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Abstract

This online appendix accompanies “Agreements with Reciprocity:
Co-financing and MOUSs”. It contains several additional results men-
tioned in the paper and their proofs.

In this online appendix we present four further results and proofs not included
in the paper “Agreements with Reciprocity: Co-financing and MOUSs” (see
paper for full details of the notation and model). Observation 2 demonstrates
that an analog of Theorem 1(a) cannot be established for high reciprocity
sensitivity (Y > Y™*). Observation 3 shows that for low reciprocity sensi-
tivity, even if full investment is unattainable, reciprocity can lead to higher
investment than with only material preferences. Observations 4 and 5 con-
sider the extent to which Theorem 1 generalises to 3- and 2-player games
respectively.

Observation 2 (High reciprocity): For alln >4, v, f and Y > Y* there

exists a full investment SRE in I'4. The SRE is described by n signing, then

1 does not invest iff there are PW — ¢ signatories where ¢ > 0 and odd.
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Proof: We demonstrate that a particular profile implying full investment,
s*,is a SRE of I'4 for all Y > Y. Consider s* such that each ¢ € N signs,
then does not invest if a' is such that m (a') = %w — q where ¢ > 0 and odd,
and does invest otherwise. Reason as follows to confirm that for all Y > Y™,
players have no incentive to deviate at any history.

Consider h = a' such that m (a') € ((%],n] Signatory ¢ has neither a
material nor a reciprocity incentive to deviate to not investing at h. Non-
signatory ¢ faces identical incentives to the full investment profile in I'p, thus
1 does not deviate to not investing at h if Y > Y.

Now consider h = a' such that m (a') = %w Signatory i has neither a
material nor a reciprocity incentive to deviate to not investing at h. Non-
signatory ¢ has a material incentive to deviate to not investing at h and
a reciprocity incentive to not do so. Reason as follows to identify Y such
that ¢ does not deviate. Non-signatory ¢’s increase in reciprocity payoff from
playing s} rather than s (h, sf) is expression (6) in Jang et al. (2018). This
is no less than the reduction in 7 ’s material payoff from playing s; rather

than s, (h,s}) if Y > Y (n, 8,7, m (a')), where

Evd Y . 2(7—5)
V(nBrm (@) = g pym@) + =1 5)

Note that Y (n,3,v,m (a')) > Y* iff % + 1 > n, however by assumption

%W < n, therefore Y (n, 8,7, m(a')) < Y*. Thus Y > Y* is sufficient to
prevent non-signatory ¢ deviating at h.

Now consider h = a' such that m (a') = %W — g where ¢ > 0 and even,
so all players invest. Non-signatory i, faces identical incentives as a non-
signatory at a history with %w signatories, thus ¢ does not deviate to not
investing if Y > Y (n, 3,7, m (a')), which holds for Y > Y*.

Signatory 7 has a material incentive to deviate to not investing. Using
expression (7) in Jang et al. (2018), signatory i’s change in reciprocity payoff
from playing s} rather than s} (h, s}) is strictly positive iff £ > 0 where

Q= (m (a') — )(5_ (a))A/\5+(n— (a)) B2,

Alg = (n+1)p — =4 )J)rlfy and AA\y == (n—1)8 — m(f)llfy Note that
Alg < Ady. To determme the sign of € reason as follows. Clearly m (a') —

1>0, 08— % < 0 and n — m(a') > 0, thus we need only sign A\g
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and A\y. Given n > %L it follows that (n — 1) 8 > 7, which implies that
AXy > 0. Consider how A)g influences the sign of Q. If Alg < 0, then
Q> 0. If Alg > 0, since Alg < Ay we can write

Q> ((m(al) ) (5_%> ; (n—m(al))5> A >0,

m (al

where the final inequality follows from (m (a') — 1) (8~ %) +(n —m(a')) B >
AXy > 0. Therefore 2 > 0 and signatory ¢’s reciprocity payoff is strictly
higher playing s} instead of s, (h, s¥). This increase in reciprocity payoff is no
less than i’s reduction in material payoff from playing s! rather than . (h, s})

ify >Y (n, 8,7, m (a')) where

?(n,ﬁ,%m(al)) — Q(V/mgl)_ﬁ).

