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We consider a two-fluid shear flow where the interface between the two fluids is coated with an insoluble
surfactant. An asymptotic model is derived in the thin-layer approximation, consisting of a set of nonlinear
PDEs describing the evolution of the film and surfactant disturbances at the interface. The model includes
important physical effects such as Marangoni forces (caused by the presence of surfactant), inertial forces
arising in the thick fluid layer, as well as gravitational forces. The aim of this study is to investigate the effect
of density stratification or gravity – represented through the Bond number Bo – on the flow stability, and the
interplay between the different (de)stabilisation mechanisms. It is found that gravity can either stabilise or
destabilise the interface (depending on fluid properties), but not always as intuitively anticipated. Different
travelling-wave branches are presented for varying Bo and the destabilising mechanism associated with the
Marangoni forces is discussed.
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I. INTRODUCTION

Multilayer fluid flows are fundamental in a plethora
of physical and industrial applications; examples include
oxygen flow and transport in lung airways, drug delivery,
coating flows, oil recovery, and microfluidics technology1.
Multilayer flows are, however, mathematically very chal-
lenging as they are susceptible to instabilities arising at
the interfaces between fluids. They have consequently
drawn the attention of many researchers throughout re-
cent decades, with particular emphasis in finding ways
to manipulate interfaces and control flows. The ability
to control and manipulate multilayer flows is fundamen-
tal; one possible approach is by using chemical additives
known as surfactants, which can greatly influence such
flows especially at small scales.

The effect of surfactants on multilayer flows has been
investigated in a variety of different geometries, each one
relevant to particular applications; for instance, it was
analysed for channel flows2–5, core-annular flows6, rod-
annular flows7, and multilayer flows down an inclined
plane8. The channel flow has received considerably more
attention and has served in the literature as an archetype
for examining the influence of surfactants on interfacial
stability and flow dynamics. The first to study the sta-
bility of a clean interface (devoid of surfactants) in chan-
nel flows was Yih9, who found that two-layer Couette-
Poiseuille flows can be unstable as long as the Reynolds
number is non-zero. Yih’s instability is affected by the
fluid viscosities, densities and thicknesses, but an essen-
tial criterion in its development is a viscosity disconti-
nuity at the interface. It was later found by Hooper10

that two-layer flows are unstable only when the thinner
fluid is more viscous, which since has been known as the
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“thin-layer effect”. The presence of insoluble surfactant
at the interface between the two fluids was shown by
Frenkel & Halpern11,12 to induce linear instability even
in the Stokes approximation, and even when there is no
viscosity contrast between the fluids.

Since Frenkel and Halpern’s discovery, there has been
a number of studies investigating the problem further:
Blyth & Pozrikidis3,13 analysed the destabilising effect
of inertia and performed numerical simulations in short
domains, Frenkel & Halpern14 solved the problem under
the assumption of both layers being thin, while Bassom
et al.4 presented a local model valid in the case where
one of the fluid layers is much thinner than the other.
The work of Bassom et al.4 was extended by Kalogirou et
al.15 and Kalogirou & Papageorgiou5, who solved the full
nonlocal system and also examined the effect of inertia
on nonlinear saturated solutions. In the latter study,
the authors also examined the three-dimensional problem
and found that the flow can become unstable to spanwise
perturbations (but proved that when inertia is absent, a
Squire’s type theorem is valid).

A common assumption in the aforementioned studies
was that the densities of the two fluids were considered
equal, so as to eliminate the effect of gravity and to
concentrate on the influence of surfactant on the flow
stability. Recently, Frenkel & Halpern16 extended their
previous work12,14 to add the effect of density strati-
fication and found that for certain parametric ranges,
even arbitrarily strong gravitational forces cannot sta-
bilise the flow completely. In this study, we will per-
form a similar extension to the work presented in Kalo-
girou & Papageorgiou5, aiming to investigate the inter-
acting effects of surfactants, gravity and inertia. This
paper therefore presents a study that utilises mathemat-
ical modelling and numerical computations to scrutinise
the influence of density stratification on the stability of
surfactant-laden multilayer thin-film shear flows. Under-
standing stability is essential for efficient flow control in
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FIG. 1. Geometry of the problem: two superposed fluid layers
in a channel of height d, driven by the upper wall motion
with speed U and/or by applying a constant pressure gradient
G = − ∂p

∂x
. The interface between the two fluids is coated with

an insoluble surfactant.

applications where (stable) uniform films or (unstable)
interfacial waves are desired. Under the thin-layer ap-
proximation, a weakly nonlinear model will be derived for
the spatiotemporal evolution of the interfacial and sur-
factant concentration disturbances. The derived model
equation for the film thickness features fundamental com-
ponents, such as dissipation caused by surface tension,
diffusion due to gravity and a nonlocal term due to mul-
tiphase coupling. Interfacial instabilities are induced due
to the acting forces of gravity and inertia, the existence of
a viscosity jump at the interface, as well as the action of
Marangoni forces generated as a result of the dependence
of surface tension on the local surfactant concentration.
Here we will focus mostly on the impact of gravity on
linear stability and nonlinear solutions, including satu-
rated travelling waves, their amplitudes and speeds. The
underlying physical mechanism responsible for the for-
mation of interfacial waves will also be discussed.

II. MATHEMATICAL MODEL

The problem studied is portrayed in Fig. 1 and de-
scribed below: two infinitely-long impermeable plates are
placed horizontally, parallel to each other and are sepa-
rated by a distance d. The setup therefore outlines a long
horizontal channel defined in two dimensions, with hori-
zontal and vertical coordinates (x, y). The interior of the
channel is occupied by two superposed layers of viscous
and immiscible fluids, separated by a distinct interface
at y = dh0, with 0 < h0 < 1. The two fluids are denoted
as fluid 1 and 2 (bottom and top fluid, respectively) and
have in general different thicknesses, densities ρ1, ρ2 and
viscosities µ1, µ2. We consider the flow driven by the
motion of the upper channel wall with speed U (both
walls could be allowed to move, but here we consider the
lower wall to be stationary), or by combination of upper

wall motion and a constant pressure gradient G = − ∂p
∂x .

The action of different forces such as gravity and iner-

tia can be responsible for the generation of instabilities
at the interface between the fluids17,18, in which case the
interface is deformed to a general shape y = h(x, t). In
this study we are interested in a scenario where the in-
terface is also coated with an insoluble surfactant, which
is only allowed to move on the interface and whose lo-
cal concentration is denoted by Γ (x, t). The presence of
surfactant affects the interfacial surface tension by low-
ering its value and therefore it is anticipated to make
the interface more susceptible to instabilities, due to the
generation of the so-called Marangoni forces. Here we
consider dilute surfactant concentrations only and there-
fore a linear equation of state is expected to be valid. The
surface tension γ is reduced according to the local sur-
factant concentration Γ , following a linearised Langmuir
isotherm by

γ = γc

(
1− β Γ

Γ∞

)
, (1)

where γc is the surface tension of a clean interface in
the absence of surfactants, β is a parameter that mea-
sures the sensitivity of interfacial tension to changes in
the surfactant concentration19, and Γ∞ is the surfactant
concentration at maximum packing.

