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Diffraction of flexural-gravity waves in an ice cover
by a bottom mounted structure with vertical walls
is studied. The problem is solved by using the so-
called vertical modes corresponding to the roots of the
dispersion relation for flexural-gravity waves. These
modes reduce the original three-dimensional problem
to a set of two-dimensional diffraction problems with
non-homogeneous boundary conditions on the rigid
walls. Two unknown functions presenting in the
boundary conditions for each mode are determined
using the conditions at the contact line between the ice
cover and the vertical walls. The clamped conditions
at the contact line, where the ice cover is frozen to
the wall, are considered in this study. The solution of
the problem is obtained for a single vertical circular
cylinder frozen in the ice cover. A general approach
to the problem for vertical cylinders of any shapes
is presented. The diffraction problems with vertical
walls extended to infinity are discussed.

This article is part of the theme issue ‘Modelling of
sea-ice phenomena’.

1. Introduction
The linear three-dimensional problem of uni-directional
flexural-gravity wave propagating in an infinite ice cover
towards a vertical cylinder of an arbitrary cross-section
Γ in water of finite depth H (figure 1) is studied by the
vertical mode method in this paper. In two-dimensional
problems of flexural-gravity waves reflected from a
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Figure 1. Sketch of the problem and main notations.

vertical wall this method was used in [1]. Other methods to study both two- and three-
dimensional problems of hydroelastic waves and their interactions with vertical structures were
developed in [2–8].

It was noted in [9] than the eigenfunctions, which represent the vertical modes of the liquid
flow between the flat sea bottom and a floating elastic ice sheet, are non-orthogonal in a standard
sense and could be incomplete. The two-dimensional scattering problem for a crack in the ice
cover was solved by a Green function approach (see [9], §3) and then by the eigenfunction
expansion method (see [9], §4), which is equivalent to the present method of vertical modes.
It was reported in [9] that the vertical mode method is much simpler to use that the Green
function method. The vertical mode method also gives useful details of the ice deflection and
the flow beneath the ice. However, to validate the vertical-mode solution in [9], they solved the
same problem by another method and demonstrated that these two solutions are identical. We
followed the same idea and proved that the solutions of the linear diffraction problem for a
vertical circular cylinder frozen in the ice cover of infinite extent by the vertical mode method
and by the method based on the Weber integral transform in the radial coordinate, see [3], are
identical. In this study, we generalize the method of vertical modes to any shapes of vertical
walls. However, the numerical results are still shown only for circular cylinders. The vertical
modes of ice sheet of constant thickness floating on water of finite depth were introduced in
[10,11] and were successfully applied to two-dimensional problems of hydroelasticity without
vertical boundaries in several papers.

This study is motivated by the need for some offshore structures, such as oil production
platforms and wind farms, to be built far north in ice-covered waters [4]. The aim of the paper is
to explain the application of the vertical mode method to three-dimensional problems of flexural-
gravity waves interacting with vertical cylinders. If the wave-structure interaction problem has a
unique solution, then the vertical mode method provides this solution, despite the fact that the
vertical modes are linearly dependent and not necessary form a complete set of functions, see §5.

2. Formulation of the problem
The fluid flow and ice deflection are caused by an incident hydroelastic wave,

w̃inc(x̃, t̃) = A cos (kx̃ − ωt̃), (2.1)

propagating in the positive x-direction (figure 1), where A is the amplitude of the incident wave,
k is the wavenumber and ω is the wave frequency. A tilde stands for dimensional variables. Here
real and positive ω and k are related by the dispersion equation of flexural-gravity waves. The
linear problem of the incident uni-directional flexural-gravity wave interacting with a vertical
bottom-mounted cylinder is formulated in non-dimensional variables (without tilde). The water
depth H is taken as the length scale, 1/ω as the time scale, A is the scale of the deflections and
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AHω is the scale of the velocity potential of the flow. The ice deflection, w(x, y, t), and the velocity
potential, φ(x, y, z, t), are periodic in time,

w = �(W(x, y) e−it) and φ = −�(iΦ(x, y, z) e−it). (2.2)

The complex potential, Φ(x, y, z), in (2.2) satisfies Laplace’s equation,

∇2Φ + Φzz = 0, where ∇2Φ = Φxx + Φyy, (2.3)

in the flow region, −1 < z < 0, (x, y) ∈ D. The plane z = −1 corresponds to the flat rigid bottom, and
the plane z = 0 corresponds to the ice–fluid interface. The potential Φ also satisfies the following
boundary conditions,

Φz = 0 (z = −1, (x, y) ∈ D),
∂Φ

∂N
= 0 (−1 < z < 0, (x, y) ∈ Γ )

and Φz = W (z = 0, (x, y) ∈ D),

⎫⎪⎬
⎪⎭ (2.4)

where N is the normal unit vector to the vertical wall Γ and ∂Φ/∂N is the normal derivative of
the potential on the wall. The equation of thin ice plate can be written in the form, see [12],

∂5Φ

∂z5 + δ
∂Φ

∂z
= qΦ (z = 0, (x, y) ∈ D), (2.5)

where q = (ω2H/g)(H/Lc)4, δ = (1 − ω2/ω2
0)(H/Lc)4 and Lc = (Di/ρg)1/4 is the characteristic length

of the ice sheet [13], ω0 = (ρg/m)1/2 is the frequency of floating broken ice, m is the mass of the
ice cover per unit area, m = ρihi, hi is the ice thickness, ρi is the ice density, Di is the rigidity
coefficient of the ice sheet, Di = Eih3

i /[12(1 − ν2)] for an elastic plate of constant thickness, Ei is the
Young modulus of the ice, ν is the Poisson ratio, ρ is the water density and g is the gravitational
acceleration. The condition at infinity follows from (2.1) and (2.2),

