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Abstract

Let X be a perfect, compact subset of the complex plane. We
consider algebras of those functions on X which satisfy a generalised
notion of differentiability, which we call F-differentiability. In partic-
ular, we investigate a notion of quasianalyticity under this new notion
of differentiability and provide some sufficient conditions for certain
algebras to be quasianalytic. We give an application of our results
in which we construct an essential, natural uniform algebra A on a
locally connected, compact Hausdorff space X such that A admits
no non-trivial Jensen measures yet is not regular. This construction
improves an example of the first author (2001).

Let X be a perfect, compact subset of the complex plane €. We consider
those normed algebras consisting of complex-valued, continuously complex-
differentiable functions on X, denoted D®(X). These algebras were intro-
duced by Dales and Davie in [9] and further investigated, for example, in [2]
and [10]. The algebra D®(X) need not be complete, and the completion of
DW(X) need not be a Banach function algebra in general.

Bland and the first author [2] introducedFdifferentiation, which gener-

alises the usual complex-differentiation, and considered normed algebras of
F-differentiable functions, denoted D @)(X). The algebraD @)(X) is com-

plete and DM (X) - DW(X).
= F
Dales and Davie ([9]) also considered those algebras of complex-valued
functions which have continuous complex-derivatives of all orders, and intro-
duced the Dales-Davie algebras D(X, M ). They defined a notion of quasi-
analyticity for these algebras and gave sufficient conditions for the algebra
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D(X, M) to be quasianalytic. (For the classical definition of quasianalytic
collections of functions, see [27, Chapter 19].)

In this paper, we define a notion of quasianalyticity for infinitelyF-
differentiable functions (defined later) and give a sufficient condition for this
new notion of Fquasianalyticity. In certain cases, this sufficient condition
will improve that given by Dales and Davie in [9]. We conclude the paper
with the construction of a uniform algebra A on a locally connected, compact
Hausdorff space X such that A is essential and A does not admit any non-
trivial Jensen measures yet is not regular. (The relevant definitions are given
in Section 4.) This construction improves an example of the first author from
[13].

1 Definitions and Basic results

Throughout this paper we say compact plane set to mean a hon-empty, com-
pact subset of the complex plane €. We denote the set of non-negative
integers by No and the set of positive integers by N. Let X be a compact

Hausdorff space. We denote the algebra (with pointwise operations) of all
continuous, complex-valued functions on X by C(X). For E € X, we set

If [e := sup|f(X)]| (fe C(X)).
Xe E
With the norm .| C(X) is a commutative, unital Banach algebra. LetS be
a subset of C(X). We say that S separates the points of X if, for each X,y
€ X with x f=y, there exists f € S such that f(x) f= f(y).

Definition 1.1. Let X be a compact Hausdorff space. A normed function
algebra on X a normed algebra (A" )"such that A is a subalgebra of C(X), A
contains all constant functions and separates the points of X, and, for each f
Agef f "2 Banach function algebra on X is a normed function algebra
on X which is complete. A uniform algebra is a Banach function algebra
such that "-" = |- |x.

Let X be a compact Hausdorff space and let A be a Banach function
algebra on X. We say that A is natural on X if every character on A is given
by evaluation at some point of X.

We refer the reader to [8, Chapter 4] for further information on Banach
function algebras and uniform algebras.

We are particularly interested in Banach function algebras consisting of
continuous functions on a compact plane set which satisfy some notion of
differentiability.



Definition 1.2. Let X be a perfect compact plane setand letf: X — C
be a function. We say that f is complex differentiable at x € X if the limit

ex £7X

exists. We say that f is complex differentiable on X if f is complex differen-
tiable at each point x ex and we call the function fi : X C-the derivative of
f. We say that f is continuously complex differentiable if f' is continuous.

In the remainder of this paper, we shall say differentiable and continu-
ously differentiable to mean complex differentiable and continuously complex
differentiable, respectively. We refer the reader to [7], for example, for results
from complex analysis.

Let X be a perfect compact plane set. We denote the algebra of all con-
tinuously differentiable functions on X by D®(X). For each n N, let D™M(X)
denote the algebra of all n-times continuously differgntiable func- tions on X
(defined inductively). Let DC(X) := =, D™(X). Letn Nand ket f
D™(X). We denote the nth derivative of f by f (", and we will often write f ©
for f.

Definition 1.3. Let M = (Mn);-o be a sequence of positive real numbers.
We say that M is an algebra sequence if Mo = 1 and, for each j, k No, we
have

j +k < M'|+k
i if, foleach k &N ’
We say that M is log-convex if, for each k , we have M * 5 Mg-1Mi+1.

We conclude this section with a discussion of paths in €. For the remain-
der of this section, leta, b € R witha<b.

Definition 1.4. A path in € isa continuous functiony:[a,b] ©: Let y:
[a, b] € be a path. The parameter interval of vy is the interval [a, b]. The
endpoints of y are the points y(a) and y(b), which we denote by y~ and y~,
respectively. We denote by y* the image y([a, b]) of y. A subpath of y is a path
obtained by restricting y to a non-degenerate, closed subinterval of [a, b]. If X
is a subset of € then we say that y is a path in X if y* € X.

