In the two-dimensional problem of oblique plate impact, the
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FIG. 1. Oblique impact by elastic plate.
(a) Initial position of the plate and notation. (b) Scheme of the flow and plate
deflection during the impact. The position
of the plate is described by the equation
y = y b (x, t).

matching condition at the leading edge of the wetted part of the
plate surface describes the jetting there [see Fig. 1(b)] and the matching condition at the trailing edge of the wetted surface describes the
liquid separation from the plate surface. The liquid separation may
occur either from the left edge of the plate [see Fig. 1(b)] or from
the inner part of the smooth plate surface. In the latter case, the
position of the separation point is determined using the Brillouin–
Villat condition (Birkhoff and Zarantonello, 1957; Khabakhpasheva
and Korobkin, 2013a). The positions of both the leading and trailing edges of the wetted part of the plate depend on both the plate
motions and elastic deflections.
The problem of oblique impact by an elastic plate with free–
free edges was studied by Reinhard et al. (2013) for deep water using
the Wagner theory of water impact with a wake behind the plate.
The presence of the wake changes the pressure distribution along
the wetted part of the plate, as well as the length and the position of
this wetted part. In contrast to the deep water impact problem, the
wake on shallow water behind the elastic plate does not affect in the
leading order the hydrodynamic pressure under the plate because
the horizontal speed of the plate and the speed of the generated flow
are much higher than the critical speed of the wave propagation in
the thin liquid layer. Reinhard (2013) studied both rigid and elastic
plate impacts with different conditions of the flow separation at the
trailing edge. Moradi et al. (2018) applied the analysis by Reinhard
(2013) to other edge conditions. A linear hydrodynamic model of a
rigid plate impact onto a thin liquid layer was studied by Liu (2017).
Such a linear model is applicable for small penetrations of the plate
into the liquid layer, the so-called skimming impact.
The shallow water model of water impact was developed by
Korobkin (1995; 1999) and generalized to elastic vertical impacts
by Khabakhpasheva (2009; 2015) for two-dimensional cylindrical
shells and spherical shells correspondingly and to oblique impacts
and three-dimensional impacts by smooth rigid bodies by Batyaev
and Khabakhpasheva (2013; 2016). Tkacheva (2008; 2013) investigated vertical impacts by a structure with an elastic flat bottom on a
thin liquid layer without inclination of the bottom and with a small
inclination angle.
Two-dimensional oblique impact by a rigid body with a smooth
surface on a thin liquid layer was studied by Khabakhpasheva
and Korobkin (2013a; 2013b) within the non-linear shallow water
approximation. Calculations were performed for an elliptic cylinder with multiple impacts on the liquid layer. The penetration of
the cylinder into the liquid layer was comparable with the thickness
of the layer. The cylinder was “walking” on water with its rotation
being as important as the vertical motion of the cylinder. The horizontal component of the hydrodynamic force acting on the body
was shown to be negligible within the thin-layer approximation. The
elliptic shape of a body (ellipsoid in 3D) is a preferable shape for
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multiple skipping from the water surface. Belden et al. (2016) and
Hurd et al. (2019) discovered that soft spheres naturally take ellipsoidal shapes during their oblique impacts on deep water. Hurd et al.
(2019) wrote “The behavior is characterized by the sphere moving
nearly parallel to the water surface with the major axis tips dipping
below the water surface with each rotation while the shorter sides
pass just above, giving the impression that the sphere is walking
across the water surface.”
We are unaware of experiments with elastic plates or other elastic bodies impacting obliquely on a thin liquid layer. Experiments
with three-dimensional rectangular plate impacting deep water at
high horizontal speed were performed by Iafrati (2016). The plate
was rigid enough and elastic deflections of the plate were not studied. The conditions of his experiments represented those of aircraft emergency landing on water. The experiments were concerned
with three-dimensional effects and the motion of the pressure peak
along the plate. The interpretation of the experimental results were
supported by fully nonlinear two-dimensional solution within the
potential flow model. More recently, Iafrati and Grizzi (2019) studied experimentally oblique impacts of double curvature panels on
deep water with the horizontal speed of the panels ranging from
21 m/s to 45 m/s. The authors wrote “Test data highlight different
cavitation and/or ventilation modalities which are strongly dependent on the horizontal velocity, with substantial changes in the flow
features occurring with velocity variations of few meters per second.
For the specimen considered here, the inception of the cavitation is
found at about 30 m/s, confirming that scaled model tests performed
at small horizontal velocities are unable to capture the hydrodynamics correctly. By analyzing pressure data, underwater movies,
and force measurements, it is shown that the transition from the
cavitation to ventilation condition has a significant effect on the longitudinal distribution of the loading which, together with inertia,
aerodynamic loads, and engine thrust, governs the aircraft dynamics.” Elastic effects were not studied in these experiments as well.
However, the curvature of the rigid panels can be considered as
mimicking the complicated dynamics of elastic surfaces during their
impacts on water, which defines conditions of cavitation under the
panel.
Vertical impacts on deep and shallow waters have some similarities but they are also different in several important aspects. Relations
between elastic body impacts on deep and shallow water were studied by Korobkin and Khabakhpasheva (2013). These authors investigated elastic responses of wedges and shells during water impact and
concluded that “. . . the presence of the bottom increases stresses in
an elastic structure entering the water layer. The increase in stresses
caused by the bottom is significant only for very shallow layers.”
Dependencies of the impact pressures and conditions of cavitation
on the depth of water were not studied.
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A nonlinear model of oblique elastic impact on a thin liquid
layer is formulated and investigated in this paper for the first time.
The governing equations of the plate both rigid and elastic motions
and the liquid thin-layer flow beneath the plate are derived in Sec. II.
It is shown in Sec. II C how to couple the structural and hydrodynamic equations when the elastic deflections of the plate are of the
order of the thickness of the liquid layer. The problem is reduced to a
system of non-linear ordinary differential equations in Sec. III. The
system is written with respect to the principal coordinates of both
rigid and elastic modes of the plate motions, the coordinate of the
leading edge of the wetted part of the plate, and the flow velocity at
this edge. The numerical algorithm of the problem is described in
Sec. IV. The initial conditions are derived for the coupled problem
where the contact region starts from a single point. It is explained
how the Brillouin–Villat condition is imposed at the trailing edge of
the contact region. A non-linear equation is derived for the coordinate of the trailing edge together with the derivative of this equation
with respect to the unknown coordinate in order to apply Newton’s
method for solving this equation. The obtained numerical results are
presented in Sec. V for the motions of the plate, distributions of the
hydrodynamic pressure in the contact region, the positions of the
edges of the contact region and their elevations above the liquid bottom, maximum strain and its position as functions of time, and the
flow speeds at the edges. The horizontal speed of the flow, the initial
inclination angle of the plate, and its rigidity were varied to investigate different scenarios of the impacts. The conclusions are drawn
and future work is discussed in Sec. VI.
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Navier–Stokes equations and in the boundary conditions governing
⃗(⃗x, t) is of the order of O(V 0 /ε).
the flow. The velocity of the flow u
⃗ in the Navier–Stokes equation, where ν is the
The viscous term ν∇2 u
kinematic viscosity of the liquid, can be neglected compared with the
⃗t ,
inertia term u
⃗∣
∣ν∇2 u
νT
= O( 2 ),
∣⃗
ut ∣
H
when νT/H 2 ≪ 1. Here, T = H/V 0 is the characteristic time of the
impact. For the conditions of the present calculations with the thickness of the water layer of 2 cm and vertical component of the impact
velocity of order of 5 m/s, we have T = 4 ms, ν = 1.004 × 10−6 m2 /s,
and νT/H 2 = ν/V 0 H = 10−5 . This estimate justifies that the viscous
effects can be neglected during impact events of short duration even
for thin liquid layer.
In the present study, the horizontal
speed of the plate is much
√
higher than the critical speed gH of a signal propagation along
the liquid layer. Then, the free boundary of the liquid is significantly deformed only near the advancing plate in the jet region [see
Korobkin (1995)]. In this region, the free boundary of the liquid has
a large curvature, which implies that the surface tension effects can
be important there. The surface tension pressure in the jet region is
estimated as σ/H, where σ is the coefficient of surface tension of the
liquid. For water at 20○ , σ = 0.072 N/m. However, the dynamic pressure is also very high in the jet region. The dynamic pressure in the
jet region is of the order of ρU02 . Therefore, the ratio of the surface
tension pressure to the dynamic pressure is estimated as
σ/H
.
ρU02