W ∼ ei
x (x → −∞), (2.6)

where 
 = kH is the non-dimensional wavenumber. Condition (2.6) is imposed for x2 + y2 → ∞ if
the vertical walls Γ do not extend to infinity. The three dimensionless parameters, δ, q and 
, are
related by the dispersion relation [13],

(
4 + δ) 
 tanh (
) − q = 0. (2.7)

The conditions at the contact line, z = 0 and (x, y) ∈ Γ , between the ice cover and the surface of
the cylinder can be complicated in practical problems. The present method of vertical modes is
not sensitive to the types of these conditions. The method is demonstrated here for the ice cover
being frozen to the vertical cylinder, which is modelled by the clamped conditions,

W = 0,
∂W
∂N

= 0 ((x, y) ∈ Γ ). (2.8)

3. Vertical mode method
The solution of the formulated problem (2.3)–(2.7) is obtained by the method of separating
variables. Within this method, a product Φ(x, y, z) = Wn(x, y)fn(z) satisfies Laplace’s equation (2.3)
and the boundary conditions on the bottom (2.4) and the ice–water interface (2.5), if fn(z) is a
non-trivial solution of the following spectral problem:

f ′′
n − 
2

nfn = 0 (−1 < z < 0),
dfn
dz

(−1) = 0,
d5fn
dz5 + δ

dfn
dz

= qfn(0), (3.1)

where 
n is a root of the dispersion relation (2.7), n = −2, −1, 0, 1, . . ., 
0 = 
 and Wn(x, y) is a
solution of the equation

∇2Wn + 
2
nWn = 0 ((x, y) ∈ D). (3.2)

Note that, if 
 is a root of (2.7), then −
, 
̄ and −
̄ are also roots of this equation. Here a bar
stands for complex conjugate of a complex number. In (3.1) and (3.2), we count only the roots
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of (2.7) with non-negative imaginary parts. Only such roots provide different vertical modes.
Equation (2.7) has two real roots 
0 and −
0, where 
0 > 0, infinite number of pure imaginary
roots, 
n = iμn and −
n, where n ≥ 1 and μn+1 ≥ μn > 0, and four complex roots, 
−2 = −a + ib,

−1 = a + ib, −
−2 and −
−1, where a > 0 and b > 0 [9].

The solutions of the spectral problem (3.1), fn(z) = cosh[
n(z + 1)]/(
n sinh[
n]), normalized by
the condition f ′

n(0) = 1, are known as the vertical modes. They are orthogonal, 〈fj, fn〉 = 0, 〈fn, fn〉 =
Qn, where j �= n and the scalar product of two functions F(z) and G(z), which are bounded together
with their derivatives up to the third order in the interval −1 ≤ z ≤ 0, is defined by

〈F, G〉 =
∫ 0

−1
F(z)G(z) dz + 1

q
(F′′′(0)G′(0) + F′(0)G′′′(0)). (3.3)

By algebra, Qn = (
2
n(
4

n + δ)2 + q(5
4
n + δ − q))/(2
2

nq2). For the imaginary roots of the dispersion
relation, 
n = iμn, where μn > 0 and n ≥ 1, we have μn = πn − q(πn)−5 + O(n−6) as n → ∞.
Therefore, Qn = O(n8) as n → ∞. The conditions at infinity for equation (3.2), n ≥ −2, n �= 0,
correspond to outgoing waves diffracted from the vertical walls,

W0 ∼ ei
x, Wn → 0 (x → −∞). (3.4)

Then the solution of the original problem is given by the series,

Φ(x, y, z) =
∞∑

n=−2

Wn(x, y)fn(z), W(x, y) =
∞∑

n=−2

Wn(x, y). (3.5)

The boundary conditions on Γ for equation (3.2) are derived below in the local coordinates
(S, N), where N = 0 on the vertical wall Γ and S is a curvilinear coordinate along the wall.
Using (3.51) we can calculate the derivative ∂Φ/∂N near the wall, where N > 0, by differentiating
the series (3.51) term by term. Then, to evaluate this normal derivative on the wall, we take the
limit as N → 0. In this way, we satisfy the wall boundary condition (2.42) as the limit where
the boundary Γ is approached from the flow region D. This procedure of satisfying the boundary
condition (2.42) at the vertical wall Γ is needed here because the vertical mode method requires
the derivatives up to the third order, see the definition of the scalar product (3.3). However,
these derivatives are not continuous at the contact line. In particular, the second derivative
∂[(∂Φ/∂N)]/∂z is equal to zero on the vertical wall, (x, y) ∈ Γ , −1 < z < 0, including the limit as
z → 0. On the other hand, the derivative ∂[(∂Φ/∂z)(x, y, 0)]/∂N = ∂W/∂N, is equal to zero as N → 0
only for the clamped conditions at the contact line. The boundary condition on the vertical wall
(2.42) is understood here as the limit where N → 0. In addition, the first and third derivatives in z
at z = 0 in the definition of the scalar product (3.3) are understood as the limits of the derivatives
F′′′(z), G′′′(z), F′(z) and G′(z) where z → 0−.

