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Abstract—It is essential to model channel holding time (CHT),
cell residence time (CRT), and handoff rate for performance
analysis and algorithm evaluation in mobile cellular networks.
The problem has been extensively studied in the past for circuit-
switched (CS) cellular networks. However, little research has been
done on packet-switched (PS) cellular networks. Unlike that a
call occupies a dedicated channel during its whole lifetime in CS
networks, an active session in PS networks occupies and releases
channels iteratively due to discontinuous reception (DRX) mecha-
nism. In this paper, we investigate the key quantities in PS cellular
networks. We present a set of comprehensive new models to
characterize the quantities and their relationship in PS networks.
The models shed light on the relationship between CHT and CRT
and handoff rate. The analytical results enable wide applicability
in various scenarios and therefore have important theoretical
significance. Moreover, the analytical results provide a quick way
to evaluate traffic performance and system design in PS cellular
networks without wide deployment, which can save cost and time.

Index Terms—Cell residence time (CRT), channel holding
time (CHT), handoff rate, mobility, modeling and analysis, packet
session.

I. INTRODUCTION

MOBILE cellular networks have become one of the essen-
tial requirements in our daily life. A recent study from

Ericsson reports that in Q3 of 2015, the total mobile subscrip-
tions and global mobile penetration rate have reached 7.3 billion
and 95%, respectively [1]. Mobile services are moving from the
traditional circuit-switched (CS) toward packet-switched (PS),
such as VoLTE or voice over Long-Term Evolution (LTE).

The modeling of user equipment (UE) mobility, which can
characterize mobile cellular network dynamics with appropri-
ate accuracy, has wide usage in network planning, resource

Manuscript received January 2, 2016; revised April 3, 2016; accepted
June 13, 2016. Date of publication July 7, 2016; date of current version
April 14, 2017. This work was supported in part by the Ministry of Science and
Technology of Taiwan under Grant MOST 103-2221-E-009-110-MY3, Grant
MOST 104-3115-E-009-006, Grant MOST 103-2221-E-001-018, and Grant
MOST 104-2221-E-001-002; by the Hsinchu Science Park Bureau under
Grant 104A08; and by the Thematic Research Grant, Academia Sinica, Taiwan.
The review of this paper was coordinated by Dr. P. Lin.

B.-H. Ku and W.-T. Chen are with the Institute of Information Science, Acad-
emia Sinica, Taipei 115, Taiwan (e-mail: byinghe.ku@gmail.com; wtchen@cs.
nthu.edu.tw).

Y. Ren, J.-F. Weng, and J.-C. Chen are with the Department of Computer
Science, National Chiao Tung University, Hsinchu 300, Taiwan (e-mail: renyi@
cs.nctu.edu.tw; jcc@cs.nctu.edu.tw; jengfeng.weng@gmail.com).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TVT.2016.2588324

optimization, network performance analysis, and new service
evaluations. With UE mobility models, mobile operators can
quickly obtain the performance of their new system designs
(e.g., tracking area and location update area) and evaluate new
algorithms to reduce handoff cost without wide implementation
and deployment. It can save cost and time.

Channel holding time (CHT), cell residence time (CRT),
and handoff rate are key quantities for UE mobility modeling.
These quantities are highly related. Specifically, CHT allows
one to derive key network parameters such as new call/session
blocking probability, handoff call/session blocking probability
[2], etc. It has been widely used for the evaluation of the mobile
routing strategy [3] and resource allocation [4], and models for
a data charging system [5], spectrum sensing [6], and mini-
mizing unnecessary handoffs [7], [8]. The CHT depends on
UE mobility, which can be characterized by CRT, which is
determined by cell size, UE speed, and movement direction.
The handoff rate is also related to CHT. It is defined as the mean
number of handoffs during an active call and one of the key
quantities to model CHT distribution. Therefore, it is important
to find an appropriate model to characterize these quantities and
their relationship, which is the focus of this paper.

In CS cellular networks, extensive studies have been car-
ried out for handoff performance in terms of CHT, CRT, and
handoff rate [6]–[26]. For the sake of convenience and ana-
lytical tractability, a common assumption in these studies is
that the CHT and/or CRT is exponentially distributed. Hong
and Rappaport in [9] proposed the first traffic model for cel-
lular mobile telephone networks, indicating that CHT could
be approximated by an exponential distribution when CRT is
exponentially distributed. Thereafter, plenty of research studies
(e.g., [21]–[23]) have been conducted under the exponential
distribution assumption. Recent studies [17], [18] have ad-
dressed that exponential distribution cannot capture the overall
effects of UE mobility. Instead, the use of general distributions
to model such quantities has been proposed, such as Erlang
[11], [15], [17], Gamma [20], Uniform [9], deterministic [26],
hyper-Erlang [15], [19], lognormal [25], Pareto [24], Weibull
distribution [18], and sum of hyperexponentials [10].

However, the work [6]–[26] developed for CS cellular net-
works cannot be applied to PS cellular networks directly, due to
the following reasons.

• Unlike CS networks in that an active call holds its channel
during its whole lifetime, a packet session in the PS
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Fig. 1. (a) Timing diagram for CS cellular networks. (b) Timing diagram for
PS cellular networks.

network occupies and releases its channel iteratively for
the duration of the packet session to save UE energy.

• An active call in the CS network releases its channel when
it is terminated. However, in the PS network, the UE does
not release Radio Resource Control (RRC) connection
until there is no data transmission for an extended period
of time.

Fig. 1(a) shows the timing diagram for the CHT (denoted
as tc) in CS cellular networks. Specifically, in traditional CS
networks, voice traffic is transmitted in a dedicated channel in
which the resource is not released until the call connection ter-
minates. However, during a packet session, the UE may sleep in
some periods and partially release its resources. In comparison,
Fig. 1(b) shows the timing diagram for PS cellular networks. tp
denotes the time interval between the time data transmission
starts until the time it terminates. During tp, the UE occu-
pies the channel in tCR1, tCR2, . . . , tCRj , and sleeps in tCI1,
tCI2, . . . , tCIj−1. Moreover, even if there is no packet trans-
mission after tp, the resources are still held for the UE during
an extended time interval tTail. Considering the discontinuous
reception (DRX) in LTE as an example, the UE turns on its
receiver at certain predefined time points and sleeps at other
periods (will be discussed in Section II-B) to save energy. Dur-
ing the sleep periods, the resource (i.e., LTE-U_u interface [27])
between the UE and the evolved Node B (eNB) is released. The
differences between CS and PS networks motivate us to study
UE mobility modeling for packet sessions. More details about
Fig. 1 will be discussed later.

In this paper, we investigate the modeling of CHT, CRT, and
handoff rate in PS cellular networks. As in [11], [13], [15], [19],
[28], and [29], CHT depends on the user’s mobility, which is
characterized by CRT. We further define an effect CHT (eCHT)
to model the extended resource holding time for UE devices in
tCIj and tTail, where the eCHT experiences active and idle peri-
ods in a session. We are the first to introduce eCHT and address
the relationship between eCHT and CRT in packet sessions.
Based on our analytical results, their relationship is as follows.

• If CRT is exponentially distributed, eCHT is exponen-
tially distributed as well, and vice versa.