In order to express the problem in non-dimensional
form, the channel height d is used to scale lengths, the
upper wall speed U to scale velocities, fluid pressures are
scaled by ρ1U

2, time by d
U , surface tension is scaled by

γc and surfactant concentration by Γ∞. A number of
dimensionless parameters are therefore introduced: the
density and viscosity ratios

r =
ρ2

ρ1
, m =

µ2

µ1
, (2)

(we also define ri = ρi/ρ1 and mi = µi/µ1, i = 1, 2,
such that r1 = 1, r2 = r and m1 = 1 and m2 = m), the
Reynolds number in each fluid,

Re1 =
ρ1Ud

µ1
, Re2 =

ρ2Ud

µ2
=

r

m
Re1, (3)

and the Froude, Bond, Weber, Capillary, Marangoni and
Peclét numbers, defined by

Fr =
U√
gd
, Bo =

(1− r)d2ρ1g

γc
, We =

ρ1U
2d

γc
,

Ca =
µ1U

γc
, Ma =

β

Ca
, Pe =

Ud

Ds
, (4)

respectively. Here, g denotes the gravitational accelera-
tion and Ds the diffusivity of surfactant along the inter-
face.

The flow in each fluid region i = 1, 2 is described by the
non-dimensional Navier-Stokes equations and the conti-
nuity equation, given by

∂ui
∂t

+ ui · ∇ui = − 1

ri
∇pi +

1

Rei
∇2ui + F , (5a)

∇ · ui = 0, (5b)
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where ui(x, y, t) = (ui, vi), i = 1, 2, denotes the velocity
in each region and pi(x, y, t), i = 1, 2, the pressure. Here,
∇ = ( ∂

∂x ,
∂
∂y ) and the body force vector is defined by

F = (0,− 1
Fr2 ).

The boundary and interfacial conditions associated
with the problem are the following: no-slip and no-
penetration conditions are imposed on the two walls, i.e.
u1 = (0, 0) at y = 0 and u2 = (1, 0) at y = 1, while
at the interface y = h(x, t) velocity continuity u1 = u2

must be satisfied, together with a kinematic condition

v1 = ht + u1hx, (6)

and continuity of normal and tangential stresses[
− pi

(
1 + h2

x

)
+

2ri
Rei

(
h2
xuix + viy − hx (uiy + vix)

)]1

2

=
(1− βΓ )

We

hxx√
1 + h2

x

, (7a)[
2mihx (uix − viy) +mi

(
h2
x − 1

)
(uiy + vix)

]1

2

= MaΓx
√

1 + h2
x, (7b)

with [fi]
1
2 = f1 − f2 denoting the jump across the in-

terface. The terms on the right-hand-side in both the
normal and tangential stress balance indicate the depen-
dence of the surface tension on the local surfactant con-
centration. The surface-tension gradients in the tangen-
tial stress balance (7b) in particular, emerge due to local
changes in the surfactant concentration and give rise to
Marangoni forces.

Finally, variations in the interfacial surfactant concen-
tration due to surface convection and molecular diffusion
along the deformed interface are described by a dimen-
sionless conservation equation of the form

Γt +
hxhtx
1 + h2

x

Γ +
1√

1 + h2
x

(√
1 + h2

x u1(h)Γ

)
x

=
1

Pe

1√
1 + h2

x

(
Γx√

1 + h2
x

)
x

. (8)

A. Basic steady flow

In the unperturbed and surfactant-free state, the in-
terface between the fluids is planar and the momen-
tum equations (5a) admit a steady unidirectional flow (a
Couette-Poiseuille flow). The exact steady solution can
be obtained by solving the momentum equations in both
fluids, applying the boundary conditions and interfacial
velocity continuity, and satisfying continuity of pressure
(7a) and shear stress (7b) at the interface. The basic flow
in each fluid layer i = 1, 2 is hence found to be

ūi = −1

2
Aiy

2 +Biy + Ci, v̄i = 0, (9a)

p̄i = P0 −
ri
Fr2

(y − h0)−Kx, (9b)

where P0 is the undisturbed constant pressure at the in-
terface and the coefficients Ai, Bi, Ci are given by

A2 =
1

m
Re1K, B2 =

1 + 1
2A2

(
1 + h2

0(m− 1)
)

1 + h0(m− 1)
, (9c)

C2 = (m− 1)h0

(
1 + 1

2A2(1− h0)

1 + h0(m− 1)

)
, (9d)

and A1 = mA2, B1 = mB2, C1 = 0. The non-
dimensional pressure gradient K = −∂p̄i∂x > 0 is a con-
stant; it is connected to the dimensional constant G

through G = ρ1U
2

d K. The above solution is identical

to the one found in Bassom et al.4 if we set gravity to
zero, i.e. take Fr−1 = 0.

B. Asymptotic approximation for thin lower layers

In what follows, the lower layer is assumed to be very
thin in comparison to the upper layer, i.e. we set h0 = ε,
with ε � 1. The typical approach followed when one
length scale (here the interface height) is much smaller
than the others (here the channel height and length) is
the lubrication approximation. The lubrication approxi-
mation was used by Halpern & Frenkel2 to build a model
valid for interfacial deformations of the same order as
the film thickness. In this work, the objective is to de-
rive a nonlinear evolution equation for the film thickness
that also depends on the perturbations in the overlying
thick fluid. We note that coupling between the two fluid
layers is not possible when the usual lubrication theory
is applied, as the interfacial perturbation does not in-
duce a sufficiently large disturbance in the thick fluid.
Following a weakly nonlinear analysis, however, allows
for the coupling between the two fluids to remain in the
leading-order dynamics as will be seen next. We there-
fore introduce a small perturbation to the interface and
local surfactant concentration by

h(x, t) = ε+ ε2H(x, t), Γ (x, t) = δΓ̃ (x, t), (10)

with H, Γ̃ = O(1) and δ = δ(ε)� 1. Order-one rescaling
parameters Ca0, Ma0, Pe0 are also introduced by6 Ca =
εCa0, Ma = ε2δ−1Ma0, Pe = ε−2Pe0, while the rest
of the parameters such as the density ratio r, viscosity
ratio m and Reynolds numbers Re1, Re2 are assumed to
be O(1). The above parameter rescalings are required in
order to keep important features such as surface tension
damping, Marangoni stresses and surfactant diffusivity
in the final evolution equations. When the interface in
perturbed according to (10), a velocity and pressure jump
appear at the interface; these can be found by evaluating
(9) at h = ε+ ε2H and are given by

ū1 − ū2

∣∣
y=h

= (m− 1)
(
1 +

A2

2

)
ε2H, (11a)

p̄1 − p̄2

∣∣
y=h

=
(r − 1)

Fr2
(h− ε) = − Bo

Ca0Re1
εH, (11b)
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where we have used the relations (1−r)
Fr2 = Bo

We and We =
CaRe1 = εCa0Re1. Notice that the pressure jump across
the interface only arises when the densities of the fluids
are different, i.e. for Bo 6= 0.