Let vy : [a,b] —C be a path in €. We say thatyis a Jordan path if y
is an injective function. We denote the length of y, as defined in [1, Chapter 6],
by A(y), and we say that vy is rectifiable if A(y) < and y is noeerectifiable
otherwise. We say that vy is closed if y* = y~, and we say that y is a closed
Jordan path if y is closed and y(s) = y(t), where s,t € [a,b],



implies that eithers=tors=aandt =b. We say thaty is admissible if
vy is rectifiable and has no constant subpaths. The reverse of vy is the path
-y : [-b, —a] — y* given by —y(t) = y(-t). It is standard that

fo)dz=- f@z)dz  (fe C(y')).

-y Y

Now suppose thatyis non-constant and rectifiable. We define the path length
parametrisation y*' : [0, A(y)}2C of y to be the unique path satisfying
YPI(A(Y|[a, 1])) = y(t) (t R, b]); see, for example, [11, pp. 109-110] for
details. We define the normalised path length parametrisationy"°: [0, 1} C
of y to be the path such that y"°(t) = yP'(tA(y)) for each te[0, 1]. It is clear
that y*' and y"° are necessarily admissible paths and (y*)* = (y"°)* =v*.

It is not hard to show, using [11, Theorem 2.4.18], that

) ) )
f(z)dz = f(z)dz =

4 yP

f(z) dz,

Y

for all f e C(y*). We shall use this fact implicitly throughout.

Definition 1.5. Let X be a perfect compact plane set and let F be a col-
lectjon of paths in X. Define F' :={y' :ye F}. We say that F is effective

if F*isdensein X, each path y € F is admissible, and each subpath of a
path in F belongsto F.

Let X be a compact plane set. We say that X is semi-rectifiable if the set
of all Jordan paths in X is an effective collection of paths in X. We say that
X is rectifiably connected if, for each X, ye X, there exists a rectifiable path vy
suehpthat y~ = x and y* =y. We say that X is uniformly regular if there
exists a constant C > 0 such that for each x, y X there exists a rectifiable
path y in X with y~ = x and y* =y such that A(y) C x y . We say that X is
pointwise regular if for each x X there exists a constant Cyx > 0 such that,
for each y X, there exists g path y in X with y~ = x and y* =y such that
A(y) Cx x y . Note thakeach ofj the above conditions on X imply that X is
perfect.

2 F-derivatives

In this section we discuss algebras of F-differentiable functions as investigated
in [2] and [10].



Definition 2.1. Let X be a perfect compact plane set, let F be a collection of
rectifiable paths in X, and let f € C(X). A function g € C(X) is an F-derivative
for fif, for eachy € F, Wf have

9(z) dz = f(v") - f(v").
Y
If f has an F-derivative on X then we say that f is F-differentiable on X.

The following proposition is a list of the elementary properties of-
differentiable functions. Details can be found in [2] and [10].

Proposition 2.2. Let X be a semi-rectifiable compact plane setand let F
be an effective collection of paths in X.

(a) Letf,g,h e C(X) be suchthatgand hare F -derivatives for f. Then
g=nh.

(b) Let fe D®(X). Then the usual complex derivative of f on X, 1, is an
F-derivative for f.

(c) Letfy, f2, 91, g2 € C(X) be such that g: is an F-derivative for fy and g2
is an F-derivative for f2. Then fig2 + ga1f2 is an F-derivative for fifa.

(d) Letfy,f2,91,92€ C(X)anda,B€e € besuchthatg: isan F-derivative for
f1 and g2 is an F-derivative for f>. Then ag: + Bg2 is an F- derivative
for afi + Bf2.

Let X be a semi-rectifiable compact plane set, and leFbe an effective
collection of paths in X. By (a) of the above propositionf-derivatives are
unique. So, in this setting, we write f [ for the unique F-derivative of an

F-differentiable function. This will be the case considered throughout the
remainder of this paper. We will often write ! for f. We write D(F (X)

for the algebra of all F-differentiable functi?lg\s on X .We note trz%t, with
the norm"f" o, = [f| x +[fl] x (Fe D g'(X)), the algebra D¢ (X) is a
Banach function algebra on X ([10, Theorem 5.6]).

For each n € N, we define (inductively) the algebra

DIO(X) :={fe DYEX) : fIe DO-D(X)},
and, for each f € D(Q(X), we write f ["l for the nth F-derivative for f . Note
that, foreachne N, D gn)(X) Is a Banach function algebra on X (see [2])
when given the norm

n - k
k=0

K]
!

e b (f ¢ DO).



In addition, we define the algebra DE)(X) of all functions which have g-

derivatives of all orders; that is, D)(X) = ° _P®(X). Itis easy to see
(n (=)
that, for each n € N, we have DW(X)c D  (X) and D™(X) € Dg (X).
We now describe a class of algebras of infinitely F-differentiable functions
analogous to Dales-Davie algebras as introduced in [2] (see also [4]).

Definition 2.3. Let X be a semi-rectifiable, compact plane set and let F
be an effective collection of paths in X. Let M = (Mn);-o be an algebra
sequence. We define the normed algebra = 5

De(X,M):= feD (m)(X): <], < e
M

F .
=0

with pointwise operations and the norm

e = |F 00
fri= — X (feD (X, M)).
j=0 ™

i=0

3 F-quasianalyticity

In this section, we discuss an F-differentiability version of quasianalyticity,
and give a sufficient condition for a subalgebra of D*)(X) new notion of
F
quasianalyticity. . . . .
We now introduce the following notion of F-quasianalyticity.
Definition 3.1. Let X be a semi-rectifiable compact plane set and let F

be an effective collection of paths in X. Let A be a subalgebra of D2(X).
Then A is F-quasianalytic if, foreachy € Fandzo € y* , the conditions

fe A and fK(@zo)=0 (k=0,1,...),
together imply that f (z) =0 forallze vy*.