• Again, if CRT is exponentially distributed, the new ses-
sion’s eCHT and the handoff session’s eCHT will have
the same distribution, and vice versa.

These results provide critical guidelines for UE mobility
modeling and can prevent researchers from making inappropri-
ate assumptions on eCHT and CRT, e.g., assuming eCHT and
CRT as an Erlang distribution and an exponential distribution,
respectively. Moreover, we demonstrate that the quantity of
handoff rate is not only used in characterizing the eCHT distri-
bution but also to be tied to the service quality and cost param-
eters. We derive a general formula for the computation of the
handoff rate under general conditions. The results enable wide
applicability in various scenarios and therefore have important
theoretical significance. The models presented in this paper
can be used as a theoretical guideline for network designers
and performance analysts.

The rest of this paper is organized as follows. In Section II,
we introduce the hyper-Erlang distribution and review the
background of DRX mode in LTE. Section III presents a new
mathematical model to analyze CRT, (conditional) CHT with
DRX mode, and handoff rate in a packet session. Numerical
results are shown in Section IV. Section V offers conclusions.

II. PRELIMINARIES AND BACKGROUND

Here, we first briefly introduce the Erlang distribution and
the hyper-Erlang distribution and then present the background
of the LTE DRX mechanism.

A. Erlang Distribution and Hyper-Erlang Distribution

Erlang distribution has the following probability density
function (pdf) and Laplace transform (LT):

f(t) =
βmtm−1

(m− 1)!
e−βt, f ∗(s) =

(
β

s+ β

)m

. (1)

Note that when m = 1, f(t) is an exponential distribution.
According to the work in [11], [15], and [19], the pdf and

LT of the hyper-Erlang distribution with M parameters are as
follows:

fhe(t) =

M∑
i=1

αi
(miηi)

mitmi−1

(mi − 1)!
e−miηit, t ≥ 0

f ∗
he(s) =

M∑
i=1

αi

(
miηi

s+miηi

)mi

. (2)

Note that when M = 1 (i.e., hyper-Erlang distribution with
one parameter), fhe(t) is an Erlang distribution.

A hyper-Erlang distribution model with two parameters is
used in our numerical study, where hyper-Erlang distribution
with two parameters is as follows:

f ∗(s) = α1

(
m1η

s+m1η

)m1

+ α2

(
m2η

s+m2η

)m2

.

B. DRX Mode in LTE

The 3rd Generation Partnership Project has defined DRX
[27] to increase the UE’s battery lifetime and resource uti-
lization and to minimize packet delay. With DRX, the UE
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Fig. 2. DRX in LTE.

turns on the receiver at some predefined time points and sleeps
at other time periods. The UE periodically wakes up to lis-
ten to the downlink (DL) transmissions, following the DRX
cycle.

Fig. 2(a) shows the network architecture in which the
Evolved Packet System (EPS) network interfaces are depicted.
When a UE device is in DRX enabled/RRC_IDLE state, the
eNB may initiate the release of the UE’s RRC connection and
request the Mobility Management Entity (MME) to release the
UE’s S1 connection, i.e., the S1, NAS, and RRC connections
are removed.

The DRX state machine in LTE is shown in Fig. 2(b), in which
a UE device has two different modes: RRC_CONNECTED and
RRC_IDLE. In the RRC_CONNECTED state, the UE moves
from continuous reception (CRX) to short DRX state and then
shifts to long DRX state when the UE/eNB is waiting for
data packets for an extended period after the last transmitted/
received packet (i.e., DRX inactivity timer expires [30]). If the
channel is idle longer than the predefined DRX inactivity timer,
which is denoted as a, the RRC will then move from RRC_
CONNECTED to RRC_IDLE [31].

From the viewpoint of holding resource in this paper,
we consider the eCHT when a UE device is in the RRC_
CONNECTED state. Even in RRC_CONNECTED, a UE de-
vice may still sleep in long/short DRX state.

III. MODELING CHT, CRT, AND HANDOFF RATE

IN PS CELLULAR NETWORKS

Here, we propose analytical models for UE mobility model-
ing in PS cellular networks. Moreover, we derive the general
formula for handoff rates. The model of handoff rate can be
used to characterize handoff session arrival rate, eCHT distri-
bution, service quality, and cost parameters.

Section III-A extends the work in [11] to PS networks and
proves that its results are also valid in PS networks, i.e., the
eCHTs are exponentially distributed if and only if the CRTs are
exponentially distributed. This result reveals the fundamental
relationship between eCHT and CRT. Section III-B relaxes the

distribution assumption of CRT (i.e., the CRTs are not exponen-
tially distributed) to derive the eCHT distribution. It provides a
very general model for UE mobility modeling in PS networks.
Later, Section III-C derives the model of conditional eCHT and
shows its opposite results compared with the model in a CS
network. Finally, another important quantity (handoff rate) for
eCHT modeling is presented in Section III-D.

A. Modeling eCHT for Exponentially Distributed CRT

Here, we present our analytical model for eCHT consid-
ering that CRT is exponentially distributed. Recall that in
the RRC_CONNECTED state, a UE device changes between
active and sleep modes from time to time. We denote them as
CRX time tCRj (j = 1, 2, . . .) and Connected-Idle time tCIj

(j = 1, 2, . . .), respectively, as shown in Fig. 1(b). During CRX
time, i.e., tCRj , the channel is used for packet transmission.
If there is no packet transmission, the UE enters sleep mode,
i.e., tCIj (j = 1, 2, . . .). Once there is a packet arrival, the UE
changes to tCRj . The tCRj corresponds to the CRX state in
Fig. 2(b). The tCIj includes short DRX and long DRX, in
which the channel is idle. The maximum idle time is denoted
as tTail. If the idle time of the channel is longer than tTail, the
UE enters RRC_IDLE mode, and we consider that the packet
session is finished.

During tCIj , a UE device has no activity in both DL (forward
link) and uplink (reverse link). The maximum value of tCIj is
the length of the idle timer tTail. Let r1 be the period between
the time a new packet session starts and the time the session
leaves the serving cell but is not finished yet. Let tj be the CRT
and rj (j ≥ 2) be the residual lifetime of the eCHT after the
packet session completes the j − 1th handoff successfully.

Let te represent the eCHT. We then can obtain

te = tp + tTail, tCIj > tTail. (3)

In Fig. 1(b), we have the following four eCHTs.

1) tpnh: The new session eCHT [15], [16] is shown in
Fig. 3(a), i.e.,

tpnh = min{tp + tTail, r1}. (4)

Specifically, there are two cases for tpnh: 1) A new
session starts at point A and hands off to another cell at
point B. For this case, tpnh = r1; 2) a new session initi-
ates at C and terminates at D, i.e., tpnh = tp + tTail. Here,
we assume that λ is the new session arrival rate to a cell.

2) tphh_busy: The handoff session eCHT in busy mode [15],
[16] is shown in Fig. 3(b), i.e.,

tphh_busy = min{rj + tTail, tj}. (5)

Here, the busy mode means that the UE is in CRX state
when the handoff is conducted. Similarly, the session
either hands off to another cell at point B or terminates
at D. We assume that λhb is the arrival rate of handoff
sessions in busy mode.
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Fig. 3. (a) CRT (AB ≡ r1) and residual lifetime (CD ≡ tp + tTail) of a
new session, (b) that of a handoff session in busy mode with a new session,
(c) that of a handoff session in idle mode with a new session, and (d) that of a
handoff session in idle mode without new sessions.

