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On depth zero L-packets for classical groups
Jaime Lust and Shaun Stevens
Abstract
By computing reducibility points of parabolically induced representations, we construct, to
within at most two unramiﬁed quadratic characters, the Langlands parameter of an arbitrary
depth zero irreducible cuspidal representation π of a classical group (which may be not-quasisplit) over a non-archimedean local ﬁeld of odd residual characteristic. From this, we can
explicitly describe all the irreducible cuspidal representations in the union of one, two, or four
L-packets, containing π. These results generalize the work of DeBacker–Reeder (in the case of
classical groups) from regular to arbitrary tame Langlands parameters.

1. Introduction
The representation theory of p-adic groups has largely been motivated, over the last halfcentury, by the Langlands conjectures, seeking an understanding of the absolute Galois (or
Weil) groups of local and global ﬁelds. Many parts of the local conjectures are now theorems,
notably for representations of GLn [19, 20], of SLn [16, 21], and, more recently, of classical
groups [2, 29, 43].
At the same time as having local Langlands correspondences, one would like to be able
to use them to translate ﬁne arithmetical data between representations of p-adic groups and
representations of the local Weil group. To this end, one seeks to make the correspondence
explicit/eﬀective. For GLn , this has been the subject of a series of papers by Bushnell–Henniart
[6–8, 10]; for other groups, work has concentrated on regular depth zero irreducible cuspidal
representations [13, 24, 26] and epipelagic irreducible cuspidal representations [9, 18, 25,
27, 46, 47], with the most general work by Kaletha [28] on regular cuspidal representations.
In this spirit, we look here at depth zero irreducible cuspidal representations of a classical
group G — by which we mean a symplectic, (special) orthogonal, or unitary group, which
may be non-quasi-split — over a non-archimedean locally compact local ﬁeld of odd residual
characteristic (this is the only restriction on the ﬁeld). When these representations are also
regular (more precisely, the corresponding Langlands parameter is tame regular semisimple in
general position), these have already been considered, for more general groups but with some
conditions on the ﬁeld, by DeBacker–Reeder [13] and Kaletha [24, 26]; however, our approach
here is diﬀerent, and allows us to treat all depth zero irreducible cuspidal representations. Thus
our work, and methods, are complementary to those of [28].
Given a Langlands parameter for G, the Langlands correspondence should determine an
L-packet of irreducible smooth complex representations of G. These representations should
share many properties; for example, they should have all the same L-functions, at least where
these have been deﬁned. Since, by the results of Shahidi [48], poles of L-functions correspond
to reducibility points of parabolic induction, we detect representations in the same L-packet
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by computing these reducibility points, and this does not require, for example, genericity of
the representation.
For now, we are not able completely to compute reducibility points, but only up to twist
by a certain unramiﬁed character (see below for more details). However, an even-dimensional
irreducible tame representation of the Weil group is symplectic if and only if this unramiﬁed
twist is orthogonal; thus, using the Langlands correspondence, for example, for symplectic
groups, we can see which of the twists must occur, and the only ambiguity is in the reducibility
points for quadratic characters of GL1 . In any case, we are able to recover the irreducible
cuspidal representations in the union of either one, two, or four L-packets.
This paper can be regarded as a ﬁrst step in a programme to treat all discrete series
representations of classical groups; see [5] for the case of arbitrary irreducible cuspidal
representations of symplectic groups. Depth zero is the base case, since general irreducible
cuspidal representations are built from a ‘wild part’ and a depth zero part (see [51]). In
the depth zero case, we avoid the complication of wild ramiﬁcation; on the other hand, the
geometric complications arise essentially from the depth zero part so that the results and
techniques here already resolve many diﬃculties for the general case.
Now let us state our results more carefully; although we have interpreted them above via
the Langlands correspondence, they are in fact results on the automorphic side. Let F/Fo be
an extension of degree at most 2 of non-archimedean local ﬁelds of odd residual characteristic,
and let G be (the group of rational points of) a symplectic, special orthogonal or unitary group
over Fo , the connected component of the group of isometries of an F/Fo -hermitian space; this
 for the complex
group may be non-quasi-split. We also write WF for the Weil group of F and G
dual group of G, acting naturally on a vector space of dimension NG
.
In their classiﬁcation of discrete series representations of (quasi-split) p-adic classical groups
[37, 39, 42], Mœglin–Tadić use the notion of a Jordan set attached to an irreducible discrete
series representation of G. For an irreducible cuspidal representation π of G, this can be
described via the reducibility set Red(π) as follows.
We denote by Aσ (F) the set of (equivalence classes of) self-dual irreducible cuspidal
representations of some GLn (F) (see Section 3). For ρ ∈ Aσ (F) there is at most one real number
s = sπ (ρ)  0 such that the normalized parabolically induced representation Ind ρ| det(·)|sF ⊗ π
is reducible, where | · |F is the normalized absolute value on F; when there is no such real
number (which can happen only for even-dimensional special orthogonal groups and ρ a
quadratic character of GL1 (F)), we set sπ (ρ) = 0. Then
Red(π) = {(ρ, m) : ρ ∈ Aσ (F), m ∈ N with 2sπ (ρ) = m + 1}.
Mœglin proves in [38] that, again for π irreducible cuspidal, the Jordan set is
Jord(π) = {(ρ, m) : ρ ∈ Aσ (F), m ∈ N with 2sπ (ρ) − (m + 1) ∈ 2Z0 }
= {(ρ, m) : (ρ, mρ ) ∈ Red(π), m ∈ N and mρ − m ∈ 2Z0 },

(1.1)

so that Red(π) is the set of maximal elements of Jord(π).
It is expected (and in at least when G is quasi-split, known — see, for example, [41]) that
  WF
the Jordan set should precisely predict the Langlands parameter ϕ : WF × SL2 (C) → G
whose L-packet Πϕ contains π, by

ϕρ ⊗ stm ,
ϕ=
(ρ,m)∈Jord(π)

where ϕρ is the (irreducible) representation of the Weil group WF corresponding to ρ via the
Langlands correspondence for general linear groups, and stm is the m-dimensional irreducible
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representation of SL2 (C). In particular, writing nρ for the unique natural number such that ρ
is a representation of GLnρ (F), we should have

mnρ = NG
(1.2)
.
(ρ,m)∈Jord(π)

For a ﬁxed ρ, the integer



m

(ρ,m)∈Jord(π)

is the multiplicity of ρ (or of ϕρ ) in ϕ|WF . Since, for any integer m  −1, we have

2 

m +1
m=
,
2
0mm ,

m≡m(mod
2)

where x denotes the greatest integer not exceeding x, it follows from (1.1) that the equality
(1.2) is equivalent to

2
(sπ (ρ)) nρ = NG
(1.3)
.
ρ∈Aσ (F)

Note that almost all terms in this sum are zero since sρ (π) < 1 for all but ﬁnitely many
ρ ∈ Aσ (F).
Suppose now that the representation π is of depth zero; equivalently, the Langlands
parameter is tame (that is, trivial on restriction to the wild inertia subgroup of WF ). For
clarity of exposition, we specialize temporarily to the case of a symplectic group G, in which
 is a special orthogonal group with N  odd. On the other hand, by a result of Blondel
case G
G
[3], there are self-dual irreducible cuspidal representations of GLn (F) only for n even or n = 1;
in the latter case, we get the pair of unramiﬁed characters of order dividing two, and the pair
of (tamely) ramiﬁed quadratic characters. Since NG
 is odd, equation (1.2) implies that there
is exactly one pair of characters (either the unramiﬁed pair or the ramiﬁed pair) for which
the multiplicities of the two characters in ϕ|WF have the same parity; we denote by ϕ the
Langlands parameter obtained from ϕ by exchanging the multiplicities of the two characters
in this pair. (In particular, we have ϕ = ϕ when the multiplicities are equal.) In this paper,
we do the following.
(i) Given a tame Langlands parameter ϕ for a symplectic group as above, we give an explicit
algorithm to describe the cuspidal representations in the union of L-packets Πϕ ∪ Πϕ .
(ii) Conversely, given a depth-zero cuspidal irreducible representation π of a symplectic
group as above, there we give an explicit description of the pair {ϕ, ϕ } of tame Langlands
parameters, such that π ∈ Πϕ ∪ Πϕ .
We remark that, in the situation of regular depth zero irreducible cuspidal representations,
the multiplicities of the characters are all at most one, so that ϕ = ϕ; thus we recover the
description of the representations in an L-packet consisting solely of cuspidal representations
from [13] in this case.
We return to the case of depth zero representations of a general classical group G and describe
the result here, which is a reinterpretation of the theorem above in terms of the set Red(π).
More precisely, denote by [ρ] the inertial equivalence class of ρ ∈ Aσ (F), that is, the set of
unramiﬁed twists of ρ; note that [ρ] ∩ Aσ (F) = {ρ, ρ } consists of exactly two (inequivalent)
representations. We have ρ = ρχ, for χ an unramiﬁed character with ρχ2 = ρ; since ρ has
depth zero, the character χ has order 2nρ .
Here, we compute the inertial reducibility multiset
IRed(π) = {{([ρ], m) : (ρ, m) ∈ Red(π)}}.
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This is often in fact a set: since π has depth zero, the only inertial classes [ρ] which can occur
with multiplicity are the quadratic characters of GL1 (F). Indeed, for ρ ∈ Aσ (F) of depth zero
with nρ > 1 and ρ its self-dual unramiﬁed twist, the exterior square L-function of exactly one of
ρ, ρ has a pole at s = 0, while for the other representation it is the symmetric square L-function
which has a pole (the same comments apply to the Asai and twisted Asai L-functions when
F/Fo is quadratic); thus the parity of m, such that (ρ, m) ∈ Red(π) should be independent of
π (that is, depend only on ρ), and the parity will be the opposite of that for ρ . Moreover, this
means that by computing IRed(π), we in fact know all elements of Red(π) apart from those
associated to characters of GL1 (F) of order at most 2, where an ambiguity may remain.
The results we prove here can be described by the following: Let π be a depth zero irreducible
cuspidal representation of G.
(i) We have



(sπ (ρ))

2

nρ  NG
.

(1.4)

ρ∈Aσ (F)

(See also Section 8 for a discussion of the opposite inequality, which is already known in many
cases by results of Mœglin.)
(ii) We give an explicit description of the multiset IRed(π) in terms of the local data deﬁning
π as a compactly induced representation.
(iii) We give an explicit description of the set of irreducible cuspidal representations π  of G
with IRed(π) = IRed(π  ) in terms of the local data deﬁning π. Moreover, the number of such
representations is the expected number in one, two, or four L-packets, this number depending
again on the local data.
For a discussion of the expected number of irreducible cuspidal representations in an Lpacket, see the beginning of Section 9. One also needs to take care with this in the case of even
orthogonal groups (see Example 9.6).
Structure of the algorithm
We now give a description of the algorithm alluded to above. Let G be a classical group,
acting naturally on a non-degenerate N -dimensional F/Fo -ε-hermitian space V. The standard
maximal parahoric subgroups JoN1 ,N2 of G are indexed by non-negative integers N1 , N2 with
(1)

(2)

N1 + N2 = N , and have reductive quotient GN1 × GN2 a product of two classical groups over
ﬁnite ﬁelds (see Section 2). Then, from results of Morris, any irreducible cuspidal depth zero
representation of G has the form π = c-IndG
Jπ λπ , with Jπ the normalizer of a (unique) standard
maximal parahoric subgroup JoN1 ,N2 and λπ an irreducible representation such that λπ |JoN ,N
1
2
contains an irreducible representation λoπ inﬂated from an irreducible cuspidal representation
(1)
(2)
(1)
(2)
τπ τπ ⊗ τπ of the reductive quotient GN1 × GN2 (see Section 3). From Lusztig’s Jordan
(i),∗

decomposition, for i = 1, 2, there is a unique conjugacy class (si ) in the dual group GNi
that

(i)
τπ

is in the Lusztig series

(i)
E (GNi , si ),

such

and we denote the characteristic polynomial of si by
(i)

P (X)aP ,
P

where the product runs over irreducible kF /ko -self-dual monic polynomials in kF [X] (see
(i)
Section 7). Results of Lusztig imply that there are integers mP  0 such that:
(i)

(i)

(i)

• if kF = ko or P (X) = (X ± 1) then aP = 12 mP (mP + 1);
(i)
(i)
(i)
(i)
• if kF = ko and P (X) = (X ± 1) then we write m+ = m(X−1) and m− = m(X+1) , and
these satisfy additional conditions in 7.2.
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Now, for each irreducible kF /ko -self-dual monic polynomial P of degree nP in kF [X], there
is a unique irreducible cuspidal representation τP of GLnP (kF ) which lies in the Lusztig series
E (GLnP (kF ), sP ), where sP has characteristic polynomial P . Inﬂating this to an irreducible
representation λP of JP = GLnP (oF ), extending trivially on a uniformizer and inducing, we
obtain an irreducible self-dual cuspidal representation ρP of GLnP (F). Then, when nP > 1, we
have
 


(1)
(2)
(1)
(2)
[ρP ], mP + mP , [ρP ], |mP − mP | − 1 ∈ IRed(π),
where we understand that terms ([ρP ], m) are ignored when the multiplicity m is non-positive.
For P (X) = X ± 1, the multiplicities depend on the type of group (see Section 8); for example,
in the case of symplectic groups we have the following elements of IRed(π):
 


(1)
(2)
(1)
(2)
[1], 2(m+ + m+ ) + 1 , [1], 2|m+ − m+ | − 1 ,


 

(1)
(2)
(1)
(2)
[ω1 ], 2(m− + m− ) − 1 , [ω1 ], 2|m− + m− | − 1 ,

where 1 is the trivial character and ω1 is a ramiﬁed quadratic character of GL1 (F), and again
we ignore terms with non-positive multiplicity.
Now, to describe the other cuspidal representations with the same inertial reducibility set,
we set
(1)

(2)

Q(π) = irreducible self-dual monic P ∈ kF [X] : mP (π) = mP (π)
and put q(π) := #Q(π). The irreducible cuspidals π  with IRed(π  ) = IRed(π) are parametrized
by certain maps ε : Q(π) → {1, 2}, with conditions depending on the type of group. (See
Section 9 for the detail of these conditions; there are, for example, no conditions in the
symplectic case.) Given a suitable map ε, we extend it to all irreducible kF /ko -self-dual monic
polynomials by setting ε(P ) = 1 for P ∈ Q(π). Then we can ﬁnd, for i = 1, 2, a semisimple
(i)
element sε in a suitable classical group with characteristic polynomial
(i)

P (X)aP

(ε)

,

P
(i)

(i)

where the integers aP (ε) are related to integers mP (ε) as above, with
(i)

