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2-CATEGORIES OF SYMMETRIC BIMODULES
AND THEIR 2-REPRESENTATIONS

VOLODYMYR MAZORCHUK, VANESSA MIEMIETZ AND XIAOTING ZHANG

ABSTRACT. In this article we analyze the structure of 2-categories of symmet-
ric projective bimodules over a finite dimensional algebra with respect to the
action of a finite abelian group. We determine under which condition the re-
sulting 2-category is fiat (in the sense of [MM1]) and classify simple transitive
2-representations of this 2-category (under some mild technical assumption). We
also study several classes of examples in detail.

1. INTRODUCTION AND DESCRIPTION OF THE RESULTS

In the last 20 years, many exciting breakthroughs in representation theory, see e.g.
[Kh, CR, BS, EW, Wi], have originated from the idea of categorification. This has
inspired the subject of 2-representation theory which studies 2-categories with suitable
finiteness conditions. An appropriate 2-analogue of a finite dimensional algebra was
defined in [MM1] and called finitary 2-category. Various aspects of the structure and
2-representation theory of finitary and, more specifically, fiat 2-categories have been
studied in [MM1, MM2, MM3, MM4, MM5, MM6, MMMT, MMMZ, ChMa, ChMi],
see also references therein. In particular, [MM5] introduces the notion of simple tran-
sitive 2-representation which is an appropriate categorification of the concept of an
irreducible representation. A natural and interesting problem is the classification of
simple transitive 2-representations for various classes of 2-categories, see [Mal].

One interesting example of a fiat 2-category is the 2-category of Soergel bimodules
associated to the coinvariant algebra of a finite Coxeter system, see [Sol, So2, EW].
For these 2-categories, simple transitive 2-representations have been classified in several
special cases including type A, the dihedral types and some small classical types, see
[MM5, KMMZ, MT, MMMZ]. The article [MMMZ] develops a reduction technique
that reduces the classification problem to smaller 2-categories which, in practice, are
often given by “symmetric bimodules” as defined in a special case in [KMMZ].

Inspired by this, in the present article we formalize the concept of symmetric bimodules
under the action of an abelian group. While defining symmetric bimodules with respect
to a nonabelian group action is possible, decompositions will no longer simply rely on
the Pontryagin dual group and the techniques of this paper would need to be changed
significantly. We study the resulting 2-categories of projective symmetric bimodules
and their 2-representations. We show that these 2-categories are weakly fiat provided
that the underlying algebra is self-injective and fiat if the underlying algebra is weakly
symmetric, mirroring the situation for the 2-category of all projective bimodules from
[MM1, Subsection 7.3] and [MM®6, Subsection 2.8]. Using [MMMZ], we reduce the
classification of simple transitive 2-representations in the weakly symmetric case to the
classification of module categories over the 2-category Rep(G) from [Os].

One of the main results of [MM3] classifies a class of “simple” 2-categories with a
particularly nice combinatorial structure. Here we study one of the smallest families of
1
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2 V. MAZORCHUK, V. MIEMIETZ AND X. ZHANG

2-categories which do not fit into the setup of [MM3]. We show that these can always
be realized inside a 2-category of symmetric bimodules.

The paper is organized as follows. In Section 2 we collect the necessary preliminaries.
In Section 3 we introduce symmetric bimodules and study their structure and simple
transitive 2-representations. The latter are classified in Theorem 17. In Section 4 we
study 2-categories with one object which, apart from the identity 1-morphism, have
precisely two indecomposable 1-morphisms up to isomorphism and these two form a
biadjoint pair and their own left/right/two-sided cell. In Theorem 25 we realize such
2-categories as 2-subcategories of certain symmetric bimodules.

Acknowledgements. The first author is supported by the Swedish Research Council,
Goran Gustafsson Foundation and Vergstiftelsen. The second author is supported by
EPSRC grant EP/S017216/1. The third author is supported by Goran Gustafsson
Foundation.

2. PRELIMINARIES

2.1. Setup. We work over an algebraically closed field k.

2.2. Finitary 2-categories. A k-linear category is called finitary if it is small and equiv-
alent to the category of finitely generated projective modules over some finite dimen-
sional associative k-algebra.

We call a 2-category € finitary (over k) if it has finitely many objects, each mor-
phism category %(1i, j) is a finitary k-linear category, all compositions are (bi)additive
and k-linear and all identity 1-morphisms are indecomposable (cf. [MM1, Subsec-
tion 2.2]).

We say that % is weakly fiat if it is finitary and has a weak antiautomorphism ( )* of
finite order and adjunction morphisms, see [MM®6, Subsection 2.5]. If ( )* is involutive,
we say that € is fiat, see [MM1, Subsection 2.4].

2.3. 2-representations. Let ¢ be a finitary 2-category. A finitary 2-representation of
% is a 2-functor from ¥ to the 2-category Ql]i: whose

e objects are finitary k-linear categories;
e 1-morphisms are additive k-linear functors;
e 2-morphisms are natural transformations of functors.
Such 2-representations form a 2-category denoted 4-afmod, see [MM3, Subsection 2.3].

Similarly we define an abelian 2-representation of ¢ as a 2-functor from % to the
2-category whose

e objects are categories equivalent to categories of finitely generated modules
over finite dimensional k-algebras;

e 1-morphisms are right exact k-linear functors;

e 2-morphisms are natural transformations of functors.
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2-CATEGORIES OF SYMMETRIC BIMODULES AND THEIR 2-REPRESENTATIONS 3

Such 2-representations form a 2-category denoted %-mod, see [MM3, Subsection 2.3].
Following [MM2, Subsection 4.2], we denote by ~ the abelianization 2-functor from
¢-afmod to €-mod.

A finitary 2-representation M is called simple transitive provided that H M(i) has no
i€
non-trivial €-invariant ideals, see [MM5, Subsection 3.5].

2.4. Cells and cell 2-representations. Given two indecomposable 1-morphisms F and
G in @, we define F >, G if F is isomorphic to a direct summand of H o G, for some
1-morphism H. This produces the left preorder >, of which the equivalence classes
are called left cells. Similarly one obtains the right preorder > and the corresponding
right cells, and the two-sided preorder > ; and the corresponding two-sided cells.

For each simple transitive 2-representation M, there is a unique two-sided cell which
is maximal, with respect to >;, among those two-sided cells whose 1-morphisms are
not annihilated by M. This two-sided cell is called the apex of M, see [ChMa, Subsec-
tion 3.2].

If J is a two-sided cell of €, we say that ¥ is J-simple if any non-zero 2-ideal of ¥
contains the identity 2-morphisms of all 1-morphisms in 7.

Each left cell of a fiat 2-category contains a so-called Duflo involution, see [MM1,
Subsection 4.5].

For a left cell £ in €, there exists i € % such that all 1-morphisms in £ starts at i.
Denote by N, the 2-subrepresentation of P; which is defined as for each j € € the
category N, (j) is the additive closure of P;(j) consisting of all 1-morphisms F with
F >, L. From [MM5, Lemma 3], we know that the 2-representation N, contains a
unique maximal ideal which does not contain any idg for F € L, denoted Z,. The
quotient C, := N, /Z. is called the cell 2-representation associated to L.

3. SYMMETRIC BIMODULES AND THEIR SIMPLE TRANSITIVE 2-REPRESENTATIONS

3.1. Symmetric bimodules. Let A be a finite dimensional, unital, associative k-
algebra. We assume that A is basic and that {ej,ea,...,ex} is a complete set of
pairwise orthogonal primitive idempotents in A.