3) tphh_idle_new: Fig. 3(c) shows that the handoff session
eCHT is in idle mode and then enters busy mode, i.e.,

tphh_idle_new = min{rj + tTail, tj}. (6)

Here, the idle mode means that the UE is in short/long
DRX state when the handoff is conducted. We assume
that λhda is the arrival rate of handoff sessions in idle
mode. Discussion: An interesting observation is that
tphh_busy and tphh_idle_new have the same formulas, i.e.,
(5) is the same as (6). The reasons are as follows. For
the handoff session in busy mode, as shown in Fig. 3(b),
when the UE completes the data transmission in the right
cell, the UE then changes to idle mode. In Fig. 3(c),
the UE shifts from idle mode to busy mode again in the
right cell. Because rj is the residual lifetime after the jth
successful handoff and the user will finally be in long
DRX mode (i.e., the maximum value of tCIj = tTail), we
have (5) ≡ (6).

4) tphh_idle_no: The handoff session eCHT with no arrival
packet in idle mode is shown in Fig. 3(d), i.e.,

tphh_idle_no = min{r′j + tTail, tj}. (7)

We assume that λhdb is the arrival rate of handoff sessions
in idle mode.

Here, we define pdfs fp(t), fCIj(t), fd(t), fr(t), fpnh(t),
fphh_busy(t), fphh_idle_new(t), and fphh_idle_no(t); cumulative
distribution functions (cdfs) Fp(t), FCIj(t), Fd(t), Fr(t),
Fpnh(t), Fphh_busy(t), Fphh_idle_new(t), and Fphh_idle_no(t);
and LTs f ∗

p(s), f
∗
CIj(s), f

∗
d(s), f

∗
r (s), f

∗
pnh(s), f

∗
phh_busy(s),

f ∗
phh_idle_new(s), and f ∗

phh_idle_no(s) for tp, tCIj , tj , r1, tpnh,
tphh_busy, tphh_idle_new, and tphh_idle_no, respectively (see
Table I for details).

In the following, we will answer the question of how
to model the eCHT for tpnh, tphh_busy, tphh_idle_new, and
tphh_idle_no, respectively, if the CRT (tj) is assumed to be
exponentially distributed.

1) Handoff Session in Busy Mode: First, we can obtain the
conditional probability of (5) as

P (tphh_busy ≤ t | tCIj > tTail)

=P (rj + tTail ≤ t or tj ≤ t | tCIj > tTail)

=P ((rj + tTail) ≤ t | tCIj > tTail)

+ P (tj ≤ t | tCIj > tTail)

− P (((rj + tTail) ≤ t, tj ≤ t) | tCIj > tTail)

=P ((rj + tTail) ≤ t) + P (tj ≤ t)

− P ((rj + tTail) ≤ t)P (tj ≤ t)

=P (tp ≤ t− tTail) + P (tj ≤ t)

− P (tp ≤ t− tTail)P (tj ≤ t) (8)

where we have P (rj + tTail ≤ t, tj≤ t)=P (rj + tTail ≤ t)
P (tj ≤ t) from the independence of rj , tj , and tCIj [11], [15],
[16]. From the Residual Life Theorem [32] or the argument
in [33], we also have P (rj + tTail ≤ t) = P (tp ≤ t− tTail)
based on the memoryless property of the exponential distri-
bution, where rj has the same distribution as tp.

By differentiating (8), we have the following conditional pdf:

fphh_busy(t) = fp(t− tTail) + fd(t)− fp(t− tTail)P (tj ≤ t)

− P (tp ≤ t− tTail)fd(t)

= fp(t− tTail)− fp(t− tTail) ·
t∫

0

fd(τ)dτ

+ fd(t)− fd(t) ·
t∫

0

fp(τ − tTail)dτ. (9)

Suppose that the CRTs tj are exponentially distributed with
parameter η, then, from (9), we obtain

fphh_busy(t) =μe−μ(t−tTail) × e−ηt + ηeηt × e−μ(t−tTail)

=(μ+ η)e−[μ(t−tTail)+ηt]

=(μ+ η)e−(μ+η)(t−μtTail
μ+η ) (10)

which is a two-parameter exponential distribution [34]. Here,
we have shown that if the CRT is exponentially distributed,
tphh_busy, the handoff session eCHT in busy mode is exponen-
tially distributed.

In contrast, suppose that tphh_busy is exponentially distrib-
uted with parameter γ. Let Z(t) =

∫∞
t fd(τ)dτ , then Z(t)′ =

−fd(t). From (9), we get

μe−μ(t−tTail)Z(t) + e−μ(t−tTail)fd(t) = γe−γτ . (11)

From (11), we can derive

Z(t) = eμ(t−tTail)Z(0) +

t∫
0

eμ[(t−tTail)−τ ]
[
−γe−(γ−μ)τ

]
dτ

= eμ(t−tTail)

⎧⎨
⎩Z(0)− γ

t∫
0

e−γτdτ

⎫⎬
⎭

= eμtTail · e−(γ−μ)t. (12)
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TABLE I
LIST OF PARAMETERS

Thus, Z(t)′ = −(γ − μ)e[−(γ−μ)t+μtTail]. Finally, we obtain

fphh_busy(t) = (γ − μ)e[−(γ−μ)t+μtTail]

=(γ − μ)e−(γ−μ)(t−μtTail
γ−μ ). (13)

As a conclusion, (13) and (10) show a strong result that the
handoff session eCHT in busy mode tphh_busy is exponentially
distributed if the CRT is assumed to be exponentially distrib-
uted, and vice versa.

2) New Session: Similarly, the conditional probability
of (4) is

P (tpnh ≤ t | tCIj > tTail)

=P (tp + tTail ≤ t or r1 ≤ t | tCIj > tTail)

=P (tp ≤ t− tTail) + P (r1 ≤ t)

− P (tp ≤ t− tTail)P (r1 ≤ t). (14)

By differentiating the given equation, we obtain

fpnh(t) = fp(t− tTail) + fr(t)− fp(t− tTail)P (r1 ≤ t)

− P (tp ≤ t− tTail)fr(t)

= fp(t− tTail)− fp(t− tTail)×
t∫

0

fr(τ)dτ + fr(t)

− fr(t) ·
t∫

0

fp(τ − tTail)dτ. (15)

Suppose that the new session eCHT is exponentially dis-
tributed with parameter μ1. From a similar derivation of
tphh_busy, we can deduce that

fr(t) = (μ1 − μ)e
−(μ1−μ)

(
t−μtTail

μ1−μ

)
(16)

which is also an exponential distribution.
3) Handoff Session in Idle With New Arrival Packets: Recall

that the handoff session eCHT with new arrival packets in idle
mode, i.e., tphh_idle_new, is the same as the handoff session
eCHT in busy mode, i.e., tphh_busy. That is, (5) ≡ (6). Based
on Section III-A.1, we can derive that tphh_idle_new is also ex-
ponentially distributed if and only if the CRT is an exponential
distribution.

