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On depth zero L-packets for classical groups

Jaime Lust and Shaun Stevens

ABSTRACT

By computing reducibility points of parabolically induced representations, we construct, to
within at most two unramified quadratic characters, the Langlands parameter of an arbitrary
depth zero irreducible cuspidal representation 7 of a classical group (which may be not-quasi-
split) over a non-archimedean local field of odd residual characteristic. From this, we can
explicitly describe all the irreducible cuspidal representations in the union of one, two, or four
L-packets, containing 7. These results generalize the work of DeBacker—Reeder (in the case of
classical groups) from regular to arbitrary tame Langlands parameters.

1. Introduction

The representation theory of p-adic groups has largely been motivated, over the last half-
century, by the Langlands conjectures, seeking an understanding of the absolute Galois (or
Weil) groups of local and global fields. Many parts of the local conjectures are now theorems,
notably for representations of GL,, [19, 20], of SL,, [16, 21], and, more recently, of classical
groups [2, 29, 43].

At the same time as having local Langlands correspondences, one would like to be able
to use them to translate fine arithmetical data between representations of p-adic groups and
representations of the local Weil group. To this end, one seeks to make the correspondence
explicit/effective. For GL,,, this has been the subject of a series of papers by Bushnell-Henniart
[6—8, 10]; for other groups, work has concentrated on regular depth zero irreducible cuspidal
representations [13, 24, 26] and epipelagic irreducible cuspidal representations [9, 18, 25,
27, 46, 47|, with the most general work by Kaletha [28] on regular cuspidal representations.

In this spirit, we look here at depth zero irreducible cuspidal representations of a classical
group G — by which we mean a symplectic, (special) orthogonal, or unitary group, which
may be non-quasi-split — over a non-archimedean locally compact local field of odd residual
characteristic (this is the only restriction on the field). When these representations are also
regular (more precisely, the corresponding Langlands parameter is tame regular semisimple in
general position), these have already been considered, for more general groups but with some
conditions on the field, by DeBacker—Reeder [13] and Kaletha [24, 26]; however, our approach
here is different, and allows us to treat all depth zero irreducible cuspidal representations. Thus
our work, and methods, are complementary to those of [28].

Given a Langlands parameter for G, the Langlands correspondence should determine an
L-packet of irreducible smooth complex representations of G. These representations should
share many properties; for example, they should have all the same L-functions, at least where
these have been defined. Since, by the results of Shahidi [48], poles of L-functions correspond
to reducibility points of parabolic induction, we detect representations in the same L-packet
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by computing these reducibility points, and this does not require, for example, genericity of
the representation.

For now, we are not able completely to compute reducibility points, but only up to twist
by a certain unramified character (see below for more details). However, an even-dimensional
irreducible tame representation of the Weil group is symplectic if and only if this unramified
twist is orthogonal; thus, using the Langlands correspondence, for example, for symplectic
groups, we can see which of the twists must occur, and the only ambiguity is in the reducibility
points for quadratic characters of GL;. In any case, we are able to recover the irreducible
cuspidal representations in the union of either one, two, or four L-packets.

This paper can be regarded as a first step in a programme to treat all discrete series
representations of classical groups; see [5] for the case of arbitrary irreducible cuspidal
representations of symplectic groups. Depth zero is the base case, since general irreducible
cuspidal representations are built from a ‘wild part’ and a depth zero part (see [51]). In
the depth zero case, we avoid the complication of wild ramification; on the other hand, the
geometric complications arise essentially from the depth zero part so that the results and
techniques here already resolve many difficulties for the general case.

Now let us state our results more carefully; although we have interpreted them above via
the Langlands correspondence, they are in fact results on the automorphic side. Let F/F, be
an extension of degree at most 2 of non-archimedean local fields of odd residual characteristic,
and let G be (the group of rational points of) a symplectic, special orthogonal or unitary group
over F,, the connected component of the group of isometries of an F/F,-hermitian space; this
group may be non-quasi-split. We also write Wy for the Weil group of F and G for the complex
dual group of G, acting naturally on a vector space of dimension Ng.

In their classification of discrete series representations of (quasi-split) p-adic classical groups
[37, 39, 42], Moeglin—Tadié¢ use the notion of a Jordan set attached to an irreducible discrete
series representation of G. For an irreducible cuspidal representation w of G, this can be
described via the reducibility set Red(r) as follows.

We denote by A7(F) the set of (equivalence classes of) self-dual irreducible cuspidal
representations of some GL,, (F) (see Section 3). For p € A%(F) there is at most one real number
s = sz(p) = 0 such that the normalized parabolically induced representation Ind p|det(:)|; ® ©
is reducible, where | - |r is the normalized absolute value on F; when there is no such real
number (which can happen only for even-dimensional special orthogonal groups and p a
quadratic character of GL;(F)), we set s;(p) = 0. Then

Red(m) = {(p,m):pe€ A°(F), m € N with 2s,.(p) =m + 1}.
Moeeglin proves in [38] that, again for 7 irreducible cuspidal, the Jordan set is
Jord(m) = {(p,m) : p € A7(F),m € N with 2s.(p) — (m+1) € 2Z>,}
= {(p,m) : (p,m,) € Red(r), m € N and m, —m € 2Z>}, (1.1)

so that Red(r) is the set of maximal elements of Jord(r).

It is expected (and in at least when G is quasi-split, known — see, for example, [41]) that
the Jordan set should precisely predict the Langlands parameter ¢ : Wg X SLy(C) — G x Wr
whose L-packet II, contains 7, by

® = @ Pp X Stnm

(p,m)€Jord(m)

where ¢, is the (irreducible) representation of the Weil group Wr corresponding to p via the
Langlands correspondence for general linear groups, and st,, is the m-dimensional irreducible
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representation of SLy(C). In particular, writing n, for the unique natural number such that p
is a representation of GL,,, (F), we should have

Z mn, = Ng. (1.2)

(p,m)eJord(m)

>ooom

(p,m)€eJord(n)

For a fixed p, the integer

is the multiplicity of p (or of ¢,) in ¢|, . Since, for any integer m’ > —1, we have

L N2
Z m= Km;l) J )
o<m<m/,
m=m(mod 2)
where |2 | denotes the greatest integer not exceeding z, it follows from (1.1) that the equality
(1.2) is equivalent to

S [e00? | n = N, (1.3)

pEA“ (F)

Note that almost all terms in this sum are zero since s,(m) <1 for all but finitely many
p € A°(F).

Suppose now that the representation 7 is of depth zero; equivalently, the Langlands
parameter is tame (that is, trivial on restriction to the wild inertia subgroup of Wg). For
clarity of exposition, we specialize temporarily to the case of a symplectic group G, in which
case G is a special orthogonal group with Ng odd. On the other hand, by a result of Blondel
[3], there are self-dual irreducible cuspidal representations of GL,,(F) only for n even or n = 1;
in the latter case, we get the pair of unramified characters of order dividing two, and the pair
of (tamely) ramified quadratic characters. Since Ng is odd, equation (1.2) implies that there
is exactly one pair of characters (either the unramified pair or the ramified pair) for which
the multiplicities of the two characters in ¢l have the same parity; we denote by ¢’ the
Langlands parameter obtained from ¢ by exchanging the multiplicities of the two characters
in this pair. (In particular, we have ¢’ = ¢ when the multiplicities are equal.) In this paper,
we do the following.

(i) Given a tame Langlands parameter ¢ for a symplectic group as above, we give an explicit
algorithm to describe the cuspidal representations in the union of L-packets II, U IL,.

(ii) Conversely, given a depth-zero cuspidal irreducible representation m of a symplectic
group as above, there we give an explicit description of the pair {p, ¢’} of tame Langlands
parameters, such that m € I, UIL,.

We remark that, in the situation of regular depth zero irreducible cuspidal representations,
the multiplicities of the characters are all at most one, so that ¢’ = ¢; thus we recover the
description of the representations in an L-packet consisting solely of cuspidal representations
from [13] in this case.

We return to the case of depth zero representations of a general classical group G and describe
the result here, which is a reinterpretation of the theorem above in terms of the set Red(w).
More precisely, denote by [p] the inertial equivalence class of p € A’ (F), that is, the set of
unramified twists of p; note that [p] N A7 (F) = {p,p'} consists of exactly two (inequivalent)
representations. We have p’ = py, for y an unramified character with px? = p; since p has
depth zero, the character x has order 2n,,.

Here, we compute the inertial reducibility multiset

Red(m) = {([p],m) : (p,m) € Red(m)}}.
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This is often in fact a set: since 7 has depth zero, the only inertial classes [p] which can occur
with multiplicity are the quadratic characters of GL;(F). Indeed, for p € A?(F) of depth zero
with n, > 1 and p’ its self-dual unramified twist, the exterior square L-function of exactly one of
p, p’ has a pole at s = 0, while for the other representation it is the symmetric square L-function
which has a pole (the same comments apply to the Asai and twisted Asai L-functions when
F/F, is quadratic); thus the parity of m, such that (p,m) € Red(w) should be independent of
7 (that is, depend only on p), and the parity will be the opposite of that for p’. Moreover, this
means that by computing IRed(r), we in fact know all elements of Red(w) apart from those
associated to characters of GLj(F) of order at most 2, where an ambiguity may remain.

The results we prove here can be described by the following: Let 7 be a depth zero irreducible
cuspidal representation of G.

(i) We have
> [(Sw(p))QJ n, > Ng. (1.4)

pEA”(F)

(See also Section 8 for a discussion of the opposite inequality, which is already known in many
cases by results of Mceglin.)

(ii) We give an explicit description of the multiset IRed(7) in terms of the local data defining
7 as a compactly induced representation.

(iii) We give an explicit description of the set of irreducible cuspidal representations 7’ of G
with IRed(m) = IRed(n’) in terms of the local data defining 7. Moreover, the number of such
representations is the expected number in one, two, or four L-packets, this number depending
again on the local data.

For a discussion of the expected number of irreducible cuspidal representations in an L-
packet, see the beginning of Section 9. One also needs to take care with this in the case of even
orthogonal groups (see Example 9.6).

Structure of the algorithm

We now give a description of the algorithm alluded to above. Let G be a classical group,
acting naturally on a non-degenerate N-dimensional F/F,-e-hermitian space V. The standard
maximal parahoric subgroups J3; y, of G are indexed by non-negative integers Ny, N2 with

Ny + Ny = N, and have reductive quotient gﬁf X g}fj a product of two classical groups over
finite fields (see Section 2). Then, from results of Morris, any irreducible cuspidal depth zero
representation of G has the form 7 = C—Indir Ar, with J; the normalizer of a (unique) standard

maximal parahoric subgroup J%, y, and A; an irreducible representation such that Arl o, N

contains an irreducible representation A2 inflated from an irreducible cuspidal representation
7~ 7 @ 74P of the reductive quotient Q](\}l) X gﬁ; (see Section 3). From Lusztig’s Jordan
decomposition, for ¢ = 1,2, there is a unique conjugacy class (s;) in the dual group Q%?* such

that qu—i) is in the Lusztig series & (91(\1,3, s;), and we denote the characteristic polynomial of s; by
[T P,
P

where the product runs over irreducible kg/ko-self-dual monic polynomials in kp[X] (see
Section 7). Results of Lusztig imply that there are integers mgﬁ,) > 0 such that:

o if kp # ko or P(X) # (X 1) then al = Im% (m) +1);

o if kg =k, and P(X) = (X £ 1) then we write mgf) = m(?(_l) and m'Y = mgi)(ﬂ), and
these satisfy additional conditions in 7.2.
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Now, for each irreducible kg /ko-self-dual monic polynomial P of degree np in kp[X], there
is a unique irreducible cuspidal representation 7p of GL,,, (kr) which lies in the Lusztig series
&(GL,,,. (kr),sp), where sp has characteristic polynomial P. Inflating this to an irreducible
representation Ap of Jp = GL,, (or), extending trivially on a uniformizer and inducing, we
obtain an irreducible self-dual cuspidal representation pp of GL,,, (F). Then, when np > 1, we
have

([pPng) + mg))7 ([pP]v |mg) - mg)| - 1) € IREd(Tr)a

where we understand that terms ([pp], m) are ignored when the multiplicity m is non-positive.
For P(X) = X £ 1, the multiplicities depend on the type of group (see Section 8); for example,
in the case of symplectic groups we have the following elements of IRed(7):

(111, 20n +m&) + 1), (11],2im ) - m P - 1),

(twon). 2D+ m®) = 1), (fwn 24 +m ] - 1),

where 1 is the trivial character and w; is a ramified quadratic character of GL; (F), and again
we ignore terms with non-positive multiplicity.

