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Introduction

The British Congress of Mathematics Education, BCME, has its origins in an
attempt by the British Society f&esearch into the Learning of Mathematics, BSRLM,
to populate a gap in theygarly international ICME conferences: BCME was originally
intended to offer an opportunity for researchers in mathematics education to prepare for
the international ICME, and tshare their current work with interested others. Over
time, BCME developed to have a rather broader remit, under the auspices of the UK
Joint Mathematical Council, J®& and in particular, to include addressihg interests
and needs ahose in the classom-facing professional associatiorRecent BCMESs,
including BCME9, have been organised by JMC with particular input from BSRLM,
ATM and MA, but supported also by other JMC participating bodies, and with a key
aim of bringing together researchers and {itiaoers.

One strand of BCMED9, held at UniversafyWarwick 3-6 April 2018, therefore
focused on current mathematics education research, and included over 50 such sessions.
Postconference, researchers were able to submit formal papers related to their
conference sessions for peer review, and if accepted, to have those published in these
Research Proceedings. Others opted instead to publish shorter papersdio thea# r s 6
Informal Proceedings, now available at www.bcme9.org. The research stranddeatur
novice researchers, some schaohd some universitpased, as well as welcoming
those with more, sometimes substantiesearctexperience. One particular aim of the
editorial team, though, was to particularly encourage and support those beginning their
journey in mathematics education research, and differential support was available for
such authors in their preparation of pagersthis volume. It therefore represents the
outcome of the formal peeeviewed process for the range of accepted submissions,
and it has been our very great pleasure to work with authors in preparing their papers
for publication: we hope they will fegh¢ outcome justifies their effort!

What we see exhibited here is the rude health of research in mathematics
education in the UK, together with its varietlpy phase of education from early years
to adult, by research focus, and by theoreticalmathodological framing. Papers are
presented by alphabetical order of first author surname, but key themes include
emerging modes of teacher education, the use of resources, including digital, in the
mathematics classroom, and pathways to more effectiveatore assessment. English
schools in particular are currently grappling with significant curriculum reform in
mathematics and related areas, and we see thateefiachese papers in a constructive
focus on ways to support learners in coming to aeéhaedeeper and more connected
conceptual understanding, with welkveloped mathematical reasonimgigroblem
solving capabilitiesall are in some way addressed here, and all address issues which
are of global interest in the 2tentury.

Most of thepapers included in this volumeport on small scalgqualitative
studies which, though not necessarily generalisable, a#asonably nuanced
indications of what might be achievablBhey are complemented by other articles
which report on emergent theacail frameworks which have the potential to move our
understanding of mathematics education in more focused, and sometimes new,
directions.
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We live in fastchanging times, where tleoadaims of mathematics education
might persist, but specific goals dithe means to achieving those, as well as the
applications of the resultant learning, are likely to remain fluid: challenging, but
interesting, times for teachers and learrieasd so of course, also for researchers. It
is our belief that this volumerdely available online atww.bsrim.org.uk/bcm, will
have achieved much of its purpose if it is used by both researchers and practitioners as
a source of continued cresemmunity dialogue in pursuance afracommon goalof
appropriatelyevolving and empowering mathematics education for all.

Jennie Golding

Nicola Bretscher

Cosette Crisan

Eirini Geraniou

Jeremy Hodgen

Candia Morgan (editors)
UCL Institute of EducationUK
October 2018
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get better and better all the
pupil and teacher confidence

Ellen Barrow, Jennie Golding Benjamin Redmonidand Grace Grima
PearsonUK?; UCL Institute of EducatiorJk?

We report on the findings from the first year of a iygar study exploring

how teachers and children experience and use Pearson Abacus resources,
including perceptions of i mpact on (tea
Abacus was designed to foster a cdefit learning environment for

children to master mathematical concepts within the 2014 English National

Curriculum. Data were collected from nine schools: from teachers and

pupils in nine KS1 classes and nine KS2
Maths Coordnators. Teachers considered Abacus impacted positively on

both their own and children's confidence to work mathematically. However,

some teacher confidence may not be ualinded, and the learning

potential of the resources is not being harnessed, if doegot use the

support provided to enhance their subject (and subject pedagogical)

knowledge for teaching a richly conceptual network.

Keywords: Abacus; confidence; selefficacy; resources; primary.
Introduction

Multiple studies have shown that yoummpople often lack confidence in their
mathematics functioninigand further that their confidence often declines with age (e.qg.

Hannula, 2012). Related research has often taken place within a secondary context. This

paper is based on a 2018 study expldng the impact that the use of Pearson Abacus

resources has on pupil learning/experience in a sample of English primary schools. In
England, primary teachers typically teach one class across the curriculum, so are not

usually mathematics specialists. Teaclkconfidence in teaching mathematics is
therefore also often an issue (Ofsted, 201
Abacus mathematics resources have on teach

Background
The Resources

Abacus is a set of English primafysually age 51, years 1 to 6) mathematics
materi al s, devel oped in Iline with Oateso
resources. The resources are primarily accessed electronically on ActiveLearn, a digital
learning space that includes a toolkor teachers and pupil resources. This is
complemented by a range of text books and progression workbooks for pupils.

As described on the website (Pearson, n.d.), Abacus has been produced to

Ainspire confidence and a buosceool dédvelopnat hs o
confidence in using Abacuso. BaséddE, on t he
2014), the Abacus objectives reflect that programme of study, mirroring a government

8
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aspiration for higher attainment in mathematics given perceived megiediormance
in international comparisons. The pupil resources aim to engage and inspire children to
learn mathematics, creating a confidesapportive environment including through
support for teachers in their understanding and use of the resources.

For example, the online teacher toolkit includes a planning tool (at a variety of
scal es) , t h e whinle elass dmd imteyactiveoaotivites®nd a variety of
assessment and tracking tools and tests, together with reporting tools. There are
adaptable daily, weekly or termly lesson plans that include substantial teacher support,
pointing to likely misconceptions and ways to expose and address those, prerequisite
knowledge, learning design and opportunities within the resources, key probing
guestons and valuable responses to those. These provide for varying levels of teacher
experience and confidence. Exampl es of tea
mi nute fillersd, 6QuickMathsé, O6Fl uency Fi't
sheetsAccompanying these are interactive digital versions of many related physical
resources, for class projection.

The literature shows resources convey specific messages about mathematics
and its organisation (Raman, 2004), as well as influencing what andhatvematics
should be taught (Love & Pimm, 1996), though Chevallard (2003) shows teachers often
ignore suggested approaches or elements unless those are already present in their
Opersonal relationshipd with mathematics.

Confidence and related characteriss

Af fect is a key variable in studentsod |
literature uses a broad range of theoretical constructs to exploieétience, the
Oxford English Dictionary (2017) defines i
gualities and judgemento. Some theorists s
abilities is a better predictor of achievement than their current attainment (Pajares &
Miller, 1994). For the purposes of this study two key constructs, acadefrooaekpt

and academic seé f f i cacy, wi || be taken as being
confidence in mathematics. The two constructs are grounded in social cognitive theory
which suggests that studentsdé potteemt i al i s

own behaviours, personal factors (e.g., thoughts, beliefs), and environmental
conditions, pointing to the centrality of classroom learning environment and ethos.

Bong and Skaalvik (2003, p. 10) define acadeseitconcepta s A knowl edge
andpercepins about oneself in achievement situece
broad appraisal of their own competence, as perceived over an extended period of time,
and is informed by frames of reference that are likely to be grounded in social
comparison.n contrast, academself-efficacyis embedded in specific contexts, even

i n specific tasks. It is |l ess contingent o]
instead focusing on what students believe they can achieve with those skills and
abilities . These beliefs are |likely to change

previous experiences of undertaking a given task. Bong and Skaalvik (2003) show that

that selfefficacy and seltoncept are distinct, if related, concepts with -sfficacy

feedng i nto studentsd mor e-cohcegt.i sti c and stab
St udent s dnotivaion eahdsof cognitive, affective and behavioural

engagementre also strongly interrelated with feelings of sdficacy, selfconcept

and ultimately achievemeiriBandura, 2001). Motivation can be understood as either

being extrinsic (based on external social factors) or intrinsic, where students are

engaged in an activity chosen or pursued for its own sake. Intrinsic motivation is key
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to achieving meangful leaning (Schweinle Meyer & Turner 2006). Motivation is
influenced by the nature of the task the students are set. In addition to their expectations
of success, the personal value that they place on the outcomes is also important (Eccles
& Wigfield, 2000). Redagogy should therefore develop these characteristics. The
development of a growth mindset, explained for Abacus teachers by Pearson (n.d.) is
also i mportant for intrinsic motivation. I
mi nd s et 0 asivesin Englishenathematicseducation (e.g. Ofsted, 2012).

Where digital technologies are used, they have the potential to increase
mat hemati cs student so intrinsic motivatio
another dimension to classroom learnifgathematicd§ocused digital learning
practices may also help primasghoolage students significantly raise their
mathematics related sedfficacy (Hung et al.,, 2014For example, multiple
representations such as those easily afforded digitally aréokeyildren developing
deep conceptual understanding (Bryant, Nunes & Watson, 2009).

The Study

We report from the first, qualitative, year of Pearfiamded research which asked how
teachers and children experience and use the Abacus resotingss; agproval and

use of external researchers addressed issues of furadiirigd threats to validity of
outcomesWe base our discussion bndings from 3 suluestions: 1) To what extent

do the resources as used engage children in mathematics? 2) Which abpleets
resources impact on their confidence? and 3) To what extent do the resources support
t eac her s 6 Dataowere colleeted aeshown in Table 1 and then analysed by
sub question in NVivo and axially codedCoding was validated by at least avteer
researcher, and final interpretations and reports offered to field researchers and teacher
participants for further validation.

Table 1: Summary of data collection
Fieldwork Methods Used Data

Autumn 2016 Standardised baseline 18 class assessment reports
assessment afdividual and 25 interview (i/v) transcripts
classlevel characteristics.
Telephone interviews: 18 clas
teachers + 7 (other) maths
coordinators (MCs)

Spring 2017 Lesson observations. Class | 19 i/v transcripts

visit teacher (plus trainee teache | Plans and observation notes fi
interviews. Pupil focus groups| 18 lessons

18 focus group transcripts

Summer 2017 Teacher and MC interviews | 25 i/v transcripts

Twelve participant schools were selected based on a variety of characteristics (type,
size and inspection categories) as well as of secamomic and geographical contexts.
Additionally, schools had also bought different combinations of print or digbiatAs
resources. Nine became established participants in the study; three others withdrew
during early autumn 2016 due to local changes. There is no claim to generalisability
from the study: rather, it aims to provide ardiepth understanding of a rangeuse

and impact of the Abacus resources.

10
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Findings

This first year highlighted that at least 15 of 25 teachers perceived challenges with pupil
confidence in their classrooms, with many referring to fixed rsigtd:

l'tdéds énot being scared of number s, just havi n

children are really under confident when it
understand it so they just shut off. (Year 5 teacher 9, Autumn interview)

They're too quick o j u mp, because maths is a right o

theyéthink itds wrong and don't attempt it.

By the summer interviews, however, at least 14 of 18 class teachers reported confidence
in mathematics had gwn amongst the pupils. Below, we discuss the reasons given for
this.

Chil drendbs engagement with the resources

Engagement is clearly a prerequisite for classroom learning, so was an aspect of initial
probing in teacher interviews. Where, additionally)assroom offers an environment
fostering deep, conceptual learning then vi@linded mathematics confidence can
develop. Among physical resources, Abacus textbooks were the most used resource for
year 5s whereas the workbooks were most popular for yeafebshers widely
endorsed these resources as engaging for children, pointing in particular to the colours,
usability, characters and range and variety of activities.

While physical resources were highly praised in the interviews, teachers
particularly noed the interactive whiteboard (IWB) frenf-class activities as a means
of sustaining childrends engagement in
one part of the IWB activities that children found particularly useful or engaging. Praise
was primarily centred on the opportunity afforded for teachers to place learning in a
different context:

con

wr
(Y

earl

éot her than me writing on the board constantly

old sums and whatever. It just puts it in a different context anesnitla little bit
more fun so it engages them a bit more | think (Year 5 teacher 1, Autumn interview)

Most units | would use the interactive whiteboard activities because they are very
engaging and most of the time they are super. They love the thiadbdi number

line with the dinosaurs, when they roar when it moves up and down (Year 1 teacher
4, Autumn interview)

These examples support the wider research that discusses the importance of authentic
representations (e.g. Bryagttal, 2009). Dinosaursioving up and down may not be a
realistic representation of a number line, this particular activity exemplifies an authentic
model and academic task that engages children in learning. Similarly, a Year 1 lesson
observation illustrates the use of a digdimick tool activity. This task and activity can

be appliedtoaredli f e context, i mmediately underpi ni

context they are already familiar with:

The clock tool worked extremely well in this lessoit is such a flexible reource

that teacher could adapt. It was particularly powerful to be able to show digital
alongside analogue e.g. when counting in tens: the count was visible on the digital
clock; 1/2 past the digital clock reinforced idea that half an hour is 30 mins.
Children were very motivated by being able to click the button to forward the clock
I the large visual image was very helpful (Year 1 lesson observation notes)

Teachers felt that context and relatability were important and therefore, the more
practical theymade the subject, the better. The practical activities offered by Abacus

11
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proved to be hugely popular with the pupils. Teachers claimed that involving pupils
with physical, as well as digital, resources increased pupil engagement and enjoyment
in lessonsPractical activities were particularly valued as they were seen to be very
effective in supporting links underpinning deep conceptual understanding:

| know it's very simple but they really love it because they can see that a number is

being represented fnont of them physically and | think for a lot of them it took a

while. If | was to write a number on the board they knew which number it was but

they didn't really fully understand what the number represented. But when | put, if

it be blocks or Legos owven just a dice, they could see it in front of them and they

understood then right nine means nine dots or nine or six dots or so on and so on.

(Year 1 teacher 2, Summer interview)

Evidence from teacher interviews is consistent with wider research (Btyaint2009)

that suggests as children become more actively involved in their learning, in a variety
of ways, there is an impact on engagement, motivation and maths relateffi atfy.

The collection of learning resources provided in the Abacus schkomes teachers to

create an engaging and motivational learning environment that cater for a variety of
learning needs. At least 14 of the 18 teachers reported that, as a result, a range of their
pupils built and developed their confidence in working raeathtically.

Abacus and childrenbés confidence
Many teachers (at | east ten) noted that Ab
focus over time benefited the devel opment
year:
| think the scheme does helptnhat way because of the way itds
revisiting things so if they didndt get it the
and ités presented in a slightly different way
seen this before and I think lcand t hi s6¢é a | ot of them are sort

more confident mathematicians. (Year 5 teacher 4, Summer interview)

The way it goes back to each area: | think that's good for their confidence because
sometimes, even after doing, say, a topic for a weeke sidithem might not get it

or they might not be confident in the fact that they've got it. And the fact that it
generally goes back to the same sort of topics over a period of weeks...does wonders
for their confidence, because then they're able to keepiging. (Year 5 teacher

6, Summer interview)

Furthermore, teachers also suggested that the scaffolded progression helped pupils to
visualise their own progression and achievement:

And it does develop. They get quicker, they get more confident betiaifiest
one's easy, and then they can build it up to the harder ones towards the end. (Year
1 teacher 3, summer interview)

| get better and better all the time. (Year 1 pupil, Spring focus group)

The differentiated and progressive approach to the aetviere also mentioned as an
effective means of i mpacting pupilsd conf i

a |lot of the children enjoy doing é the suppor
the core because usually ités the support page
step instrugbns about how to solve it, whereas the core page will literally just say,

herebs a probl em, get on with it. So wusually i
suggest to the children, well you can do the support work first. But then you need

to get onto th core...and | think that does help build their confidence (Year 5

teacher 9, Summer interview)
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Finally, the ActiveLearn Games were perceived to change the way that pupils
approached | earning and had a measurabl e i
on i ne games have helped developed their co
interview) This evidence reinforces the notion that engagement is a prerequisite to

buil ding confidence. One pupil stated: OThe
thesums and the maths but you get to do a g
spring focus group). At least three teachers went further, pointing to specific children

who had begun the year with significant mathematics anxiety, but had progressed to

being keen to the point of asking for extra mathematics tasks or games.

Teacher confidence

The Williams Review (2008) is clear about the enormous impact the teacher has on
creating appropriate and confident learning environments and supporting valued
learning outcomes in mathematics, even if mediated by appropriate and motivational
resources. Weéherefore included questions about teacher knowledge, skills and affect
in our interviews. A consistent theme that emerged was a recognition of the
responsibility of teachers to effectively understand and implement the resources in
order to best impactwstients, but also stories of teacheosning to learrhow to best

use Abacus. As one teacher explained:

It is difficult because the best teacher in the world can make the worst resources
look good and the worst teacher in the world can make the bestaestwk bad.

It is how the teacher uses and delivers them that affects the motivation. (Maths
coordinator 4, Autumn interview)

A positive example of this was teachersé p
at least 8 teachers in interviews:

Sometines I'd get them to pair up because some of them are very shy. And | paired

them up with somebody who was a bit more confident, a bit louder and | got them

to maybe do an activity or a game together to do with what we were learning. And

| found that it mad them a bit more confident to speak but also more confident
with numbers. (Year 1 teacher 2, Summer interview)

Teachers were also clear that pupil confidence is directly influenced by teacher
confidence. Only two of the 25 teachers interviewed came faomathematics
specialist background, with many of the others (at least fifteen) describing how the
Abacus resources had improved their own confidence in teaching mathematics. Of the
Year 1 teachers, for example, 8 of 9 had only studied mathematics t6,agélsome
even stating tiatydbt hemy geereed ad matThat t he Ab
instrumental in shifting that confidence, then, including in the early years of teaching,
is an important finding:
I had éa student {tfheateathmgdegree bnd even shersaidyear 1 o
to me that the session plans for Abacus are so helpful for her because they were so
thorough and she could, she could take that lesson plan, read it over, and feel

completely secure in delivering that to the claskicty, for a Year 1 student, is
quite an impressive comment (Year 1 teacher 8, Summer interview)

One interview with a trainee teacher provides an affirming example of the support
Abacus provides for teachers lacking in experience and confidence:

I love teahing it, and | really love Abacus, it's just very helpful when you're starting
of f with no background experience in teaching n
| started with Year 1 | had no experience with Year 1, | didn't know what sort of
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level they workd ¢ |t's a really good starting point.
interview)

Every teacher interviewed also praised the flexibility of the planning resources, usually
for supporting a wide variety of teacher background and expertise, so teachers can
adjustthem to meet their specific needs. Two maths coordinators talked about how
teachers who feel supported by the resources, and so confident in delivering the content,
will create a learning environment best suited to develop pupil confidence:

I t 6 s ganwvomportunityeto feel confident in myself and to enjoy teaching it
which in turn means that they wil!/ enjoy | earn
to be able to kind of deliver that securely. (Year 1 teach8prihg interview)

However, observations etved that while responses to Abacus resources were almost
entirely positive, many teachers were still not fully using the resource supports to their
full learning potential, sometimes because of lack of familiarity. Several classroom
observations pointedotoccasions when resource design had been -utitised
because the teacher had a misplaced confidence in the depth of their subject knowledge,
so that they missed learning opportunities factored into e.g. choice of examples. If they
did not then make fuluse of the lesson plan guidance, children did not fully benefit
from design intentions. At least 12 teachers also pointed to lack of time for teachers to
get to know the resources in depth. None of the sample schools had bought in Pearson
resourcespecifc CPD, and only two had used a CPD video included in ActivelLearn,
choosing instead to come to know the resources informally and sometimes
collaboratively. This last was talked about as a positive option, but might limit the depth
of understanding of therientions of the materials.