Now argue that Y (n,B,~,m(a')) < Y*. Todo so, take a function, Y (n, 8,7, m (a')),
such that Y (n, 8,7, m (a})) > Y (n, 8,7, m (a)). To identify an appropriate
function, reason as follows. For a given AAy, €2 is decreasing in A\g, and
A)g is bounded by AMy, thus let Alg = Ay to minimise 2. Furthermore,
note that € is increasing in Ay, and that A\ is strictly greater than 5. To
see this, note that fn—~ > [ since n > %+ 1 by assumption. Also note that
m(a+)+1 — B >0foralm(at) e {l,..., %W — 2}. Putting this together gives

Aly > B. Overall then, substitute A\g = Aly = 3 into ¥ (n, 8,7, m (a'))
to give
2 — )
B((n— 1)5 — Ze0=L)
Suppose that Y (n, 3,7, m (a')) > Y*. This requires
m(a') —1
SRV Y A P

m(a') m(a')

Note that the LHS is increasing in m (a') and that the RHS is decreasing in
m (a'). Substitutingm (a') = 1gives (y =) (n - 1) < (y = B) (n—1)5,a

contradiction. Therefore Y (n, 8,7, m (a')) < Y*. Overall, Y* >Y (n, 3,7, m (a')) >
Y (n, 8,7, m(a')), thus Y > Y* is sufficient to prevent signatory i deviating
from st to s} (h,s?) at h.

Y (n, B,v,m (al)) =




Now consider h = a' such that m (a') = (%W — ¢ where ¢ > 1 and odd,
so zero players invest. Non-signatory ¢ has neither material nor reciprocity
incentives to deviate to investing at h. Signatory ¢ has no material incentive
to deviate to investing at h. Using expression (7) in Jang et al. (2018),
the change in signatory ¢’s reciprocity payoft from playing s; rather than
s; (h,st) is YQ/2, which is strictly positive as already established, thus i
does not deviate at h.

Now consider h = a' such that m(a') = [%] =1, so zero invest. Non-
signatory ¢ has neither a material nor a reciprocity incentive to deviate to
investing. Signatory ¢ has no material incentive to deviate to investing. Us-
ing expression (7) in Jang et al. (2018), the change in signatory ¢’s reciprocity
payoff from playing s; rather than s (h, s7) is L (2 + (n — m (a')) B (8 — v/ (m (a') + 1)),
which is strictly positive as we know 2 > 0 and that % < m(a') + 1, implies

% > 0, thus 7 does not deviate at h.
Now consider h = a* such that m (a") = 0, so zero invest for [1] odd and
n invest otherwise. For %w odd, player ¢ has neither material nor reciprocity

incentives to deviate to investing. For Pw even, player i faces identical in-

B
centives as a non-signatory following a history of %w signatories, thus does
not deviate if Y > Y (n, 3,7, m (a')), which is satisfied for all Y’ > Y*.
Finally consider the initial node. Player ¢ has neither material nor reci-
procity incentives to deviate. Hence s* is a SRE. B

Observation 3 (Low reciprocity): For all n > 4 and ~, there exists
Y" e (0,Y*), 5" € (y/n,y) and m/(Y) € [PL Lvs”J_IJ] such that

B 2

(a) if > p" and Y <Y there exists a SRE where m/(Y") players sign
and invest on path. The SRE is described by m/(Y) players signing,
then i invests iff ¢ signed and there are at least m/(Y") signatories.

(b) m/(Y) is non-decreasing in Y.

Proof: (a) Consider s* such that m (V) sign, then ¢ invests iff ¢ signed and
there are at least m(Y") signatories. For § sufficiently high, we first identify
non-deviation conditions for signatories in the investment stage, then do the
same for non-signatories, and then consider the sign-up stage. Using these
conditions, we show that for all Y € (0,Y””) where Y € (0,Y™), some s* is
a SRE.