Let X be a semi-rectifiable compact plane set and let F be an effective
collection of paths in X.

We now aim to give some sufficient conditions for F-quasianalyticity for
the algebras Dg (X, M ). Our method will follow the proof in [6] of the tra-
ditional Denjoy-Carleman theorem.

For the remainder of the section we fix an admissible path I'. We also
fix F to be the collection of all subpaths and reverses of subpaths of I'. Let M
= (Mn)n2o be a sequence of positive real numbers satisfying

=
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We write ds for integrals with respect to the pathlength measure. Set
D := D&)(I™) and, for each ne N, set Dy := DMW(™).

We will require the following lemmas. The first lemma is a summary
of the properties of the log-convex minorant of a sequence of positive real
numbers. We refer the reader to [25, Chapter 1V] and [26, Chapter 1] for
details and properties of the log-convex minorants. The properties listed
below are from [6].

Lemma 3.2. Let (Mn); -, be a sequence of positive real numbers such that

liminf,_, MY = 4o, Then there exists a log-convex sequence (M), o
and a Strictly increasing sequence (nj)jZo of integers with no = 0 such that:

(@) M¢ < Mfor all k € No;

(b) ML, =My, forall k € No;
(c) foreachk € No, we have M /M°® = M°® /M° for all j € N with

. ] j+1 Ny ne+1
Nk <] <Ng+1.

It is_easy fo see that jf a sequence M = &M Ja=o Of positive real num-
bers satisfies (1) then the log-convex minoran M =(M*)” ,asgiven by

Lemma 3.2, satisfies (1). Moreover, if M ¢ satisfies (1) thelt M* satisfies
°°r’l:(;\/I°/nMC he1 = see [25, Chapter IV] for details.
We will require lemmas to prove the main result. The first lemma is
standard; see, for example, [7, Proposition 1.17].

Lemma 3.3. Lety € F and let f € D1. Then
[FGO < IFQO) + AW ..
Our next lemma is an F-differentiability analogue of [6, Lemma 2].

Lemma 3.4. Lety € F,let M >0, let me N,and let 6= y?. Letso, ...,
Sm-1 € [0, A(c)] suchthat 0 < sp<s;<:: - <sp1<A(c). Let g € Dm and
suppose that |gi™(c(t))] < M for all t € [so, A(y)]. Then, for all s € (sm-1, A(Y)],
we have

-1 [ _ M
|9 (6(Sm-p-2))[(S = Sm-p-1) +— (s-s)". 0
L o! m!

Proof. Note that, for each a, b [@, A(y)] with a <b, A(c [a, p]) = b a. We prove
the result by induction on m. If m = 1 then, by Lemma 3.3 applied to o|[so, s],
we have

|9(c(s))] =

19(2)] = 19(20)| + MA(o][S0, 5]) = |9(z0)| + M(s = So).



Let m € N and assume that the result holds for m — 1. Since gt*! € Dm-, it follows
that, for each s € [Sm-2, A(y)], we have

=2 [p+1] _ p M
|g[1](G(S))| < |g (G(Sm—D—Z))l(S Sm—p—Z) +—(S _ S)(;n—1.
0=0 p! (m-1)!

Fix t € (Sm-1, A(y)]. Foreachj € {1,..., m - 1} let oj := o|[Sj, t]. Then

191 (s))] ds < B g P (6(S mp-2 DIS—S mp-2)P "
om-1 om-1p=0 p!
+ -1 (s—s)tds. 2
Foreachje {1,..., m- 2}, we have
I ; I ; (s - Sm—j—Z)jj!
(s=Smj-2) ' dss (s=Smjz) 1 ds= ST (3
om-1 om-j-1

and, by combining (3) and (2), we obtain

) 1 _ M
by dss P o DIETS mpd? (Mg g
om-1 o=1 p! m!
But now ]
l9(c(®))|=|9(zm-1)| + l9't6(s))! ds,
and combining this with (4), we obtain the desired result. [

We now check an easy special case of our result.

Lemma 3.5. Let M = (Mn);-o be a sequence of positive real numbers such
that liminf,, MM <. Letzo € I'*,andletfe D with [f K| < Mk

and f Kl(zo) =0 for allk e No. Thenf(z)=0forallze T*.

Proof. Fix z € T*. Lety € Fsuchthat y~ =zo, y" =z, and y =yP. Wefirst
claim that, for each k, n € N with k < n, we have

n—-k

T @ISMn s (5)

where s = A(y).



Fix n € No. We prove our claim by induction on k < n. First suppose that k

:nsothatn—k:O.Letzey*.Wghave {
[ftt@)| < |G+ (Y] ds= |f K| ds,
Y Y ’
and applying the claim to |f M(¢)|, we have
[k-1] Mpsh—k Mpsnk+l
It @l= ds = :
» (n=K)! (n—-k+1)!