Now, to describe the other cuspidal representations with the same inertial reducibility set,
we set

Q(m) = {irreducible self-dual monic P € kp[X] : mg)(w) =+ mg)(ﬂ)}

and put ¢(7) := #Q(m). The irreducible cuspidals 7’ with IRed (') = IRed(r) are parametrized
by certain maps € : Q(7) — {1,2}, with conditions depending on the type of group. (See
Section 9 for the detail of these conditions; there are, for example, no conditions in the
symplectic case.) Given a suitable map €, we extend it to all irreducible kr /k,-self-dual monic
polynomials by setting e(P) =1 for P ¢ Q(n). Then we can find, for ¢ = 1,2, a semisimple
element SE;Z) in a suitable classical group with characteristic polynomial

[1 P,

P

where the integers ag) (€) are related to integers mﬁ?(s) as above, with

mg)(z—:) = mg'e(P)),

where the index is understood modulo 3. Correspondingly, we have irreducible cuspidal
representations 7. = Tél) ® 7152) of the reductive quotient gﬁf X gﬁ) of a standard parahoric;
note that, for each €, there may be several representations 7, deSending on the number of
cuspidal representations in each Lusztig series, but this number is independent of the choice of
e. Inflating each 7. to the maximal parahoric subgroup Jy; n;, extending to its normalizer and
inducing to G, we get an irreducible cuspidal representation, and this gives all the irreducible

cuspidal representations 7/ with IRed(n’) = IRed ().

Structure of the proof

Finally, we describe the ideas behind the proof. The computation of reducibility points required
is achieved using Bushnell-Kutzko’s theory of covers [11], together with results of Blondel [4],
which translate the problem to the computation of parameters in the Hecke algebra of a cover
(see Sections 5 and 6).

Given 7, pp as in the description of the algorithm, we can consider pp ® m as a cuspidal
representation of a Levi subgroup GL,,,. (F) x G of a larger classical group. The type (Jp X
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Jrs Ap ® Az) admits a cover (J, A) constructed by Morris (see also [36]) and the corresponding
spherical Hecke algebra is an algebra on an infinite dihedral group, generated by two elements
satisfying quadratic relations. The recipe of Blondel allows one to translate the knowledge of
these quadratic relations into the pair of reducibility points sx(pp), sx(pp), where p/p is the
self-dual unramified twist of pp inequivalent to pp.

To compute these quadratic relations, the results of [36] first reduce to the calculation of
quadratic relations in finite Hecke algebras for 7p ® ng’), for 4 = 1,2, which are described by
Howlett—Lehrer [22]. To compute these values, we use results of Lusztig on representations
of finite reductive groups (recalled in Section 7), which reduce the computation to unipotent
cuspidal representations, in which case Lusztig has performed the computation [33]. Note,
however, that care must be taken since the finite reductive groups which occur do not, in
general, have connected centre. There is particular difficulty for (even-dimensional) special
orthogonal groups and the results we obtain here may be of independent interest; in particular,
we compute when an irreducible cuspidal representation of an even-dimensional special
orthogonal group over a finite field extends to the full orthogonal group (see Proposition 7.10),
generalizing results of Lusztig and Waldspurger.

Having computed these parameters, we can then put all the ingredients together to prove
the main results in Sections 8 and 9; the latter includes some illustrative examples.

2. Notation and background

We fix some notation for the rest of the paper (with the exception of Section 7, whose notation
is independent). Let F, be a locally compact non-archimedean local field of odd residual
characteristic p, and let F/F, be an extension of degree at most 2. We write o : A — X for
the generator of the Galois group of F/F,. For E any field containing F,, we write o for its
ring of integers, py for its maximal ideal, and kg = og/pg for its residue field, of cardinality gg;
in particular we abbreviate ¢ = gr. We also abbreviate 0, = op, etc. We also fix a uniformizer
wr of F such that g = —wy if F/F, is quadratic ramified, and @r = wy otherwise, and write
Ng/p, : F*X — FZ for the norm map, which is given by A — A\ if [F : Fo] = 2.

We fix a sign € = £1, and let (V,h) be a non-degenerate F/F,-e-hermitian space of Witt
index N and dimension 2N 4+ N2"; thus V is an F-vector space, the form h satisfies

h(Av, pw) = AXgh(v,w) = eAph(w,v), for v,w eV, \,u€F,
and we have a Witt decomposition
V=V eV eV,

with dimp V* = N and dimp V" = N2", such that the restriction of h to VT is totally isotropic,
while its restriction A" to V" is anisotropic. We denote by H = H™ @ H™ the hyperbolic plane;
that is, H* is a one-dimensional F-vector space with basis e+ and H is equipped with the form
hy given by

ha(A_e— +XAieq,p_e_ +ppeqr) = Ay + A fc, for Ay, pusr € F.

Thus the restriction of h to V~ & VT is (isometric to) an orthogonal direct sum of N copies of
H. We choose a Witt basis for V, that is: ef, e 7eﬁ a basis for V', with dual basis e, , ..., ey
for V7, and €j", ..., e3. a basis V" with respect to which ~A*" has diagonal Gram matrix. We
order this basis

- — 4an an + +
€nr €1 ,€] 5, €N, €] 5., e

For n > 0, we denote by nH the orthogonal direct sum of n copies of H, and put

V,=V&nH
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with the form h,, = h ® hyy @ - - - @ hy, so that the decomposition above is orthogonal and we
have a Witt decomposition

V.=V, eV eV,  with Vi=V*g@nH*
Thus (V,, : n > 0) is a Witt tower over Vo = V. Writing e]j\t,ﬂ. for the image in V,, of e1 in the
ith copy of H, the space V,, has the ordered Witt basis

— — 4an an + +
eN+n,...,el , €1 ,...,eNan7e1,...,eN+n.

For n > 0, we put G,/ = U(V,,), the group of F,-rational points of the reductive algebraic
group over F, determined by (V,,, h,), so that
Gl = {g € Autr(V,) : h,(gv, gw) = hy, (v, w) for all v,w, € V};

thus G, is (the group of points of) a unitary, symplectic or (full) orthogonal group. We also
put G,, = U(V,,)°, the group of F,-rational points of the connected component, so that

Gn ={g € G} : Ng/p, detp(g) = 1};

thus G,, = G,/ unless G,/ is an orthogonal group (so F = F, and ¢ = 1), in which case G,, is
the special orthogonal group, of index 2 in G;}. We will abbreviate G = Gy and Gt = G{.
The stabilizer in G,, of the decomposition

V,=nH & V@&nHT

is a Levi subgroup M,, of G,,, which is standard with respect to the chosen Witt basis, and we
have an isomorphism M,, ~ GL,,(F) x G given by g — (g|,1-, g|v); moreover, the stabilizer of
the subspace nH™ is a standard parabolic subgroup P,, of G,,, with Levi component M,,. Thus,
writing elements of G,, as matrices with respect to the Witt basis, the group P,, is block upper
triangular and M,, is block diagonal.

We end this section with a description of the maximal parahoric subgroups of G and of their
reductive quotients (see also [44]). For L an op-lattice in V, we denote by L# the dual lattice

L#* ={veL:h(v,L) Cpr}.
We say that L is almost self-dual if
LD L¥ D prl;

in that case, the stabilizer J = Jy, in G of L is a maximal compact subgroup of G, and every
maximal compact subgroup arises in this way for a unique self-dual lattice L. We write J* for
the pro-unipotent radical of J, that is the subgroup consisting of those elements g which induce
the identity map on the kp-vector spaces V(1) := L/L# and V(9 := L# /ppL.

The form h induces non-degenerate kg /ko-forms on V(l) and V() by
hyr(v + L# w + L#) := h(v,w) + pr, for v,w € L,
ho# (v + prL,w’ + ppL) := wpth(v,w') +pp, for v/ w' € L#.

The form hg; =~ is e-hermitian, while the form hv@) is (—¢)-hermitian if F/F, is quadratic
ramified, and e-hermitian otherwise, by our choice of uniformizer. Thus we get an induced
map

J = U(V(l)) X U(V(g)),

with kernel J', and hence the quotient G = Gr, = J/J' is naturally a subgroup of the finite
reductive group U(V (1)) x U(V(2)). In fact, G identifies with the subgroup

{(91,92) € U(V(1)) x U(V(2)) : Ny i, (det (91) ety (92)) = 1},
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which has connected component G° = U(V 1))° x U(V(2))°. We denote by J° = J? the inverse
image in J of G°; this is a parahoric subgroup of G and J is its normalizer in G. It is not
always a maximal parahoric subgroup of G (it is so if and only if neither factor U(V(i))" is a
two-dimensional special orthogonal group) but every maximal parahoric subgroup does arise
in this way. If either F/F, is quadratic ramified and the orthogonal space among V(1>,V(2) is
non-zero, or F = F,, & = 1 and both V1, V(2) are non-zero, then J° has index 2 in J; otherwise
we have J = J°.

Restricting first to the case of the hermitian space (V2" h2"), there is a unique almost self-
dual lattice L,, in V2", and the corresponding group G,, = U(V?3")° is compact and normalizes
the unique (maximal) parahoric subgroup J3, = J¢_, with connected component G3,. We set

x7an

vz;) = Lan/Lﬁw V(Q) = Li/pFLam

and N" = dimy,, V?;), so that N3" = N7" + N3". Then we have the following possibilities for

G, = U(V?;))° X U(V?g))°, where we write SO(M;, Mo, kr) for the special orthogonal group
with form of Witt index M5 and anisotropic part of dimension M; — My < 2.

o If F=F, and € = —1 then N®" =0 so Gj, is trivial.

o If F=F, and ¢ = 1 then G2, ~ SO(N®",0, kp) x SO(N2", 0, ky), with N2" < 2.

e If F/F, is unramified quadratic, then G2, ~ U(N{", kp/kr,) X U(N3", kg /kr,), the product
of two unitary groups with N2" < 1.

e If F/F, is ramified quadratic then

o SO(N{",0,kp) ife=+1,
M SO(NE, 0, kp)  ife=—1,
with N?" < 2 and only one IN7" non-zero.

Returning to the general case of the space (V,h), the standard almost self-dual lattices are
those of the following form: for 0 < Ny, No with N1 + Ny = N, set

Ly, N, == opey @ Bope] BL" @ opel @ @opely ®prel . & - Bpre},

where L?" is the unique almost self-dual lattice in V". We write Jy, n, for the stabilizer of
Ln,,n, and J%, y, for the corresponding parahoric subgroup. Every almost self-dual lattice has
the form gLy, n,, for some g € G and a unique standard lattice Ly, n,; thus every maximal
compact (respectively, maximal parahoric) subgroup is conjugate to a unique standard one
Jn, N, (respectively, i) Nz)' The choice of Witt basis and the forms on V(l),v(g) then give
us the following identifications for the connected reductive quotients G, n, = I, ny /TN, N, -

e If F =F, and ¢ = —1 then
G, .N, = SP(2N1, kr) x Sp(2Ny, kr).
e If F=F, and ¢ = 1 then
GRy.N, = SO(Ny + Ni", Ny, k) x SO(Ng + N3", No, kr).
e If F/F, is quadratic unramified then
Gy, = U@Ny+ N kp/ko) x U(2Ng + N3", kp /ko)-
o If F/F, is quadratic ramified then

go SO(N1 + Nlan,Nl,kF) X Sp(QNQ,kF) ife = +17
M Sp(2Ny, kr) x SO(Ns + N3", No ky)  if e = —1.
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Writing H for hyperbolic space over kr, we can unify these by writing
1 2
g?\h,Nz = gl(Vl) X gZ(V2)7

with G = (Nﬁ@V?n))O for i =1,2.

We note that J3 N, ., 18 a maximal parahorlc subgroup except where one of the factors here
is SO(1,1, kg) but G is not itself a two-dimensional special orthogonal group; that is, in the
following cases:

e F=F,, e=1, (N,N) #(1,0), with (IV;, N2") = (1,0), for i = 1 or 2;
e F/F, is quadratic ramified, N®" =0 and (e, N1) = (1,1) or (g, N2) = (—1,1).

3. Depth zero cuspidal representations

In this section, we recall the classification of the depth zero irreducible cuspidal representations
of GL,(F) and of the classical group G, beginning with the former.

We write A, (F) for the set of equivalence classes of irreducible cuspidal representations of
GL,(F) and put A(F) =, >, An(F). We will abuse notation by writing p € A(F) to mean p
is an irreducible cuspidal representation of some GL,,(F), where n = n, is of course uniquely
determined by p. For p € A, (F), we denote by p° the representation

p7(9) = pla(g™")"),  for g € GL,(F),
where o(g) denotes the matrix obtained by applying the generator o of Gal(F/F,) to each entry,
and g* denotes the transpose matrix. We say that p is self-dual if p° ~ p, and write A7 (F) for
the set of equivalence classes of self-dual irreducible cuspidal representations of GL,, (F), and
A7 (F) =, A7 (F) for the set of equivalence classes of self-dual representations in A(F).

We do not recall here the general notion of depth, only that a representation p € A(F) is
said to be of depth zero if it has fixed vectors under the pro-unipotent radical of the maximal
parahoric subgroup GL,,, (or) of GL,,, (F). We denote by A (F) the set of equivalence classes
of depth zero representations in A(F), and by .A‘[B] (F) the set of equivalence classes of self-dual
depth zero representations in A(F).

Any depth zero representation p € A, (F) can be written as

p= C—Ind?an(F) A,

where J, = F* GL,,(or) is the normalizer of the maximal parahoric subgroup J, = GL,,(or)
of GL,(F), and A, is an irreducible representation of J, whose restriction A\, = A,[;, is the
inflation of an irreducible cuspidal representation 7, of the reductive quotient J,/J! ~ GL,, (kr).
Moreover, the (equivalence class of the) representation 7 = 7, is uniquely determined by p.
Further, p is self-dual if and only if 7 is self-dual; that is, denoting again by o the generator
of Gal(kr/k,) and by 77 the representation 77(g) = 7,(c(g~1)"), for g € GL,(kr), we have
T ~T.