II. FORMULATION OF THE PROBLEM
The two-dimensional unsteady problem of an elastic plate
impact on a thin layer of inviscid and incompressible liquid is considered. The plate motions and the liquid flow are described in the
Cartesian coordinate system (x, y) [see Fig. 1(a)]. The line y = −H
corresponds to the flat horizontal bottom of the liquid layer, and the
line y = 0 corresponds to the initial horizontal free surface of the liquid [see Fig. 1(a)]. Initially, t = 0, the liquid is at rest, and the plate
touches its free surface at a single point, which is taken as the origin
of the Cartesian coordinate system. The plate is flat and corresponds
to the interval x = s cos α0 , y = s sin α0 , where 0 ≤ s ≤ L, L is the plate
length, α0 is the angle of the plate initial inclination to the horizontal
surface of the liquid [see Fig. 1(a)], and α0 is positive and small in the
present study. The distance s of a plate element from the left edge
of the plate is taken as the Lagrangian coordinate of this element.
Initially, the plate elements have the velocity −V 0 in the vertical ydirection and the velocity U 0 in the horizontal x-direction, where
both V 0 and U 0 are positive.
In this study, the layer thickness H is much smaller than the
plate length L, with ε = H/L being a small parameter of the problem.
The conditions of the impact are such that α0 = εα̃0 and U 0 = λV 0 /ε,
where α̃0 = O(1) and λ = O(1) as ε → 0. The penetration of the plate
into the liquid layer is assumed comparable with the layer thickness,
and the angle α(t) of the rigid rotation of the plate is of order of
the initial angle α0 for any time. Coupled and strongly nonlinear
motions of the liquid and the plate are of concern.
In order to justify the inviscid liquid model of impact on a
thin liquid layer, we shall estimate the orders of the terms in the
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For the water layer of thickness 2 cm and the horizontal speed of the
plate U 0 = 25 m/s, we find that the surface tension pressure is about
5.8 × 10−6 smaller than the dynamic pressure and it can be safely
neglected.
In the wake behind the plate, the flow is governed, in general, by inertia of the liquid, its viscosity, and surface tension, with
the gravity playing important role [see Alekseenko et al. (1994)
and Chang and Demekhin (2002)]. The flow in the wake and a
possible air entrainment in the wake depend on the plate motion
and its elastic vibrations caused by the impact. However, the effect
of the wake on the motion of the plate and the flow under the
plate is minor because of high-speed motion of the plate along the
layer.
In the present study, we are concerned with the liquid flow
caused by the oblique impact of the elastic plate, mechanisms of the
air entrainment under the plate, and the plate motions. The flow in
the wake will be investigated in another follow-on paper.
A. Structural part of the problem
Let a plate element at a distance s from the left edge of the plate
have the coordinates x = xp (s, t) and y = yp (s, t) at time t. Here,
xp (s, 0) = s cos α0 and yp (s, 0) = s sin α0 . The motion of the element is
described by the radius-vector, ⃗r = ⃗rp (s, t) = (xp (s, t), yp (s, t)), and
is governed by the initial conditions,
⃗rp (s, 0) = s(cos α0 , sin α0 ),

∂⃗rp
(s, 0) = (U0 , −V0 ),
∂t
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and external forces acting on this element. The external forces
include [see Korobkin and Khabakhpasheva (2006)] (a) the hydrodynamic pressure in the wetted part of the plate, p(x, y, t)⃗
n, which
is calculated at the current position of the element, x = xp (s, t) and
y = yp (s, t), and is acting in the normal direction to the element,
⃗(s, t) is the unit normal vector to the plate element directed
where n
from the fluid, (b) the force caused by bending stresses in the plate,
−EJ(∂ 4 w/∂s4 )⃗
n, where J = h3p /12, hp is the thickness of the plate, E
is the Young modulus of the plate material, m = hp ρp is the mass of
the plate per unit length, ρp is the density of the plate material, and
w(s, t) is the normal elastic deflection of the plate, and (c) the gravity
force, m⃗g , where ⃗g = (0, −g), acting in the vertical direction downwards with g being the gravity acceleration. Then, Newton’s second
law provides
∂ 2⃗rp
∂4w
⃗(s, t) − EJ 4 n
⃗(s, t) + m⃗g , (1)
= p(xp (s, t), yp (s, t), t) n
2
∂t
∂s
where 0 ≤ s ≤ L and t > 0. Note that the elastic force in (1) is linearized
in contrast to all other forces, which are in their original form. Equation (1) describes large rigid-body motions of the plate and its small
elastic deflection. The elastic deflection w(s, t) is considered here
with respect to the rigid motions. Within this approximation, the
⃗ is calculated without accounting for the elastic deflection
normal n
⃗ = (− sin α(t), cos α(t)), where α(t) is the inclination
of the plate, n
of the rigid plate at time t, α(0) = α0 . Then,
m

xp (s, t) = x0 (t) + s cos α − w(s, t) sin α,

(2)

yp (s, t) = y0 (t) + s sin α + w(s, t) cos α,

(3)

where x0 (0) = 0, y0 (0) = 0, w(s, 0) = 0, and wt (s, 0) = 0. Projec⃗ to the plate and onto the
tions of Eq. (1) onto the normal direction n
tangential direction ⃗τ = (cos α, sin α) yield
∂ ⃗rp
∂4w
⃗ + EJ 4 = p(xp (s, t), yp (s, t), t) − mg cos α,
m 2 n
∂t
∂s
2

(4)

∂ 2⃗rp
⃗τ = −mg sin α.
(5)
∂t 2
Equations (4) and (5) provide the following equations for the functions xp (s, t) and yp (s, t):
m

m

∂ 2 yp
∂4w
+ EJ 4 cos α = p(xp (s, t), yp (s, t), t) cos α − mg,
2
∂t
∂s

(6)

∂ 2 xp
∂ 2 yp
= −(g +
) tan α.
2
∂t
∂t 2

(7)

4

4

4

4

∂ 2 yp
∂ 4 yp
+ EJ 4 = p(xp (s, t), yp (s, t), t) cos α − mg,
2
∂t
∂s

(8)

should be solved subject to the edge conditions,
∂ yp
= 0,
∂s2

3

∂ yp
=0
∂s3
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(s = 0, s = L),

yp (s, 0) = s sin α0 ,

∂yp
(s, 0) = −V0
∂t

(t = 0).

(10)

The edge conditions (9) imply that the plate edges are free of bending
stresses and shear forces correspondingly. Equation (7) is integrated
in time subject to the initial conditions,
xp (s, 0) = s cos α0 ,

∂xp
(s, 0) = U0
∂t

(t = 0).

(11)

Note that the functions yp (s, t) and xp (s, t) describe both rigid-body
motions and elastic deflections together. Rigid-body rotation of the
plate is described by the angle α(t), which appears in the right-hand
sides of Eqs. (8) and (7). This angle can be determined at each step
of the time integration by separating rigid and elastic motions.
We are concerned with such conditions of oblique impact of an
elastic plate onto a thin liquid layer that both vertical rigid displacement of the plate and its elastic deflection are of the order of the layer
depth H,
yp = Hỹp (s̃, t̃),

x = Lx̃, s = Ls̃, t = H t̃/V0 ,
α0 = εα̃0 , α = εα̃(t̃),

ε = H/L,

(12)

where the dimensionless variables are denoted by tilde and ε is a
small parameter of the problem. Then, cos α(t) = 1 + O(ε2 ) in (8)
and tan α(t) = εα̃(t̃)[1 + O(ε2 )] in (7) in the leading order as ε → 0.
Therefore, one does not need to separate rigid and elastic motions to
integrate equation (8). Indeed, in the leading order as ε → 0, Eq. (7)
provides ∂ 2 xp /∂t 2 = O(V02 /L), where the scales (12) were used and
we assumed that gH/V02 = O(1), which gives
xp (s, t) = s + U0 t + O(V02 t 2 /L),

(13)

with account for the initial conditions (11). The first two terms in
(13) are of the same order O(L) as ε → 0 if the horizontal speed of
the body U 0 is much greater than the vertical speed V 0 , U 0 = λV 0 ε−1 ,
where
U0 H
λ=
= O(1).
V0 L
Then, xp = Lx̃p (s̃, t̃) and
(14)

where 0 ≤ s̃ ≤ 1 and t̃ = O(1). Equation (8) describes the vertical
motions of the elastic plate, yp (s, t), once the hydrodynamic pressure
is known.
B. Hydrodynamic part of the problem
The position of the elastic plate in the global coordinate system
is described by the equation

(0 < s < L, t > 0),
2

and the initial conditions,

x̃p (s̃, t̃) = s̃ + λt̃ + O(ε2 ),

Note that ∂ w/∂s = (∂ yp /∂s )/cos α [see Eq. (3)]. Therefore, (6)
serves to determine the vertical coordinate yp (s, t) of the plate elements and (7) to determine the horizontal motion of the elements.
Equation (6), written with respect to yp (s, t),
m

scitation.org/journal/phf

(9)

y = Hỹb (x̃, t̃)