Let G be a finite abelian subgroup of the group of automorphisms of A. Assume that
char(k) does not divide |G|. The action of G on A induces an action of G on the
category of A-A-bimodules via M — ®M*%¥, where the action of A on YM¥ is given
by
a-m-b:=p(a)me(b), foralla,be Aandme M.
We will write #? f# for the translate of a morphism f under the action of ¢ € G.
Let X denote the category whose objects are A-A-bimodules and morphisms between
A-A-bimodules M and N are defined by
Homy (M, N) := @5 Hom a4 (M, ?N¥).
peG

An element f € Homx (M, N) is thus represented by a tuple (f,),cq. where the com-
ponent f, is in Homa.4(M,?N¥). For any f € Homy (M, N) and g € Homy (N, K),
considering
HomA_A(N,wKw) X 1‘101'1’114_14(]\47 LPNLP) — HOIHA_A(M, 9’31/1[(%01/1)
Gy ® fo — “(gy)? o fo,
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4 V. MAZORCHUK, V. MIEMIETZ AND X. ZHANG

where we use 1 = 1 on the right hand side, the composition go f is given by
Homy (N, K) @ Homy(M,N) — Homy (M, K)

(1) (gw)il}GG ® (ftP)tPGG = ( Z SO(gmp'l)cp © f@)ﬂer
peG

This composition can be depicted by the diagram

M (fe)eea @ o N (¢(gdw’1)¢)¢,U€G @ oo
weG oeG

We refer to [CiMa] for details. In X', we have an isomorphism
M = SDMLP’

for all ¢ € @, since idy; can appear in the ¢ l-component of Homyx (M,¥M¥).
Furthermore, there is a faithful embedding of X into the category of all A-A-bimodules
by sending an object M € X to the A-A-bimodule @%G ®M¢¥ and each morphism

f = (fs)occ € Homx (M, N) to the A-A-bimodule homomorphism (#(fy-1,)%)
in HomA‘A(GBgaEG M, @wec YNY).
We denote by X the idempotent completion of X, i.e. an object of X is given by a

pair (M,e) where M is an A-A-bimodule and e is an idempotent in Endx(M). For
an A-A-bimodule M, set

eRiel

Gy = {¢€G|M§@MW}
which is a subgroup of G.

Remark 1. As we will often encounter and use in this article, computation of homo-
morphism in X using homomorphisms in X requires care. Given M and M’ in X and
idempotents e and ¢’ in Endy (M) and Endx (M), respectively, in the computation of
Hom 3 ((M,e), (M’',€")) using Homx (M, M’) it is very important to make sure that
the elements from Hom x (M, M) one works with do belong to e’ o Homx (M, M) ce.
This is usually achieved by pre- and postcomposing the elements one works with e and

e/, respectively. Moreover, for any element f in Hom ;((M, e), (M’,€’)), we have

(2) foidney =f=idareyof,

where, in fact, id(y7.e) = e and iy o) = €.

As usual, we denote by G the Pontryagin dual of G whose elements are all group
homomorphisms from G to k* with respect to point-wise multiplication. As G is finite
and abelian, the group Gis (non-canonically) isomorphic to G and Gis canonically
isomorphic to the group of isomorphism classes of simple G-modules with respect to
taking tensor products.

The group algebra k[G] is commutative and semi-simple and admits a unique decompo-

sition into a product of |G| copies of k. Let {7, x € G} be the corresponding primitive

idempotents. Each 7, has the form ﬁ Z x(a)a and hence defines an idempotent
aeG

5 i x(e)

7y in Endx(A) given by the tuple ( el a)QEG.

For an arbitrary subgroup H of G, we have a natural surjection G — H given by

restriction. For ( € G and x € H, we define x{ € H via x((a) := x(a){(«), for

o€ H.

Lemma 2.
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2-CATEGORIES OF SYMMETRIC BIMODULES AND THEIR 2-REPRESENTATIONS 5

(i) Let M be an indecomposable A-A-bimodule. Then there is an isomorphism of
algebras

EndX (M)/Rad(EndX (M)) = k[G]\ﬂ/Rad(k[G]\/[]) = k[Gﬂﬂ.

(if) Indecomposable objects of X are of the form M., := (M,ey), where M is an
indecomposable A-A-bimodule and x € Gy;. Here, for a € G, the a-component

of ey is éj{)‘ o, if o € Gy, and zero otherwise.

Proof. Note that, for a € G, if *M% is not isomorphic to M, then the a-component
of any endomorphism of M belongs to the radical of Endx (M). Therefore Claim (i)
follows from (1). Claim (ii) follows from (1) and the definitions. O

The category of all A-A-bimodules has a natural monoidal structure given by the tensor
product over A. We define a tensor product on X by

o M@x N :=@D (M ®4?N¥), for any A-A-bimodules M and N,
peG

o fOxgi=(fa® V(QﬁV’I)V)a,ﬁ,weG' where
foa®7(gpy1)" : M@ TNY = *(M')* @4 °(N')’,
for any A-A-bimodules M, M’, N and N’ and morphisms
f = (fa)acc € Homx (M, M), g = (95)sec € Homx (N, N’).
Note that there is no identity object with respect to the tensor product ®x unless
G is trivial. In general, @y does not define a monoidal structure on X. However,
we will see in Propositions 6 and 7 that X has an identity given by tensoring with

(A,71,). The asymmetry of the above definition is only notational as the following
lemma shows.

Lemma 3. In the category X, there is an isomorphism

P (Mea?N?) =@ (¢ M?" @4 N).

peG peG
Proof. We first note that the map m ® n — m ® n gives rise to an isomorphism of
A-A-bimodules from M ®4 N to Mo ®a N. Thus we have an isomorphism
(3) M @A N2 (M ®4 “’N*”)“"’1
of A-A-bimodules. We hence have an isomorphism

(fw)weG

MY 94 N > M ®4¢N?
where f,,.1 is given by (3) and the remaining components are zero. O

Remark 4. Under the isomorphism provided by Lemma 3, the morphism f ®y g in
Homy (M ®x N, M’ ®x N') has components of the form

W far 1) @ g5 0 M @4 N = *(M) @4 B(N')P,
Lemma 5.
(i) The operation ®x is bifunctorial.

(i) If e and f are idempotents in X, then so is e @y f. Hence ®x extends to a
bifunctor ® 3 : X x X — X given by (M,e) @ (N, f) = (M ®x N,e ®x f).
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6 V. MAZORCHUK, V. MIEMIETZ AND X. ZHANG

Proof. Let M, N, K, L, X and Y be objectsin X. Let f: M — K, g: N — L,
h:K — X and [l : L — Y be morphisms in X' with their only non-zero components
being fo, gyp1, hga1 and 5,1, respectively. Consider the diagram

M = PN
fal “’(gwl)“’l
aR ®a LY

“(hﬂan“l wavmi
BXxP ®a 3y,

Bifunctoriality of ® 4 yields
(4)
(a(hﬁa’l)a © f‘l) ® (V(léw’l)v °© (p(gw«p’l)w) = (a(hﬂa’l)a ® W(ZMJ)W) © (fa ® Sa(ng’l)w) :

The left hand side and the right hand side of (4) coincide with
(hoflg®?(log)f,n and  “(h@ DG, 0(f®g)as

respectively. As these are the only non-zero components in (ho f) ®x (l o g) and
(h®x1)o(f ®x g), respectively, and have the same source and target, we obtain

(5) (hof)@x(log)=(hexl)o(f@xg)
in this case. The general case of equality (5) follows by linearity, implying Claim (i).

Claim (ii) follows from equality (5). O

Proposition 6. For any x,( € G, we have
(6) (Avﬁx) Q% (AvﬁC) = (Avﬁx€)~

Proof. We start by constructing a morphism f from the right hand side of (6) to the
left hand side, which is defined as follows:

f = (fG',T)O’,TEG: A— @ TA° XA TAT
o,7eG

where f, - is given by

(1) 1o @X(a)gmu ©1) €A% @4 AT

Consider the diagram

A Tx¢ @ ’BA’B

BeG
(fo.r)orea J((E(faﬂ'l,éﬁ'l)fm1,5B16G)B€G
o~ QT o >
P cav gy mar CEETINE N aga g, 3 g5,
o,7eG a,0e€G

By definition, the 70, a0 !, o~ '-component of Ty ®x ¢ is multiplication by the
scalar

1 -1 ay 1 -1 -1
(8) Wx(aff )¢(or )—@x(a)x(a )C(E)C(T ™).

Now we compute the components of the two compositions (7, @ x7¢)o f (corresponding
to the path going down and then right) and f o 7, ¢ (corresponding to the path going
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right and then down) in our diagram which end up in a specific “A% ® 4 ° A°. One way
around, using (7) and (8), we obtain that 1 is sent to

[

ar 2. XEX(@xE)EKEr i) = Ehxe)]@)1e)
o, TG
= Epx@C@el).