The (equivalence classes of) irreducible cuspidal representations 7 of GL, (kp) were first
classified by Green [17], and are parametrized by regular characters of the multiplicative group
of the degree n extension of kp, or, equivalently (after making choices), by monic irreducible
degree n polynomials P = P, € kp[X] with P(0) # 0. Writing o (P) for the polynomial obtained
by applying o to the coefficients of P, the representation 77 then corresponds to the polynomial
P?(X) := o (P(0))" ' X%e(P)g(P)(1/X). Thus 7 is self-dual if and only if P, = P?. If kp = k,
such polynomials exist if and only if n =1 or n is even (see [1]); if kr/k, is quadratic, then
such polynomials exist if and only if n is odd (see [30, § 5.4]).
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Similarly, we write A(G) for the set of equivalence classes of irreducible cuspidal represen-
tations of G, and Ajy(G) for the subset of equivalence classes of depth zero representations.
Then, for 7 € Ajp)(G), we can write

7= c-Ind§ A,

where Jr = Jn, n, is the (compact open) normalizer of a standard maximal parahoric subgroup
JS and A; is an irreducible representation of J, whose restriction A3 = A;|j. is a sum of
conjugates (under J,) of the inflation of an irreducible cuspidal representation 7, of the
reductive quotient G% y,. By [45, 52], the standard maximal parahoric subgroup JO is
uniquely determined by m, so that N1, N5 here are determined by 7, and the representation 7,
is determined up to conjugacy by an element of Gy, n,. Since the group Gg,, y, decomposes as

gj(\}l’ X g](\i), we can also write 7, = T,(rl) ® T,(FQ)

of g](\l,)

The irreducible cuspidal representations 7 of the groups gR, n, were classified by Lusztig
[32, 35|, in terms of semisimple elements s of the dual group and unipotent irreducible
cuspidal representations of the centralizer of s, generalizing the classification of Green. (The
only unipotent irreducible cuspidal representation of GL, (kg) is the trivial representation of
GL;i (kr).) We will recall this later, in Section 7, when we require it.

, with T7E—i) an irreducible cuspidal representation

4. Reducibility of parabolic induction

In this section, we recall some basic results, in particular due to Silberger, on reducibility of
parabolic induction. We continue with the same notation, so that G = U(V)° is our classical
group. We recall that we have the group G,, = U(V,,)°, with Levi subgroup M,, ~ GL,(F) x G
(with the isomorphism determined by the chosen Witt basis) and standard parabolic subgroup
P, =M,N,. Let p € A4,(F) and 7 € A(G), so that we can consider p ® 7 as a representation
of M,,.

We are interested in the (ir)reducibility of the normalized parabolically induced representa-
tion

I(p,m,s) = IndS" p|det()] @ ,

for s € C, where |- |p is the normalized absolute value on F (with image ¢Z) and det is the
determinant on GL,, (F). We note that replacing p by an unramified twist just has the effect of
translating the parameter s; that is,

I(p|det(:)|y,m,s) =I(p, 7,5+ s0).

Thus we lose no information if we replace our base-point p with any unramified twist. We have
the following fundamental result of Silberger: the first part comes from [49, Corollaries 5.4.2.2—
3] and the second from [50, Theorem 1.6].

THEOREM 4.1. (i) If I(p,n,s) is reducible for some s € R, then there exists sy € R such
that p|det(-)|3° is self-dual.

(ii) If p is self-dual and I(p,n,s) is reducible for some s € R, then there is a (unique) real
number s(p) > 0 such that, for s € R,

I(p,m,s) is reducible if and only if s = +s.(p).
REMARK 4.2. In the situation of Theorem 4.1, it is almost true that, if p is self-dual then

I(p,m,s) is reducible for some s € R. The only exception comes from even special orthogonal
groups, where we have an extra subtlety (see [23] for more details): if 7 is an irreducible
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cuspidal representation of G which is not normalized by the full orthogonal group G* and
n =1 (so that p is a trivial or quadratic character of F*) then I(p,m,s) is irreducible for all

M
s € R. On the other hand, in this situation, putting 7= = Indg 7, which is an irreducible
cuspidal representation of GT, then I(p, 7", s) does have reducibility, at s = 0.

From Theorem 4.1, for a fixed 7 € A(G), we get a map
Tt AU(F) — R)(h

where we define s, (p) = 0if I(p, 7, s) is irreducible for all s € R.. Part of the well-known ‘Basic
Assumption’ made in [42] is that the image of this map is in fact in $Z (indeed, this is now
known in many cases — at least when G is quasi-split — through the work of Arthur, Moeglin,
Waldspurger). We will prove here (independently) that this is indeed the case for depth zero
representations .

Silberger’s results in fact give a little more than stated here, since we have stated them
only for real values of s. Indeed, if p € A?(F) then there are (up to equivalence) exactly two
unramified twists of p which are self-dual: p and another one p’. If, moreover, p is a depth zero
representation then this second representation is easy to describe: it is p/ := p| det(-)[5/™ %7,
Thus Silberger’s result in fact gives a qualitative description of all complex s for which I(p, m, s)
is reducible.

In general, we will here only be able to compute the pair of numbers {s:(p), sx(p')}, rather
than distinguishing them individually. However, this is sufficient to prove the equality (1.4).

5. Covers and Hecke algebras

The theory of types and covers was developed by Bushnell-Kutzko to give a strategy and
framework to describe the structure of the category of smooth representations of a connected
reductive group. Here we are interested only in a rather special case (in particular, we have
only maximal proper Levi subgroups and depth zero representations for classical groups) so
we do not give definitions and results in their full generality. In particular, we are specializing
to depth zero the results of [4, § 3.2].

We continue in the notation of the previous section but restrict to depth zero. Thus we have
p € Ay (F), a representation of GLy(F), and 7 € Ao (G), giving us a representation p @ m of

the Lev1 subgroup M,, ~ GL,,(F) x G of G,,. We write p = c¢- IndGL” A,and m=c- IndJ A,
as in Section 3, and use all the associated notation from there ‘We erte P, =M,N, and
denote by P,, = M,,N the opposite parabolic subgroup.

We put Jy = J, x Jr, a compact open subgroup of M,,, and Ay = A, ® Ar, an irreducible
representation of Jy;. From [36, Theorem 1.1], there is a cover (J, A) of (Jum, Am), that is,

e J is a compact open subgroup of G,, which has an Iwahori decomposition with respect to
(M,,,P,,) and such that JNM,, = Jy;

e )\ is an irreducible representation of J whose restriction to Jy; is Ay and whose restriction
to J NN is a multiple of the trivial representation;

e the Hecke algebra J2(G,,, A) contains an invertible element whose support is the (J,J)-
double coset of a strongly positive element of the centre of M,,.

Moreover, we have a description of the Hecke algebra ' (G,,, \) given by [36, Theorem 1.2]:

(i) if there is some g € G,, \ M,, which normalizes M,, and such that the conjugate by g of
p @ m is equivalent to an unramified twist of p ® m, then #(G,,, \) is a generic Hecke



1094 JAIME LUST AND SHAUN STEVENS

algebra on an infinite dihedral group; that is, it is generated by T3, T», each supported
on a single (J, J)-double coset, with relations

(T; —q" ) (Ti + 1) =0,

for some half-integers f; > 0. Moreover, there is a recipe to compute the f;, which we
revisit in Section 6;
(i) otherwise, J#(G,,\) is abelian, isomorphic to C[Z*!].

In the second case, the induced representation I(p,7,s) is irreducible for any s € C so we
restrict our interest to the first case. Since p is self-dual, the condition in (i) is always satisfied,
unless G is an even-dimensional special orthogonal group, the representation 7 is not normalized
by the full orthogonal group G*, and n = 1 (see Remark 4.2).

We write B2 (M,,) for the full subcategory of (smooth complex) representations of M,, all
of whose irreducible subquotients are unramified twists of p ® 7, and R»7(G,,) for the full
subcategory of representations of G,, all of whose irreducible subquotients have supercuspidal
support an unramified twist of p ® 7. Then, since (J, A) is a cover of (Jy, Ay) which is a type,
we have a normalized embedding of Hecke algebras ¢ : 5 (M,,, Am) — (G, A) giving us a
commutative diagram

R () — = Mod- (G, \)

Gn
Indpn T T tu

Rl (M,) e Mod- 7 (M, Am)

Here, the functor ¢, maps a right 2 (M,,, Am)-module X to Hom (i, xy) (F€(Ga, A), X)),
where the 5 (M,,, Ay )-module structure on 52 (G,,, A) is given by ¢. The horizontal arrows are
equivalences of categories: the functor by is given by £ — Homy,, (A, €), and similarly for b.
The Hecke algebra . (M,,, \y) is isomorphic to C[Z*1], where Z is supported on (Jy; and
¢ is the element of the centre of M,, which acts on V,, = nH™ @ V@& nH" as 1 on V and as wp
on nHT. The element 1T} € 5#(G,,, ) is supported on the double coset J¢J and, since t(Z)
is supported on the same double coset, we may (and do) normalize Z so that t(Z) = ToTh.
Now, from [4, Proposition 3.12], we get that, if I(p,m,s) is reducible, then the real part of

s belongs to the set
(fi £ f2)
{:l: o™ . (5.1)

We will see these values are always half-integers. Thus, in the notation of Section 4, we have

A |f1 + f2|
(o) 5oy = { P2,
where |-| is the usual (real) absolute value, and we recall that p’ is the unique self-dual

unramified twist of p which is not equivalent to p.

6. Reduction to the finite case

We now describe how to relate the parameters f; of the previous section to a problem in the
representation theory of finite reductive groups, and rephrase the equality (1.3) in these terms.
The recipe for computing these parameters is described in [36, § 6.3], which is considerably
simplified by only treating depth zero representations; in particular, the character yo of [36,
§ 6.3] is trivial. Thus the content of this section is all proved in [36, § 6.3] and here we just
explicate it in our special case.
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We recall that 7 = c—IndJG7r Ar, where J; is the normalizer of a standard maximal parahoric

subgroup J%, y,, with Ny, N> uniquely determined, and )\7,|J3V N contains an irreducible

representation A2 inflated from an irreducible cuspidal representation 7, ~ Tf(rl) ® T7(|—2) of the
(connected) reductive quotient gj’\,h Ny = Q](\}l) X g](\?,j More explicitly, as in Section 2, we write

Q](\Z,z = U(NLE@V??))O, for ¢ = 1, 2.

We will also write Q%F for the full finite classical group of which g}@ is the connected
component. We will need to distinguish the cases when Tf(ri) is normalized by QJ(QJF
where it is not.

By construction, the group J in G,, has reductive quotient isomorphic to GL,,(kr) X Gn, N,»
and we denote by J° the inverse image of its connected component. The parahoric subgroup
J° is contained in precisely two maximal compact subgroups of G,, namely the standard
maximal compact Jo := Jn, n,4+n and a maximal compact group J; conjugate to Jn, 4n, N,-
More precisely, both J;,Js would be standard with respect to the ordered Witt basis

from those

- - - - - - an an
€Ny s €N 1 BN s EN 1 CNy s €1 5 €1 s, € ans
+ + oot + + +

€] 5N e s CN s O 10 BN
These maximal compact subgroups have reductive quotients G;, G, isomorphic to Gy, 4n, N,
and Gn, N,+n, respectively, and the image of J° in each of these is a parabolic subgroup
with Levi component isomorphic to GL,, (kr) X gR, N, More explicitly, the G; have connected
components

G5 = U((N: +m)H & V(7)° x G 2 (GLu (k) x G4)) x 687,

G8 ~ G\) x U((Ns + )T & V3))° 2 G4) x (GL (k) x G5 ).

Moreover, we have certain Weyl group elements s; € J;, defined in [36, § 5.6]. (See also [51,
§ 6.2] where, in most cases, they are denoted s{,s; respectively, though there is an added
complication when n =1 and G is a special orthogonal group, explained in [36, § 5.6].) More
explicitly, both s1, s exchange (up to scalars) the vectors e;ﬂ- and eNtjo for 1 <j<nand
preserve the subspace V of V,,.

Now let (J, ) be the cover of (J, x J»,A,®, Ar) from Section 5. The proof of the existence of
this cover, in [36], goes via first constructing a cover (J°,A°) of (J, x J%, A, ® A2). The Hecke
algebras J2(G,,, \°) and 52 (G,,, \) are not in general isomorphic, but they are closely related,
as we now describe.

The Hecke algebra J2(G,,, A) is generated by two elements 77, T, with T; supported on Js;J
and satisfying a quadratic relation (T; — ¢/*)(T; + 1) = 0. Then

(i) if n =1, and either QI(\2+ is the trivial orthogonal group (that is, the orthogonal group
on a trivial space) or the irreducible cuspidal representation T7(ri) of QJ(\Z,) is not normalized

by Q](\Z,z+, then we always have f; = 0; that is, T? = 1. Note that our assumption that we
have reducibility implies that this can be the case for at most one value of ¢, and this is
never the case if G is either symplectic or unramified unitary;

(ii) otherwise, there is a corresponding element TP € (G, A°) with support J°s;J° and
satisfying the same quadratic relation as 7; (with the same parameter f;).