Consider h = a' such that m(a') > m(Y). Signatory 7 has no mate-
rial incentive to deviate to not investing. Using expression (7) in Jang et
al. (2018), the change in i’s reciprocity payoff from playing s; rather than
si (h,s¥) is

ﬁ h— — n—mal
§(ﬁ—mwgmma) 1) = B(n - m(a))| (1)

Note that if m(a') = % then (1) < 0, if m(a') = n then (1) > 0 and that
1

(1) is strictly i 1ncreasmg in m(a'). There must then exist some m € (3, n)

such that if m(a') = m then (1) = 0. For m(a') > m, signatory i does not
deviate at h. For m(a') € [m (Y) + 1, m), signatory i does not deviate to not
investing at h if Y < Y;(m(a')), where

8wt |
2 1(8 — ) (mlal) - 1) - B(n — m(a)))

As Y (m(a')) is strictly increasing in m(a'), Y < Yi(m(Y)+ 1) is a sufficient
condition for signatory ¢ to not deviate to not investing at h.

Consider h = a' such that m(a') = m(Y). Signatory ¢ has a material
incentive to not deviate to not investing. Using expression (7) in Jang et

al. (2018), the change in i’s reciprocity payoff from playing s; rather than
st (h,s}) is

Yi(m(a"))

f(m(a')) = { (8- ﬁ)%(m(al) -1 - %(n —m(a')) if m(a') > 3,
(8~ sey)m(a') — § = )(m(a") = 1) = 5 (0 —m(a')) it m(a') =2.

Note that f(m(a')) is strictly increasing in m(a'). If f(m(a')) > 0, signatory
i does not deviate to not investing at h. If f(m(a')) < 0, signatory i does
not deviate to not investing at h if Y < Yy(m(a')), where

RN
ﬁ m(al)

Ya(m(@) = 50 Gy

If m(Y) > 3, then for m(a' m(Y), signatory i does not deviate to not

(a') >
investing if Y < min{Y1(m(Y) + 1),Ya(m(Y)}. This can be rewritten as
Y < Yi(m(Y)) since for m(a') > 3, Yi(m(a')) < Ya(m(a')) and both are
strictly increasing in m(a'). If m(Y) = 2, then for m(a') > 2, signatory
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i does not deviate to not investing if Y < Y3(m(Y)) (since Yo(m(al)) <
Yi(m(a')) < Yi(m(a') + 1))

Consider h = a' such that m(a') = m(Y) — 1 > 2. Signatory i has a
material incentive to deviate to investing. Using expression (7) in Jang et
al. (2018), the change in i’s reciprocity payoff from playing s; rather than
s; (h,s?) is

V5 [ = miaimtat) + 05 2 - et - DL - 0]

Note that (2) > 0. Thus signatory i does not deviate to not investing at h if
Y > Ys(m(a')), where

8~ |
(n — m(a"))((m(a') + 1)8 =) — (m(a*) — 1)z — B)

Y(m(a')) =

[Sjes

Consider h = a' such that m(a') € [2,m(Y) — 1). Signatory i has a
material incentive to deviate to investing. Using expression (7) in Jang et
al. (2018), the change in i’s reciprocity payoff from playing s; rather than

si (h,sf) is

Y

N

(n—m(a")B — (m(a") — 1)(—= — B)| . (3)
| |

m(al)

Note that (3) > 0. Thus signatory i does not deviate to not investing at h if
Y > Yi(m(a')), where

B —~/m(a')

Yi(m(a')) = '
2 (= m(@))8 = (m(a) = 1)ty — B)]

Since Yy(.) is increasing in m(a'), for all m(a') € [2,m(Y") — 1), signatory 4
does not deviate if Y > Yy(m(Y) — 2).