The subsequent analysis follows closely on derivations
presented previously4–6,15, although this work is distin-
guished from earlier studies by considering the more gen-
eral problem with fluids of different densities. The main
steps of the derivation of the model equations are out-
lined below. In fluid 1, a new order-one vertical coordi-
nate is introduced by ξ = y/ε and the flow expands as
follows

u1 = ū1(ξ; ε) + ε3 ũ1(x, ξ, t) + · · · ,
v1 = ε4 ṽ1(x, ξ, t) + · · · , (12a)

p1 = p̄1(x, ξ) + ε p̃1(x, ξ, t) + · · · ,

while in fluid 2 the flow is perturbed away from the basic
state by

u2 = ū2(y) + ε2 ũ2(x, y, t) + · · · ,
v2 = ε2 ṽ2(x, y, t) + · · · , (12b)

p2 = p̄2(x, y) + ε2 p̃2(x, y, t) + · · · ,

with perturbation variables ũ1, ṽ1, p̃1, ũ2, ṽ2, p̃2 = O(1).
Substituting expansions (12a) in the non-dimensional
Navier-Stokes equations (5) and working with leading-
order perturbation terms only, results in the standard
lubrication equations2,4,14, given by

0 = −∂p̃1

∂x
+

1

Re1

∂2ũ1

∂ξ2 , (13a)

0 = −∂p̃1

∂ξ
, (13b)

∂ũ1

∂x
+
∂ṽ1

∂ξ
= 0. (13c)

The same expansions are also inserted into the normal
stress balance (7a), yielding at leading order

p̃1 = − 1

Re1Ca0
(Hxx −BoH), (14)

where the basic pressure jump across the interface (11b)
has been used. Similarly, the tangential stress balance
(7b) at leading order becomes

−∂ũ1

∂ξ

∣∣∣∣
ξ=1

+m

(
∂ũ2

∂y
+
∂ṽ2

∂x

) ∣∣∣∣
y=0

= Ma0
∂Γ

∂x
. (15)

Equation (13b) yields that p̃1 is independent of the ver-
tical coordinate ξ, hence the pressure perturbation at the
interface (14) is valid everywhere in the film. Equation
(14) is inserted into (13a), which is then integrated across
the film twice (the constants of integration are specified
by using condition (15) at ξ = 1 and the no-slip condition
at ξ = 0) to give the horizontal velocity perturbation in

the film ũ1. That is substituted into the continuity equa-
tion (13c), which – after one more integration – yields
the vertical velocity perturbation in the film ṽ1. The ob-
tained horizontal and vertical velocity perturbations in
the film ũ1, ṽ1 are required in the kinematic condition at
the interface ξ = 1.

The kinematic equation (6) is then considered and per-
turbations (10)-(12) are applied. A Galilean transforma-
tion to a frame of reference moving with the undisturbed
interfacial velocity and a slow-time scale are introduced
by

x̃ = x− ū1(ε)t, t̃ = ε2t. (16)

This step is performed in order to remove a linear term
and to allow other essential terms to remain in the
leading-order equation, namely time-dependence, non-
linearity and dissipation. The leading-order kinematic
condition hence converts into

Ht̃ +
(
m+

A1

2

)
HHx̃ +

1

3Ca0
(Hx̃x̃x̃x̃ −BoHx̃x̃)

+
m

2
T
∣∣
y=0
− Ma0

2
Γ̃x̃x̃ = 0, (17)

where T (x̃, y) = ũ2x̃y+ṽ2x̃x̃ originates from the tangential
stress balance (7b) (or (15)) and is constructed by solving
the problem in the upper fluid layer; it provides coupling
between lower and upper layers and is the source of non-
locality in the final evolution system. The term T (x̃, y)
is required at the interface y = ε+ ε2H ≈ 0 and is found
to be (the hat denotes a Fourier transform)

T
∣∣
y=0

=
i

π
(1−m)

(
1 +

A2

2

)∫ +∞

−∞
N (k)Ĥ(k)eikx̃ dk,

(18)
where N (k) = −k2F

′′(0) and F (y) is the solution of an

Orr-Sommerfeld type problem in the thick fluid layer4,5 –
more details are provided in Appendix A. Note that the
dynamics in the upper layer are governed by the effects of
inertia, represented by the Reynolds number Re2 which
appears in the Orr-Sommerfeld problem and therefore
affects the solution of F (y) and N (k) (from now on, the
subscript from Re2 will be omitted and Re will be used
instead).

What is left is to consider the surfactant convection-
diffusion equation (8) and analyse how this is trans-
formed under perturbations (10), asymptotic expansions
(12) and transformations (16). At leading order the equa-
tion becomes

Γ̃t̃ +
(
m+

A1

2

)(
HΓ̃

)
x̃

=
1

Pe0
Γ̃x̃x̃. (19)

C. Final evolution equations

The derivation of the mathematical model is complete,
but as a last step the tildes are dropped and the following
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canonical rescaling is applied

H →
(

3Ca0

(
m+

A1

2

))−1

H, t→ 3Ca0 t,

Γ → 2

((
m+

A1

2

)
(3Ca0)2Ma0

)−1

Γ. (20)

The final evolution equations for the perturbations of
the film thickness and local surfactant concentration are
given by

Ht +HHx −BoHxx +Hxxxx

+
iΛ

2π

∫ +∞

−∞
N (k)Ĥ(k)eikx dk − Γxx = 0, (21a)

Γt + (HΓ )x − ηΓxx = 0. (21b)

Two new parameters are introduced in the above system,
defined by

Λ = 3Ca0m(1−m)
(

1 +
A2

2

)
, η =

3Ca0

Pe0
. (22)

Parameter Λ is mainly used to express the effect of viscos-
ity stratification (but it also depends on the Poiseuille-
flow pressure gradient A2); it is positive if m < 1, i.e.
when the film is more viscous than the upper layer fluid,
and negative otherwise. The second parameter η controls
the amount of surfactant surface diffusivity.