It remains to describe the parameter f; in the latter case and we assume from now on that
we are in that situation.



1096 JAIME LUST AND SHAUN STEVENS

By inflation, we have a support-preserving algebra injection
(G 7p @ 77) = H (G, X°),
and 77 is in the image of this map. We also have isomorphisms
H(G,7, @ 79) = A (U((N; + n)HO V)%, 7, @ 7),

and the algebra on the right is described (at least in the case that the ambient finite classical
group has connected centre) in [34, Theorem 8.6]: they are two-dimensional, generated by an
element satisfying the same quadratic relation, with ¢/ the quotient of the dimensions of the
two irreducible factors of the representation parabolically induced from 7, ® 77(:). Moreover,
one can compute this using Lusztig’s Jordan decomposition of characters, as we describe in

the next section.

7. Computation of parameters

In this section, we undertake the computation of the parameters in the finite Hecke algebras
from above. When the finite reductive group arising has connected centre, this can more or less
be read off from the Jordan decomposition of characters and the case of unipotent irreducible
cuspidals, for which there are tables in [33]. In general, one must first embed the group into
one with connected centre, and then make the comparison. A special case is already carried
out in [31], where they look at the Hecke algebra coming from inducing a self-dual irreducible
cuspidal representation of the Siegel parabolic of a classical group.

In order to fit with the usual notations for finite reductive groups, the notation in this
section is independent of that in the rest of the paper. We will not recall here the definitions
of geometric and rational Lusztig series, both of which give partitions of the set of irreducible
representations of a connected finite reductive group coming from Deligne-Lusztig induction;
we refer the reader instead, for example, to [12, 14].

7.1. Self-dual polynomials

We begin with a brief section on irreducible self-dual polynomials over finite fields, since these

will be used to parametrize the irreducible cuspidal representations of our finite reductive

groups. We fix F; a finite field of odd cardinality ¢ and let F,, be a subfield of index at most 2.

We denote by ¢ the automorphism generating Gal(F,/F,, ), and use the same notation for the

induced automorphism of the polynomial ring F,[X], obtained by applying o to all coefficients.
For P € Fy[X], we put

P?(X) == o(P(0) X5 (P)(1/X).

We say that a monic polynomial P € F,[X] is F,/F, -self-dual if P = P?; thus P is F,/F -
self-dual if and only if

(i) when F, =F,, for each root ¢ of P (in some algebraic closure of F,), the element ¢!
is also a root of P;
(ii) when F, # F,, for each root ¢ of P, the element {~% is also a root of P.

When F, = F,, , we will just speak of self-dual polynomials; these might more often elsewhere
be called reciprocal.

If we now restrict to irreducible F/F . -self-dual monic polynomials P, the possibilities are
somewhat constrained:

(i) when F, =F,, either P(X) =X £ 1 or else deg(P) is even;
(ii) when F, # F, , we must have that deg(P) is odd.
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7.2. Connected centre

We now turn to the problem at hand, excluding for now the case of unitary groups, whose
treatment is postponed to Section 7.7. We begin with the case of a group with connected
centre, so that the centralizer of any semisimple element of the dual group is connected. Let
G be a connected reductive group of classical type, over a finite field F, of odd characteristic
p, with connected centre and with Frobenius map F. By classical type here we mean that G is
one of

(i) an odd-dimensional special orthogonal group SOon1;

(ii) a group of symplectic similitudes GSpsy;

(iii) a group of orthogonal similitudes GSOZ, or GSO,,, of Witt index N, N —1
respectively. (Note that we mean here that GSOziN is the connected component of
the full group of orthogonal similitudes GOQiN.) In this case we do not allow the group
GSO3 .

In each case, the Frobenius map F is the standard one. We denote by G* the dual group and
write F again for the (dual) Frobenius on it. The dual group acts naturally on an F,-vector
space V, with an Fg-structure and a form, of dimension 2/N,2N + 1,2N respectively in the
three cases above. In case (iii), we say that V is of type +1 if it has Witt index N, and of type
—1 otherwise; we say that the zero space has type +1.

Write &(G7) for the set of equivalence classes of irreducible (complex) representations of
G”. Then (see, for example, [32, § 7.6]) there is a partition into geometric Lusztig series

£G7) =G 9),

where s runs over the conjugacy classes of semisimple elements of G***. (Note that rational and
geometric conjugacy classes coincide as the centre of G is connected.) The partition is given
as follows: for any F-stable maximal torus 7 of G* containing s, we have the Deligne-Lusztig
representation Rg-s; then an irreducible representation m of G lies in &(G7, s) if and only if
there is such a torus 7 with

(m,RSs) # 0.

(Here, (-,-) denotes the natural G-invariant inner product on class functions, and we identify
(equivalence classes of) representations with their characters.)

Given a semisimple element s € G*7, the centralizer G is a connected reductive group of the
same rank as G, though in general it is not a Levi subgroup. Then the Jordan decomposition
of characters [32, Corollary 7.10] (see also [12, Theorem 15.8]) gives a bijection

vl EGT,s) = E(G07,1)
with the following properties (see [32, § 7.8]):

e for any irreducible representation 7 in &(G”7,s) and any JF-stable maximal torus 7
containing s,

eg(m, RYs) = eg, (W (m), RS 1), (7.1)

where eg = (—1)F«"2k(9) (see [14, Definition 8.3]);
e there is a uniform constant ¢, such that

dim 7 = ¢, dim 9 (),

for all 7 in &(G7, s); explicitly, writing d, for the maximal divisor of d coprime to p, for
any positive integer d, we have ¢; = |Q*’f\p/\g;k7f|;,l;
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o if the identity components of the centres of G* and G} have the same Fj -rank then =
in &(G7,s) is cuspidal if and only if ¥)9(n) is cuspidal; otherwise, no representation in
&(G7, s) is cuspidal.

(We remark that all the results so far extend to the case of disconnected centre once we
replace the geometric Lusztig series with the rational series — see Section 7.3 for the notion
of rational Lusztig series, which coincides with the geometric one for groups with connected
centre.)

Thus we get a classification of the irreducible cuspidal representations of G7 from a
classification of pairs (s, 7), with s a semisimple element of G** (up to conjugacy) such that the
identity components of the centres of G* and G} have the same F,-rank, and 7 an irreducible
cuspidal unipotent representation of Q;v}— (up to equivalence). Lusztig classified the irreducible
cuspidal unipotent representations of classical groups — in particular, there is at most one
irreducible cuspidal unipotent representation for each such group — and we find (see [32, p.
172]) the following.

For s € G*7 semisimple, we denote by Ps € F,[X] its characteristic polynomial (as an
automorphism of the space V on which G* acts naturally), by V. the (41)-eigenspace and by V_
the (—1)-eigenspace. Then there is a bijection between the (equivalence classes of) irreducible
cuspidal representations of G7 and the set of conjugacy classes of semisimple elements s € G*7
such that

P(X) =[] Px),
j

where the product runs over all irreducible self-dual monic polynomials over F, and the integers
ap satisfy

> apdeg(P) =dimV; (7.2)
P

e for P(X) # (X £ 1), we have ap = 5(m% + m), for some integer mp > 0;
e writing ay 1= a(x_1) and a_ := a(x41), there are integers m,,m_ > 0 such that
(i) if G = SOon1 then ay =2(m? +my) and a— = 2(m? +m_),
(ii) if G = GSp,y then ay =2(m2 +my) +1 and a_ = 2m?,
(ili) if G = GSOy then ay = 2m? and a_ = 2m?,
where, in case (iii), V+ is an even-dimensional orthogonal space of type (—1)™% and the
same in case (ii) for V_ only.

Let s be a semisimple element of G*/ and suppose that we have an F-stable Levi subgroup
L*, which is the Levi component of an F-stable parabolic subgroup P* of G*, such that s € L*.
Correspondingly, we have an F-stable Levi subgroup £, which is the Levi component of an
F-stable parabolic subgroup P of G. Then L7 is an F-stable Levi subgroup of G} (though it
need not be a proper Levi subgroup), and is the Levi component of the F-stable parabolic PZ.
Then we have a diagram

g
7E(GT,s) —— = ZE(GHF 1)
Tlndgp deié e
U

&L, s) ———————=&(L57)1)

(The vertical arrows here are parabolic induction — that is, Harish-Chandra induction — and we

have abbreviated from Indgi p since the notation is already heavy.) This diagram commutes
(this is a result of Shoji, which can be extracted from the appendix to [15]); in the cases that
interest us here it can be seen fairly directly:
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o if GF C L* then the vertical arrows preserve irreducibility (this is a special case of [32,
(7.9.1)]) and the diagram commutes by (7.1). In fact, this also generalizes to the case where
the parabolic P is not F-stable, replacing Ind%p by the Deligne-Lusztig map ege ER%UD;
indeed, in that case the diagram commutes by definition of the map ¥ (see the proof of
[32, Proposition 7.9]);

e suppose L is a maximal proper Levi subgroup and 7 € &(L, s) is cuspidal. Then Ng(L)/L
has order 1 or 2. We are interested in the case where Ind% 7 is reducible; equivalently,
Ng(L)/L has order 2 and, writing w for a representative of the non-trivial coset, w
normalizes 7. In this case the induced representation decomposes as

Indg’P T =T © T2, dim(7q) > dim(ms)

(the inequality is strict by [34, Theorem 8.6]) and Endgr (Ind%p 7) is a two-dimensional
algebra with a quadratic generator T satisfying a relation of the form

fr dim(ﬂ-l)

(T +1)(T~q¢") =0, = Tn(ma)’

Moreover, the same is true for Ind%z’p* Y= (1) and the recipe given in [34, § 8] (see [34,

Theorem 8.6 and (8.2.3)]) to calculate f; depends only on the Weyl group Ng-(L})” /L5
(see [34, (8.2.3)]) which is identical for the two induced representations. (Indeed, this
matching is the idea behind the inductive proof of the Jordan decomposition of characters.)
The recipe is somewhat complicated but fortunately, on the side of the centralizer G},
we have unipotent representations and the parameter ¢/~ can be read off from [33,
Table II, p. 33]. (In the special case that s> =1 (to which one could reduce) one can
also read off the parameter from [32, Proposition 8.3].)

7.3. Disconnected centre

We now consider the case which really interests us here. So we suppose that G is a classical
group over a finite field F, of odd characteristic p, with Frobenius map F. By classical group
here, we mean that G is one of

(i) an odd-dimensional special orthogonal group SOgn 1
(ii) a symplectic group Spyy;
(iii) an even-dimensional special orthogonal group SO5 or SO, of Witt index N, N — 1
respectively, where again we do not allow the group SOJ .

In each case, the Frobenius map F is again the standard one. Case (i) has already been
treated above, so we only consider cases (ii) and (iii) here.

In each case, we embed G in_a group G with connected centre of the type considered in
Section 7.2. Then we get a map G* — G* which maps conjugacy classes of semisimple elements
in G** to G*7 -conjugacy classes of semisimple elements in G*7. (Recall that the map G — G
remains surjective on Frobenius-fixed points.)

The geometric conjugacy class of a semisimple element s in G*7 splits into two G*7-
conjugacy classes if and only if its centralizer G is disconnected, which happens if and only
both 1 and —1 are eigenvalues of s. Here we also have a partition (into rational Lusztig series)
of the set of equivalence classes of irreducible representations of G7,

£G7) =G 9),

where s runs over the G**-conjugacy classes of semisimple elements of G***. Each geometric
Lusztig series is the union of at most two rational Lusztig series, corresponding to the rational
conjugacy classes in a geometric conjugacy class. Moreover, if § € G maps to s € G*7, then
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the rational series &(G”, s) is precisely the set of irreducible components of the restriction to
G7 of the representations in the Lusztig series &(G”, 3) (see [12, Proposition 15.6]).

We begin by considering the irreducible cuspidal representations of G”. An irreducible
representation of G is cuspidal if and only if it is a component of the restriction of an
irreducible cuspidal representation of G”7. In general, an irreducible cuspidal representation
of G will decompose as a sum of at most two pieces on restriction to Qf , inequivalent but
of the same dimension when there are two (since they are conjugate by G7). Precisely what
happens is essentially determined by the following lemma of Lusztig, which treats the special
case of quadratic unipotent representations.

LEMMA 7.3 [32, Lemma 8.9]. Let § € QN*’}- be such that its image s € G*7 is an involution
and such that &(G”,5) contains an irreducible cuspidal representation w; then w|gr is
irreducible if and only if s = £1.

(Note that s = —1 is in fact not possible when G = Sp,,,.)

This is enough to deal with the general case because of the following (see [12, Theorem 8.27]).
Suppose L is an F-stable Levi subgroup of G and P is a parabolic subgroup (not necessarily F-
stable) with Levi component £, and let £*, P* be the corresponding subgroups of G*. Suppose
s € G*7 is a semisimple element such that g;@g;f C L*, where G*° denotes the connected
component of G*. Then Deligne-Lusztig twisted induction R%Cp gives a bijection

EgEER%Cp : g(ﬁ}-, S) — g(g}—a 3)-

Moreover (cf. [32, § 7.9]), there is a constant ¢y g = |Q7\p/|£}-|;/1 such that, for any = €
E(L7,5),

dim (€g€£Rgcp(7T)) = ¢z, g dim(m).