4) Handoff Session in Idle Without Arrival Packet: From (7),
we get the following conditional probability:

P (tphh_idle_no ≤ t | tCIj > tTail)

= P
(
r′j + tTail ≤ t or tj ≤ t | tCIj > tTail

)
= P

(
r′j + tTail≤ t | tCIj > tTail

)
+P (tj ≤ t | tCIj>tTail)

− P
((
r′j + tTail ≤ t, tj ≤ t

)
| tCIj > tTail

)
= P

(
r′j + tTail ≤ t

)
+P (tj ≤ t)−P

(
r′j+tTail ≤ t, tj≤ t

)
= P (tp≤ t−tTail)+P (tj ≤ t)−P (tp≤ t− tTail)P (tj ≤ t)

(17)

where we have the independence of tCIj and tj and the
independence of tj and r′j [15], [16]. We also apply P ((r′j +
tTail) ≤ t) = P (tp ≤ t− tTail) from the memoryless property
of the exponential distribution. Thus, r′j has the same distribu-
tion as tp. Therefore, we have the same conditional pdf and the
LT with (8) and (20), respectively. As a conclusion, we have the
following theorem.

Theorem 1: For a PS network with exponential CHT and
Poisson new session arrivals, the following three statements are
held if and only if the CRT is exponentially distributed.

1) The new session’s eCHT is exponentially distributed.
2) The handoff session’s eCHT in busy mode is exponen-

tially distributed.
3) The handoff session’s eCHT in idle mode with new or no

arrival packets is exponentially distributed.

In summary, Theorem 1 reveals the relationship between
eCHT and CRT if either eCHT or CRT is exponentially dis-
tributed. The results are the first step in the investigation of
eCHT and CRT. For convenience and tractability, many traffic
analytical works (e.g., [21]–[23]) in the CS network used the
assumption that either CHT or CRT is exponentially distributed.
Theorem 1 shows that the assumption also works if both eCHT
and CRT are exponentially distributed in the PS network. In
the following section, we will relax the restriction of the as-
sumption on exponential CRT to find the associated distribution
of CRT.

B. Modeling eCHT by Using LT

In wired telephone traffic, it is reasonable to assume that the
CHTs are exponential distributions. However, the assumption
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of exponential eCHTs in the PS cellular network is only held
for the case when the CRTs are exponential distributions (based
on our results in Section III-A). In the following, we relax the
assumption on exponentially distributed CRTs (fd(t)) and then
use the inverse LT to see how close the exponential distribution
is to the eCHT distribution.

Recall that we defined λ, λhb, λhda, and λhdb as the arrival
rate for new sessions, handoff sessions in busy mode, handoff
sessions in idle mode with new arrival packet, and handoff
sessions in idle mode without arrival packet, respectively. Thus,
according to the weighted average of probability, we can show
that tp = tpnh with probability λ/(λ + λhb + λhda + λhdb),
tp = tphh_busy with probability λhb/(λ+ λhb + λhda + λhdb),
and so on. We obtain that

f ∗
p(s) =

λ

λ+ λhb + λhda + λhdb
f ∗
pnh(s)

+
λhb

λ+ λhb + λhda + λhdb
f ∗
phh−busy(s)

+
λhda

λ+ λhb + λhda + λhdb
f ∗
phh−idle−new(s)

+
λhdb

λ+ λhb + λhda + λhdb
f ∗
phh−idle−no(s). (18)

We assume that λhda=λhb and λhdb=0. From (18), we have

f ∗
p(s) =

λ

2λ+ λhb

[
f ∗
pnh(s) + f ∗

phh_idle_new(s)
]

+
λhb

2λ+ λhb
f ∗
phh_busy(s). (19)

1) Handoff Session in Busy Mode: Applying LT to (9), we
obtain

f ∗
phh_busy(s)

= f ∗
d(s)+e−tTailsf ∗

p(s)−
∞∫
0

e−st

⎡
⎣fd(t)

t∫
0

fp(τ−tTail)dτ

⎤
⎦ dt

−
∞∫
0

e−st

⎡
⎣fp(t− tTail)

t∫
0

fd(τ)dτ

⎤
⎦ dt

= f ∗
d(s) + e−tTailsf ∗

p(s)−
∞∫
0

e−st
(

1 − e−μ(t−tTail)
)
fd(t)dt

− μeμtTail

∞∫
0

e−(s+μ)t

t∫
0

fd(τ)dτdt

= f ∗
d(s) + e−tTailsf ∗

p(s)− μeμtTail

∞∫
0

e−(s+μ)tFd(t)dt

−

⎡
⎣ ∞∫

0

e−stfd(t)dt− eμtTail

∞∫
0

e−(s+μ)tfd(t)dt

⎤
⎦

= f ∗
d(s) + e−tTailsf ∗

p(s)− f ∗
d(s) + eμtTailf ∗

d(s+ μ)

− μeμtTail
1

s+ μ
f ∗
d(s+ μ)

= e−tTails
μ

s+ μ
+ eμtTail

(
s

s+ μ

)
f ∗
d(s+ μ) (20)

where we apply the property of LT that L(g′(t)) = sL(g(t)) −
g(0), if g is continuous at t = 0. Here, g(t) = Fd(t), g′(t) =
fd(t), and fd(0) = 0.

2) New Session: Thus, the LT of (15) is

f ∗
pnh(s)

= f ∗
r (s)+e−tTailsf ∗

p(s)−
∞∫
0

e−st

⎡
⎣fr(t)

t∫
0

fp(τ−tTail)dτ

⎤
⎦ dt

−
∞∫
0

e−st

⎡
⎣fp(t− tTail)

t∫
0

fr(τ)dτ

⎤
⎦ dt

= f ∗
r (s) + e−tTailsf ∗

p(s)−
∞∫
0

e−st
(

1 − e−μ(t−tTail)
)
fr(t)dt

− μeμtTail

∞∫
0

e−(s+μ)t

t∫
0

fr(τ)dτdt

= f ∗
r (s) + e−tTailsf ∗

p(s)− μeμtTail

∞∫
0

e−(s+μ)tFr(t)dt

−

⎡
⎣ ∞∫

0

e−stfr(t)dt− eμtTail

∞∫
0

e−(s+μ)tfr(t)dt

⎤
⎦

= f ∗
r (s) + e−tTailsf ∗

p(s)− f ∗
r (s) + eμtTailf ∗

r (s+ μ)

− μeμtTail
1

s+ μ
f ∗
r (s+ μ)

= e−tTails
μ

s+ μ
+ eμtTail

(
s

s+ μ

)
f ∗
r (s+ μ). (21)

Furthermore, we need to investigate the relationship between
f ∗
r (s) and f ∗

d(d). Because the residual lifetime r1 can be viewed
as the residual life of the CRT, from the Residual Life Theorem
[32], [35], we obtain

f ∗
r (s) =

η [1 − f ∗
d(d)]

s

where η = [
∑M

i=1 αi/ηi]
−1.

If the residual lifetime r1 of t1 is exponentially distributed
with parameter μr, the LT of r1 (f ∗

r (s)) is μr/(s+ μr). Taking
this into (21), we obtain

f ∗
pnh(s) = e−tTails

μ

s+ μ
+ eμtTail

(
s

s+ μ

)
f ∗
r (s+ μ)

= e−tTails
μ

s+ μ
+ eμtTail

μrs

(s+ μ)(s+ μ+ μr)
.