Conclusion

It is clear that the sample teachers feel that the use of Abacus, to whatever extent,
significantly impacts pupil confidence. They suggested Abacus tools motivate and
engage children, and so support an environmentenhgils can develop their learning

and build their confidence. All, but particularly the majority who are-mathematics
specialists, claimed that different facets of Abacus also impact positively on their own
confidence as teachers. What the obsermaiitd other data clearly point to, however,

is the importance of appropriate teacher understanding and use of the resources. Many
teachers stressed the importance of this during interviews, placing onus on teacher
enactment rather than on the resourcemtisdves. When teachers are confident and
effective in harnessing the resources to teach content, this in turn has a positive impact
on pupil confidence.

However, lesson observations suggest that some of the teacher confidence (and
so sometimes, pupil cadence) is not welfounded, as some teachers do not yet
possess the deep subject (and subject pedagogical) knowledge necessary to teach for a
deep conceptual network of mathematical concepts without external support. Such
support is available, for example the lesson plan teacher notes but teachers do not
always recognise the benefit of using those, so don't harness them. Critically, most
teachers are not engaging with péad or inpackage CPD provision which would
point them to the benefits for chikeh's learning of using, and acting on, those notes.
Only if less specialist teachers access appropriate CPD will they be able to build and
support welgrounded pupil confidence in meaningful mathematical functioning.
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Redesigning the assessmeftedback loop to enhance
student engagement: a report of audio feedback

Florian Bouyer
University of Bristo] UK

The third and fourth year course Algebraic Number Theatythe
University of Bristolis only assessed at the end of the course. To make sure
that studentsireinvolved in continuous learning, they recefegtnightly
problem sheatthat they can hand in for marking and feedbackroject

was developed to try and improve the problem sheets and feedback given
to students. This report looks httinitial evaluation of the implementation

of audio feedback, and the next step for this project.

Keywords: Assessment design; feedback; use of technology; university.

Framing this project within the learning and teaching in Higher Education (HE)
literatu re

Up to the academic year 2016/Bigebraic Number Theor¢ANT) wasa third (final
year BSci)and fourth(final year MMath)year course in the School of Mathematts
the University of Bristdl. Whilethe coursés 100% assessed via exams for third gear
and 80% exam plus 20% project for fourth years, studentsorgiven nonassessed
problem sheets throughout the couBeespring 2017, the students would receive 5
problem sheets in the year (roughly fortnightly), which they could choose to do and
hand it in for marking and feedback. The sheets varied in length and total marks. The
marker (normally a PhD student) would mark each sheet that was handed in (based on
solutions provided by the lecturer) and would provide a mark and personal feedback
(not seen by the lecturer). The marker was also expected to write up general class
feedback (that was seen by the lecturer) and upload it onto Blackboard

Assessment can serve many purpose sudb gsetstudentso check what they
know; for the lecturer to see how effectivieeir teachingist o di agnose stud
difficulties; to motivate studentto studyjand to hel p develop stud
knowledge(Kahn, 2003 Cox, 2011) As formative assessment, the problem sheets are
meant 6 focus on the last two points. Part of this project was to redesign the problem
Ssheets to see if they can further develop
pure mathematics course, ANT relies on definitions and proofs. While many of the
definitions will not have been encountered by the students before, as they are in their
final year, they will already have mampncept imagesuilt in from their previous
courses. As such fAone should do more than
at theconflicts between the concept image and the formal definition and deeply discuss
t he wei r d(Vienera2602) By earningand understandindefinitionsand

11n spring 2018, ANT became a fowyiear course only

2 Blackboard is an online system used by the University of Bristol to manage courses (Virtual Learning
Environment). Each course has @wn page where students (registered on the course) can access
lecture notes, recorded lectures, assessments, marks etc.
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mathematical objectstudentscan more successfully engage with the rest of the
material including proofs and higher concegisich understanding can be retroactively
gained as students work through other materials, but part of the problem sheets should
help students with this process of learning definition and building new concept images.
Partof the problem sheets should inform the students on the type of problems lecturers
expect them to solvgBiggs 1996 Gibbs 1999) Therefore, they can diagnose
themselves on where they are compared to the learning objectives of the course. Finally,
mathenatics courses have many links to each other, which students should be exposed
to if possible (but with the expectation that only a few students would be interested in
exploring).

For these reasons Spring 2017 trialledthe use of threpartproblemsheets:
Part A: Questions that get students to think about the new definitions and theorems they
have seenincluding boundary cases, these questions were based on ideas by Alcock
and Simpsor{2009 pp. 1416 & 30-31); Part B: Problem$ined up with the larning
objectives, that studenshiouldbe albe to solve if they understood the current material
in the coursp Part C: Extension questiorte challenge students, indicating links
between parts of the course, as well as with other courses or areas ahatathe
researchOnly Part B was required to be handed in for marking and feedback, but the
students were encouraged to at least read Part A. | encouraged students to have a think
about the questions in Partlétth in lectures (by pointing out questions that generalise
a certain topic) and in their feedback.

A key element to formative assessment is the feedback process, from which
students can see the gaps in their understanding and how to proceed frq/Betliere
1989) Nicol and Macfarlandick (2006)give seven principles for good feedback. One
of the points they expand on is fMNicdhat feed
& MacfarlaneDick, 2006 p. 9) also backed up by other researcf@iisbs 1989; Cox,
2011; Choy, McNickle, & Clayton, 2009)Students in the School of Mathematics
University of Bristol,feelthat they do not receivgoodenough(prompt, detailed and
useful)feedbackHigher Education Funding Council for England, 20180 the othe
hand, lecturers and teachers find that there are pressed for time to give meaningful
feedback and have the impression students do not take into account the given feedback
in any casgUniversity of Bristol Staffs, personal communication, December 2016).
Robinson, Pope and Holyoak hypothesize iRator satisfaction with feedback is likely
to occur if students see the feedback as an end in itself and do not work independently
with the feedback provi de d201tl,p.26)nmeeb vi ng t h
Sadl er 6s (1989) t hird poi nt i n stedénf ect i ve
engagementhow does the student learn how to proceed from their current work?

Various methods of feedback have been suggested, but typically in
mathematics, feedback on written work uses a mixtuié)ahort comments on scripts
(i) model answers (iii) review of common errors in class (iv) written summary of
common errors (v) fddbw up oneto-one discussion in practical classes following the

return @@bbinsaro,r2@16p. 163. Thompson and Lee r eme
problem with [ (i)] i snot necessarily in t
between what teachers commuatieand how students interpret that feedback( 2 0 1 2 )

Whil e (ii) is highly wvalued by student s,

i mportant differences between (Rbobmson, own wo
Loch, & Croft, 2015 p. 367). Several quik informal surveys (a show of hands in
various <c¢l asses), suggests that a vast ma
(University of Bristol Students, personal communication, December 2016). When

asked to expand, the most common complaint is that lHeswide feedback are
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impersonal and seem irrelevant to their own work. From experience, it is true that with
small classes there can often be no common grounds on which to writevitlass
feedback except 3imoststudeatsrgoiehe tighea bui Hadktrodbl®
formul ati ng t hei Alotafrstgdentseeaemed to haveproblgms with r
Q50 . This kind of feedback falls short of
Rotheram(2008)suggested audio feedbaak a way to save timgpenton producing
feedback, while creating high quality and effective feedblktitortunately, he does

not back up his claim that time was sav&das (2014)implementech similar ideaat

the University of Bristgl Department of Hispanic, Portuguese dratin American

Studies where sheecorded her feedback while marking the assignments odhe.

found that this saves time while producing effective feeddaakathematics, studies

have been done on the use of awdgual to work through problems tteach
mathematic§Loomes, Shafarenko, & Loomes, 20Ray & Kletskin, 2012 Keen,

2009) More related to feedback, Robinson, Loch and C(@fi15)evaluated the use

of audiovisual classvide feedback, by working through model answers on questions

set ashomework. This form of feedback was well received by the students, who
prefered it to other kinds of feedback provided.

Focus of thereport

In Spring 2017, | redesigned the formative assessmei¢edback loop to try and

i mprove studentsodé understanding of ANT. Fo

audio feedback on top of the feedback already in place for this course (mark, written

comments, classvide written text). This report investigates whether audio feedback

Il ncreases the studentsd engagement with f

consuming. Rotheram (2008) argues that audio feedback is time saving, a fact that is

backed uy Edwards, Dujarding and Willian{2012)for essays in communication,

and by Arias (2014) for Spanish language coursework. As these are essay based

assignment, this project tries to see if the same result can be attained in a mathematics

settingwhererbl em sheets are often used. Closer

that Ano significant extra time was expend

with the traditional formato (2011, p. 30)
While classwide audievisual feedback (as done Bpbinson, Loch and Croft

(2015)) seems to be a sensible idea to implement, it has two main drawbacks: 1) it is

not personal, and 2) it is time consuming,

material on only two questignThe idea behind using personal audio feedback is that

it can be tailored to each specific student, hence not only giving feedback on where they

went wrong, but also how can they challenge themselves in the future.

Context of the study
Workflow of giving audio feedback

As a marker had already been assigned to the coumsemplementation of the
feedback was as follows. The students would hand in their {m#weekly) on a
Monday when the marker would collect it. The marker would mark their work (based
on the mark scheme | would provide them with), giving each question a mark and
highlight where errors were made (when they were made). Once thexghaals done,
| would receive all the scripts in one go. For each script, | would read through the script,
reading both what the student wrote and what the marker wrote. | would roughly think
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of what | should cover, then start recording the feedback. At the start, | tried to limit
myself to two minutes, but as the course progressed, | aimed to record audierbetw
three and four minutes lond@he recordings were made using Mediasite, a plugin by
Blackboard that allows screen casting and is often used to record lectures. Mediasite
automatically uploads any recording to Blackbodiuhce all the recordings were
uploaded, | had to find the link pointing to the recording and qegste it next to the
student 6 s mastukdentadtesntioer markwiiBtaokboard, they could click
the link next to itand listen taheir audio feedbacKkThe scripts were returned the
students at the same time as the mark were made available, on the following Monday.
This was to ensure a timely feedback, with only one week between handing in the work
and receiving it back. Furthermore, it gave students a week to engage witbdibhacle

and implement any changes before the next problem sheet was due.

Audio feedback comments

As the markerds comment and the model sol ut
(1989) definition of effective feedback, the audio recording focuseBand | er 6 s | as't
point. That is, the audio feedback should prompt the students into action that will help

them close the gap between their work and the expected stafolaadinal year course

in pure mathematicstudents are required to provarious factsand present clear
arguments and solutionssoh ow an wunder standi nRatB®df t he <co
the problem sheets reflected this by havingst of the questionaskingfor proofs.

Therefore, the audio feedback could go into more depth on theasirmguments

flaws and gaps in logic, as well as misconceptions in the course.

With the audio feedback, | tried to incorporate all of this. With errors of
misconception or lack of understanding, | took the time to point out relevant Part A
guestions thia the student might want to redo and pointed out where their
misunderstanding could have stemmed from. | tried to supplement such comments with
extra concrete examples (when possible). With errors of gaps in proofs (whether special
cases missing, wrong lm@l steps or incomplete idea), | took the time guide the
students through their error and the pote
example X through your argument, where does the proof fail? Can you amend your
proof to cover that gap? It might bes e f u | to remember thatéo.
understood the material, | took the time to point out which Part C questions they might
want to do to extend themselves, or ask them to think about how they would go about
generalizing this idea, or does thisopf work in this context, etc. All the above
comments are examples of me expanding a one sentence point that the marker had made
in the margin of the problem sheets.

Methodology and key results
Design of questionnaire

A questionnairavas giverto studentsluring the beginning of a lecture in week 10 (out

of 12) and collected at the end. For ethical reasons, the answers were collected
anonymously and there was a paragraph explaining how the data collected will be used.
To increase participation, 12 multipthoice questions were ask@dlon problem sheets

3An argument that only works if one assumes what one wants to prove is true. This is a common
mistake which can be hard to pick up and even harder to explain why the argument is circular.
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and 6 on audio feedbaglQ)lus a general comment question at the end. For the 12
multiple choice questions, students wasked to circle their response from a list of

option (to increase participation) bwere alsogiven extraspacand t ol d A[ t hey]

also write [their] owrresponse. Out of the 29 students registered in the course, around
20 turned up to the Monday lecture when the questionnaire was handed out. Of those,
10 filled in the questionnairend returned itTheir answersrecompiledin Figure 1

and Figure 2 contains relevant comments.

ws]
=
8]
w
IS
w
@
~
o]
=]
=
ws]

| handed in problem sheets

Isolved questions in Part A
I solved questions in Part B g
1 solved quesTioNS i1 Pt |
I found the three part problem sheets to be useful ey
| recommend other modules use three part sheets
1
|
—
—
[ |

I listened to the audio feedback provided
the length of the audio feedback was right
the audio feedback was easily accessible
the audio feedback was clear

| found the audio feedback useful

| recomment other modules use audio feedback

Yes Maybe m No N/A

Figurel: St udent s® questionnaire responses.

I |l i ke the idea [Audio Feedback] but

| keep forgettig about [the Audio Feedback], but | will listen to [the Audio Feedback]
Audio feedback is extremely helpful because it is much more detailed than what ong
write on the homework.

Personalised audivomework feedback an excellent and very helpful idea

Figure 2: Studentsd extra comments.

Data collection

For every problem sheet, | counted the number of students who handed in any work,
the total time taken to record al/|l t he
each feedback. The total length of time taken to record all the feedback was calculated
by lookingat the time difference between when the first feedback and the last feedback
was uploadedand adding the length of the audio of the first feedbisloke that this is

an underestimate as it does not include the time needed to set up recordifigttha
feedbacknor does itnclude the time taken afterwards to make the feedback available
to students (i.e., uploading the recording, and making it available to the stéddant).
theory students onlitad access to their own feedback (unless theyeslize link to

their friends)t he number of WAviewso each audio
engagement with their feedback.

The data was compiled twice. The first time wasthe same day that the
guestionnaire was handed pue. the same day as the audio feedback for the fourth
problem sheet was made available. This could explain the low number of views (in the
first instance) in the column of problem sheet 4. The second time was after the exams.
This was to see if the nurabof views had gone up during the revision period. Table 1
shows the data collected, with the black numbers the first data compilation and blue
numbers being the second data compilation (if different from the first). Unfortunately,
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the feedback for sheBtwas recorded on different days and hence no estimate on how
long it took could be made, hence the question mark in column 5.

Problem sheet number 1 2 3 4 5
Total number of problem sheets handed in 15 7 7 9 5
Total time taken to recordall feedbacks(mins) | 103 | 67 61 |89 ?
Average timetaken per user (mins) 6:52 |9:34 1843|953 |7
Average lengthof audio recording (mins) 3:03 | 3:33 | 3:56 | 3:04 | 2:58
Number of audios with O views 5 2 54|18 6|4
Number of audios with 1 view 8 7|5 4|2 1 3|0
Number of audios with 2+ views 2 3/0 1/01]0 1

Table 1: Data on audio recordings
Conclusion

While initially, 1 thought thatthe feedbackvould take on average-2 minutes per
students, the data showed that it took at least (on average) 9 minutes per student. This
is broken down into roughly-8 minutes of recording and@minutes of pregeading
and formulating thoughts. While this seerast a lengthy process, as remarkgd
student, more can be said in three minutes than can be witttemains to be seen
whether, although | believe it to be true, more can be said in three minutes than can be
written in nine Therefore, this initiateport can not conclude whether individual audio
feedback is a timeffective form of feedback for mathematics.

In terms of engagements @ot many students handed in problem sheets, not
many students could experience the audio feediecthe number aftudents handing
in nonassessed assessments followed the usual pattern of starting at 50% and quickly
dropping to around 25% handing in rates (Blackboard Data on Pure Mathematical
Courses, personal communication, September 2016), audio feedback didrease
studentsé engagement of problem sheets.
peak of 71% listened to their personal audio feedback on Sheet 2, there is a steady
decline of percentage of students who listen to their audio feedback at le=a$Vhbite
this would suggest a low level of engagement from students with the audio feedback,
we can not compare to the level of engagement they had with their written feedback.
What was interesting, although not surprising, is that the number of pesipterig to
their feedback went slightly up. As students approached the exams, they turn to (and
hopefully make us of) all the resources they can lay their hands on. Unfortunately, this
kind of extra resources is only available to those students who hamdedrk
throughout the year.

Overall, students found the implementation of the audio feedback to be good,
and of those who used it, the majority found it to be useful. Furthermore, while they did
not all make use of the audio feedback, the majority warddmmend audio feedback
to be implemented in other cours@sis is in line with the literature that reports
students view screencast as better than traditional feed@acs, 2014 Choy,
McNickle, & Clayton, 2009 Edwards, Dujardin, & Williams, 2012'Malley, 2011
Robinson, Pope, & Holyoak, 201Thompson & Lee, 2012)

Future work

This initial report shows that the methodology of this project needs to be changed for
the next implementation, both in terms of workflow to deliver feedback and in térms o
collecting data to evaluate the use of audio feedback. Part of the problems with the
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current workflow stems from having decision about each course (assessment weighting,
content, number of markers) are made before lecturers are assigned to coursegs. In fu
implementation, the workflow would be that | record the audio feedback while | mark
the sheets. This should cut down on tHe mhinutes | needed to think on what to say

for each student. To compare speed of recording against speed of writing,dleatl s

a few random audio feedbacks, and time how long it takes me to write down what |
said. The next implementation needs to monitor more closely the use of other feedback,
by enabling tracking of who view the classde written feedback and the model
solutions. Furthermore, the questionnaire should be designed to ask questions
comparing the uses of the different feedback available to the students.

While the sample size (10 students) seems to be small, the point of the project
is to evaluate the changestbke assessmefeedback loop for a pure mathematical
course in later years. Such courses have a relatively small number of students, hence
any information gained from the ANT setting can be valid for other pure courses. When
this project was presented g BCME9, a discussion followed on how to engage
students with feedback. In particular, the idea of feedforwarding in the-Baetiback,
by way of giving the student a specific task to concentrate on in the next sheet, was
suggestedasawaytomeastraisd e nt s6 engagement to feedbac
from the discussion (and which | had considered), is to use video as well as audio
feedback. This way the student will be able to see what | write down (some maths is
better communicated by hand thambadly), and furthermore will have further insight
into how a mathematician thinks. Hence, they would understand more what is expected
of them. Hopefully, | will be able to get the equipment to implement this next time
round, and hence evaluate the fuk wf videeaudio recording.