Finally, this map respects cuspidality when the connected centres of G* and £* have the same
F,-rank: that is, in that case, 7 € &(L”, s) is cuspidal if and only if EgELR%CpW in £(G7, s)
is cuspidal. B

Now, suppose we are given a semisimple element 5 of G*7, mapping to s € G*7 such that
&(G7, 5) contains a cuspidal representation. Denote by £* the minimal F-stable Levi subgroup
containing the centralizer of s; if we set Vo = Ker(s? — 1) then in fact £* = G* whenever sy, =
+1. The connected centres of L* and G* have the same F -rank so we have a bijection between
the irreducible cuspidal representations in &(G”,s) and in &(L”,s). Moreover, denoting by
5,75 the inverse images of £, P in g, respectively, we have (see [12, (15.5)]) a commutative
diagram

- RYZ -
E(L7,5) ——"—=&(G7,3)

iResg iResg
g

R
Z6(L7,s) ————=ZE(GT,9),

Dy

where we have omitted the superscripts F in the functors, for ease of notation.
Finally, we put this together. Note that £ is a product of general linear groups (with twisted
Frobenius) and a single classical group Gy with connected centre, whose dual group G acts

naturally on Vp; then any irreducible representation 77 € & (L7, 5) decomposes as a product
of irreducible representations of unitary group and an irreducible my € & (QNOF , 5|y, )- Similarly,
L is a product of general linear groups and a classical group Gy and then the (ir)reducibility
of 7|7 is determined by the (ir)reducibility of 7r0|gér.
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Thus, for m = R%Cﬁ(wz) an irreducible cuspidal representation in & (Ejf ,§), the restriction
|g is irreducible if and only if 7;|,7 is irreducible (from the commutative diagram), which
happens if and only if 770|96T is irreducible, in the notation of the previous paragraph. Moreover,
it follows from Lemma 7.3 that this occurs if and only if the restriction s|y, = £1. Thus, in
fact, the restriction remains irreducible if and only if the centralizer G} is connected. We have
proved

LEMMA 7.4. Let m € £(G”,s) be an irreducible cuspidal representation and let § € G*% be
a semisimple element mapping to s. The following are equivalent:

(i) 7 extends to an irreducible representation in &(G”, 3);
(ii) the centralizer G} is connected;
(iii) at most one of £1 is an eigenvalue of s.

Now we turn to the computation of the parameter. Thus, as in Section 7.2, we have s
a semisimple element of G*7 and we suppose that £* is a maximal proper F-stable Levi
subgroup, which is the Levi component of an F-stable parabolic subgroup P* of G*, such that
G C L*. Correspondingly, we have F-stable Levi and parabolic subgroups £,P in G. We lift s
to § € G* and likewise have lifts £* and 75*7 with 5; - 2*7 and corresponding subgroups Z, P
in G into which L, P, respectively, embed.

We are given a cuspidal representation 7 in &(£7,s), so that 7 appears (with multiplicity
one) in the restriction of a cuspidal representation 7 in & (L7, 35), with 5 € LoF mapping to
s. Let w be any representative for the non-trivial element of Ng(£)/L. We will eventually be
interested in the case where w normalizes 7 (so that the parabolically induced representation
from 7 is reducible) but, in that case, it is not immediately clear whether or not w normalizes
7. We will need to know exactly when this is the case but we can already say something about
the parameters in the Hecke algebras. For ease of notation, we again omit the superscripts F
in the following.

LEMMA 7.5. (i) Suppose w normalizes 7. Then w also normalizes T and we have an
isomorphism of Hecke algebras Endg(Ind%p T) o~ Endg(lndi~ 5 7) which preserves support:

that is, it maps any element supported on the double coset PwP to an element supported on
the double coset PwP.

(i) Suppose w does not normalize 7 but does normalize 7. Then Endg(Ind% ,7) has
generator T supported on the double coset PwP, satisfying (T + 1)(T — 1) = 0. /

Proof. We write

¢
2
md{ , 7= T, where £ ={
P 16:91 1 {1, otherwise.

if w normalizes T,

If £ =2 then we order the terms so that dim(m;) > dim(ms), and Endg(Ind%p 7) is a two-
dimensional algebra with a quadratic generator T' satisfying a relation of the form

o dim(my)

(T+1)(T —¢'") =0, = Tn(ry)”

In either case, from Mackey we also have

~ - 4
Resg Ind7 57 = P mdii,~= fH P (7.6)

YEL/N 5(T) YEL/N 5 (7) =1
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(i) Suppose w normalizes 7, in which case
Ind} 7 =7 @7,  dim(7) > dim(f).
Since the dimensions are distinct they do not form a single L-orbit so, comparing with (7.6),

we must have £ = 2 and
Resg 7; = @ s
YELINF(T)

in particular we get dim(m)/ dim(72) = dim(7)/ dim(72) so that, by [22, Theorem 4.14] (see
also [22, Definition 3.19], the relations of the quadratic generators in Endg(lndg73 7) and
Endg(lnd%ﬁ 7) are the same.

(ii) Suppose now that w does not normalize 7 but does normalize 7 (so that £ = 2). Then

Indi~ 757: is irreducible so the two pieces of Ind%73 T are conjugate under G” so of the same

dimension; in particular we get f, = 0, as required. (]

It remains now to compute when the representation 7 in &(L”, §) containing 7 is normalized
by w. Ultimately, the answer depends on the family of groups in question, but we can already
make a preliminary reduction. We assume from now on that w does indeed normalize 7.

We write £7 ~ GL7 x G, where Gy is a (possibly trivial) classical group in the same family
as G, and 7 = 11 ® 79, so that 7y is a self-dual irreducible cuspidal representation of GL;T . We
write 50 for the similitude group into which Gy embeds; if Gy is a trivial group (that is, acts
on a trivial space) then ’g} is the multiplicative group.

We also have an isomorphism LT ~ GLf ><Q~OF , which can be seen as follows. We choose a
Witt basis ey,...,e], ef, e ,ef\, for the space on which G7 acts, with respect to which £7 is
standard (so it is the stabilizer of the subspace (e, ...,ey_, . )), where we have changed from
our usual notation in the case of a non-split special orthogonal group, with e;, ef a basis for
the anisotropic part of the space. We write p : 'g?f — F for the similitude map, which is the

identity map when Gy is trivial. Then we get an isomorphism GLf xé{ — L from the map

(g,h) = diag(g,h, p(h)w, (g~ w, ),  for g€ GLL, heGf,

n

where w, is the antidiagonal element of GL? with all non-zero entries equal to 1 (a
representative for the longest element of the Weyl group), g* denotes the transpose matrix,
and the matrix on the right-hand side is block diagonal. (Note that, when Gy is trivial, the
central term & in the block diagonal matrix is acting on a trivial space, so is not really present.)
Thus we can write 7 = 7 ® Ty, where 7y is an irreducible cuspidal representation of é{ whose
restriction to QO}- contains 7.

We denote by ¢ the sign such that G preserves an e-symmetric form. Then, if either G is a
symplectic group or n is even, we can take the representative w given by

() ef if1<i<N-—n,
w(e; ) =
eef fN-n<i<N;

thus w is block antidiagonal (for the block sizes corresponding to L), and the conjugation
action of w on L, transported back to GL xG7, is given by

(9.h) = (u(h)(g™ )", h). (7.7)

Since 71 is self-dual, if its central character is also trivial then the map (7.7) clearly intertwines
71 ® Tg with itself. The only case when the central character is non-trivial is when 7 is the
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quadratic character, where we see that (7.7) intertwines 71 ® 7y with itself if and only if 7y ~
7~'() ® (7'1 [0} ,u)

This leaves the case of even special orthogonal groups with n = 1, where we need a different
representative w. Note that, in this case, we do not have that Gj is the trivial group, since we

have excluded the case G = SOJ. We have an identification Gy ~ SOQi( N—1)» from the action on

(€n_1s-- - e]+\,71>, and we pick ¢y € OQi(N_l) \ SOQi(N_l). Then we can take w to be the element
given by
+
w(ey) = ef,

w, . .— = Cp.
|<eN71,..A,e?\}71> 0

The action of w on L is given by

(gvh) = (M(h)970()h061)

and we see that 7 is normalized by w if and only if 7y ~ 75° ® (11 o p).
If we set ¢y = 1 in the case of symplectic groups, we can unify the discussion above into the
following statement.

LEMMA 7.8. (i) If n > 1 then 7 is normalized by w.
(ii) If n =1 then 7 is normalized by w if and only if Ty ~ 75° @ (1 o ).

In the following subsections, we analyse precisely when the conditions in Lemma 7.8(ii) are
satisfied, in terms of the eigenvalues of the semisimple element s such that 7 € &(L7, s).

7.4. Symplectic groups

We begin with the case of symplectic groups, so that we are in case (ii) of Section 7.3. Thus
we have a cuspidal representation 7 in & (L7, s), for some maximal proper Levi subgroup £ of
G, and a cuspidal representation 7 in & (Zf , §) whose restriction to £ contains 7. We denote
by w a representative for the non-trivial element of Ng(£)/L, which we assume normalizes 7.

We write £ =~ GL,JZT xGJ , where Gy is a (possibly trivial) symplectic group, and 7 = 71 ® 79,
so that 71 is a self-dual irreducible cuspidal representation of GL? . Then 7; € &(GL7, s1) and

0 € &(GF , 80), for some semisimple elements sg, s; of the respective dual groups. Note that,
if Gy is the trivial symplectic group then its dual group is SO; so that sg = 1.

LEMMA 7.9. The representation 7 is normalized by w unless 11 is the non-trivial quadratic
character of GL7 and —1 is not an eigenvalue of .

We remark that, since 1 is always an eigenvalue of sy in the case of symplectic groups, the
condition that —1 not be an eigenvalue of sy is equivalent to the condition that 7y extend to
the similitude group G7 , by Lemma 7.4.

Proof. By Lemma 7.8, we only need to consider the case that 7; is the non-trivial quadratic
character; in that case, w normalizes 7 if and only if 7o ~ 7o @ X, where we recall that 7o is
an irreducible cuspidal representation of the similitude group GJ = GSp;—( N-—1) containing o,

and x = 71 oy is the non-trivial quadratic character of 50}- . Denote by & (é{ ) the centre of
5{; then 7o ® x ~ 7y if and only if the restriction of 7y to the index 2 subgroup ,ff(é{)g{ is
reducible, that is, 7 restricts reducibly to G . Thus 7¥ ~ 7 if and only if 75 does not extend
to G(]f, and we are done. O
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7.5. Even special orthogonal groups

Now we turn to the case of even-dimensional orthogonal groups, so that we are in case (iii)
of Section 7.3. Here, as well as proving the analogue of Lemma 7.9, we need to consider the
cases, seen in Section 6, where the parameter in the affine Hecke algebra is zero, rather than
matching the parameter in the finite Hecke algebra for the connected reductive quotient. This
happens precisely when either we have a ‘trivial orthogonal group’ or an irreducible cuspidal
representation of an even-dimensional special orthogonal group which is not normalized by the
full orthogonal group. Thus we must also identify when this happens, in the language of the
previous sections. We begin with this question, since the answer is also needed for the proof of
the analogue of Lemma 7.9.

ProrosiTiON 7.10. Let T € éa(SOQiN}-, s) be an irreducible cuspidal representation, and let
T € cg’(GSO;EZ’Vf, 3) be an irreducible cuspidal representations, where § is a semisimple element
mapping to s.

(i) 7 extends to a representation of GO;EJ{,}— if and only if 1 is an eigenvalue of s.
(ii) 7 extends to a representation of O;‘VF if and only if at least one of £1 is an eigenvalue
of s.

We remark that in the case that s> = 1 (that is, 7 is a quadratic unipotent representation), (i)
is proved in [32, Lemma 8.9], while (ii) is proved in [53] (see the proof of [32, Proposition 4.3]).
Our proofs in the general case are similar.

Proof. In order to prove this, we need to recall a little about the dual group of GSO;‘EN.
This dual group is the special Clifford group C°(V), which sits in an exact sequence

1—G,, = C’(V)—=SOWV) =1,

which is exact on points by Hilbert’s Theorem 90. It is the connected component of the full
Clifford group C(V), which sits in a similar exact sequence, mapping onto the full orthogonal
group O(V). The Clifford group is a subgroup of the group of invertible elements of the
Clifford algebra A = A(V), which is Z/2Z-graded A = A° ® Al; then C(V) = C°(V) LU CL(V),
with C*(V) = C(V) N A%, and the special Clifford group is a subgroup of index 2 in the full
Clifford group.

We will need to know when the semisimple element 5 € C°(V) of the special Clifford group
is centralized by some element of C'(V). If 1 is an eigenvalue of s then it has an anisotropic
eigenvector v with eigenvalue 1 and one checks that v € C!(V) is centralized by 3. If 1 is not
an eigenvalue of s, then the elements of A! which commute with § are linear combinations of
elements of the form

ViV,

with v; linearly independent eigenvectors of s with eigenvalue (;, such that H:Zl G=1andr
is odd. However, any two such elements anticommute (since r is odd) and any such element
squares to 0, since the v; are isotropic unless (; = —1 and we cannot have all (; = —1, since
their product is 1 and r is odd. Thus any element of a € A’ which commutes with s satisfies
a? = 0 so is non-invertible. Thus no element of C*(V) commutes with 3.