This proves the claim.
We now see that |f (z)| < Mas"/n! foralln € Npand all z € y*. Now

since liminf,, o M N < o , there exists R > 0 such that My < R" for

infinitel € N. n trictly increasin uence in N
suc %Xt'ﬁ‘/? F{ foral &k)'ﬂl'lt% or each z € y,Wg e
Mps™  (Rs)"
f(2)] < <
[f(2)] l g 0
as k — . This holds for all z € T, so the result follows. O

Let 0 <o < 1. As in [6], we define B, for j, k € Nowith k 2 j 2 0, as follows.
Foreach j € N, let B® =0 and for each j € N, let B@ =1. For
each j, k € No with k > j, define B“ ., ., inductively by setting

i
(o) (@) (o)
Bjriker = Bjier ToB k.

Our main tool in the proof of the main theorem is the following lemma,
which can be distilled from the proof of [6, Lemma 1] and Stirling’s approx-
imation. We omit the proof.

Lemma 3.6. Let a € (0, 1/4e). Then there exists a constant K > 0 such that
B Kg <1/2for all j, k_ N with < k Moreover for eachn N, we haver

= ((L+ 1)00 , (na)

<2
1=0 j! n!
Note that, if a € (0, 1/4e), then
>g ¥ (6)
(a) =2 jk+1
Bj+1,k+1

forall j,k € No with k = j.

We now state and prove our main result. The proof is essentially the one
used in [6], adapted forFdifferentiation, and including additional details for
the convenience of the reader.

10



Theorem 3.7. LetT": [a, b] — € be an admissible path and let F denote the

collssHion " LiSHRPRR ADRBEYE SR Ol PRS R T Let (Wnkrg B ey

N 1/n

fe D) and zo € I satisfy
[fM|r. <Mc  and fK(zg) =0 (7)
forallk € No. Thenf(z)=0forallze T'*.

Proof. If liminf,_, Mi" </°° then the result follows from Lemma 3.5, so
o 1/n

suppose that liminf,—~- M, =<. By Lemma 3.2, there exists a log convex
sequence (M)~ o of positive real numbers and a strictly increasing Sequence
nn=

(nj)jZo with no = 0 such that:
(a) M¢ < Mforall k € No;
(b) M}, =My, forallk € No;
(c) foreachk € No, wehave M //M® =M /M°®  forall j € No with

. ] j+1 Ny ne+1
Nk < ] <Nk+1.

By the comments following Lemma 3.2, we have
> Mr?

c
n=0 ' n+1

= o0,

Letz € I'* and lety € F such thaty~ = zo,y* =z and ¢ = y?'.

Fig-n e N such that nis an element in the gequence (np);zo and such
that L, M§/MC,; > 4eA(o). Let o == A(c)/( j=o M§/M®;,,). Then we
have a € (0, 1/4e) and so, by Lemma 3.6, B® <4/2 for all u, v € N with

v>u>0.
Define the points 0 = Xo < X1 < - - - < Xp < A(o) such that

c

C—\ —_ C H—
Xj —Xj-1=aM n—j n—j+1 j=1,2,...,n.

Foreach j € {0,...,n}we claim that, for each k € No, withk<n-j+1,
(o)

[K] c j
IF (o) = Bj nr+1Mk (te [0.x5]). (k)

The proof of the claim is by induction on j. Since fXl(¢~) = 0 for each
k € No, (x,) holds for all k € Np with k< n + 1.

Fix j € {1,...,n}. Assume now that (:") hglds for all ji,ki e N with
ji<jand ki <n-ji+1. Seti:=n-j+1. We now prove (:k) holdls

11



for each k € No with k < i by backwards induction on k. We first check the
base case. Suppose that k = i. If i = n, for some r € No, then B( 51 and
[F(a(t))] < Mi = M® for all te [0,x5] by (7), and so (+7) hglds.

Otherwise, i f=n for all r € No, in which case there exists r € No such that
nr<i<nrs1Sn. Foreachse [0, xj-1], by (+7™) and (6), we have

[i] () c (@ ¢ c

|f (G(S))l < Bj—lJ Mi < BJ,J Mi = Mi ,

and so it remains to show that |f [i]écs(s)g <M ¢ for.all s € [xj-1, X;].
Asin[6], letm:=nr1 —iand letR := M ¢/M° . Noté that
n

r ne+1

j-m=n-np1+121

and, foreachp € Nowithp<m,wehaveM® ; =M {,RP. Also, for each
Ae Nwithnr <A<nps, wehave M/M° 5,1 = Rand so Xj-p — Xj-p-1 =aR
for each pe N with p <m. Inparticular, M® ; =M 7 ,,R™ For each
s € [Xj-1, Xj], by Lemma 3.4 (applied with M =M © =M, ,g=flland
Nr+1 r+1
points So = Xj-m,...,Sm-1 = Xj-1), we have
_ > [i+p] ) —x PM. ¢
|f[l](G(S))|S —ij (G(XI—D—l))I(S XI—IE)—l) + nr+1(S_X )m
p=0 p! m! J_m
DR () b c
= .
i (o(Xj=p-1)((p+1)aR) Mi,.a (MoR)"™
N p! m!
p=0
and, by applying (: j"[P_l) for each 0 <p<m-1, we obtain
zm—l () c p MC
#(6(s))| < Bj-l—p,n-(i+p)+1Mi+p|((p + 1)oR) + n::ﬂ (moR)™
p=0 > s
— MC ) E‘Bj(f?_pyj—p ((p+ 1)a)p + (ma)m ,
‘ p! m!
p=0

Since B{¢,< 1/2 forallu,v € No  with v >u > 0, we have 5
i Me E(p+ e (ma)"
i
If (o(s)] < +2 ’

2 0=0 p! m!

and so, by Lemma 3.6, we have |f l](s(s))| < M ©. This concludes the proof
of the base case k = 1.