While this project is quite specific to the environment of one specific course in
one specific university, | hope that after some tweaking of the implementation and
design of the audio feedback, | will be able to recommend dadaback (alongside
other approaches) as potential method to improve the student learning experience in
pure mathematical units. Audfeedback has potential to cover the engagement aspect
of feedback, which would complement the use of model solution.
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I can do it Year 3 chialicer enods

lessons identified through their drawings

Ashley Comptohand Adam UnwirBerrey
Bishop Grosseteste UniversityK!; Academies Enterprise TrystK?

This research involved children drawing themselves in a mathematics, lesson
order to access sométbeir perceptions about mathematics lessons. Drawings
can provide a rich source of data and allow children to comntergcaotional

and social characteristics whilecusng on otherfeatures that are important to
them. The sample was 234 Year 3 pupilafd 8 years of age) from ten

primary schools in Lincolnshire, England. The drawings were analysed for
teachetpupil interactions, pupip u p i | i nteractions and
themselves as learners of mathematics, using a coding system devised for
similar study in Finland. The majority of pupils indicated perceived competence
in mathematics. Some gender differences were noted in terms of teacher
position and teachguupil interactions. Teachgaupil interactions are an

important aspect of mathetes lessons which emphasise communicating
reasoningso teachers should be aware that girls and boys may perceive teacher
pupil interactions differently.

Key Words: Mathematics; competence; teachepupil relationships; drawings

Introduction

The Nation& Curriculum for mathematics in England is underpinned by three aims:
conceptual fluency, reasoning and problem solving (Department for Education, 2014).
These involve explaining your thinking to others, such as the teacher or other pupils
(Askew, 2016; Zistra, Wubbles, Brekelmans, & Koomen, 2013). However, many
people, including some teachers, have a more limited view of mathematics as
calculations and procedures that must be memorised and performed quickly, which can
result in maths anxiety and negatattitudes towards mathematics (Boaler, 2016). The
2012 PISA results of English 3ear olds found higher maths anxiety in girls, along
with lower confidence and motivation, even in those achieving the same scores as the
boys (Organisation for Economic @gperation and Development [OECD], 2013).
There were also gender differences in
and PISA international tests, with boys outperforming girls at Year 5 and 15 years old
(Mullis, Martin, Foy, & Hooper, 2016; GreanyBarnes, Mostafa, Pensiero, &
Swensson, 2016; Jerrim & Shure, 2016).

Links between confidence and competence have also been found with younger
children and these are further relatedtoteachkri | d r el ati onshi ps.
research, with 200 kindergarten children in Greece, found that the more positive
children wee about their relationship with the teacher, the higher their attainment in
mathematics, beliefs in their own competence and motivation. Zijlstra et al. (2013),
studying 828 first and second grade children and 40 teachers in Dutch primary schools,
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founda positive correlation between children
perceptions of their teacher as friendly, organised and helpful. The opposite has also

been found, with negative perceptions of the teach#d relationship associated with

lower attainment; gender differences were a factor, with teachers reporting more
frequent negative relationships and conflict with boys (Koepke & Harkins, 2008;
McFarland, Murray, & Phillipson, 2016; White, 2016). Relationship issues between

boys and teachelsmve also been identified in the UK (Myhill & Jones, 2006).

Pupil perceptionsare often gathered through direct approaches, such as
guestionnaires and psychometric tests involving Likert rating scales (Stephanou, 2014;
Zijlstra et al, 2013; McFarland, Murray & Phillipson, 2016), although in a comparative
study Harrison, ClarkandUngerer (2007) found that the indirect approach of asking
children to draw a picture proved to be a better measure of tgawpiérelationships.

Observatns have also been used but these have been found to vary depending on
factors such as lengtimd timing (Pianta & Cash, 2004).

Leitch (2008) and Hannula (2007) <consi d
research to provide a richer source of data andippat children in communicating
both their emotional and social worlds, compared with more traditional research tools
such as interviews and questionnair@arlow, Jolley and Hallanf2010) noted that
drawings encourage children to include more detads ttmey would in discussion,
without having to ask leading questions. Drawings are a way that children share their
perceptions of the world and identify aspects that are important to them, even when
they struggle with the vocabulary to communicate theseally (Papandreou, 2014;

Cugmas, 2004). Within the research setting of mathematics classrooms Dahlgren and
Sumpter (2010) suggest drawings may be used to support inferences regarding the
pedagogical approach regularly experienced by pupils during théingaof
mathematics. These views are supported by Selwyn, Boraschi and Ozkula (2009), who
also emphasise the greater opportunities that drawings give to children to express
themselves, although they concede that a lack attiarskill can be a constraint

There have been sever al studies about
mathematics using drawings as a research meBerttkila andAarnos(2009) asked
300 six to eightyear olds in Finland to draw themselves in math land. The researchers
analysed the eations portrayed in the pictures and found that girls were more likely
to display joy (53% v. 21%), whereas boys were more likely to draw sad expressions
(19% v. 5%). However, it may be that the girls were conforming to stereotype pressures
on girls to pesent themselves as cheerful rather than this indicating a greater liking of
mathematics.

Towers, Takeuchi and Martin (2018) al so
and mathematics, with 46 four to nigear old children in Canada. They used semi
structued interviews, alongside asking children to complete two drawings: one which
showed how they felt while doing mathematics and another that showed what
mathematics is. The children in this study drew very different images of mathematics
to those in Perkkil anddarno® ( 2009) study, which were mos
on realworld applications of mathematics. The children Towers et al. (2018) studied
mostly drew children in school. These drawings gave access to many details about the
learning environmenand included features that the children had not spoken about.

Towers et al. (2018) reported that the young children were generally positive about
mathematics, but they also identified that children were already forming ideas about
mathematics being haat easy and whether they were able to do mathematics. They
reported that both perceptions were problematic and recommended that early years
teachers explore these ideas about mathematics with children.
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Borthwick (2011) analysed 162 drawings completed lipnary aged children
from four schools in Norfolk to determine
mathematics lessons. She looked at emotions and attitudes in mathematics lessons,
perceptions of peers, perceptions of the teacher and the type of mathgmesented.

The drawings showed a range of emotions but, similar to Perkkilaamads(2009),

there was evidence that younger boys were already showing disaffection for
mathematics. A factor that led to this disaffection, determined through the dsawin
and interviews, was the teaching approach that had children seated in groups but
working independently, although they would rather work as a group.

Foley (2015) was particularly intereste
and their identity as mathmaticians. She used a wide range of data collection methods
with 14 eight and ningear old girls from a single class. She was determined to ensure
t hat the girlsdéd voices were heard so inclt
themselves doing mathene# and then annotating the picture to explain what they
were thinking. Similar to Towers et al. (2018), most of the drawings showed
mathematics as number and calculation, taking place in a classroom at a desk. The
majority of these showed mathematics éoabsolitary activity, as found by Borthwick
(2011).

All of these authors (Borthwick, 2011; Foley, 20P=rkkila & Aarnos 2009;
Towersetal.,, 2018 omment ed that ochil drends drawings
el iciting chil drmathenaticspThe chinert responded eadiyota t
the task of creating a drawing related to mathematics. These were often annotated by
the child or followed up with interviews to assist in interpreting the drawing.

Methodology

This study was modelled on resgarundertaken by Tikkanen et al. (2001) from
Helsinki University, about thirdg r ader sé dr awi ngs of mat hemat
because the Finnish team requested that a parallel study be done in England for
comparative data. The core research questmmWh at ar e chil drends pe
mathematics classroomsPhe aspects considered were: teaghgil interactions;
pupil-pupil interactions and perceptions of mathematics. The participants were 7 and 8
year olds in Year 3n=234, 119 boys and 115 gy from 10 primary schools in
Lincolnshire, United Kingdom. The schools ranged in size, number of children eligible
for free school meals, children with English as an additional language and children with
Special Educational Needs. However, results abnat testing in Year 6 showed that
children from these schools showed above average attainment in mathematics. This
may be due to schools being recruited through teachers who had completed the MaST
(Mathematics specialist teachers) programme taught bnetiearchers.
Informed consent was obtained from the headteachers of the schools, the
teachers involved in the study and the parents of the children. Informed consent from
the children was obtained by explaining the purpose of the study orally and pgovidi
the children with the option of not submitting their drawing. Only one child chose not
to take part. One of the researchers instructed the class of children:

Draw yourself in a maths lesson. Use speech and thought bubbles to show what
different peopleme saying or thinking. Label yourself ac

The researcher and class teacher acted as a scribe for the speech / thought bubbles if
requested. Explanations of what was happening in the picture were either written on the
back by the pupibr verbalised by the pupil and then recorded by an adult. This is in
accordance with suggestions that children should be given the opportunity to explain
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their drawing rather than it being |l eft ent
Cugmas2004).

The drawings were analysed using codes developed by Tikkanen et al. (2011)
t hat related to the teacherodés position in

interaction between pupils, perceptions of mathematics, teaehéned and pupil
centred working methods. This resulted in some difficulties because the Finnish codes
did not always fit the English context, particularly those related to working methods,
which is why those aspects are not discussed in this paper. Each coding category
inct uded the -optogni sabbedn which accounted
no teacher drawn in the picture), an inability to interpret that aspect of the drawing (e.g.
scribbles rather words in the speech bubbles) and data which did not ficotles:.

Coding was done by the researcher who had gathered the data, which allowed
knowledge of the setting to inform interpretations, though may introduce bias. A sample
of the coded drawings was exchanged to check-rater reliability. Where differezes
occurred, these were discussed between the researchers and then clarified with the
Finnish team who devised the codes. The subsequent sample check had identical coding
from both researchers. Frequency tables were used to organise the data.

Figurel Example of drawing from a boy (I can do it / It is easy)

Figure 1 is an example of a pupilbés drawin
the teacher standing at the whiteboard. There is an addition on the board with
6rainbowsé, which are meant to indicate t he
tens added together and the ones added together. Two of the children make comments
related to competence (6l can do ité and 6

picture are: teacher position at whiteboard; teacher gives mathematical instruction
through explicitly pointing at the board; several pupils separately remark / think in
connection to the instruction; pupil thinks mathematics is easy; pupil can do
mathematics. The type of mathematics was not coded but most drawings showed
number and caidation, as found by Towers et al. (2018) and Foley (2015).

27


http://www.bsrlm.org.uk/bcme-9/

Golding, J., Bretscher, N., Crisan, C., Geraniou, E., Hodgen J. and C. Morgan (Eds)R@edactProceedings
of the 9th British Congress on Mathematics Educa§® April 2018, University of Warwick, UK). Online at
www.bsrim.org.uk/bcmé/

Figure 2 Example of drawing from a girl (Millie is right)

Discussion of findings

Statistical tests, including chi squared, were used to check the significance of outcomes
grouped byschoolsand genderGender differences are often researched in education
but this is a complex area, with questions raised about whether these promote equality
or entrench stereotypes by ignoring the intersections that gender has with other factors
such as race dnclass (Dhar, 2014). Three aspects were found to be significant with
gender: teacher positioR(8, N = 234) = 15.39, p =.02; teachgupil interaction &7,

N= 234) = 15.9, p = .03 and perceptions
Boys weremore likely than girls to draw the teacher away from them, at the board

(Figure 1) or teacherodés desk, or draw no

at the board, it was more common for girls to draw the teacher among the pupils (Figure
2). Growping data by school did not prove significant, which means that the differences
in the pictures result from differing perceptions of shared experiences. This suggests
that interpreting the drawings as an indicator of typical practice should be considered
with some caution. During a lesson it is common for teachers to move about and interact
with pupils in different ways. Therefore, it is likely that there were times when the
teacher was at the board and other times when the teacher was among the poihils so b
perceptions could be accurate. Nevertheless, the differences in position might be an
indication of what teacher position the child subconsciously perceives as more
important to her or his learning.

There was a wide range of responses for tegaingif interaction. Both genders

of

t

(

had a | arge number coded O0teacher is quieto6

or other indications of communication, such as pointing at mathematical instruction on
the board (Figure 1). Where communication was evideys were most likely to show
mathematical instruction or behavioural orders. Girls included even more behavioural
orders but were far more likely than boys to show the teacher giving positive feedback
(Figure 2) or asking questions. These findings amsistent with research into the
gender differences in teachaupil relationships, where girls have warmer relationships
(Koepke & Harkins, 2008; McFarland, Murray, & Phillipson, 2016; White, 2016).
According to Papandreo2@14 drawings allow childrenat focus on aspects of the
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experience which are important to them. Therefore, it may be that boys see the teacher
as a more distant figure and have a greater focus on the instructional elements, while
girls may focus more on physical closeness with thehtraand emotional closeness
through receiving positive feedback. Howe
drawings were reflecting gender stereotypes, rather than true perceptions.
The category O6Pupialss iareeatddmpe@sadmtr ough
i n speech bubbles (e.g. I can do it.), t hr
through the pupil showing the correct answer to a mathematical task in the drawing.
Both Figure 1 and Figure 2 show children who are confident about theiematilcal
ability. I n the boyds picture (Figure 1) t
which i ndicate competence and confidence,
unknown since there is no speech bubble or other clues. The girl (Figure 2) has
demonstrated her competence by getting the right answer to the question on the board
(6+6=12) and by receiving praise from the teacher. Competence in mathematics was by
far the most frequent code in this category for both genders. In the discussion of the
sample it was noted that the English schools participating in the study were broadly
typical of English schools except for above average test results in mathematics.
Therefore, the sample might be skewed towards higher competence in mathematics
which wouldimpact on the generalisability. However, the TIMSS 2015 data for Year
5 found England to be in the top ten countries for confidence, which correlated with
increasing competence (Mullis et al., 2016), so this may be an accurate portrayal. It was
very rarefor either gender to show a child asking for help. This could be due to the high
levels of competence being displayed or may relate to a classroom ethos that
discourages seeking help.
There were some drawings which presenfmularised views regarding
confidence andccompetence in mathematics, with pupils identifyilngmselves as
Agood at muehiedentifyang peersad unhappy with mathematics or unable
to do questions. Sucpolarisation may suggesgiupils are developing the common
misconceptia that people either can or carindo mathematicgBoaler, 2016).
However, it may also indicate an attempt to emphasise their own level of competence
by contrasting it with their peersoé ability
from children sittihg in the same row, with the drawing process accompanied by
giggling, and so may have been a form of teasing rivalry rather than a serious perception
of their own and their peersoé abilities.
Girls were more likely than boys to comment on mathematics loiiingult or
easy, with nearly twice as many choosing difficult. It is not clear whether the children
who rated mathematics as difficult saw this as positive (i.e. a challenge) or negative
(i.e. beyond their capabilitiedoys were more likely than girte comment on whether
mathematics was fun or boring, with slightly more choosing However, all 10 of
the drawings which showed mathematics as boring were from boys. This may be
evidence of the early disaffection in boys noted by Borthwick (2011).

Conclusions

This is a smaikcale study so any conclusions must be considered with caution and

should not be assumed to be generalisable. Further caution should be exercised since

this study was about chil dr enosherphanr cepti on:
attempting to determine what was objectively happening in these lessons. Although

teachers need to be careful not to make stereotypical gender assumptions about

children, gender differences were found in the data. This study found that perceptions
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about teacher position and teachhild interactions differed by gender, which

suggests that teachers should consider not only their physical position and interactions
but also how these may be perceived by the children. There were further gender
differences regarding perceptions of mathematics as easy or hard, boring or fun. Since
teacherchild relationships and perceptions about mathematics have been found to
impact on confidence, competence and commitment to mathematics (Towers et al.,
2018; Stephano014; Zijlstra et al., 2013), teachers may benefit from exploring the
perceptions their own pupils have of mat he
mathematics in this study were generally positive and the majority of pupils

positioned themselves as pé®who could do mathematics but there was little

evidence of being willing to ask for help. In order to address perceptions of
mathematics being too hard, teachers might needdourage a classroom ethos that
encourages children &sk for help. Thisnayhelp to develop further positive
perceptiongowards mathematicencluding the belief that all can learn mathematics
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How might the Numberlink Board E be used to de\
deep conceptual understanding of multiplication through
exposing structure and making connections?

Katie Crozier
Eynesbury Primary School, Cambridgeshic

In this paper | will draw upon findings from the action research | conducted
using the NumberlinkBoard, aimed initially at developing deep
understanding and rapid recall of multiplication table facts. In particular, |
examine the value of exposing the multiplicand to draw attention to the
structure of repeated addition multgdtion. The use of a double line
representation is also explored to determine whether this encourages
children to see patterns and make connections. The research then considers
the extent to which childrederive answers using known facts aagply
theuse of the distribie law, to numbers beyond multiplicatitable facts.

The research was conducted with children in Year 4 over a period of ten
months working for one morning each weekt the end of the research
period, esultsindicated that: kildren hadan increase@wareness of the
structure of multiplicatiorand could apply the distributive law to derive
multiplication table facts; children usedetdouble lineon the Numberlink
Boardto reason mathematically about patterns amaghections betwee
multiples; here was limitecevidence of childremeriving answers from
known facts and applyintpe distributive law when multiplying with larger
numbers.

Keywords: Numberlink Board; multiplication; multiplicand; structure;
multiplication tables; double number line

Introduction

The extent to which deep conceptual understanding and visualisation of multiplication

can be developed through exposing structure and making connectionsxpl@aed

throughan action research project that | conducted foiMiagters Degree Thesiat

that time in my Year 4 classroom, | was using the counting stick and the array to support
children in their understanding of the structure of multiplication as repeated addition. |
found that the array was a very powerful repneseat i o n to support
understanding of why multiplication is commutative.

Barmby & Harris (2007) recognised the potential of the array to support
reasoning in multiplication but also drew attention to some limitations. In their study,
some Year £hildren (aged ®) had lost sight of the calculation within the array and
just focussed on the total number of dots in the representation. These children were not
able to use the array for multiplicative reasoning. Through discussion with children, |
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had found a similar situation in my classroom, particularly when the dot array was used
to represent larger multiplication calculations.

| also observed marghildrenin my classstruggle with inefficient methods of
recalling multiplication factsfor exanple, finding the answer to 9 groups of something
by counting up from 1 lot. To move away from this inefficient strategyarted to
strengthen the awareness of the distributiveilgwa x (b + ¢) = (ax b) + (a x ¢). |
wanted toencourage children to edey facts such as 10x and 5x to work out other
facts, that is, to derive facts. | used the counting stick to model this strategy. However,
children were not applying this when working independently. Delezar et al. (2005)
studied the learning of matherat facts in two ways, through strategies and through
memorisation They concluded that both pathways are effective recalling facts
fluently but that those who learned through strategies, for example learning 17 x 8 from
17 x 10 and then subtracting 22, were able to connect their conceptual understanding
to new problemsl n t heir research to analyse <c¢chil
arithmetic Gray and Tall (2007; 2008) found that the childseith a more secure
understandingised many more deridefacts, whilechildrenwho were not yet secure
resorted to counting to reach each answer.

With regard to multiplication facts, | do think that accurate and rapid recall of
facts is importantbut the recallof number facts based on structure and nursbase
is a far nore powerful tool (Boaler, 2016). | started thinking more deeply about a
representation that would support children in their understanding and application of the
distributive law.