(i·ε(P ))

mP (ε) = mP

,

where the index is understood modulo 3. Correspondingly, we have irreducible cuspidal
(1)
(2)
(1)
(2)
representations τε = τε ⊗ τε of the reductive quotient GN  × GN  of a standard parahoric;
1
2
note that, for each ε, there may be several representations τε , depending on the number of
cuspidal representations in each Lusztig series, but this number is independent of the choice of
ε. Inﬂating each τε to the maximal parahoric subgroup JN1 ,N2 , extending to its normalizer and
inducing to G, we get an irreducible cuspidal representation, and this gives all the irreducible
cuspidal representations π  with IRed(π  ) = IRed(π).
Structure of the proof
Finally, we describe the ideas behind the proof. The computation of reducibility points required
is achieved using Bushnell–Kutzko’s theory of covers [11], together with results of Blondel [4],
which translate the problem to the computation of parameters in the Hecke algebra of a cover
(see Sections 5 and 6).
Given π, ρP as in the description of the algorithm, we can consider ρP ⊗ π as a cuspidal
representation of a Levi subgroup GLnP (F) × G of a larger classical group. The type (JP ×
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Jπ , λP ⊗ λπ ) admits a cover (J, λ) constructed by Morris (see also [36]) and the corresponding
spherical Hecke algebra is an algebra on an inﬁnite dihedral group, generated by two elements
satisfying quadratic relations. The recipe of Blondel allows one to translate the knowledge of
these quadratic relations into the pair of reducibility points sπ (ρP ), sπ (ρP ), where ρP is the
self-dual unramiﬁed twist of ρP inequivalent to ρP .
To compute these quadratic relations, the results of [36] ﬁrst reduce to the calculation of
(i)
quadratic relations in ﬁnite Hecke algebras for τP ⊗ τπ , for i = 1, 2, which are described by
Howlett–Lehrer [22]. To compute these values, we use results of Lusztig on representations
of ﬁnite reductive groups (recalled in Section 7), which reduce the computation to unipotent
cuspidal representations, in which case Lusztig has performed the computation [33]. Note,
however, that care must be taken since the ﬁnite reductive groups which occur do not, in
general, have connected centre. There is particular diﬃculty for (even-dimensional) special
orthogonal groups and the results we obtain here may be of independent interest; in particular,
we compute when an irreducible cuspidal representation of an even-dimensional special
orthogonal group over a ﬁnite ﬁeld extends to the full orthogonal group (see Proposition 7.10),
generalizing results of Lusztig and Waldspurger.
Having computed these parameters, we can then put all the ingredients together to prove
the main results in Sections 8 and 9; the latter includes some illustrative examples.

2. Notation and background
We ﬁx some notation for the rest of the paper (with the exception of Section 7, whose notation
is independent). Let Fo be a locally compact non-archimedean local ﬁeld of odd residual
characteristic p, and let F/Fo be an extension of degree at most 2. We write σ : λ → λ for
the generator of the Galois group of F/Fo . For E any ﬁeld containing Fo , we write oE for its
ring of integers, pE for its maximal ideal, and kE = oE /pE for its residue ﬁeld, of cardinality qE ;
in particular we abbreviate q = qF . We also abbreviate oo = oFo etc. We also ﬁx a uniformizer
F of F such that
F = − F if F/Fo is quadratic ramiﬁed, and
F =
F otherwise, and write
for
the
norm
map,
which
is
given
by
λ
→
λλ
if
[F
:
F
NF/Fo : F× → F×
o ] = 2.
o
We ﬁx a sign ε = ±1, and let (V, h) be a non-degenerate F/Fo -ε-hermitian space of Witt
index N and dimension 2N + N an ; thus V is an F-vector space, the form h satisﬁes
h(λv, μw) = λμh(v, w) = ελμh(w, v),

for v, w ∈ V, λ, μ ∈ F,

and we have a Witt decomposition
V = V− ⊕ Van ⊕ V+ ,
with dimF V± = N and dimF Van = N an , such that the restriction of h to V± is totally isotropic,
while its restriction han to Van is anisotropic. We denote by H = H− ⊕ H+ the hyperbolic plane;
that is, H± is a one-dimensional F-vector space with basis e± and H is equipped with the form
hH given by
hH (λ− e− + λ+ e+ , μ− e− + μ+ e+ ) = λ− μ+ + ελ+ μ− ,
−

for λ± , μ± ∈ F.

Thus the restriction of h to V ⊕ V is (isometric to) an orthogonal direct sum of N copies of
+
−
−
+
H. We choose a Witt basis for V, that is: e+
1 , . . . , eN a basis for V , with dual basis e1 , . . . , eN
−
an
an
an
an
for V , and e1 , . . . , eN an a basis V with respect to which h has diagonal Gram matrix. We
order this basis
+

− an
+
+
an
e−
N , . . . , e1 , e1 , . . . , eN an , e1 , . . . , eN .

For n  0, we denote by nH the orthogonal direct sum of n copies of H, and put
Vn = V ⊕ nH
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with the form hn = h ⊕ hH ⊕ · · · ⊕ hH , so that the decomposition above is orthogonal and we
have a Witt decomposition
Vn = Vn− ⊕ Van ⊕ Vn+ ,

with Vn± = V± ⊕ nH± .

Thus (Vn : n  0) is a Witt tower over V0 = V. Writing e±
N +i for the image in Vn of e± in the
ith copy of H, the space Vn has the ordered Witt basis
− an
+
+
an
e−
N +n , . . . , e1 , e1 , . . . , eN an , e1 , . . . , eN +n .

For n  0, we put G+
n = U(Vn ), the group of Fo -rational points of the reductive algebraic
group over Fo determined by (Vn , hn ), so that
G+
n = {g ∈ AutF (Vn ) : hn (gv, gw) = hn (v, w) for all v, w, ∈ V};
thus G+
n is (the group of points of) a unitary, symplectic or (full) orthogonal group. We also
put Gn = U(Vn )o , the group of Fo -rational points of the connected component, so that
Gn = {g ∈ G+
n : NF/Fo detF (g) = 1};
+
thus Gn = G+
n unless Gn is an orthogonal group (so F = Fo and ε = 1), in which case Gn is
+
+
the special orthogonal group, of index 2 in G+
n . We will abbreviate G = G0 and G = G0 .
The stabilizer in Gn of the decomposition

Vn = nH− ⊕ V ⊕ nH+
is a Levi subgroup Mn of Gn , which is standard with respect to the chosen Witt basis, and we
have an isomorphism Mn GLn (F) × G given by g → (g|nH− , g|V ); moreover, the stabilizer of
the subspace nH− is a standard parabolic subgroup Pn of Gn , with Levi component Mn . Thus,
writing elements of Gn as matrices with respect to the Witt basis, the group Pn is block upper
triangular and Mn is block diagonal.
We end this section with a description of the maximal parahoric subgroups of G and of their
reductive quotients (see also [44]). For L an oF -lattice in V, we denote by L# the dual lattice
L# = {v ∈ L : h(v, L) ⊆ pF }.
We say that L is almost self-dual if
L ⊇ L# ⊇ pF L;
in that case, the stabilizer J = JL in G of L is a maximal compact subgroup of G, and every
maximal compact subgroup arises in this way for a unique self-dual lattice L. We write J1 for
the pro-unipotent radical of J, that is the subgroup consisting of those elements g which induce
the identity map on the kF -vector spaces V(1) := L/L# and V(2) := L# /pF L.
The form h induces non-degenerate kF /ko -forms on V(1) and V(2) by
⎧
⎨h (v + L# , w + L# ) := h(v, w) + pF ,
for v, w ∈ L,
V
⎩h

V

#

(v  + pF L, w + pF L) :=

−1


F h(v , w )

+ pF ,

for v  , w ∈ L# .

The form hV(1) is ε-hermitian, while the form hV(2) is (−ε)-hermitian if F/Fo is quadratic
ramiﬁed, and ε-hermitian otherwise, by our choice of uniformizer. Thus we get an induced
map
J → U(V(1) ) × U(V(2) ),
with kernel J1 , and hence the quotient G = GL = J/J1 is naturally a subgroup of the ﬁnite
reductive group U(V(1) ) × U(V(2) ). In fact, G identiﬁes with the subgroup


(g1 , g2 ) ∈ U(V(1) ) × U(V(2) ) : NkF /ko (detkF (g1 ) detkF (g2 )) = 1 ,
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which has connected component G o = U(V(1) )o × U(V(2) )o . We denote by Jo = JoL the inverse
image in J of G o ; this is a parahoric subgroup of G and J is its normalizer in G. It is not
always a maximal parahoric subgroup of G (it is so if and only if neither factor U(V(i) )o is a
two-dimensional special orthogonal group) but every maximal parahoric subgroup does arise
in this way. If either F/Fo is quadratic ramiﬁed and the orthogonal space among V(1) , V(2) is
non-zero, or F = Fo , ε = 1 and both V(1) , V(2) are non-zero, then Jo has index 2 in J; otherwise
we have J = Jo .
Restricting ﬁrst to the case of the hermitian space (Van , han ), there is a unique almost selfdual lattice Lan in Van , and the corresponding group Gan = U(Van )o is compact and normalizes
o
. We set
the unique (maximal) parahoric subgroup Joan = JoLan , with connected component Gan
an

V(1) = Lan /L#
an ,

an

V(2) = L#
an /pF Lan ,

an

and Nian = dimkF V(i) , so that N an = N1an + N2an . Then we have the following possibilities for
an
an
o
= U(V(1) )o × U(V(2) )o , where we write SO(M1 , M2 , kF ) for the special orthogonal group
Gan
with form of Witt index M2 and anisotropic part of dimension M1 − M2  2.
o
is trivial.
• If F = Fo and ε = −1 then N an = 0 so Gan
o
an
• If F = Fo and ε = 1 then Gan SO(N1 , 0, kF ) × SO(N2an , 0, kF ), with Nian  2.
o
U(N1an , kF /kFo ) × U(N2an , kF /kFo ), the product
• If F/Fo is unramiﬁed quadratic, then Gan
an
of two unitary groups with Ni  1.
• If F/Fo is ramiﬁed quadratic then

SO(N1an , 0, kF ) if ε = +1,
o
Gan
SO(N2an , 0, kF ) if ε = −1,

with Nian  2 and only one Nian non-zero.
Returning to the general case of the space (V, h), the standard almost self-dual lattices are
those of the following form: for 0  N1 , N2 with N1 + N2 = N , set
−
+
+
+
+
an
LN1 ,N2 := oF e−
N ⊕ · · · ⊕ oF e1 ⊕ L ⊕ oF e1 ⊕ · · · ⊕ oF eN1 ⊕ pF eN1 +1 ⊕ · · · ⊕ pF eN ,

where Lan is the unique almost self-dual lattice in Van . We write JN1 ,N2 for the stabilizer of
LN1 ,N2 and JoN1 ,N2 for the corresponding parahoric subgroup. Every almost self-dual lattice has
the form gLN1 ,N2 , for some g ∈ G and a unique standard lattice LN1 ,N2 ; thus every maximal
compact (respectively, maximal parahoric) subgroup is conjugate to a unique standard one
JN1 ,N2 (respectively, JoN1 ,N2 ). The choice of Witt basis and the forms on V(1) , V(2) then give
o
= JoN1 ,N2 /J1N1 ,N2 .
us the following identiﬁcations for the connected reductive quotients GN
1 ,N2
• If F = Fo and ε = −1 then
o
GN
1 ,N2

Sp(2N1 , kF ) × Sp(2N2 , kF ).

• If F = Fo and ε = 1 then
o
GN
1 ,N2

SO(N1 + N1an , N1 , kF ) × SO(N2 + N2an , N2 , kF ).

• If F/Fo is quadratic unramiﬁed then
o
GN
1 ,N2

U(2N1 + N1an , kF /ko ) × U(2N2 + N2an , kF /ko ).

• If F/Fo is quadratic ramiﬁed then

SO(N1 + N1an , N1 , kF ) × Sp(2N2 , kF )
o
GN1 ,N2
Sp(2N1 , kF ) × SO(N2 + N2an , N2 , kF )

if ε = +1,
if ε = −1.
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Writing H for hyperbolic space over kF , we can unify these by writing
o
GN
1 ,N2
(i)

(1)

(2)

GN1 × GN2 ,

an

with GNi = U(Ni H ⊕ V(i) )o , for i = 1, 2.
We note that JoN1 ,N2 is a maximal parahoric subgroup except where one of the factors here
is SO(1, 1, kF ) but G is not itself a two-dimensional special orthogonal group; that is, in the
following cases:
• F = Fo , ε = 1, (N, N an ) = (1, 0), with (Ni , Nian ) = (1, 0), for i = 1 or 2;
• F/Fo is quadratic ramiﬁed, N an = 0 and (ε, N1 ) = (1, 1) or (ε, N2 ) = (−1, 1).