12



Now let k€ No with k<i-1 and assume that (-3 ) holds, i.e.,

o)l <B,,

Cc
j,n—(k+1)+1Mk+1

for all te [0,xj]. Letse [0,xj]. If s€ [0,xj-1] then, by applying (:3™) and
(6), we have

c

[kl (@) c ()
It (o(s) = Bj—l,n—k+1MkSBj,n—k+1Mk'
Thus we may assume that s € [xj-1, Xj]. By Lemma 3.3, we have
f MG <If M(o(x-0))+(xj-xi-)sup{lf  **H(o(®)] : te X1, xiI}.
Applying (x ‘k'l) to the first term and applying (*Jk l) to the second term we
obtain

If k(o) <B (@ Me+o _ME] B@ Me
j=1n—k+1 kK VI jin—k  k+1
i : . n—j+
Since M ¢ is log-convex and k < n - j, we have M ¢ /M° <MYME |
so we obtain =i nejrl ko k+l
k e
()< Me kB( ) i~in-ke1 T “B(fr)l—k = Bj(?\)—k+1 My

Thus (x jk) holds, and both inductions may now proceed.

Now, by Lemma 3.6, there exists a constant K >0 such that, for all u,
v € N with v > u, we have Buy < aK. Thus |f (o(t))] < KaMy for all t € [0,
A(o)]. It follows that f (o(t)) = 0 for all t € [0, A(o)].In particular,
|f (z)] =0 and hence f (z) = 0. Since z € T™* was arbitrary, the above holds
forall ze T* . This completes the proof. O

In the remainder of this paper we adopt the following convention. Let
X be asemi-rectifiable compact plane set, let F be an effective collection of
paths in X, and let f € D(2(X). If there exists k € Nosuch that|[fd] , =0

then we write
2 i

m il
=1
R . R = +°O ;
Our first corollary will be used in the next section.

Corollary 3.8. Let y be an admissible path inC, let F be an effective col-
lection of paths in y', and let f ¢ D{)(y'). Suppose that

Z ) /i

T R——— (8)
j=1

If there exists zo € y* such that fl(zg) = 0 for allk ¢ No then f isidentically

zeroony" .

13



Proof. For each k ¢ No, set Mx = |[fKl|,.. By (8), the sequence M = (Mk)i2o
satisfies (1) and certainly [f [K|,. < My for all k € No. Suppose that there

exists zo € y* such that f I(zo) = 0 for all k € No. Then, by Theorem 3.7,
we have f (y*) € {0}. This completes the proof. [

Our next corollary asserts the existence of an F-quasianalytic algebra of
the form Dg (X, M).

Corollary 3.9. Let X be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, and let M = (Mn);~o be an algebra sequence
which satisfies (1). Then D¢ (X, M) is F-quasianalytic.

Proof. Fixfe Dg (X, M). Then there exists N € N large enough so that
[f|x < Mk for all k € No with k=N. If there exists k € Np such that

|f M|, = 0, then (8) holds, so suppose that f [, |>0 for all k Ng. Then we
have

oo oo oo

L =L = i
N ESEE ) e T MV = w,
=1 j= i=N
Thus, in either case, f satisfies (8). Thus, by Corollary 3.8, if there existy
€ F and zo € y* such that f Xl(zg) = 0 for all k € No, then f (y*) < {0}. It

follows that Dg (X, M) is F-quasianalytic. [

Since D™)(X) ¢ D<°°;(X), Theorem 3.7 generalises [9, Theorem 1.11] to
obtain the following.

Corollary3,10. Let M = (Mn2,i]‘°= be a sequence of positive real numbers
such that™ | —; Mn un = - Lety Be an admissible path in €. Suppose that

€ BE

f  D®(X), fO(7) =0 and f® My for k =0,1,2,.... Then f is
identically zero on y* .

We conclude this section with anote about F-analyticity, as introduced
in [4] (see also [5]). Let X be a semi-rectifiable compact plane set, let F be
an effective collection of paths in X, and let f ¢ D(F”)(X). We say that f is
F-analytic if

d R 379
) |f[k]|
msuP
This is a generalisation of the term analytic used in [16, 17], and is used to
find sufficient conditions for maps to induce homomorphisms between the
algebras Dg (X, M). (Note that, in [15], the term analytic was used for those
functions on X which extend to be analytic on a neighbourhood of X. This

14



condition is stronger than in [16, 17].)
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Let X be a semi-rectifiable compact plane set, let F be an effective col-
lection of paths in X, and let f € D*)(X). Using Theorem 3.7, we can
show that if f is F -analytic then, for each y € F andz € y*, there exist
r > 0 and an analytic (in the usual sense) function g : B(z, r) —€ such that g
(v Bz, ) =1 (y" | B(Z)r)). From this, it follows that in fact, for eachy
theré¢=exist an open neighbourhood U of y* and an analytic function h: U C
such that h y* = f y* .|We wish to thank Prof. J. K. Langley and Dr. D. A.
Nicks for showing us how to prove the latter implication.