Research questions

My research questions foaed on finding how children within the year 4 class
develogd multiplicative reasoningUsing an inductivist appach to my research
complementedny teaching stylewhere | actively engage children to be part of the
learning process and to discover and reflect upowledne that is built from the social
context of the classroorMlathematics teaching pedagogies which aim to promote deep
conceptual understanding and visualisation of multiplication as repaddgtnwere
considered in relation to the data collected

Methodology

The research was conducted with childreriYear 4 over a period of ten months
workedwith the same class of children for one morning each week. Field notes were
taken to describe and reflect upon each cyctb®fction research proces3ecorded
interviews wereconducted with thelass teaching assistant anidh a focus group of

four children. The results of the research included descriptions and categorisation of:
classwork and assessments completed gtnia period of action rese&r@n interview

with the class teaching assistant and responses to tasks undertaken duriimpsaedsk
interview.

This paper provides an overview tife Numberlink Board, arepresentation
which | designed before the researahd the extent to which appeared to support
childrerd sinderstanding ofhie structure of multiplication and their ability to apply
multiplicative reasoning.
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What is the Numberlink Board?

The Numberlink Boardas shown in figure 2 belowses the same principle as the
counting sck but differs in three main ways:
A It exposes the multiplicaridthe number in the group or sen figure 1 below
the 8 times table is the focus, so the multiplicand is 8.
A It has a second line so connections can be made and patterns. spotted
A Eachchild has their own dergrase Numberlink Boardo learning can be

personalised.
The board folds at the red line.
The red line shows the importance
of using five times and ten times to

work out other multiplication facts.

G Gl Gl Gl o] | Gl 10
1
M Numbert‘nk Board] Think it ~ Link it ™
Multiplicand »;.I S )
~2 | g | 2 | g | ¢ g g )] =) ]
™ "
i i
4 4
! e — — g

Figure T The design of the Numberlink Board

| designed the NumberlinBoard in order that the multiplicand was a key
feature of the board, to emphasise the number in the repeated group or set. In other
representationgsuch aghe counting stick, this part of the multiplicative structure was
implicit; it was stored mentally rather thanosvn on the representation. | argue that
this is the essential feature of the repeated addition structure of multiplicatioasand
such needs to be shown explicitly. | worked with the children in the research project
to strengthen visualisation of regied addition with relation to multiplication. |
designed the board so that the middle is represented by a large iied kag reference
point on the board to highlight where 6fiyv
about products, | asked tdiien to explore the representation of tgmoupsof a
particular multiplicandboth cardinally and symbolicallgs shown in figure 2 below,
then asked questions like:

Show me 9 lots of 5. How is this related to 10 lots of 57 Show me ]_(groupsof é

["‘“‘“‘\ ‘?ﬁﬁﬂ]m Show me 9 groups of &
— - - — = How did you find 9 graips so quickly?

==

o

Numberlink Board™

e s s @@@E@F How is 5 groups related to 10 groups?
ﬁ:]@:][:l CJD[::JI:]E Showme 5 groups, now show me 6 groups.

|

iy 50010 oy © Gresverm ekl I01E

Figure 2: The Numberlink Board with multiplicands represented.

| found that spending time on the orientation of finding multiplicands in relation
tothek ey points of dgrauf® glraoiudp stbh ea nfdouénsd at i ons
distributive law. Childrerexplained that 6 groups was one more group tharoups
and 9groups was one less group tHehgroups When putting the products onto the
Numberlink Board | did ask that the children put them on in the ordgodp 10
groups then 5groups(which we discussed could be found by halvingyi®@upg. The
children bund this frustrating initially as they had been used to skip counting and

7z

wanted to put the products on oO0in lordero.

34


http://www.bsrlm.org.uk/bcme-9/

Golding, J., Bretscher, N., Crisan, C., Geraniou, E., Hodgen J. and C. Morgan (Eds)R@edactProceedings
of the 9th British Congress on Mathematics Educa§® April 2018, University of Warwick, UK). Online at
www.bsrim.org.uk/bcmé/

group 2 groups 3 groupsetc. is restrictive as it is reliant on an adding strategy, counting

on from one number to the next; | believe it hasited use beyond learning

multiplication table facts. Once key fact& group, 10 groups, 5 grougsad been

written on the board, other products could then be derived by looking at their relative

position to these. | was keen to support depth of understanding of repddttdnso

that each calculation wasno6t antenigreupd at ed pi
of the multiplicand. Figure 3below shows how the three parts of repeated addition
multiplication, the multiplicand, the multiplier and the produate exposed on the
NumberlinkBoard

Numberlink Board™ Think it ~ Link it

g g g g g g g g g g
g 40 g0

www.creativemathsdallco.uk Registered design 5002102 ‘Copyright © Creativemathsaall 2016

[EE T ET T

Figure 3 NumberlinkBoardshowing the structure of multiplication and key facts.

| continued to work with the children and the NumberlBdardto support
learning multiplication factseach lesson involved mathematical reasoning using
guestions prompts such iIsHow do you knowé0 Rasealch A Convi |
suggests dachers who make effective use of representations use them to expose
mathenatical structure and link mathematical concepts and processes (Mason,
Stephens, & Watsor2009; Booker et al 2014). Children will not necessarily make
the connection between the representation and the mathematics themselves. The more
that children useepresentations alongside the teactter more they become familiar
with their structure and the mathematics that is being exposed (Askew, 20drBies
and Suggate (2006) also suggest that representations do not tdomvagthematics
without processAttention needs to be drawn to the link between the representation and
the mathematical structures involvefdyunderstanding is to be developedyiew also
supported by the work of Mas@2003).

Initially, the Numberlink Boards were used alongside courgeand other
resources to show cardinality, the size of the multiplicand and how it was repeated. The
children soon became familiar with the simple representation of the Numdgdarkl
and how it exposed the multiplicand and the multipli€he classdaching assistant
commented on the impact that the simple structure had:

Itdés the visual thing. They can visualise it a
7 times and you can see them visualisi@gimes, then halving it and theddng
one more lgttwo moregroups of and they love doing it.

The childrenstartedto derive and prove multiplication facts using the Numberlink
Board asavisualsupppggts demonstrated by these childre

5 x 6: The answer is 30 becausef 60 is 30

9x 6: You take away 6 from 60

6 x6:1t is 36 because 5 x 6 = 30 and itbds one mor €

Another stimulus for exposing the multiplicand came when a pupil was trying
to work out 98 multiplied by 3. | asked her to give me an approximate answer; she
considered this for a short ti9%e3neand sai d
and whenencouraged to writdown 98, 98 and 98 on her piece of pagdethen
reasonedhat the answer would have to be about three hundred and even clarified that
it had to be a little less than three hundred as 98 was a little bit less than 100. By
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supportingher to focus on multiplication aepeated addition, her multiplicative
reasoning had improved; her number sense was engaged.

Findings and discussion

Using known facts and the distributive lawhenmultiplying numbers beyond
known multiplicationtable factsup to 12 x 12

The research data collected over the course of the action research period showed that
children only used known facts and applied their understanding of the distributive law
to larger numbers, beyond multiplication table factsoup? x 12, when prompted. Part
of the class assessment was to find the answer to 68 x 5 in three different ways. 87%
of the children who answered the question used column multiplication as one of the
ways to solve the calculation and for 96% of thesklian it was the first method they
chose. Although some children derived the answer by halving the known fact of ten
times 68 as one of their other ways of solving the calculation, for the large majority, it
was not the preferred strategy.

Since compleng my research project | have been using the Numberlink Board
more with the multiplier as a focus. We use it to think about how we can derive 5
groups of a multiplicand by halving the known fact of 10 groups of the same
multiplicand, applying the assative law of multiplication. In my experience the
children find this particularly revealing when working with decimals, for example 1.8
x 5. They realise how simple it is when they consider that it is actually half of 18. |
believe that time spent dewping the mental calculation strategy of deriving 5 groups
of something by halving 10 groups is time well spent. The distributive law can then be
used efficiently by using key facts, for example finding 6 groups of something by
adding 5 groups and 1 grouphe data suggest a visual picture of multiplicative
structure develops, from which other calculations, not just multiplication table facts,
can be derived.

The significance of the double line representation in developing multiplicative
reasoning.

The rdationship of numbers along the line of teoxeson the Numberlink Board has
been discussed in relation to the distributive law. The second rdwexalson the
Numberlink Board was added initially so that children could expitaee value links

and scahg by 10 or 100. For example, children explored how multiples wef
linked to multiples of 0.8, or 80 or 800. As the action research spiralled and the use of
the NumberlinkBoarddevelopedThe children were encouraged to use the second row
of boxesto spot more patterns and connections between the asweell as along the

row of products.

Using thesecond row of the Numberlink Boartb adjustfrom known facts
estimate andlevelop number sense

| encouraged some children in the class to applyr thristing understanding of
multiplication facts to go deeper and think about connected facts. In the weekly
multiplication fluency sessions, some children started with their base facts, for example
working on the 8 times table, then they would use tleerse row to scale up or down
and find the multiples of 80 or 0.8, as shown in figure 4 below. We spent time
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discussing how and why each product was ten times bigger or smaller than the 8 times
table products.

Children started to see patterns and make links between multiples on each line.
The class teaching assistant said:
The children | worked with today were talking about your 8 times tableSand

times or your 800s. Being able to put those on there (the Numberlink Board) too,
seeing the connections between the numhbelps them with place value.

e | developed this idea further using the
5050 s, e e second ow of boxeson the Numberlink
" % . Boardto estimate proucts to multiplication

‘ T calculations. | found that by exposing both
the actual multiplicand and the rounded multiplicand, children were able to think about
a reasonable answer as shawfigure Sbelow.

Figure 5 Using the second row of boxas suprt estimation and adjusting from known facts.

Some children were then able to go further and see how many times the
multiplicand had been rounded up or down and by how much, so that they were then
able to mentally work out the answer. This was showjotbtyngs on whiteboards; 50
x 6 =300,52x6=300+12 =312

During the research project, | also explored using the second row of boxes to
expose the structure of multiplication using proceduealation. The effect on the
learner of using procedurahsation is analysis of the structure of the calculation and
a deeper understanding of the concept, (Buang, & Martor2004; Lai& Murray,

2012). | exploredwith children how the structure of the multiplication calculation
changes if the multiplicand is increased or decreased by 1 and how this affects the
product, for example:

46 x 6 = 2B how can we use this to work otite product ofi7 x 67

We also discesed what happens to the product when the multiplier is increased or
decreased by 1, for example:

46 x 6 = 276how can we use this to work out theoduct of46 x 77?

This requires the children to use one known product and adjust the answer to reflect
the change in multiplicative structure. These examples are shown on the
Numberlink Board in Figure 6.

Numberlink Board™ Think it ~ Link it Numberlink Board™ Think it ~ Link it

] E[:JS[:][:]
i
: EEC]C][:]

v et £ Copyri

(EREIENCIED E2 E - -

Copyright & Gestivemathetsh 2018

e

r
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=

Figure 6: adjusting the multiplicand or multiplier by 1
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At the end of the research project in the assessment task, 52% of children
correctly answered this question:

The product of 147 and 6 is 88&hat is the product of 148 and 67

This result indicated that the changing multiplicative structure was not securaifge a |
proportion of the class. Follow up work after the research project involved repeating
procedural variation exercises like the one above but with smaller numbers to gradually
build up the visual picture and conceptual understanding. The Numberled,Bo

arrays and the area model were used as visual representations to support this concept.

Using adoublenumberline to support multiplicative reasoning

Research conducted with secondary school students using a Double Number Line
model (Brown,Hodgen, & Kuchemann, 2014) suggests that the model is useful to
support studentsd understanding of the
more aware of ratio relatiorsy looking betweetthellines. In one lesson during my
action research praje we had been using the Numberlink Board to compare multiples
of 3 and multiples of 6. Many patterns and connections had been discussed, for
example:

Every second multiple of 3 is a multipdé 6 because 2 groups of 3 is 6.

One child then asked what widuhappen if we put in 3s and 8s. We initially
just wrote in the multiplicands, 3 on the top row and 8 on the bottom row. | then asked
the children to think about what they thought the connection between the products
would be. Children discussed whetltenight have something to do with 5 since the
difference between 3 and 8 is 5. The children then wrote in all the multiples of 3 and 8
on the board. After a lot of discussion, the children realised that there was a difference
of 5 between the first twmultiples betweeithe-lines, then a difference of 10, then 15
etc. Some children then went further to explain why this was. The secondary teacher
who had come along to watch the lesson then mentioned the picture of equivalent
fractions. This had not ke the intended lesson but had become so much richer as a
result of trying something different and pattern spotting. The lesson prompted the start
of using the second row of boxes to explore ratio relations more explicitly.

Conclusion

In June, three onths after the end of the teaching section of the action research project,
| asked the children to give me some written feedback about the Numberlink Boards,

not

which we had continued to @s Pupils were asked, 6 Wh a't

Number | i nkResBanses wese? @anonymous in order to encourage frank
responses and are summarized below:

1 24 of 25 children made a positive comment about the Numberlink Board

9 17 of 25 children mentioned a positive impact on their learning

1 16 of 25 children referred to tlstructure of the board in a positive way
. Four childrenalso commentedbout an internal picture of the Numberlink Board:

Whenldomymathé at home | always think of it
| imagine the Nmberlink Board and get it right
Gives me a picture in my head

€ picture it in my head
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These commentsuggesta link between the familiar external representation and the
internal representation being accessed to apply structure to new questions and
mathematical ideas.
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Working with the IMPaCT Taxonomy: Encouraging Deep
and Varied Questioning in the Mathematics Classroom

Jo Denton
University of Warwick AlumniuK

Despite a wealth of research into improving questioning in mathematics,
recent research has identified the need for more effective questioning
strategies which are accessible to mathematics teachers. Thidquiqser

at the types of questions which encourage mathematical thinking, with the
aim of deepening and varying mathematical thinking for learners. The
research forms part of a doctoral thesis of the same title, and was conducted
through an action researphoject, working with teachers to use a new tool
developed by the author, to improve questioning in mathematics: the
Intended Mathematical Processes and Cognitive Thought (IMPaCT)

Taxonomy.The results presented in this paper
variety and depth of questioning can be increased througkingowith the
IMPaCT Taxonomy.

Keywords: questioning; reasoning; surface; deep; thinking; classification.

Introduction

Teachersdé questioning is not always dAdprodu
research highlights tlheeverdeegduetsd i waes fi@pare,
higheror der thinking skill so (i blevel quesfoel 8) . B

and higherorder thinking and how can these be established in the mathematics
classroom? Yackel & Cobb (1996) consider social norms to be established by the
teacher i n the classroom which are MfAchar ac
argumentab no (p. 460) . These characteristics ar
as learners should be expected to justify their thinking and challenge the thinking of
ot hers across the curricul um. Yackel and (
mathematical thinking, norms which are unique to the learning of mathematics need to
be established, which they refer to ssciomathematicahorms. These include
devel oping a | earner 6s u mceptasled naathematitcay of wh
explanationand justification as well as developing an understandinghnathematical
difference mathematical sophisticatipmmathematical efficiencyand mathematical
elegance Yackel and Cobb (1996) explain that for learners to establish mathematical
autonomy, tedwers have to ensure that the sociomathematical norm of acceptable
explanations and justifications involves
rather than procedur al i nstr uwhattheydelo (p. 46
was insufficient,of great importance was thew and, more importantly, justifying
why:.

The teacher plays an important role in developing this autonomy (Holster, 2006)
by providing opportunities for learners to explain and justify their ideas, which are key
aspects in larners developing reasoning skills in mathematics. Whitenack and Yackel
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(2002) list questions that learners may start to ask themselves as they go about problem
solving in mathematics:

Why might | use one approach over another? What information miglt touhelp
me solve this problem? Can | solve the problem in more than one way? Are some
approaches Oeasier6 or more efficient? (Whiten:

Yackel and Cobb (1996) found that sociomathematical norms can be
constrained by the teacher. If a teacher only asks questions which requir@iderer
thinking, then learners will give a superficial answer. If, however, the teacher probes

t he | eardrearss@ndi ng, then justification bec
responsibility to share with | earners HAwh
explanation and justificationo (i bid, p. 46 :

Black et al.(2006) identified that in order for the focus to move from teacher to learner
in the classroom, teachers need support to develop such questioning strategies.

However, Of sted (2008) found that teachers
questionsda chall enge pupilsdéb understanding, pro
their answers individually, i n small group
I's needed, therefore, is fAito i1 dentify anc

str at ergli2618,@. 287PDwhich are easily accessible to mathematics teachers.
Classification of Questioning

Since the 1950s, many researchers have attempted to produce a hierarchy for
the complexity b thinking skills (Gall, 1970). H we ver it wasomyBl| oo mos
which became widely accepted as the optimal classification of questioning (ibid) and
was later updateloly Anderson et al. (2001) hispresents a hierarchy of thinking skills,
where remembering and understanding are considered to bedoyeethinkng skills,
while applying, analysing, evaluating, and creating are considered {aghenskills.
However, is such a hierarchy necessarily applicable to the learning of mathematics?

Wat son (2007) cl ai ms t hat Bl oomods Taxonc
comprehension in mathematicso (p.2114) as tF
of mat hemati cal t hought and st-gnthett t hat i
mat hemati cal actions, such as abstraction
reseachers would argue that mathematical understanding is not necessarily a linear

progression (Sfard, 1991, Gray & Talll , 19¢

teacher establish social norms for developingkearns 6 t hi nki ngbuti n t he ¢
does not neessarily support teachers to develop sesathematical norms specific for
conceptual development in mathematics.

Many educational researchers have attempted to distinguish between the
understanding in performing mathematics and the grasping of mathahtwatncepts.
Skemp (1976) for example describes the difference as instrumental and relational
understanding, where only relational understanding is considered to be true
mathematical understanding. Michener considers this more conceptual understanding
oo mat hematics as fian intuitive feeling f
It relates to other theorieso (1978, p. 1
contend that there is a place in mathematics learning for algorithms, as they can
contribute to higheorder thinking and mathematical understanding. This is as a result
of how an algorithm is used as a cognitive process. For example, simply remembering
an algorithm in order to use it requires loveeder thinking skills, however
undersanding how and why an algorithm works and evaluating the efficiency of

or
)
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algorithms, can pave the way to the learner creating their own algorithms which
becomes a higherder thinking skill (ibid). According to Fan and Bokhove (2014)
Al t] he priothd adgonithinssthemseltves, but how to teach them effectively

and, more, cognitivelyo (p. 491).
Marton and Saljo (1976) developed the tersusface approachand deep
approacht o | earning at the same time as Skempo

understanding. The characteristics which determine whether a learner adopts a surface
or a deeper approach to learning, are in part down to the approach taken by the teacher
I n encouraging connections in | earnersdé u
mahematical ideas as a series of unconnected concepts (Howie & Bagnall, 2013).