(15)

in the dimensionless variables. In the leading order as ε → 0, the flow
is one-dimensional within the thin-layer approximation with the
horizontal velocity of the flow beneath the plate, V0 ε−1 ũ(x̃, t̃), and
the hydrodynamic pressure, ρV02 ε−2 p̃(x̃, t̃) − ρgHỹb (x̃, t̃), satisfying
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the following equations of thin layer dynamics [see Khabakhpasheva
and Korobkin (2013a; 2013b)]:
∂ỹb
∂
+
(ũ(x̃, t̃)[1 + ỹb (x̃, t̃)]) = 0,
∂x̃
∂ t̃

∂ p̃
∂ ũ
∂ ũ
+ ũ
= − . (16)
∂x̃
∂x̃
∂ t̃

Note that the horizontal speed of the flow under the plate is of the
same order as the horizontal speed of the plate.
Equation (16) should be solved in the region x̃L (t̃) < x̃ < x̃R (t̃),
where x̃ = x̃L (t̃) corresponds to the left edge of the wetted part of the
plate and x = x̃R (t̃) is the coordinate of the leading edge of the wetted
plate surface. We assume that the leading edge, xR (t̃), propagates to
the right at speed√ε−1 V0 xR′ (t̃) greater than the critical speed of the
thin liquid layer, gH. In this case, the liquid in front of the moving
plate is not disturbed. The rest state, p̃ = 0, ũ = 0, in x̃ > x̃R (t̃),
is matched to the unsteady one-dimensional flow under the plate,
which is described by Eq. (16) by a two-dimensional quasi-steady
jet solution (Khabakhpasheva and Korobkin, 2013a). The matching
leads to the following conditions for the speed of the leading edge:
ũ(x̃R , t̃)
dx̃R
,
=
√
dt̃
2(1 − 1/ 1 + ỹb (x̃R , t̃))

(17)

and the pressure there,
p̃(x̃R , t̃) =

ũ2 (x̃R , t̃)
.
√
2( 1 + ỹb (x̃R , t̃) − 1)

(18)

At the trailing edge, x̃ = x̃L (t̃), where the flow separates from
the plate, the pressure is equal to the ambient pressure,
p̃(x̃L (t̃), t̃) = 0.

(19)

The trailing edge, x̃ = x̃L (t̃), is initially at the left edge of the plate,
x̃L (t̃) = λt̃, with the pressure being positive (above the ambient pressure) in front of this edge, ∂ p̃/∂x̃(λt̃, t̃) > 0. Note that the hydrodynamic pressure, p̃(x̃, t̃), can be below the ambient pressure but above
the vapor pressure inside the contact region, x̃L (t̃) < x̃ < x̃R (t̃), but
not near its edges. The scheme of the flow with the jet at the leading edge predicts positive pressure there [see condition (18)]. The
inequality ∂ p̃/∂x̃(λt̃, t̃) > 0 guarantees that the hydrodynamic pressure in front of the trailing edge is greater than the ambient pressure.
It is possible that later ∂ p̃/∂x̃(λt̃, t̃) approaches zero and becomes
negative. Then, ventilation starts and the separation point, x̃ = x̃L (t̃),
moves from the plate edge. In this case, the position of the separation
point is determined using the Brillouin–Villat condition (Birkhoff
and Zarantonello, 1957),
∂ p̃
(x̃L (t̃), t̃) = 0.
∂x̃

(20)

This condition was used in the previous studies of oblique water
impact to determine the position of the separation point on a smooth
rigid surface (Vanden-Broeck, 1984; Tuck and Dixon, 1989; Faltinsen and Semenov, 2008; Khabakhpasheva and Korobkin, 2013a; and
2013b).
There is an important difference of the present problem of
oblique plate impact from the problems of oblique impact of smooth
surfaces studied in Khabakhpasheva and Korobkin (2013a; 2013b).
For smooth surfaces, there is jetting at both edges of the contact
region, at the leading and trailing edges, during an early stage. A low
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pressure zone appears first inside the contact region and expands
with time reaching finally the trailing edge. At that instant, the liquid suddenly separates from the body surface with the trailing edge
jumping to a new position defined by the condition (20). The motion
of the trailing edge is not continuous when separation starts. In contrast to this scenario, the motion of the trailing edge is continuous
for a body with a sharp edge as the plate of the present study. Therefore, we shall control the sign of the derivative (∂ p̃/∂x̃)(λt̃, t̃) at the
initial stage and allow the separation point to move to the right from
the plate left edge when this derivative becomes negative.
The plate vertical position in the moving coordinates, ỹp (s̃, t̃),
and the plate position in the global coordinates, ỹb (x̃, t̃), are related
in the leading order as ε → 0 by [see Eqs. (12), (14), and (15)]
ỹb (x̃, t̃) = ỹp (x̃ − λt̃, t̃).

(21)

Equations (16)–(21) and (8)–(10) describe a coupled problem of
hydroelasticity of oblique impact of an elastic plate onto a thin liquid
layer.
C. Coupled problem of hydroelasticity
There are no parameters in the dimensionless equations of the
hydrodynamic part of the problem [(16)–(19)]. Only the structural
part of the problem (8)–(10) depends on the parameters of the plate
and conditions of the impact. In the leading order as ε → 0, Eqs. (8)–
(10) in the dimensionless variables read
M

∂ 2 ỹp V∗2 ∂ 4 ỹp
+ 2
= p̃(s̃ + λt̃, ỹp (s̃, t̃), t̃) − Fr−2 (ε2 ỹp − M)
V0 ∂s̃4
∂ t̃ 2

(22)

(0 < s̃ < 1, t̃ > 0),
∂ 2 ỹp
= 0,
∂s̃2
ỹp = s̃α̃(0),

∂ 3 ỹp
=0
∂s̃3
∂ỹp
= −1
∂ t̃

(s̃ = 0, 1),

(23)

(t̃ = 0).

(24)

Here, √M = mε2 /(ρH) is the parameter of the plate inertia, Fr
= V0 / gH is the Froude number, and V∗2 = EJHε2 /(ρL4 ) is a characteristic speed, which depends on elastic properties of the plate. For
an aluminum plate with density ρp = 2700 kg/m3 , the Young modulus E = 68.3 ⋅ 109 N/m2 , length L = 10 cm, and thickness 2 mm
and a water layer of thickness 1 cm, we find V ∗ = 0.2134 m/s. The
interaction of such an elastic plate with the water layer is strong
for the vertical speed of impact V 0 being of order V ∗ . For the
selected values
√ of the impact parameters, we find M = 0.0054 and
Fr∗ = V∗ / gH ≈ 0.68. We conclude that for the selected parameters, the hydrodynamic pressure is balanced by the elastic forces with
the plate inertia and gravity being negligibly small. In the following,
we keep all terms in (22) and assume that μ = (V∗ /V0 )2 = O(1).
It is convenient to integrate the hydrodynamic equations (16)
with the boundary conditions (17)–(19) in the moving coordinate
system using (21) and similar functions for the speed of the flow and
the hydrodynamic pressure,
ũ(x̃, t̃) = λ + U(s̃, t̃),
p̃(x̃, t̃) = P(s̃, t̃),
x̃ = s̃ + λt̃,
x̃R (t̃) = λt̃ + c̃R (t̃), x̃L (t̃) = λt̃ + c̃L (t̃).

(25)
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Here, c̃L (t̃) = 0 during the initial stage when (∂ p̃/∂x̃)(λt̃, t̃)
= ∂P/∂s̃(0, t̃) > 0. Tilde is dropped below.
Equation (16) keep their forms in the moving coordinates,
∂Y ∂
+ (U(s, t)Y(s, t)) = 0,
∂t ∂s

(26)

∂U
∂P
∂U
+U
=− ,
(27)
∂t
∂s
∂s
where Y(s, t) = 1 + yp (s, t). The parameter of the horizontal motion
λ does not appear in the equations of flow (26) and (27) and the
equations of the plate deflection (22). It appears only in the matching
conditions (17) and (18), which now read
√
YR (t) (UR (t) − λ) + 2λ
dcR
=
,
(28)
√
dt
2 ( YR (t) − 1)
PR (t) =

(λ + UR (t))2
,
√
2( YR (t) − 1)

(29)

where PR (t) = P(cR (t), t), U R (t) = U(cR (t), t), and Y R (t) = 1
+ yp (cR (t), t). Initially Y R (0) = 1 and the speed of the leading contact
point, dcR /dt, is finite only if U R (0) = −λ [see (28)].
Integrating (26) in s from s to cR (t), we obtain

where ψ n (s) are the normal modes of the dry elastic plate and an (t)
are the coefficients to be determined. The normal modes are nonzero solutions of the eigen-value problem,
d4 ψn
= λ4n ψn
ds4
d2 ψn
d3 ψn
=
0,
=0
ds2
ds3

Bn = −

cosh λn cos λn = 1

(32)
Y(s, t)

(38)

∫ ψn (s)ψm (s) ds = δnm ,

(39)

0

s

yp,t (s, t)
U(s, t)+
Y(s, t)

(n ≥ 3).