(22)

Applying simple poles (see Appendix) or looking up (21) in
the table of inverse LTs, we can obtain

fpnh(t)

= ua(t)μe
−μ(t−tTail)+eμtTail

μr

(
−μe−μt−(−μ−μr)e

−(μ+μr)t
)

−μ− (−μ− μr)

= ua(t)μe
−μ(t−tTail)−eμtTailμe−μt+eμtTail(μ+μr)e

−(μ+μr)t.
(23)
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Similarly, if tj is exponentially distributed with parameterμd,
we have

fphh(t)

= ua(t)μe
−μ(t−tTail)+eμtTail

μd

(
−μe−μt−(−μ−μd)e

−(μ+μd)t
)

−μ− (−μ− μd)

= ua(t)μe
−μ(t−tTail)−eμtTailμe−μt+eμtTail(μ+μd)e

−(μ+μd)t.
(24)

3) Handoff Session in Idle With New Arrival Packets: Sim-
ilarly, tphh_idle_new in (6) is the same as tphh_busy in (5). We
have the same conditional pdf and the LT with (8) and (20),
respectively.

4) Handoff Session in Idle Without Arrival Packet: Because
the conditional pdf of tphh_idle_no in (17) is the same as the
conditional pdf of tphh_busy in (8), the LT of (17) is also the
same as that of (20). We conclude our results in Theorem 2 as
follows.

Theorem 2: For a PS network with exponential eCHT and
Poisson new session arrival rate λ, we have the following
statements.

1) For a new session, the LT of the eCHT’s pdf is given by

f ∗
pnh(s) = e−tTails

μ

s+ μ
+ eμtTail

(
s

s+ μ

)
f ∗
r (s+ μ).

(25)
2) The LT of the eCHT’s pdf for a handoff session in busy

mode or a handoff session with new arrival packets or
a handoff session without arrival packet in idle mode is
given by

f ∗
phh_busy(s) = f ∗

phh_idle_no(s) = f ∗
phh_idle_new(s)

= e−tTails
μ

s+μ
+eμtTail

(
s

s+μ

)
f ∗
d(s+μ).

(26)

3) The LT of the eCHT’s pdf is given by

f ∗
p(s) =

λ

2λ+ λhb

[
f ∗
pnh(s) + f ∗

phh_idle_new(s)
]

+
λhb

2λ+ λhb
f ∗
phh_busy(s). (27)

4) If CRT is exponentially distributed, the eCHT of the new
session and the eCHT of the handoff session have the
same distribution, and vice versa.

Using Theorem 2, we can obtain the eCHT’s pdf by the
inverse LT, from which the distribution functions of CRT can
be obtained.

C. Analytical Model of Conditional Distribution
With Packet Session’s eCHT

In the CS network, conditional CHT, which is easier to
obtain, is proved to have the same distribution as CHT and has
been widely used to further reduce computational complexity
for the approximation of CHT distribution [10], [15], [36].

Orlik and Rappaport in [10] and [36] derived the results for
conditional distributions for the CHT when the CRT is the sum
of the hyper-Exponential (SOHYP) distribution. The work in
[15] showed that the conditional CHT has the same distribution
as the unconditional CHT when CRT is exponentially distrib-
uted. The work significantly reduces the CHT’s computational
complexity and has been widely used (e.g., [37] and [38]). Here,
however, we will point out that the results are no longer valid
in PS networks.

Let fcnh(t) and fchh(t) denote the conditional pdf of the new
session’s eCHT and the conditional pdf of the handoff session’s
eCHT in busy mode, respectively. Note that the conditional pdf
of the handoff session’s eCHT in idle mode with (without) new
arrival packets (fphh_idle_new(t) and fphh_idle_no(t)) is the same
as the handoff session’s eCHT in busy mode (fphh_busy(t))
because (5), (6), and (7) are the same. The corresponding LTs of
these pdfs are f ∗

cnh(t) and f ∗
chh(t), and with cdfs Fcnh(t) and

Fchh(t), respectively. We first start from fchh(t) conditioning
on the timer, which is a timeout, and tj ≥ rj + tTail. We then
obtain the following expressions.

1) Handoff Session (in Busy Mode):

Fchh(h) =Pr(tphh_busy ≤ h|rj + tTail ≤ tj)

=
Pr(rj + tTail ≤ h, rj + tTail ≤ tj)

Pr(rj + tTail ≤ tj)

=

h−tTail∫
0

fp(t)
∞∫

t+tTail

f(τ)dτdt

Pr(rj + tTail ≤ tj)

=

h−tTail∫
0

fp(t) [1 − Fd(t+ tTail)] dt

Pr(rj + tTail ≤ tj)
. (28)

Differentiating both sides, we obtain the following condi-
tional pdf:

fchh(h) =
fp(h− tTail) [1 − Fd(h)]

Pr(rj + tTail ≤ tj)
. (29)

We observe that

Pr(rj + tTail ≤ tj) =

∞∫
t=tTail

t−tTail∫
0

fd(t)fp(τ)dτdt

=

∞∫
t=tTail

fd(t)
[
1 − e−μ(t−tTail)

]
dt

= 1 −
∞∫

t=tTail

fd(t)e
−μ(t−tTail)dt

= 1 − Fd(tTail)− eμtTailf ∗
d(μ).

Taking this into (29), we obtain

fchh(h) =
[1 − Fd(h)]μe

−μ(h−tTail)

1 − Fd(tTail)− eμtTailf ∗
d(μ)

. (30)
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Hence

f ∗
chh(s) =

μ
∞∫
0

e−(s+μ)(h−tTail) [1 − Fd(h)] dh

1 − Fd(tTail)− eμtTailf ∗
d(μ)

=
μe(s+μ)tTail

s+ μ

1 − f ∗
d(s+ μ)

1 − Fd(tTail)− eμtTailf ∗
d(μ)

. (31)

2) New Session: In a similar fashion, we obtain the follow-
ing result for the new session’s eCHT:

fcnh(h) =
[1 − Fr(h)]μe

−μ(h−tTail)

1 − Fr(tTail)− eμtTailf ∗
r (μ)

f ∗
cnh(s) =

μ
∞∫
0

e−(s+μ)(h−tTail) [1 − Fr(h)] dh

1 − Fr(tTail)− eμtTailf ∗
r (μ)

=
μe(s+μ)tTail

s+ μ
× 1 − f ∗

r (s+ μ)

1 − Fr(tTail)− eμtTailf ∗
r (μ)

.

The conditional eCHT distribution fch(t) is the (weighted)
average of the conditional new session and handoff session
eCHT distribution. Thus

f ∗
ch(s) =

μe(s+μ)tTail

s+ μ

×
[

λ

2λ+ λh
· 1 − f ∗

r (s+ μ)

1 − Fr(tTail)− eμtTailf ∗
r (μ)

+
λh

2λ+ λh
· 1 − f ∗

d(s+ μ)

1 − Fd(tTail)− eμtTailf ∗
d(μ)

]
.