Perhaps it is more important to consider questions which elicit hayker
thinking as opposed to identifying higherder questions, as according to Kawanaka
and Stigler (20 0 ) , i a s lkigher grdemquestions does not simply improve
student l earningo (p. 255) . Further mor e,
meaningful responses is impacted by the sociocuttuethematical norms in the
classroom (Mason, 2014), thig, if the teacher asks simple questions requiring low
level responses then learners will not develop mathematical autonomy. Similarly,
according to Mason (2014), if the teacher does not vary the type of question they pose,
then learners do not learnpose questions themselves.

The IMPaCT Taxonomy

While researching questioning in mathematics as part of my Masters, | found
that the existing taxonomies were limited in their accessibility for mathematics teachers
to use them as a tool to deepen and \her questioning, and so | developed the
IMPaCT Taxonomy(Figure ) for my doctoral thesis. The IMPaCT Taxonomy
determines whether questions are highreler or lowetorder, by considering whether
or not they require learners to take a surface or deggepach to their mathematical
thinking. However, in the IMPaCT Taxonomy, this is considered in terms of what
mathematical thinking the teacher intended, as Watson (2007) argues that what a
teacher intends and what a learner perceives are not necessasilstent.

Surface Deep
Approach Approach
Structural
Name Reasoning Visualise
Recall Analyse/Compare
Define Justify solutions Classify
Proveresults Generalise
Explain agreement
Derivational
Imitate method Apply prior
Find answer Reflective knowledge
Follow routine —— Adapt procedures
Copy Summarise Associate |d_eas Design/Create
0 you agree? Evaluate efficiency Berve

& sophistication
Consider advantages ’
Consider disadvantages

Figure 1. The IMPaCT Taxonomy
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The categories in the IMPaCT Taxonomy do not form a hierarchy as such on their own,
as the taxonomy considers the depth of the intended mathematical thinking in addition
to the type of question, however factual and procedural questions can only beedassifi
as surface level, and structural and derivational can only be classified as deeper level.
The reflective and reasoning categories could be tackled at a surface or deeper level,
for example with reasoning, a learner may have been asked to simply expdaitney

did in terms of following a procedure which would be considered surface level, whereas
if they were asked to justify or prove their answer then a deeper level of thought would
be required to reason in terms of the structure of the mathematics.

ResearchDesign

This paper addresses the following question from the aforementioned doctoral thesis:
Does working with the IMPaCT Taxonomy affect the type and depth of
questioning?

An action research strategy was employed and a mixed methods apprdamtih of

qualitative and quantitative methods in the form of lesson observations and teacher

interviews was used. This paper focuses primarily on the data analysis from the lesson

observations in relation to the above research question. Four teachers 1818 a

mixed school volunteered to take part in this research. Their profiles can be seen in

Table 1.

No. of years No. of years at Last lesson
Teacher  Gender  Age range teacﬁ/ing the s)::hool observation grade
P Female 20-29 4 2 Good
Q Female 40-49 13 5 Outstanding
R Male 20-29 2 1 Good
S Male 30-39 7 2 Good

Table 1. Profile of the participant teachers in the action research

Five classes were chosen; all from the same year group (Year 10 into Year 11)
to eliminate the variable of the age of the learners. Four of the classes were higher
attaining learners, to reduce the variable of attainment when comparing the effect that
theteacher has on the type and depth of questioning employed. One of the four teachers
was also observed with a lower attaining class to allow comparison between his two
classes. Three of®ur lesson observations per participant class were carried out to
estimate the current depth and variety of questioning used by the participant teachers.
All the questions asked by the teachers were transcribed, then coded and the frequencies
of the types and depth of questioning were calculated.

Following these baseline observations, the participant teachers took part in
training on establishing sociomathematical norms in the classroom and using the
IMPaCT Taxonomy to support planning for more varied questioning. The teachers
used prompts, adapte f r om Wat sonds (2007) anal ytical
guestion stems, from Hodgen and Wiliam (2006), to support the classifications in the
IMPaCT Taxonomy. Each teacher also received an analysis sheet of their initial three
observed lessons, incluj a breakdown of the proportions of the question type and
depth observed. This was provided both graphically and in tables. After the
developmental work on the IMPaCT Taxonomy with the participant teachers, three
further lesson observations per hight#aiaing class were conducted to compare the
differences before and after the intervention. Unfortunately, due to organisational
issues, it was only possible to observe one-pstvention lesson with the lower
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attaining class, which had to be takeroiatcount when considering the validity and
reliability of the findings. To test that the differences in proportions of both type and
depth of questioning were statistically significant, thiest was used to test the null
hypothesis that any differenceuld be attributed to chance (Warner, 2016).

Findings and Discussion

The change in percentage of deeper questioning for each participant teacher can be seen
in Table 2. Overall, the percentage of deeper level questions following working with
the IMPaCTTaxonomy rose from 25.3% to 51.7%, an increase of 26.4 percentage
points and with a-score of 12.64, indicates that the percentage of deeper questions
postintervention is significantly greater than preervention p<0.001).

% Deeper Pre % Deeper Post Actual Percentage
Teacher - . . . . z-score
intervention intervention Difference Increase
P 22.8 48.2 25.4 1114 4.657217
Q 28.0 60.6 32.6 116.4 8.725988
R 19.4 29 9.6 49.5 2.2084
S (Set 1) 32.8 55.8 23 70.1 5.181773

Table 2. Percentages of surface dadper questioning in the pastervention observations.

The largest percentage change in the proportion of each question type was derivational
with a percentage increase of 207% and zltest indicates that the proportion of
derivational questions paesttervention is significantly greater than befopx@.001)
(see Figure).

Post-intervention -
Percentages of Question Type

Pre-intervention -
Percentages of Question Type

H Factual

B Procedural
M Reasoning
M Reflective

M Structural

M Derivational

Figure 2. Overall percentages of questions type in the-pistvention observations.

41.8% of all questions posed in the pidgervention observations, appeared to intend
either reflective or reasoning thinking. Although this was only a 2.8 percentage point
increase since the baseline observations, the noticeable difference was the percentage
of surface and deeper questions within each of these question types. Thengeasoni
category had 63.2% deeper level questionsiobstvention, compared to 34.8% in the
pre-intervention observations. An even larger difference was seen in the reflective
category where it rose from 26.5% deeper level at the start of the action reasearch
more than double this figure at 60.2% piogervention. Both of these increases are
very unlikely to have occurred by chanps@.001).

The lower attaining class for Teacher S only provided one lesson of post
intervention data. As a result of thisore limited data, the findings were analysed
separately with a degree of caution to making generalisations due to the small sample
of questions available for analysigrigure 3shows the increase in the variety of
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guestions posed with the lower attainitlgss compared to the baseline observations.
The biggest percentage increase can be seen in the proportion of opportunities for
derivational thinking for the learners and a substantial decrease in the proportions of
factual and procedural questioning wini@allowed for this. Theztest on these
differences, indicates that the proportions potrvention are significantly greater
(p<0.001), implying that, despite the smaller sample of questions to analyse, the impact
of the intervention was statisticakygnificant with this class.

Teacher S (Set 5) Teacher S (Set 5)
Pre-intervention Post-intervention
2.0%

M Factual

M Procedural
M Reasoning
M Reflective
M Structural

| Derivational

Figure 3 Change in percentages of question type for Teacher S (Set 5).

I nterestingly, Teacher S followed the prof
hi gher attaining cl ass, rbiuetn ccd d steera cthoe rt hfeo rp
attaining cl ass Al t hough he still ma d e
variety of guestioning with Hhing el wevetri oant
observations, It was | ess nsihginsi fhicgghetr tahtatn

group.

There was a difference pastervention in the establishment of socio
mathematical norms, in particular those of mathematical difference, efficiency,
elegance, and sophistication, and what constitutes a mathematical eégplaral
justification. This implies that the classifications in the IMPaCT Taxonomy supported
teachers in moving from questions which established social norms, for example:

Teacher P: What could you do instead?
Teacher Q: Could you do it a different ay?

to questions which established sociomathematical norms, for example:

Teacher P: Is that the same as the other suggestion?

Teacher P: Why do you think that one and not that one?

Teacher Q: Did you need to do that?

Teacher Q: Is that your most efficient method? What would be a really efficient
method?

These questions mirror those listed early by Whitenack and Yackel (2002), as
do these learner questions observed-pustvention:

What 6s the difference bet ween met hods?
How can | tell which to use and when?
What 6s the easiest way to do this?
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The last question was answered by another student, evidencing that the focus had
moved away from the teacher explaining to the learners engaging in rich mathematical
discourse.

Teaches also started to put less emphasis on acceptirglearners did as an
acceptable mathematical explanation, instead putting more emphasis twowthed
why and indeed, by comparing approaches in this way, established the socio
mathematical norms of efency and sophistication which Yackel and Cobb (1996)
found lacking in their observations of teachers. There was, however, variation on the
impact of the training for individual teachers, as shown by the smaller amount of
progress made by Teacher R cargdl to the other teachers (see Table 2). This
indicates that different teachers require different levels of support to develop their
understanding of the IMPaCT Taxonomy. The interviews indicate, however, that the
participant teachers found the IMPaC&xbnomy straightforward to use:

Teacher P:[The IMPaCT Taxonomy is] much more relevant to maths to be honest.

| 6ve always struggled with Bloomés Taxonomy.
TeacherQ:l t 6s easy to read [ é] I quite like the | MI
that the questionactually do overlap, but you can actually see how you can take a

particular question into the deeper understanding.

Teacher R:1 t 6s really <c¢clear, the Venn diagram real
consciously think about what questions | would have to ask.
TeacherS:Very straightforwardéitds clearly | abell ec

These comments suggest that the IMPaCT Taxonomy could be an accessible tool for
developing effective questioning strategies for teachers.

An area requiring further research is to investigate how we cae the gap
between the depth of questioning experienced by higher and lower attaining classes.
Watson et al. (2003) found lower attaining learners benefit from opportunities for deep
mathematical thinking, however Teacher S had the same interventionlyd@ppth
types of class and yet a statistically more significant change in the depth of his
guestioning was found for the higher attaining class.

Conclusion

Black et al. (2006) wrote of the need for teachers to develop effective questioning
strategie$n order for the focus to shift away from the teachers and towards the learners.

This research has shown that the IMPaCT Taxonomy can support this process.
Furthermore, Orril | (2013) stated that fur
characterizenor e ef fective questioning séticsat egi es
teachers. This researbhs shown that while some teachers may need some additional
support,the IMPACT Taxonomy is, on the whole, an accessible and visualttool

improve the dejh, variety and learnefocus of questioning in the mathematics

classroom.
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(Missed) opportunities for teaching with digital resources:
what and why?

Kristy Everg, Jennie Goldingand Grace Grima
Pearson UK; UCL Institute of EducationUK?

We report on teacher use and appreciation ofdisénctively digital

affordances of a publisher 6l6yearat hemat i cs

old students. The data come from the first year of ouryear study and

were gathered through teacher interviews and observations. We show that,
asiscommowi t h ot her digital resou+ ces
developed, and we discuss reported reasons for that. We show that, in
addition to common technical and familiarity challenges, the demands of

preparation for teaching a new curriculum acrdss dge range currently
marginalize other teacher development, including for effective use of
resources perceived to be wea#signed to support that curriculum change.

Keywords: Mathematics, technology, CPD, digital resources

Introduction

We report onpart of the first year of a twgear mathematics study focused on the

t eac

i mpact of a | arge publisherdés mathematics |
the i mpact of the digital 0 A-designededigiglar n 6 p a
t

resources it n d e d

t eac her s 0 -usepotdigitabresdurces anmathematics.
Background

The resources

Key Stage 3 Maths Progress (MP) and GCSEMathematics (GCSE) between them
set out to offer (Pearson, n.@g coherent set of mathematics materials for use in Key
Stages 3 andddrespedtely in England, in preparation for the higtakes GCSE

examinations at 16. The resour cesa®o

there are a variety of practice books and workbooks available.

48

o compl ement use of ot her
Progressd and O0GEG6SEchameemahiatsbet ween
the range of students 416. The study therefore adds to the evidence base around

el er
t hel

struct
consistent with the 2014 English National Curriculum for Mathematics (DfE, 2014).

This is set out in two Key Stagesidaschools largely operate differentially over those.

The range and scope at K&&intended to be common to virtually all young people,

but the Key Stage 4 curriculum is conceived at distinct Foundation and Higher levels,

the former consolidating and desning the KS3 curriculum, and the latter designed to

give a foundation appropriate to the study of Higher (level 3) school mathematics. The

2014 curriculum includes a renewed focus on problem solving and reasoning. Both MP

and GCSE resources include diffatiated textbooks and the online ActiveLearn (AL)

platform, though schools can decide to buy only one part of the resources. Additionally,
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This paper focuses on the digital resource AL, whiak both an online toolkit
for teachers and an online student interface. Figure 1 shows the four different
components of the digital service (Pearson, n.d.). Schools are recommended to buy the
entire package but some schools choose to purchase onlyeatsubs T h-&éf- 6 Fr on't

ActivelLearn Digtial Service
Available for KS3 and GCSE.

Front-of-class
teaching resources

Teacher
planning

Progression
and assessment
materials

ActiveLearn
Digital Service

Homework, practice
and support

Figure 1: Components of the Pearson ActiveLearn service

class teaching resourcesd include a digit:
teachers can project, as wel |l as other res
expg t s6 can be brought i nto the <c¢cl assr oom.

studentfacing side that students can use for homework, or extra experience or support
at home or school. This component allows clear and quick communication of multiple
repregntations (e.g. tables, graphs), access to an extended textbook (if schools opt in
to this) that includes some hints towards solutions, and instant access to answers and
feedback; it also allows for formative assessment as it monitors individual progress.
The O6planningd and Oassessmentd material s
in the latest update, there are now interactive, hyperlinked lesson plans. Here, we focus
on the distinctive digital affordances of the frarfitclass and student aspectsAL
rather than the planning and assessment support.

AL is designed to meet recommended English practice as suggested by NCETM
(2015), whose guidance includes:

Careful consideration should be given as to how and when technology is used to

support learmig in mathematics, to ensure it does not detract from the development
of essential knowledge and skills (p.4)

The digital textbook for students, while mirroring the appearance and structure of the

paper version, expands learning opportunities by offernagge of digital interactions
designed t o enhance studentsd skills and
feedback. Digital calculators are only used when the focus is not on mental calculation.

The digital resources also conform to other areas of NCElildance such as setting

out to expose and address likely misconceptions and misunderstandings, offering a

wi de range of tasks and exercises that wuse
uses of mathematics.
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Digital technologies and studenehrning

There is a large body of research that suggests digital technologies can contribute to
student learning, e.g. Higgins, Xiao and Katsipataki (2012) and Drijvers et al. (2016).
This highlights the pivotal role of the teacher and the school for sfotasse,
including the need for good teacher pedagogical (including technological) content
knowledge. Drijvers et al. (2016, p.25) state:

In a technologyrich classroom, the teacher will play a pivotal role in crafting

effective lessons that capitalize tire affordances of technology (Yerushalmy &

Bolzer, 2011). A key to planning and delivering effective lessons is to have good
pedagogical content knowl edge, which includes
understanding and how technology can positively intbaethis.

Where, and how, then, are digital technologies used to greatest effectX\Ukoh,

Ol dknow and Sutherland (2011) argue that i
technological innovation and creativity, we need to focus on high qualityematics
learning- as well as other STEM subjeetwith or without technology. However, there

is currently limited use of digital technologies in e.g. lower secondary mathematics
teaching in the UK (OECD, 2015). Ofsted (2012) also report that technosogy i
underused in mathematics and that its potential is generally underexploited. Use is
largely teacheted and focused on presentational software such as PowerPoint and
interactive white board software, which does not by itself seem to affect learning gains
(Clark-Wilson et al., 2011). Aspects of AL are purely presentational e.g. the digital
version of the textbook. However, AL also aims to harness the potential of technology,
e.g. through hyperlinks to supplementary representations or dynamic apps, goehe h

Is that teachers will go beyond the presentational use when usinip Ahis respect,

the hypedlinked resources share characteristics ofgrepared files created in more
generic mathematics software such as GeoGebra or Autograph, that can be used t
stimulate mathematical exploration and discussion (e.g. Higgins et al., 2012), though
they lack the breadthnd flexibility of such softwareCritically, student resources also
offer opportunity for immediate formative assessment of learning.

There are, though, known barriers to uSkark-Wilson et al (2011) focus on
mathsspecific digital tools and packages, including specific software such as that
offered by AL,identifying as potential barriers perceptions of digital technologies as
an addon only, schoclevel assessment practices not accommodating the use of
technologies, and inadequate guidance on how to use the tools. They particularly note
that even when perception and assessment have changed, continuous professional
development alwayseemains important if the potential of digital affordances is to be
realised.

This focus on professional development is supported by other research: Drijvers
et al. (2016), for example, call for reseatidsed and easHgccessible professional
developmeh f or deeper teachersd pedagogi cal c
technology (2016, p.25). I n Ertmerés (1999
around first and second order barriers to technology adoption, they also stress the
importance of pofessional development, including training, reflection and
coll aboration, for changing teacherso ingr
secondorder barrier, while quality of and access to the technology can berfiest
barriers. It is the formrethat are harder to overcome.

0
)
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The study

This paper reports on some early findings from a-ye&ar PearsctUCL Institute of

Education collaboration funded by Pearsés. such, particular care was taken in
ethicaljustification, to address potential thredb the validity of findingse.g. byusing
externalto-Pearson researchers for all fieldwogkverall, the study set out to begin to

understand the motivations for adoption of MP and GCSE resources, how the resources

are used and experienced in schoalsd the perceptions of their effectiveness in
meeting teacher and student needs. Here, w
the digital resources specifically. We probed access to those and their impact on
learning, asking:

How is KS3 MP/GCSBMathematics (9) being implemented in schools?

What are the barriers, if any, for students and teachers in accessing the digital
resources?

91 Do teachers value the overall content, and specific features of the AL platform and
CPD element?

1
1

We used a varigtof methods (interviews, focus groups, lesson observations,
and surveys) with both teachers and students in the first year of the study: here we draw
on just t he {f17) tesnly interwiews dvish te@chdislahd Heads of
Mathematics (HoMs), andp@ing term lesson observations. Participant schools were
recruited from those using one or both sets of resources, so as to give a variety of key
school characteristics, but there is no claim to representativeness. Not all sample
schools used both schemascatered for students at both KS3 and KS4. Shrinkage
reduced the original 20 schools to an active 15 from the start of 2017. In the first full
year, data was drawn from at least one year 10 class in each school and/or at least one
year 7 or 8 class, theteachers, and the HoM, with the intention of following those
classes through to the completion of a4ye@ar programme of study. Some HoMs also
participated as either the KS3 or KS4 class teachers, and for a variety of reasons,
complete intended data tettion was not achieved. Table 1 gives an overview of the
teachetrelated data on which we draw in this paper.