1

(31)

cR (t)

U (T) (s, t) = −

(37)

cos λn − cosh λn
,
sin λn − sinh λn

The modes (36) and (37) are orthonormal,

YR (t) dUR
1
yp,tt (s0 , t) ds0 + U (T) (s, t),
+
Y(s, t) dt
Y(s, t) ∫
YR′ (t)UR (t) + yp,t (cR , t)cR′ (t)

(s = 0, 1),

where λn are roots of the equation

The first derivatives of U(s, t) are calculated using (26) and (30),

Ut (s, t) =

(35)

ψn (s) = cos λn s + cosh λn s + Bn (sin λn s + sinh λn s),

(30)

s

yp,t (s, t)
yp,s (s, t)
Us (s, t) = −
− U(s, t)
,
Y(s, t)
Y(s, t)

(0 < s < 1),

where λn is a spectral parameter, n ≥ 1. There are two modes, n = 1
and n = 2, with λ1 = λ2 = 0, which correspond to rigid motions of the
plate,
√
1
(36)
ψ1 (s) = 1, ψ2 (s) = 2 3(s − ).
2
The modes starting from n = 3 correspond to elastic deflections of
the plate,

cR (t)

YR (t)
1
yp,t (s0 , t) ds0 .
UR (t) +
U(s, t) =
Y(s, t)
Y(s, t) ∫

scitation.org/journal/phf

. (33)

The derivative dU R /dt in (32) is related to the acceleration of the
plate, yp,tt (s, t), by Eqs. (27) and (32) [see Sec. III]. Then, the derivative U t (s, t) is linearly dependent on the plate acceleration yp,tt (s, t)
and nonlinearly dependent on both the shape of the plate, yp (s, t),
and its speed, yp,t (s, t). Therefore, the pressure P(s, t) given by (27) is
also linearly dependent on the plate acceleration. By using the hydrodynamic pressure P(s, t) and the plate Eq. (22), we determine the
plate acceleration, yp,tt (s, t), and then can integrate it in time subject
to the initial conditions (24). The edge conditions (23) are included
in the integration with the help of the normal mode method.

where δnn = 1 and δnm = 0 for n ≠ m and n, m ≥ 1. The shape function
(34) satisfies the edge conditions (23) because each term of the series
(34) satisfies these conditions [see (35)].
Substituting (34) in the plate equation (22), multiplying both
parts of the equation by ψ k (s), k ≥ 1, and integrating the result in s
from s = 0 to s = 1 using (39) provides
cR (t)

Mäk + μak λ4k = ∫ P(s, t)ψk (s) ds
cL (t)
cR (t)

− ε2 Fr−2 ∫ yp (s, t)ψk (s) ds + M Fr−2 δk1 . (40)
cL (t)

Note that the hydrodynamic pressure and the hydrostatic pressure,
−Fr−2 ε2 yp (s, t), in the right-hand side of (22) are acting only in the
wetted part of the plate, where cL (t) < s < cR (t). Initial conditions for
the system of ordinary differential equations (40) follow from (24),

III. NORMAL MODE METHOD
In this method (Kvålsvold, 1994; Korobkin, 1998; Korobkin
and Khabakhpasheva, 1998; and 2006), the shape function, yp (s, t),
is sought in the form

1
a1 (0) = α0 ,
2

α0
a2 (0) = √ ,
an (0) = 0 (n ≥ 3),
2 3
ȧ1 (0) = −1,
ȧn (0) = 0 (n ≥ 2).

(41)

∞

yp (s, t) = ∑ an (t)ψn (s),
n=1
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(34)

The contribution of the hydrostatic pressure to the plate deflection is proportional to the second integral in (40). This integral is
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dcR
= G(cR , UR , ⃗
a),
dt

evaluated by using (34),
cR (t)

cR (t)

∞

∫ yp (s, t)ψk (s) ds = ∑ an (t)Rnk (t),
n=1

cL (t)

scitation.org/journal/phf

dUR
= K(cR , cL , UR , ⃗
a, ⃗b ),
dt

Rnk (t) = ∫ ψn (s)ψk (s) ds,

(47)

cL (t)
cR

Rnk (t) = (ψk ψn′′′ − ψk′ ψn′′ + ψk′′ ψn′ − ψk′′′ ψn )c

L

(42)
The contribution of the hydrodynamic pressure to the plate deflection is described by the first integral in (40). This integral is calculated in the Appendix. In (A3), we set x = s, α(x) = ψ k (s), p(x, t)
= P(s, t), yb (x, t) = Y(s, t), and ρ = 1. The following functions are
introduced,
cR

s

ψ̄k (cL , s) = ∫ ψk (s0 ) ds0 ,

νk (t) = ∫
cL

cL

d⃗
a ⃗
= b,
dt

(n ≠ m).

ψ̄k (cL , s) ds
,
Y(s, t)

cR

(43)

ds
ν0 (t) = ∫
,
Y(s, t)
cL

where νk (t) stands for D(cL , cR ) [see (A11)] and ν0 (t) stands for R(cL ,
cR ) [see (A15)]. Next, we insert (34) in (A20), which gives

d⃗
b ⃗
= B(cR , cL , UR , ⃗
a, ⃗b ),
dt
where ⃗
a = (a1 (t), a2 (t), . . .) and ⃗b = (a′1 (t), a′2 (t), . . .).
The system of ordinary differential equations (47) is truncated
retaining a finite number of modes in (34) and integrated numerically in time subject to the initial conditions (41) and cR (0) = 0
and U R (0) = −λ. The system is integrated with PL (t) = 0 and cL (t)
= 0 during the early stage with separation of the liquid from the
left edge of the plate if ∂P/∂s(0, t) > 0 at this edge. At each step of
the integration, we compute ∂P/∂s(0, t) from (27) using (30)–(33)
and (46). Once ∂P/∂s(0, t) becomes negative, we solve the equation ∂P/∂s(cL (t), t) = 0 with respect to cL . Details of the numerical
analysis are given in Sec. IV.
IV. NUMERICAL ALGORITHM

cR

∫ P(s, t)ψk (s) ds =
cL

2 νk
∑ äm (t)Bmk (t) + (PL + UL )
ν0
m=1
∞

+ (PR + UR2 )(R1k −

In this section, several issues related to both the integration
of the coupled equations of elastic plate impact in time and the
presentation of the obtained results are covered.

νk
)
ν0

A. Initial asymptotic solution

cR

Ys (s, t)
ν
[ψ̄k (cL , s) − k ]
+ ∫ U (s, t){
Y(s, t)
ν0
2

cL

− ψk (s)} ds,

(44)

cR

Bmk =

ψ̄m (cL , s)ψ̄k (cL , s)
νm νk
−∫
ds.
ν0
Y(s, t)

(45)

cL

In (44), PL = 0 and U L (t) are given by (30) with s = cL (t). Equations (40) and (44) provide the second derivatives äk (t), k ≥ 1, as
functions of the first derivatives ȧm (t), the flow speed at the leading
edge, U R (t), and the coordinates of the ends of the contact region,
cL (t) and cR (t).
The flow velocity U R (t) at the leading edge, which appears in
(28)–(30), satisfies the differential equation
dUR (PL + UL2 ) − (PR + UR2 ) Ys (cR , t)cR′ UR + Yt (cR , t)[UR + cR′ ]
=
−
dt
ν0 YR
YR

Initial asymptotic behavior of the flow is needed to start the
numerical integration of the system (47). At t = 0, both the denominators and numerators in (28) and (29) are equal to zero. In (46),
ν0 (0) = 0, which does not allow us to calculate dU R /dt(0) and to start
numerical integrations.
During the very early stage, t → 0, we neglect elastic deformations of the plate and the hydrodynamic loads acting on the plate.
Then, the plate equation in the dimensionless variables (12) and (15)
reads
yb (x, t) ∼ α0 (x − λt) − t,

where λt < x < At, A =
Note that tilde, which denotes dimensionless variables, has been dropped after Eq. (25). The penetration
yb (x, t) = O(t) and u(x, t) = O(t) as t → 0. Equations of the flow (16)
can be linearized. Then, at the leading order as t → 0,
∂y
∂u
∼ − b = 1 + α0 λ,
∂x
∂t
giving

cR

−

Ys (s, t)
1
U 2 (s, t)
ds
ν0 YR ∫
Y(s, t)

−

1
νn
∑ än (t)[ψ̄n (cL , cR ) − ],
YR n=1
ν0

u(x, t) ∼ (1 + α0 λ)(x − At) + uR (t),

(46)

which follows from (A8) and (A16). The system of differential equations (28), (40), (44), and (46) can be written in the following
symbolic form:

Published under license by AIP Publishing

(49)

where

cL

∞
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(48)

xR′ (0).

uR (t) = u(xR (t), t) ∼ Bt

as

t → 0.