The other way around, using (7) we obtain that 1 is sent to

@m 2 xCBx(@BE(1®1) = gpx(@)K@)1 ).

BeG

Hence the diagram commutes and, moreover, (2) is satisfied. Thus f represents a
morphism from the right hand side of (6) to the left hand side.

We proceed by constructing a morphism g from the left hand side of (6) to the right
hand side. Consider the diagram

P Awsa”) T OxTe D A @u A
aeG v,0€G
| |
& (x@csa™), & (oo™ @ L aea) g
Vﬁ (P72 pea Y
@ AB @ T AT
BeEG ceG

whose vertical part defines g, with its «, S-component sending 1®1 to ﬁx(ﬂ)((ﬁo{l)l.
For fixed a, 0 € G, going one way around, using (8) we obtain
B 1 }
v,0€G
The other way around yields
1 -1
G 2 XA (Ba N8 ) = de)(oa™)
BeG
which implies that the diagram commutes and, moreover, go (7, ® x T¢) = Ty¢c0g = g.

Now we claim that both compositions f o g and g o f are the identities, i.e. of the
respective idempotents The ¢-component of the composition g o f sends 1 to

B 1
O’TEG
The «a, 0, T—component of the composition f o g sends 1 ® 1 to
1
G 2 MA@ 1) = o)) (1@ 1),
BeG

The claim follows. O
Proposition 7. Let i,j € {1,2,...,k} and M = Ae; ®x ejA. Let further x € Gu
and ¢ € G. Then
(9) (M ex) @5 (A, 7¢) = (M, exc)-

Proof. We follow the proof of Proposition 6. We start by constructing a morphism f
from the right hand side of (9) to the left hand side. Consider the morphism

f = (fO',T)G‘,’TEG: M — @ M7 ®RaTAT

o,7TeG
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where f, - is given by

1
ei®ej— ———=x(0){(T)(o(e;) @0(ej) ®1) € M7 @4 TA".
|Guml|G|
207 if 0 € Gy and zero otherwise. Consider the diagram
M Ex¢ @ ’BMB
BeG
(fa,ﬂ')o,‘rEG l(ﬁ(‘fﬂﬁl’gﬁ1)i6_1,55.1€G)ﬂ€G

T (ex®x7) o
@GM(T®ATAT (“ (e x7)7)oca @ aMa®A6A6.
o,7eG a,0eG

208 By definition, the 70!, ac ™!, 6o "!-component of ¢, ®x ¢ sends e; ® e; ® 1 to

mxm)x(a-1><<6><<T-1><aa-1<ei> ® a0 (eg) 1)

200 if ac™t € Gy and zero otherwise. Now, going to the right and then down, the a, -
o component of the composition f oe,¢ sends e; ® e; to

mX(O&)C@)(a(ei) ® ale;) ® 1),

a1 if aisin Gy, and zero otherwise. Going down and then to the right, the o, §-component
2 of (e, ®x 7¢) o f gives the same result, which also equals fq 5.

2

=

2

[t

213 To construct a morphism g from the left hand side of (9) to the right hand side,
214 consider the diagram

R T
DM 204 74" —— = (P M@, 04
acG v,0€G
(gﬁ,a)a,ﬁecl \L(W(ga“/'lﬁ’Y'l)g'yl,a’y1€G)6€G
BB
@ﬁMﬂ ( EXC)BGG @UMO'.
BEG oelG

2

=

5 where gg o sends e;@e;®1 € M®4“A% to 7 x(B)¢(Ba™)(B(e:) @ B(e;)) € PMP,

2 if 3 € Gy, and to zero otherwise.

it
o

217 For fixed o, 0 € G, going one way around we obtain the map which sends e; ® ¢; ® 1
218 to

-

1 B
= x(0)¢(oa ) (o(e) @ a(ey)),
|Gl
210 if 0 € Gy, and to zero otherwise, which coincides with ¢, . The other way around

20 gives the same result.

N

221 Checking that both compositions f o g and g o f are the respective idempotents is

222 similar to the proof of Proposition 6. (]

N

23 3.2. Tensoring symmetric bimodules with A-modules.
24 Proposition 8.
25 (i) There is a bifunctor ®(") : mod-A x X — mod-A defined by

(VM) = Vel M= PV e M
eeG
(f7g) = f®(r) 9= (f®w(ga¢'1)w)w,aeG'
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(i) There is a bifunctor V) : X x A-mod — A-mod defined by

(MV) = MeOV.=*M?esV
pelG
(9./) = 9@V f:=(?(gap1)? @ f), pec

Proof. We note that we use Lemma 3 for the formulation of Claim (ii). The proof of
both claims is similar to the proof of Lemma 5(i). O

Proposition 9.

(i) The bifunctor ®") induces a bifunctor mod-A x X — mod-A (which we will
denote by the same symbol abusing notation).

(i) The bifunctor @) induces a bifunctor X x A-mod — A-mod (which we will
denote by the same symbol abusing notation).

Proof. Let (M, e) € X. Then, for any V' € mod-A, the endomorphism idy @) ¢is an
idempotent endomorphism of V ®@(") M, so we can define V @(") (M, e) as the image
of this idempotent. It is easy to check that this does the job for Claim (i). Claim (ii)
is similar. [l

3.3. The 2-category ¢4 of projective symmetric bimodules. Assume that we are
in the setup of Subsection 3.1. Let

A:A1><A2X-~-><An

be the (unique up to permutation of factors) decomposition of A into a direct product
of indecomposable algebras. Assume that the action of each ¢ € G preserves each A;.
Also assume that none of the A; is simple. We also consider the algebra B := A x k
which will play a crucial role in the proof of Theorem 17.

For each i € {1,2,...,n}, fix a small category C; equivalent to A;-proj. Define the
2-category 4 4 to have

e objects 1,2,...,n, where we identify i with C;;

e 1-morphisms are endofunctors of C := ][, C; isomorphic to functors X ®(l)~,,
where X is in the additive closure of (A ® (A ®x A),idag (g, a)) inside X;

e 2-morphisms are given by morphisms between X and X’ in X;

e horizontal composition is just composition of functors;

e vertical composition is inherited from 22;

e the identity 1-morphism in ¥4 (i, 1) is isomorphic to (A;, 71, ) W _.

Note that the restriction on char(k) as not dividing the order of G is necessary to
have identity 1-morphisms. Observe further that A & (A ®x A) is invariant, up to
isomorphism, under the functor M — ¢M¥, for any ¢ € G. The fact that this defines
a 2-category is justified by Proposition 7, showing that (A;, 7 .) ®@® _ is indeed an
identity, and the following lemma.

Lemma 10. Let X and Y be in the additive closure of (A @ (A ®x A),idag(ae,4))
inside X. Then there is an isomorphism

xXe® HYovel )= (XesY)e® _

of endofunctors of C.
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10 V. MAZORCHUK, V. MIEMIETZ AND X. ZHANG

Proof. First we assume that X and Y are in X'. Then, for any P € C, we have

XorV)eP=|PXxea?v? | P= P “(X01°Y*) 4P
peG ©eG

and

x o0 (v oW P) =X o® @ PYP@u P | = @ VXY @4°YY @4 P.
peG pYeG

Choosing an isomorphism
@ w(X(g)A@y«p)wg @ wa(X)A‘OY“"
pYpeG P YeG

of A-A-bimodules yields the desired isomorphism of functors.
Now, let e and f be idempotents in Endx(X) and Endx(Y'), respectively. Consider

(@x )OVidp = ((ear 1) @ fs), 5, cq @0 idp
\& .
(5 ("(eay1)’ @ fg)w,1 ® ldp)

a,B,7,0€G
= (Wé(ea’y’l)’yé ®6(f/35’1)6 ®1dP)

a,B,7,0€G

and

e®® (felidp) = e@V (“(fop1)? @idp), e
= (T(err1)" @Y (fpp1)¥ @ idP)o’,T,Lp,’L/JEG ’
we see that
(e@x f)@Widp =e@® (f @Y idp)

and hence the isomorphism in the previous paragraph descends to the summands (X, e)
and (Y, f). O

The 2-category ¥ is defined similarly. To distinguish the underlying categories of
bimodules, we use the notation )’ and ) for the corresponding categories of symmetric
B-B-bimodules.