Let Tcnh, Tchh, and Tch denote the expected conditional new
session eCHT, the expected conditional handoff session eCHT,
and the expected conditional eCHT, respectively. We then have

Tchh =
−eμtTail

μ

[
1 − μtTail − f ∗(μ)

1 − eμtTailf ∗(μ)
+ f ∗(1)(μ)

]

Tcnh =
−eμtTail

μ

[
1 − μtTail − f ∗

r (μ)

1 − eμtTailf ∗
r (μ)

+ f ∗(1)
r (μ)

]

Tch =
−eμtTail

μ

{
1 − μtTail − f ∗

r (μ)

1 − eμtTailf ∗
r (μ)

+ f ∗(1)
r (μ)

+
λh

2λ+ λh

[
1−μtTail−f ∗(μ)

1−eμtTailf ∗(μ)
+f ∗(1)(μ)

]}
.

When the residual lifetime r1 of t1 is exponentially distrib-
uted with parameter μr, then its LT is f ∗

r (s) = μr/(s+ μr).
From (31), we obtain

f ∗
cnh(s) =

μe(s+μ)tTail

s+ μ
· 1 − f ∗

r (s+ μ)

1 − Fr(tTail)− eμtTailf ∗
r (μ)

=
μe(s+μ)tTail

s+ μ
×

1 − μr

s+μ+μr

1 − (1 − μe−μtTail) eμtTail
μr

μ+μr

=
μe(s+μ)tTail

s+ μ
·

s+μ
s+μ+μr

μμr

μ+μr

=
e(s+μ)tTail

s+ μ+ μr
· μ+ μr

μr
.

D. Modeling of Handoff Rate for General eCHTs and CRTs

As pointed out in the introduction, it is necessary to study
the handoff rate and its impact on eCHT. Here, we study the

handoff rate for the general case where the eCHTs and CRTs are
generally distributed. The handoff rate is defined as the average
number of handoffs during an ongoing session. This value is
used to characterize the eCHT distribution and is related to the
service quality or cost parameters.

Let t1, t2, . . . denote the CRT (they are independent and iden-
tically distributed (i.i.d.) nonlattice distributions) and r1 denote
the residual life of a new session. Let tp denote the CHT for the
packet session. Let H be the number of handoffs of a packet
session (without blocking) during the session connection.
H = 0 means the session is not blocked, and the eCHT tp +

tTail is shorter than the residual life r1 (the session completes
before the portable moves out of the cell). If H = 1 means the
session is not initially blocked, the UE either makes a successful
handoff and then completes the session successfully in the new
cell or is forced to terminate because of the first handoff failure,
and so on. If the blocking probability for a new session is p0 and
the probability for a handoff session to be forced to terminate is
pf , we have

Pr(H = 0) = (1 − p0)Pr(r1 ≥ tp + tTail)
Pr(H=1)= (1 − p0)Pr(r1 < tp + tTail ≤ r1 + t2)(1 − pf)

+(1−p0)Pr(tp + tTail > r1 + t2)pf
...

Pr(H = k) =B1

...

where B1=(1− p0)Pr(r1+ t2 + · · ·+ tk< tp + tTail≤ r1 +
t2+ · · ·+ tk+1)(1− pf )

k +(1− p0)Pr(tp + tTail > r1 + t2 +
· · ·+ tk)(1 − pf )

k−1pf .
We first calculate Pr(H = 0) as follows:

Pr(H = 0)

= (1 − p0)

∞∫
0

Pr(r1 ≥ t+ tTail)fp(t)dt

=(1 − p0)

∞∫
0

∞∫
t+tTail

fr(τ)dτfp(t)dt

=(1 − p0)

∞∫
0

1
2πj

σ+j∞∫
σ−j∞

1 − f ∗
r (s− tTail)

s− tTail
estdsfp(t)dt

=
(1 − p0)

2πj

σ+j∞∫
σ−j∞

1 − f ∗
r (s− tTail)

s− tTail

∞∫
0

fp(t)e
stdtds

=
(1 − p0)

2πj

σ+j∞∫
σ−j∞

1 − f ∗
r (s− tTail)

s− tTail
f ∗
p(−s)ds. (32)

For k > 0, let ξ = r1 + t2 + · · ·+ tk, we have

f ∗
ξ (s) =E[e−sξ] = E

[
e−sr1

]
Πk

i=2E
[
e−sti

]
= f ∗

r (s) (f
∗(s))k−1 . (33)

The pdf is given by

fξ(t) =
1

2πj

σ+j∞∫
σ−j∞

f ∗
r (s) (f

∗(s))k−1 estds (34)
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soL(Pr(ξ≤ t+ tTail))=(f ∗
ξ (s− tTail)/s− tTail). Thus, we have

Pr(r1 + t2 + · · ·+ tk ≤ tp + tTail)

=

∞∫
0

Pr(ξ ≤ t+ tTail)fp(t)dt

=

∞∫
0

1
2πj

σ+j∞∫
σ−j∞

f ∗
r (s− tTail) [f

∗(s− tTail)]
k−1

s− tTail
estdsfp(t)dt

=
1

2πj

σ+j∞∫
σ−j∞

×f ∗
r (s− tTail) [f

∗(s− tTail)]
k−1

s− tTail
f ∗
p(−s)ds.

We can obtain

Pr(H = k)

= (1 − p0) [Pr(tp + tTail ≥ r1 + t2 + · · ·+ tk)

−Pr(tp + tTail ≥ r1 + t2 + · · ·+ tk+1] (1 − pf )
k

+ (1−p0)Pr(tp+ tTail≥r1+ t2+ · · ·+ tk)(1− pf )
k−1pf

=
(1−p0)(1−pf)

k−1

2πj
×

σ+j∞∫
σ−j∞

f ∗
r (s−tTail) [f

∗(s−tTail)]
k−1

s− tTail

× [1 − (1 − pf )f
∗(s− tTail)] f

∗
p(−s)ds. (35)

Now, we find the Z-transform for the number of handoffs.
Let H(z) be the moment-generating function, then we have

H [z] = E[zH ] =
∞∑

k=0

zkPr(H = k)

= Pr(H = 0) +
∞∑

k=1

zkPr(H = k)

= Pr(H = 0) +
(1 − p0)z

2πj

×
σ+j∞∫

σ−j∞

f ∗
r (s− tTail) [1 − (1 − pf)f

∗(s− tTail)]

s− tTail

×
{ ∞∑

k=1

[(1 − pf )zf
∗(s− tTail)]

k−1

}
f ∗
p(−s)ds

=
1 − p0

2πj
·

σ+j∞∫
σ−j∞

A1 × f ∗
p(−s)

(s−tTail)[1−(1−pf)zf ∗(s−tTail)]
ds

=
1 − p0

2πj
·

σ+j∞∫
σ−j∞

A2 × f ∗
p(−s)

(s−tTail)2[1−(1−pf)zf ∗(s−tTail)]
ds

(36)

where A1=1+(z − 1 + z(1 − (1 − pf )f
∗(s− tTail)))f

∗
r (s−

tTail)−z(1−pf)f
∗(s− tTail), and A2=(s− tTail)+(2z− 1−

z(1− pf )f
∗(s− tTail))η(1− f ∗(s− tTail))− z(s− tTail)(1−

pf)f
∗(s− tTail).