The reduced system of evolution equations (21) is de-
rived under the assumption of small perturbations to the
thickness of a thin film, but nevertheless it retains a num-
ber of salient physical properties listed next:
• Both equations are nonlinear and coupled in H and
Γ , which allows for saturation of linear waves to
nonlinear structures – mostly pulse-like travelling
waves of long wavelength, as will be seen later.
• Marangoni forces come into play through the Γxx

term in the film thickness evolution equation.
• Gravitational forces are incorporated in the diffu-

sion term −BoHxx and are responsible for making
the flow susceptible to the classical Rayleigh-Taylor
instability20 that appears when a heavy fluid lies
above a lighter fluid. This scenario emerges only
when the Bond number coefficient is negative, i.e.
if r > 1, in which case the diffusion term desta-
bilises the problem. The corresponding term causes
stabilisation of the interface when the fluids are sta-
bly stratified (r < 1).
• Damping of short waves is induced through the
Hxxxx term and is caused by surface-tension
forces21.
• Inertial effects in the thick fluid layer are included

in the nonlocal integral term4,5, which depends on
the Reynolds number of the thick fluid Re.

We note that the thin-film model (21) is also valid for
a flow in an inclined channel. The only change in that
situation would be in the parameter A2 that comes from
the basic flow (see (9c)), which appears in the definition

of Λ in (22) and in the solution of N (k). In a horizontal
channel, A2 is non-zero only in the presence of pressure
gradient, but if the channel is inclined then A2 becomes
A2 = 1

mRe1

(
K + r

Fr2 sin θ
)
, with θ the angle of incli-

nation. Therefore this modification does not introduce
any new parameters in the problem but only affects the
amount of inertia in the problem.

III. LINEAR STABILITY THEORY

The problem considered is satisfied by a uniform solu-
tion H = 0 and Γ = Γ0 = constant. To investigate the
linear stability properties of the system, normal-mode
perturbations are introduced by H(x, t) = δeσt+ikxH̃,

Γ (x, t) = Γ0 + δeσt+ikxΓ̃ , with complex growth rate σ,

real wavenumber k and eigenvectors H̃, Γ̃ . Instability of
the uniform state is supported when the real part of σ
is positive, in which case linear solutions grow exponen-
tially in time. Substituting the normal-mode solutions
into equations (21), results in(

σ +Bok2 + k4 + iΛN (k)
)
H̃ + k2Γ̃ = 0, (23a)(

σ + ηk2
)
Γ̃ + ikΓ0H̃ = 0. (23b)

The above linear system can be written in a matrix form
as Mx = 0, with coefficient matrix M and vector of
unknowns x = (H̃, Γ̃ )T . A nontrivial solution x 6= 0 is
possible when the determinant of the matrix M is zero,
in which case a dispersion relation for σ can be obtained.

Stratified flows are known to be susceptible to long-
wave instabilities9–11, so it is sufficient to consider a long-
wave approximation of the nonlocal term N (k) in (23)
(i.e. an expansion for small wavenumbers k). The re-
sulting dispersion relation for long waves is given by

σ2 +

[
2iΛk +Bok2 − ΛRe

60

(
1 +

A2

14

)
k2 + ηk2

]
σ

+ (2ηΛ− Γ0)ik3 = 0. (24)

This is a second-order polynomial in σ consequently there
are two modes σ1,2, one interfacial and one surfactant
mode. The flow is unstable to long wavelength pertur-
bations if at least one of the two modes has a positive
real part. The two amplification rates s1,2 = <(σ1,2) are
found to be (assuming Λ 6= 0)

s1 =
(Γ0 − 2ηΛ)

2Λ
k2,

s2 =

[
ΛRe
60

(
1 +

A2

14

)
− Γ0

2Λ
−Bo

]
k2, k � 1. (25)

In the absence of density stratification, that is r = 1
and Bo = 0, the above expressions are identical to
the ones presented in Bassom et al.4 and Kalogirou &
Papageorgiou5 (for their k1 = k and k2 = 0).

Typical unstable growth rates are demonstrated in
Fig. 2 for different values of η in [0, 1] (some growth rates
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FIG. 2. Effect of decreasing η on unstable growth rates. The
parameter values used are: Re = 25, Λ = 0.25, Bo = 0,
A2 = 0, Γ0 = 1, and η = 1.0, 0.8, 0.6, 0.4, 0.2, 0.0 (dashed
line).

are also shown in Fig. 4 in the next section). For η 6= 0,
the unstable growth rates get stabilised below a critical
value of the wavenumber k, a common behaviour of dissi-
pative systems (the short-wave stabilisation is due to sur-
face tension). The two growth rates for large wavenum-
bers are σ1 = −ηk2, σ2 = −k4, which can be obtained
by finding the dispersion relation in the large-k limit.
The first growth rate σ1 → 0 when η → 0 as illustrated
by the dashed line in Fig. 2 (whereas σ2 remains unaf-
fected), in which case the problem is ill-posed; physically,
this corresponds to no diffusion of surfactant at the in-
terface. On the contrary, the model presented in Frenkel
& Halpern14, which does not include surfactant diffusion
at the interface but only interfacial convection, is shown
to be well-behaved in the zero-diffusion limit. We believe
this discrepancy to be due to the thin-film assumption,
considering that both Frenkel & Halpern14 and Blyth
& Pozrikidis3 solved the problem for comparable fluid
thicknesses and found the zero-diffusion limit to be con-
tinuous.

The surfactant-free problem can be obtained by taking
the limit η →∞; this physically corresponds to infinitely
large surfactant diffusivity, which is associated with a
uniform surfactant distribution along the interface3. Set-
ting η → ∞ in (23b) yields Γ̃ = 0, thereby providing a
linear dispersion relation for the interfacial mode given by
the coefficient of H̃ in (23a). The condition for instabil-
ity is provided by the second growth rate s2 in (25) with
Γ0 = 0 (the growth rate s1 is now irrelevant), correspond-
ing to a clean interface with uniform surface tension. The
surfactant-free interface is unstable to long waves when
s2 is positive, which can happen in one of the following
scenarios (we assume Re > 0 and A2 ≥ 0):

1. Λ ≤ 0 and Bo < ΛRe

60

(
1 + A2

14

)
≤ 0, corresponding

to a heavier overlying fluid (destabilisation due to
density stratification);

2. Bo ≥ 0 and and 0 ≤ Bo < ΛRe

60

(
1 + A2

14

)
, corre-

sponding to a more viscous thin film (destabilisa-

tion due to viscosity stratification);
3. Λ > 0 and Bo < 0 (destabilisation due to both

density and viscosity stratification).
These remarks are in line with the results of Yih9 in the
limit of thin lower layer (n→ 0 in Yih’s notation).