(50)

The constants A and B are to be determined. The second equation in
(16) after linearization and using (49) and (50) gives
∂p
∂u
∼−
= A(1 + α0 λ) − B
∂x
∂t

(λt < x < At).

(51)
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Equation (51) is integrated in x subject to the end condition,
p(λt, t) = 0,
p(x, t) = [A(1 + α0 λ) − B](x − λt).

(52)

The conditions at the leading edge (17) and (18) together with (48),
(50), and (52) provide as t → 0
A = lim{
t→0

= lim{
t→0

√
uR (t) √
1 + yb (xR , t)[1 + 1 + yb (xR , t)]}
2yb (xR , t)
uR (t)
}
yb (xR , t)

and
A=

B
,
α0 (A − λ) − 1

p(xR , t) ∼ [A(1 + α0 λ) − B](A − λ)t ∼

B2 t 2
B2 t
∼
yb (xR , t) α0 (A − λ) − 1

The integral and the series in (58) have been calculated for the
right-hand side of (46). Therefore, calculation of the pressure derivative at the trailing edge (58) at each step of time integration does not
require significant extra computations.
If at a certain time instant t ∗ , the formula (58) for the first time
gives ∂P/∂s(0, t ∗ ) < 0, then we introduce cL > 0 and solve the equation ∂P/∂s(cL , t ∗ ) = 0 by Newton’s iterative method. Actually, we
solve equation F(cL , t ∗ ) = 0, where F(cL , t ∗ ) is the right-hand side of
(58).
The derivative (∂F/∂cL )(cL , t) required by Newton’s method is
calculated by differentiation of (58) in cL with setting an , ȧn , än , cR ,
U R , and pR to be independent of cL ,
∞
[Ys (cL , t)]2
∂F
(cL , t) = ∑ än (t)νn + UL2 ν0 [Yss (cL , t) − 2
]
∂cL
Y(cL , t)
n=1

+ UL ν0 [2Yst (cL , t) − 4

(53)

− 2ν0

and
[A(1 + α0 λ) − B](A − λ) =

B
.
α0 (A − λ) − 1

(54)

(55)

where it was used that yb (xL (t), t) > 0 at this early stage.
Therefore, the initial conditions for the system (47) are
UR (0) = −λ,

an (0) = 0

(n ≥ 3),

1
a1 (0) = α0 ,
2

b1 (0) = −1,

α0
a2 (0) = √ ,
2 3 (56)
bn (0) = 0 (n ≥ 2),

and the right-hand sides of the system (47) are set at the very
beginning of integration to
G(0, −λ, 0) = A − λ,
B1 (0, 0, −λ, 0, 0) = Fr−2 ,

K(0, 0, −λ, 0, 0) = B,

[Yt (cL , t)]2
.
Y(cL , t)

(59)

Bn (0, 0, −λ, 0, 0) = 0

(n ≥ 2),

(57)
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s

Ys (s0 , t)
ds0
+ UL2 (t) − U 2 (s, t) − ∫ U 2 (s0 , t)
ds0
Y(s0 , t)
Y(s0 , t)
cL

s

+ ∑ än (t) ∫
n=1

cR

cL

×∫

∂P
(cL , t) − 2UL (t)Yt (cL , t) + UL2 (t)Ys (cL , t)]
∂s

∞

To determine the position of the trailing edge of the wetted part
of the plate, s = cL (t), the derivative ∂P/∂s(cL (t), t) is needed. Initially, cL (t) = 0 and ∂P/∂s(0, t) > 0 with separation of the liquid at
the left edge of the plate. Setting s = cL (t) in (27) and using (30)–(33),
we find
∂P
ν0 YL (t)
(cL (t), t)
∂s
= PR + UR2 + 2ν0 UL Yt (cL , t) + UL2 (ν0 Ys (cL , t) − 1)
∞
Ys (s, t)
+ ∫ U (s, t)
ds − ∑ än (t)νn .
Y(s, t)
n=1

P(s, t) = [Y(cL , t)

cL

B. Brillouin–Villat condition

2

For t > t ∗ , the coordinate cL of the trailing edge is considered
as a parameter of the system (47), which is determined by the equation ∂P/∂s(cL , t) = 0, using Newton’s iterative method at each time
step. In the present cases, the left end of the wetted part of the plate,
s = cL (t), always moves to the right along the plate toward the leading edge. It is possible that the trailing edge s = cL (t) changes the
direction of its motion and moves toward the left edge of the plate.
Such cases were detected in Reinhard et al. (2013) and treated by
including a jet region at s = cL (t). A similar treatment is possible in
the present problem with shallow water as well, where the matching
conditions (17) and (18) are imposed in this case also at the trailing
edge.
The pressure distribution in the wetted part of the elastic plate
is calculated by the formula

s

where A and B are given by Eq. (55).

Published under license by AIP Publishing

Yt (cL , t)Ys (cL , t)
]
Y(cL , t)

2

The solution of the system (53) and (54) is
3
1 √
A=λ+
+
9 + 8α0 λ,
4α0 4α0
1
3
1 + 2α0 λ √
B= λ+
+
9 + 8α0 λ,
4
8α0
8α0

cR (0) = 0,

scitation.org/journal/phf

(58)

cL

ψ̄n (cL , s0 )
ds0 ,
Y(s0 , t)

(60)

where ∂P/∂s(cL , t) = ∂P/∂s(0, t) is given by (58) for t < t ∗ and
∂P/∂s(cL , t) = 0 for t ≥ t ∗ . Note that the derivative ∂P/∂s(cL , t) is
calculated at each step of time integration of the system (47) but the
pressure distribution P(s, t), where cL (t) < s < cR (t), is calculated only
for some time steps selected in advance.
C. Numerical integration
The shape and position of the plate (34) are presented by the
two terms, n = 1 and n = 2, of rigid motions and N e terms, 3 ≤ n
≤ 2 + N e , of elastic motions of the plate. N e = 0 corresponds to the
problem of a rigid plate impact on a thin liquid layer. The effect of
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the number N e of the retained modes on the deflection of the plate
and the strains in the plate is investigated by comparing solutions
with different numbers of the modes.
Correspondingly, the system (47) is approximated by a finite
truncated system involving 2(2 + N e ) + 2 unknowns and equations.
The finite system of ordinary differential equations is integrated by
the explicit Euler method with time step △t = 2 × 10−4 . All integrals
in s, which appear in (30), (42)–(46), (58), and (60) are evaluated by
the trapezoidal rule with the step △s = 10−3 /(N e + 2), starting from
s = cL . The last panels of the integrals with length smaller than △s
are treated separately. Equation F(cL , t) = 0 is solved by Newton’s
method with iterations

(n+1)

cL

= cL −

(n)
F(cL , t)

(n)

∂F/∂cL (cL , t)
(n)

(61)

scitation.org/journal/phf

TABLE I. Parameters of calculations for Figs. 2–10.

U 0 (m/s)

A0 (deg)

E/Eal

Figures

25
25
5, 15, 25
25
5, 15, 25

3
3, 6, 10
10
10
10

1
1
1

2 and 3
4 and 5
6 and 7
8 and 9
10

1, 10−2 , 10−3
10−3

The results presented in Figs. 2 and 3 are for the aluminum plate
with U 0 = 25 m/s, α0 = 3○ , and N e = 7. This is the reference case. The
positions and shapes of the plate and pressure and strain distributions are shown in Fig. 2 in the dimensionless variables at six time

using (58) and (59), where n is the number of the iteration step and
(0)
(n+1)
(n)
cL = cL (t − △t). The iterations are terminated when ∣cL
− cL ∣
−10
< 10 . Note that the calculations are performed in the dimensionless variables.
V. NUMERICAL RESULTS
Calculations are performed for an aluminum plate with density
ρp = 2670 kg/m3 and the Young modulus Eal = 68 ⋅ 109 N/m2 and of
length L = 10 cm and thickness 2 mm and the water layer of thickness
H = 2 cm. The water density is 1000 kg/m3 . For these conditions, we
find V ∗ ≈ 0.6 m/s, ε = 0.2, and M = 0.106. The vertical initial speed
of the plate is V 0 = 5 m/s in all calculations. Then, the pressure scale,
ρV02 ε−2 , is 625 kPa, the scale of the flow speed, V 0 ε−1 , is 25 m/s and
the time scale, H/V 0 , is 4 ms.
To investigate the elastic effects and convergence of the solution
in terms of the number of retained elastic modes N e , calculations
are performed with N e = 3, 5, 7 and for the rigid plate with N e = 0.
The Young modulus E of the plate material is artificially reduced by
100 and 1000 times in some calculations without changes of other
parameters of the plate. The horizontal velocity of the plate is U 0
= 5 m/s, 15 m/s, and 25 m/s, which gives λ = 0.2, 0.6, and 1 correspondingly. The initial angle of the plate inclination α0 is 3○ , 6○ , and
10○ . The pressure distributions and plate positions are plotted with
the dimensionless time step 0.08 for inclination angles of 6○ and 10○
and with the time step 0.04 for the angle of 3○ , where the duration of
impact is relatively short.
The strain ε(s, t) of the upper surface of the plate is calculated
by the formula
ε(s, t) = −εsc