Consider h = a' such that m(a') = 1. Signatory ¢ has no material
incentive to deviate to investing. Using expression (7) in Jang et al. (2018),
the change in ¢’s reciprocity payoff from playing s; rather than s, (h,s})
is Y%Q(n — 1) > 0, thus ¢ has no reciprocity incentive to deviate either.
Finally, Consider A = a' such that m(a' ) € {0,1}, 7 has neither material
nor reciprocity incentive to deviate to investing.
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Now consider non-signatories. Clearly non-signatory ¢ has no material
incentive to invest. For all h = a' such that m(a') ¢ {m(Y)—1,m(Y)}, non-
signatory ¢ perceives others as no more kind than in the full investment profile
in I'p, thus does not deviate to investing for Y < Y*. For h = a' such that
m(a') = m(Y") — 1, all other players are unkind to i so he has no reciprocity
incentive to deviate to investing. For h = a' such that m(a') = m(Y), using
expression (6) in Jang et al. (2018), non-signatory i does not deviate to
investing if

8- 5_2 1\\2 1 _
Y+Y 5 [(m(a"))> +m(a') +1—n] <O0.
If [.] is non-positive then the inequality holds. If [.] is positive, then i does
not deviate if Y < Y5(m(a')), where

2(8— 1)
B2 [(m(a'))* +m(a') +1—n]

Ys(m(a')) =

Note that if

Ven —7-1
o iol ()
then Ys(m(a')) > Y*. In this case it must be that Y < Y5(m(a')) since Y <
Y*. If m(a') > (v/8n — 7 —1)/2, then i does not deviate if Y < Ys(m(a)).

Now consider the sign-up stage. Signatory ¢ has identical incentives to a
signatory’s incentives at h = a' such that m(a') = m(Y’). Non-signatory i
has identical incentives to a non-signatory’s incentives at h = a' such that
m(at) = m(Y'). Thus if players have no incentive to deviate in the investment
stage, they also have no incentive to deviate in the sign-up stage.

In sum, if Y is sufficiently small such that m(Y) < (/8 —7 —1)/2,
then there exists a SRE where m(Y) =2if Y € L ={Y : Y <Yo(m(Y))};
mY)=3ifY e ={Y: Y € [Ys(m(Y)—1),Yi(m(Y))]}; m() € [4,m)
fY € Iym ={Y : Y € [Ya(m(Y) — 1), Yi(m(Y))]} and m(Y) > m if
Y € L ={Y : Y>Yi(m(Y)—1)}. To show that there exists a SRE
for all Y € (0,Y"), verify that I, U IsUllym) U I>m covers RT as follows.
First, LN I3 # @ as Ys3(m(Y) — 1) < Ya(m(Y) — 1) < Ya(m(Y)). Second,
I;# @ since Ya(m(Y) — 1) < Yi(m(Y) — 1) < Yi(m(Y)). Third, since
Yi(m(Y)) < Yi(m(Y)) and both increase in m(Y), it holds that Y;(m(Y") —
1) <Yi(m(Y)) <Yi(m(Y)) < Yi(m(Y) + 1). Therefore the intersections for
the intervals for all m(Y’) > 3 are also non-empty.

(b) See final paragraph of part (a) of this proof. B

m(a') <
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Observation 4 (3-players): For n = 3, all § and ~, there exists Y €
(0,Y™*) such that,

(a) if Y € [Y”,Y*) there exists a full investment SRE in I'4 with 3 signa-
tories. The SRE is described by 3 signing, then ¢ does not invest iff
there is only 1 signatory.

(b) if Y € [Y”,Y*) there exists a full investment SRE in I'4 with 0 signa-
tories. The SRE is described by 0 signing, then ¢ does not invest iff
there is only 1 signatory.