The growth rates in (25) are also useful in determining
the neutral stability curves, given by

Γ0 − 2ηΛ = 0,

Λ2Re

(
1 +

A2

14

)
− 30Γ0 − 60ΛBo = 0, (26)

which can be then plotted to produce a linear stability
diagram in parameter space. We choose to fix param-
eters Bo, A2, Γ0, η and present the stability diagram
in the Λ − Re parameter space. The stability diagram
demonstrating the neutral-stability curves (solid lines),
together with regions of stability and instability in the
Λ − Re space, is provided in Fig. 3. The instability re-
gion for equal-density fluids is shaded with a grey colour
(the linear stability diagram in this case is identical to
Fig. 2 in Kalogirou & Papageorgiou5), while the effect of
density stratification is shown with pink-shaded regions,
for Bo > 0 in panel (a) and Bo < 0 in panel (b). The
critical points Λc and Re,c define the location where the
neutral curves cross each other and are given by

Λc =
Γ0

2η
, Re,c

(
1 +

A2

14

)
=

120η

Γ0
(η +Bo) . (27)

An interesting feature seen in both panels of Fig. 3 is
that the neutral curves can now pass through the Λ-axis
and the flow can become stable below a cut-off value of
Λ; this is true for any non-zero value of the Bond number
Bo 6= 0. The critical value of Λ can be obtained by setting
Re = 0 in (26) and is found to be Λ∗ = − Γ0

2Bo . If Bo >
0 and the fluids are stably stratified, the flow becomes
stable beyond a critical point Λ∗ < 0 (Fig. 3(a)) and at
the same time the region of instability shrinks (pink area
is smaller than grey area). On the other hand if Bo < 0
and the overlying fluid is more heavy, the flow becomes
unstable beyond Λ∗ > 0. The implication of the latter is
the complete disappearance of the (white) stability region
seen in the Λ > 0 quadrant when Bo ≤ −η < 0 (note that
when Bo = −η, then Λc = Λ∗ and Re,c = 0 – this is the
case shown in Fig. 3(b)). The (de)stabilisation beyond a
critical point Λ∗ has not been observed for equal-density
fluids5, in which case the neutral curves approach the Λ-
axis asymptotically and consequently unstable waves (of
some wavelength) can always be found.

While the flow destabilisation in the case where a
heavy fluid lies above a lighter fluid is physically antici-
pated (even though Charru & Fabre22 reported a shear-
stress stabilisation of analogous flows), a counterintuitive
result can be seen in Fig. 3(a). That is, the unstable re-
gion between 0 < Λ < Λc remains unaffected despite
how strong the stabilising influence of gravity is (note
that Fig. 3(a) uses Bo > 0 and gravity has a stabilising
effect because the lower fluid is the heavier). A similar
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Re

Λ

STABLE

Λc

Re,c

UNSTABLE

Λ∗

(a) Bo = η > 0

Re

Λ

STABLE UNSTABLE

Λ∗

(b) Bo = −η < 0

FIG. 3. Effect of the Bond number on the linear stability di-
agram of Kalogirou & Papageorgiou5 (adapted with permis-
sion from J. Fluid Mech. 802, 2016). Regions of instability
are denoted with grey colour for Bo = 0 and pink colour for
Bo 6= 0. The top panel presents a case with stably stratified
fluids and Bo > 0, while in the bottom panel Bo < 0 and the
stratification is unstable.

result has also been observed by Frenkel & Halpern16 and
shows that the Marangoni forces generated at the inter-
face due to the presence of surfactants are strong enough
to overcome the effect of gravity, whose role is expected
to be comparatively weak in small scales.

IV. NUMERICAL COMPUTATIONS

A. Governing equations on periodic domains

The system (21) describing the evolution of the flow is
solved numerically on finite L-periodic domains, in which
case the nonlocal term has a Fourier series representa-
tion. For convenience we first rescale the evolution equa-
tions onto the canonical domain [0, 2π] using the trans-
formations x→ (L/2π)x, t→ (L/2π)2t, H → (2π/L)H,
Γ → (2π/L)Γ , and seek solutions to the initial-value
problem

Ht +HHx −BoHxx + νHxxxx

+ iΛν−1
+∞∑

k=−∞

N (k
√
ν) Ĥ(k) eikx − Γxx = 0, (28a)

Γt + (HΓ )x − ηΓxx = 0, (28b)

H(x, 0) = αν−1/2 sin(nx), Γ (x, 0) = Γ0ν
−1/2, (28c)

where Ĥ(k) denotes the Fourier coefficients of H(x, t), α
is the initial amplitude (chosen between 10−3 and 10−1

in the computations), and n is the wavelength of the
initial perturbation. An important new bifurcation pa-
rameter ν also appears in the above system, defined by
ν = (2π/L)2. Reducing the value of ν corresponds to
increasing the length L and this results in more unstable
modes entering into the dynamics – a detailed study on
the role of ν in the generation of complex spatiotempo-
ral dynamics for Bo = 0 can be found in Kalogirou &
Papageorgiou5.

The spatial periodicity of the problem allows the use
of spectral methods. The set of equations (28) are trans-
formed in Fourier space, where a pseudospectral repre-
sentation of spatial derivatives can be applied and the
nonlocal term in (28a) is known exactly. The time dis-
cretisation of the system is performed by use of implicit-
explicit BDF schemes23 (with an implicit discretisation
of the linear part of the system and an explicit discretisa-
tion of the nonlinear part). Such methods are presented
and analysed in detail in Akrivis et al.24 and Akrivis &
Smyrlis25, hence we refer the reader to those studies for
more details on the implementation of the schemes.

B. Validation of linear theory

We start our numerical investigation by comparing the
numerically obtained solutions to the expectations of lin-
ear theory. We thus perform nonlinear computations
with a small-amplitude initial condition α = 10−3 and
short final time t = 10; this ensures that the solutions
obtained are still in the linear regime and have not yet
saturated to a nonlinear state. The initial perturbation
has a wavelength equal to the domain length (i.e. we
choose n = 1) and select the remaining parameters such
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FIG. 4. Effect of the Bond number on unstable growth rates.
The blue circles depict the growth-rate prediction from the
nonlinear simulation. The parameter values used are: ν =
0.4, Re = 25, Λ = −0.25, A2 = 0, Γ0 = 1, η = 1, and
Bo = −0.3,−0.2,−0.1, 0.0, 0.1, 0.2, 0.3. The arrow indicates
the direction of increasing Bond number. The dashed line
and red diamond correspond to the theoretical and numerical
growth rates for Bo = 0.

that only the first mode is unstable and the rest of the
modes are dampened.

In the linear regime, the solution H(x, t) takes the form

H = δeσt+ikxH̃ (a similar statement holds for Γ (x, t)),

therefore the L2-norm becomes ‖H‖ = δeσt‖eikxH̃‖. The
calculation of the logarithm log(δ−1‖H‖) results in a lin-
ear function of the form f(t) = σt+const. (after some ini-
tial transients), whose slope can be approximated using
polynomial interpolation (here we use first-order interpo-
lation). The leading-order coefficient of the interpolated
polynomial then provides the linear growth-rate predic-
tion from the nonlinear simulation, depicted in Fig. 4
with blue circles for increasing values of the Bond num-
ber (the value of the Bond number increases in the di-
rection of the arrow). For reference, the theoretical and
numerical growth rates for Bo = 0 are also shown with
dashed line and red diamond, respectively. Clearly, there
is a critical value of the Bond number between 0.2 and
0.3, above which the growth rate at k = 1 (correspond-
ing to waves of wavelength 2π) becomes negative and the
waves are stabilised. The exact critical value of the Bond
number corresponding to the set of parameters used in
Fig. 4 is Boc = 0.2509, as will be seen in Table I later.