3.4. Two-sided cells in 4 4. We recall the notation introduced just before Lemma 2.
Proposition 11. The 2-category ¥4 has n + 1 two-sided cells, namely

(a) fori=1,2,...,n, the two-sided cell J; consisting of |G| elements (1;,7,), where
p e G,

(b) the two-sided cell Jy consisting of all isomorphism classes of indecomposable 1-
morphisms in the additive closure of (A ®x A,idag, ) inside X.

Proof. Since tensor products in which one of the factors is a projective bimodule never
contain a copy of the regular bimodule as a direct summand, the existence of two-
sided cells as claimed in Part (a) follows from Proposition 6. To complete the proof
of the proposition, it remains to show that all isomorphism classes of indecomposable
1-morphisms in the additive closure of (A ®y A,id 4, 4) inside X belong to the same
two-sided cell. Ignoring idempotents in X, the claim follows directly from [MM5,
Subsection 5.1]. In full generality, the statement is then proved using Proposition 7. [
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3.5. Adjunctions. In this subsection, we study adjunctions in the 2-category ¢4 under
the assumption that A is self-injective. We assume that A is basic and that there is a
fixed complete G-invariant set E of primitive idempotents. We denote by v the bijection
on E which is induced by the Nakayama automorphism of A given by

Homy(eA, k) = Av(e), for e €E.

For a primitive idempotent e € A, we denote by e, the idempotent in Endy (Ae) or
Endy(eA) corresponding to the trivial character of G 4,(¢) = Gaec = Gea =: G.. We
denote by m the multiplication map in B.

Proposition 12. We have adjunctions

(a) ((Ae,ee),(eA,ec)) in Y,
(b) ((eA,ee), (Av(e),eue))) in V.

Proof. We first define the counit

€:(Ade®y el e Qyee) — (A, 71.,).

G

This is defined by the vertical part of the diagram

1 -1
[Gel2 (O‘®ﬁ‘/’ )a,5¢-1 €Ge

@ Ae @y PeA? @ *Ae® @ PeAP
® B
\L@(Wom)mweG l&(aomom@a)l)a,a,ﬂec

1

¥y 47 @(5’771)5,7€G 6146
N2 D

1)

where here and in the rest of the proof all elements indexing direct sums run through
G, and the notation (@ ® B¢ ™), gu1ec. should be read as the (o, 3, ¢)-component
of the map being defined as zero if the conditions o, Bp~! € G, are not satisfied.

To check that the vertical arrows define a morphism (Ae®y eA,ec ®ye.) — (A, 71,,),
we need to verify that the diagram commutes and the result coincides with the original
map, namely, satisfying (2). We consider the (4, p)-component of both compositions.
First going to the right and then down, e ® p(e) is mapped to

\Gl\f» > 5(ea‘1ﬁ(e)):{|éc|5(e)7 if o € Ge,

a€G.,BEPG. 0, otherwise.

The other way around, e ® p(e) is sent to

a2 deele)) = {m@), Foede
¢ veG

0, otherwise,

1

which coincides with the image of 17— (0 om)s e on e ® p(e). So our counit € is,

indeed, well-defined.

We now define the unit

n: (k, ﬁ'lé) — (eA®y Ae, e, ®y &)
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300 by the vertical part of the diagram

k ﬁ(w)wec @ ‘/’k‘ﬂ
@
(Wf’a)aa—lece i(ngﬁ)ﬂv'leGeweG
1 1 1
5 (B0 @y« )55*1, a-leGe
@66146 ®4 “Ae> B @ﬁeA’B ®a T AeY
[N By

310 where

(10) (1)) = {éﬁ(e) ®9(e), if By € G,

0, otherwise.

su  We again check that this defines a morphism (k,71.) — (eA ®y Ae,e. ®y e.) by
312 verifying (2). Computing the (3, ~)-component of the path first going to the right and
313 then down, we see that

1 [ @), i ec
0, otherwise,

314 that is, (ﬁf7ﬂy)ﬂv—lege. The other way around,

s Y

0€BGe,a€vGe

1 a18(e) @v(e), if Byt € G,
— { 1G]
|Ge|3ﬁ(e) ®(e) {0, otherwise.

315 Note that the condition da™! € G, is automatically satisfied for 3y € G, and
316 0 € BGe, 0 € YGe. Thus our unit 7 is well-defined as well.

317 Now we need to check the adjunction axioms. Denoting (Ae,e.) by F and (eA,e.) by
sis G, we first verify
F—-Fl; - FGF - I,F = F

319 is the identity, for appropriate i and j. To this end, consider the commutative diagram

1
m(l‘)LGGE

Ae @ ‘Ae'

1 1 -1
1Germar (F®P()keGe,vea TaomaT (v ®w(1))mlece,wecl

1 -1 -1
aoar(ar T ®Ye )
[GellG] ak te€Ge,Y,peG
B act o ke R R
P o,

1 -1 ~¥,6 ‘ 1 -1 )
\Ge\(ﬁn ®T’v )ﬁ'&"l,'ﬂs’lGGe,«pEG |G6‘()“1 ®"1w

ﬁOﬁJ@#W’l@vﬁ’l)

))\a’l,uv’IGGC,dJ"EG

@ B A’ @ TeAY @4 %Al @ MMed @ HeAP @4 Y Ae®
By7,0 A,

1 -1 -1 1 -1 -1
[Ge |2 ((53 om)®6§ )«96'1€Gg,§,ﬁ,7€G 1Gel2 (<")‘ om)®7v )Tuflece,g,x,uec

\V 1 -1 -1
1Gemer (08 ®T0 ) h-1eg, 0cca

PeA* @4’ A’ - P A @aTAe”

£,0 o,T
| |

1 -1 -1 1 -1 -1
reirar (metos @ oo ))pe—lecc,sec e (me(wo T @wr ))wr’leGe,aEG
& (wp™),, v
@pAep (Gl wr cCe @“’Ae“’
P w

320  where in the third horizontal arrow the conditions are A3, uy™,vé ! € G..
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We want the p-component of the composition on the left hand side of the diagram
to be given by ﬁp, if p € G, and by zero otherwise. To see this, first notice that

multiplication m in the third map will give something non-zero only if 3y € G..
Taking into account all conditions specified in the diagram, this forces «, 3,v,9,0,p €
G, in order for the p-component to be non-zero. Each choice of x,53,7,0,0 € G,
and @, ¢ € G yields a summand mp in the composition (recall the factor @ in
(10)). Summing over all these possibilities hence produces the desired result.
The fact that the composition

G—1;G - GFG = Gl; —» G
is the identity follows as above by flipping all tensor factors and replacing Ae by eA in
appropriate places. This proves part (a).

Assume that E = {ej,ea,...,ex}. Forany 1 < i < k, we choose a Jordan-Holder
series of each Ae; by

Ae; =X;02Xi1 2 Xi22 2 Ximy 2 Xim;+1 =0.
As our algebra A is basic, each k-space Xi,j/Xi}jH, where 0 < j < mj, is of dimension

one. For each i, we fix some basis E; := {e;,z;; : 1 < j < m;} of Ae; such that
k

we have z; j € X; ; \ X; j41, for every j. Then A := U E; D E is a basis of A. Let
i=1
t : A — k be the unique linear map such that, for all a € A, we have

t(a) = 1, a=zm,, for some i;
0, otherwise.
For a € A, we denote by a* the unique element in A which satisfies

o)L b=gq
tU’“)_{o, be i {a).

We now define the unit
7;7 : <A7 7~i-1(;) — (AV(@) Xy 6A7gu(e) Sy 56)
by the vertical part of the diagram

A ﬁ(#’)wec @(pA(p
@
(17 s 1ec, l(ﬁz’wa)yalecc,wec
Ly (ya™®887) 01 s5-1ca.
P “Av(e)* @y Ped? 12D P Av(e) @ fed]
a,B 7:6
where
1
y(a*v(e)) ® 6(ea), if y67! € Ge;
(11) (1)) = ¢ 1Gel Z
0, otherwise.