The boundary conditions on Γ for equation (3.2) are obtained by projecting (2.42) on the
vertical modes fk(z), k ≥ −2. By definition,

lim
N→0

〈
∂Φ

∂N
(x, y, z), fk(z)

〉
=

∞∑
n=−2

∂Wn

∂N
(S)〈fn, fk〉 = ∂Wk

∂N
(S)Qk, (3.6)

where (∂Wk/∂N)(S) is the normal derivative of the function Wk(x, y) on Γ . On the other hand, by
using (3.3), the same limit can be calculated as

lim
N→0

[∫ 0

−1

∂Φ

∂N
(x, y, z)fk(z) dz + 1

q
lim

z→0−

(
∂3

∂z3

(
∂Φ

∂N

)
(x, y, z)f ′

k(z) + ∂

∂z

(
∂Φ

∂N

)
(x, y, z)f ′′′

k (z)

)]
. (3.7)

 on August 23, 2018http://rsta.royalsocietypublishing.org/Downloaded from 

http://rsta.royalsocietypublishing.org/


5

rsta.royalsocietypublishing.org
Phil.Trans.R.Soc.A376:20170347

.........................................................

Here the limit of the integral is zero, see (2.42), and f ′
k(0) = 1, f ′′′

k (0) = 
2
k , see (3.1) and the

normalization condition for the vertical modes. In the flow region, where N > 0 and −1 < z < 0,
the potential Φ is continuous together with its derivatives. Then

∂

∂z

(
∂Φ

∂N

)
= ∂

∂N

(
∂Φ

∂z

)
,

∂3

∂z3

(
∂Φ

∂N

)
= ∂

∂N

(
∂3Φ

∂z3

)

in the flow region, where equation (2.3) gives ∂3Φ/∂z3 = −∇2(∂Φ/∂z). Taking the limit as z → 0−
in these equations and using the kinematic condition (2.43), we find

lim
z→0−

∂

∂z

(
∂Φ

∂N

)
(x, y, z) = ∂W

∂N
(x, y), lim

z→0−
∂3

∂z3

(
∂Φ

∂N

)
(x, y, z) = − ∂

∂N
(∇2W), (3.8)

for N > 0. Finally taking the limit in (3.7) as N → 0 and equating the results of (3.6) and (3.7), we
obtain

∂Wk

∂N
(S) = Q(S)

qQk
+ 
2

k α(S)
qQk

, (3.9)

where α(S) = (∂W/∂N)(S) is the slope of the ice plate at the vertical wall Γ and Q(S) =
−(∂/∂N)(∇2W) is the non-dimensional shear force on Γ with the scale DiAH−3.

Equation (3.9), k ≥ −2, provides the required boundary conditions at Γ for equation (3.2) in the
flow region D. In these boundary conditions, the functions Q(S) and α(S) are unknown in advance
and should be determined by using the conditions at the contact line. Note that these functions
do not depend on the index of the vertical mode k, see (3.9).

The boundary conditions (3.9) show that the solutions Wn(x, y) can be decomposed as

W0(x, y) = W(D)
0 (x, y) + 1

qQ0
W̃(Q)

0 (x, y) + 
2
0

qQ0
W̃(α)

0 (x, y),

and Wn(x, y) = 1
qQn

W̃(Q)
n (x, y) + 
2

n
qQn

W̃(α)
n (x, y),

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(3.10)

where n ≥ −2 and n �= 0. The diffraction potential, W(D)
0 (x, y), is the solution of equation (3.2) with

n = 0 such that W(D)
0 ∼ exp (i
x) as x → −∞, and (∂W(D)

0 /∂N)(S) = 0 on Γ . The radiation potentials

W̃(Q)
n (x, y) and W̃(α)

n (x, y), where n ≥ −2, are the solutions of equation (3.2), which describe the
out-going waves at infinity and satisfy the following boundary conditions on the wall Γ ,

∂W̃(Q)
n

∂N
(S) = Q(S),

∂W̃(α)
n

∂N
(S) = α(S). (3.11)

Equations (3.5), (3.10) and the boundary condition (3.11) provide the solution of the
diffraction–radiation problem with the incident wave (2.1) and the following conditions at the
contact line between the ice plate and the vertical wall Γ : both the slope and shear force of the ice
plate at the vertical wall are given functions along the contact line,

∂W
∂N

(S) = α(S) and
∂

∂N
(∇2W) = −Q(S). (3.12)

In the original variables, the ice plate slope and the shear force at the plate edge are also periodic
functions of time with frequency equal to the frequency ω of the incident wave (2.1).

There are two difficulties with the derived solution. First, it should be explained how the
solution with the edge conditions (3.12) can be used to solve the problems with other edge
conditions, see §4. Second, it should be proved that the functions defined by (3.5), (3.10) and (3.11)
indeed satisfy equations (2.3), (2.4) and (2.5). This will be done in §5 assuming that the solution
of the problem is unique.
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4. Vertical mode method for different edge conditions
The edge conditions (3.12) are artificial. Practical edge conditions for a thin elastic plate are the
clamped conditions (2.8), simply supported conditions,

W = 0,
∂2W
∂N2 + ν

(
∂2W
∂S2 + α(S)

R(S)

)
= 0, (4.1)

free–free conditions [14],

Q(S) = (1 − ν)
(

α′′(S) + ∂

∂S

[
1

R(S)
∂W
∂S

])
,

∂2W
∂N2 + ν

(
∂2W
∂S2 + α(S)

R(S)

)
= 0, (4.2)

or mixed edge conditions on the contact line Γ between the vertical wall and the ice plate.
Notations (3.12) are used in (4.1) and (4.2), and R(S) is the radius of curvature of the curve Γ .
The boundary conditions (3.12) with α(S) = 0 and Q(S) = 0 are known as conditions of sliding
edge, where the plate edge is free to move vertically but its rotation is not allowed [15]. For the
sliding edge conditions, the displacement of the ice cover is given by (3.5), (3.10) and (3.11) as

W(x, y) = W(D)
0 (x, y) (4.3)

and can be determined in the same way as for water waves interacting with a vertical cylinder,
see [16], but with the dispersion relation of the flexural-gravity waves (2.7).