C. Nonlinear results

In this section we present nonlinear saturated struc-
tures obtained numerically. Kalogirou & Papageorgiou5

demonstrated a dynamically complex saturation of the
thin-film system, through carrying out extensive numer-
ical computations of the initial-value problem (28) for a
range of parameter values that support interfacial insta-
bilities (in the absence of gravity, Bo = 0). Our interest

ν 0.4 0.3 0.2 0.2 0.1
Λ -0.25 -0.25 -0.25 0.25 0.25
Boc 0.2509 0.4403 0.6721 0.8558 1.44

TABLE I. Critical values of the Bond number Boc for some
representative values of ν and Λ, and for fixed Re = 25,
A2 = 0, Γ0 = 1, η = 1. Below these cut-off values, long
waves become unstable to perturbations of wavelength equal
to the domain size. For the set of parameters corresponding
to the last column, we have also found the critical value for
instability to perturbations of wavelength equal to the half of
the domain size; this is given by Boc = 0.3112.

FIG. 5. Effect of the Bond number on the saturated value of
the L2-norm ‖H‖ (or wave amplitude) and wave speed c, for
the set of parameters ν = 0.2, Re = 25, Λ = −0.25, A2 = 0,
Γ0 = 1, and η = 1.

here is to focus on the effect of density stratification on
saturated solutions, therefore we will solve (28) numeri-
cally for a range of Bond numbers. The critical condition
for instability can be obtained for each parametric set by
fixing all of the parameters except one, and finding the
value of the remaining parameter that satisfies <(σ) = 0
in the dispersion relation. Table I shows critical values
of the Bond number Boc for some typical values of ν,
Λ and fixed Re = 25, A2 = 0, Γ0 = 1, η = 1. These
values are also confirmed numerically by calculating the
solution amplitude, which was found to be zero.

The influence of the Bond number on the wave ampli-
tude and speed is demonstrated in Fig. 5, for ν = 0.2,
Re = 25, Λ = −0.25, A2 = 0, Γ0 = 1 and η = 1.
Finding the wave amplitude is mathematically equivalent
to calculating the L2-norm ‖H‖, while the travelling-
wave speed is found by setting H(x, t) = H(x − ct),
Γ (x, t) = Γ (x − ct) in (28a) or (28b). Both of these
computations are performed numerically with spectral
accuracy using expressions

‖H‖2 =

∫ 2π

0

H2 dx, c = lim
t→∞

∫ 2π

0
Γx(HΓ )x dx∫ 2π

0
Γ 2
x dx

. (29)

The results of Fig. 5 are obtained using numerical compu-
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FIG. 6. Changes in the interfacial shape H(x) and surfac-
tant concentration Γ (x) in response to increasing the Bond
number. The parameter values used are: ν = 0.2, Re = 25,
Λ = 0.25, A2 = 0, Γ0 = 1, η = 1, and Bo = −0.3 (solid
blue line), 0.0 (dashed orange line), 0.3 (dotted yellow line),
0.6 (dash-dotted purple line), 0.9 (solid green line). The so-
lutions are seen to return to the trivial flat state as the Bond
number increases.

tations of the unsteady problem but are also confirmed by
the method of continuation (this will be described in the
next section). The wave amplitude seen in the top panel
of Fig. 5 diminishes when the value of the Bond number
becomes greater than 0.6721, in agreement with the third
column in Table I. Regardless, the wave speed illustrated
in the bottom panel of Fig. 5 remains O(1) even after the
amplitude returns to zero. The speed in the linear regime
can be also found exactly by linear theory and matches
the imaginary part of the growth rate. Figure 6 high-
lights the impact on actual saturated solutions and their
shapes for Bo = −0.3, 0.0, 0.3, 0.6, 0.9 and Λ = 0.25 (the
rest of the parameters are fixed as in Fig. 5); it is once
again clear that increasing the Bond number beyond a
critical value (here Boc = 0.8558 according to the fourth
column of Table I) causes stabilisation of the flow.

The time evolution of the saturated interfacial and sur-
factant travelling waves obtained for Bo = 0.1 is dis-
played in Fig. 7. After an initial transient time, both
waves are seen to preserve their shapes and travel in
time with constant speed. A distinctive feature of the
solutions is that they are out-of-phase, with the inter-
facial waves attaining a minimum around the same re-
gion where the surfactant concentration is maximised,
and vice-versa. This solution characteristic is typical in
problems with surfactant-laden interfaces2–5,15 and is re-
lated to the physical mechanism responsible for the desta-
bilisation of the interface. The mechanism can be ex-
plained by looking at the velocity perturbation at the
interface u1(x, h(x, t), t), given by ū1(ε) + mε2H(x, t) +
ε3ũ1(x, h(x, t), t). As the highest-order velocity pertur-
bation depends on H (through term mε2H), then at
any point x∗ where the interface perturbation H passes

through 0 there will be a change in the direction of the
flow, with positive flow to the left and negative flow to
the right of x∗ (or the other way around, depending on
the sign of H before and after x∗ – see also Fig. 8). There-
fore there will be an increase of surfactant in the vicin-
ity of x∗ as a result of the inward flow. The accumula-
tion of surfactant around x∗ then triggers the reduction
of the local surface tension, which in turn gives rise to
Marangoni forces that drive the fluid away from this re-
gion and towards regions of higher surface tension. This
explains the interfacial minimum ahead of the surfactant-
concentration maximum.

D. Bifurcation branches

The interest in this section is to determine (stable
and unstable) travelling-wave solutions and their bifurca-
tions. This can be done by the method of continuation,
which employs Newton’s method and follows the solu-
tions in parameter space. Here, we use the continuation
and bifurcation software AUTO-07p26.

System (21) is considered in L-periodic domains and
travelling-wave solutions are sought by writing ζ = x−ct.
A boundary-value problem is then solved with initial con-
ditions chosen such that to define a bifurcation point
based on linear stability theory (with a zero-amplitude
amplification rate at that point) – see Appendix B for
more details. We note that the calculations presented
in this section are based on the localised form of system
(21), obtained by utilising the approximation of N (k) for
long waves (detailed bifurcation branches of the full non-
local system will be reported elsewhere); in fact, it was
shown by Kalogirou & Papageorgiou5 that for relatively
small Reynolds numbers (such as the value Re = 25 used
in this section) the nonlocal and local systems yield al-
most identical results.