3. Depth zero cuspidal representations
In this section, we recall the classiﬁcation of the depth zero irreducible cuspidal representations
of GLn (F) and of the classical group G, beginning with the former.
We write An (F) for theset of equivalence classes of irreducible cuspidal representations of
GLn (F) and put A(F) = n1 An (F). We will abuse notation by writing ρ ∈ A(F) to mean ρ
is an irreducible cuspidal representation of some GLn (F), where n = nρ is of course uniquely
determined by ρ. For ρ ∈ An (F), we denote by ρσ the representation
ρσ (g) = ρ(σ(g −1 )T ),

for g ∈ GLn (F),

where σ(g) denotes the matrix obtained by applying the generator σ of Gal(F/Fo ) to each entry,
and g T denotes the transpose matrix. We say that ρ is self-dual if ρσ ρ, and write Aσn (F) for
the set ofequivalence classes of self-dual irreducible cuspidal representations of GLn (F), and
Aσ (F) = n1 Aσn (F) for the set of equivalence classes of self-dual representations in A(F).
We do not recall here the general notion of depth, only that a representation ρ ∈ A(F) is
said to be of depth zero if it has ﬁxed vectors under the pro-unipotent radical of the maximal
parahoric subgroup GLnρ (oF ) of GLnρ (F). We denote by A[0] (F) the set of equivalence classes
of depth zero representations in A(F), and by Aσ[0] (F) the set of equivalence classes of self-dual
depth zero representations in A(F).
Any depth zero representation ρ ∈ An (F) can be written as
GL (F)

ρ = c-IndJρ n

Λρ ,

where Jρ = F× GLn (oF ) is the normalizer of the maximal parahoric subgroup Jρ = GLn (oF )
of GLn (F), and Λρ is an irreducible representation of Jρ whose restriction λρ = Λρ |Jρ is the
inﬂation of an irreducible cuspidal representation τρ of the reductive quotient Jρ /J1ρ GLn (kF ).
Moreover, the (equivalence class of the) representation τ = τρ is uniquely determined by ρ.
Further, ρ is self-dual if and only if τ is self-dual; that is, denoting again by σ the generator
of Gal(kF /ko ) and by τ σ the representation τ σ (g) = τρ (σ(g −1 )T ), for g ∈ GLn (kF ), we have
τσ τ.
The (equivalence classes of) irreducible cuspidal representations τ of GLn (kF ) were ﬁrst
classiﬁed by Green [17], and are parametrized by regular characters of the multiplicative group
of the degree n extension of kF , or, equivalently (after making choices), by monic irreducible
degree n polynomials P = Pτ ∈ kF [X] with P (0) = 0. Writing σ(P ) for the polynomial obtained
by applying σ to the coeﬃcients of P , the representation τ σ then corresponds to the polynomial
P σ (X) := σ(P (0))−1 X deg(P ) σ(P )(1/X). Thus τ is self-dual if and only if Pτ = Pτσ . If kF = ko ,
such polynomials exist if and only if n = 1 or n is even (see [1]); if kF /ko is quadratic, then
such polynomials exist if and only if n is odd (see [30, § 5.4]).
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Similarly, we write A(G) for the set of equivalence classes of irreducible cuspidal representations of G, and A[0] (G) for the subset of equivalence classes of depth zero representations.
Then, for π ∈ A[0] (G), we can write
π = c-IndG
Jπ λ π ,
where Jπ = JN1 ,N2 is the (compact open) normalizer of a standard maximal parahoric subgroup
Joπ and λπ is an irreducible representation of Jπ whose restriction λoπ = λπ |Joπ is a sum of
conjugates (under Jπ ) of the inﬂation of an irreducible cuspidal representation τπ of the
o
. By [45, 52], the standard maximal parahoric subgroup Joπ is
reductive quotient GN
1 ,N2
uniquely determined by π, so that N1 , N2 here are determined by π, and the representation τπ
o
is determined up to conjugacy by an element of GN1 ,N2 . Since the group GN
decomposes as
1 ,N2
(1)

(2)

(1)

(2)

(i)

GN1 × GN2 , we can also write τπ = τπ ⊗ τπ , with τπ an irreducible cuspidal representation
(i)

of GNi .
o
were classiﬁed by Lusztig
The irreducible cuspidal representations τ of the groups GN
1 ,N2
[32, 35], in terms of semisimple elements s of the dual group and unipotent irreducible
cuspidal representations of the centralizer of s, generalizing the classiﬁcation of Green. (The
only unipotent irreducible cuspidal representation of GLn (kF ) is the trivial representation of
GL1 (kF ).) We will recall this later, in Section 7, when we require it.

4. Reducibility of parabolic induction
In this section, we recall some basic results, in particular due to Silberger, on reducibility of
parabolic induction. We continue with the same notation, so that G = U(V)o is our classical
group. We recall that we have the group Gn = U(Vn )o , with Levi subgroup Mn GLn (F) × G
(with the isomorphism determined by the chosen Witt basis) and standard parabolic subgroup
Pn = Mn Nn . Let ρ ∈ An (F) and π ∈ A(G), so that we can consider ρ ⊗ π as a representation
of Mn .
We are interested in the (ir)reducibility of the normalized parabolically induced representation
s
n
I(ρ, π, s) = IndG
Pn ρ| det(·)|F ⊗ π,

for s ∈ C, where | · |F is the normalized absolute value on F (with image q Z ) and det is the
determinant on GLn (F). We note that replacing ρ by an unramiﬁed twist just has the eﬀect of
translating the parameter s; that is,
I(ρ| det(·)|sF0 , π, s) = I(ρ, π, s + s0 ).
Thus we lose no information if we replace our base-point ρ with any unramiﬁed twist. We have
the following fundamental result of Silberger: the ﬁrst part comes from [49, Corollaries 5.4.2.2–
3] and the second from [50, Theorem 1.6].
Theorem 4.1. (i) If I(ρ, π, s) is reducible for some s ∈ R, then there exists s0 ∈ R such
that ρ| det(·)|sF0 is self-dual.
(ii) If ρ is self-dual and I(ρ, π, s) is reducible for some s ∈ R, then there is a (unique) real
number sπ (ρ)  0 such that, for s ∈ R,
I(ρ, π, s) is reducible if and only if s = ±sπ (ρ).
Remark 4.2. In the situation of Theorem 4.1, it is almost true that, if ρ is self-dual then
I(ρ, π, s) is reducible for some s ∈ R. The only exception comes from even special orthogonal
groups, where we have an extra subtlety (see [23] for more details): if π is an irreducible
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cuspidal representation of G which is not normalized by the full orthogonal group G+ and
n = 1 (so that ρ is a trivial or quadratic character of F× ) then I(ρ, π, s) is irreducible for all
+
s ∈ R. On the other hand, in this situation, putting π + = IndG
G π, which is an irreducible
cuspidal representation of G+ , then I(ρ, π + , s) does have reducibility, at s = 0.
From Theorem 4.1, for a ﬁxed π ∈ A(G), we get a map
sπ : Aσ (F) → R0 ,
where we deﬁne sπ (ρ) = 0 if I(ρ, π, s) is irreducible for all s ∈ R. Part of the well-known ‘Basic
Assumption’ made in [42] is that the image of this map is in fact in 12 Z (indeed, this is now
known in many cases — at least when G is quasi-split — through the work of Arthur, Mœglin,
Waldspurger). We will prove here (independently) that this is indeed the case for depth zero
representations π.
Silberger’s results in fact give a little more than stated here, since we have stated them
only for real values of s. Indeed, if ρ ∈ Aσ (F) then there are (up to equivalence) exactly two
unramiﬁed twists of ρ which are self-dual: ρ and another one ρ . If, moreover, ρ is a depth zero
πi/n log q
representation then this second representation is easy to describe: it is ρ := ρ| det(·)|F
.
Thus Silberger’s result in fact gives a qualitative description of all complex s for which I(ρ, π, s)
is reducible.
In general, we will here only be able to compute the pair of numbers {sπ (ρ), sπ (ρ )}, rather
than distinguishing them individually. However, this is suﬃcient to prove the equality (1.4).

5. Covers and Hecke algebras
The theory of types and covers was developed by Bushnell–Kutzko to give a strategy and
framework to describe the structure of the category of smooth representations of a connected
reductive group. Here we are interested only in a rather special case (in particular, we have
only maximal proper Levi subgroups and depth zero representations for classical groups) so
we do not give deﬁnitions and results in their full generality. In particular, we are specializing
to depth zero the results of [4, § 3.2].
We continue in the notation of the previous section but restrict to depth zero. Thus we have
ρ ∈ Aσ[0] (F), a representation of GLn (F), and π ∈ A[0] (G), giving us a representation ρ ⊗ π of
GL (F)

the Levi subgroup Mn GLn (F) × G of Gn . We write ρ = c-IndJρ n Λρ and π = c-IndG
Jπ λ π ,
as in Section 3, and use all the associated notation from there. We write Pn = Mn Nn and
−
denote by P−
n = Mn Nn the opposite parabolic subgroup.
We put JM = Jρ × Jπ , a compact open subgroup of Mn , and λM = λρ ⊗ λπ , an irreducible
representation of JM . From [36, Theorem 1.1], there is a cover (J, λ) of (JM , λM ), that is,
• J is a compact open subgroup of Gn which has an Iwahori decomposition with respect to
(Mn , Pn ) and such that J ∩ Mn = JM ;
• λ is an irreducible representation of J whose restriction to JM is λM and whose restriction
to J ∩ N±
n is a multiple of the trivial representation;
• the Hecke algebra H (Gn , λ) contains an invertible element whose support is the (J, J)double coset of a strongly positive element of the centre of Mn .
Moreover, we have a description of the Hecke algebra H (Gn , λ) given by [36, Theorem 1.2]:
(i) if there is some g ∈ Gn \ Mn which normalizes Mn and such that the conjugate by g of
ρ ⊗ π is equivalent to an unramiﬁed twist of ρ ⊗ π, then H (Gn , λ) is a generic Hecke
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algebra on an inﬁnite dihedral group; that is, it is generated by T1 , T2 , each supported
on a single (J, J)-double coset, with relations
(Ti − q fi )(Ti + 1) = 0,
for some half-integers fi  0. Moreover, there is a recipe to compute the fi , which we
revisit in Section 6;
(ii) otherwise, H (Gn , λ) is abelian, isomorphic to C[Z ±1 ].
In the second case, the induced representation I(ρ, π, s) is irreducible for any s ∈ C so we
restrict our interest to the ﬁrst case. Since ρ is self-dual, the condition in (i) is always satisﬁed,
unless G is an even-dimensional special orthogonal group, the representation π is not normalized
by the full orthogonal group G+ , and n = 1 (see Remark 4.2).
We write R[ρ,π] (Mn ) for the full subcategory of (smooth complex) representations of Mn all
of whose irreducible subquotients are unramiﬁed twists of ρ ⊗ π, and R[ρ,π] (Gn ) for the full
subcategory of representations of Gn all of whose irreducible subquotients have supercuspidal
support an unramiﬁed twist of ρ ⊗ π. Then, since (J, λ) is a cover of (JM , λM ) which is a type,
we have a normalized embedding of Hecke algebras t : H (Mn , λM ) → H (Gn , λ) giving us a
commutative diagram

Here, the functor t∗ maps a right H (Mn , λM )-module X to HomH (Mn ,λM ) (H (Gn , λ), X),
where the H (Mn , λM )-module structure on H (Gn , λ) is given by t. The horizontal arrows are
equivalences of categories: the functor hM is given by ξ → HomJM (λM , ξ), and similarly for h.
The Hecke algebra H (Mn , λM ) is isomorphic to C[Z ±1 ], where Z is supported on ζJM and
ζ is the element of the centre of Mn which acts on Vn = nH− ⊕ V ⊕ nH+ as 1 on V and as F
on nH+ . The element T2 T1 ∈ H (Gn , λ) is supported on the double coset JζJ and, since t(Z)
is supported on the same double coset, we may (and do) normalize Z so that t(Z) = T2 T1 .
Now, from [4, Proposition 3.12], we get that, if I(ρ, π, s) is reducible, then the real part of
s belongs to the set


(f1 ± f2 )
.
(5.1)
±
2n
We will see these values are always half-integers. Thus, in the notation of Section 4, we have


|f1 ± f2 |

{sπ (ρ), sπ (ρ )} =
,
2n
where | · | is the usual (real) absolute value, and we recall that ρ is the unique self-dual
unramiﬁed twist of ρ which is not equivalent to ρ.

6. Reduction to the ﬁnite case
We now describe how to relate the parameters fi of the previous section to a problem in the
representation theory of ﬁnite reductive groups, and rephrase the equality (1.3) in these terms.
The recipe for computing these parameters is described in [36, § 6.3], which is considerably
simpliﬁed by only treating depth zero representations; in particular, the character χ0 of [36,
§ 6.3] is trivial. Thus the content of this section is all proved in [36, § 6.3] and here we just
explicate it in our special case.
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We recall that π = c-IndG
Jπ λπ , where Jπ is the normalizer of a standard maximal parahoric
subgroup JoN1 ,N2 , with N1 , N2 uniquely determined, and λπ |JoN ,N contains an irreducible
1

2

(1)

(2)

representation λoπ inﬂated from an irreducible cuspidal representation τπ τπ ⊗ τπ of the
(1)
(2)
o
(connected) reductive quotient GN
GN1 × GN2 . More explicitly, as in Section 2, we write
1 ,N2
(i)

an

GNi = U(Ni H ⊕ V(i) )o ,
(i)+

We will also write GNi

for i = 1, 2.
(i)

for the full ﬁnite classical group of which GNi is the connected
(i)

(i)+

component. We will need to distinguish the cases when τπ is normalized by GNi from those
where it is not.
By construction, the group J in Gn has reductive quotient isomorphic to GLn (kF ) × GN1 ,N2 ,
and we denote by Jo the inverse image of its connected component. The parahoric subgroup
Jo is contained in precisely two maximal compact subgroups of Gn , namely the standard
maximal compact J2 := JN1 ,N2 +n and a maximal compact group J1 conjugate to JN1 +n,N2 .
More precisely, both J1 , J2 would be standard with respect to the ordered Witt basis
−
−
−
−
− an
an
e−
N , . . . , eN1 +1 , eN +n , . . . eN +1 , eN1 , . . . , e1 , e1 , . . . , eN an ,
+
+
+
+
+
e+
1 , . . . , eN1 , eN +1 , . . . , eN +n , eN1 +1 , . . . , eN .

These maximal compact subgroups have reductive quotients G1 , G2 isomorphic to GN1 +n,N2
and GN1 ,N2 +n , respectively, and the image of Jo in each of these is a parabolic subgroup
o
. More explicitly, the Gi have connected
with Levi component isomorphic to GLn (kF ) × GN
1 ,N2
components


an
(2)
(1)
(2)
G1o U((N1 + n)H ⊕ V(1) )o × GN2 ⊇ GLn (kF ) × GN1 × GN2 ,
G2o



an
(1)
(1)
(2)
GN1 × U((N2 + n)H ⊕ V(2) )o ⊇ GN1 × GLn (kF ) × GN2 .

Moreover, we have certain Weyl group elements si ∈ Ji , deﬁned in [36, § 5.6]. (See also [51,
§ 6.2] where, in most cases, they are denoted s
1 , s1 respectively, though there is an added
complication when n = 1 and G is a special orthogonal group, explained in [36, § 5.6].) More
−
explicitly, both s1 , s2 exchange (up to scalars) the vectors e+
N +j and eN +j , for 1  j  n and
preserve the subspace V of Vn .
Now let (J, λ) be the cover of (Jρ × Jπ , λρ ⊗, λπ ) from Section 5. The proof of the existence of
this cover, in [36], goes via ﬁrst constructing a cover (Jo , λo ) of (Jρ × Joπ , λρ ⊗ λoπ ). The Hecke
algebras H (Gn , λo ) and H (Gn , λ) are not in general isomorphic, but they are closely related,
as we now describe.
The Hecke algebra H (Gn , λ) is generated by two elements T1 , T2 , with Ti supported on Jsi J
and satisfying a quadratic relation (Ti − q fi )(Ti + 1) = 0. Then
(i)+

(i) if n = 1, and either GNi

is the trivial orthogonal group (that is, the orthogonal group
(i)

(i)

on a trivial space) or the irreducible cuspidal representation τπ of GNi is not normalized
(i)+
GN i ,

then we always have fi = 0; that is, Ti2 = 1. Note that our assumption that we
by
have reducibility implies that this can be the case for at most one value of i, and this is
never the case if G is either symplectic or unramiﬁed unitary;
(ii) otherwise, there is a corresponding element Tio ∈ H (Gn , λo ) with support Jo si Jo and
satisfying the same quadratic relation as Ti (with the same parameter fi ).
It remains to describe the parameter fi in the latter case and we assume from now on that
we are in that situation.
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By inﬂation, we have a support-preserving algebra injection
H (Gio , τρ ⊗ τπo ) → H (Gn , λo ),
and Tio is in the image of this map. We also have isomorphisms
H (Gio , τρ ⊗ τπo )

an

H (U((Ni + n)H ⊕ V(i) )o , τρ ⊗ τπ(i) ),

and the algebra on the right is described (at least in the case that the ambient ﬁnite classical
group has connected centre) in [34, Theorem 8.6]: they are two-dimensional, generated by an
element satisfying the same quadratic relation, with q fi the quotient of the dimensions of the
(i)
two irreducible factors of the representation parabolically induced from τρ ⊗ τπ . Moreover,
one can compute this using Lusztig’s Jordan decomposition of characters, as we describe in
the next section.