(a) General approach
To solve a flexural-gravity wave problem with specified edge conditions, a general solution of the
problem with conditions (3.12) can be used, where the functions α(S) and Q(S) are unknown in
advance now and should be determined as part of the solution. For example, for the clamped edge
conditions (2.8), we should set α(S) = 0 and determine Q(S) such that the solution W(S) is zero on
the plate edge. In general, actual edge conditions lead to a system of integral and differential
equations for α(S) and Q(S). To derive these equations, we need the relations between the normal
derivatives (3.11) on Γ and the solutions of (3.2) on Γ .

Equation (3.2) predicts that its solutions decay at any point of the flow region D as n → ∞,
where 
n = iμn and μn = πn + O(n−5), see §3. To find the asymptotic behaviours of the radiation
potentials on the boundary Γ as n → ∞, we consider below the boundary problem for W̃(Q)

n (S, N).
The problem for W̃(α)

n (S, N) is considered in a similar way with Q changed to α. To satisfy the non-
zero boundary conditions (3.11) for large n, we introduce the inner variables denoted by hats,
Ŝ = S and N̂ = Nμn, where Ŝ = O(1) and N̂ = O(1) as n → ∞, and the new unknown function
w(n)(Ŝ, N̂) = μnW̃(Q)

n (Ŝ, N̂/μn). The function w(n)(Ŝ, N̂) provides the solution close to the wall,
where it satisfies the following equations

∂2w(n)

∂N̂2
− w(n) + 1

N̂ + μnR(Ŝ)

∂w(n)

∂N̂
+ R2(Ŝ)

(N̂ + μnR(Ŝ))2

∂2w(n)

∂Ŝ2

+ N̂R′(Ŝ)R(Ŝ)

(N̂ + μnR(Ŝ))3

∂w(n)

∂Ŝ
= 0, (N̂ > 0),

∂w(n)

∂N̂
= Q(Ŝ) (N̂ = 0) (4.4)

and decays at infinity, N̂ → ∞. The asymptotic solution of the problem (4.4) reads

w(n)(Ŝ, N̂) = −e−N̂Q(Ŝ) + 1 + N̂

2μnR(Ŝ)
e−N̂Q(Ŝ) + O(μ−2

n ). (4.5)

Then the values of the radiation potentials on the boundary Γ for large n are given by

W̃(Q)
n (S) = − iQ(S)


n

(
1 − i

2
nR(S)

)
+ O(
−3

n ). (4.6)

This asymptotic formula is valid also for W̃(α)
n (S) with Q changed to α in (4.6).
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The required relations between the normal derivatives (3.11) on Γ and the solutions of (3.2) on
Γ can be written now in terms of an integral non-local operator acting on Γ :

W̃(Q)
n (S) = − iQ(S)


n

(
1 − i

2
nR(S)

)
+

∫
Γ

Q(S0)K̃(S0, S, 
n)dS0

and W̃(α)
n (S) = − iα(S)


n

(
1 − i

2
nR(S)

)
+

∫
Γ

α(S0)K̃(S0, S, 
n) dS0,

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(4.7)

where the function K̃(S0, S, 
n) depends on the shape of the wall Γ and the coefficient 
n in
the field equation (3.2), where k ≥ −2. The asymptotic formula (4.6) provides that K̃(S0, S, 
n) =
O(
−3

n ) as |
n| → ∞.
Substituting (3.10), (3.11) and (4.7) in (3.5), we find the solution W(S) on Γ :

W(S) = W(D)
0 (S) + Q(S)

(
E(−1) − iE(−2)

2R(S)

)
+ α(S)

(
E(1) − iE(0)

2R(S)

)

+
∫
Γ

Q(S0)KQ(S0, S) dS0 +
∫
Γ

α(S0)Kα(S0, S) dS0, (4.8)

where

KQ(S0, S) =
∞∑

k=−2

K̃(S0, S, 
k)
qQk

, Kα(S0, S) =
∞∑

k=−2


2
k K̃(S0, S, 
k)

qQk

and

E(m)(q, δ) = −i
q

∞∑
k=−2


m
k

Qk
.

Once the functions KQ(S0, S) and Kα(S0, S) are calculated for given shape of the vertical wall, then
equations (3.12) and (4.8) can be used to determine Q(S) and α(S) for prescribed conditions at the
contact line between the ice cover and the wall.

The free–free edge conditions (4.2) imply that both the effective transverse force (4.21) and the
bending moment (4.22) are zero at the plate edge Γ . By using equations (3.12) and the Laplacian
on Γ written in the local coordinates, ∇2W = ∂2W/∂N2 + (1/R)(∂W/∂N) + ∂2W/∂S2, condition
(4.22) is convenient to present in the form

∇2W = (1 − ν)
[
W′′(S) + α

R

]
, (4.9)

where

∇2W = −
∞∑

n=−2


2
nWn(x, y) (4.10)

from equations (3.5) and (3.2). Equations (4.2) and (4.7)–(4.10) lead to the system of two integro-
differential equations with respect to Q(S) and α(S). The system can be solved numerically.