The aim is to look for travelling-wave solution branches
as the Bond number varies, therefore we perform contin-
uation in terms of the Bond number Bo and travelling-
wave speed c, while the rest of the parameters are fixed.
The first set of computations uses ν = 0.2, Re = 25,
Λ = −0.25, A2 = 0, Γ0 = 1, and η = 1 and reproduces
the results of Fig. 5 for Bo values that support non-trivial
solutions. A second numerical calculation utilises param-
eters ν = 0.1, Re = 25, Λ = 0.25, A2 = 0, Γ0 = 1,
and η = 1 and the resulting bifurcation diagram is il-
lustrated in Fig. 9. Two initial bifurcations from a flat
film are seen to appear at approximately Bo = 1.44 and
Bo = 0.31, respectively, confirming the results of Ta-
ble I. The two bifurcation branches generated contain
unimodal (branch B1, blue line) and bimodal (branch
B2, green line) travelling-wave solutions, respectively –
unimodal waves have wavelength equal to the whole do-
main length, while bimodal solutions are characterised by
wavelength equal to half the length of the domain. Inter-
estingly, the bimodal branch undergoes a bifurcation at
Bo = 0.2 and a new branch (branch B3, orange line) hold-
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FIG. 7. Evolution of the interface perturbation H(x, t) and local surfactant concentration Γ (x, t) in time. Both solutions
saturate to travelling-wave pulses after relatively short time (contour plots are depicted on the right-hand-side panels). The
solutions are obtained using ν = 0.2, Re = 25, Λ = 0.25, Bo = 0.1, A2 = 0, Γ0 = 1, and η = 1.

FIG. 8. Schematic explaining the mechanism responsible for
destabilisation of the interface due to the presence of surfac-
tants.

ing unimodal higher-amplitude solutions arises. Branch
B3 passes through a turning point around Bo = −0.2 and
remerges with branch B2 at Bo = −0.089; the two bifur-
cation points connecting branches B2 and B3 are denoted
with a red square in Fig. 9. Typical travelling waves ob-
tained from the three branches are depicted in Fig. 10,
where the interfacial waves H(x) are displayed in the top
panels and the corresponding surfactant waves Γ (x) in
the bottom panels. The three columns correspond to the

FIG. 9. Bifurcation diagram of the L2-norm of H against the
Bond number Bo, showing three branches of solutions. The
rest of the parameters are set to ν = 0.1, Re = 25, Λ = 0.25,
A2 = 0, Γ0 = 1, and η = 1. The first branch B1 (blue
line) corresponds to unimodal solutions, the second branch
B2 (green line) to bimodal solutions, and the third branch B3
(orange line) holds unimodal solutions and is generated off
the bimodal branch. The two points where the B3 branch is
connected to the bimodal branch B2 are denoted with a red
square.

three points shown in Fig. 9 with a diamond (Bo = 1.27,
branch B1), star (Bo = 0.06, branch B2), and filled circle
(Bo = −0.2, branch B3), respectively. As the Bond num-
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FIG. 10. Representative solutions H(x) (top) and Γ (x) (bottom) from the bifurcation diagram in Fig. 9, obtained for Bo = 1.27,
0.06, -0.2, respectively (moving from left to right). Each column corresponds to a set of solutions from the three branches B1,
B2, and B3.

ber decreases (moving from left to right in Fig. 10) the
interfacial and surfactant deflections clearly become more
pronounced. Solutions in the first column already present
nonlinear features that distinguish them from simple sine
waves; the bimodal nature of solutions is evident in the
second column, while solutions in the third column dis-
play more intricate characteristics.

We note that for Bo = 0 there are three solutions
obtained but none of these is identical to those found
in previous studies. In fact, according to Kalogirou &
Papageorgiou5 (see, for instance, their Table I), unsteady
computations at Bo = 0 produce solutions that have
the form of pulsating travelling waves, namely coherent
structures with fluctuating profile and speed which are
repeated after a period in time. Consequently none of
the three solutions at Bo = 0 is stable since they do not
arise as solutions of the time-dependent problem. Fur-
ther stability analysis of the obtained wave branches is
not performed here – this could be done following Bloch-
Floquet theory8 but is left as future work.

V. CONCLUSIONS

The stability of a surfactant-laden interface between
two sheared fluids in a channel is revisited. The pri-
mary objective of this work is to investigate the interac-

tion between the various forces (Marangoni, inertial and
gravitational forces) and to study the effect of gravity on
the (in)stability of the interface. The problem is tack-
led by deriving a reduced mathematical model, valid in
the limit of a thin lower fluid layer and obtained by pur-
suing a weakly nonlinear analysis that assumes the or-
der of interfacial deflections to be much smaller than the
thickness of the thin film. The derived model equation
for the film thickness incorporates a number of compet-
ing physical forces that are relevant in thin-film flows,
such as gravity (causing destabilisation of the interface
when the overlying fluid is heavier), inertia in the thick
fluid layer (coming into play through a nonlocal coupling
term), surface tension (inducing damping of short waves),
and Marangoni stresses (generated due to surfactant-
concentration disturbances and resulting surface-tension
gradients at the interface).

The linear stability diagram of Kalogirou &
Papageorgiou5 is extended to include the effects of
stable and unstable stratification, corresponding to
real situations of a lighter or heavier overlying fluid,
respectively (and represented by the sign of the Bond
number Bo). In the inertialess limit, a stably stratified
flow can become unstable if an insoluble surfactant
is present at the interface. Inertial flows are known
to be unstable in the absence of surfactant (due to
density and/or viscosity stratification) but stability
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can be supported when a surfactant monolayer exists
at the interface. The (de)stabilisation of the interface
caused by the presence of surfactants can be enhanced
or suppressed when gravitational forces come into play;
yet, we identify regions in parameter space where the
surfactant-induced instability cannot be eliminated for
any value of the Bond number, however large. Addition-
ally, the arrangement with a heavier fluid on top can be
stable if the amount of surfactant, inertia and viscosity
stratification are favourable, i.e. the values of Γ0, Re, Λ
in our model (see stable region in Fig. 3(b)).

Nonlinear solutions of the initial-value problem arise
in the form of space-periodic travelling waves, exhibit-
ing typical features as found in related studies. The
surfactant-induced mechanism responsible for the de-
velopment of interfacial waves is attributed to surface-
tension gradients that emerge due to non-uniform distri-
bution of surfactant along the interface, which generate
Marangoni forces that drive the fluid towards regions of
high surface tension. Other forces such as inertia and
gravity can also interact with the Marangoni forces and
stabilise (or destabilise) the interfacial waves, which can
be seen by varying the Reynolds number5 or the Bond
number, respectively.

The problem is characterised by non-uniqueness of so-
lutions, apparent by the multiple solution branches at the
same set of parameters (Fig. 9). Continuation in terms of
the Bond number shows that (at least) three branches of
travelling waves exist, supporting unimodal and bimodal
waves. As the main goal of this work was to study the im-
pact of density stratification on the flow, continuation on
other parameters such as the Reynolds number Re, the
domain size represented through ν, and the viscosity-
stratification parameter Λ has not been performed. A
detailed study focusing on the various bifurcations and
stability of obtained solution branches is currently under
way and will be presented elsewhere.