7. Computation of parameters
In this section, we undertake the computation of the parameters in the ﬁnite Hecke algebras
from above. When the ﬁnite reductive group arising has connected centre, this can more or less
be read oﬀ from the Jordan decomposition of characters and the case of unipotent irreducible
cuspidals, for which there are tables in [33]. In general, one must ﬁrst embed the group into
one with connected centre, and then make the comparison. A special case is already carried
out in [31], where they look at the Hecke algebra coming from inducing a self-dual irreducible
cuspidal representation of the Siegel parabolic of a classical group.
In order to ﬁt with the usual notations for ﬁnite reductive groups, the notation in this
section is independent of that in the rest of the paper. We will not recall here the deﬁnitions
of geometric and rational Lusztig series, both of which give partitions of the set of irreducible
representations of a connected ﬁnite reductive group coming from Deligne–Lusztig induction;
we refer the reader instead, for example, to [12, 14].
7.1. Self-dual polynomials
We begin with a brief section on irreducible self-dual polynomials over ﬁnite ﬁelds, since these
will be used to parametrize the irreducible cuspidal representations of our ﬁnite reductive
groups. We ﬁx Fq a ﬁnite ﬁeld of odd cardinality q and let Fqo be a subﬁeld of index at most 2.
We denote by σ the automorphism generating Gal(Fq /Fqo ), and use the same notation for the
induced automorphism of the polynomial ring Fq [X], obtained by applying σ to all coeﬃcients.
For P ∈ Fq [X], we put
P σ (X) := σ(P (0))−1 X deg(P ) σ(P )(1/X).
We say that a monic polynomial P ∈ Fq [X] is Fq /Fqo -self-dual if P = P σ ; thus P is Fq /Fqo self-dual if and only if
(i) when Fq = Fqo , for each root ζ of P (in some algebraic closure of Fq ), the element ζ −1
is also a root of P ;
(ii) when Fq = Fqo , for each root ζ of P , the element ζ −qo is also a root of P .
When Fq = Fqo , we will just speak of self-dual polynomials; these might more often elsewhere
be called reciprocal.
If we now restrict to irreducible Fq /Fqo -self-dual monic polynomials P , the possibilities are
somewhat constrained:
(i) when Fq = Fqo , either P (X) = X ± 1 or else deg(P ) is even;
(ii) when Fq = Fqo , we must have that deg(P ) is odd.
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7.2. Connected centre
We now turn to the problem at hand, excluding for now the case of unitary groups, whose
treatment is postponed to Section 7.7. We begin with the case of a group with connected
centre, so that the centralizer of any semisimple element of the dual group is connected. Let
G be a connected reductive group of classical type, over a ﬁnite ﬁeld Fq of odd characteristic
p, with connected centre and with Frobenius map F. By classical type here we mean that G is
one of
(i) an odd-dimensional special orthogonal group SO2N +1 ;
(ii) a group of symplectic similitudes GSp2N ;
−
(iii) a group of orthogonal similitudes GSO+
2N or GSO2N , of Witt index N , N − 1
±
respectively. (Note that we mean here that GSO2N is the connected component of
the full group of orthogonal similitudes GO±
2N .) In this case we do not allow the group
.
GSO+
2
In each case, the Frobenius map F is the standard one. We denote by G ∗ the dual group and
write F again for the (dual) Frobenius on it. The dual group acts naturally on an Fq -vector
space V, with an Fq -structure and a form, of dimension 2N, 2N + 1, 2N respectively in the
three cases above. In case (iii), we say that V is of type +1 if it has Witt index N , and of type
−1 otherwise; we say that the zero space has type +1.
Write E (G F ) for the set of equivalence classes of irreducible (complex) representations of
F
G . Then (see, for example, [32, § 7.6]) there is a partition into geometric Lusztig series

E (G F ) =
E (G F , s),
s

where s runs over the conjugacy classes of semisimple elements of G ∗,F . (Note that rational and
geometric conjugacy classes coincide as the centre of G is connected.) The partition is given
as follows: for any F-stable maximal torus T of G ∗ containing s, we have the Deligne–Lusztig
representation RGT s; then an irreducible representation π of G F lies in E (G F , s) if and only if
there is such a torus T with
π, RGT s = 0.
(Here, ·, · denotes the natural G-invariant inner product on class functions, and we identify
(equivalence classes of) representations with their characters.)
Given a semisimple element s ∈ G ∗,F , the centralizer Gs∗ is a connected reductive group of the
same rank as G, though in general it is not a Levi subgroup. Then the Jordan decomposition
of characters [32, Corollary 7.10] (see also [12, Theorem 15.8]) gives a bijection
ψsG : E (G F , s) → E (Gs∗,F , 1)
with the following properties (see [32, § 7.8]):
• for any irreducible representation π in E (G F , s) and any F-stable maximal torus T
containing s,
G∗

εG π, RGT s = εGs ψsG (π), RTs 1,

(7.1)

where εG = (−1)Fq -rank(G) (see [14, Deﬁnition 8.3]);
• there is a uniform constant cs such that
dim π = cs dim ψsG (π),
for all π in E (G F , s); explicitly, writing dp for the maximal divisor of d coprime to p, for
any positive integer d, we have cs = |G ∗,F |p |Gs∗,F |−1
p ;
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• if the identity components of the centres of G ∗ and Gs∗ have the same Fq -rank then π
in E (G F , s) is cuspidal if and only if ψsG (π) is cuspidal; otherwise, no representation in
E (G F , s) is cuspidal.
(We remark that all the results so far extend to the case of disconnected centre once we
replace the geometric Lusztig series with the rational series — see Section 7.3 for the notion
of rational Lusztig series, which coincides with the geometric one for groups with connected
centre.)
Thus we get a classiﬁcation of the irreducible cuspidal representations of G F from a
classiﬁcation of pairs (s, τ ), with s a semisimple element of G ∗,F (up to conjugacy) such that the
identity components of the centres of G ∗ and Gs∗ have the same Fq -rank, and τ an irreducible
cuspidal unipotent representation of Gs∗,F (up to equivalence). Lusztig classiﬁed the irreducible
cuspidal unipotent representations of classical groups – in particular, there is at most one
irreducible cuspidal unipotent representation for each such group — and we ﬁnd (see [32, p.
172]) the following.
For s ∈ G ∗,F semisimple, we denote by Ps ∈ Fq [X] its characteristic polynomial (as an
automorphism of the space V on which G ∗ acts naturally), by V+ the (+1)-eigenspace and by V−
the (−1)-eigenspace. Then there is a bijection between the (equivalence classes of) irreducible
cuspidal representations of G F and the set of conjugacy classes of semisimple elements s ∈ G ∗,F
such that
P (X)aP ,

Ps (X) =
P

where the product runs over all irreducible self-dual monic polynomials over Fq and the integers
aP satisfy

•
aP deg(P ) = dim V;
(7.2)
P

• for P (X) = (X ± 1), we have aP = 12 (m2P + mP ), for some integer mP  0;
• writing a+ := a(X−1) and a− := a(X+1) , there are integers m+ , m−  0 such that
(i) if G = SO2N +1 then a+ = 2(m2+ + m+ ) and a− = 2(m2− + m− ),
(ii) if G = GSp2N then a+ = 2(m2+ + m+ ) + 1 and a− = 2m2− ,
2
2
(iii) if G = GSO±
2N then a+ = 2m+ and a− = 2m− ,
where, in case (iii), V± is an even-dimensional orthogonal space of type (−1)m± , and the
same in case (ii) for V− only.
Let s be a semisimple element of G ∗,F and suppose that we have an F-stable Levi subgroup
L , which is the Levi component of an F-stable parabolic subgroup P ∗ of G ∗ , such that s ∈ L∗ .
Correspondingly, we have an F-stable Levi subgroup L, which is the Levi component of an
F-stable parabolic subgroup P of G. Then L∗s is an F-stable Levi subgroup of Gs∗ (though it
need not be a proper Levi subgroup), and is the Levi component of the F-stable parabolic Ps∗ .
Then we have a diagram
∗

(The vertical arrows here are parabolic induction – that is, Harish-Chandra induction — and we
F
have abbreviated from IndGLF ,P F since the notation is already heavy.) This diagram commutes
(this is a result of Shoji, which can be extracted from the appendix to [15]); in the cases that
interest us here it can be seen fairly directly:
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• if Gs∗ ⊆ L∗ then the vertical arrows preserve irreducibility (this is a special case of [32,
(7.9.1)]) and the diagram commutes by (7.1). In fact, this also generalizes to the case where
the parabolic P is not F-stable, replacing IndGL,P by the Deligne–Lusztig map εG εL RGL⊂P ;
indeed, in that case the diagram commutes by deﬁnition of the map ψsG (see the proof of
[32, Proposition 7.9]);
• suppose L is a maximal proper Levi subgroup and τ ∈ E (L, s) is cuspidal. Then NG (L)/L
has order 1 or 2. We are interested in the case where IndGL τ is reducible; equivalently,
NG (L)/L has order 2 and, writing w for a representative of the non-trivial coset, w
normalizes τ . In this case the induced representation decomposes as
IndGL,P τ = π1 ⊕ π2 ,

dim(π1 ) > dim(π2 )

(the inequality is strict by [34, Theorem 8.6]) and EndG F (IndGL,P τ ) is a two-dimensional
algebra with a quadratic generator T satisfying a relation of the form
(T + 1)(T − q fτ ) = 0,

q fτ =

dim(π1 )
.
dim(π2 )

G∗

Moreover, the same is true for IndLs∗s ,Ps∗ ψsL (τ ) and the recipe given in [34, § 8] (see [34,
Theorem 8.6 and (8.2.3)]) to calculate fτ depends only on the Weyl group NGs∗ (L∗s )F /L∗,F
s
(see [34, (8.2.3)]) which is identical for the two induced representations. (Indeed, this
matching is the idea behind the inductive proof of the Jordan decomposition of characters.)
The recipe is somewhat complicated but fortunately, on the side of the centralizer Gs∗ ,
we have unipotent representations and the parameter q fτ can be read oﬀ from [33,
Table II, p. 33]. (In the special case that s2 = 1 (to which one could reduce) one can
also read oﬀ the parameter from [32, Proposition 8.3].)
7.3. Disconnected centre
We now consider the case which really interests us here. So we suppose that G is a classical
group over a ﬁnite ﬁeld Fq of odd characteristic p, with Frobenius map F. By classical group
here, we mean that G is one of
(i) an odd-dimensional special orthogonal group SO2N +1 ;
(ii) a symplectic group Sp2N ;
−
(iii) an even-dimensional special orthogonal group SO+
2N or SO2N , of Witt index N , N − 1
+
respectively, where again we do not allow the group SO2 .
In each case, the Frobenius map F is again the standard one. Case (i) has already been
treated above, so we only consider cases (ii) and (iii) here.
In each case, we embed G in a group G with connected centre of the type considered in
Section 7.2. Then we get a map G∗ → G ∗ which maps conjugacy classes of semisimple elements
in G∗,F to G ∗,F -conjugacy classes of semisimple elements in G ∗,F . (Recall that the map G → G
remains surjective on Frobenius-ﬁxed points.)
The geometric conjugacy class of a semisimple element s in G ∗,F splits into two G ∗,F conjugacy classes if and only if its centralizer Gs∗ is disconnected, which happens if and only
both 1 and −1 are eigenvalues of s. Here we also have a partition (into rational Lusztig series)
of the set of equivalence classes of irreducible representations of G F ,

E (G F ) =
E (G F , s),
s
∗,F

where s runs over the G -conjugacy classes of semisimple elements of G ∗,F . Each geometric
Lusztig series is the union of at most two rational Lusztig series, corresponding to the rational
conjugacy classes in a geometric conjugacy class. Moreover, if s̃ ∈ G∗,F maps to s ∈ G ∗,F , then
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the rational series E (G F , s) is precisely the set of irreducible components of the restriction to
G F of the representations in the Lusztig series E (GF , s̃) (see [12, Proposition 15.6]).
We begin by considering the irreducible cuspidal representations of G F . An irreducible
representation of G F is cuspidal if and only if it is a component of the restriction of an
irreducible cuspidal representation of GF . In general, an irreducible cuspidal representation
of GF will decompose as a sum of at most two pieces on restriction to G F , inequivalent but
of the same dimension when there are two (since they are conjugate by GF ). Precisely what
happens is essentially determined by the following lemma of Lusztig, which treats the special
case of quadratic unipotent representations.
Lemma 7.3 [32, Lemma 8.9]. Let s̃ ∈ G∗,F be such that its image s ∈ G ∗,F is an involution
and such that E (GF , s̃) contains an irreducible cuspidal representation π; then π|G F is
irreducible if and only if s = ±1.
(Note that s = −1 is in fact not possible when G = Sp2n .)
This is enough to deal with the general case because of the following (see [12, Theorem 8.27]).
Suppose L is an F-stable Levi subgroup of G and P is a parabolic subgroup (not necessarily Fstable) with Levi component L, and let L∗ , P ∗ be the corresponding subgroups of G ∗ . Suppose
s ∈ G ∗,F is a semisimple element such that Gs∗,o Gs∗,F ⊆ L∗ , where G ∗,o denotes the connected
component of G ∗ . Then Deligne–Lusztig twisted induction RGL⊂P gives a bijection
εG εL RGL⊂P : E (LF , s) → E (G F , s).
Moreover (cf. [32, § 7.9]), there is a constant cL,G = |G F |p |LF |−1
p such that, for any π ∈
F
E (L , s),


dim εG εL RGL⊂P (π) = cL,G dim(π).
Finally, this map respects cuspidality when the connected centres of G ∗ and L∗ have the same
Fq -rank: that is, in that case, π ∈ E (LF , s) is cuspidal if and only if εG εL RGL⊂P π in E (G F , s)
is cuspidal.
Now, suppose we are given a semisimple element s̃ of G∗,F , mapping to s ∈ G ∗,F , such that
E (GF , s̃) contains a cuspidal representation. Denote by L∗ the minimal F-stable Levi subgroup
containing the centralizer of s; if we set V0 = Ker(s2 − 1) then in fact L∗ = Gs∗ whenever s|V0 =
±1. The connected centres of L∗ and G ∗ have the same Fq -rank so we have a bijection between
the irreducible cuspidal representations in E (G F , s) and in E (LF , s). Moreover, denoting by
 P the inverse images of L, P in G,
 respectively, we have (see [12, (15.5)]) a commutative
L,
diagram

where we have omitted the superscripts F in the functors, for ease of notation.
Finally, we put this together. Note that L is a product of general linear groups (with twisted
Frobenius) and a single classical group G0 with connected centre, whose dual group G0∗ acts
naturally on V0 ; then any irreducible representation πL ∈ E (LF , s̃) decomposes as a product
of irreducible representations of unitary group and an irreducible π0 ∈ E (G0F , s̃|V0 ). Similarly,
L is a product of general linear groups and a classical group G0 and then the (ir)reducibility
of πL|LF is determined by the (ir)reducibility of π0 |G0F .
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F
Thus, for π = RGL⊂
) an irreducible cuspidal representation in E (G , s̃), the restriction
 P
 (πL
π|G F is irreducible if and only if πL|LF is irreducible (from the commutative diagram), which
happens if and only if π0 |G0F is irreducible, in the notation of the previous paragraph. Moreover,
it follows from Lemma 7.3 that this occurs if and only if the restriction s|V0 = ±1. Thus, in
fact, the restriction remains irreducible if and only if the centralizer Gs∗ is connected. We have
proved