Autumn 2016  Spring 2017 Summer 2017

Teacher and HoM telephone 13 KS3 teachers 12 KS3eachers

interview transcriptions 21 KS4 teachers 20 KS4 teachers
16 HoMs 15 HoMs

Semistructured lesson 13 KS3 classes

observation notes, lesson plans 20 KS4 classes

Teacher facdo-face interview 11 KS3 teachers

transcriptions 18 KS4 teachers

Table 1: Overview of the teacheglated data ithe first year of the study

All interviews were recorded and transcribed, then analysed through a thematic analysis
in N-Vivo. The overarching themes were based on the research questions (e.g. access
and experience of teachers, learner progression, &ahent and competence), while
supplementary themes derived from open descriptive coding of the range of data.
Ethical justification for the study cited evidence that participation in professienally
focused interviews with a knowledgeable other can resdiép teacher reflection and
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learning (e.g. Baker & Johnson, 1998), and teachers did express acknowledgement of
that in interviews.

Findings

We draw on data related to teacherso6 use
distinctively digital elementsf the frontof-class and student aspects.

(Under)use of resources

Schools as well as individual teachers within schools reported variable use of the digital
resources (and indeed, schools had purchased different subsets of the package), though
theoverwhelming picture was one of very limited use, illustrated by the following Head

of Maths:

A couple of teachers are taking the lead on ActiveLearn but to be honest we are not
using it as much as we could because we go back to the books. We neecste evalu
as a team whether or not we are getting value for money for it. (HoM 3, Autumn
2016)

AL was most frequently used for textbook projection on the board, observed in 30 of
33 lessons. In 28 observations that was the only use. Teachers felt those \ere fair
typical lessons, but many teachers said they would make a decision by topic. While
there are interactive elements to the projection of the textbook, observations suggested
these are underused, limiting the use of the resource to presentational parppses

One teacher explained:

I'm still learning my way around it. | haven't used it as much as I'd like. And, you

know, the functionality, I havendét really had
sometimes use the questions and flag them up on the bo#ndyd® just there

(Y10 Teacher 7, Spring 2017)

At least 20 of 33 teachers used the AL Digital Service for assigning homéwwkgh
with variable frequency. Such use was linked with mixed experiences for students,
often marred by technicadlifficulties. On probing with the schools concerned, it
appears those were largely bandwidth challenges rather than being integral to the
software- but nevertheless, discouraging for both teachers and students. It also took
quite some time and investmdot schools to fully incorporate the system into their
way of working:

| used to do it when | first started this year on sort of paper hardcopy sheets. Now

ActivelLearn has all been sorted theydve got th
will get set weekt ActiveLearn (Y7 Teacher 5, Autumn 2016)

What we plan to do is pilot it with a few groups in each year and then have feedback

of what it is [é] Generally you're more famil.i@i:
so | feel like | need to get to using it, have tstaff using it to have a feel to have

an opinion of whether it could replace it. (Y8 Teacher 10, Spring 2017)

At least 10 out of 33 teachers sometimes used the AL videos with their students and
were generally positive tabwaitcddeimnt ast tbe i
(Y8 teacher 6, Spring 2017).

At the end of the first year of the study, teachers at 9 of the 15 schools also
indicated that one of their goals for the upcoming year was to develop and encourage
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the use of AL in their schoolsnd two of the schools even bought additional digital
resources. The HoMs at two schools explained:

We havenodt done Activelearn yet. I me an, we bo
Wedre going to do it in September so they <can
done that yet (HoM 12, Summer 2017 interview).

We havendét used much of the ActivelLearn part of
be a bigger part of the Key Stage 4. We want to make sure that the students can,

their homework will be set on ActiveLearn asttigacompatible with the content

that they use in class (HoM 9, Summer 2017 interview).

Reasons for using ActiveLearn

When teachers do use the interactive elements, reasons given include their reported
high quality, their ability to engage students andepbal for improving student
outcomes through familiarising students with different approaches and engaging them.
Some particularly mentioned the videos as useful because they give the students a
different authority or explanation. Online homework was alsnsidered to be of good
qguality and three teachers spoke explicitly of the value they place on the integral
formative assessment.

Reasons for not using ActivelLearn

The Spring 2017 interviews suggested the two main reasons for not using the digital
res‘irces were teachersé |l ack of familiarity
the software functionality (each mentioned by 12 teachers). Other reasons included
problems with infrastructure (e.g. white board, internet), limited appropriateness of
conent (e.g. the homework was too easy/difficult), curriculum pressures of a new and
more aspirational curriculum, and maintaining existing classroom habits.

While technical problems are clearly a ficstler barrier (and fortunately most
were addressedoverh e year ), the | ack ofordérbaarierher 6s f
that is harder to overcome. Teachers often said they had not had enough time to get
used to the resources. This resulted in some schools hardly using the digital service for
the entireyear. Teachers commonly reported going through a slow process of
independent discovery, dealing with a sometimesrwhelming choice.

Role of professional development

Professional development opportunities and a strong, solidcmsed community in
schods have been identified as crucial to overcome this kind of seoatet barrier

(e.g. Bai & Ertmer, 2008; ClarWilson et al., 2011; Drijvers et al., 2016). Study
interviews suggested that none of the schools had bought the Pearson CPD-resource
linked traning, though a handful of teachers had attended some online training or
recounted the demonstration of a Pearson representative (which focuses on a technical
demonstration rather than pedagogical). Most sample schools, t(augast 9 of 15),
claimed ollaborative environments: teachers talked about working in teams who share
experiences and resources. This was particularly the case as they were adapting to a
new curriculum, when sharing knowledge and resources was essential to avoid the
changes becomgnoverwhelming. Some schools had additional meetings around new
GCSE topics. These kinds of collaborative sessions, however, tended not to focus on
the use of the digital resources specifically, because teachers understandably prioritised
new or refocusedcurriculum content areas, or emerging new assessments: time for
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such development is always an issue, but particularly when teachers are
accommodating significant other change.

During the summer 2017 interviews, teachers reflected on the development of
their use of the digital resources over the first year of the study. While most teachers
(at least 13 of 19 commenting) reported that they developed and increased their use of
the AL, at least two started to use the AL less as the year progressed: theyaagain
as reasons the pressures of coming to work with the new GCSE (with first assessment
Summer 2017), with this trumping other considerations.

While many teachers emphasised collaboration within the school, only a
minority of teachers (about 16 of 50voived) reported learning from external events
or programmes during the year, and in all but two schools this was limited to the HoM
or Key Stage coordinator. Time and costs were quoted as big constraints here. Teachers
repeatedly said that given the dermsrof learning to teach for a new curriculum,
6getting to knowd AL wahusthantbey fulty mtpndedito t hei r
invest time in getting to know it better as other pressures allowed. In many ways this
seems & 20 c astichu adsources :are telsignedeto support teachers in
opening up more aspirational curriculum goals to studeatsd yet teachers say they
are having difficulty finding time to explore the potential of AL for their teaching,
precisely because of the pressurekeafning to teach for those aspirations.

Implications and Further Research

Although this study focused on specific materials, asking how and why they were used,
as well as probing their impact on learning, the findings may have implications beyond
the paricular resources to other digital curriculum materiaisluding those designed

for selfsupported study, and mathematspecific apps for exploration and discussion.
The study offers evidence that teachers are often notusihg the learning potentia

of the digital resources invested in, even though those were carefully developed to offer
reported widely valued, and varied, learning opportunities. The main challenges appear
to be the lack of teacher familiarity, and technical issues, resultingowgsocess of

the development of teacher knowledge around their use. This might have been
addressed by more external professional development, or else by more targeted internal
session$ but there is a tension with other demands on teacher time.

We sugegst that to better harness the potential of such resources, schools must
recognise the need to invest time in softwgpecific professional development
whether boughin, using AL technicaland pedagogicdbcused CPD videos, or via
peerled internal ollaborative development sessions focused on the digital resources.
In parallel with understanding the technical aspects of the resource, collaboration and
development should focus on the pedagogical knowledge around effective use.
Teachers need to be catdnt with the technicalities if the platform is to enhance
teaching and learning, but also to reflect on the most effective ways to integrate use of
AL into their teaching, if its full potential, complementing the teacher role, is to be
harnessed forstednt s6 benefit. Those responsible fo
be aware that the introduction of a fully coherent curriculum system (Schmidt &
Prawat, 2006) of intended curriculum, assessment, and resources (which in the 21st
century must surely inctle the harnessing of digital resourcésiiemands for its
mature and embedded enactment sustained and informed teacher learning, related to
eachof those aspects, including the effective use of resources. Without that, we have
shown that the demands of pegation for teaching a new curriculum across the age
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range can marginalize other teacher development, including, paradoxically, for
effective use of resources welésigned to support that curriculum change.

Year 2 of the study will probe the evolvirextent and depth of use of KS3 Maths

Progress and GCSE Mathematic4 @igital affordances as the new curriculum and

GCSE bed down. It will further explore the ways in which, and reasons why, teachers

and students use distinctively digital aspects, andptreeived impact on student

|l earning. Additionally, it owi || probe what
supporting them to make a more significant shift towards full use of the potential of

AL.
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Abstract: New digital trends have found a place in the mathematics

classroom and there ismot enti ally HAhiddeno demand
acquire both digital and mathematical competencies. Current frameworks

often talk about one or the other. In this paper, we propose a combined

framework for mathematical digital competencies based on two existing
frameworks: the KOM framework for mathematical competencies, and the

DigComp framework for digital competencies. We discuss the potential

value of such a framework for the mathematics education community, i.e.
researchers, mathematics educators and poselis.

Keywords: Mathematical competenciesdigital competencies;
mathematical digital competencies.

Introduction

Although it is surely possible to distinguish between mathematical and digital
competencies, it appear s rgobe able tottalkebeutt o A c o
mathematical digital competencjes MDCs (Geraniou& Jankvist, under review)

not least taking into consideration the lasgale embedment of digital technologies in
mathematics education todayf course, tools to do mathetitd come in different
forms, e.g., physical tools such as centicubes, abacuses, Cuisenaire rods, etc. not to
mention rulers, compasses, spirographs, specially ruled paper and so on and so forth.
Surely, technology is onlgnetool amongst many. But whilgeveral other tools serve

one, or a few, purposes, a technological software such as a Dynamic Geometry System
(DGS) or a Computer Algebra System (CAS) serves a multitude of purposes. As
mathematical digital technologies advance, so do the demands tanpeteacies of

their uses, both inside and outside mathematics educational comtewtsver, one
should not be blind to the potential pitfalls of the increasing use of technology in
mathematics educatioe.g., Geraniou& Mauvrikis, 2015; Jankvis& Misfeldt, 2015;
Jankvist, Misfeldt & Marcussen, 2016). As wethown, digital tools can perform
many of the mathematical tasks that students traditionally are expected to do. For
example, theGeoGebrafeature for constructing regular polygons. As pointed out by
Niss (2016), digital technologies should not be a substitution for competencies, but an
amplifier of capacities. Enforcing mathematical capacity is the positive idea of using
technology as a l@r potential (Dreyfus, 1994), i.e. that students may save time on
tedious routine work and instead focus their mathematical efforts and increase their
capacity. The pragmatic outsourcing of the lever potential, however, also black boxes
the underlying matmatical processes, and may leave students dependant on the digital
tool for carrying out even basic mathematical exercises (Lagrange, 2005). Surely such
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scenarios are not what we aim at with the notion of MDCs. Rather we are concerned

with those situatiogwhere neither mathematical nor digital competencies are replaced

by technol ogy, but where the digital tool s
epistemic sensg.g., Geraniou & Mavrikis, 2017)

The Danish KOM framework: mathematical competencie

In relation to mathematics and competencies, Kilpatrick (2014) states that school
mat hemati cs someti mes fAis portrayed as a si
whiledi Compet ency frameworks are designed to ¢
mathematics is more than acquiring an array of facts and that doing mathematics is
more than carrying out wetl e hear sed procedureso (p. 87)
frameworks, Kilpatrick mention three: the five strands of mathematical proficiency as
identified by the Mathematics Learning§tudy of the US National Research Council;
the five components of mathematical probisaitving ability identified in the
Singapore mathematics framework; and the Danish KOM pfojetiich lists eight
distinct yet mutually relatk mathematical competencies. Of these three, the KOM
framework appears to be the more elaborated one concerning mathematical
competencies, but also that which so far has had the most widespreadaafin other
countries (Niss & Hgjgaard, in progress).urr t her mor e, KOMOG s C 0 mj
description was implemented as the basis of the PISA mathematical framework in the
years from 2000 through 2018.¢.,see OECD, 2013).
The DanishKOM defines mathematical competency s (an i ndi vi du:
i é w einformed readiess to act appropriately in situations involving a certain type
of mat hemat i c a&dl Hgjgdard,201E p. 499. By addressmgthe question
of what it meango master mathematics, KOMentified eight competencigsach
possessingoth an analyt side and a productive sidEhe competenciefall into two
groups (see Table 1 below).

The ability to ask and answer (1) mathematical thinking competency
questions in and with mathematics | (2) problem tackling competency

(3) modelling competency

(4) ressoning competency

The ability to deal with mathematicq (5) representing competency
language and tools (6) symbol and formalism competency
(7) communicating competency

(8) aids and tools competency

Table 1. The eight mathematical competencies of the Kiddwhework cee Nisst Hgjgaard, 2011).

Each of the eight competencies has both an analytic side involving
understanding and examining mathematics, and a productive side involving carrying it
out. For instance, the aidsd tools competency, firstonsists of having knowledge
of the existence and propertiestioé diverse sorts of relevant aids and tools employed
in mathematics and of having an insightio their capabilities and limitations within
different kinds of contexts. Secondly, it comprisies ability to reflectively use such

koM is short for AKompetencer Og Matemati k!l Ppringo
Learning.
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aids and tools. In KOM, the general description of the aids and tools competency also
covers the use of digital tools. As a consequence the digital aspects of this competency
are not very elaborated.

Digital Competendes frameworks and the European DigComp framework

Living in the digital era, we are witnesses of an increasingly digitalised society, in
which digital competencies are becoming oI
such as mathematics and literg€errari, 2013). Adigital competency s @At he set o
knowledge, skills, attitudds é fequired when using ICT and digital media to perform

tasks; solve problems; communicate; manage information; collaborate; create and share
content; and build knowledge fettively, efficiently, appropriately, critically,

creatively, autonomously, flexibly, ethically, reflectively for work, leisure,
participation, |l earning, S 0 c fFemdri,i2812,p.g , cons
43). There is a plethora of terms useddfer to digital competencies. For example,

digital literacies, which in essence are the information, media and communication skills

(Hockly, 2012) or media literacy or ICT literacy as identified and cited by Hatlevik and
Christophersen (2013). Hague aRdyton (2010) describe digital literacy across the
curriculum as: Anthe skill s, knowl edge and
discerning and safe practices when engaging with digital technologies in all areas of

i fedo (p. 19)rmsdRiealgcampetencygnd didital litaraey, some authors

use them interchangeably (Hockly, 2012). However, referring to school students in
particular, Hatlevik and Christophersen (2013) claim that there are differences:

A concept such as digital skills focuses on dealing with the technical conditions,

whereas digital competence and literacy are broader terms that emphasise what kind

of skills, understandings, and critical reflections students are able to use. When

analysng and discussing the terminology, the concepts seem to have gradually

shifted focus from the simple use of digital tools, often linked to concepts such as

digital skills, to broader termg, ncl udi ng the studentsd digital |
literacy (p. 241).

In fact, many countries include into their curriculum digital literacies, although there is

di sagreement I n terminology: e. g., Adi gi t e
l iteracyo (Australia); Amedia | iteracyo (Ul
Digi t al Competencies have been used to c¢

different contexts; these being the workplace, everyday responsibilities or in education

and schools in particular. For example, Kent et al. (2005) introduced the term-techno

matle mat i c al |l iteracies fnas a way of thinkin
modern, increasingly Fbased wor kpl ace practiceso (p. 1
school context, there are certain digital literacies which we expect school students to

acquire and these are referred to as schasled digital literacies:

Student s6 mastery of basic tools and computer ¢
the development of advanced knowledge, skills, and attitudes [...]. Often the

development of digital copetency is considered a continuum from instrumental

skills into productive and strategic personal competency and cognitive skills [...].

Therefore, digital competency includes student :
to consume and access informatitMoreover, digital competency also includes

how students make use of technology to process, acquire, and evaluate gathered

information. Finally, digital competency means that students can produce and

communicate information with digital tools or media (teatk & Christophersen,

2013, p. 241).
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There are various digital competencies frameworks currently used at schools
(e.g. Hague & Payton, 2010; in wales: learning.gov.wales/resources/batidggital-
competencdramework/) All these different digital comgtencies frameworks have
similarities in what skills students are required to gain. The main difference is that for
each framework, these skills are grouped in different overarching categories. Upon
reviewing the above mentioned different digital compatsirameworks, any of these
frameworks could have been chosen as a basis for our investigation on a potential
framework on MDCs. The counterargument though is that these are produced to be
used to the schools in these specific countries, Norway, UK arldsWand to our
knowledge have not been used outside these countries in different contexts. We have
therefore decided to choose the most internationally recognised framework on digital
competencies, the DigComp Framework for Citizens by Ferrari (2013).

Like the KOM framework, the DigComp framework is structured around a
number of main areas, each encompassing a number of digital competencies as shown
in table 2. These though are not directly linked to the mathematical cortextigital
competenciesnot deemed to beof relevancein relation to the development and
possession of mathematical competenbigge been omittedOf the remaining ones,
we briefly elaborate on those digital competencies, which are lessxpddinatory than

therest. Onesuchis. () whi ch encompasses-upgemistigmodi f vy,
resources to create new, ori gFemai)2018nd rel e
p.5). Anot her one is (5.1) which compri ses

them (from troubleshootng to solving more complex problems) with the help of digital

me a r{Feroari, 2013p.6), and not least (5.4) which has the nature of a kind of meta
competency: ATo understand where [oneds] o
updated, to support otlein the development of their digital competence, to keep up

toodat e with newerdhe 2083p.6)p ment s o (

(1) Information (1.1) Browsing, searching and filtering information
(1.2) Evaluating information
(1.3) Storing and retrieving information

(2) Communication | (2.1) Interacting through technologies
(2.2) Sharing information and contgnté |
(2.4) Collaborating through digital channgls ]

(3) Content criterion | (3.1) Developing content
(3.2) Integrating and relaboratind é ]
(3.4) Programming

(4) Safety [ é]

(5) Problemsolving (5.1) Solving technical problems

(5.2) Identifying needs and technological responses
(5.3) Innovating and creatively using technology
(5.4) Identifying digital competency gaps

Table 2. The DigComp Famework for Citizensvith its five main areas (Ferrari, 2013, p.12).
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Exploring the potential interplay between mathematical and digital
competencies

In our experiences as educators, we have noticed in several occasions what appears to
be a simultaneous activation of mathemeaticompetencies and digital competencies.
From the KOMframeworkperspective, digital competency might fit as a minor part of
the tools and aids competencg. in terms of theeflectiveuse of ICT, referring also
to having an und eabibtiesaanddliimitatipns onfgiven Cohtéxss. ¢ a p
However, from a digital competency perspective, this would constitute too narrow a
point of view. Considering the relevance of #ight mathematical competencies for
each of the 21 digital competencies of thg@bmp framework and vice versa, we have
identified two overarching themes for interplawhich may provide structure to a
potential framework for MDCsfi c o mmuni cati on and <coll abora
handl i ng anTdbleBpdel |l i ngo (

Starting from communiation and collaboration it seems somewhat
straightforward teexpectlearnersto acquirecompetencies, mathematical and digital,
so as to apply both and use them effectiv@gital resources for mathematical
learning are designed to incorporate and map mathematical language, but for example
students would not be able to share their mathematical answers in a given digital
resource or medium if they did not know how to type their @nswand use the keyboard
effectively, save their answers, upload them on a sharing forum, etc. Being literate in
both domains, the mathematical and the digital, seems necessary to achieve in either
one of them. Also, in mathematics being able to represethematical concepts,
entities, etc. iIs an integral part of c¢commu
representations, digital or not.