Going right and then down, summing over ¢ € G cancels the scalar |—Cl;‘ and hence the
image of 1 in the (y,d)-component is given by the right hand side of (11) and equals
the (v, d)-component of (ﬁ?"s(l))w.lege, which implies the first equality of (2). Going
down and then right, to obtain a non-zero contribution, we need 3!, va™t, 687 € G.,
which yields 6v-! € G.. Summing over all such choices of « and 3, the image of 1 in
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the (v, d)-component is again given by the right hand side of (11), implying the second
equality of (2). Hence 7 is well-defined.

Now we define the counit
€: (eA®y Av(e),e. ®y E,,(e)) — (k, 7}1@)
by the vertical part of the diagram

e (e2Ye™), L 1ea,
Dot on avtey T i ey
® Py

i[}la(aC’tom)u,WEG Gle(ﬁotomO(p@)p)’l)ﬁ,w,peci

1

@aka &7 (Baa sec @5k5_
B

e

Consider the (8, ¢)-component of both compositions. First going down and then to
the right, the first map is zero, for ¢ & G, as t(eAf) = 0 unless f = v(e). If p € G,
then each « contributes chlﬁot om. Hence the resulting map is ﬁﬂot om and

the second equality of (2) is satisfied. The right vertical map is zero unless ¥p! € G,
which, together with the conditions on the upper horizontal map, forces ¢, p, ¥ € G..
Summing over the choices for p and 1), we obtain the same resulting map and thus the
diagram commutes, in which case the first equality of (2) holds. Hence € is well-defined.

We now verify the adjunction axioms. Denoting (eA,¢e.) by F and (Av(e),e(e)) by
@G, we need to show that

F%Fli%ﬁ‘éﬁﬁljﬁ%ﬁ
is the identity. To this end, we assemble our maps in a large commutative diagram as
in part (a) and compute the left hand side. This is given by the composition

fertasT (080(1))scce,pec

eA P eA’ @42 A%
3,
Glel(()‘6»1@775“{)@-1,Bw'leceysoeci
—1 ((¢otomo(ama) Yooy )
P K @y fed? <= P eA” @47 Av(e)® @y TeAY
&0 B,

1 -1 -1
ice|c| (mo(“’5 ®wo ))we—lece,sec
Dren
w

where in the third map the conditions are §v' € G, and «, 3, € G. However, the
third map is zero unless a3 € G, (for the same reason involving t as used above),
which, together with the other conditions in the diagram, shows that we have a non-
zero contribution to the w-component only if §,a, 5,7,0,w € G.. For w € G, the
contribution of a fixed choice of §, ¢, a, 8,7, &, 6 to the image of e is

mw (Z t(efa (a*u(e)))ea) .

ach
Observing that, by our choice of A, we have
1, ifa=e;

t(efa (a"v(e)) = {

0, otherwise,
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and summing over all choices of §,p,a, 3,7,£,0, we obtain that the image of e is
IG—l‘w(e), as desired.

Now we verify the other axiom. The composition

G — 1,G - GFG — G1; —» G
is given by the diagram, which consists of the left hand side of a large commutative
diagram as in part (a),

rertes (@(D®P)aec,vec.

Av(e) @QAO‘ ®a ¥ Av(e)®

ap

1 =5,8 1
\Ge\(na @ )5ﬂ’1,7w'1€Ge,a€G\L

1 (95-1®(§otomo(6®5) '1))
P2 P *Av(e)’ @i PeAP @47 Av(e)?
8,8,y

@  Av(e)? @y *KkE c
€0
J/GelG (m"(we-l@‘“f»l))ue-l €Cc.t€C

@“’Au(e)“’

w

where in the third map the conditions are 86! € G, and 3,7,¢6 € G. Note that
the third map is zero unless 3y € G,. Taking into account all conditions in the
diagram, this shows that we have a non-zero contribution to the w-component only if
0,7, 8,6,0,w € G.. For w € G, the contribution of a fixed choice of a, ¢,~, 3,0,8,&
to the image of v(e) is

m“’ (Z a*u(e)t(eaﬂ-w(e)))) .

a€ch
By our choice of A, we have

1, ifa*=wv(e);

0, otherwise.

t(eay(v(e))) = {

Summing over all choices of «,p,~,[,,60,£, we obtain that the image of v(e) is

lée‘w(l/(e)), as desired. This completes the proof. O

We now consider tensor products of indecomposable projective symmetric B-B-bimo-
dules with simple quotients of projective A-k-bimodules. To this end, we extend our
notation to Gy. := Gafg,ea(= G.NGy), for e, f € E, and denote the simple quotient
of (Ae,ec) by (Le,€c). As each ¢ € G is an automorphism of A, we have the induced
action of ¢ on {(L.,&.) : e € E} which maps each vector space L, to the vector space

Lig(e)-

Lemma 13. In )7 there is an isomorphism

(Af ®x eAvgfe) Xy (Le, Ee) = (Afa |Glf('7)’y€G‘fc) = @(Afa EE)
¢ 3

where & runs over all characters appearing in the induction of the trivial G y.-module
to Gf.
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Proof. We first construct an isomorphism between (Af ®x eA,ey.) ®5 (Le,ee) and
(Af, @(’y)vegﬁ). In one direction, the morphism g is given by the diagram

1
W(W)ver-e

Af P ar
Y
e (vRY(e)®p(l \
\GfeHGﬂ\( ( )\L P(D)peG s, veGe |Gfeiluce\ (M-1®a(e)®a<z))w_1erc,BEGe
" » m(awﬂ(@aw’l@&ﬂl) o v o s s
PrYAf @ eA” ®a P(Le)* PAf @xed” @4 (L)

R a,p

where the lower horizontal map is indexed by atp™! € Gy, Bp™! € G, and [ denotes
the canonical generator of the one-dimensional module L. (the image of e in L,). To
see that the diagram commutes, first notice that the («, 8)-component of the object
in the lower right-hand corner is nonzero if and only if 3! € G,. If this is the case,
then the («, 8)-component of the map going first to the right and then down is given
by

s {ij”Gea(f) ®ale)®B(l), ifac Gy,

0, otherwise.

First going down and then to the right, we notice that ¢ € G,,9 € Gy forces
B € Ge,a € Gy, so we obtain the same result, which verifies (2).

A morphism h in the other direction is given by

1 -1
GroGe] (“®2®BY aca,, po-lea

P Af @xeA@a ?(Le)? S P Af @ueA” @4 (L)’

") a,B

1 1 1 1
l [Grel (5®m)5€Gfe,4p€G G rel (va™ @mo(a®a) ),ya-legfc,ggcl

@’YAf’Y

~

1

@6Af6 1Grel

1
(vé )70"1€Gfe

A nonzero contribution to the (v, ¢)-component, when going first down and then to the
right can only happen for ¢ € G, and v € G., in which case the generator f®@e® (1)
(as an A-k-bimodule) gets sent to |G—1f"y(f). Similarly, going first to the right and

then down, a nonzero contribution only occurs for a3' € G., which, together with
the conditions in the diagram, again forces 3,9 € G, a,7 € Gf.. Hence, summing
over such « and 3, we obtain the same result which verifies (2).

To check that both compositions of g and h are the respective identities (that is, the
correct idempotents), it suffices to consider the compositions of the left hand side of
the diagrams.

Starting with g o h and considering
PAfexeAos?(Le)? — EPAF — P Af @xeA” @4 P (Le)?,
© 5 a,f
the (a, 3, ¢)-component of the composition is zero unless ¢, 3 € G.,a € G, in which
case the generator f ® e ® (1) is mapped to ma(f) ® ale) ® (1), as desired.

For h o g, we consider

Af - EPVAf @xeA” @47 (Le)? — ETAS
2R ol
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and verify that, in the y-component, f is indeed sent to \Tlfﬂ(f)v if v € G¢e, and
zero otherwise, as claimed.

Hence we have an isomorphism (Af ®k eA,efe) ®y (Le,ee) = (Af, @(’}/)76@&),
as stated.

. 1 . C .
Now notice that —— Z 7y is a trivial idempotent on Gf.. When viewed as an
| fe‘ e
fe
idempotent of the larger group G, it decomposes into precisely the (multiplicity-free)
sum of those idempotents affording characters £ of Gy which appear in the induction
of the trivial character from G¢. to G¢. This proves the proposition. O

Proposition 14. We have adjunctions ((Af ®x eA,cy.), (Av(e) @k fA,e,(e)f)), for
idempotents e, f € A.