If we use σp to denote the singular points of f ∗
p(−s) in the

right half complex plane, from Cauchy’s residue theorem, we
obtain

H(z) = −(1 − p0)

×
∑
p∈σp

Ress=p

A3×f ∗
p(−s)

(s−tTail)2 [1 − (1 − pf)zf ∗(s− tTail)]

where A3=(s− tTail)+(2z−1−z(1−pf)f
∗(s− tTail))η(1−

f ∗(s− tTail))− z(s− tTail)(1 − pf )f
∗(s− tTail), and Resp

denotes the residue at singular point s = p. Differentiating
H(z) in (36) at z = 1, we obtain

E[H ] =
1 − p0

2πj

×
σ+j∞∫

σ−j∞

A4

(s− tTail)2 [1 − (1 − pf )f ∗(s− tTail)]
f ∗
p(−s)ds

(37)

where A4 = (s− tTail) + (1 − (1 − pf )f
∗(s− tTail))η(1 −

f ∗(s− tTail))− (s− tTail)(1 − pf )f
∗(s− tTail).

Applying Cauchy’s residue theorem, we obtain

E[H ] = −(1 − p0)

×
∑
p∈σp

Ress=p

A4 × f ∗
p(−s)

(s− tTail)2 [1 − (1 − pf )f ∗(s− tTail)]
. (38)

If the eCHTs are exponentially distributed with parameter μ,
f ∗
p(−s) = μ/(−s+ μ), which has a singular point, and σp =
{μ}, we obtain

E[H ] = μ(1 − p0)
A5

(μ− tTail)2 [1 − (1 − pf )f ∗(μ− tTail)]
(39)

where A5 = (μ− tTail)− (μ− tTail)(1 − pf )f
∗(μ− tTail) +

(1 − (1 − pf )f
∗(μ− tTail))η(1 − f ∗(μ− tTail)).

If there is no blocking and no forced termination, p0=pf =0,
and from (39), E[H ] = 1. If there are handoff failures, the
expected number of handoffs is intuitively smaller.

Let us assume that the eCHTs are i.i.d. with an Erlang
distribution, i.e.,

fp(t) =
αmtm−1

(m− 1)!
e−αt, f ∗

p(s) =

(
α

s+ α

)m

(40)

where α = mη is the scale parameter, and m is a positive
integer. When m = 1, it gives the exponential distribution. We
can also find a simple formula for the handoff rate. Let

g(s) =
A4

(s− tTail)2 [1 − (1 − pf )f ∗(s− tTail)]
. (41)
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Then, f ∗
p(−s) = [α/(−s+ α)]m has a unique singular point

σp = {α}. From (38), we obtain

E[H ] = (−1)m+1(1 − p0)α
m g(m−1)(α)

(m− 1)!
, α = mμ. (42)

For this case, if there is no handoff failure, (p0 = pf =
0), from (41), we have g(s) = (s− tTail − η)/(s− tTail)

2,
and g(m−1)(α)=(−1)m−1((m− 1)!(α− tTail)+ η(m!))/(α−
tTail)

(m+1). From (42), we have

E[H ] =
(−1)2mαm(α − tTail +mη)

(α − tTail)m+1
. (43)

In fact, it can be shown that for the ideal case (p0 = pf = 0),
the expected number of handoffs for any CRT distribution and
any eCHT distribution is E[H ] = (αm(α− tTail +mη)/(α−
tTail)

m+1). Indeed, from (37), if pf = 0, we obtain

E[H ] =
1 − p0

2πj

σ+j∞∫
σ−j∞

1
s
f ∗
p(−s)ds

=(1 − p0)

∞∫
0

fp(t)

⎡
⎣ 1

2πj

σ+j∞∫
σ−j∞

1
s
f ∗
p(−s)ds

⎤
⎦ dt

=(1 − p0)

∞∫
0

tfp(t)dt = (1 − p0)
1
μ
.

Next, we show how to find the handoff session arrival rate
from the handoff rate. It is easy to observe that for each
nonblocking new session, there will be on average E[H ]
number of handoff sessions induced. Therefore, the handoff
session traffic will have arrival rate λh = λE[H ]. From (38), we
obtain

λh = −λ(1 − p0)

×
∑
p∈σp

Ress=p
A4

(s− tTail)2 [1 − (1 − pf )f ∗(s− tTail)]
f ∗
p(−s).

(44)

If the eCHTs are Erlang distributed according to (40),
we have

λh = −λ(−1)m+1(1 − p0)α
m g(m−1)(α)

(m− 1)!
, α = mμ. (45)

The cell traffic intensity can be computed from this formula
and the expected CHT.

When the eCHTs are Erlang distributed, we have to compute
the derivatives of g(s) for the computation of handoff rate and
handoff session arrival rate. However, the explicit expressions
for the derivatives of g(s) may be difficult. We therefore
develop the following recursive algorithm for their computa-
tions. Let

h(s) = (s− tTail)
2 [1 − (1 − pf )f

∗(s− tTail)] . (46)

We obtain

h(0)(α) = (α− tTail)
2 [1 − (1 − pf )f

∗(α− tTail)]

h(1)(α) = 2(α− tTail) (1 − (1 − pf )f
∗(α− tTail))

− (α− tTail)
2
(
(1 − pf )f

∗(1)(α− tTail)
)

h(2)(α) = 2 (1 − (1 − pf )f
∗(α− tTail))

− 4(α− tTail)(1 − pf )f
∗(1)(α− tTail)

− (α− tTail)
2(1 − pf )f

∗(2)(α − tTail)

h(3)(α) = − 6(1 − pf )f
∗(1)(α− tTail)

− 6(α− tTail)(1 − pf )f
∗(2)(α− tTail)

− (α− tTail)
2(1 − pf )f

∗(3)(α − tTail)

h(4)(α) = − 12(1 − pf )f
∗(2)(α− tTail)

− 8(α− tTail)(1 − pf )f
∗(3)(α− tTail)

− (α− tTail)
2(1 − pf )f

∗(4)(α − tTail).

Since g(s)h(s)=(s− tTail)+(1−(1−pf)f
∗(s−tTail))η(1−

f ∗(s− tTail))− (s− tTail)(1 − pf )f
∗(s− tTail), differentiat-

ing both sides, we obtain (p > 0)

p∑
0

Cp
i g

(i)(s)h(p−i)(s)

= {[1 − (1 − pf)f
∗(s− tTail)]

× [s− tTail + η (1 − f ∗(s− tTail))]}(p) .

From this, we obtain the following recursive algorithm to
compute g(m−1)(α):

g(0)(α) =
(1 − (1 − pf )f

∗(α− tTail))

h(α)

× (α− tTail + η (1 − f ∗(α − tTail)))

g(p)(α) = − A5

h(α)
, p > 0

where A5=
∑p−1

0 Cp
i g

(i)(α)h(p−i)(α)−[(1− (1 − pf)f
∗(α −

tTail))(α − tTail + η(1 − f ∗(α− tTail)))]
(p).

IV. NUMERICAL RESULTS

Here, we present our numerical results on how the CRT
distribution affects the eCHT distribution and handoff rate.
For the sake of easy calculation, general applicability, and
universal approximation property [32], we use the hyper-Erlang
distribution model [11], [15], [19] to analyze the eCHT. Another
reason is that some pdf functions may not exist as closed-form
LT, e.g., lognormal distribution.
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Fig. 4. PDF of handoff session eCHT (solid line) and its exponential fitting
(dashed line) when CRT is Erlang distributed with parameters (μ, η). (a) m=2.
(b) m = 3. (c) m = 4. (d) m = 5.