Finally, we pick ¢ € O;E]’VF \ SO;E];,]E and we are ready to begin the proof.

(i) The representation 7 extends to GOziNf if and only if it is normalized by ¢. Now 7¢ €
é’(GSOQiN}-, ¢=13¢), for some ¢ € C'(V). On the other, hand, these Lusztig series contain only

one cuspidal representation each, so 7~ 7¢ if and only if § is conjugate in C°(V) to & '3¢,
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that is, if and only if the centralizer in C(V) of § is not contained in the special Clifford group
C°(V). However, we have seen above that this happens if and only if 1 is an eigenvalue of s.
(ii) The proof begins in a similar way. The representatlon T extends to O 7 if and only if

it is normalized by c. In this case, 7¢ € 5(802]\, ,c tsc) and, if this Lubztlg series contalns
only one cuspidal representation, then 7 ~ 7¢ if and only if s is conjugate in SO;ENF to ¢ tsc,
that is, if and only if the centralizer in O;E];,F of s is not contained in the special orthogonal
group. On the other hand, we already know that the Lusztig series contains only one cuspidal
representation if and only if at most one of £1 is an eigenvalue of s, while the centralizer of s
is contained in 802jE I’Vf if and only if neither +1 is an eigenvalue of s.

This leaves the case when both £1 are eigenvalues of s. Let 7 be an irreducible cuspidal rep-
resentation in co@(GSOziNF7 §) whose restriction to SO;’[J{,JT contains 7. By (i), this representation
is normalized by c.

Now we consider the representation 1® 7 of L7 = GL}- X SOQN , a Levi subgroup of

SO;E(£+1) As at the end of Section 7.3, we choose a Witt ba51s ONTRTRR ,ej(,_H with respect
to which £7 is standard and denote by w the element of SO (N +1) given by

+
{w(eN-H) = er\Ff+1a

w =c.

(exreh)
Similarly, we have the representation 1 ® 7 of Lr = GL}- X GSO2i X » which is normalized by
w, by Lemma 7.8(ii). But then Lemma 7.5(i) implies that w also normalizes 1 ® 7, whence 7

is normalized by c. Thus 7 extends to OfNF, as required. O

Now we return to the notation at the end of Section 7.3. Thus, with G = SOZ, and
G = GSO;EN7 we have a cuspidal representation 7 in & (L7, s), for some maximal proper Levi
subgroup £ of G, and a cuspidal representation 7 in & (Zf , §) whose restriction to £ contains
7. We denote by w a representative for the non-trivial element of Ng(L£)/L, which we assume
normalizes 7.

We write £7 ~ GL? xGT, where Gy is a (possibly trivial) special orthogonal group, and
T= 7'1 ® To, so that 71 is a self-dual irreducible cuspidal representation of GL;Z: . Then 71 €

(GLn,sl) and 15 € &(G{, s0), for some semisimple elements s, s; of the respective dual
groups. Note that, if Gy is the trivial special orthogonal group then its dual group is the trivial
group so that so has no eigenvalues.

COROLLARY 7.11. The representation 7 is normalized by w in all but the following cases:

(i) 7, is the trivial character of GL] and 1 is not an eigenvalue of so;
(ii) 7 is the quadratic character of GL] and —1 is not an eigenvalue of sg.

We remark that, among the exceptional cases, we cannot have that Gy is the trivial group,
since otherwise we would have G = SOJ , which we have excluded.

Proof. By Lemma 7.8, we need only consider the case n =1, so that 7 is a trivial or

quadratic character; then 7 is normalized by w if and only if 7y ~ 7;° ® (71 o ), where we
recall that 7, is an irreducible cuspidal representation of the similitude group Gj = GSO;; 1
containing 79, and ¢y € O2i(’ 1) \SOiN 1)

Suppose first that 7 is trivial. Then 7 is normalized by w if and only if 7y is normalized by
co, which happens if and only if 7 extends to the full similitude group; by Proposition 7.10,

this happens if and only if 1 is an eigenvalue of sy, and we are done.
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Now suppose that 71 is the non-trivial quadratic character and put x; = 7 o u. We also
denote by ¢; an element of GSO;E(’J{[LI) which is not in QF(GSO;}{LU) SO;XLW thus 7y is an
extension of 7y if and only if 7y is normalized by c1, if and only if 7y 22 7 ® x1. On the other
hand, we already know from Lemma 7.4 that 7y extends to an irreducible representation of

GSOQi(’I{[Ll) if and only if at most one of £1 is an eigenvalue of sg.

If both £1 are eigenvalues of sp, then 7y~ 7y ® x1, while 7y extends to GOQi(’Ii_l), by
Proposition 7.10(i). Thus 75° ® x1 ~ 7o ® X1 =~ To.

If neither £1 is an eigenvalue of sg, then 7;° ® x1 is an extension of 73°, which is not
equivalent to 79 by Proposition 7.10(ii). Thus 75° ® x1 % 7o.

Finally, if exactly one of £1 is an eigenvalue of s¢, then 75° ~ 79, by Proposition 7.10(ii). Then
7,° contains 7y on restriction, so is equivalent either to 7y or to 7y ® x1, since it agrees with 7
onﬂmimkasumgmq)QXGSO;;;D)soiﬁ;Mostoiﬁ;U.Bypnnmgmmlzlmn,ﬂm
former happens if and only if 1 is an eigenvalue of sg, in which case 73° ® x1 ~ 7o @ x1 # To-

Thus the latter happens if and only if —1 is an eigenvalue s, in which case 7;° ® x1 ~ 7. O

7.6. Summary

We summarize the results of all these calculations, including looking up parameters in Lusztig’s
tables in [33], in the following table. We are given an irreducible cuspidal representation 7 in
&(L7,s), for some maximal proper Levi subgroup £ of G, which is normalized by Ng(L). If
w € Ng(£)\ L, then the Hecke algebra Endg (Ind{ 5 7) is two-dimensional and is generated by
an element T supported on PwP and satisfying a quadratic relation

(T+1)(T—-q¢)=0.

By Lemma 7.5, the parameter ¢/~ is either 1 or else coincides with a similar parameter in the
case of connected centre, and which of these occurs is determined by Lemma 7.8 and the results
of Sections 7.4-7.5. Moreover, the parameter in the case of connected centre can be read from
[33, Table II, p. 33], as described at the end of Section 7.2

We write £ ~ GLf xGJ , where Gy is a (possibly trivial) classical group of the same type as
G, and T = 7| ® 79, so that 7 is a self-dual irreducible cuspidal representation of GLf . Then

TTEE (GLf ,s1) and 79 € &(G7 , s0), for some semisimple elements sg,s; of the respective
dual groups.
We write
Py (X) = [ PX)* (X = 1) (X +1)*

P

for the characteristic polynomial of sy, where the product is over all irreducible self-dual monic
polynomials over F, of even degree, and the integers ap,a+ are related to integers mp,m+
as in the description in 7.2. We also write @ for the characteristic polynomial of s; € GLZJ;
thus either Q(X) = (X £ 1) or Q is an irreducible self-dual monic polynomial of even degree
n =ng. In the table, the cases (i)—(iii) refer to the different possible classical groups, as in
Section 7.3.

Degree n Polynomial Q Case fr
1 X -1 @), (i) 2my +1
(iii) 2m 4
1 X +1 (i) 2m_ +1

(i), (iii) am
ng even Q (i), (i), (iii) (2mg + 1)763
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7.7. Unitary groups

Finally, we consider the case of unitary groups. We could have included this in the cases of
Sections 7.2-7.6 but it would have further complicated the notation. Instead, we indicate here
the differences with the previous cases and summarize the final results.

Let ¢ = g2 be an even power of an odd prime p, take G = GL,, over the finite field F, , and
let F be the twisted Frobenius map, so that G7 is a unitary group (which we can think of
as a subgroup of GL,,(F;)). Then G* = GL,, act naturally on an n-dimensional vector space
V with an F,/F, -hermitian form. For s € G*¥ semisimple, we denote by Pi(X) € F,[X] its
characteristic polynomial as an automorphism of V.

From [32, § 9], the equivalence classes of irreducible cuspidal representations of G7 are in
bijection with the set of conjugacy classes of semisimple elements s in G* whose characteristic
polynomial is of the form

P(X) =[] Px)r,
P

where the product runs over all irreducible F,/F, -self-dual monic polynomials in F,[X] (see
1

Section 7.1), and ap = 3(m?% + mp), for some integer mp > 0.

Now suppose £ is a maximal proper F-stable Levi subgroup of G, which is the Levi
component of an F-stable parabolic subgroup P. We write £/ ~ GL,,(F,) x G, with G
again a unitary group. Let 7 be an irreducible cuspidal representation of £ with the property
that any representative w for the non-trivial element of Ng(£)/L normalizes 7. Thus we may
decompose T = 71 ® 79, with 71 a (conjugate)-self-dual irreducible cuspidal representation of
GL,,(F,) and 7 an irreducible cuspidal representation of G .

In this situation, the induced representation Ind%pr decomposes again as m @ mo, with
dim(7;) > dim(7s), and Endgf(had%73 7) is a two-dimensional algebra with a quadratic
generator T satisfying a relation of the form

fr dim(ﬂ—l)

(T+1)(T—¢'") =0, = dim(m)

> 1.

As in the connected case above, the parameter may be computed via the Jordan decomposition
of characters and Lusztig’s tables, as follows. For sy a semisimple element of G “* such that
0 € &(GY, s0), we write its characteristic polynomial

P, (X) =[] PO,
P

for integers ap = 1(m% +mp) as above. We also write @ for the irreducible characteristic

polynomial of an element s; € GL:;]: such that 7 € éa(GLi,sl); thus @ is an irreducible
F,/F -self-dual monic polynomial, of some odd degree n = ng. Then we get

fr=(2mo + 1)%@

8. Synthesis

In this section, we put together the previous results to verify the inequality (1.4), for 7 a
depth zero irreducible cuspidal representation of the classical group G. Recall that Ng is the

dimension of the vector space on which the complex dual group G acts naturally. In fact we
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prove that, in (1.4), the sum over depth zero self-dual irreducible cuspidal representations
already gives us Ng, that is,

> |00 np = Ng (8.1)

I)EAFO] (F)

REMARK 8.2. In many cases, the opposite inequality to (1.4) was already proved by Moeglin
in [38] (so that (1.3) follows); alternatively, the techniques used here, together with the results
in [36], easily show that, for p a positive depth self-dual irreducible cuspidal representation we
have s.(p) € {0,241}, so that these do not contribute to the sum. (See also [5], where this is
carried out in a more general situation.) The details are left as an exercise.

Thus we return to the notation of Sections 2-6: we have m = c—Indi Ar an irreducible
cuspidal depth zero representation of a classical group G, with J, the normalizer of a standard
maximal parahoric subgroup J%, ,, and Ar| B, n contains an irreducible representation A2

inflated from an irreducible cuspidal representation 7, ~ TT(rl) ® TT(P) of the reductive quotient
RN, = g}vlf X QI(\Z) For i = 1,2, there is a unique conjugacy class (s;) in Q](\z,l)* such that 7"

is in the Lusztig series & (g}v”, s;), and we denote the characteristic polynomial of s; by
@)
[TPe),
P

where the product runs over irreducible kp/ko-self-dual monic polynomials in kp[X], and
the powers ag) satisfy the conditions of 7.2; in particular, there are integers mg) > 0 such
that

o if kp # ko or P(X) # (X £1) then ag) = %mg)(mg) +1);
o if kp =k, and P(X) = (X +1) then we write mﬁ) = mg?(fl) and m"" = 1718)(“)7 to
match the notation of Section 7, and these satisfy the conditions in 7.2.

REMARK 8.3. It may be that N; = N?" =0, for =1 or 2; in this case the group g}@
is trivial, but we must interpret it as the ‘right’ trivial group. That is, if G is symplectic
then the group is a trivial symplectic group; if G is special orthogonal it is a trivial special
orthogonal group; if G is unramified unitary it is a trivial unitary group; and if G is ramified
unitary then it is a trivial symplectic group if ¢ = (—1)%, and a trivial special orthogonal
group otherwise. In particular, if the group is trivial symplectic then the characteristic
polynomial of s; is X — 1; in the other cases, the characteristic polynomial of s; is the constant
polynomial 1.

Now, for p a self-dual irreducible cuspidal depth zero representation of some GL,, (F), we
have a unique self-dual irreducible cuspidal representation 7, of GL,,(kr) such that p contains
the representation A, of GL,(or) obtained from 7, by inflation. Then 7, is in the Lusztig
series associated to some conjugacy class in GL, (kr) with irreducible self-dual characteristic
polynomial @ = @, of degree n.