For the clamped conditions (2.8), we have α(S) = 0 and equation (4.8) leads to the following
integral equation for the function Q(S):

Q(S)

(
E(−1) − iE(−2)

2R(S)

)
+

∫
Γ

Q(S0)KQ(S0, S) dS0 = −W(D)
0 (S), (4.11)

which is suggested to solve numerically. The main difficulty with the use of the above equation
(4.11) is with the function KQ(S0, S) which can be determined by using the boundary integral
equations for (3.2).
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(b) Fourier method for clamped edge conditions
The problem for a vertical cylinder frozen in an ice cover with clamped edge conditions can be
also solved by using a complete set of functions orthonormal along the plate edge Γ , gm(S), where
m ≥ 0, ∫

Γ

gm(S)gp(S) dS = δmp, (4.12)

δmp is the Kronecker delta, and g0(S) = |Γ |−1/2 with |Γ | being the length of the plate edge. For
the clamped edge conditions, we have α(S) = 0 and the function Q(S) is sought in the form of the
series

Q(S) =
∞∑

m=0

λmgm(S), (4.13)

with unknown coefficients λm. The functions W̃(Q)
n (S) are the solutions of problem (3.2) and (3.11)

on the boundary Γ . They can be obtained in the form

W̃(Q)
n (S) =

∞∑
m=0

λm

∞∑
p=0

C(mp)
n gp(S), (4.14)

where the coefficients Cmp
n are numerically determined by using the boundary integral equation

of problem (3.2), (3.11). Here Cmp
n = Cpm

n . Equations (3.5), (3.10) and (4.13) lead to the following
symmetric system of algebraic equations for the coefficients λm, where p ≥ 0,

∞∑
m=0

λmAmp = −q
∫
Γ

W(D)
0 (S)gp(S) dS, Amp =

∞∑
n=−2

C(mp)
n

Qn
. (4.15)

The right-hand side of equation (4.15) also can be evaluated by using the functions gm(S).
The function W(D)

0 (x, y) is the solution of equation (3.2) with n = 0 such that W(D)
0 ∼ exp (i
x)

as x → −∞, and (∂W(D)
0 /∂N)(S) = 0 on Γ . Let the edge of the ice plate Γ be described in the

parametric form by the equations x = xΓ (S) and y = yΓ (S). The components of the unit normal
vector to the ice edge are N(S) = (Nx(S), Ny(S)). Then W(D)

0 (x, y) = exp (i
0x) + W(R)
0 (x, y), where

the new unknown function W(R)
0 (x, y) satisfies (3.2) with n = 0, describes the outgoing waves at

infinity, and satisfies the following boundary condition on Γ :

∂W(R)
0

∂N
(S) = −i
0 exp {i
0xΓ (S)}Nx(S). (4.16)

By introducing integrals

λ∗
m =

∫
Γ

exp {i
0xΓ (S)}gm(S) dS, λ0
m =

∫
Γ

Nx(S) exp {i
0xΓ (S)}gm(S) dS (4.17)

and using equation (4.14), we find the right-hand side in (4.15) in the form

− q
∫
Γ

W(D)
0 (S)gp(S) dS = −q

(
λ∗

p − i
0

∞∑
m=0

λ0
mC(mp)

0

)
. (4.18)

Therefore, the problem for clamped edge conditions can be reduced to calculations of the integrals

λ∗
m, λ0

m and the coefficients C(mp)
n which are dependent on the shape of the vertical cylinder and

the roots of the dispersion relation (2.7), where m, p ≥ 0 and n ≥ −2. A similar approach with an
expansion of the unknown function α(S) with respect to the orthonormal functions gm(S), see
(4.13), can be used for other edge conditions.
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The total vertical force F(V)
tot (t) = �(F(V) e−it) acting on the vertical cylinder is given by

F(V) =
∫
Γ

Q(S) dS = λ0|Γ |1/2, (4.19)

see equations (4.12) and (4.13). This force is caused by the shear force Q(S) along the edge of the
ice plate. The scale of the vertical force is DiA/H2.

The total horizontal force F(H)
tot (t) = −�(F(H) e−it),

F(H) =
∫ 0

−1

∫
Γ

Φ(x, y, z)N(S) dS dz, (4.20)

with the scale ρAH3ω2, can be written by using (3.5) and (3.10) as

F(H) = 
−2
0

∫
Γ

W(D)
0 (S)N(S) dS +

∞∑
n=−2

1

q
2
nQn

∫
Γ

W̃(Q)
n (S)N(S) dS. (4.21)

The integrals in (4.21) can be evaluated using the integrals similar to (4.17) and the coefficients of
(4.14).

(c) Fourier method for ice plate clamped to circular cylinder
For a circular cylinder of radius B in the non-dimensional variables and S being the curvilinear
coordinate, S = θB, where θ is the polar angle, 0 ≤ θ < 2π , x = r cos θ , y = sin θ , r > B, we have |Γ | =
2πB, g0(S) = (2πB)−1/2, gm(S) = (πB)−1/2 cos(mθ ). The calculations provide C(mp)

n = 0 for m �= p and

C(mm)
n = H(1)

m (
nB)


nH(1)
m

′(
nB)
, (4.22)

where H(1)
m (r) is the Hankel function of the first kind corresponding to outward-propagating

cylindrical waves. The diffraction potential W(D)
0 (S) on the cylinder is given by the MacCamy

and Fuchs solution [17],

W(D)
0 (S) = 2(2πB)1/2i

π
B

∞∑
m=0

εmimgm(S)

H(1)
m

′(
B)
, (4.23)

where ε0 = 1 and εm = √
2 for m ≥ 1. Substituting (4.22) and (4.23) in (4.15), we find the coefficients

λm = −2
(

2
πB

)1/2 qεmim+1


0G(0)
m H(1)

m
′(
0B)

, where G(p)
m =

∞∑
n=−2

C(mm)
n



p
nQn

. (4.24)

Equations (4.19) and (4.24) provide the formula for the vertical force acting on a circular cylinder
frozen in an ice cover,