4 Trivial Jensen measures without regularity

We conclude the paper with an application of the results from the previous
sections. We construct a locally connected compact plane set X and an
essential uniform algebra A on X such that A does not admit any non-trivial
Jensen measures but is not regular. This example will improve an example
of the first author ([13]).

We begin with the relevant definitions.

Definition 4.1. Let X be a compact Hausdorff space, let A be a uniform
algebra on X, and let ¢ be a character on A. A probability measure i on X is
a Jensen measure for ¢ (with respect to A) if

log [$(f)[ = 5 log [f|dp (fe A).

We say that A is regular on X if, for each closed set E c X and each point x
XeE, there exists f A suehthatf (x) =0and f(E) 0 . We §ay that A is
regular if the Gelfand transform of A is regular on the character space ®a of
A. We say that A is essential if there exists no proper closed subset E of X
such that A contains every f € C(X) such that f (y) =0 forally € E.

In the above definition we adopt the convention that log(0) =« . Let
X, A, ¢ be as in the above definition. It is standard that every Jensen measure
for ¢ is a representing measure for ¢. Moreover, for each ¢ € @, there is a
Jensen measure on X for ¢. Note that, for x € X, the point-mass measure ox
is a Jensen measure for &y, where (here, and for the remainder of the section)
&x IS the evaluation character at x (with respect to A). We say that a Jensen
measure L on X for g is trivial if p = ox.

Let X be a compact plane set. Let Ro(X) denote the set of restrictions
to X of rational functions with no poles on X. Let R(X) denote the uniform
closure of Ro(X) in C(X). It is standard that Ro(X) is an algebra and that
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R(X) is a natural uniform algebra on X. For the remainder of this section, all
Jensen measures will be with respect to R(X) unless otherwise specified.
For further details on uniform algebras, Jensen measures, and related

topics, see [3, 8, 22, 23, 28].

Let x € X. Let Jx denote the ideal in R(X) of all functions which vanish
on a neighbourhood of x. Let My denote the ideal in R(X) of all functions
which vanish at x. Clearly Jx Mg. We say that x is a point of continuity (for
R(X)) if, forally X ex we[have Jy ¢ Mx. We say thatxis an
R-point if, for ally € X \ {k ,we have Jx ¢ My. For furtherinformation
see [12, 13, 18, 19]. (Note that in [12] points of continuity are referred to as
regularity points of type one and R-points are referred to as regularity points
of type two.)

It is standard that R(X) is regular if and only if every point of X is a
point of continuity, and this holds if and only if every point of X is an R-
point. It is also standard that if x is a point of continuity then the only Jensen
measure for & is the point mass measure.

Let X be a topological space and let E be a subset of X. We denote
by intx(E) the interior of E with respect to the topological space X. In
particular, if E @ then inte E coincides with the usual interior of E.

For the remainder of this section, we denote the set of non-negative real
numbers by R". Let X be a metric space, let x € X, and let r > 0. We denote
the open ball in X with centre x and radius r by Bx(x, r). We the denote the
corresponding closed ball by B x (x, r).

In the special case where X = C, for each a € € and r > 0, we write B(a,r)
Ff(a, r)and B(a,r) = Be(a,r). Foreachae C, we set B(a, 0) =0 and B(a, 0)
a}.

Lemma 4.2. Let X, Y be compact plane sets with Y ¢ X. Suppose that
R(Y ) is regular. Then each point y int (Y ) is a point of continuity for R(X).

Proof. Let y irtx (Y ), and let x X with x = y. Then there exists r > 0 such
that Bx(y,r) Y. Choose s (0,r/3) sueh that y x >25. Sircg R(Y ) is
regular, it follows (from [14, lemma 1.6], for example) that R(Y B(y,r)) is
regular. Set E := Bx(y,r) Bx(y,d). Then there exists a functiong R(Y B
x (y, 1) such that Ai(y) = 1and f(x) =0 forall x E.Letf C(X) be given
by f(zd =g(z) forallz X Bx(y,r)and f(z) £0forallz X Bx(y,r). It
follows feem R4, Corollary 11.10.3] that f R(X) and clearly f vanishkes on a
neighbourhood of x. Thus Jx € My (where these are the ideals in R(X)). It
follows that y is a point of continuity for R(’X) and so the proof is complete.
O
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The following is effectively [19, Lemma 3.1].

Lemma 4.3. Let X be a compact plane set and letex X. Suppose that
there exists a neighbourhood U of x in X such that every point inU Y }is a
point of continuity. Then X is an R-point.

As in [21] (see also [20]), we define abstract Swiss cheeses as follows.

Definition 4.4. An abstract Swiss cheese is a sequence A = ((an, In))p=g of
elements of € x R™. Let A = ((an,m))n=o be an abstract Swiss cheese. Set
- >

- L
Xa :=B(agr p\ B@ ) n
n=1
and set p(A) = zﬁzl . We say that A is classical if p(A) < e, rg >0
and for all k € N with r¢ > 0 the following hold:

(a) B(ak1) € B(ao,lo);
(b) whenever Ae N with r, >0and A f= k, we have B(a, k) \B(as, 1) = 0.