Lemma 7.4. Let π ∈ E (G F , s) be an irreducible cuspidal representation and let s̃ ∈ G∗,F be
a semisimple element mapping to s. The following are equivalent:
(i) π extends to an irreducible representation in E (GF , s̃);
(ii) the centralizer Gs∗ is connected;
(iii) at most one of ±1 is an eigenvalue of s.
Now we turn to the computation of the parameter. Thus, as in Section 7.2, we have s
a semisimple element of G ∗,F and we suppose that L∗ is a maximal proper F-stable Levi
subgroup, which is the Levi component of an F-stable parabolic subgroup P ∗ of G ∗ , such that
Gs∗ ⊆ L∗ . Correspondingly, we have F-stable Levi and parabolic subgroups L, P in G. We lift s
∗ , with G∗ ⊆ L∗ , and corresponding subgroups L,
 P
to s̃ ∈ G∗ and likewise have lifts L∗ and P
s̃
in G into which L, P, respectively, embed.
We are given a cuspidal representation τ in E (LF , s), so that τ appears (with multiplicity
one) in the restriction of a cuspidal representation τ̃ in E (LF , s̃), with s̃ ∈ L∗,F mapping to
s. Let w be any representative for the non-trivial element of NG (L)/L. We will eventually be
interested in the case where w normalizes τ (so that the parabolically induced representation
from τ is reducible) but, in that case, it is not immediately clear whether or not w normalizes
τ̃ . We will need to know exactly when this is the case but we can already say something about
the parameters in the Hecke algebras. For ease of notation, we again omit the superscripts F
in the following.
Lemma 7.5. (i) Suppose w normalizes τ̃ . Then w also normalizes τ and we have an

isomorphism of Hecke algebras EndG (IndGL,P τ ) EndG(IndGL,
P
 τ̃ ) which preserves support:
that is, it maps any element supported on the double coset PwP to an element supported on
 P.

the double coset Pw
(ii) Suppose w does not normalize τ̃ but does normalize τ . Then EndG (IndGL,P τ ) has
generator T supported on the double coset PwP, satisfying (T + 1)(T − 1) = 0.
Proof. We write
IndGL,P

τ=



πi ,

where  =

i=1


2,
1,

if w normalizes τ,
otherwise.

If  = 2 then we order the terms so that dim(π1 )  dim(π2 ), and EndG (IndGL,P τ ) is a twodimensional algebra with a quadratic generator T satisfying a relation of the form
(T + 1)(T − q fτ ) = 0,

q fτ =

dim(π1 )
.
dim(π2 )

In either case, from Mackey we also have




ResGG IndGL,
P
 τ̃ =



γ∈L/N
 (τ )
L

IndGL,P τ γ =





i=1

γ∈L/N
 (τ )
L

πiγ .

(7.6)
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(i) Suppose w normalizes τ̃ , in which case


IndGL,
P
 τ̃ = π̃1 ⊕ π̃2 ,

dim(π̃1 ) > dim(π̃2 ).


Since the dimensions are distinct they do not form a single L-orbit
so, comparing with (7.6),
we must have  = 2 and


πiγ ;
ResGG π̃i =

γ∈L/N
 (τ )
L

in particular we get dim(π1 )/ dim(π2 ) = dim(π̃1 )/ dim(π̃2 ) so that, by [22, Theorem 4.14] (see
also [22, Deﬁnition 3.19], the relations of the quadratic generators in EndG (IndGL,P τ ) and


EndG(IndGL,
P
 τ̃ ) are the same.
(ii) Suppose now that w does not normalize τ̃ but does normalize τ (so that  = 2). Then

G
F so of the same
IndGL,
P
 τ̃ is irreducible so the two pieces of IndL,P τ are conjugate under G
dimension; in particular we get fτ = 0, as required.

It remains now to compute when the representation τ̃ in E (LF , s̃) containing τ is normalized
by w. Ultimately, the answer depends on the family of groups in question, but we can already
make a preliminary reduction. We assume from now on that w does indeed normalize τ .
F
We write LF GLF
n ×G0 , where G0 is a (possibly trivial) classical group in the same family
as G, and τ = τ1 ⊗ τ0 , so that τ1 is a self-dual irreducible cuspidal representation of GLF
n . We
write G0 for the similitude group into which G0 embeds; if G0 is a trivial group (that is, acts
on a trivial space) then G0 is the multiplicative group.
F
We also have an isomorphism LF GLF
n ×G0 , which can be seen as follows. We choose a
−
− +
+
Witt basis eN , . . . , e1 , e1 , . . . , eN for the space on which G F acts, with respect to which LF is
−
standard (so it is the stabilizer of the subspace e−
N , . . . , eN −n+1 ), where we have changed from
+
our usual notation in the case of a non-split special orthogonal group, with e−
1 , e1 a basis for
F
×

the anisotropic part of the space. We write μ : G0 → Fq for the similitude map, which is the
F

identity map when G0 is trivial. Then we get an isomorphism GLF
n ×G0 → L from the map
(g, h) → diag(g, h, μ(h)wn (g −1 )T wn−1 ),

F
for g ∈ GLF
n , h ∈ G0 ,

where wn is the antidiagonal element of GLF
n with all non-zero entries equal to 1 (a
representative for the longest element of the Weyl group), g T denotes the transpose matrix,
and the matrix on the right-hand side is block diagonal. (Note that, when G0 is trivial, the
central term h in the block diagonal matrix is acting on a trivial space, so is not really present.)
Thus we can write τ̃ = τ1 ⊗ τ̃0 , where τ̃0 is an irreducible cuspidal representation of G0F whose
restriction to G0F contains τ0 .
We denote by ε the sign such that G preserves an ε-symmetric form. Then, if either G is a
symplectic group or n is even, we can take the representative w given by
 ±
if 1  i  N − n,
ei
±
w(ei ) =
εe∓
if N − n < i  N ;
i
thus w is block antidiagonal (for the block sizes corresponding to L), and the conjugation
F
 transported back to GLF
action of w on L,
n ×G0 , is given by
(g, h) → (μ(h)(g −1 )T , h).

(7.7)

Since τ1 is self-dual, if its central character is also trivial then the map (7.7) clearly intertwines
τ1 ⊗ τ̃0 with itself. The only case when the central character is non-trivial is when τ1 is the
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quadratic character, where we see that (7.7) intertwines τ1 ⊗ τ̃0 with itself if and only if τ̃0
τ̃0 ⊗ (τ1 ◦ μ).
This leaves the case of even special orthogonal groups with n = 1, where we need a diﬀerent
representative w. Note that, in this case, we do not have that G0 is the trivial group, since we
SO±
have excluded the case G = SO+
2 . We have an identiﬁcation G0
2(N −1) , from the action on
±
−
+
±
eN −1 , . . . , eN −1 , and we pick c0 ∈ O2(N −1) \ SO2(N −1) . Then we can take w to be the element
given by
⎧
⎨w(e± ) = e∓ ,
N
N
⎩w|e−

+
N −1 ,...,eN −1

= c0 .

The action of w on L is given by
(g, h) → (μ(h)g, c0 hc−1
0 )
and we see that τ̃ is normalized by w if and only if τ̃0 τ̃0c0 ⊗ (τ1 ◦ μ).
If we set c0 = 1 in the case of symplectic groups, we can unify the discussion above into the
following statement.

Lemma 7.8. (i) If n > 1 then τ̃ is normalized by w.
(ii) If n = 1 then τ̃ is normalized by w if and only if τ̃0

τ̃0c0 ⊗ (τ1 ◦ μ).

In the following subsections, we analyse precisely when the conditions in Lemma 7.8(ii) are
satisﬁed, in terms of the eigenvalues of the semisimple element s such that τ ∈ E (LF , s).
7.4. Symplectic groups
We begin with the case of symplectic groups, so that we are in case (ii) of Section 7.3. Thus
we have a cuspidal representation τ in E (LF , s), for some maximal proper Levi subgroup L of
G, and a cuspidal representation τ̃ in E (LF , s̃) whose restriction to L contains τ . We denote
by w a representative for the non-trivial element of NG (L)/L, which we assume normalizes τ .
F
We write LF GLF
n ×G0 , where G0 is a (possibly trivial) symplectic group, and τ = τ1 ⊗ τ0 ,
F
so that τ1 is a self-dual irreducible cuspidal representation of GLF
n . Then τ1 ∈ E (GLn , s1 ) and
τ0 ∈ E (G0F , s0 ), for some semisimple elements s0 , s1 of the respective dual groups. Note that,
if G0 is the trivial symplectic group then its dual group is SO1 so that s0 = 1.
Lemma 7.9. The representation τ̃ is normalized by w unless τ1 is the non-trivial quadratic
character of GLF
1 and −1 is not an eigenvalue of s0 .
We remark that, since 1 is always an eigenvalue of s0 in the case of symplectic groups, the
condition that −1 not be an eigenvalue of s0 is equivalent to the condition that τ0 extend to
the similitude group G0F , by Lemma 7.4.
Proof. By Lemma 7.8, we only need to consider the case that τ1 is the non-trivial quadratic
character; in that case, w normalizes τ̃ if and only if τ̃0 τ̃0 ⊗ χ, where we recall that τ̃0 is
an irreducible cuspidal representation of the similitude group G0F = GSpF
2(N −1) containing τ0 ,
F

and χ = τ1 ◦ μ is the non-trivial quadratic character of G0 . Denote by Z (G0F ) the centre of
G0F ; then τ̃0 ⊗ χ τ̃0 if and only if the restriction of τ̃0 to the index 2 subgroup Z (G0F )G0F is
reducible, that is, τ̃0 restricts reducibly to G0F . Thus τ̃ w τ̃ if and only if τ0 does not extend

to G̃0F , and we are done.
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7.5. Even special orthogonal groups
Now we turn to the case of even-dimensional orthogonal groups, so that we are in case (iii)
of Section 7.3. Here, as well as proving the analogue of Lemma 7.9, we need to consider the
cases, seen in Section 6, where the parameter in the aﬃne Hecke algebra is zero, rather than
matching the parameter in the ﬁnite Hecke algebra for the connected reductive quotient. This
happens precisely when either we have a ‘trivial orthogonal group’ or an irreducible cuspidal
representation of an even-dimensional special orthogonal group which is not normalized by the
full orthogonal group. Thus we must also identify when this happens, in the language of the
previous sections. We begin with this question, since the answer is also needed for the proof of
the analogue of Lemma 7.9.
Proposition 7.10. Let τ ∈ E (SO±,F
2N , s) be an irreducible cuspidal representation, and let
,
s̃)
be
an
irreducible
cuspidal
representations, where s̃ is a semisimple element
τ̃ ∈ E (GSO±,F
2N
mapping to s.
(i) τ̃ extends to a representation of GO±,F
2N if and only if 1 is an eigenvalue of s.
±,F
(ii) τ extends to a representation of O2N if and only if at least one of ±1 is an eigenvalue
of s.
We remark that in the case that s2 = 1 (that is, τ is a quadratic unipotent representation), (i)
is proved in [32, Lemma 8.9], while (ii) is proved in [53] (see the proof of [32, Proposition 4.3]).
Our proofs in the general case are similar.
Proof. In order to prove this, we need to recall a little about the dual group of GSO±
2N .
This dual group is the special Cliﬀord group C0 (V), which sits in an exact sequence
1 → Gm → C0 (V) → SO(V) → 1,
which is exact on points by Hilbert’s Theorem 90. It is the connected component of the full
Cliﬀord group C(V), which sits in a similar exact sequence, mapping onto the full orthogonal
group O(V). The Cliﬀord group is a subgroup of the group of invertible elements of the
Cliﬀord algebra A = A(V), which is Z/2Z-graded A = A0 ⊕ A1 ; then C(V) = C0 (V)  C1 (V),
with Ci (V) = C(V) ∩ Ai , and the special Cliﬀord group is a subgroup of index 2 in the full
Cliﬀord group.
We will need to know when the semisimple element s̃ ∈ C0 (V) of the special Cliﬀord group
is centralized by some element of C1 (V). If 1 is an eigenvalue of s then it has an anisotropic
eigenvector v with eigenvalue 1 and one checks that v ∈ C1 (V) is centralized by s̃. If 1 is not
an eigenvalue of s, then the elements of A1 which commute with s̃ are linear combinations of
elements of the form
v1 · · · vr ,

r
with vi linearly independent eigenvectors of s with eigenvalue ζi , such that i=1 ζi = 1 and r
is odd. However, any two such elements anticommute (since r is odd) and any such element
squares to 0, since the vi are isotropic unless ζi = −1 and we cannot have all ζi = −1, since
their product is 1 and r is odd. Thus any element of a ∈ A1 which commutes with s satisﬁes
a2 = 0 so is non-invertible. Thus no element of C1 (V) commutes with s̃.
±,F
Finally, we pick c ∈ O±,F
2N \ SO2N and we are ready to begin the proof.
c
(i) The representation τ̃ extends to GO±,F
2N if and only if it is normalized by c. Now τ̃ ∈
±,F −1
1
E (GSO2N , c̃ s̃c̃), for some c̃ ∈ C (V). On the other, hand, these Lusztig series contain only
one cuspidal representation each, so τ̃ τ̃ c if and only if s̃ is conjugate in C0 (V) to c̃−1 s̃c̃,
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that is, if and only if the centralizer in C(V) of s̃ is not contained in the special Cliﬀord group
C0 (V). However, we have seen above that this happens if and only if 1 is an eigenvalue of s.
(ii) The proof begins in a similar way. The representation τ extends to O±,F
2N if and only if
−1
,
c
sc)
and,
if
this
Lusztig
series contains
it is normalized by c. In this case, τ c ∈ E (SO±,F
2N
c
−1
sc,
only one cuspidal representation, then τ τ if and only if s is conjugate in SO±,F
2N to c
±,F
that is, if and only if the centralizer in O2N of s is not contained in the special orthogonal
group. On the other hand, we already know that the Lusztig series contains only one cuspidal
representation if and only if at most one of ±1 is an eigenvalue of s, while the centralizer of s
is contained in SO±,F
2N if and only if neither ±1 is an eigenvalue of s.
This leaves the case when both ±1 are eigenvalues of s. Let τ̃ be an irreducible cuspidal rep±,F
resentation in E (GSO±,F
2N , s̃) whose restriction to SO2N contains τ . By (i), this representation
is normalized by c.
±,F
Now we consider the representation 1 ⊗ τ of LF = GLF
1 × SO2N , a Levi subgroup of
±,F
−
SO2(N +1) . As at the end of Section 7.3, we choose a Witt basis eN +1 , . . . , e+
N +1 with respect
to which LF is standard and denote by w the element of SO±,F
2(N +1) given by


∓
w(e±
N +1 ) = eN +1 ,

w|e− ,...,e+ = c.
N

N

±,F
Similarly, we have the representation 1 ⊗ τ̃ of LF = GLF
1 × GSO2N , which is normalized by
w, by Lemma 7.8(ii). But then Lemma 7.5(i) implies that w also normalizes 1 ⊗ τ , whence τ

is normalized by c. Thus τ extends to O±,F
2N , as required.