F(V) = −4iq


0G(0)
0 H(1)

0
′(
0B)

. (4.25)

The component of the horizontal force (4.21) perpendicular to the direction of the incident wave,
F(H)

y , is equal to zero due to the symmetry of the problem. The force component in the direction
of the incident wave is given by

F(H)
x = −4


3
0 H(1)

1
′(
0B)

(
1 − 
2

0
G(2)

1

G(0)
1

)
, (4.26)
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Figure 2. The radial strain as a function of the polar angle at the edge of the ice cover clamped to the circular vertical cylinder
for
0 = 0.1, 0.5, 1.0, 1.2, 1.38 and incidentwave of amplitude 1 cm. The dashed circle corresponds to the yield strain 8 × 10−5.
The incident wave propagates from left to right. The strains are smaller on the leeward side of the cylinder.

where the equation Nx(S) = (πB)1/2g1(S) has been used. For long incident wave with 
0 � 1, the
force (4.26) approaches the force acting on a circular cylinder in water waves without the ice cover,
see [4] for more details,

|F(H)
x | ∼ 4


3
0

√
[J′1(
0B)]2 + [Y′

1(
0B)]2
, (4.27)

as 
0 → 0, which coincides with equation (4.10) in [4] and equation (7) in [17] after corresponding
rescaling.

The strain distribution around the cylinder in incident waves is important for investigating the
possibility for the ice cover to be broken due to the wave-structure interaction. The yield strain
for the ice is estimated as 8 × 10−5 [4]. On the contact line of the cylinder frozen in ice, only the
radial strain component, εr(S, t) = (Ahi/2H2)wrr(B, S, t), is not equal to zero,

εr(Bθ , t) = Ahi

π
0BH2 �
(

e−it
∞∑

m=0

εmim+1

H(1)
m

′(kb)

(
G(−2)

m

G(0)
m

− 
2
0

)
cos (mθ )

)
. (4.28)

The hydroelastic behaviour of the ice cover around a circular cylinder in an incident linear
wave is investigated numerically for the sea ice with density ρi = 917 kg m−3, Young ’s modulus
E = 4.2 × 109 N m−2, Poisson’s ratio ν = 0.33 and thickness 1.5 m. The mass of the ice sheet per unit
area is m = 1375.5 kg m−2. The water density is ρ = 1026 kg m−3 and the water depth is H = 15 m.
The characteristic length of this ice plate is Lc = 19.05 m, and the frequency of broken ice is
ω0 = 2.7 s−1.

The amplitude of the radial strain as a function of the polar angle θ = S/B is shown in figure 2
for a circular cylinder of radius b = 5 m, wave amplitude of A = 1 cm and different wave length
λ. The wave length with respect to the radius of the cylinder, λ/b is equal to 60π , 12π , 6π , 5π and
4.3π for the lines in figure 2, which gives roughly wave length of 942, 188, 94, 78 and 67 m. It is
seen that the incident wave of amplitude 1 cm and length 67 m can break the connection between
the ice plate and the cylinder along a part of the contact line. Note that the strains depend linearly
on the wave amplitude A. Therefore, the wave of 94 m length, 
0 = 1.0, can damage the ice contact
with the cylinder if the wave amplitude is 2 cm.
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5. The solution by the vertical mode method
To prove that series (3.5), where Wn(x, y) are given by (3.10), (3.2) and (3.11), and the functions
Q(S) and α(S) are determined as explained in §4, provide the solution of the original problem
(2.3)–(2.7) and satisfy the corresponding edge conditions on the contact line Γ , we assume that
the solution is unique. Then we need to demonstrate that (i) the series (3.5) and their derivatives
participating in the original equations converge and (ii) the equations of the problem are satisfied
by the series.

The asymptotic formulae Qn = O(n8), 
n = O(n) and (4.6) as n → ∞ together with equations
(3.10) and (3.2) yield Wn = O(n−7) and ∇2Wn = O(n−5). If α(S) = 0, then Wn = O(n−9) and ∇2Wn =
O(n−7). In the following, α �= 0. The vertical modes fn(z) for large n, where 
n = iμn and μn =
πn − q(πn)−5 + O(n−6), have the form

fn(z) = cos[μn(z + 1)]
−μn sin μn

, (5.1)

where μn sin μn = O(n−4) as n → ∞. Therefore, fn(z) = O(n4) and the series (3.5) for α �= 0 converge
as O(n−3) and O(n−7), respectively.

Differentiating the series for Φ(x, y, z) in (3.5) twice in x, y and z, and using (3.1) and (3.2),
we conclude that the series for ∇2Φ and for Φzz in −1 < z < 0 converges conditionally as
cos[πn(z + 1)]/n and the Laplace equation (2.3) is satisfied term by term. Differentiating the
series for Φ(x, y, z) in (3.5) five times in z and setting z = 0, see condition (2.5), we find that the
series for the first, second and the third terms in (2.5) converge as O(n−3), O(n−7) and O(n−3)
correspondingly. Therefore, condition (2.5) is satisfied by the vertical mode solution (3.5). The
boundary condition on the bottom (2.41) and the kinematic condition (2.43) on the ice–fluid
interface are satisfied term by term. The far-field condition (2.6) is not related to the convergence
of the series (3.5), see equation (3.10) for details. The edge conditions are satisfied by the approach
described in §4, once the solution of the original problem (2.3)–(2.7) with the artificial conditions
(3.12) has been obtained. The only condition we should yet to explain is the condition on the
vertical wall (2.42).