We say that a compact plane set X is a Swiss cheese set if there exists
an abstract Swiss cheese A such that X = Xa. We say that a Swiss cheese
set X is classical if there exists a classical abstract Swiss cheese A with X
= Xa. If X is a classical Swiss cheese set then X is a uniformly regular (see
the proof of [10, Theorem 8.3]) and R(X) is essential (see [3, p. 167] or [14,
Theorem 1.8]). It follows that if A is classical then Xa is also connected and
locally connected.

In [13], the first author gave an example of a non-classical Swiss cheese
set X such that R(X) has no non-trivial Jensen measures, but such that R(X)
is not regular. We shall show that there is a classical Swiss cheese set with
these properties; this is the content of the following theorem, which is the
main theorem of this section.

Theorem 4.5. There exists a classical abstract Swiss cheese A = ((an, 'n))
such that R(Xa) is not regular and does not admit any non-trivial Jensen
measures.

Most of the remainder of this section is devoted to the proof of this
theorem. We require some preliminary results. The following proposition is
[19, Lemma 4.1].

18



Proposition 4.6. Let X be acompact plane set, let Y be a non-empty closed
subset of X, and let x ¥. Suppose that no bounded component of € Y is
contained in X, and that there exists a non-trivial representing measure p for
ex with respect to R(X) such that supp £ € Y . Then u is a non-trivial
representing measure for ex with respect to R(Y ), and R(Y ) f=C(Y ).

Note that, if inte¢ X = ¢ then the condition on bounded components of
C \ Y is automatically satisfied.

Let X be a compact plane set with inte¢ X = 0, letxe X, and letp be
a non-trivial representing measure for ex. Let Y = supp p X , wHeyre supp H
denotes the closed support of y. Then, by the above, we must have R(Y ) =
C(Y ). In particular, as noted in [19], Y must have positive area. (See also
the Hartogs-Rosenthal theorem [22, Corollary 11.8.4].) Combining these
observations with Proposition 4.6 gives the following corollary, which we
use below.

Corollary 4.7. Let X be a compact plane set with intg(X) = @, let E be a
closed subset of X, and let x € E. Suppose that E has area 0, that p is a Jensen
measure for e with respect to R(X), and p is supported on E. Then p is
trivial.

We also require the following lemma, which is a special case of [19,
Lemma 2.1].

Lemma 4.8. Let X be a compact plane set and let x eX. Suppose that p
is a non-trivial Jensen measure for x, and let F be the closed support of p.
Then, for all y € F \ {x}, we have J, € Mx. Thus x is not a point of
continuity and no point of F \ {x} is an R-point.

The following estimates on derivatives are standard. See, for example [19,
Lemma 4.4]. (This result also appears in [13] but with some typographical
errors.)

Lemma 4.9. Let A = ((an,rn))i=, be an abstract Swiss cheese, and letz
€ C. Foreachn € N, letd, denote the distance from B(an, rn) to z. Let do=ro
= |z — ao|. Suppose that d, > 0 for all n € No. Then z € Xa and, for all f €
Ro(Xa) and k € No, we have

oo

K zj
f ( )(Z)| < k! dl_(lff1| "
j=o i

Our construction will use the following proposition, which is a combina-
tion of [21, Lemma 8.5] and, for example, [14, Example 2.9].
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Proposition 4.10. Letae C, A1 20, Ao > A1, and € > 0. Then there exists a
classical abstract Swiss cheese A = ((an,n))ro sudLn. that ap = a1 =a,rp =
Mo and r1 = 1 such that R(Xa) is regular and 7, m <e.

Note that, since R(Xa) is regular, we must have int¢ Xa =. |
We now give the details of the construction.

Lemma 4.11. Let 0 <r < 1 be given, let C, denote the circle of radius r
centred at 0, and let £ > 0. Then there exists a classical abstract Swiss cheese
A = ((an, rn)) such that

@) p(A) <, inte(Xa) =@, and Cr C Xa,

(b) there is a dense open subset U of Xa such that Xa \ U has area zero and
each point z € U is a point of continuity for R(Xa),

(=) 2o o) VK _
(c) foreachf e R(X), we have f|C,e D*/(C ).and JE71 T B e

Proof. Our abstract Swiss cheese A will be obtained by combining a certain
pair of sequences (An), (Bn) of abstract Swiss cheeses in a suitable way. We
first construct the sequences (An), (Bn).

Choose a positive integer no large enough so that r+ 27" < 1 and r -
21-M> 0. As in [19], choose a sequence (yn) of positive real numbers such that,
for each n, k € N, we have

(21—n0—n)k+1(|og (k + 3))k
Yn < 2k ’