∂ 2 yp
(s, t),
∂s2

(62)

where yp (s, t) is given by series (34) with N e + 2 terms and the strain
scale is εsc = hp H/L2 = 0.002. The strains are presented in microstrains (μs), where 1 μs corresponds to the stress level of 68 kPa for
aluminum. Only the strain magnitude, |ε(s, t)|, is shown below.
The results of the calculations are presented in Figs. 2–10. The
values of the parameters that vary in the calculations and their
correspondence to the figures are given in Table I.
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FIG. 2. Oblique impact by the aluminum plate: (a) positions of the plate in
the dimensionless variables, (b) pressure distributions along the wetted part of
the plate in the dimensionless variables, and (c) strains (in microstrains) along the
plate. Lines 1–6 correspond to the dimensionless time instants 0, 0.04, 0.08, 0.12,
0.16, and 0.2. The time scale is 4 ms.
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FIG. 3. Time evolutions of (a) the coordinates of the left, cL (t), and the right,
cR (t), contact points of the wetted area
and the point, smax (t), where the maximum of strains is achieved. (b) Vertical
elevations of the left contact point, Y L (t),
the right contact point, Y R (t), and the left
edge of the plate, Y 0 (t) = Y(0, t), above
the liquid bottom. (c) Maximum strain,
εmax (t), (in microstrains) along the plate
(solid line), the difference of εmax (t) calculated with Ne = 7 and with Ne = 3
multiplied by 10 (dashed line), and the
difference of εmax (t) with Ne = 7 and with
Ne = 5 multiplied by 10 (dotted line). (d)
Dimensionless velocities of the flow at
the left contact point, UL (t) + λ, and at
the right contact point, UR (t) + λ.

instants including the initial one. The calculations stop at t = 0.2
when the leading edge of the plate touches the water surface trapping an air cavity under the plate [see Fig. 2(a)]. Elastic deflections
of the plate are well visible. The pressure is always maximum at the
leading edge of the wetted area, s = cR (t), where initially, it is linear in
time [see (53) and Fig. 2(b)]. Note that the pressure along the wetted
area [see Fig. 2(b)] and the strains [see Fig. 2(c)] are shown in the
global dimensionless coordinate x. The tensile yield strength of the
aluminum is 276 MPa, which corresponds to about 4000 microstrains. Figure 2(c) shows that the strains increase in time but stay
well below the yield strain value.
More detailed information about this reference impact case
is presented in Fig. 3. The positions of the left, s = cL (t), and
right, s = cR (t), ends of the wetted part of the plate are shown
in Fig. 3(a) by thick solid lines. One can see that the liquid separation from the plate occurs at the plate edge up to t = 0.07.
The length of the wetted part of the plate is always smaller than
0.4, which is 4 cm in the dimensional variables. The length of the
air cavity trapped under the plate at t = 0.2 is 40% of the plate
length.
The thicknesses of the liquid layer at three locations: the leading, Y R (t), and trailing, Y L (t), edges of the contact region and at
the left edge of the plate, Y 0 (t), are shown in Fig. 3(b) as functions of the dimensionless time t. It is seen that the penetration
depth of the plate is rather small, less than 1 mm, and therefore, the denominator Y(s, t) can be approximated by 1 in (30)–
(33), (43)–(46), and (58)–(60). Then, the corresponding formulae and equations become simpler but keep their structure. The
approximation of small penetration depth is not used in the present
study.
The maximum strain, εmax (t) = max0<s<1 |ε(s, t)|, is shown
in Fig. 3(c) by the solid line. The strains are sensitive to the
number of the retained elastic modes N e . The difference between
εmax (t) calculated with N e = 7 and N e = 3 and multiplied by
10 is shown in Fig. 3(c) by the dashed line, and a similar
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difference for N e = 7 and N e = 5 is shown by the dotted line. These
curves demonstrate convergence of the strains with the number of
modes N e .
All calculations shown below are performed with N e = 7.
The distance of the point, where the maximum strain is achieved,
s = smax (t), measured from the left edge of the plate is plotted in
Fig. 3(a), εmax (t) = |ε(smax (t), t)|. The strains are maximum near the
leading edge of the contact region, where the pressures are maximum [see Fig. 2(b)] and the plate curvature is highest [see Fig. 2(a)].
The dimensionless velocities of the global flow at the leading, U R (t)
+ λ, and the trailing, U L (t) + λ, edges are shown in Fig. 3(d). The
scale of the flow velocity, V 0 ε−1 = 25 m/s, is the same in all calculations. Note that the penetration depth is small in this reference
case, which explains relatively small flow velocities compared with
the horizontal speed of the plate. The flow under the leading edge
of the contact region is accelerated to maximum speed of about
3 m/s and then decays. At the trailing edge, the flow is accelerated
in the direction opposite to the plate motion up to 2 m/s, which
occurs before the trailing edge leaves the plate edge [see Fig. 3(a)].
Then, the flow velocity there decays and becomes positive in the
direction of the plate motion at the final stage of the calculations.
Starting from approximately t = 0.12, the liquid under the plate
moves in the direction of the plate motion but with a much smaller
velocity.
Figures 4 and 5 compare impacts for different initial inclination angles: (a) reference case with α0 = 3○ , (b) α0 = 6○ , and (c) α0
= 10○ . All others parameters are the same as in the reference case. It
is seen that the impact duration is longer and the plate penetration
is deeper for larger angles α0 . The plate flexibility is less pronounced
for α0 = 6○ and 10○ with rigid-plate calculations, N e = 0, providing
very close results except for the strains. The calculations are terminated for α0 = 3○ and 6○ because the right edge of the plate enters
the liquid trapping an air cavity. Note that the length of the cavity
is 50% of the plate length for α0 = 6○ and about 40% for α0 = 3○ .
The contact region disappears at the end of calculations, t = 0.57, for
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FIG. 4. Positions of the plate in the global dimensionless variables, the edges of the contact region, cL (t) and cR (t), together with the coordinate of the maximum strain,
smax (t), and the elevations of the moving points cL (t), cR (t), and s = 0 above the liquid bottom as functions of time for the initial inclination angle (a) α0 = 3○ , (b) α0 = 6○ , and
(c) α0 = 10○ .

FIG. 5. (a) The pressure, PR (t), at the leading edge of the contact region and (b)
the maximum strain, εmax (t), as functions of the dimensionless time for the initial
inclination angles of α0 = 3○ (line 1), α0 = 6○ (line 2), and α0 = 10○ (line 3).
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α0 = 10○ , and then, the plate continues to move above the liquid
layer until next impact. The inclination angle of the plate at the end
of the impact is negative in this case. Therefore, it is expected that
the plate will enter the liquid surface next time by its leading edge.
This type of impact is not covered by the present model. The wetted
part of the plate is short, less than 40% of the plate length, in all three
cases. The trailing edge, s = cL (t), leaves the plate left edge during the
impact. The left edge of the plate, s = 0, is always the closest point of
the plate to the liquid bottom. The free-surface elevation under the
plate, where 0 < s < cL (t), is not studied here. Secondary impacts on
the liquid are possible in this region.
Figure 5(a) presents the pressure, PR (t), at the leading edge of
the contact region for the three initial angles of the plate inclination. This is the maximum pressure along the plate at each time
instant [see Fig. 2(b)]. The pressure PR (t) initially quickly increases
to its maximum value, which occurs well before the separation point,
s = cL (t), starts to move from the left edge of the plate and then
decays. The smaller the angle α0 , the higher the maximum of PR (t).
The maximum strain, εmax (t), is shown in Fig. 5(b) for the three
initial angles of the plate inclination. It is seen that the first peak of
εmax (t) is not necessary the highest one. The smaller the angle α0 , the
higher strains in the plate. The coordinates of the maximum strains,
smax (t), are shown in Fig. 4 together with the positions of the edges
of the contact region. It is seen that the strains peak either in front of
or near the leading edge, s = cR (t). The strains are much smaller than
the yield strain value for aluminum.
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FIG. 6. Positions of the plate in the global dimensionless variables, the edges of the contact region, cL (t) and cR (t), together with the coordinate of the maximum strain,
smax (t), and the elevations of the moving points cL (t), cR (t), and s = 0 above the liquid bottom as functions of time for the horizontal speed of the plate. (a) U0 = 5 m/s, (b) U0
= 15 m/s, and (c) U0 = 25 m/s.