Fig. 5. PDF of handoff session eCHT (solid line) and its exponential fitting
(dashed line) when CRT is hyper-Erlang distributed with two parameters
(m1, m2, η). (a) m1 = 1, m2 = 1. (b) m1 = 1, m2 = 10. (c) m1=5,
m2 = 5. (d) m1 = 2, m2 = 10.

A. Numerical Results for Section III-B

We take the Erlang, hyper-Erlang, and exponential (shown in
Fig. 4 with m = 1) CRT into Theorem 2. We then can obtain
the pdf of the handoff session eCHT from our analytical results.

In Figs. 4 and 5, we show the handoff session’s eCHT when
CRT is Erlang and hyper-Erlang distributed, respectively. We
vary the shape parameter (m or m1, m2). It can be seen that
the exponential model does not have a good fit for the real
handoff session’s eCHT distribution when the shape parameter
increases.

Fig. 6. Comparison of the LT functions of unconditional (f∗
pnh) and condi-

tional (f∗
cnh) pdfs of eCHT on (0,10). (a) s. (b) s.

Fig. 7. Conditional pdf of handoff session eCHT (solid line) and its expo-
nential fitting (dashed line) when CRT is Erlang distributed with parame-
ters (m, η). (a) m = 2. (b) m = 3. (c) m = 4 . (d) m = 5.

B. Numerical Results for Section III-C

Fig. 6 shows the results of the LT functions of unconditional
(f ∗

pnh) and conditional (f ∗
cnh) pdfs of eCHT, respectively. It

shows that the conditional pdf of eCHT cannot be used for the
approximation of eCHT as CHT does in the CS network. The
finding may prevent researchers from making an inappropriate
approximation for eCHT by using its conditional pdf as they
usually do in the CS network.

Figs. 7 and 8 show the conditional pdf for the handoff
session’s eCHT when the CRT is Erlang and hyper-Erlang
distributed. From this example, we observe that the conditional
distribution for the handoff session’s eCHT is a better match
to the exponential distribution when the variance is large.
However, when the variance becomes small, i.e., the CRT is
less spread, this match disappears.

C. Numerical Results for Section III-D

Finally, we turn our attention to the handoff rate. Assume that
the eCHTs are hyper-Erlang distributed with one parameter. We
shall use (42) and the recursive algorithms given at the end of
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Fig. 8. Conditional pdf of handoff session eCHT (solid line) and its expo-
nential fitting (dashed line) when CRT is hyper-Erlang distributed with two
parameters (m1, m2 , η). (a) m1 = 1, m2 = 1. (b) m1 = 1, m2 = 10.
(c) m1 = 5, m2 = 5. (d) m1 = 2, m2 = 10.

the previous section. The CRTs are Gamma distributed with the
pdf, i.e.,

f(t) =
βγtγ−1

Γ(γ)
e−βt, f ∗(s) =

(
β

s+ β

)γ

, β = γη (47)

where γ is the shape parameter, β is the scale parameter, and
Γ(γ) is the Gamma function. The mean and variance of this
distribution are 1/η and 1/(γη2), respectively.

Figs. 9 and 10 show the handoff rate for different blocking
probabilities and forced termination probabilities. We have the
following observations.

• The handoff rate for fixed variance of the CRTs (i.e., fixed
m) is increasing when mobility η/μ increases.

• The handoff rate is decreasing for fixed mobility when the
variance of the CRTs decreases (i.e., m is increasing).

• The handoff rate is smaller than that in the ideal case
(when there is no blocking and no forced termination).

• The handoff rate is insensitive to the variance of the CRTs
when mobility η/μ is small, whereas it is very sensitive to
the variance of the CRT when mobility η/μ is high.

Since the handoff session arrival rate is equal to the new
session arrival rate times the handoff rate in a session, we
observe from Figs. 9 and 10 that for highly moving users the
handoff rate is much smaller for the hyper-Erlang distributed
with one parameter eCHT (m > 1) than that for exponential
eCHT (m = 1). This implies that the exponential assumption
for eCHT overestimates the handoff rate. This suggests that PS
network designers have to carefully consider the distribution
model for eCHT and CRT to meet the blocking probability
requirement: Exponential distribution approximation for CRTs
and eCHTs may not be enough for the real PS network design.

Fig. 9. Handoff rate: dashed line for the ideal case (p0 = pf = 0) and solid
lines for m = 1 ∼ 4 with pf = p0 = 0.02.

Fig. 10. Handoff rate: dashed line for the ideal case (p0 = pf = 0) and solid
lines for m = 1 ∼ 4 with pf = 0.05 and p0 = 0.01.

V. CONCLUSION

In this paper, we have proposed new models with DRX
mode to analyze the impacts of eCHT for packet sessions
in PS cellular networks. The new models reveal the essential
relationship between eCHT, CRT, and handoff rate for traffic
modeling and performance analysis in PS networks. Our analyt-
ical results show that some characteristics of eCHT are similar
with those of CHT in CS networks so that researchers can use
the same assumptions and results derived in the CS network for
their performance modeling. However, we also point out the
inapplicable assumptions and results of CHT in PS networks.
The results can prevent researchers from making inappropriate
assumptions on performance modeling and are essential for the
traffic study, management, and performance evaluation of PS
cellular networks. The results also enable wide applicability
in various scenarios and therefore have important theoretical
significance. The models presented in this paper can be used
as a theoretical guideline for network designers and perfor-
mance analysts. Our future work would be to study the models
for configuring the appropriate parameters for mobile cellular
networks.
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APPENDIX

Simple poles [39]: Suppose that we have LT F (S)= L(f(t))
for

F (s) =
P (s)

Q(s)

=
P (s)

(s− α1)(s− α2) · · · (s− αn)
, αi 	= αj

where P (s) is a polynomial of degree less than n. The αi’s are
known as simple poles of F (s) in the terminology of complex
variables. Partial-fraction decomposition is

F (s) =
A1

(s− α1)
+

A2

(s− α2)
+ · · ·+ An

(s− αn)
. (48)

By multiplying both sides of (48) by s− αi and letting s →
αi, we obtain

Ai = lim
s→αi

(s− αi)F (s). (49)

Thus

f(t) =L−1 (F (s))

=

n∑
i=1

L−1

(
Ai

s− αi

)
=

n∑
i=1

Aie
αit.

According to (49), Ai gives a quick method, i.e.,

f(t) = L−1 (F (s)) =

n∑
i=1

lim
s→αi

(s− αi)F (s)eαit. (50)

After applying it to (22), we can find

L−1

[
μrs

(s+ μ)(s+ μ+ μr)

]

=L−1

[
μrs

(s− (−μ)) (s− (μ− μr))

]
.

From (50), therefore, we can get

f(t) =L−1 (F (s))

= lim
s→−μ

(s+ μ)F (s)e−μt

+ lim
s→−μ−μr

(s+ μ+ μr)F (s)e−(μ+μr)t

=
−μ · μr

−μ+ μ+ μr
· e−μt +

μr · (−μ− μr)

(−μ− μr) + μ
· e−(μ+μr)t.

(51)
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