Moving onto the second overarching then
and model | i ngskandanswer gaebtions in aing with snatleematics is in
fact a problem handling and/or modelling capability. The digital competeacga of
problem solving (cf. @ble 2) involves identifying what is needed to provide

technological responses or identiffbghe 6s gaps i n technical kno
these competencies can reasonably be placed under the overarching umbrella of
Aproblem handling and model lingo. But , i n

possesses MDCs in terms of problem handling andeitiog in the context of
(educational) technologies, we have in mind those individuals who have the
competencies to (i) address a mathematical problem using digital resources and media
creatively and effectively; (ii) use digital resources and media tee sokathematical

problems or model extraathematical situations, which they were unable to handle or

found it more difficult to deal with without the support digital technologies offer; (iii)

interpret the instant feedback given by digital technologiesdaetle upon the next

step or action to take. AProbl em handling
between mathematical thinking and computational thinlgrmy,algorithms, recursion,
programming, etc. (for a description of computational thinksege.g., Weintrop et
a,2016). Of course, one should bear in mind
means of digital or mathematical competencies or an interplay of both, is still relative

to the individual (cf. the KOMrameworR.

Suggesting aentative framework for mathematical digital competencies

For each oftie two overarching themes for interplay between mathematical and digital
competencies we now attemipto fif | e s h o ut able8). Gf eourseotie MDCs |
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division of two types of irdrplays into MDCs should not be thought of as a strict
division. As with the KOMframework overlap of competencies may occur. The
placement and description of the MDCs has been made according to what we conceive
as the competencyobés ficenter of gravityo.

Communication and (1) Mathematical digital literacy
collaboration (2) Mathematical digital collaboration
(3) Mathematical digital representation
(4) Mathematical digital interpretation

Problem handling and modellin{ (5) Mathematical digital thinking
(6) Mathematical digital reasoning
(7) Mathematical digital manipulation

Table 3. Two main areas and seven mathematical digital competencies.

(1) Mathematical digital literacyi Being literate digitally, but mathematically
too, in order to take a critical stee to the integration of digital technologies in
mathematical activities (in particular in teaching and learning situations). It involves
knowing which digital tools are most applicable for different kinds of mathematics as
well as different mathematicgroblems and modelling situations. The competency
involves also being able to interpret mathematical tasks presented within a digital
environment, use the mathematical language to share answers and justifications within

the digital environment, butalsos& , revi sit, edit, submit on
(2) Mathematical digital collaboratiori Being able to collaborate verbally and/or
digitally with peers. Having the ability t

the aim of producing shared problem solutionshathematical models. Within a digital

environment being able to articulate mathematical ideas accurately as well as carry out
discussions using mathematically valid arguments with peers. Also ensuring that the
language used is appropriate and relevanih¢ogiven task(3) Mathematical digital
representationi Choosing the most appropriate functionality/feature of the digital
tool/medium to represent and solve a mathematical problem or build a mathematical

model. Also, being creative when representingheatatical entities involved in the

given task, or the task itself. And knowing how to use mathematical notation in a digital
environment. (4) Mathematical digital interpretationi Reading and interpreting
mathematically the instant (usually dynamic) feexkbia this includes recognising a
mathematical error and fixing ie(g.,.wh en y o w0 gienstamadi of a ti ck
also being able to i nt eemdgoda respdmsessdchagsi t al m
Atrueo, Af al seo, Aundefinedo etc. ). Obsei
constructed models and interpreting mathematically such simulati¢b)s.

Mathematical digital thinkingi Being able to think mathematically as well as
computationally,e.g., algorithmically and/or recursively. Knowing what kinds of
mathematical and extraathematical problems that may be dealt with by means of

digital tools and which may not. Understanding and being able to apply principles of
programmig, and to understand what is behind the progran{6)eMathematical

digital reasoningi Verifying solutions and validating mathematical models with the

support of the digital technology by being able to provide mathematically valid
justifications (not onlyr el y on t he t o oé.g), getting ra itk aom t feed
Al ookingo at an i mage). Knowi ng what const
proof, and make reflective decisions about when to outsoweae, black box)
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processes of a mathematical reang (i.e. a chain of arguments) to a digital tool and
knowing when not to.(7) Mathematical Digital Manipulationi Manipulating
constructed mathematical representations or features of the digital tool and identifying
the mathematical rules/connections hwit these. Being able to manipulate
mathematical expressions using a digital tool, while at the same time knowing and
understanding why such manipulations are both possible and correct.

Exemplifying and discussing the tentative framework for MDCs

Taking & an example some of the embedded affordances of a widespread DGS like
GeoGebra, allows us to briefly exemplify the above described combined framework for

MDCs . Recal l the mentioning of O0regul ar p
studentsaretocreae a regul ar polygon in GeoGebra us
of the DGS, not much mathematics may be activated. However, if students are to
construct a regular polygon equivalent to
keeps its internal stature when dragged, then the activation of both mathematical and

digital competencies may be so intertwined that it no longer makes sense to distinguish

the two.

For example, students may revisit their existing knowledge of mathematics
and/or digital technologies, gather information while interacting with GeoGebra and
decide upon a sequence of actions, which potentially changes or gets adapted based on
the instantdynamic feedback they receive from the tool and their inferences of that
feedback. They may decide that GeoGebra is the ideal digital tool to construct a regular
polygon, which indicates the activation of thrathematical digital literacy MDCor
they mayc hoose t o us e affordamcesGaichGs lbansirdcsng line
segments and circles to make their chosen regular polygon, which indicates the
mathematical digital representation MDGr they may decide to use their constructed
polygon to construct different polygon or solve another mathematical problem, which
indicates themathematical digital manipulaton MDC or t hey i nterpret
feedback, which indicates timeathematical digital interpretation MDGnd they may
argue for the correctnessf aheir construction considering their mathematical
knowledge of the properties of the chosen polygon as well as its mathematical
definition, which indicates theathematical digital reasoning MDC

To conclude, our argument is that there seems to beeat@d in the fruitful
interplay between mathematical and digital competencies, which perhaps is not
captured efficiently using two separate frameworks, and that this interplay might be
better articulated through one framework for MDCs. In a sense thefsin@ whole is
greater than its parts.
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Flexible autonomy: an online approach to developing
mathematics subject knowledge for teachers

Lee HazeldingFiona YardleyandJennifer Shearman
Canterbury Christ Church UniversityK

This paper uses Brookfieldds (2017) | en
Subject Knowledge Enhancement Course designed and taught by the
authors. Learning occursrtugh a synthesis of asynchronous engagement
with online elearning modules, weekly synchronous tutorials and self
reflection following formative and summative assessment opportunities.
Interrogating the course design, learner feedback and observatidnt@n
pedagogic choices through connectivist and social constructivist learning
theory, the paper concludes that the common perceived learning gains occur
through the flexibility in learning, and the supported autonomy that learners
are given. Further avelopments in our offer should therefore aim to
improve these opportunities for learners where possible.

Keywords: SKE; e-learning; connectivism; reflection; flexibility;
autonomy.

Introduction

Subject Knowledge Enhancement (SKE) programmes have sudlesstueased
prospective teachersd confidence in the ma
curriculumi students surveyed have indicated a 53% increase in confidence from the

start of study to the end of the course (80% expressed a high lavedi@fstanding)

(Gibsonet al, 2013, p.33). The provision this paper is basedas seen a 99% student

satisfaction rate regarding progression in mathematics subject knowldgagegh

online engagement with digital learning resources and virtual dialogues with a subject
specialist tutorWe propose three reasons for thisstly, it is suggested that by
harnessing knowledge forged via engagement
Knowl edgeabl e Other6 is able to increase u
contextualise | earning within studentso6 ow
Development (Vygotsky, 1980). Secondly, it is suggested that the increasing
accessibity of online learning resources changes the role of the tutor from that of the

didactic pedagogue, to that of the provocateur who challenges and disrupts the
understanding of the student in which to advance their knowledge (C&bigiesta,

2008). Thirdly, it is this combination of flexibility in learning with a sense of supported

learner autonomy which threads through the different facets of the SKE course that

leads to the development of learner knowledge and confidence.

Literature Review

Established pdagogic modelsnay becomancreasingly obsolete as digital
technology empowers students to direct their own learmogording to Siemens
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(2004) and Downes2012) onl i ne t echnol ogyetnstwoksaghaci ty t
adaptable and accessible informatempowers students to autonomously interpret
data and make connections within thewn learning.Learning in the digital age is
therd ore increasingly O6distrilBbutchhdhractess sead
6di versity, aut o(p a5 aloyirg stddents dhp epportengystd
independently and actively engage with a variety of information in a range of different
modalities.Kropf (2013)d escr i bes 21st c-ieynd wrr sye Isft au dleend rsn
who acquire information from a serie$ nodes(points within an online network at
which a plurality of information both intersects and branchesand becomective
partners in learningequally capable of sharing their knowledge and expertise with
ot her i npil3)vSietheng2DC)and Downe$2012)call thistheoryof online
learningConnectivism

For Greeret al (2017), perceived benefits of online learningludeflexible
access,personalisation, agency and connectiviBersonalisation is the ability to

provi del amniguge pat hways for individual St
to allow students to Oparticipate 1in Kkey
connectivity is the ability to give | earne

collaboration wih peers and [tutors both] locally anddgb a | pl6)y ®nlife courses

typically consist of a variety omultimodal interactivemedia to support learning.

Typical online multimodal media includesline forums, blogs, collaborative spaces,

electronic docments, interactive online assessments, virtual spaces, digital videos and

audio files Mills (2011) suggests that an engagement wmthltimodal learning

enhances studesitexperiencereceptionand comprehensionh what is observed is a

significant pedagogi a | shift, i n whi ch 060student s ar

coll aboratively and creatively within a co
Developing an online strategy that forefronts notionsominectivity, diversity,

autonomy and opennesgsilst addressinghe reed to develop systematic knowledge

and its application to sgiroblems must considéeacher presence (the facilitator of

learning), learner presence (the one initiated and motivated to learn), cognitive presence

(understanding and its development) andciao presence (collaboration and

communication) (She& Bidjerano, 2010).Social Constructivism posits the view that

knowledge develops as a result of social interaction and is therefore a shared, rather

than an individual, experiencéccording to Vygosky (1980), students learn most

effectively by interaction within a Zone of Proximal Development that allows students

to scaffold their learning via communication with their peers and a More

Knowledgeable Othdin our context, the tutoryithin a social avironment conducive

to the context of their current understandidgcordingtoOs ber g and Bi est ads

concept of an emergentist pedagog t hi s tutor i s defined as

responsible fod cont i nuousl y c¢ompl makmgii posgibletfdre s cene

those being educated to continue to emerge as singular dgirg6).By consistently

challenging understanding via a range of contexts, questions and set problems, the tutor

is able to move the learner beyond their comfort zavkemrich their learning.
Prospective teacherso6 att icanlbdnereasedd kno wl

through a combination of-learning and problerbased approa€ls which provide

requiredknowledge whilst challenging students to reflect upon, and ateltheir

understanding (Uzek Ozdemir 2012, p. 1157).The most effective 4earning

environments combine autonomous, individual learning with a community of learning

involving tutors and peers (Hudg Nichani 2000). The traditional role of the tutossa

a conduit to knowledge is obsolete for studewmtso can immediately access

information online hencethe tutor as provocateus preferredfor an activity that
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requires challenging and enhancing understandingthis context, a combined
connectivist andocial constructivist model would seem to provide learners with the
benefits of autonomy, whilst providing students with learning that is sensitive to the
context ofindividual and practicaéxperience.

Methodology

This paper adopts a critice¢flection methodologywe attempt to uncover issues of
power and hegemony (Brookfield, 2017) through using learning theory and
observations and experiences of the SKE course to question or validate decisions made
about the course structure and methodeafning. As our SKE course is relatively

new and subject to continuous sefaluation and revision, we choose to critically
reflect through lenses of theory, student eyes, colleague (course designer) perceptions
and personal (tutor) experien(rookfield, 2017.

The authors (a blended learning specialist, a mathematics education specialist
and SKE course lead) design, teach and lead the SKE course inevitably drawing upon
assumptions informed by our values, knowledge and practice about how we might best
serve our learners. An effective and honestesedduation of this course must therefore
unearth and scrutinised these assumptions
to the effectiveness of the tutor/student relationship (thus issues of)pame the
balance of synchronous and asynchronous learning (and related hegemony). We use
our review of blended learning literature, student feedback (written and oral),
recordings of tutorial sessions, studesogtfolio data and individual tutor refleon
to inform our analysis. This analysis will increase the effectiveness of the SKE course
through providing a rationale for our choices and helping us take informed actions for
continual improvement (Brookfield, 2017).

There i s a | otedagdgicabumceraimtg assoliated witth thip
course. Subject Knowledge Enhancement courses have existed for a number of years,
but there are currently no guidelines for the level of mathematical knowledge that
applicants to courses haver expectations o€ourse structureAs such, although
enrolment, progress, completion and attainment statistics are collected and monitored
as part of the improvement process, -esthluation of the SKE course at this stage
requirescontinualscrutiny of the course from a wide variety of vantage pokgsuch,
our conclusions can only be secure for this specific course at this point in time, we will

resist Oepistemological distortiond and cl
cohorts at different points in time (Brookfield, 2017). However, we attempt to look
beyond the O6what, s 0 wrhaation (Driscoliw20@vh and 6 o f r

establish conclusions that, within the limitations of our research methods, are
creditabledependable and confirmable (Guba, 1981; Shenton, 2004).

Course Design

At Canterbury Christ Church Universi(g¢ CCU), SKE mathematics courses start with

an online induction, followed by an initiebmputerbasedmultiple-choice assessmen

An individual adion plan is then negotiated with a tutea emailto focus subsequent

l earning on i ndi vi dSwudent$ partiapate ia Wweekyroalimd needs
tutorials and work through setfirected online resourceaccessed through the

Uni ver si t ydarsng Enviroimerd (VLE), evidenced by a developing e

portfolio. At the end of the course, a final test measures a student's progression in
mathematics. Success criteria for the course relate to engagement with-gtadself
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materials, an increase in atidcore, and a satisfactorypertfolio submission. Course
lengths range from eight to twenty weeks in duraBodwe tutor participants with
mathematics degrees who require a refresher, and those without matherraties A
within the same cohort. Appbnits are prérainees on universitied or employment
led ITE courses, training to teach age rangd4,71116, 1118 or 1419 and have a
range of previous experiences of online learning.

The online mathematics resources are structured according te tihat
correspond to the needs and requirements of the mathematics national curriculum and
are modelled on how children learn mathematics in the classroom. In order to promote
aut onomy, each unit (approxi mately 8 hour s
standalone, giving students the ultimate flexibility in creating their own path in response
to their initial mathematics skills audis well as having a wide range of on demand
sessions to select from in order to design their own pathway (there arehaorg0
sessions available), the sessions themselves were designed by an experienced team of
mathematics educators following a soaahstructivist model of learning
mat hemati cs. For exampl e, in the session ¢
studentexplore and develop their understanding of angle rules through investigating
the properties of A4 paper.

It is relatively easy to ensure that-damand materials provide flexibility and
autonomy. Doing so for live tutorials is more problematic, amairaber of models
have been explored order to meet I8 need. The current delivery model aims to
mitigate both of these challengasdconsists of a 2@veek rolling cycle of Key Stage
Three and GCSE up to Grade Four, anigk rolling cycle of Key Stage Tée and
Foundation GCSE, a Meek rolling cycle of GCSE only topics and aw8ek rolling
cycle of Higher GCSE and introduction telével. Students enrol on an 8, 12, 16 or
20-week course according to their development needs. There are four tutoresk,a
one for each of the rolling cycleghe rolling cycles are designed so that a student can
join in at any stage, thus the students at each live tutorial will be at different stages of
the course. Students do not have to commit to any one of theofbing cycles- they
are free to swap from week to week, or attend more than one tutorial a Fazek.
example,an engineering graduate may choose to skip the mechanics siedsngn
place that week anattend the foundation GCSE proof tutoiradtead

The course design therefore offers a combination of flexible learning, through
both access to and the pedagogical design of on demand resources, and supported
learner autonomy, through the structuring of live tutorials, which lead to both the
development ofmathematical knowledge and understanding and the confidence of
learners.

Analysis

Our analysis considers how the CCCU SKE mathematics course provides both
flexibility and supported autonomy wusing E
(Brookfield, 2017. Firstly, by considering student learning, we critically reflect upon

the lens of student eyes and personal experience in which to ascertain the perceived
learning benefits and limitations of SKE mathematics provision from the viewpoint of

the learner. &condly, by considering tutor pedagogy, vedlect upon the lens of

colleague (tutor) perceptions and theory to highlightoieefits and limitationsf the

course from the viewpoint of teaching strategies.
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Student Learning

The current course design igended to allow students to enhance their understanding
though flexibe engagement at a pace, time and location that is convenient to their wider
professional commitments and prioritigsthis subsection, we consider theadgmand
sessions and live tutiats through the lens of the student and their personal experience,
considering three main areas: how students manage the design of their own pathway
through the ordemand materials, how students perceive the sooratructivist nature

of the ondemand raterials, and how they use the live tutorials.

Many students are initially overwhelmed by the quantity oftdemand
materials available to them. One adaptation that has been made to the course design in
response to this is to provide direction towardsises which will address the needs
identified within the audit. In their feedback students will be told, for example, that if
they answered question 22 incorrectly, in which they had to solve a system of
simultaneous equations, then they should completerttdemand session 16.2, solving
simultaneous equations. Students are also provided with a gap analysis in the form of a
spreadsheet in which they RAGte their confidence against each session title, and use
this to prioritise sessions. Some studentsthiseto make a strategic plan, others report
that it feels like empty bureaucracy and take a more ad hoc approach to selecting
sessions. There is some evidence that a strategic pathway based on audit feedback and
gap analysis leads to better outcomedlastiated in Table 1.