We suppose first that kp # ko or Q(X) # (X £ 1); thus either n > 1 or G is an unramified
unitary group, and the parameters ¢fi of the Hecke algebra are always computed from the
Hecke algebra in the finite group. Then the formulae in Sections 7.6-7.7 give

fi=f oo =@mY)+ 1)%

Tp
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and, from (5.1) we get reducibility points

(1) (2) (1) (2)
my  +my’ +1 my’ —m
{£sx(p), £s2(0")} = {i( . 2 . )7:|:( . 2 . )}

Since one of these is an integer and the other a half—integer, we get
2

(m(l) (2) +1) (m(l) _ m(z)) 1 ,
s (p)?] + Ls(0)?) = ( s ) e el
Thus we are already done in the case of unramified unitary groups: summing, we get

S Lse(0)n, = Y (@) +al) deg(P) = (2Ny + Ni") + (2N + N3") = 2N + N,
FEA{[:J](F) P

as required.

For the cases kp = k, and Q(X) = (X £ 1), we will split according to the type of group G,
since the values for the parameters do not admit such a uniform description.
8.1. Symplectic groups

We suppose first that Q(X) = X — 1, so that p, p’ are the trivial character and the unramified

character of order 2, and write m(Q) =m +) Since both (] are symplectic groups, we get

fi=(m{ +1),
with reducibility points
1 2 1 2
{5a(p) 52 ()} = {2 +mP 4+ 1), 2P —m) .
Thus
[32(0)*] + Lsx(p)?] = () +mP +1)° + (M) = m{?)? = ol +a ~ 1.

Now suppose that Q(X) = X + 1, so that p, p’ are (tamely) ramified characters of order 2,

@ _

and write m’ = m”. Then we get

fi=2m",
with reducibility points
{Es2(p), 5:(0)} = {H(mD £m) }.
Thus
152(p)?] + Ls=(0)2] = (mD +m@)2 4 (m —m@)2 = oM 4 o).
Finally, summing we get

S Lse(0)hn, =Y (@) +al)deg(P) ~ 1= 2Ny +1) + (2No +1) — 1 = 2N + 1.
PEAT, (F) P
8.2. Ramified unitary groups

In this case, the groups g}@ are one symplectic and one orthogonal; for ease of exposition, we

will assume that g}vlf is symplectic (otherwise exchange 1 and 2).
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We begin again with the case Q(X) = X — 1 and write mSﬁ) in place of mg). Thus we get

f=2mP+1, fo= 4N =
1= 2m 2 =
m@

otherwise.
Thus we get reducibility points
{4 m 4 1), m - m)}, if N30 =1,

{£sx(p), £5:(0")} =
{:l:(mg_l) erf) 2) :I:(m(l) f) 2)}, otherwise.

Thus, if N3" =1, we get
LSW(,O)2J + \_Sw(p/)QJ _ (mgrl) + m(2) + 1) + (mgrl) mf)) ( ) + a(2)
and otherwise, since both reducibility points are half-integers, we get
2 2
32 (0)2) + Lsa ()] = (m) +m + 1)+ (m) =m® + 1) =L =l 40l - 1.

The case Q(X) = X + 1 is similar, the main difference being that f; = 2m Y. Then we get
reducibility points

{4+ m® 4 5 am® = m® — DL Nz =1,

{xs:(p), iSn(P/)} = {:I:(m(_l) n m(_z)) }, otherwise.

Now in both cases we get

15x(0)%) + Ls=(0)?] = ¢ + o).
Noting that we have
2N3, if N3" =1,
> aly) deg(P) = 2N + 1, zp deg(P ’ ?
P 2Ny + N3, otherwise,

we once again see that, summing over all depth zero self-dual irreducible cuspidal representa-
tions of all GL, (F), equation (8.1) is satisfied.
8.3. Special orthogonal groups

The case of special orthogonal groups is exactly analogous and we do not give the details.
One can check the equality in (8.1) by working through the cases according to the parities of
N, N3". For example, if both are odd, then with Q(X) = X £ 1 we get

Ls=(p)?] + Ls=(p)?] = ag) + ag) +1.

The additions of the extra 1 here exactly compensate for the fact that the dual groups of Q](\;)
have dimension 2N; = 2N; + N;" — 1.
8.4. Summary

In all cases, we have now checked that the equality (8.1) holds. We have also seen that s.(p) €
%Z in all cases.
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9. L-packets and examples

In this final section, we examine the implications of the results here for the computation of
L-packets and give some examples. Firstly, we recall some facts about the (expected) sizes of
discrete series L-packets containing an irreducible cuspidal representation, and the (expected)
number of cuspidal representations in them.

Let ¢ : W x SLo(C) — G x Wg be a Langlands parameter for G whose L-packet IL,
contains an irreducible cuspidal representation m of G. Then, as recalled in the introduction,

we should have
Y = @ Pp ® Stma
(p,m)eJord(m)

where ¢, is the (irreducible) representation of the Weil group W corresponding to p via the
Langlands correspondence for general linear groups, and st,, is the m-dimensional irreducible
representation of SLy(C). Putting £(7m) = # Jord(n), the number of representations one expects
in the packet 11, is 26 =1 since this is the number of characters of the component group of
Centg (Im(yp)) trivial on the centre of G. We also set

E(m) = {p € A7(F) : 5-(p) € N}

and e(m) = #E(m); this is the number of p € A°(F) such that (p,m) € Jord(m) for some odd
integer m. Finally, put

( {1 if there is p € A“(F) such that s;(p) € 1 + 2N,
eo(m) =

0 otherwise.

Then the number of irreducible cuspidal representations one expects in the L-packet II, is
2¢(m)—=eo(7) since this is the number of characters of the component group of Centg (Im(yp))

which are trivial on the centre of G and alternating, in the sense of, for example, [40, Section 8§].

REMARK 9.1. The reference to the work of Moeglin in [40, Section 8] is in fact only for
unitary groups, though it also holds when G is a quasi-split unitary, orthogonal, symplectic
or GSpin group (see [39]) and it seems reasonable to expect it to hold in more generality.
Although our results here on the representations with given inertial reducibility set do not
require it, for the purposes of discussion, from now on we make the following assumption.

(A) The description of the number of irreducible cuspidal representation in an L-packet
above is valid for the group G.

However, extra care must be taken when G is an even-dimensional special orthogonal group;
see Example 9.6.

Now we describe how our results allow us to find all irreducible cuspidal representations with
the same inertial reducibility set, hence all irreducible cuspidal representations in a union of
one, two, or four L-packets (assuming (A)). We suppose we are in the general situation of the
previous section, with 7 an irreducible cuspidal depth zero representation of G. Recall that

IRed(m) = {([p],m) :p € A°(F), m € N with 2s,(p) =m + 1}},

where [p] denotes the inertial equivalence class of p.

Our representation 7 is induced from a representation containing the inflation of an
irreducible cuspidal representation 7, ~ TT(rl) ®77(r2) of the reductive quotient gﬁf X (_}1@ of
a maximal parahoric subgroup. For ¢ =1,2 and P an irreducible kp/ko-self-dual monic

polynomial in kr[X], we denote by mg) the associated non-negative integer as in 7.2.
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The formulae obtained above show that, for each irreducible kp/k,-self-dual monic polyno-

mial P in kr[X], the pair of integers {m Pl ,m 2)} can be recovered from the reducibility points
{sz(p), sx(p")}, for p = pp arepresentation in Af; (F) with associated characteristic polynomial

P, and p’ its self-dual unramified twist. Indeed, one gets the following, where we write | - |
for the usual (archimedean) absolute value on R:

o if P(X)# X +1 or kp # ko then
{m®,mE = (s (p) £ s2(0)] I}

e if P(X) =X +1 and kr = ko, so that p is a character of GL; (F) of order at most 2, then

{mg’m;)} _ { {Isw(p) i;w(p’)looJ }

Thus one obtains the same inertial reducibility set as for m only for irreducible cuspidal
representations 7’ with {mg)(w), mg) (m)} = {m(1>( N, mg) (n')}, for every irreducible kg /ko-
self-dual monic polynomial P in kr[X]. Hence, in order to obtain other representations with the

same inertial reducibility set, it is enough to exchange (some of) the integers mg)( ), mSD)( ).
Note, however, that it is not always possible to do this, for parity reasons. We set

Q(m) = {n"redumble self-dual monic P € kp[X] : (1)( ) # m(z)( )}
and put g(m) := #Q(m).

REMARK 9.2. If P € kp[X] is an irreducible kp/ko-self-dual monic polynomial, with
P(X)#X £1 or kp # ko, and pp,ps are the corresponding self-dual irreducible cuspidal
representations of some GL, (F), then one of s:(pp),s-(pp) is integral and the other non-
integral. In particular, we see that (exactly) one of pp,pp is in E(m) if and only if P €
Q).

A similar analysis can be done for P(X) = X £ 1 and kg = ko, but it depends on the type
of group. We summarize the results in the separate cases below.

We will parametrize the irreducible cuspidals 7’ with IRed(n’) = IRed(w) by maps €:
Q(m) — {1,2}, noting that not all such maps are permissible, and that each map may give
rise to more than one representation. We split again according to the type of group.

9.1. Symplectic groups

We begin with the case that G = Sp,y (F) is a symplectic group, in which case there are no
restrictions on the maps € : Q(7) — {1,2}. We put

o(m) = #{i s m. (m) # 0.

Now suppose we have € : Q(7) — {1,2} and, for irreducible self-dual monic P & Q(r), we set
e(P) =1. Then we can find, for i = 1,2, a semisimple element 38) in a suitable odd special
orthogonal group SOy 41 (kr) with characteristic polynomial

[[Px
P

where the product is taken over all irreducible self-dual monic polynomials in kr[X] and the

integers ag) (e) are related to integers mg)(s) as in 7.2, with

mg) (e) = mg's(P))7
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where the index is understood modulo 3. Correspondingly, we have irreducible cuspidal
representations 7. = ¢V ® 712 of Gny,vy = Spany (kr) X Spyyy (kr); note that, for each e, the
number of such representations is 2°("). Inflating each 7. to the maximal parahoric subgroup
J N7 vy and inducing to G, we get an irreducible cuspidal representation. Thus we get 2¢(7)+9(7)
irreducible cuspidal representations of G.

The analysis of Remark 9.2, along with that for the cases P(X) = X + 1, shows that

{L](Tl’) +o(m)+1 ifé(m) <1,
q(m) +6(m) if 6(m) = 2.

On the other hand, we always have eg(7) = 1, since either s,(1) or s,(wp) is an odd integer,
where 1 is the trivial character of GL;(F) and wy is the unramified character of order 2. Hence
we have constructed the irreducible cuspidal representations in a union of two L-packets if
0(m) =2, or in a single L-packet otherwise.

Thus, in some cases we are able to identify all the representations in a single L-packet,
but in others we cannot distinguish between the representations in two L-packets without
further work. We give some examples to illustrate these phenomena. In the following, we write
w1, ws = wow; for the (tamely) ramified characters of GL;(F) of order 2.

ExXAMPLE 9.3. We begin with an example where we are able to recover all the cuspidal
representations in a single L-packet. We take G = Sps(F) and begin with the parahoric
subgroup Jz 1, which has reductive quotient G, 1 =~ Sp,(kr) X SLa(kr).

We take the representation 61 of Sp,(kr), that is the unique cuspidal representation in the
Lusztig series &(Sp,(kr), 1) (so that the associated characteristic polynomial is (X — 1)°). We
also take an irreducible cuspidal representation T of SLo(kr) in a Lusztig series with associated
characteristic polynomial (X — 1)(X + 1)2. Thus 7 is a representation of dimension (¢ — 1)/2,
of which there are two. We denote by A, the representation of J, ; inflated from 69 ® 7 and
put ™ = c—Ind%l Ar, an irreducible cuspidal representation of G.

Following the recipe in Section 8, we find that s,(w) € {0,£5} unless p is a character of
GL;(F). On the other hand, we get

1 2 1 2
mg(ll =1, m(Xl1 =0, m(XZrl =0, mg()ﬂ =1,

and hence

{sx(1);sx(wo)} = {21}, {sn(wi), sa(w2)} = {1};

thus IRed(w) is the multiset {{([1],2), ([1],1), ([w1],1), ([w1],1)}}. In this case we know more
since the Langlands parameter ¢, corresponding to 7 has image in SO7(C) so, in particular,
has determinant 1; thus it must be

Yr =1® (stz®sti) wo D wi D wa,

since exchanging 1 and wg would give a representation with determinant wy.

In the notation above, we have E(7) = {1,wp,w1,w2} so that e(m) = 4. Thus the L-packet
containing 7 consists of 16 irreducible representations, 8 of which are cuspidal. On the other
hand, we have Q(7) = {X + 1, X — 1} so that ¢(7) = 2, and (7) = 1, so that we can construct
exactly the cuspidal representations in the L-packet, as follows.

(i) There is one rational conjugacy class (s) in SOgs(kp) such that its characteristic
polynomial is (X — 1)(X + 1)? and the corresponding Lusztig series & (SLz(kr),s) contains
two irreducible cuspidal representations 7, 7’.



1114 JAIME LUST AND SHAUN STEVENS

Now we can inflate the representations 619 ® 7 and 619 ® 7’ of Spy(kr) x SLa(kr) to either
Jo,1 or Jio and then induce to G. This gives us four inequivalent irreducible cuspidal
representations of G (one of which is 7).