The flow has been shown to exhibit complex spatiotem-
poral dynamics4,5,15 in long channels in the absence of
gravity, including a quasi-periodic route to chaos27. Here
we have not performed simulations for increasing domain
lengths, but such a study could offer a better insight into
the impact of stable or unstable density stratification on
these intricate dynamics. In the former case (stable den-
sity stratification), it would be interesting to investigate
whether the presence of gravitational forces can delay the
appearance of chaos or not. In situations with unstable
density stratification, a nonlinear saturation mechanism
prevents the film from rupturing28; yet, when gravity is
strong (i.e. for large and negative Bo), the Rayleigh-
Taylor instability becomes the predominant feature and
the system is expected to eventually break down as the
weakly nonlinear assumption would be no longer valid.
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Appendix A: Solution in thick fluid layer

Expansions (12b) for fluid 2 are substituted into the
non-dimensional momentum equations (5), yielding the
steady linearised Navier-Stokes equations written below
in the moving frame of reference (16)

(
ū2 − ū1(ε)

)∂ũ2

∂x̃
+
dū2

dy
ṽ2 = −1

r

∂p̃2
∂x̃

+
1

Re

(
∂2ũ2

∂x̃2
+
∂2ũ2

∂y2

)
,

(A1a)(
ū2 − ū1(ε)

)∂ṽ2
∂x̃

= −1

r

∂p̃2
∂y

+
1

Re

(
∂2ṽ2

∂x̃2
+
∂2ṽ2

∂y2

)
,

(A1b)

∂ũ2

∂x̃
+
∂ṽ2
∂y

= 0, (A1c)

with ū1, ū2 given in (9) and Re the Reynolds number
in the thick fluid layer. Examining the above system of
equations more closely, we see that the unsteady term is
missing; this is due to the slow-time transformation in
(16). In addition, the term −ū1(ε)∂ũ2

∂x̃ is introduced by
the Galilean translation. In the problem studied here, the
thin film is located near a stationary wall, thus ū1(ε) ≈ ε
and the term does not remain in (A1) at leading order.

The system (A1) is then written in Fourier space and is
reduced to a fourth-order ordinary differential equation
for the Fourier mode ˆ̃v2(y; k) of wavenumber k (by elim-

inating the pressure ˆ̃p2 and the horizontal velocity ˆ̃u2).
The no-slip condition at the upper wall and the require-
ment for velocity continuity at the interface provide four
boundary conditions, and the solution in the upper layer
can be found by solving the following Orr-Sommerfeld
type boundary-value problem(
F (iv)−2k2F ′′+k4F

)
−ikRe

(
ū2(F ′′−k2F )+A2F

)
= 0,

(A2a)

F (0) = 0, F ′(0) = 1, F (1) = 0, F ′(1) = 0, (A2b)

where F (y) is connected to the vertical velocity pertur-

bation via ˆ̃v2 = −ik(m − 1)
(
1 + A2

2

)
ĤF (y). Solutions

of the above boundary-value problem can be obtained
numerically using a finite-difference method, for instance
(even though analytical expressions in terms of Airy func-
tions can also be found29). Once F (y; k) is known, equa-
tion (18) is readily obtained by applying inverse Fourier
transform.

It is important to note that the term−ū1(ε)∂ũ2

∂x̃ in (A1)
should not generally be neglected, as it becomes relevant
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when the interface is near a moving wall, for example
if the upper fluid is thin. This case was considered in
a related work by Kalogirou et al.30, where the authors
overlooked the above-mentioned term in the solution for
the thick fluid. The Orr-Sommerfeld problem in that case
is slightly different to (A2) as the film is located next to
the moving upper wall; taking the above remarks into
account, equation (3.10) in Kalogirou et al.30 is modified
by(
F (iv) − 2k2F ′′ + k4F

)
− ikRe(y − 1)

(
F ′′ − k2F

)
= 0,

(A3a)

F (0) = 0, F ′(0) = 0, F (1) = 0, F ′(1) = 1. (A3b)

It should be noted that this revised Orr-Sommerfeld
problem only changes the imaginary part of the nonlocal
term by decreasing it by a factor of 3, which can be incor-
porated in the adjustable parameter Λ in the numerical
calculations. The results presented in Kalogirou et al.30

are therefore correct but the quoted values of Λ should
be 3 times bigger.

Appendix B: Implementation in AUTO-07p

The local version of system (21) in a periodic do-
main [0, L] can be written in a system of ordinary dif-
ferential equations by introducing a vector of unknowns
U = (U1, U2, U3, U4, U5, U6)T = (H,H ′, H ′′, H ′′′, Γ, Γ ′)T

(here, prime denotes differentiation with respect to ζ =
x− ct), which satisfies

U ′1 = LU2, (B1a)

U ′2 = LU3, (B1b)

U ′3 = LU4, (B1c)

U ′4 = L

[
cU2 − U1U2 +BoU3

−
(

2ΛU2 +
ΛRe

60
U3 − Λ

( 2

15
+
Re2

8400

)
U4

)
+

1

η
(−cU6 + U1U6 + U2U5)

]
, (B1d)

U ′5 = LU6, (B1e)

U ′6 = L

[
1

η
(−cU6 + U1U6 + U2U5)

]
. (B1f)

The above system has been rescaled in the domain [0, 1]
by introducing a scaled variable X = ζ/L and mul-
tiplying the equations by the physical domain length
L = 2π/

√
ν. The boundary-value problem is completed

by introducing 4 periodic boundary conditions for vari-
ables U1, U2, U3, U5 (periodic boundary conditions for
the remaining variables U4 and U6 are automatically sat-
isfied in view of equations (B1)),

Ui(0) = Ui(1), i = 1, 2, 3, 5, (B2)

and three integral conditions fixing the mean of H to
zero, the mean of Γ to Γ0 and breaking the translational
invariance of the solutions. In summary, we have a sys-
tem of Ndim = 6 equations, Nbc = 4 boundary condi-
tions and Nint = 3 integral conditions. The number of
free parameters in the continuation is determined by the
relation Ncont = Nbc +Nint −Ndim + 1 = 2, so there are
two free parameters in this problem.
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27P. Bergé, Y. Pomeau, and C. Vidal, Order Within Chaos:
Towards a Deterministic Approach to Turbulence (Wiley-
Interscience, 1984).

28A. J. Babchin, A. L. Frenkel, B. G. Levich, and G. I. Sivashin-
sky, “Nonlinear saturation of Rayleigh–Taylor instability in thin
films,” Phys. Fluids 26, 3159 (1983).

29A. P. Hooper and W. G. C. Boyd, “Shear-flow instability at the
interface between two viscous fluids,” J. Fluid Mech. 128, 507–
528 (1983).
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