Proof. From the defining action of 5 on B-mod we have that (Af ®xeA,ey.) is left

adjoint to (Av(e) @k fA,ey), for some x € C;'l,(e)f. We thus have an isomorphism of
nonzero spaces of homomorphisms,

HOHIj;((Af, L(ﬂ)ﬂeafc)v (Lf,Ef)) = Homj)((Af PR EA, Efe) ®3} (Lea 68)7 (Lf,Ef))

|G rel
= Homy ((Le, ee), (Av(e) @k fA,ex) ®y (Ly,er)),

where the first isomorphism follows from Lemma 13.

By (the opposite of) Proposition 7, noting that Gy = Gy ()5 and G,y = Ge, there
are isomorphisms

(Av(e) @k fA,ex) ®y (Ly,ef)) = (A, Ty) @y (Av(e) @k fA epe)r) @3 (Ly.ef)

yielding the isomorphism

Gy (D9 (B1:20)) 2 Homg (L o), (Av(6) 1 (e

Denote the left hand side by U and the right hand side by V.

Homjj((Af,

Now we claim that dimy U = 1. By (2), for any morphism g € U, we have

(12) irsep) ©9 =9 =90y 2r@)se,.)-

Assume that g = (ko)acc,, Where k, € k, and consider the diagram

ﬁ(ﬁ)ﬂecfe

Af @BAfﬂ
B

(kaa)aer \L(k-yg-l’)’/B»l).yg»lng

DLy —= D (L)

a v

(o)1,

The morphism id(y,, ) © g is exactly the path going down and then right, taking into
account the fact that o € Gy forces v € Gy, and the y-component of this morphism
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is given by

ﬁ( > ka)v(f), if vy € Gy;
f — acGy
0, otherwise.

The first equality of (12) shows that 17 > ko = ky, for all v € Gy, and hence
OzEGf

ky =k, for all 4,7 € Gy. Then we obtain g = (ka)acq,, where k € k, and the first

equality is automatically satisfied. Going right and then down and using the fact that

B € Ge,vB' € Gy implies v € Gy, the second equality of (12) is easily verified. The

claim follows.

As U 2V, we have dimg V = 1. Using (2), for any morphism h € V, we have

(13) id(av(e), et (creay) OB =R =hoidir, o).

Assume that h = (lo)acq. . Where [, € k, and consider the diagram

‘Gild(/g)ﬁeGe B B
L. oM
B
(la)acce l(lwlwl)wlece
L (x(6a™)da™)s, 1
| E\ Sa Gse
@O‘Au(e)" il it @5141/(6)5.

a 4

The morphism h oid(y, .,y coincides with the path going to the right and then down.
Note that 3 € G.,05°! € G, forces § € G,. Then the §-component of this composition
is given by

A1 (X wss)te), o€y

e —r BEG,
0, otherwise.

By re-indexing, the second equality of (13) shows that, for all § € G., we have

IG%G.\ Z lo =15, and thus s = lg, for all §,¢" € G.. Therefore we have h = (la)neq, .

o€eGe
where [ € k, and the second equality holds. Due to dimy V' = 1, the first equality of

(13) should also hold for any I € k*. Going down and then to the right, the 4-component
of id( 4y (e), -1 (XD rea ;) © h is zero unless § € G, in which case e is sent to

TGl
|G1fe ( > X(éa-1)>l6(e) = IGleI (wezc;:fﬂx(go)>l5(e).

aE(SGfe

The first equality implies that ‘G—lfl( Z X((p)) = 1. By multiplying any x(v), where
‘ WGGfe
v € G e, to both side of the latter, we obtain

X(y) = |G1fe|( > ) = |G1fe( > W) =1

pEG e PEG fe

Therefore x = &,(¢)s and the proof is complete. O

Proposition 15. In ¥, we have adjunctions ((A;,7y), (A, Ty1)), for each x € G
andi=1,...,n. Similarly, we have adjunction ((k, ), (k,7, 1)), for each x € G.
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Proof. By Proposition 6, we have
(Aijrx) ®5) (AiaﬁX*) = (Ai>7~rlc) = (AivﬁX'l) ®5J (Ai=7~7><)

and similarly for k. Both unit and counit are then just identities and the claim is
immediate. (]

Proposition 16. If A is self-injective, then the 2-categories 44 and Y are weakly
fiat. If A is weakly symmetric, then both &4 and ¥ g are fiat.

Proof. Assume A is self-injective. Proposition 7 shows that any indecomposable 1-
morphism can be written as a product of those treated in Propositions 12, 14 and 15.
This implies that ¥4 and ¥ are weakly fiat. If A is weakly symmetric, then v is
the identity, and all adjunctions given in Propositions 12, 14 and 15 become (weakly)
involutive, proving fiatness. O

3.6. Simple transitive 2-representations of ¢ 4. Now we can formulate our first main
result. We assume that A is weakly symmetric, basic and there is a fixed complete G-
invariant set E of primitive idempotents, so that ¥4 and ¥p are fiat.

Theorem 17. Under the above assumptions, for every two-sided cell J in € 4, there
is a natural bijection between equivalence classes of simple transitive 2-representations
of 44 with apex J and pairs (K,w), where K is a subgroup of G and w € H?(K,k*).

Proof. For J = [J;, where i = 1,2,...,n, Proposition 6 shows that the [J-simple
quotient of ¥4 is biequivalent to the 2-category Rep(G) from [Os]. Therefore the
statement follows from [Os, Theorem 2].

For J = Jy, consider B = A x k. Then we can realize 44 as a both 1- and 2-full
subcategory of ¢ in the obvious way. Let j denote the object corresponding to the
additional factor k. Let H; be the H-class in ¥ containing the identity 1-morphism
on k. By Lemma 2, H; contains |G| indecomposable 1-morphisms, moreover, H; is
contained in jO(B), the two-sided cell of projective bimodules in 4. Note that the 1-
and 2-full 2-subcategory o7y, of ¥p with object j is biequivalent to the 2-category
Rep(G) as above. Hence, by [Os, Theorem 2], there is a natural bijection between
equivalence classes of simple transitive 2-representations of o7y, with apex #H; and
pairs (K,w) as in the theorem. By [MMMZ, Theorem 15], there is a bijection between
equivalence classes of simple transitive 2-representations of 73, and equivalence classes

of simple transitive 2-representations of ¥ with apex jfB).

Let Ho be any self-dual H-class in 44 contained in Jy. Notice that this is also a
self-dual H-class in ¥ contained in JO(B). Let @73, be the corresponding 1- and
2-full 2-subcategory of ¥4 (and of ¥p), cf. [MMMZ, Subsection 4.2]. By [MMMZ,
Theorem 15], there is a bijection between equivalence classes of simple transitive 2-
representations of @73;, and equivalence classes of simple transitive 2-representations

of ¥p with apex JO(B), and also of ¥4 with apex Jy. The claim follows. O

To prove Theorem 17, one could alternatively use [MMMT, Corollary 12].

Remark 18. An analogue of Theorem 17 is also true in the weakly fiat case, that is
when A is just self-injective but not necessarily weakly symmetric. However, the proof
requires an adjustment of the results of [MMMZ, Theorem 15] to the case when instead
of one diagonal H-cell one considers a diagonal block which is stable under x. One
could carefully go through the proof [MMMZ, Theorem 15] and check that everything
works.
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3.7. A class of examples. Fix a positive integer n > 1 and let A be the quotient of
the path algebra of the cyclic quiver

a2 as Qp—1

2 3 n

modulo the ideal generated by all paths of length n. Now we let G be the cyclic group
of order n whose generator ¢ acts on A by sending e; to e; 1 and «; to a1 (where
we compute indices modulo n).

Fori=1,2,...,n, we denote by F; the indecomposable 1-morphism in & 4 correspond-
ing to tensoring with Ae; ®x e; A (we omit the idempotents since the action of G is
free). Then (F;,F,11_;) is an adjoint pair (and, indeed, biadjoint), for each . Hence
9 4 is fiat.