(ii) There is one rational conjugacy class (s1) in SO7(kr) such that its characteristic
polynomial is (X — 1)°(X + 1)? and the corresponding Lusztig series & (Spg(kr), s1) contains
two irreducible cuspidal representation 7, 71.

We inflate these representations to either Js o or Jo 3 and induce to G, giving us another four
inequivalent irreducible cuspidal representations of G, also inequivalent to those in (i).

ExamMpPLE 9.4. Now we look at the simplest example where the information we have so
far is only sufficient to recover the cuspidal representations in a union of two L-packets. We
take G = Sp,(F) and begin with the parahoric subgroup Ji 1, which has reductive quotient
gl_’l ~ SLQ(kF) X SLQ(kF)

We take irreducible cuspidal representations 71,75 of SLy(kr) each in a Lusztig series with
associated characteristic polynomial (X — 1)(X + 1)?, as in the previous example. We denote
by A the representation of J; ; inflated from 7 ® m and put 7 = c—Indi1 Ar, an irreducible
cuspidal representation of G. Following the recipe, this time we obtain

Red(m) = {([1], 1), ([w1], 2)}}

and, using the fact that the corresponding Langlands parameter ¢, has determinant 1, we
have

or =10 w® (st Dsty), (9.5)

where w is either w; or wy. However, without further work, we cannot distinguish which ramified
quadratic character occurs here. This reflects the fact that mgll = mg)ﬂ = 1sothat §(m) = 2.

Thus, at this stage, we can only identify the 4 cuspidal representations occurring in the
union of the two L-packets corresponding to w = wq, w9 in (9.5): they are given by independently
choosing the 7; to be one of the two irreducible cuspidal representations of SLy(kr) of dimension
(a—1)/2.

Distinguishing these two L-packets (and identifying the two discrete series representation
in each of them) requires further analysis: for this particular example, this is carried out in
unpublished work of Blondel, Henniart and Stevens.

In general, distinguishing the representations when we have two L-packets as in Example 9.4
will probably require, as a first step, the classification of quadratic-unipotent irreducible
cuspidal representations of finite classical groups, and the compatibility of this classification
with Deligne-Lusztig induction, which is done by Waldspurger in [53].

9.2. Unramified unitary groups

Suppose now that G is an unramified unitary group of dimension 2N + N2". On the one
hand this case is simpler, and we will see that the set of representations with given inertial
reducibility (multi)set is a single L-packet. On the other hand, we cannot arbitrarily exchange
the integers mg), mg) as above, due to parity constraints — swapping would sometimes lead
to representations of the isometry group of a non-isometric hermitian space.

Recall that 7 is induced from the inflation of an irreducible cuspidal representation 7'7(71> ® T,(TQ)

of Q](\}l) X Q](\?; where gz‘;) = U(V(,;)), with Vw a hermitian space of dimension 2N; + N2

(1)

Moreover, if G,/ x QJ(\?,) is the reductive quotient of another maximal parahoric subgroup of G
1 2

then, for ¢ = 1, 2, the corresponding space V’(i) must have dimension of the same parity as that
of V(i) .
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Recall also that we have a semisimple element s; of the dual group of 91(\2, such that T7(Ti) is
the (unique) irreducible cuspidal representation in the corresponding Lusztig series, and that
s; has characteristic polynomial

[IPex),
5

where the product runs over all irreducible kg /ko-self-dual monic polynomials in kp[X], and

ag) = %mg)(mg’) + 1). Since the degree of each such polynomial P is odd, we have

i odd it ml®) = 1,2 (mod 4),
deg (PO i { p =L nodd

even if mg) =0,3 (mod 4).

Thus, if one mg) is 1,2 (mod 4) and the other is 0,3 (mod 4), then mg) cannot be exchanged

with mg) independently of other changes. This is exactly reflected in the (expected) size of
the L-packet as follows.
We put

Qo(m) = {P € Q(ﬂ')‘ [mg)/Q—‘ # [mg)/i‘ (mod 2) }

We saw in Remark 9.2 that, in this case, we have ¢(m) = e(m). Moreover, the formula for the
reducibility points shows that P € Qo(n) if and only if one of s (pp), sx(pp) is an odd integer;
thus Qq(7) is empty if and only if eq(w) = 0.

Now suppose we are given a map € : Q(m) — {1,2} such that #{P € Qo(w) : e(P) = 2} is
even; for irreducible kp /ko-self-dual monic P ¢ Q(r), we set €(P) = 1. Then we can find, for i =
1,2, a semisimple element sg) in a suitable unitary group U(2N/ 4+ N2", kr) with characteristic
polynomial

[]Px)'@,
P

where ag)(e) = lmg) () (mg)(s) +1) and

i-e(P
) = mlie(P)

)

with the index understood modulo 3. Correspondingly, we have a unique irreducible cuspidal
representation 7. = 7'6(1) ® 7'5(2) of Gny n; and, by inflation and compact induction, a unique
irreducible cuspidal representation of G.

In this way, we construct 29(7)=¢(™) inequivalent irreducible cuspidal representations of
G with the same inertial reducibility set as =, which is exactly the number of cuspidal

representations in the L-packet of 7.

9.3. Special orthogonal and ramified unitary groups

A similar analysis can be made in the cases of special orthogonal and unitary groups G. The
constraints for the maps e are like those in the unramified case, since the anisotropic dimensions
of the groups g](\;) are determined by the group G, as is the sum of the dimensions of the spaces

on which Q](\i) act. Since the details are rather similar to the cases above, we only sketch
them.
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We are given an irreducible cuspidal representation 7 of G. For P a self-dual monic
polynomial in kr[X], as in previous cases, we get integers mg), for i = 1,2. We modify slightly
the definition of Q(7), replacing it with

Q(m) \ {X -1} if G is even-dimensional ramified unitary;
Q(m) \ {X +1} if G is odd-dimensional ramified unitary;
Q(m)\{X —1,X +1} if G is odd-dimensional orthogonal.
We also put
Q' () = {Q(”) if G is even-dimensional orthogonal;
Q(m)\{X —-1,X +1} otherwise.

For P a self-dual monic polynomial in kr[X], we set

1 if deg(P) =1,
fP:{ eg(P)

2 otherwise,

and then define
Qu(m) = {P e Q@) [mB/fe| 2 [m/1p] (moda2)}.

Then we again constrain our map € : Q(m) — {1,2} such that #{P € Qo(w) : e(P) =2} is
even. For each such € we can construct a finite set of irreducible cuspidal representations of G.
The total number of cuspidal representations obtained in this way is one, two, or four times
the expected number of cuspidal representations in the packet, or half this number; the latter
can occur only in the case of even orthogonal groups.

We illustrate this, in particular the last case, with examples, using the same notation for the
quadratic characters of GLy(F) as in Examples 9.3 and 9.4.

EXAMPLE 9.6. Let G =SO(V) be the (split) special orthogonal group of an eight-
dimensional orthogonal space V with Witt index 4. Denote by J4,0,Jo 4 the maximal compact
subgroups whose reductive quotients are SOZ (kp). Denote by 7 the unipotent irreducible
cuspidal representation of SO (kr), which we may inflate to either J4o or Jo4, and thus
obtain irreducible cuspidal representations m = c—Indiy0 7and 7’ = c—IndJGO_4 7. We have

IRed(r) = TRed(n") = {{([1],2), ([1],2)}}
and the corresponding Galois parameter has the form
Or = o =1 ® (st3 Dsty) & wy @ (stz Dsty).

According to the discussion at the beginning of the section, the packet should contain four
cuspidal representations, but 7,7’ are the only two cuspidal representations with this inertial
reducibility set. This disparity comes from the difference between the group G and the full
orthogonal group G* = O(V). By Proposition 7.10(ii), the representation 7 extends to a
representation of Of (kr), in two ways, and inducing the inflation of these two representations
from JIO and J at 4 to GT, we obtain four inequivalent irreducible cuspidal representations, two
restricting to 7 and the other two to 7’.

This example illustrates that, for even orthogonal groups, the expected number of cuspidal
representations in a packet should be interpreted for the full orthogonal group, rather than for
the special orthogonal group.
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ExaMPLE 9.7. Let G =SO(V) be the special orthogonal group of a five-dimensional
orthogonal space V with Witt index 2, and denote by Js o the maximal compact subgroup
whose reductive quotient Gy o has connected component G$ ; ~ SO} (kr) x SO1 (kr).

In the dual of the finite group SO} (kr) there is an element s with characteristic polynomial
(X —1)%(X + 1)? such that the Lusztig series & (SO} (kr), s) contains a cuspidal representation
7 (in fact, two such representations). The inflation of 7 has two extensions to Ga ¢ and we denote
by A the inflation to Jo ¢ of one such extension. Then 7 = c—Ind% . Ar is an irreducible cuspidal
representation of G, for which

IRed(m) = {{([1],2), (1], 1), ([n], 2), ([w:], D}},

and the corresponding Galois parameter ¢, has the form
Or = W @ sty Bw'w; @ sto,

for some unramified characters w,w’ of order at most 2. For each choice of w,w’, the corre-
sponding packet should contain a unique cuspidal representation, while we have constructed
four such representations. Thus we have the irreducible cuspidal representations in a union of
four L-packets.

ExaMPLE 9.8. Let G =SO(V) be the special orthogonal group of a 20-dimensional
orthogonal space V with Witt index 8 and anisotropic part of dimension 4. Denote by
J4,4 the maximal compact subgroup whose reductive quotient G4 4 has connected component
G214~ SOy (kr) x SO (k).

In the dual of the finite group SO7,(kr) there are elements si,s, with characteristic
polynomials (X — 1)3(X +1)% and (X — 1)?(X + 1)%, respectively, and such that the corre-
sponding Lusztig series &(SO7,(kr), s;) contains a cuspidal representation 7; (in fact, two such
representations). The representation 7 ® 7 has two extensions to G4 4 and we denote by A;
the inflation to J44 of one such extension. Then 7 = c—IndJGAL , A is an irreducible cuspidal
representation of G, for which

Red(m) = {([1],3), (1], 1), ([w1], 3), ([wr], 1) }}-

The corresponding Galois parameter . has the form
©r =w R (sts Dstz Dsty) G wwy ® ww @ (sts stz Dsty) G w'w,

for some unramified characters w,w’ of order at most 2. For each choice of w,w’, the
corresponding packet should contain eight irreducible cuspidal representations.

From the two choices for each of 7,7, above, and the two choices of extension to Ga 4,
we get eight representations. However, we also get eight more by exchanging the roles of
71, T2, and these also have the same inertial reducibility (multi)set. However, each of these
irreducible cuspidal representations has two extensions to the full orthogonal group G*. Thus
we in fact have the irreducible cuspidal representations in the union of four L-packets for the
full orthogonal group G™.

In this case, there are also 16 other representations of the split special orthogonal group
H = SO(V’), where V' is a 20-dimensional orthogonal space with Witt index 10, with the same
inertial reducibility set, obtained as follows. We denote by Jg 2 a maximal compact subgroup
of H whose reductive quotient has connected component SO/, (kr) x SOF (k). In the duals of
the isotropic finite groups SO (kr) and SO (kr) there are elements s1, s, respectively, with
characteristic polynomials (X — 1)%(X + 1)® and (X — 1)?(X + 1)?, respectively, such that the
corresponding Lusztig series contain cuspidal representations 7,72, respectively (two such
representations in each series). The representation 71 ® 75 has two extensions to the reductive
quotient of Jgo and, inflating and then inducing to G, we obtain an irreducible cuspidal
representation. Since we can also inflate to Jo g, we obtain 16 inequivalent representations
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in this way. Again, each of these representations extends in two ways to the full orthogonal
group H™.

EXAMPLE 9.9. Let F/F, be a ramified quadratic extension and let G = U(V) be the unitary
group of a 14-dimensional hermitian space V with Witt index 6 and anisotropic part of
dimension 2. Denote by Jo the maximal compact subgroup whose reductive quotient Go ¢
has connected component G§ ¢ >~ SO; (kr) x Spyo(kr).

We fix an irreducible self-dual monic polynomial P e kr[X] of degree 2. Then there
are semisimple elements sq,ss in the dual groups of SO, (kr), Spis(kr), respectively, with
characteristic polynomials P(X), P(X)%, respectively, such that the corresponding Lusztig
series contain unique irreducible cuspidal representations 7,7, respectively. Then there is
a unique irreducible representation A, of Jy ¢ inflated from a representation of Gy ¢ containing
T1 ® T2 (since 71 does not extend to O, (kr)), and m = c—IndJGO‘6 Ar is irreducible and cuspidal.
We have

IRed(7) = {([pr],5/2), ([pp], D)},

where pp, plp are the self-dual irreducible cuspidal representations of GL2(F) corresponding to
P, and the corresponding Galois parameter has the form

Or = @p @ (sty Dsta) ® ¢lp,

where ¢p, ¢ are the Galois parameters corresponding to pp, pp, respectively. The cor-
responding packet should contain a unique irreducible cuspidal representation, which is
.

As in Example 9.8, we also find an irreducible cuspidal representation of the 14-dimensional
quasi-split ramified unitary group with the same inertial irreducibility (multi)set, by exchanging
the characteristic polynomials of s1, ss.
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