Substituting (3.5) and (3.9) in (2.42) at Γ , we find

∂Φ

∂N
=

∞∑
n=−2

∂Wn

∂N
fn(z) = Q(S)

q

∞∑
n=−2

fn(z)
Qn

+ α(S)
q

∞∑
n=−2


2
nfn(z)
Qn

. (5.2)

Condition (2.42) is satisfied if both series on the right-hand side of (5.2) are equal to zero for any z
from the interval [−1, 0]. Note that the values of the series depend on the roots of the dispersion
relation (2.7) and the parameters δ and q in this equation. Both series converge absolutely.
Equation (3.1) provides that the second series is equal to zero if the first one is zero for −1 < z < 0.
In the first series, we have

fn(z)
Qn

= 2q

n cosh[
n(z + 1)]

cosh 
nR′(
n)
, (5.3)

where R(
) is the function on the left-hand side of the dispersion relation (2.7). It is convenient to
introduce a function

F(ζ ) = ζ cosh[ζ (z + 1)]
cosh ζR(ζ )

of complex variable ζ = ξ + iη, see [9] and a closed rectangular contour CM: ζ = ξ ± 2πMi, |ξ | <√
M and ζ = ±√

M + iη, |η| < 2πM, where M is a positive integer. It is straightforward to show
that the contour integral of F(ζ ) over CM tends to zero as M → ∞. On the other hand, the contour
integral can be evaluated by the residue theorem, it is equal to the first series in (5.2) multiplied
by 2π i/q. Therefore, the series is zero and the condition on the vertical wall is satisfied with the
solution (3.5) for any functions Q(S) and α(S). This result indicates that the series (3.5) provide a
solution of the original diffraction problem for flexural-gravity waves.

The result that both series in (5.2) are equal to zero for −1 ≤ z ≤ 0 indicates that the vertical
modes, fn(z), n ≥ −2, are not independent and at least two of them can be presented as linear

 on August 23, 2018http://rsta.royalsocietypublishing.org/Downloaded from 

http://rsta.royalsocietypublishing.org/


12

rsta.royalsocietypublishing.org
Phil.Trans.R.Soc.A376:20170347

.........................................................

–10
45 50 55 60 65 70 75 80

q

–5

0

5

10

d

w

Figure 3. The pairs of the non-dimensional parameters (δ, q) providing double roots of the dispersion relation (2.7) are shown
by the solid lines. The dashed lines show corresponding frequencies (in 1/s) of the incident wave for the ice characteristics of
figure 2. The dotted line, δ = 0.3844 − 0.009q, relates the values of δ and q for these ice characteristics.

combinations of other functions, see [2]. Even the vertical modes are not independent, all of
them are presented in solution (3.5). On the other hand, the set of the vertical modes could be
not complete. We are unaware of a proof that the set fn(z), n ≥ −2 is complete on the interval
−1 < z < 0. Moreover, each vertical mode corresponds to a certain root of the dispersion relation
(2.7). For some parameters of the incident wave, it is possible that the dispersion relation has
double and even triple roots. The forms of the vertical modes corresponding to double and
triple roots are not clear yet. Such roots are pure imaginary. The values of the parameters
δ and q providing double roots are obtained by solving the linear system R(
, δ, q) = 0 and
(∂R/∂
)(
, δ, q) = 0 with respect to δ and q for 
 = iμ, μ > 0. The solutions of the linear system
are shown in figure 3 by the solid lines. These lines are independent of any parameters. The
values of δ and q at the cusp point provide a triple root. If the characteristics of the ice cover
are given but the frequency of the incident wave varies, then the non-dimensional parameters δ

and q are related by δ + q(m/ρH) = (H/Lc)4. For the characteristics of the ice cover and the water
depth from the calculations for figure 2 in §4, the latter line reads δ = 0.3844 − 0.009q, see dotted
line in figure 3. The dimensional frequencies of the incident wave (in 1/s) corresponding to the
double roots are shown by the dashed lines. It is seen that the calculated frequencies are in the
range 2–5 s−1.

6. Conclusion
The method of vertical modes in the three-dimensional problems of flexural-gravity waves and
their interaction with vertical walls has been described and applied to the problems with different
conditions at the contact line between the ice cover and the vertical wall. The method can only
be used for a constant water depth. In this study, the ice deflection is caused by an incident wave
and the vertical wall represents a bottom-mounted vertical cylinder. It has been shown that the
problem requires a general solution of an auxiliary problem with unknown in advance shear and
deflection slope along the contact line. This general solution is obtained by using the vertical
modes. Then the two unknown functions at the contact line are obtained using the physical
conditions at the contact line. By using a set of orthogonal functions defined at the contact line, the
latter problem can be reduced to a system of algebraic equations for any shape of the wall. This
approach was applied to the problem of flexural-gravity wave interaction with a vertical circular
cylinder frozen in the ice cover.

There are several open questions left after this study. It is not clear how to generalize the
approach to problems with waves generated by a periodic external pressure near the walls. How
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can this method be used in problems with vertical walls extended to infinity? In particular, for an
ice channel. It is not clear how to apply the method for conditions where the dispersion relation for
the flexural-gravity waves has multiple roots. How can problems be solved with mixed conditions
at the contact line? On the other hand, the method of vertical modes is very suitable for radiation
problems with oscillating structures or parts of them.

Data accessibility. This article has no additional data.
Authors’ contributions. The authors contributed equally to all parts of the paper.
Competing interests. The authors declare that they have no competing interests.
Funding. This work was supported by EPSRC grant no. EP/K032208/1. A.A.K. acknowledges the support of
the UEA Impact fund. S.M. acknowledges the support of the National Research Foundation of Korea (NRF)
grant funded by the Korea Government (MEST) through GCRC-SOP. T.K. acknowledges the support from
the grants RFBR 16-08-00291 ‘Hydroelastic and thermodynamic effects with interaction of poroelastic ice and
structures’. A.A.K. and T.K. acknowledge the support from Simons Foundation during their work at the Isaac
Newton Institute for Mathematical Sciences, August–December 2017.
Acknowledgements. The authors thank the Isaac Newton Institute for Mathematical Sciences for support and
hospitality during the programme ‘Mathematics of sea ice phenomena’ when this study was finalized.