Note that every subgroup of G is cyclic and H?(Z/kZ,k*) = k*/(k*)* = {e} since
k is algebraically closed. Therefore, simple transitive 2-representations of ¢4 are in
bijection with divisors of n. For d|n, the algebra underlying the simple transitive 2-

representations of ¢4 corresponding to d is the algebra A{*?) with the obvious action

of ¥4. Here A?) denotes the invariant subalgebra of A under the action of the
subgroup (¢ @) of G, which is generated by ¢ 4.

4, TWO-ELEMENT H-CELLS WITH NO SELF-ADJOINT ELEMENTS

4.1. Basic combinatorics.
Proposition 19. Let € be a fiat 2-category such that
e % has one object i,

e % has two two-sided cells, each of which is also a right cell and a left cell, one
being {1;} and the other one given by {F,G} with F % G;

o F*=G.
Then there exists n € Z~¢ such that
(14) FF2FG~2GF GG (FoG)®".

Proof. We have
FF ~ F%a g GEBaz7 FG = Foh1 g GEBI>27
GF 2 F® g G® GG = Foh ¢ G4
for some a1, az, b1,be,c1,c2,d1,da € Z>g.

From F* 2 G, we see that (FG)* = FG and (GF)* = GF. This implies by = by =: b
and ¢; = ¢o =: ¢. Furthermore, (FF)* & GG, which implies a3 = dy =: x and
as =dy =:y.

As G is in the same left cell as F, we obtain y +¢ >0 and y + b > 0.
Case 1: y = 0. In this case we have ¢,b > 0 by the above, and
FF > F® FGxF® g G% GFxF%gG®, GGG~

We use this to compute both sides of the isomorphism (FG)G = F(GG). This yields
b> = zb (by comparing the coefficients as F) and b?> + zb = xb (by comparing the
coefficients as G). Hence b = 0, a contradiction. Therefore this case cannot occur.
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Case 2: y > 0. In this case we have
FF~F® ¢ G%, FGQGxF® ¢ G%, GF2F® ¢ G%, GGXF% g G,

We use this to compute both sides of the isomorphism (FG)F = F(GF), and obtain
xe = b (by comparing the coefficients as F) and yc = yb (by comparing the coefficients
as G). Asy > 0, we have ¢ = b.

Finally, we compute both sides of the isomorphism (FG)G = F(GG). This implies
b2 + by = zy + bx (by comparing the coefficients as F) and b? + bz = 3% + bz (by
comparing the coefficients as G). Asy > 0 and b > 0, from the second equation we
deduce b = y. Using y > 0 and b = y, the first equation yields b = z. The claim
follows. (I

4.2. The algebra of the cell 2-representation. Let ¥ be a fiat 2-category as in
Proposition 19. Consider the cell 2-representation Cy of €, where H = {F, G}. De-
note by A its underlying basic algebra with a fixed decomposition 14 = ep + e of the
identity into primitive orthogonal idempotents. Let Pr and Pg denote the correspond-
ing indecomposable projective A-modules and Ly and L their respective simple tops.
Note that fiatness of ¢ implies self-injectivity of A (cf. [KMMZ, Theorem 2]).

From (14) we obtain that the matrix describing the action of both F and G in the cell
2-representation (in the basis of indecomposable projective modules) is

(15) (Z Z)

By [MM5, Lemma 10], the same matrix describes the action of both F and G in the
abelianization of the cell 2-representation in the basis of simple modules. Without loss
of generality, assume that G is the Duflo involution of the left cell H. In the cell
2-representation, we then have GLg = P and FLg & Pgr. This, together with the
description of the matrix of the action in (15), shows that

(].6) [PG : LF] = [PF : LF} = [PG : Lg] = [PF : L(;] =n.

Therefore, the Cartan matrix of A is given by (15).

As the bimodules X and Y, representing F and G, respectively, are projective, see
[KMMZ, Theorem 2] and [MM5, Lemma 13] for details, we deduce that Aer ® e A

appears as a direct summand of X and Aeg ®k eq A appears as a direct summand of
Y. Dueto G* ¢ F, and

0 # Homc,, (GLg,Lg) = Homc,, (Lg,FLg) = Homc,, (Lg, Pr),
the algebra A is not weakly symmetric. Furthermore, we have
0= HOIHA(P(;,LF) = HOIIlA(GL(;, LF) = HOHlA(L(;,FLF),

so FLg is a direct sum of copies of P;. Comparing the Cartan matrix of A with the
matrix of the action of F in the basis of simples (both given by (15)), we see that
FLp =& Pg. Similarly we deduce GLr = Pp. Hence, we have

(17) X = Aep Qg ecA® Aeq Qker A and Y = Aep Qk ep A @ Aeg Rk egA.

4.3. Functors isomorphic to the identity endomorphism of 2-representations. In
this subsection, we will formulate a general result for an arbitrary finitary 2-category %.
This result will be needed for Subsection 4.5. For simplicity, we assume that € has only
one object i. Let M be a finitary 2-representation of €. Let (Idn, n7) : M — M be the
identity endomorphism of M. Here 7 is given by the family {nr, F € €(i,1)} of natural
transformations where each np is the identity natural transformation of M(F).
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Lemma 20. Let ® : M(i) — M(i) be a functor isomorphic to the identity functor
Idngs). Then there exists a family of natural isomorphisms {(r, F € €/(i,i)} =: ¢
such that (®, ) is an endomorphism of the 2-representation M.

Proof. Note that ® = Idyj(;) as a functor. Let 6 : Idyg;) — @ be a fixed natural
isomorphism and set v := §-!. For any 1-morphisms F, G and 2-morphism « : F — G,
consider the diagram

vonidm(r) idm(r)ond

(18) ® o M(F) (F) M(F)o ®
id@OhM(a)l M(oz)i M(a)opide
vopid id Oh
o M(G) MO ni@) — MO NG o

Here in the middle column we use the fact that, for any 1-morphism H, we have
IdM(l) Oh M(H) = M(H) - M(H) Op IdM(l)

Diagram (18) commutes thanks to the interchange law, indeed, both paths in the left
square are equal to vo, M(«r) and both paths in the right square are equal to M(«)oy#.

For each 1-morphism F, define
(19) Cr = (idmry on 0) oy (v op idyvry) : @ o M(F) — M(F) o ®.
Now we claim that (@, () is an endomorphism of the 2-representation M. Commuta-

tivity of (18) gives (M(«) oy, ids) oy (F = (g oy (idg o, M(a)). We are hence left to
check the equality

(20) Croc = (idm(r) on ¢a) ov (Cr on idn(a))-
Here, by definition, we have
idM(F) Op CG = (idM(F) Oy idM(G) Oh 9) Oy (idM(F) Oh V Op idM(G))

= (idM(FoG) Op 9) Oy (ldM(F) Op V Op 1dM(G))

and
Cr on idmya) = (idmr) on 0 on idniay) ov (¥ on idmer) on idm(a))
= (ldM(F) Oh 0 Op 1dM(G)> Oy (U Oh idM(FoG))~
Now (20) follows from the fact that v6 = Idyy(;). The proof is complete. O
Remark 21.