Proof: (a) Let n = 3. Consider s* such that each i € N signs, then does
not invest if a! is such that m (a') = 1 and does invest otherwise. Reason
as follows to verify the profile is SRE for an interval of Y less than Y*.
Consider h = a' such that m (a') = 3, so all invest. Signatory ¢ has neither
material nor reciprocity incentive to deviate to not investing. Now consider
h = a' such that m(a') = 2, so all invest. Signatory 4 has neither a material
nor a reciprocity incentive to deviate to not investing at h. Non-signatory
1 has a material incentive to deviate to not investing at h and a reciprocity
incentive to not do so. Reason as follows to identify Y such that ¢ does not
deviate. Using expression (6) in Jang et al. (2018), non-signatory i’s increase
in reciprocity payoff from playing s} rather than s (h, s¥) is no less than his
reduction in material payoff if Y > Y (3, ), where

v—0
BBL—7)

Note that Y"(8,v) > Y™ iff % + 1 > 3, however given [%1 < n = 3, then
Y”(B,7v) < Y*. Thus i does not deviate at h if Y € (Y”,Y™*). Now consider
h = a' such that m(a') = 1, so zero invest. Player i has neither a material
nor a reciprocity incentive to deviate to investing. Then consider A = a! such
that m (a') = 0, so all players invest. Non-signatory i, faces identical incen-
tives as a non-signatory at a history with 2 signatories, ¢ does not deviate at
hif Y € (Y” Y*). Finally, at the initial node, i has neither reciprocity nor
material incentives to deviate.

Y'(8,7) =

(b) Let n = 3. Consider s* such that each i € N does not sign, then does
not invest if a! is such that m (a') = 1 and does invest otherwise. Reason as
follows to verify the profile is SRE for an interval of Y less than Y*. Stage
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2 behaviour is optimal (part (a) of this proof). At the initial node, ¢ has
neither reciprocity nor material incentives to deviate. ll

For 2-player games, drop the assumptions that % is non-integer and n >

[%w as they would contradict that ng >~ > g > 0.

Observation 5 (2-players): For n =2 all y and Y € (0,Y™),

(a) if 8 > 2+, then there exists a full investment SRE in T4 with 2 signa-
tories. The SRE is described by 2 signing, then ¢ invests iff there are 2
signatories.

(b) for all 3, there does not exist a full investment SRE in I'y with 0
signatories.

Proof: (a) Let n = 2. Consider s* such that each i € N signs, then invests
iff a' is such that m(a') = 1. Note that 7 has no material incentive to devi-
ate at any history. Furthermore if § > %7, ¢ has no reciprocity incentive to
deviate either.

(b) Let n = 2. Consider any s* such that each i € N does not sign, then
invests on path. Consider h = a' such that m(a') = 0, so all invest. Non-
signatory ¢ has a material incentive to deviate to not investing. Non-signatory
i’s increase in reciprocity payoff from playing s! rather than s! (h,s}) is ex-
pression (6) in Jang et al. (2018). We now demonstrate that this increase is
reciprocity payoff is not sufficient to prevent deviation for Y < Y*. Consider
the following 4 exhaustive cases.

Case (i): s* is such that j does not invest if only ¢ signs and 7 does not
invest if only j signs. Note that expression (6) in Jang et al. (2018) is no less
than the reduction in i’s material payoff from playing s} rather than s (h, s})
iff Y > 62((;ﬁ_—6 7)). However the RHS is less than Y™* iff 5 > ~, which is false.

Case (11): s* is such that j does not invest if only 7 signs and ¢ does invest
if only j signs. Note that expression (6) in Jang et al. (2018) is no less than
the reduction in i’s material payoff from playing s; rather than s} (h, s}) iff
Y > Y™, which is false.

Case (iii): s* is such that j does invest if only ¢ signs and ¢ does not
invest if only j signs. Note that expression (6) in Jang et al. (2018) is no less
than the reduction in i’s material payoff from playing s} rather than . (h, s})

iff Y > ;((;ﬁiﬁ ,3). However the RHS is less than Y* iff 3 > ~, which is false.
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Case (iv): s* is such that j does invest if only ¢ signs, i does invest if
only j signs. Note that expression (6) in Jang et al. (2018) is no less than
the reduction in 4’s material payoff from playing sf rather than s} (h, s}) iff
Y > Y™, which is false.

Thus ¢ deviates at h. B
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