Now we return to the notation at the end of Section 7.3. Thus, with G = SO±
2N and
F
G = GSO±
,
we
have
a
cuspidal
representation
τ
in
E
(L
,
s),
for
some
maximal
proper
Levi
2N
F

subgroup L of G, and a cuspidal representation τ̃ in E (L , s̃) whose restriction to L contains
τ . We denote by w a representative for the non-trivial element of NG (L)/L, which we assume
normalizes τ .
F
We write LF GLF
n ×G0 , where G0 is a (possibly trivial) special orthogonal group, and
τ = τ1 ⊗ τ0 , so that τ1 is a self-dual irreducible cuspidal representation of GLF
n . Then τ1 ∈
F
E (GLF
n , s1 ) and τ0 ∈ E (G0 , s0 ), for some semisimple elements s0 , s1 of the respective dual
groups. Note that, if G0 is the trivial special orthogonal group then its dual group is the trivial
group so that s0 has no eigenvalues.
Corollary 7.11. The representation τ̃ is normalized by w in all but the following cases:
(i) τ1 is the trivial character of GLF
1 and 1 is not an eigenvalue of s0 ;
(ii) τ1 is the quadratic character of GLF
1 and −1 is not an eigenvalue of s0 .
We remark that, among the exceptional cases, we cannot have that G0 is the trivial group,
since otherwise we would have G = SO+
2 , which we have excluded.
Proof. By Lemma 7.8, we need only consider the case n = 1, so that τ1 is a trivial or
quadratic character; then τ̃ is normalized by w if and only if τ̃0 τ̃0c0 ⊗ (τ1 ◦ μ), where we
recall that τ̃0 is an irreducible cuspidal representation of the similitude group G0F = GSO±,F
2(N −1)

±,F
containing τ0 , and c0 ∈ O±,F
2(N −1) \ SO2(N −1) .
Suppose ﬁrst that τ1 is trivial. Then τ̃ is normalized by w if and only if τ̃0 is normalized by
c0 , which happens if and only if τ̃0 extends to the full similitude group; by Proposition 7.10,
this happens if and only if 1 is an eigenvalue of s0 , and we are done.
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Now suppose that τ1 is the non-trivial quadratic character and put χ1 = τ1 ◦ μ. We also
±,F
±,F
denote by c1 an element of GSO±,F
2(N −1) which is not in Z (GSO2(N −1) ) SO2(N −1) ; thus τ̃0 is an
extension of τ0 if and only if τ0 is normalized by c1 , if and only if τ̃0 τ̃0 ⊗ χ1 . On the other
hand, we already know from Lemma 7.4 that τ0 extends to an irreducible representation of
GSO±,F
2(N −1) if and only if at most one of ±1 is an eigenvalue of s0 .

If both ±1 are eigenvalues of s0 , then τ̃0 τ̃0 ⊗ χ1 , while τ̃0 extends to GO±,F
2(N −1) , by
Proposition 7.10(i). Thus τ̃0c0 ⊗ χ1 τ̃0 ⊗ χ1 τ̃0 .
If neither ±1 is an eigenvalue of s0 , then τ̃0c0 ⊗ χ1 is an extension of τ0c0 , which is not
equivalent to τ0 by Proposition 7.10(ii). Thus τ̃0c0 ⊗ χ1 τ̃0 .
Finally, if exactly one of ±1 is an eigenvalue of s0 , then τ0c0 τ0 , by Proposition 7.10(ii). Then
c0
τ̃0 contains τ0 on restriction, so is equivalent either to τ̃0 or to τ̃0 ⊗ χ1 , since it agrees with τ̃0
±,F
±,F
on the index 2 subgroup Z (GSO±,F
2(N −1) ) SO2(N −1) of GSO2(N −1) . By Proposition 7.10(i), the
former happens if and only if 1 is an eigenvalue of s0 , in which case τ̃0c0 ⊗ χ1 τ̃0 ⊗ χ1 τ̃0 .
Thus the latter happens if and only if −1 is an eigenvalue s0 , in which case τ̃0c0 ⊗ χ1 τ̃0 . 
7.6. Summary

We summarize the results of all these calculations, including looking up parameters in Lusztig’s
tables in [33], in the following table. We are given an irreducible cuspidal representation τ in
E (LF , s), for some maximal proper Levi subgroup L of G, which is normalized by NG (L). If
w ∈ NG (L) \ L, then the Hecke algebra EndG (IndGL,P τ ) is two-dimensional and is generated by
an element T supported on PwP and satisfying a quadratic relation
(T + 1)(T − q fτ ) = 0.
By Lemma 7.5, the parameter q fτ is either 1 or else coincides with a similar parameter in the
case of connected centre, and which of these occurs is determined by Lemma 7.8 and the results
of Sections 7.4–7.5. Moreover, the parameter in the case of connected centre can be read from
[33, Table II, p. 33], as described at the end of Section 7.2
F
We write LF GLF
n ×G0 , where G0 is a (possibly trivial) classical group of the same type as
G, and τ = τ1 ⊗ τ0 , so that τ1 is a self-dual irreducible cuspidal representation of GLF
n . Then
F
τ1 ∈ E (GLF
n , s1 ) and τ0 ∈ E (G0 , s0 ), for some semisimple elements s0 , s1 of the respective
dual groups.
We write
P (X)aP (X − 1)a+ (X + 1)a−

Ps0 (X) =
P

for the characteristic polynomial of s0 , where the product is over all irreducible self-dual monic
polynomials over Fq of even degree, and the integers aP , a± are related to integers mP , m±
as in the description in 7.2. We also write Q for the characteristic polynomial of s1 ∈ GL∗,F
n ;
thus either Q(X) = (X ± 1) or Q is an irreducible self-dual monic polynomial of even degree
n = nQ . In the table, the cases (i)–(iii) refer to the diﬀerent possible classical groups, as in
Section 7.3.
Degree n

Polynomial Q

Case

fτ

1

X −1

1

X +1

nQ even

Q

(i), (ii)
(iii)
(i)
(ii), (iii)
(i), (ii), (iii)

2m+ + 1
2m+
2m− + 1
2m−
nQ
(2mQ + 1)
2
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7.7. Unitary groups
Finally, we consider the case of unitary groups. We could have included this in the cases of
Sections 7.2–7.6 but it would have further complicated the notation. Instead, we indicate here
the diﬀerences with the previous cases and summarize the ﬁnal results.
Let q = qo2 be an even power of an odd prime p, take G = GLn over the ﬁnite ﬁeld Fqo , and
let F be the twisted Frobenius map, so that G F is a unitary group (which we can think of
as a subgroup of GLn (Fq )). Then G ∗ = GLn act naturally on an n-dimensional vector space
V with an Fq /Fqo -hermitian form. For s ∈ G ∗,F semisimple, we denote by Ps (X) ∈ Fq [X] its
characteristic polynomial as an automorphism of V.
From [32, § 9], the equivalence classes of irreducible cuspidal representations of G F are in
bijection with the set of conjugacy classes of semisimple elements s in G ∗,F whose characteristic
polynomial is of the form
P (X)aP ,

Ps (X) =
P

where the product runs over all irreducible Fq /Fqo -self-dual monic polynomials in Fq [X] (see
Section 7.1), and aP = 12 (m2P + mP ), for some integer mP  0.
Now suppose L is a maximal proper F-stable Levi subgroup of G, which is the Levi
component of an F-stable parabolic subgroup P. We write LF GLm (Fq ) × G0F , with G0F
again a unitary group. Let τ be an irreducible cuspidal representation of LF with the property
that any representative w for the non-trivial element of NG (L)/L normalizes τ . Thus we may
decompose τ = τ1 ⊗ τ0 , with τ1 a (conjugate)-self-dual irreducible cuspidal representation of
GLm (Fq ) and τ0 an irreducible cuspidal representation of G0F .
In this situation, the induced representation IndGL,P τ decomposes again as π1 ⊕ π2 , with
dim(π1 ) > dim(π2 ), and EndG F (IndGL,P τ ) is a two-dimensional algebra with a quadratic
generator T satisfying a relation of the form
(T + 1)(T − q fτ ) = 0,

q fτ =

dim(π1 )
> 1.
dim(π2 )

As in the connected case above, the parameter may be computed via the Jordan decomposition
of characters and Lusztig’s tables, as follows. For s0 a semisimple element of G0∗,F such that
τ0 ∈ E (G0F , s0 ), we write its characteristic polynomial
P (X)aP ,

Ps0 (X) =
P

for integers aP = 12 (m2P + mP ) as above. We also write Q for the irreducible characteristic
such that τ1 ∈ E (GLF
polynomial of an element s1 ∈ GL∗,F
m
m , s1 ); thus Q is an irreducible
Fq /Fqo -self-dual monic polynomial, of some odd degree n = nQ . Then we get
fτ = (2mQ + 1)

nQ
.
2

8. Synthesis
In this section, we put together the previous results to verify the inequality (1.4), for π a
depth zero irreducible cuspidal representation of the classical group G. Recall that NG
 is the
 acts naturally. In fact we
dimension of the vector space on which the complex dual group G
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prove that, in (1.4), the sum over depth zero self-dual irreducible cuspidal representations
already gives us NG
 , that is,


(sπ (ρ))

2

nρ = NG
,

(8.1)

ρ∈Aσ
(F)
[0]

Remark 8.2. In many cases, the opposite inequality to (1.4) was already proved by Mœglin
in [38] (so that (1.3) follows); alternatively, the techniques used here, together with the results
in [36], easily show that, for ρ a positive depth self-dual irreducible cuspidal representation we
have sπ (ρ) ∈ {0, ± 12 }, so that these do not contribute to the sum. (See also [5], where this is
carried out in a more general situation.) The details are left as an exercise.
Thus we return to the notation of Sections 2–6: we have π = c-IndG
Jπ λπ an irreducible
cuspidal depth zero representation of a classical group G, with Jπ the normalizer of a standard
maximal parahoric subgroup JoN1 ,N2 , and λπ |JoN ,N contains an irreducible representation λoπ
1

2

(1)

(2)

inﬂated from an irreducible cuspidal representation τπ τπ ⊗ τπ of the reductive quotient
(1)
(2)
(i),∗
(i)
o
GN
GN1 × GN2 . For i = 1, 2, there is a unique conjugacy class (si ) in GNi such that τπ
1 ,N2
(i)

is in the Lusztig series E (GNi , si ), and we denote the characteristic polynomial of si by
(i)

P (X)aP ,
P

where the product runs over irreducible kF /ko -self-dual monic polynomials in kF [X], and
(i)
(i)
the powers aP satisfy the conditions of 7.2; in particular, there are integers mP  0 such
that
(i)

(i)

(i)

• if kF = ko or P (X) = (X ± 1) then aP = 12 mP (mP + 1);
(i)
(i)
(i)
(i)
• if kF = ko and P (X) = (X ± 1) then we write m+ = m(X−1) and m− = m(X+1) , to
match the notation of Section 7, and these satisfy the conditions in 7.2.
(i)

Remark 8.3. It may be that Ni = Nian = 0, for i = 1 or 2; in this case the group GNi
is trivial, but we must interpret it as the ‘right’ trivial group. That is, if G is symplectic
then the group is a trivial symplectic group; if G is special orthogonal it is a trivial special
orthogonal group; if G is unramiﬁed unitary it is a trivial unitary group; and if G is ramiﬁed
unitary then it is a trivial symplectic group if ε = (−1)i , and a trivial special orthogonal
group otherwise. In particular, if the group is trivial symplectic then the characteristic
polynomial of si is X − 1; in the other cases, the characteristic polynomial of si is the constant
polynomial 1.
Now, for ρ a self-dual irreducible cuspidal depth zero representation of some GLn (F), we
have a unique self-dual irreducible cuspidal representation τρ of GLn (kF ) such that ρ contains
the representation λρ of GLn (oF ) obtained from τρ by inﬂation. Then τρ is in the Lusztig
series associated to some conjugacy class in GLn (kF ) with irreducible self-dual characteristic
polynomial Q = Qρ of degree n.
We suppose ﬁrst that kF = ko or Q(X) = (X ± 1); thus either n > 1 or G is an unramiﬁed
unitary group, and the parameters q fi of the Hecke algebra are always computed from the
Hecke algebra in the ﬁnite group. Then the formulae in Sections 7.6–7.7 give
(i)

fi = fτρ ⊗τ (i) = (2mQ + 1)
π

n
2
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and, from (5.1) we get reducibility points


(1)
(2)
(1)
(2)
(mQ + mQ + 1) (mQ − mQ )

{±sπ (ρ), ±sπ (ρ )} = ±
,±
.
2
2
Since one of these is an integer and the other a half-integer, we get
 (1)
2  (1)
2
(2)
(2)
(mQ + mQ + 1)
(mQ − mQ )
1
(1)
(2)
2
 2
+
− = aQ + a Q .
sπ (ρ)  + sπ (ρ )  =
2
2
4
Thus we are already done in the case of unramiﬁed unitary groups: summing, we get
 (1)

(2)
sπ (ρ)2 nρ =
(aP + aP ) deg(P ) = (2N1 + N1an ) + (2N2 + N2an ) = 2N + N an ,
ρ∈Aσ
(F)
[0]

P

as required.
For the cases kF = ko and Q(X) = (X ± 1), we will split according to the type of group G,
since the values for the parameters do not admit such a uniform description.
8.1. Symplectic groups
We suppose ﬁrst that Q(X) = X − 1, so that ρ, ρ are the trivial character and the unramiﬁed
(i)
(i)
(i)
character of order 2, and write mQ = m+ . Since both GNi are symplectic groups, we get
(i)

fi = (2m+ + 1),
with reducibility points
{±sπ (ρ), ±sπ (ρ )} = ±(m+ + m+ + 1), ±(m+ − m+ ) .
(1)

(2)

(1)

(2)

Thus
sπ (ρ)2  + sπ (ρ )2  = (m+ + m+ + 1)2 + (m+ − m+ )2 = a+ + a+ − 1.
(1)

(2)

(1)

(2)

(1)

(2)

Now suppose that Q(X) = X + 1, so that ρ, ρ are (tamely) ramiﬁed characters of order 2,
(i)
(i)
and write mQ = m− . Then we get
(i)

fi = 2m− ,
with reducibility points
{±sπ (ρ), ±sπ (ρ )} = ±(m− ± m− ) .
(1)

(2)

Thus
sπ (ρ)2  + sπ (ρ )2  = (m− + m− )2 + (m− − m− )2 = a− + a− .
(1)

(2)

(1)

(2)

(1)

(2)

Finally, summing we get
 (1)

(2)
sπ (ρ)2 nρ =
(aP + aP ) deg(P ) − 1 = (2N1 + 1) + (2N2 + 1) − 1 = 2N + 1.
ρ∈Aσ
(F)
[0]

P

8.2. Ramiﬁed unitary groups
(i)

In this case, the groups GNi are one symplectic and one orthogonal; for ease of exposition, we
(1)

will assume that GN1 is symplectic (otherwise exchange 1 and 2).
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(i)

(i)

We begin again with the case Q(X) = X − 1 and write m+ in place of mQ . Thus we get

f1 =

(1)
2m+

+ 1, f2 =

(2)

if N2an = 1,

(2)

otherwise.