(i) The natural isomorphism 6 : Idyg;) — ® defines a modification from (Idng,7)
to (®, () whose inverse is given by v : & — Idps(y). Indeed, for any 1-morphisms
F, G and any 2-morphism o : F — G, we have

(M(a) op 8) oy nr = M(«) oy, 8
(1dM(G oy 6) oy (M(a) oy, IdM(l))
= (idm(c) on 0) ov (Idm) on M(av))
= (idmy(a) on 0) oy (v on idnya)) oy (8 on M(a))
= (G ov (0 on M(a)),
(i) Any invertible modification 6 from (Idm,7) to some (®,() € Ende-afmod(IM)
defines a natural isomorphism from Idps(;) to ®. Moreover, from the fact that

(M(idF) oy, 0) oy nr = (F oy (6 o, M(idp)), it follows that each (r is uniquely
defined by (19) with v := 61,



569
570
571
572
573
574
575

576
577
578
579
580
581
582
583
584

585
586
587
588
589

590

591

592

593
594
595
596
597

598
599
600
601
602

603
604
605
606

2-CATEGORIES OF SYMMETRIC BIMODULES AND THEIR 2-REPRESENTATIONS 23

4.4, Inductive limit construction for 2-representations. Assume that we are in the
same setup as in Subsection 4.3. For any finitary 2-representation M of &, we denote
by M" the 2-subrepresentation of M with the action of ¥ restricted to the category
M " (i) consisting of projective objects in M(i). There exists a strict 2-natural trans-
formation T: M — M" given by sending an object X to the diagram 0 — X with
the obvious assignment on morphisms. Similarly to [MaMa, Subsection 5.8], we have
a direct system

(21) MM MY

where each arrow is given by T with M replaced by the starting point corresponding to
this arrow. We denote by M the inductive limit of (21). This is a 2-representation of ¢
and the natural embedding of M into M is an equivalence. Let £ be a left cell of € and
C. := N, /Z; the corresponding cell 2-representation. By Yoneda Lemma, see [MM2,
Lemma 9], for any object X in M(1i) there exists a strict 2-natural transformation
Ax: P; — M which sends 1; to X and, moreover, any morphism f: X — Y in
M(1i) extends to a modification §;: Ax — Ay. If Z annihilates X, then Ay induces
a strict 2-natural transformation A’y from C, to M. Indeed, we have the following
commutative diagram

N = P, — ™ .M.
o

Ny
Ce

If Z also annihilates Y, then Ay gives rise to a strict 2-natural transformation A} from
C. to M such that Ay = = A II. Due to surjectivity of II, the modification 8 oy, ids
from AxE = AXIl to AyE = Ay Il induces a modification ¢’ from A’y to A3y in
Home afmod (Cz, M). By functoriality of the abelianization, via the limiting construc-
tion (21) we thus obtain two 2-natural transformations Ik, A_’Y> € Homg_afmod(%7 M[)

and the modification Q’): /k — A_’Y>

4.5. Symmetries of the cell 2-representation.

Lemma 22. The annihilators in € of Ly and Lg coincide.

Proof. Since G is the Duflo involution in #, it follows from [MM2, Subsection 6.5] that
the annihilator of L is contained in the annihilator of Lg (as the latter is a certain
unique maximal left ideal by [MM2, Proposition 21]). Furthermore, the evaluation
at Lg, inside the abelianized cell 2-representation, of Homg¢ (Hy,Hs) is full for all
Hy,Hy € {F,G} by [MM2, Subsection 6.5].

Hence, if the annihilator of Ly were strictly contained in the annihilator of L, the
dimension of the endomorphism space (in the cell 2-representation) of (F @ G)Lp
would be strictly bigger than the dimension of the endomorphism space of (F & G)Lg.
However, from Subsection 4.2 we know that (F @ G)Ly = (F & G)Lg. The claim
follows. U

On the one hand, by [MM2, Lemma 9], sending 1; to Ly extends to a strict 2-natural
transformation ®: P; — Cy. By Lemma 22, we know that ®Z= factors through
Cy and obtain a strict 2-natural transformation ®’ from Cy to Cy. Note that ®
sends both F and G to projective objects in Cy(i). Therefore @' is also a strict
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2-natural transformation from Cy to Cg ' and we have the following commutative
diagram:

(22) (Cn"™)

Applying the procedure in Subsection 4.4 to ®': Cy — @pr, we obtain a strict 2-
natural transformation <I_>; in End%_afmod(%) which swaps the isomorphism classes of

indecomposable projectives.

On the other hand, sending 1; to Lg extends to a strict 2-natural transformation
U: P; — Cy, and the latter induces a strict 2-natural transformation ¥’ from Cy
to Cy (which factors through @pr). For ¥, we have a diagram similar to the one
in (22). Note that W'¥(1;) = Lg and ®(Lg) = Lg. For a fixed isomorphism
a: Lg — ®(Lg), by Subsection 4.4 there exists an invertible modification ¥ from
U =T to ® = T’®’ (here both equalities are in Home-afmod (Ca, (Cr) pr). Note
that the limiting construction (21) applied to ¥ gives a functor isomorphic to Idc,,.
Using Subsections 4.3 and 4.4, we thus get an invertible modification Q) from Id%

) (g)2 Following [MaMa, Lemma 18] and the proof of [MaMa, Proposition 19], we
obtain that

(a) for any v € Homcg_afmod(ldc s (g)2), we have ld(qi;)z Op U = VU Op ld(g)z,

o (g)Q) such that we

have either idg oy, v = v oy, idg’ or idgr o v = —v oy, idg.
- - - -

(b) there exists an invertible modification v € Home_afmod (Id

Note that (g)2 preserves the isomorphism classes of projectives and hence defines an
auto-equivalence of % which is isomorphic to the identity. Therefore <I_>; induces an
automorphism ¢ of A and such that ¢?, corresponding to (<I_>>’)2 is an inner automor-
phism of A, cf. [Zi, Lemma 1.10.9]. Assume that the inner automorphism ¢? is of the
form = — aza™', where x € A, for some fixed invertible element a € A. Similarly to
the paragraph before [KMMZ, Proposition 39], there exists an element b € A which is
a polynomial in @' and such that b2 = a!. Let o be the inner automorphism of A
given by x — bxb!, for x € A.

Lemma 23. We have (0p)* = ida.

Proof. The obvious fact that ¢ and ©? commute is equivalent to the requirement that
t := p(at)a belongs to the center of A. We have

o(t) = g2 )p(a) = aala" p(a) = alp(a) = 7.

Therefore ©2(t) = t = ap(a™t)aa™ = ap(a™), which implies that p(a™) and a

commute. Consequently, po(a™t) and a™! commute. This implies that any polynomial
in p(a™!) commutes with any polynomial in a!. Therefore (b) and b commute and
thus p(b™!) and b commute as well. Hence the elements a, a™, b, b1, p(a), ¢(a™),
o(b), p(b71) all commute.
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A direct computation shows that the action of (c¢)? on A is given by conjugation with

by (b)aba™ p(a)p(b)p(a™)a’.

Using commutativity of the factors, this reduces to ap(a™!) which is central. The claim
follows. O

The functor of twisting A-modules by o is isomorphic to the identity functor as o
is inner. By Lemma 20, the functor of twisting by o gives rise to an endomorphism
Y of Cj which preserves the isomorphism classes of projectives. Then the 2-natural

transformation (Q := Eg c End%_afmod(%) induces an automorphism on A given by
ow. We denote this automorphism by ¢.

Example 24. Let A be the quotient of the path algebra of the quiver

modulo the relations af = Ba = 0. Let ¢ be the automorphism of A defined by
o(e1) = ea, p(e2) = e1, pla) = —B and (B) = a. Then ¢* = idy but p? #
id4. In fact, ©? is conjugation by a = e; — es. Note that the element p(a™')a =
—ey1 — eg is central. This example shows that <I_>; does not necessarily correspond to an
automorphism of order 2.

4.6. Connection to ¢ 4. Set G to be the cyclic group generated by ¢ (note that
|G| = 2 or |G| = 4) and consider the fiat 2-category ¢4, where A is the underlying
algebra of Cy. Let J#4 denote the full and faithful 2-subcategory of ¢, generated
by (Ajrlé) and 1-morphisms in the two-sided cell 7, referring to Subsection 3.3 and
Subsection 3.4 for notation.

Theorem 25. If € is H-simple, then € is biequivalent to a 2-subcategory of F4.

Proof. As mentioned above, Cj is equivalent to the cell 2-representation Cy. As ¥
is H-simple, the 2-representation Cj gives a faithful 2-functor from % to ¥ 4. Note

that the 1-morphisms F and G are represented, respectively, by X, Y in (17) under the
2-functor % Assume that the family of natural isomorphisms

n:={ng: Qo %(H) — %(H) o, He ¥(i,1)}

is the data associated to the 2-natural transformation Q) € End%_afmod(%) constructed
above. Thus, for any 2-morphism o : H — K in &, we have

(23) (Cyla) o Q) oy 1 = i 00 (2 04 Cgler).

Due to the fact that €2 swaps the isomorphism classes of projectives in %(1) all A-A-

bimodule homomorphisms corresponding to non-zero 2-morphisms in ¢ are symmetric
in the sense that they are uniquely determined by their images on the representatives of
distinct G-orbits of indecomposable direct summands of the source and the images on
the remaining indecomposable summands of the source can be obtained by (23). O
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