Pathway through on demar Initial Final audit Overall
sessions (session numbers audit result grade
order) result

Studentl 15,1,2,3,4 52 61 Satisfactory
(ad hoc)

Student2 1, 2, 3, 4,5, 8, 15, 11, 12, 32 49 Good

16, 17, 20, 2319, 21, 25, 26

31, 33, 34, 36, 24, 43, 44, 4
51, 58, 57, 56, 55, 54, 53, 5
50, 49, 59, 70, 41, 42, 29, 1
14,13,7,6, 17,16, 23, 46, 3
37,45, 47,48
(moderate structure)
Student3 2,4,6,7,8,12,13,14,15,1 41 101 Excellent

17,18, 19, 20, P, 22, 29, 36,
1,3,5,9, 24, 25, 28
(strong structure)
Table2. Comparison of student pathway choices to audit scores and overall grade

Many students find the investigative nature of thedemand sessions to be
problematic. The socialonstructivist principles which informed the design of these
sessions work well in a classroom where learners can interact with their peers and more
knowledgeable others. The second and third stated aims of the SKE programme are to
develop mathematical thinking, and to place mathematical knowledge within
meaningful contexts, and so it is vital that students perceive mathematics as a
discursive, social disciple, but this can be hard to achieve when learners are isolated
both geographically and in time. Attempts to address this have included the provision
of solutions (which include notes on methods and alternative approaches) and the
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availability of the tutorto discuss sessions via email. Additionally, tutors are sensitive
to this in the planning and delivery of live tutorials, when the essential discursive nature
of mathematics and its learning can be addressed.

In their final reflections, many students commbhon how the live tutorials were
the most useful part of the course to them, for example:

AThe weekly tutorials were very informative anc
revise further, this for me was the most practi
AThetgoes we solved é were pivotal for |l earnin;q

fil found the online live lessons to be helpful and has given me some confidence in
what | am doing, 0

The model of rolling cycles differentiated at four levels across four separate tutorials
each veek was intended to enable students to select the live tutorial most appropriate
to them. Many students attended all four tutorials every week, which meant that they
encountered the same materials up to four times, but delivered at different speeds.
Studens explained that they were happy to be overwhelmed by the materials in early
sessions, knowing that they would revisit it and grow in confidence. One said that the
first time round she felt like an outsider observing others doing the maths, the next time
she was a consumer of the mathematics, before finally moving into the roles of expert
and leader. As the tutorials were on a rolling programme with new students joining
every four weeks, this created a supportive learning environment in which not only the
tutor was able to act as provocateur and more knowledgeable other, but students were
able to do so toossues of poor student engagement due to lack of confidence in an
unfamiliar learning environment is reduced as new cohorts join groups who have
alreadyestablished learning habits and the new social norms of the online classroom.

Tutor pedagogy

From the perspective of a theoretical l ens
materials and resources follows the principles of connectivism by pngvaddiverse

and open space in which to autonomously develop their understanding. Given that
students have both the flexibility and autonomy to develop their own understanding via
engagement with these materialse tesponsibility of the tutobecomes les about

knowledge transference and more about provocitihe tutor challengestudentdo

think more deeply about their understanding which, in turn, induces a nepthble

and contextual approach to the knowledge they have acquired. Tutor and student

Il nteraction during tutorials provi ded opIJ
understanding and provide contextual and individual guidance to enhance
understanding of mathematics topics.

Tutors were able to act as a provocateur in the on demand sedsiamne
session students were guided through the steps to fold a sheet of A4 paper to create
equilateral triangles and then use these to construct tetrahedra and octahedra, but were
then later challenged to use this activity to prove the ratio of théhiengthe sides of
the paper. In an introduction to calculus, students are supported in understanding both
the fundamentals and applications of differentiation through film clips of a car chase.

Online tutorials typically begin with a series of challengesproblematize
studentsdé6 understanding of topics studied
provision of mathematical problems allows both the student and tutor to confirm the
current level of understanding and identify potential gaps or issaé€dh then be
addressed. After potential gaps in understanding have been identified, the tutor is then
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able to recognise errors and provide guida
context and experiendeit is in this sense that, from a socia@nstructivist point of

view, both tutor and peers can act as More Knowledgeable Others who can challenge

and question students within the context of their own understanttingne particular

tutorial that was videoed for self and peer observation purgtsgents were invited

to use their existing knowledge to suggest which mathematical object best exemplifies

key mat hemati cal terminol ogy, such as fndexp
on their knowledge of the English language, students suggesgpand are prompted

by the tutor to explain their thinking. The tutor is particularly interested to hear the

thinking behind incorrect pairings. As this example demonstrates, by identifying the

symptom of errors and the reasoning behind them, theisudibie to provide a solution

and explanation that c¢onnPErarmte lemsioftttorit he st u
would therefore appear that studentsd conf
increased by combining independently accessedendisources with challenging and

contextual tutor interaction.

Conclusion

Our reflections through the lens of theory, designer, tutor and student has found that by
combining online learning materials with the supportaof 6 Mor e Koiteowl edge:
Ot h egstudents effectivelyincrease their knowledge andunderstanding of

mathematics. fie increasing accessibilignd flexibility of online learning resources

changes the relof the tutor from that afidactic pedagogue, to that of the proveca

who challengsthe understanding of the student in which to advance their knowledge

(Osberg& Biesta, 2008) A combination of flexibility inlearning with supported

learner autonomy leads tooth the developra n t of | earneand 6 wunder
confidence.

The importage of dfferentiationis highlightedas akey issue in presenting and
delivering materials. Studentse diagnostic assessmémtautonomously develop an
individualised learning programmerThis learning journey is botmformed bythis
action plan but carthen be altered as the course unfolds. séhelifferentiated
asynchronous course resourdeave been found tgromote independent active
engagemenby participantsn their mathematics, evidenced by their asking their own
guestions and constructing thewm understanding of the content.

Whilst evidence supports autonomous online learning as leading to an effective
comprehension of relevant mathematical knowledge, by itself it lacks the opportunity
to enrich, adapt and negotiate understanding within timeegb of challenging and
practical applications. Our reflections suggest that students benefit from the social
interaction during online tutorials which enhances and extends their knowledge through
a variety of challenging problems and questions to supmarextend their developing
conceptual understanding.

The multiple needs of the learners and the large choice in course length currently
means that an 06i d#fieultt achieve; severabmodels havelbeen ur e i
used in order to tailor threaltime tutorials to the individual needs of students. Our
current Or omodelhaggovesl mostable ta fulfd the very different needs
of students wilst maintaining the flexibility and autonomy identified as being so
important to onlindearners.

Whereas digital learning, epitomised tine theory of connectivism, allows
studentgo flexibly engage with learning at a pace, time and location suitable to their
individual needsa reflectionon the experiences atudentsand tutorsconcluds that
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student s6 deeper tarmlingdof mathkeraatice dahefitsi fnothe r s
complementary use of a soc@instructivist model of learning.
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Attuning to t he mathematics of difference: Haptic
constructions of number
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CAPTeaM develops and trials activities that Challenge Ableist Perspectives
on the Teaching of Mathematics. The project involves teachers and
researchers from the UK amgtazil in reflecting upon the practices that
enable or disable the participation of disabled learners in mathematics. In
this paper, we focus on two themes that emerged from data analyses
generated in the first phase of the study: deconstructing thenradtine
normal mathematics student/classroom and attuning mathematics teaching
strategies to student diversity. Here, we address these themes through

d

exemplifying participants®é haptic constr
a multiplication task in tersm o f four strategies they
fingerso; Aitracing the sumo; Anegotiat i

Afdecomposi ngo.
Keywords: Teacher Education inclusion; embodiment ableism
Inclusive mathematics in an ableist landscape

Educationabkystems throughout the world continue to be profoundly structured around
the construct of the finormal studento,
and blood person. This construct can be employed to imply that there exists some kind
of universal trajectory by which mathematical knowledge can be expected to be learnt,
deviation from which is evidence of abnormality and, often, deficiency. Organising the
teaching of mathematics according to imposed norms can obscure or even disallow
variatiors in learning associated with different sensory, physical, linguistic, social and
cultural experiences and identitiesand contributes to a culture in which disability
tends to be considered a lamentable condition, a disadvantage that must be overcome
(Nardi, Healy, Biza, & Fernandes, 2018). It also results in educational practices
developed with students in mind who do not actually exist, rather than for students who
will be subjected to these practices.

Our study CAPTeaM (Challenging Ableist Perspectives the Teaching of
Mathematics), aims to challenge beliefs, processes and practices related to mathematics
teaching which produce fia particular ki
is projected as the perfect, speeigsical and therefore s sent i al and f
(Campbell, 2001, p. 44) and which contribute to the exclusion of disabled learners (e.g.,
Nardi et al. 2018). CAPTeaM involves inviting practising and future teachers to engage
with tasks that encourage them to reflect upon ttelenges ohttuning mathematics
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teaching strategies to student diversity and to avoid privileging the notion of a normal
studentTo this end, we have collected data in Brazil and the UK as participants interact
with two different types of tasks.

In thefirst (Type I), teachers are presented with classroom episodes which show
the mathematical activities of disabled students. They are invited to consider how they
might enable the engagement of disabled learners within inclusive learning
communities. In th second (Type Il), small groups of teachers solve a mathematical
problem while at least one of them is temporarily and artificially deprived of access to
a sensory field or familiar channel of communication.

In this paper, we focus on Type Il data andigses. We begin by outlining the
theoretical basis for the task design, which involved linking ideas from the historical
cultural perspective of Vygotsky with aspects of embodied cognition. We then evidence
the participants 6 dyingeiationt® decoastryctingtbetnotione s, e s |
of the normal mathematics student/classroom and attuning mathematics teaching
strategies to student diversity. Here, we exemplify said attunement through illustrating
participantsd hapt indhe contexisof a task that iovited thesnf n u mb
to communicate about multiplying a three digit number by a two digit number

The theoretical underpinnings of CAPTeaM

A major concern expressed by Vygotsky (1997) in his seminal work with disabled
learners in thd920s and 1930s was that the dominant quantitative approaches of his
time reduced the question of development to performance on measures that imply
deficit not potential. For him¢hildrenwhoselearningis shaped by a disabilityan be
expected to develogifferently from their nordisabled peers, but this does not imply
lesser development. n a nutshel |, Vygot skybés positio
disabled child achieves the same level of development as a child without a disability,
then the child wit a disability achieves this in another way, by another course, by other
meansFor the teacher, he argudsis particularly important to know the wqueness

of the coursalong which to lead the child and thus to transform the barriers associated
with an impediment into possibilities for development.

Our interpretation of this position (Nardi et al. 2018) is that learning can be
defined as participating 1 n, and appropri
associated with the knowledge discipline weow as mathematics. The process of
making something one’s own is shaped by the tools used to act withnd this
includes tools of the body as well as material and semiotic artefacts. Part of
understanding the mathematical discourses of lea metis or without disabilities)
involves considering how and when the substitution of one (semiotic, material or
bodily) tool by another engenders alternative mathematisabdrses, which in turn
empower the participation of those who have difficulties in intdhag with
conventional forms. Treating tools tife body as knowledge mediatassconsistent
with embodied approaches to cognition, which posit that perceyptoiar activities
represent a constituent part of our thought processes (Gallese & Lakoff,a2@Dihat
feeling is part of knowing mathematics (Healy & Fernandes, 2014). Moreover, since
that construction and use of all mediational tools have both social and individual
dimensions, cognition is as much an interpersonal process as an intrapersonal on

In teaching, the interpersonal side of cognition is particularly cogent, as it occurs
in the context of contact with actions, emotions and senses of dtidgsd,Gallese
(2010) has suggested thatvhen we come into contact with others, our implicit
awareness ajur bodily similarities result in the activation of the same neural resources
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when we perceive the actions, emotions and sensations of others as when we experience
or execute them ourselvéd/e accept this suggestion with some caution: not all human
bodies are similar and restricting empathy in this way could be used to reinforce exactly
the i1idea of Anormal 0 devel opment t hat we
mathematics involves engag in discourses in ways explicitly aimed at involving
learners in sharing the feelings of the teacher about aspects of mathematics, in a process
during which the teacher also endeavours to feel the mathematics of the student. This
involves a reciprocityf intentions: the teacher attempts to communicate so that her
intentions come to inhabit the bodies of her learners, while simultaneously allowing
their intention to inhabit hers (Healy & Fernandes, 2014). Given that not all bodies feel
things in the sameay, this necessarily requires the legitimisation of different ways of
expressing and doing mathematics so that difference as well as similarity can be felt as
onebs own.

This brings us back to Vygotsky and the idea that, as teachers, we need to seek
themediational means that make most sense to the learners we teach and not to expect
that the same means will necessarily be appropriable by al, even, that the
impossibility of using certain tools necessarily impeaathematics learning. In short,
the mediational means that we make available (or not) in learning situations should be
attuned to the learners involved.

The aims and methods of CAPTeaM

To explore the role of using different tools of the body in mathematical activities in

ways which engagels in recognising and challenging ableism and in developing
pedagogies that empower rather than disable learners, we use sigpaindfic tasks

(Biza, Nardi, & Zachariades, 2007). These are resaafohmed tasks which invite

teachers to consider mathaties teaching situations grounded on seminal learning and

teaching issues and likely to occur in actual practice (ibid.). Situapenific tasks can
contribute towar ds generating nuanced ac (
mathematical discourses a®lvas facilitate teacher reflection and discursive shifts

with respect to how teachers work towards
opportunities to participate in mathematical activity (Biza, Nardi, & Zachariades,

2018). CAPTeaM involves engagingaptising and future teachers with two types of
situationspecific tasks, Type | and Il, briefly described in the introduction.

Here we focus on Type Il data and analyses. Type Il tasks are designed with the
aim of provoking reflections about how accessiediational means differently shapes
mathematical activity. Participants work in groups of three. One member (A) acts as an
observer and films the interaction of the other two members. The second member (B)
has a learner role and is asked to solve a@enaditical problem whilst, temporarily and
artificially, deprived of use of a particular sensory field and/or communicational mode
(e.g., seeing). The third member (C) has a teacher role, communicating the problem and
intervening as judged necessary, butheitt access to another sensory field or
communicational mode (e.g., speaking). In this paper, we focus on one of the Type II
tasks (Figure 1).

For the task we consider in the rest of this paper, in each trio (A, B, C), the
problem involved multiplying a tieedigit number by a twaligit number, e.g., 347x26,
although numbers given varied across trios. Then, all convened for plenary discussion
of the strategies that had emerged in the small groups.-8malb activity, as well as
plenary discussions, weredecorecorded. We wish to stress that the aim of the task
was not that the participants would attempt to role play the part of someone with a
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disability. Rather, we would argue that the temporary suspension of a mediation tool
that someone is accustomeduse can serve to heighten awareness of alternative
possibilities for communicating and expressing mathematics and to encourage
participants to consciously attune their interactions according to the particular needs of
the other (be they teacher or learirethis task).We chose to constrain the activity of
both teacher and learner in the Type Il task to highlight the reciprocity of these roles.

Artificially restricting mathematical interactions
For this activity, we will split in groups of three.
Onemember of the group (A) is the observer.

A second group member (B) will temporarily lose access to the visual field (by sh
their eyes or being blindfolded).

The third member (C) can see but cannot speak.
C will be given a piece of paper with the resthe instructions.

Instructions to C: Your task is to ask (without speaking) B to multiply 347 by 26 a
indicate whether or not the answer suggested by B is correct.

B should not have access to these instructions.

Once the task is complete, A, BAaC have a short discussion about how the restric
influenced their strategies.

Figure 1. ThéArtificially restricting mathematical interactioriBask (Type II).

Data was collected in Brazil and the UK from 91-@ed inservice teachers (70 from
Brazil and 21 from the UK). Bar a small number ofservice mathematics teachers
(none with SEND coordinator responsibilities), participants in the UK were students on
a Secondary Mathematics PGCE programme. Participants in Brazil included four
practicing tachers with some Special Education responsibilities, ten teachers who were
also undertaking a twgear Masters in Mathematics Education course, 38
undergraduate students on a fgear course in Mathematics Education (future
mathematics teachers) and 18dargraduate students studying on a four course in
Pedagogy (to become generalist primary teachers).

Participants completed four tasks (three of Type | and one of Type ll) in three
hour sessions. Data consists of written responses to the tasks (forofyyeaind audio
/ video recordings of smafjroup and plenary discussions of the responses. Data
collection was carried out once ethical approval by the Research Ethics Committees in
both the UK and Brazil institutions had been granted. Analysis of tleeadaied to
i dentify participantsd perspectives on
disabilities. The following five themes emerged (see more details in Nardi et al. 2018,
p. 154): valuing and attuning; classroom management; experience andenoaf
institutional possibilities and constraints; and, resignification.

As we scrutinised the data on each of the above themes, the need started to
emerge for robust, factual accounts of
tasks. For exame, we started asking questions such as what types of bodily

€ a

he

i nvol vement do we observe in the participa

channels do the participants deploy during their interaction? In relation to the task in
Figure 1, these trammfmed into questions such as: How do participants communicate

about number? How is place value dealt with? Are some numbers more difficult than
others? How do participants negotiate ways of communicating Yes/No (Right/Wrong)?
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How do participants expressidovercome (if so), any difficulties they experience in

this communication? In this paper, we share data excerpts which illustrate answers to
these questions and showcase the resourceful ways in which the participants coped with
the challenges posed byethask in Figure 1.

Data: Haptic constructions of number and placelata

In addressing the aforementioned questions, a suite of strategies emerged that showcase
how the participants invented novel ways of doing mathematics, particularly with
regard to howhey express number when team members B and C cannot see and speak
respectively. In doing so, resorting to the communicational channels afforded by the
sense of touchi thereafter haptic constructioiisbecame a pivotal characteristic of

what the participats chose to doWe exemplify four of these strategies;S4.

S1. Counting fingers.Participants indicate each digit in order, starting with hundreds,

then tens and then units, by counting or raising the corresponding number of fingers.
Communicating about each digit was easy but sharing the understanding that the three

digits were meanas the components of a threégit number was not. We identified

four ways in which the participants coped with this challenge, less or more successfully.

Each emerged after the three digits were identified through focmenrting: (1.1)

Creating a signntended to suggest joining the numbers into one. This was generally
unsuccessful as it was interpreted by the blindfolded team member as a sign, for
example, to add the numbers (Figure 2). (1.2) Continuing directly to indicate the
multiplication sign, in avariety of ways (crossing two index fingers or arms, tracing a

cross on hand or arm). Usually this had to be repeated a number of times before 3 4 7
became 347 and, even when this was understood, the number tended to be uttered as

At hr ee f oluer stelvaem OA trhart esee vheumad.r e(dl .a%)d Guwird eyd
number wusing the blindfolded team member 6s
using objects, usually pens, instead of fingers. This was typically quickly abandoned.

We return to thisn S3 where objects were also used to communicate place value.

Figure 2: Treat the 3 numbers as one (S1.1 Figure 3. Tracing the written symbol for numb
on inside of arm (S2).

S2. Tracing the sum.Participants communicate the number as a whole and without
explicit attention to place value through tracing on centre of hand, back or arm (Figure
3). We identified three ways in which the participants did so: (2.1) Tracing the written
symbol for numbeon centre of hand, digits signed one after the other on the same
location, without indication of the position of each in the whole number and then
moving on to tracing the multiplication sign. (2.2) Tracing the complete number on
hand, back or arm, with gdion felti that is, for 347, the index finger is moved to the

1 We note that all participants the role of Cchose touch over soutolinteract with theipartnerB.
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