2m+ + 1,
2m+ ,

Thus we get reducibility points
⎧
(1)
(2)
(1)
(2)
⎪
⎨ ±(m+ + m+ + 1), ±(m+ − m+ ) ,
{±sπ (ρ), ±sπ (ρ )} =

 

⎪
⎩ ± m(1) + m(2) + 1 , ± m(1) − m(2) + 1 ,
+
+
+
+
2
2

if N2an = 1,
otherwise.

Thus, if N2an = 1, we get
sπ (ρ)2  + sπ (ρ )2  = (m+ + m+ + 1)2 + (m+ − m+ )2 = a+ + a+ ;
(1)

(2)

(1)

(2)

and otherwise, since both reducibility points are half-integers, we get
2 
2

(1)
(2)
(1)
(2)
sπ (ρ)2  + sπ (ρ )2  = m+ + m+ + 12 + m+ − m+ + 12 −

(1)

1
2

(2)

(1)

(2)

= a+ + a+ − 1.
(1)

The case Q(X) = X + 1 is similar, the main diﬀerence being that f1 = 2m− . Then we get
reducibility points
⎧
(1)
(2)
(1)
(2)
⎪
⎨ ±(m− + m− + 12 ), ±(m− − m− − 12 ) , if N2an = 1,

{±sπ (ρ), ±sπ (ρ )} =


⎪
⎩ ± m(1) ± m(2) ,
otherwise.
−
−
Now in both cases we get
sπ (ρ)2  + sπ (ρ )2  = a− + a− .
(1)

(2)

Noting that we have

P

(1)
aP

deg(P ) = 2N1 + 1,


P


(2)
aP

deg(P ) =

2N2 ,

if N2an = 1,

2N2 + N2an ,

otherwise,

we once again see that, summing over all depth zero self-dual irreducible cuspidal representations of all GLn (F), equation (8.1) is satisﬁed.
8.3. Special orthogonal groups
The case of special orthogonal groups is exactly analogous and we do not give the details.
One can check the equality in (8.1) by working through the cases according to the parities of
N1an , N2an . For example, if both are odd, then with Q(X) = X ± 1 we get
sπ (ρ)2  + sπ (ρ )2  = a± + a± + 1.
(1)

(2)

(i)

The additions of the extra 1 here exactly compensate for the fact that the dual groups of GNi
have dimension 2Ni = 2Ni + Nian − 1.
8.4. Summary

In all cases, we have now checked that the equality (8.1) holds. We have also seen that sπ (ρ) ∈
1
2 Z in all cases.
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9. L-packets and examples
In this ﬁnal section, we examine the implications of the results here for the computation of
L-packets and give some examples. Firstly, we recall some facts about the (expected) sizes of
discrete series L-packets containing an irreducible cuspidal representation, and the (expected)
number of cuspidal representations in them.
  WF be a Langlands parameter for G whose L-packet Πϕ
Let ϕ : WF × SL2 (C) → G
contains an irreducible cuspidal representation π of G. Then, as recalled in the introduction,
we should have

ϕρ ⊗ stm ,
ϕ=
(ρ,m)∈Jord(π)

where ϕρ is the (irreducible) representation of the Weil group WF corresponding to ρ via the
Langlands correspondence for general linear groups, and stm is the m-dimensional irreducible
representation of SL2 (C). Putting (π) = # Jord(π), the number of representations one expects
in the packet Πϕ is 2 (π)−1 , since this is the number of characters of the component group of

CentG
 (Im(ϕ)) trivial on the centre of G. We also set
E(π) = {ρ ∈ Aσ (F) : sπ (ρ) ∈ N}
and e(π) = #E(π); this is the number of ρ ∈ Aσ (F) such that (ρ, m) ∈ Jord(π) for some odd
integer m. Finally, put

1 if there is ρ ∈ Aσ (F) such that sπ (ρ) ∈ 1 + 2N,
e0 (π) =
0 otherwise.
Then the number of irreducible cuspidal representations one expects in the L-packet Πϕ is
2e(π)−e0 (π) , since this is the number of characters of the component group of CentG
 (Im(ϕ))
 and alternating, in the sense of, for example, [40, Section 8].
which are trivial on the centre of G
Remark 9.1. The reference to the work of Mœglin in [40, Section 8] is in fact only for
unitary groups, though it also holds when G is a quasi-split unitary, orthogonal, symplectic
or GSpin group (see [39]) and it seems reasonable to expect it to hold in more generality.
Although our results here on the representations with given inertial reducibility set do not
require it, for the purposes of discussion, from now on we make the following assumption.
(A) The description of the number of irreducible cuspidal representation in an L-packet
above is valid for the group G.
However, extra care must be taken when G is an even-dimensional special orthogonal group;
see Example 9.6.
Now we describe how our results allow us to ﬁnd all irreducible cuspidal representations with
the same inertial reducibility set, hence all irreducible cuspidal representations in a union of
one, two, or four L-packets (assuming (A)). We suppose we are in the general situation of the
previous section, with π an irreducible cuspidal depth zero representation of G. Recall that
IRed(π) = {{([ρ], m) : ρ ∈ Aσ (F), m ∈ N with 2sπ (ρ) = m + 1}},
where [ρ] denotes the inertial equivalence class of ρ.
Our representation π is induced from a representation containing the inﬂation of an
(1)
(2)
(1)
(2)
irreducible cuspidal representation τπ τπ ⊗ τπ of the reductive quotient GN1 × GN2 of
a maximal parahoric subgroup. For i = 1, 2 and P an irreducible kF /ko -self-dual monic
(i)
polynomial in kF [X], we denote by mP the associated non-negative integer as in 7.2.
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The formulae obtained above show that, for each irreducible kF /ko -self-dual monic polyno(1)
(2)
mial P in kF [X], the pair of integers {mP , mP } can be recovered from the reducibility points

{sπ (ρ), sπ (ρ )}, for ρ = ρP a representation in Aσ[0] (F) with associated characteristic polynomial
P , and ρ its self-dual unramiﬁed twist. Indeed, one gets the following, where we write | · |∞
for the usual (archimedean) absolute value on R:
• if P (X) = X ± 1 or kF = ko then
(1)

(2)

mP , m P

= {|sπ (ρ) ± sπ (ρ )|∞ };

• if P (X) = X ± 1 and kF = ko , so that ρ is a character of GL1 (F) of order at most 2, then


|sπ (ρ) ± sπ (ρ )|∞
(1)
(2)
=
mP , m P
.
2
Thus one obtains the same inertial reducibility set as for π only for irreducible cuspidal
(1)
(2)
(1)
(2)
representations π  with {mP (π), mP (π)} = {mP (π  ), mP (π  )}, for every irreducible kF /ko self-dual monic polynomial P in kF [X]. Hence, in order to obtain other representations with the
(1)
(2)
same inertial reducibility set, it is enough to exchange (some of) the integers mP (π), mP (π).
Note, however, that it is not always possible to do this, for parity reasons. We set
(1)

(2)

Q(π) = irreducible self-dual monic P ∈ kF [X] : mP (π) = mP (π)
and put q(π) := #Q(π).
Remark 9.2. If P ∈ kF [X] is an irreducible kF /ko -self-dual monic polynomial, with
P (X) = X ± 1 or kF = ko , and ρP , ρP are the corresponding self-dual irreducible cuspidal
representations of some GLn (F), then one of sπ (ρP ), sπ (ρP ) is integral and the other nonintegral. In particular, we see that (exactly) one of ρP , ρP is in E(π) if and only if P ∈
Q(π).
A similar analysis can be done for P (X) = X ± 1 and kF = ko , but it depends on the type
of group. We summarize the results in the separate cases below.
We will parametrize the irreducible cuspidals π  with IRed(π  ) = IRed(π) by maps ε :
Q(π) → {1, 2}, noting that not all such maps are permissible, and that each map may give
rise to more than one representation. We split again according to the type of group.
9.1. Symplectic groups
We begin with the case that G = Sp2N (F) is a symplectic group, in which case there are no
restrictions on the maps ε : Q(π) → {1, 2}. We put
(i)

δ(π) = # i : mX+1 (π) = 0 .
Now suppose we have ε : Q(π) → {1, 2} and, for irreducible self-dual monic P ∈ Q(π), we set
(i)
ε(P ) = 1. Then we can ﬁnd, for i = 1, 2, a semisimple element sε in a suitable odd special
orthogonal group SO2Ni +1 (kF ) with characteristic polynomial
(i)

P (X)aP

(ε)

,

P

where the product is taken over all irreducible self-dual monic polynomials in kF [X] and the
(i)
(i)
integers aP (ε) are related to integers mP (ε) as in 7.2, with
(i)

(i·ε(P ))

mP (ε) = mP

,
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where the index is understood modulo 3. Correspondingly, we have irreducible cuspidal
(1)
(2)
representations τε = τε ⊗ τε of GN1 ,N2 = Sp2N1 (kF ) × Sp2N2 (kF ); note that, for each ε, the
number of such representations is 2δ(π) . Inﬂating each τε to the maximal parahoric subgroup
JN1 ,N2 and inducing to G, we get an irreducible cuspidal representation. Thus we get 2q(π)+δ(π)
irreducible cuspidal representations of G.
The analysis of Remark 9.2, along with that for the cases P (X) = X ± 1, shows that

q(π) + δ(π) + 1 if δ(π)  1;
e(π) =
q(π) + δ(π)
if δ(π) = 2.
On the other hand, we always have e0 (π) = 1, since either sπ (1) or sπ (ω0 ) is an odd integer,
where 1 is the trivial character of GL1 (F) and ω0 is the unramiﬁed character of order 2. Hence
we have constructed the irreducible cuspidal representations in a union of two L-packets if
δ(π) = 2, or in a single L-packet otherwise.
Thus, in some cases we are able to identify all the representations in a single L-packet,
but in others we cannot distinguish between the representations in two L-packets without
further work. We give some examples to illustrate these phenomena. In the following, we write
ω1 , ω2 = ω0 ω1 for the (tamely) ramiﬁed characters of GL1 (F) of order 2.
Example 9.3. We begin with an example where we are able to recover all the cuspidal
representations in a single L-packet. We take G = Sp6 (F) and begin with the parahoric
subgroup J2,1 , which has reductive quotient G2,1 Sp4 (kF ) × SL2 (kF ).
We take the representation θ10 of Sp4 (kF ), that is the unique cuspidal representation in the
Lusztig series E (Sp4 (kF ), 1) (so that the associated characteristic polynomial is (X − 1)5 ). We
also take an irreducible cuspidal representation τ of SL2 (kF ) in a Lusztig series with associated
characteristic polynomial (X − 1)(X + 1)2 . Thus τ is a representation of dimension (q − 1)/2,
of which there are two. We denote by λπ the representation of J2,1 inﬂated from θ10 ⊗ τ and
put π = c-IndG
J2,1 λπ , an irreducible cuspidal representation of G.
Following the recipe in Section 8, we ﬁnd that sρ (π) ∈ {0, ± 12 } unless ρ is a character of
GL1 (F). On the other hand, we get
(1)

(2)

mX−1 = 1, mX−1 = 0,

(1)

(2)

mX+1 = 0, mX+1 = 1,

and hence
{sπ (1), sπ (ω0 )} = {2, 1},

{sπ (ω1 ), sπ (ω2 )} = {1};

thus IRed(π) is the multiset {{([1], 2), ([1], 1), ([ω1 ], 1), ([ω1 ], 1)}}. In this case we know more
since the Langlands parameter ϕπ corresponding to π has image in SO7 (C) so, in particular,
has determinant 1; thus it must be
ϕπ = 1 ⊗ (st3 ⊕ st1 ) ⊕ ω0 ⊕ ω1 ⊕ ω2 ,
since exchanging 1 and ω0 would give a representation with determinant ω0 .
In the notation above, we have E(π) = {1, ω0 , ω1 , ω2 } so that e(π) = 4. Thus the L-packet
containing π consists of 16 irreducible representations, 8 of which are cuspidal. On the other
hand, we have Q(π) = {X + 1, X − 1} so that q(π) = 2, and δ(π) = 1, so that we can construct
exactly the cuspidal representations in the L-packet, as follows.
(i) There is one rational conjugacy class (s) in SO3 (kF ) such that its characteristic
polynomial is (X − 1)(X + 1)2 and the corresponding Lusztig series E (SL2 (kF ), s) contains
two irreducible cuspidal representations τ, τ  .
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Now we can inﬂate the representations θ10 ⊗ τ and θ10 ⊗ τ  of Sp4 (kF ) × SL2 (kF ) to either
J2,1 or J1,2 and then induce to G. This gives us four inequivalent irreducible cuspidal
representations of G (one of which is π).
(ii) There is one rational conjugacy class (s1 ) in SO7 (kF ) such that its characteristic
polynomial is (X − 1)5 (X + 1)2 and the corresponding Lusztig series E (Sp6 (kF ), s1 ) contains
two irreducible cuspidal representation τ1 , τ1 .
We inﬂate these representations to either J3,0 or J0,3 and induce to G, giving us another four
inequivalent irreducible cuspidal representations of G, also inequivalent to those in (i).
Example 9.4. Now we look at the simplest example where the information we have so
far is only suﬃcient to recover the cuspidal representations in a union of two L-packets. We
take G = Sp4 (F) and begin with the parahoric subgroup J1,1 , which has reductive quotient
G1,1 SL2 (kF ) × SL2 (kF ).
We take irreducible cuspidal representations τ1 , τ2 of SL2 (kF ) each in a Lusztig series with
associated characteristic polynomial (X − 1)(X + 1)2 , as in the previous example. We denote
by λπ the representation of J1,1 inﬂated from τ1 ⊗ τ2 and put π = c-IndG
J1,1 λπ , an irreducible
cuspidal representation of G. Following the recipe, this time we obtain
IRed(π) = {{([1], 1), ([ω1 ], 2)}}
and, using the fact that the corresponding Langlands parameter ϕπ has determinant 1, we
have
ϕπ = 1 ⊕ ω ⊗ (st3 ⊕ st1 ),