References
1. Bhattacharjee J, Soares CG. 2012 Flexural gravity wave over a floating ice sheet near a vertical

wall. J. Eng. Maths 75, 29–48. (doi:10.1007/s10665-011-9511-3)
2. Malenica S, Korobkin AA. 2003 Water wave diffraction by vertical circular cylinder in partially

frozen sea. In Proc. 18th Int. Workshop on Water Waves and Floating Bodies, Le Croisic, France, 6–9
April. (http://www.iwwwfb.org/Abstracts/iwwwfb18/iwwwfb18_30.pdf)

3. Brocklehurst P, Korobkin AA, Parau EI. 2010 Interaction of hydro-elastic waves with a vertical
wall. J. Eng. Maths 68, 215–231. (doi:10.1007/s10665-010-9386-8)

4. Brocklehurst P, Korobkin AA, Parau EI. 2011 Hydroelastic wave diffraction by a vertical
cylinder. Phil. Trans. R. Soc. A 369, 2832–2851. (doi:10.1098/rsta.2011.0110)

5. Brocklehurst P. 2012 Hydroelastic waves and their interaction with fixed structures. Doctoral
dissertation, University of East Anglia.

6. Korobkin AA, Khabakhpasheva TI, Papin AA. 2014 Waves propagating along a channel with
ice cover. Eur. J. Mech. B/Fluids 47, 166–175. (doi:10.1016/j.euromechflu.2014.01.007)

7. Batyaev EA, Khabakhpasheva TI. 2015 Hydroelastic waves in a channel covered with a free
ice sheet. Fluid Dyn. 50, 775–788. (doi:10.1134/S0015462815060071)

8. Shishmarev K, Khabakhpasheva TI, Korobkin AA. 2016 The response of ice cover to a load
moving along a frozen channel. Appl. Ocean Res. 59, 313–326. (doi:10.1016/j.apor.2016.06.008)

9. Evans DV, Porter R. 2003 Wave scattering by narrow cracks in ice sheets floating on water of
finite depth. J. Fluid Mech. 484, 143–165. (doi:10.1017/S002211200300435X)

10. Lawrie JB, Abrahams ID. 1999 An orthogonality relation for a class of problems with high-
order boundary conditions; applications in sound-structure interaction. Q. J. Mech. Appl. Math.
52, 161–181. (doi:10.1093/qjmam/52.2.161)

11. Lawrie JB, Abrahams ID. 2002 On the propagation and scattering of fluid-structural waves
in a three-dimensional duct bounded by thin elastic walls. In IUTAM Symp. on Diffraction and
Scattering in Fluid Mechanics and Elasticity, Manchester, UK, 16–20 July 2000 (eds ID Abrahams,
PA Martin, MJ Simon), pp. 279–288. Berlin, Germany: Springer.

12. Mandal S, Sahoo T, Chakrabarti A. 2015 A note on convergence of expansion formula for wave
structure interaction problems. In 30th Int. Workshop on the Water Waves and Floating Bodies,
Bristol, UK, 12–15 April. (http://www.iwwwfb.org/Abstracts/iwwwfb30/iwwwfb30_35.pdf)

13. Squire V, Hosking RJ, Kerr AD, Langhorne P. 2012 Moving loads on ice plates, vol. 45. Berlin,
Germany: Springer Science & Business Media.

14. Kashiwagi M. 2000 A time-domain mode-expansion method for calculating transient elastic
responses of a pontoon-type VLFS. J. Mar. Sci. Technol. 5, 89–100. (doi:10.1007/PL00010631)

15. Ugural AC. 1981 Stress in plates and shells. New York, NY: McGraw-Hill Book Company.
16. Haskind MD. 1973 Hydrodynamic theory of ship rolling. Fizmatlit publisher.
17. MacCamy RC, Fuchs RA. 1954 Wave forces on piles: a diffraction theory. Report no. 69, U.S.

Army Corps of Engineers, Beach Erosion Board, Washington, DC.

 on August 23, 2018http://rsta.royalsocietypublishing.org/Downloaded from 

http://dx.doi.org/doi:10.1007/s10665-011-9511-3
http://www.iwwwfb.org/Abstracts/iwwwfb18/iwwwfb18_30.pdf
http://dx.doi.org/doi:10.1007/s10665-010-9386-8
http://dx.doi.org/doi:10.1098/rsta.2011.0110
http://dx.doi.org/doi:10.1016/j.euromechflu.2014.01.007
http://dx.doi.org/doi:10.1134/S0015462815060071
http://dx.doi.org/doi:10.1016/j.apor.2016.06.008
http://dx.doi.org/doi:10.1017/S002211200300435X
http://dx.doi.org/doi:10.1093/qjmam/52.2.161
http://www.iwwwfb.org/Abstracts/iwwwfb30/iwwwfb30_35.pdf
http://dx.doi.org/doi:10.1007/PL00010631
http://rsta.royalsocietypublishing.org/

	Introduction
	Formulation of the problem
	Vertical mode method
	Vertical mode method for different edge conditions
	General approach
	Fourier method for clamped edge conditions
	Fourier method for ice plate clamped to circular cylinder

	The solution by the vertical mode method
	Conclusion
	References