Figures 4 and 5 demonstrate that the interaction between the
plate and the liquid layer is longer for larger inclination angles α0 . In
the following, only impacts with α0 = 10○ are considered.
Results of calculations for three different horizontal speeds of
the plate, U 0 = 5 m/s, 15 m/s, 25 m/s, and the initial inclination
angle α0 = 10○ are shown in Figs. 6 and 7. Other parameters of
impacts are the same as in the reference case. Note that Figs. 4(c)
and 6(c) are identical, and lines 3 in Fig. 5 are the same as lines 1 in
Fig. 7. Figures 6 and 7 show that the larger the horizontal speed,
the shorter the interaction time, 0.83 for 5 m/s, 0.67 for 15 m/s,
and 0.57 for 25 m/s, and the smaller the penetration depth, which
is up to 17% of the liquid depth for 5 m/s, 13% for 15 m/s, and 10%
for 25 m/s.
The calculations are terminated for 5 m/s, when the leading edge of the contact region arrives at the leading edge of the
plate. The plate is almost parallel to the water surface at that
time. Maximum length of the contact region does not exceed 40%
of the plate length for this value of the horizontal speed. For
U 0 = 15 m/s, the calculations are terminated when the plate becomes
inclined toward the liquid and the leading edge of the plate enters
liquid trapping the air cavity. The cavity is long, about 50% of
the plate length. For U 0 = 25 m/s, the contact region shrinks at
the end of calculation, and the plate losses its contact with the
liquid and continues to move above the liquid layer until next
impact. The separation point leaves the trailing edge of the plate
at around t = 0.22 for all values of the horizontal velocity U 0 .
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FIG. 7. (a) The pressure, PR (t), at the leading edge of the contact region and (b) the
maximum strain, εmax (t), as functions of the dimensionless time for the horizontal
speed of the plate U0 = 25 m/s (line 1), U0 = 15 m/s (line 2), and U0 = 5 m/s
(line 3).
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FIG. 8. Positions of the plate in the global dimensionless variables, pressure distributions along the contact region at the same time instants, the edges of the contact region,
cL (t) and cR (t), together with the coordinate of the maximum strain, smax (t), and the elevations of the moving points cL (t), cR (t), and s = 0 above the liquid bottom as functions
of time for the Young modulus. (a) E = E al , (b) E/E al = 10−2 , and (c) E/E al = 10−3 .

The dry part of the plate above the wake behind the plate is long for
small U 0 .
The coordinates of the maximum strain, smax (t), are shown in
Fig. 6 with respect to the coordinates of the edges of the contact
region. The strains peak in the contact region for speed 5 m/s near
the leading edge s = cR (t) for U 0 = 15 m/s and in front of the leading
edge for U 0 = 25 m/s.
The pressure at the leading edge of the contact region, PR (t),
and the maximum strain, εmax (t), are depicted in Fig. 7. The pressure PR (t) is smaller for smaller speeds U 0 but lasts longer and decay
slower. The strains are larger for larger U 0 but after their first peaks,
their magnitude is weakly dependent on the horizontal speed of the
plate.
Figures 8 and 9 demonstrate the effect of plate rigidity on the
impact. Calculations are performed for the horizontal speed of the
plate U 0 = 25 m/s, initial inclination angle of the plate α0 = 10○ ,
and the plate rigidities Eal = 68 ⋅ 109 N/m2 , E = 68 ⋅ 107 N/m2 , and
E = 68 ⋅ 106 N/m2 . The longest time of interaction is observed for the
most rigid plate [see Fig. 8(a)] where the plate bounces from the liquid at t = 0.57. The plate also bounces from the liquid if the plate
rigidity is reduced 100 times [see Fig. 8(b)], but the plate motion
in this case is very different from the motion of the aluminum
plate. The rear part of the plate moves upwards at the end of the
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FIG. 9. (a) The pressure, PR (t), at the leading edge of the contact region. (b) The
maximum stress in GPa (109 Pa), σ max (t), as functions of the dimensionless time
for the Young modulus E = E al (line 1), E/E al = 10−2 (line 2), and E/E al = 10−3
(line 3).
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interaction stage, but the front part of the plate continues to move
downwards. Figure 8(b) shows that another contact region, approximately at x = 0.9, appears at the time or shortly after the original
contact region disappears. The present model cannot describe two
and more contact regions with air cavities trapped between them at
the same time.
The motions of the softest plate [see Fig. 8(c)] are more complicated than for the rigid plate. The plate deflections occur mainly
in the wetted part of the plate. The dry part of the plate keeps its initial motion. An important feature of this case is a negative pressure
zone near the leading edge of the contact region. The pressure in this
zone is 30 kPa below the atmospheric pressure, which is 101.3 kPa.
Therefore, the pressure in this zone is well above the vapor pressure
and cavitation in this zone is not expected. The maximum pressure
at the leading edge [see Fig. 9(a)] is approximately 0.3 in the dimensionless variables, which gives double atmospheric pressure in the
dimensional variables. The dimensional (in GPa) bending stresses
in the plate, σ max (t) = Eεmax (t), are reduced with the decrease in the
plate rigidity [see Fig. 9(b)]. In all three cases [see Fig. 8], less than a
half of the plate is wetted at the end of the calculations. The calculations are terminated for E = Eal /1000 [see Fig. 8(c)] when the plate
touches the liquid surface in front of the leading edge of the contact
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region. The softest plate penetrates deeper into the liquid layer than
more rigid plates.
The oblique impacts by the softest plate, E = Eal /1000, at α0
= 10○ with the horizontal speeds of 5 m/s, 15 m/s, and 25 m/s are
depicted in Fig. 10. Note that Fig. 10(a) is the same as Fig. 8(c).
The trailing edge of the plate contact region separates from the left
edge of the plate quite late, which is because of the high flexibility
of the plate. For U 0 = 5 m/s, the calculations are terminated when
the leading edge of the contact region arrives at the right edge of
the plate [see Fig. 10(a)]. For U 0 = 15 m/s and 25 m/s, the calculations are terminated because the plate touches the liquid surface
in front of the leading edge. The plate penetrates deeper for the
lowest speed [see Fig. 10(a)] with low hydrodynamic pressure in
the contact region. The trailing edge of the plate penetrates 25%
of the layer thickness for U 0 = 5 m/s. At this speed, the separation point, s = cL (t), moves from the left edge of the plate late at t
= 0.65, and calculations are terminated at t = 0.8, when the wetted
region arrives at the right edge of the plate. The pressure in the contact region is low and is negative in some places. Deflections of the
plate are well visible. The maximum strain is achieved inside the contact region for all speeds, except that of the very initial stage of the
impact.

FIG. 10. Positions of the plate in the global dimensionless variables, pressure distributions along the contact region at the same time instants, the edges of the contact region,
cL (t) and cR (t), together with the coordinate of the maximum strain, smax (t), and the elevations of the moving points cL (t), cR (t), and s = 0 above the liquid bottom as functions
of time for the plate with the Young modulus E/E al = 10−3 and the horizontal speed (a) 5 m/s, (b) 15 m/s, (c) 25 m/s.
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VI. CONCLUSION
A model of oblique impact of an elastic plate on a thin liquid
layer was presented. The problem was treated as coupled: the liquid flow beneath the plate, the plate elastic deflections, and rigid
motions were determined at the sometime together with the position of the wetted part of the plate. At the leading edge of the wetted
plate region, the one-dimension unsteady flow under the plate was
matched to the two-dimensional and quasi-stationary jet flow. The
position of the moving separation point (trailing edge of the contact region) was determined using the Brillouin–Villat condition of
continuity of the pressure at this point together with its tangential
derivative. The problem was reduced to a system of ordinary differential equations for the magnitudes of the rigid and elastic motions
of the plate, the position of the leading edge of the contact region,
and the flow speed at this point. The position of the trailing edge of
the contact region was determined by iterations at each step of the
time integration.
The obtained results demonstrate importance of elastic characteristics of the plate, as well as parameters of oblique impact such as
velocity components and the inclination angle, on the plate motions
and conditions of both cavitation and ventilation during the impact,
which is in agreement with the experimental results by Iafrati and
Grizzi (2019).
The results of the calculations showed that the interaction
between the plate and the liquid layer is short for small angles of the
initial plate inclination and/or large horizontal speeds of the plate.
Elastic deflections of the plate are stronger pronounced for more
flexible plates, impacting the liquid layer with low horizontal speeds
and moderate inclination angles.
It was confirmed that air cavities can be trapped in front of
the propagating contact region because of plate rotation and/or its
elastic deflection. Negative pressures zones may occur in the contact
region for flexible plates with low rigidities. The air is not trapped
only if the plate bounces from the liquid surface before the leading
edge of the plate enters the layer.
Another mechanism of the air entrainment by oblique elastic
impacts can be due to the jet formed at the leading edge of the wetted
region. Figure 3(d) shows that the flow speed in the jet region is not
monotonic and can oscillate, which may cause significant increase
in the jet thickness with closing an air cavity in front of the moving plate. A similar but not identical increase in the thickness of the
liquid layer may occur in the wake behind the plate because the volume flux at the trailing edge of the wetted region is not constant and
oscillate [see Figs. 3(b) and 3(d)]. Note that the flow in the wake is
affected by gravity, surface tension, and viscosity of the liquid [see
Alekseenko et al. (1994) and Chang and Demekhin (2002)] in contrast to the flow under the plate where the inertia effects dominate.
These other mechanisms of air entrainment in a thin liquid layer
by an impacting deformable body will be investigated further and
published in a separate paper.