(9.5)

where ω is either ω1 or ω2 . However, without further work, we cannot distinguish which ramiﬁed
(1)
(2)
quadratic character occurs here. This reﬂects the fact that mX+1 = mX+1 = 1 so that δ(π) = 2.
Thus, at this stage, we can only identify the 4 cuspidal representations occurring in the
union of the two L-packets corresponding to ω = ω1 , ω2 in (9.5): they are given by independently
choosing the τi to be one of the two irreducible cuspidal representations of SL2 (kF ) of dimension
(q − 1)/2.
Distinguishing these two L-packets (and identifying the two discrete series representation
in each of them) requires further analysis: for this particular example, this is carried out in
unpublished work of Blondel, Henniart and Stevens.
In general, distinguishing the representations when we have two L-packets as in Example 9.4
will probably require, as a ﬁrst step, the classiﬁcation of quadratic-unipotent irreducible
cuspidal representations of ﬁnite classical groups, and the compatibility of this classiﬁcation
with Deligne–Lusztig induction, which is done by Waldspurger in [53].
9.2. Unramiﬁed unitary groups
Suppose now that G is an unramiﬁed unitary group of dimension 2N + N an . On the one
hand this case is simpler, and we will see that the set of representations with given inertial
reducibility (multi)set is a single L-packet. On the other hand, we cannot arbitrarily exchange
(1)
(2)
the integers mP , mP as above, due to parity constraints — swapping would sometimes lead
to representations of the isometry group of a non-isometric hermitian space.
(1)
(2)
Recall that π is induced from the inﬂation of an irreducible cuspidal representation τπ ⊗ τπ
(1)
(2)
(i)
of GN1 × GN2 , where GNi = U(V(i) ), with V(i) a hermitian space of dimension 2Ni + Nian .
(1)

(2)

1

2

Moreover, if GN  × GN  is the reductive quotient of another maximal parahoric subgroup of G


then, for i = 1, 2, the corresponding space V(i) must have dimension of the same parity as that
of V(i) .
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(i)

(i)

Recall also that we have a semisimple element si of the dual group of GNi , such that τπ is
the (unique) irreducible cuspidal representation in the corresponding Lusztig series, and that
si has characteristic polynomial
(i)

P (X)aP ,
P

where the product runs over all irreducible kF /ko -self-dual monic polynomials in kF [X], and
(i)
(i)
(i)
aP = 12 mP (mP + 1). Since the degree of each such polynomial P is odd, we have


(i)

aP

deg P (X)




is

(i)

odd

if mP ≡ 1, 2 (mod 4),

even

if mP ≡ 0, 3 (mod 4).

(i)

(i)

(1)

Thus, if one mP is 1, 2 (mod 4) and the other is 0, 3 (mod 4), then mP cannot be exchanged
(2)
with mP independently of other changes. This is exactly reﬂected in the (expected) size of
the L-packet as follows.
We put
!
" !
"
(1)
(2)
Q0 (π) = P ∈ Q(π) mP /2 ≡ mP /2 (mod 2) .
We saw in Remark 9.2 that, in this case, we have q(π) = e(π). Moreover, the formula for the
reducibility points shows that P ∈ Q0 (π) if and only if one of sπ (ρP ), sπ (ρP ) is an odd integer;
thus Q0 (π) is empty if and only if e0 (π) = 0.
Now suppose we are given a map ε : Q(π) → {1, 2} such that #{P ∈ Q0 (π) : ε(P ) = 2} is
even; for irreducible kF /ko -self-dual monic P ∈ Q(π), we set ε(P ) = 1. Then we can ﬁnd, for i =
(i)
1, 2, a semisimple element sε in a suitable unitary group U(2Ni + Nian , kF ) with characteristic
polynomial
(i)

P (X)aP

(ε)

,

P
(i)

(i)

(i)

where aP (ε) = 12 mP (ε)(mP (ε) + 1) and
(i)

(i·ε(P ))

mP (ε) = mP

,

with the index understood modulo 3. Correspondingly, we have a unique irreducible cuspidal
(1)
(2)
representation τε = τε ⊗ τε of GN1 ,N2 and, by inﬂation and compact induction, a unique
irreducible cuspidal representation of G.
In this way, we construct 2q(π)−e0 (π) inequivalent irreducible cuspidal representations of
G with the same inertial reducibility set as π, which is exactly the number of cuspidal
representations in the L-packet of π.
9.3. Special orthogonal and ramiﬁed unitary groups
A similar analysis can be made in the cases of special orthogonal and unitary groups G. The
constraints for the maps ε are like those in the unramiﬁed case, since the anisotropic dimensions
(i)
of the groups GNi are determined by the group G, as is the sum of the dimensions of the spaces
(i)

on which GNi act. Since the details are rather similar to the cases above, we only sketch
them.
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We are given an irreducible cuspidal representation π of G. For P a self-dual monic
(i)
polynomial in kF [X], as in previous cases, we get integers mP , for i = 1, 2. We modify slightly
the deﬁnition of Q(π), replacing it with
⎧
⎪
Q(π) \ {X − 1}
if G is even-dimensional ramiﬁed unitary;
⎪
⎨
Q(π) \ {X + 1}
if G is odd-dimensional ramiﬁed unitary;
⎪
⎪
⎩
Q(π) \ {X − 1, X + 1} if G is odd-dimensional orthogonal.
We also put



Q (π) =

Q(π)

if G is even-dimensional orthogonal;

Q(π) \ {X − 1, X + 1}

otherwise.

For P a self-dual monic polynomial in kF [X], we set

1 if deg(P ) = 1,
fP =
2 otherwise,
and then deﬁne
Q0 (π) = P ∈ Q (π)

!

" !
"
(1)
(2)
mP /fP ≡ mP /fP (mod 2) .

Then we again constrain our map ε : Q(π) → {1, 2} such that #{P ∈ Q0 (π) : ε(P ) = 2} is
even. For each such ε we can construct a ﬁnite set of irreducible cuspidal representations of G.
The total number of cuspidal representations obtained in this way is one, two, or four times
the expected number of cuspidal representations in the packet, or half this number; the latter
can occur only in the case of even orthogonal groups.
We illustrate this, in particular the last case, with examples, using the same notation for the
quadratic characters of GL1 (F) as in Examples 9.3 and 9.4.
Example 9.6. Let G = SO(V) be the (split) special orthogonal group of an eightdimensional orthogonal space V with Witt index 4. Denote by J4,0 , J0,4 the maximal compact
subgroups whose reductive quotients are SO+
8 (kF ). Denote by τ the unipotent irreducible
(k
),
which
we
may inﬂate to either J4,0 or J0,4 , and thus
cuspidal representation of SO+
F
8
G

obtain irreducible cuspidal representations π = c-IndG
J4,0 τ and π = c-IndJ0,4 τ . We have
IRed(π) = IRed(π  ) = {{([1], 2), ([1], 2)}}
and the corresponding Galois parameter has the form
ϕπ = ϕπ = 1 ⊗ (st3 ⊕ st1 ) ⊕ ω0 ⊗ (st3 ⊕ st1 ).
According to the discussion at the beginning of the section, the packet should contain four
cuspidal representations, but π, π  are the only two cuspidal representations with this inertial
reducibility set. This disparity comes from the diﬀerence between the group G and the full
orthogonal group G+ = O(V). By Proposition 7.10(ii), the representation τ extends to a
representation of O+
8 (kF ), in two ways, and inducing the inﬂation of these two representations
+
and
J
to
G+ , we obtain four inequivalent irreducible cuspidal representations, two
from J+
4,0
0,4
restricting to π and the other two to π  .
This example illustrates that, for even orthogonal groups, the expected number of cuspidal
representations in a packet should be interpreted for the full orthogonal group, rather than for
the special orthogonal group.
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Example 9.7. Let G = SO(V) be the special orthogonal group of a ﬁve-dimensional
orthogonal space V with Witt index 2, and denote by J2,0 the maximal compact subgroup
o
SO+
whose reductive quotient G2,0 has connected component G2,0
4 (kF ) × SO1 (kF ).
+
In the dual of the ﬁnite group SO4 (kF ) there is an element s with characteristic polynomial
(X − 1)2 (X + 1)2 such that the Lusztig series E (SO+
4 (kF ), s) contains a cuspidal representation
τ (in fact, two such representations). The inﬂation of τ has two extensions to G2,0 and we denote
by λπ the inﬂation to J2,0 of one such extension. Then π = c-IndG
J2,0 λπ is an irreducible cuspidal
representation of G, for which
IRed(π) = {{([1], 2), ([1], 1), ([ω1 ], 2), ([ω1 ], 1)}},
and the corresponding Galois parameter ϕπ has the form
ϕπ = ω ⊗ st2 ⊕ω  ω1 ⊗ st2 ,
for some unramiﬁed characters ω, ω  of order at most 2. For each choice of ω, ω  , the corresponding packet should contain a unique cuspidal representation, while we have constructed
four such representations. Thus we have the irreducible cuspidal representations in a union of
four L-packets.
Example 9.8. Let G = SO(V) be the special orthogonal group of a 20-dimensional
orthogonal space V with Witt index 8 and anisotropic part of dimension 4. Denote by
J4,4 the maximal compact subgroup whose reductive quotient G4,4 has connected component
−
o
SO−
G4,4
10 (kF ) × SO10 (kF ).
In the dual of the ﬁnite group SO−
10 (kF ) there are elements s1 , s2 with characteristic
polynomials (X − 1)8 (X + 1)2 and (X − 1)2 (X + 1)8 , respectively, and such that the corresponding Lusztig series E (SO−
10 (kF ), si ) contains a cuspidal representation τi (in fact, two such
representations). The representation τ1 ⊗ τ2 has two extensions to G4,4 and we denote by λπ
the inﬂation to J4,4 of one such extension. Then π = c-IndG
J4,4 λπ is an irreducible cuspidal
representation of G, for which
IRed(π) = {{([1], 3), ([1], 1), ([ω1 ], 3), ([ω1 ], 1)}}.
The corresponding Galois parameter ϕπ has the form
ϕπ = ω ⊗ (st5 ⊕ st3 ⊕ st1 ) ⊕ ωω0 ⊕ ω  ω1 ⊗ (st5 ⊕ st3 ⊕ st1 ) ⊕ ω  ω2 ,
for some unramiﬁed characters ω, ω  of order at most 2. For each choice of ω, ω  , the
corresponding packet should contain eight irreducible cuspidal representations.
From the two choices for each of τ1 , τ2 above, and the two choices of extension to G4,4 ,
we get eight representations. However, we also get eight more by exchanging the roles of
τ1 , τ2 , and these also have the same inertial reducibility (multi)set. However, each of these
irreducible cuspidal representations has two extensions to the full orthogonal group G+ . Thus
we in fact have the irreducible cuspidal representations in the union of four L-packets for the
full orthogonal group G+ .
In this case, there are also 16 other representations of the split special orthogonal group
H = SO(V ), where V is a 20-dimensional orthogonal space with Witt index 10, with the same
inertial reducibility set, obtained as follows. We denote by J8,2 a maximal compact subgroup
+
of H whose reductive quotient has connected component SO+
16 (kF ) × SO4 (kF ). In the duals of
+
+
the isotropic ﬁnite groups SO16 (kF ) and SO4 (kF ) there are elements s1 , s2 , respectively, with
characteristic polynomials (X − 1)8 (X + 1)8 and (X − 1)2 (X + 1)2 , respectively, such that the
corresponding Lusztig series contain cuspidal representations τ1 , τ2 , respectively (two such
representations in each series). The representation τ1 ⊗ τ2 has two extensions to the reductive
quotient of J8,2 and, inﬂating and then inducing to G, we obtain an irreducible cuspidal
representation. Since we can also inﬂate to J2,8 , we obtain 16 inequivalent representations
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in this way. Again, each of these representations extends in two ways to the full orthogonal
group H+ .
Example 9.9. Let F/Fo be a ramiﬁed quadratic extension and let G = U(V) be the unitary
group of a 14-dimensional hermitian space V with Witt index 6 and anisotropic part of
dimension 2. Denote by J0,6 the maximal compact subgroup whose reductive quotient G0,6
o
has connected component G0,6
SO−
2 (kF ) × Sp12 (kF ).
We ﬁx an irreducible self-dual monic polynomial P ∈ kF [X] of degree 2. Then there
are semisimple elements s1 , s2 in the dual groups of SO−
2 (kF ), Sp12 (kF ), respectively, with
characteristic polynomials P (X), P (X)6 , respectively, such that the corresponding Lusztig
series contain unique irreducible cuspidal representations τ1 , τ2 , respectively. Then there is
a unique irreducible representation λπ of J0,6 inﬂated from a representation of G0,6 containing
G
τ1 ⊗ τ2 (since τ1 does not extend to O−
2 (kF )), and π = c-IndJ0,6 λπ is irreducible and cuspidal.
We have
IRed(π) = {{([ρP ], 5/2), ([ρP ], 1)}},
ρP , ρP

where
are the self-dual irreducible cuspidal representations of GL2 (F) corresponding to
P , and the corresponding Galois parameter has the form
ϕπ = ϕP ⊗ (st4 ⊕ st2 ) ⊕ ϕP ,
where ϕP , ϕP are the Galois parameters corresponding to ρP , ρP , respectively. The corresponding packet should contain a unique irreducible cuspidal representation, which is
π.
As in Example 9.8, we also ﬁnd an irreducible cuspidal representation of the 14-dimensional
quasi-split ramiﬁed unitary group with the same inertial irreducibility (multi)set, by exchanging
the characteristic polynomials of s1 , s2 .
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