2.
and such that |, _; yn <e. Thus, for each ke N,

= Yn
@nnyer S (00 (k¥ )
n=1

Let A1: (@®, rMy) be the classical abstract Swiss cheese obtained from
n n

Proposition 4.10_applied with Aq=r—2" 2, =0, a=0 and &= y1/2.
Let B = (b, <1))5) be the classical abstract Swiss cheese obtained from
n n
Proposition 4.10 applied witha =0,k =1and Ay =1+ 21Mand g = y1/2.
Foreachke N withn=2: letA #((a n ,rn )) be the classical abstract
Swiss cheese obtained from Proposition 4.10 applieqk\)/vit&)xo =r— 22Nk
M=r-2%"kK a=0ande=y/2; etB =(b n ,rn )) bethe classical
abstract Swiss cheese obtained from Proposition 4.10 applied with a=0,
Ao =r+ 2% kand Ay = r + 220K and £ = /2.
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Letao=0and ro = 1and let ((an, rn))r=1 be an enumeration (without repeats)

of the set

{(a (my:T (m))1(b(m)'s (m))}-
n n n n

m,ne N
n=2

Then A = ((an, 'n))n=o IS an abstract Swiss cheese with Cr € Xa. It is not
hard to see that A is classical and p(A) < . It is clear that inte(Xa) = 0 .
Also, foreachn e N, let

En :=0B@Y,rM)u oB@™,rMyu oBO™,sM)y oBO™,s{M), ,

(where 0S denotes the boundary of S¢ €) and set E := Cr U }1S=1 En. Set X
:=Xaand U :=X E. \tiseasy to see that E is a closed set and that U is
a dense open subset of X. Moreover, E has area zero .

We claim that each point x € U is a point of continuity for R(X). Let x
€ U. Then there exists a unique n € N such that either x € Xa, or XE€
Xg,. If X € Xa,,setY =Xa,, and if x € Xpg,thenset Y = Xg,. By our
construction R(Y ) is regular and it is not hard to see that x intx Y £Thus, by
Lemma 4.2, x is a point of continuity for R(X). This proves the claim.

It remains to show that (c) holds. We first consider functions in Ro(X).
Letz € Crand let f € Ro(X). For each n € N, let d, the distance from B (an,
rn) to Cr, and let do = 1 - r. Since each An and each B, are classical, and
since Cr ¢ Xa,, Xg, for all n € N, it follows that d, > 0 for all n € No. By
Lemma 4.9, for each k € N, we have

= |
[f¥(2)] < k! j(ﬁjﬂ %
j=0 "i
Fix m € N. Then there exists a unique n € N such that there exists A€ N
with (am,rm) = (@™, r(™) or there exists Ae N with (am,rm) = (O™,s(M). ,
In either case, since A, and B are classical, we have dm > 23-"™™ Thus

>
> R _
K alfl SKIflx Sof S
i=o0 djk 1 X dO 1 -1 (21 No j)k 1

for each k € N. It follows that, for each k € Ng, we have
. >
+ (log (k+ 3))*

@, <kiflx

0
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From this we deduce that, for each f € R(X) (not necessarily in Ro(X)), we
have f |Cr € D™)(Cr) and the same estimates hold. (One way to see this is to
note that Cy is uniformly regular, and apply [10, Theorem 5.6].)

Now let f € R(X). Asin[19], choose N € N large enough so that
(log (k + 3))*= 1/d**L for all k € N with k = N . Then we have

oo oo

= 1 P 1
o= 2flx)ijlog G +3)
i IFO12 J_=N(|Ix) jlog(G+3)

and so (c) holds. This completes the proof. O
We are now ready to prove Theorem 4.5.

Proof of Theorem 4.5. Apply Lemma 4.11 with r = 1/2 and € = 1 to obtain a
classical abstract Swiss cheese A which satisfies properties (a)—(c) described
in the statement of the lemma, and let X := Xa. Then, for each f € R(X), we
have f |Cr € D®)(X) and

= v
Qs [F|

So, by Corollary 3.8, if f € R(X) for which f ®(z) = 0 for some z € C, and
all k € No then f is identically zero on Cy. It follows that no point of C, can
be a point of continuity for R(X) and therefore R(X) is not regular. It
remains to see that R(X) has no non-trivial Jensen measures on X. By Lemma
4.11(b) thereis a dense open subset U of X for which every point z € U is
a point of continuity for R(X) and such that X\ U hasarea0. Set E:= X\ U.
By Lemma 4.3, every point of U is also an R-point. Letx € C;

and let p be a Jensen measure for ex. Then since x ¢ U, by Lemma 4.8,
supp pNU = @nd sosupp 1 EE Since inte(X) = angl the areaof Eis 0, it
follows from Corollary 4.7 that p must be trivial. This completes the proof.

n=1

It is also possible to show that R(Xa) admits no non-trivial Jensen mea-
sures by appealing to the theory of Jensen interior. (See, for example, [24,
p. 319].) This is the approach used in [13].

Our final corollary follows immediately from Theorem 4.5.

Corollary 4.12. There exists a locally connected compact plane set X such
that R(X) is essential, non-trivial and non-regular and yet R(X) admits no
non-trivial Jensen measures.

We conclude with some open questions.
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Question 4.13. Is the uniform algebra R(Xa) constructed in Theorem 4.5
necessarily antisymmetric? If not, can the construction be modified to yield
an example which has the properties in that theorem and is also antisym-
metric?

Question 4.14. Let Abe auniform algebra onacompact Hausdorff space X,
and let M; (id) be the decomposition of X into maximal A-antisymmetric
subsets.

(a) Suppose that A|Mi is regular on M; for all i € 1. Must A be regular on
X? What if we assume the stronger condition that A|M; is regular (so
natural and regular on M;) forallie 1?

(b) What is the answer to (a) in the special case where X is a compact
plane set and A = R(X)?
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