ARTICLE

scitation.org/journal/phf

APPENDIX: INTEGRALS OF THE PRESSURE
IN THE PROBLEMS OF THIN-LAYER FLOWS
A flow in a narrow gap between the rigid flat bottom, y = 0, and
a moving solid surface, y = yb (x, t), is described within the thin-layer
approximation by the following equations:
∂yb
∂
+
[yb (x, t)u(x, t)] = 0,
∂t
∂x

(A1)

∂u
1 ∂p
∂u
+u
=−
,
∂t
∂x
ρ ∂x

(A2)

where ρ is the density of the liquid and u(x, t) and p(x, t) are the horizontal speed of the flow and the hydrodynamic pressure in the gap,
0 < y < yb (x, t), cL (t) < x < cR (t). In this Appendix, the functions yb (x,
t), cL (t), and cR (t) assumed are given. For convenience, the origin
of the coordinate system in this section is taken at the bottom but
not on the upper surface of the liquid at equilibrium as in the main
body of the paper. This difference is minor and can be easily taken
into account in using the results of this section in the main text. We
also assume that u(x, t) and p(x, t) are given at the ends, x = cL and
x = cR , of the flow interval as uL (t), uR (t), pL (t), and pR (t), where L
stands for the left end and R for the right end. We shall evaluate the
integral
cR

1
L(t) = ∫ p(x, t) α(x) dx
ρ

(A3)

cL

for any function α(x), which is not necessarily smooth.
To this aim, we introduce the function
x

ᾱ(cL , x) = ∫ α(x0 ) dx0
cL

and integrate (A3) by parts using (A2),
cR

L(t) =

1
1
p(x, t) d[ᾱ(cL , x)] = pR (t)ᾱ(cL , cR )
ρ∫
ρ
cL

cR

+ ∫ (ut + uux )ᾱ(cL , x) dx
cL
cR

1
1
1
= ( pR + u2R )ᾱ(cL , cR ) − ∫ u2 (x, t)α(x) dx
ρ
2
2
cL

cR

+ ∫ ut (x, t)ᾱ(cL , x) dx.

(A4)

cL
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cR

yb (cR (t), t)uR (t) − yb (x, t)u(x, t) = − ∫ yb,t (x0 , t) dx0 .

(A5)

x

32, 062101-15

Physics of Fluids

ARTICLE

The function B(t), which is defined by (A8) and appears in (A9), can
be obtained in another form by integrating (A2) from cL to cR ,

Now we differentiate (A5) in time t,
duR
[yb,x (cR , t)cR′ (t) + yb,t (cR , t)]uR + yb (cR , t)
dt
∂u
− yb,t (x, t)u(x, t) − yb (x, t) (x, t)
∂t

cR

1 2
1
2
∫ ut (x, t) dt + 2 (uR − uL ) = − ρ (pR − pL ),

(A13)

cL

cR

= − ∫ yb,tt (x0 , t) dx0 − yb,t (cR , t)cR′ (t).
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(A6)

and using (A9) to evaluate the integral in (A13),

x

Prime stands for derivative in time. The derivative yb ,t = −yb ,x u
− yb ux from (A1) is substituted in (A6), which gives

cR

cR

1 2
2 ybx
2
∫ ut (x, t) dx = B(t)R(cL , cR ) + ∫ u y dx + 2 (uR − uL )
b
cL

cL

cR
2

B(t) + yb,x u + yb uux − yb ut = − ∫ yb,tt (x0 , t) dx0 ,

cR

(A7)

+ ∫ yb,tt (x, t)R(cL , x) dx,

x

(A14)

cL

where
where

B(t) = [yb,x (cR , t)cR′ + yb,t (cR , t)]uR + yb (cR , t)u′R (t)
+

yb,t (cR , t)cR′ (t).

x

(A8)

R(cL , x) = ∫

The derivative ut (x, t) is obtained from (A7),

cL

dx0
.
yb (x0 , t)

(A15)

cR

y
B(t)
1
ut (x, t) = uux + ∫ yb,tt (x0 , t) dx0 + bx u2 +
.
yb
yb
yb (x, t)

(A9)

Equations (A13) and (A14) give the formula for B(t),

x

cR

Equation (A9) is used to evaluate the second integral in (A4),
cR

cL

∫ ut (x, t)ᾱ(cL , x) dx
cR

= ∫ ᾱ(cL , x) d(
cL

cR

ᾱ(cL , x)
u2
yb,tt (x0 , t) dx0 dx
)+∫
2
yb (x, t) ∫

cR

cL

cR

cL

+ ∫ u2 (x, t){

1
1
= u2R ᾱ(cL , cR ) − ∫ u2 α(x) dx
2
2

cL

cL

+ ∫ yb,tt (x, t){D(cL , x) − D(cL , cR )

cL

cL

cL

+∫

yb,x 2
u ᾱ(cL , x) dx + B(t)D(cL , cR ),
yb

(A10)

x

D(cL , x) = ∫
cL

ᾱ(cL , x0 ) dx0
.
yb (x0 , t)

S(x, t) =
(A11)

Substituting (A10) in (A4) and collecting similar terms, we find
cR

yb,x
1
L(t) = ( pR + u2R )ᾱ(cL , cR ) + ∫ u2 (x, t){
ᾱ(cL , x) − α(x)} dx
ρ
yb
cL

cL
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D(cL , cR )
1
[ᾱ(cL , x) −
].
yb (x, t)
R(cL , cR )

(A18)

x

D(cL , cR )
∫ S(x0 , t) dx0 = D(cL , x) − R(c , c ) R(cL , x),
L R
cL

cR

(A12)

(A17)

The function S(x, t) is such that

cR

+ B(t)D(cL , cR ) + ∫ yb,tt (x0 , t)D(cL , x0 ) dx0 .

R(cL , x)
} dx.
R(cL , cR )

Formula (A17) can be presented in a symmetric form using a new
function,

where
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yb,x
D(cL , cR )
[ᾱ(cL , x) −
] − α(x)} dx
yb
R(cL , cR )

cR

x0

ᾱ(cL , x) dx
dx0
+ ∫ yb,tt (x0 , t) ∫
yb (x, t)
cR

Finally, we substitute (A16) into (A12) and collect similar terms,

cR

cR

cL

(A16)

D(cL , cR ) 1
1
1
[( pL + u2L ) − ( pR + u2R )]
L(t) = ( pR + u2R )ᾱ(cL , cR ) +
ρ
R(cL , cR ) ρ
ρ

yb,x 2
ᾱ(cL , x) dx
u ᾱ(cL , x) dx + B(t) ∫
yb
yb (x, t)

cR

cL

x

cL

+∫

yb,x
1
dx − ∫ yb,tt R(cL , x) dx + ( pL + u2L )
yb
ρ

1
− ( pR + u2R ).
ρ

cL
cR

cR

B(t)R(cL , cR ) = − ∫ u2

∫ S(x0 , t) dx0 = 0,
cL

1 D(cL , cR )
S(cL , t) = − L
.
yb R(cL , cR )

(A19)
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Finally,
1
1
L(t) = ( pR + u2R ) ybR S(cR , t) − ( pL + u2L ) ybL S(cL , t)
ρ
ρ
cR

+ ∫ u2 (x, t)[ybx S(x, t) − α(x)] dx
cL
cR
⎞
⎛ x
− ∫ S(x, t)⎜∫ yb,tt (x0 , t) dx0 ⎟ dx.
⎠
⎝ cL
cL

(A20)
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