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LINEAR WAVE INTERACTION WITH A VERTICAL
CYLINDER OF ARBITRARY CROSS SECTION.
ASYMPTOTIC APPROACH

N.B. Disibiiyiik !, A.A. Korobkin ? and O. Yilmaz 3

ABSTRACT

An asymptotic approach to the linear problem of regular water waves interacting with
a vertical cylinder of arbitrary cross section is presented. The incident regular wave is one-
dimensional, water is of finite depth, and the rigid cylinder extends from the bottom to the
water surface. The non-dimensional maximum deviation of the cylinder cross section from
a circular one plays the role of a small parameter of the problem. A fifth-order asymptotic
solution of the problem is obtained. The problems at each order are solved by the Fourier
method. It is shown that the first-order velocity potential is a linear function of the Fourier
coefficients of the shape function of the cylinder, the second-order velocity potential is a
quadratic function of these coefficients, and so on. The hydrodynamic forces acting on the
cylinder and the water surface elevations on the cylinder are presented. The comparisons
of the present asymptotic results with numerical and experimental results of previous in-
vestigations show good agreement. Long wave approximation of the hydrodynamic forces is
derived and used for validation of the asymptotic solutions. The obtained values of the forces
are exact in the limit of zero wave numbers within the linear wave theory. An advantage of
the present approach compared with the numerical solution of the problem by an integral
equation method is that it provides the forces and the diffracted wave field in terms of the
coefficients of the Fourier series of the deviation of the cylinder shape from the circular one.
The resulting asymptotic formula can be used for optimization of the cylinder shape in terms
of the wave loads and diffracted wave fields.

Keywords: Linear water waves, non-circular vertical cylinder, asymptotic analysis, wave
loads.

INTRODUCTION
Prediction of wave forces is important to engineers for the design of offshore and coastal
structures. Floating airports, bridge pylons, semi submersibles, Tension Leg platforms are
typical examples of such structures. For large scale structures, one should take the diffraction
effects into account. The potential wave theory is usually used to estimate the wave loads.
The wave body interaction is a three dimensional and nonlinear problem with unknown
in advance position of the free surface of the liquid and unknown wetted surface of the
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body. The problem can be linearized for waves of small amplitude compared with the water
depth, wave length, and linear size of the body. Within the linear theory of water waves
we linearize the free surface boundary conditions and impose them on the equilibrium level
of water surface. Viscous effects and surface tension of the liquid are important for short
water waves with relatively high frequency. For large dimensions of offshore structures and
moderate wave length, both viscous and capillary effects can be neglected at leading order.
The resulting linear problem of wave theory is additionally simplified if the water depth is
constant and the structure is a vertical cylinder extending from the flat sea bottom to the
free surface. Such cylinders represent legs of offshore platforms and piles of offshore wind
turbines. Offshore platforms are used for exploration of oil and gas from under seabed and
processing. A general offshore structure has a deck which is supported by deck legs. The
hydrodynamic forces acting on these legs are of major concern to engineers because the
design of the legs is dominated by wave loads. In many applications, the cylinders are of
circular cross sections but not necessarily.

One of the first studies of diffraction of plane water waves by stationary obstacles with
vertical sides was done by Havelock (1940) for water of infinite depth. Results were obtained
for cylinders of circular and parabolic sections. Cylinders of ship forms were also studied by
Havelock using some approximations with applications to a ship advancing in waves. The
draught of the ship was assumed infinite. Havelock (1940) noticed that for periodic linear
water waves and obstacles with vertical sides both time and the vertical coordinate can be
separated from the problem and the original problem of water waves can be reduced to the
two-dimensional problem of plane sound waves diffracted by the two-dimensional rigid body
representing the cross section of the vertical cylinder. Then known results from diffraction
problems of sound and electromagnetic waves can be transferred and applied to the problem
of water waves diffracted by a vertical cylinder. MacCamy and Fuchs (1954) extended this
approach to water of finite constant depth and a surface piercing vertical circular cylinder.

Chen and Mei (1971) solved the water wave diffraction problem for vertical elliptic cylin-
der. The elliptic cylindrical coordinates and the method of separating variables were used
to find the velocity potential in terms of infinite series of Mathieu functions. In another
study, Chen and Mei (1973) investigated the same problem using long wave approximation.
Numerical results were also presented for a shiplike body. Williams (1985) used two different
methods to solve the diffraction problem for elliptic vertical cylinders. One method employed
the two-terms asymptotic expansions of the exact solution for the forces and moments acting
on the elliptic cylinder with small eccentricity. The second method is the integral equation
method. It was concluded that the asymptotic method gives good results for small wave
numbers. In a very recent study by Liu et al. (2016), wave diffraction by a uniform bottom
mounted cylinder of arbitrary cross section was numerically studied. The velocity potential
was sought in the form suggested by MacCamy and Fuchs (1954) for a circular cylinder.
However now the coefficients in the Fourier series for diffracted waves were determined by
using the body boundary condition for the non-circular cylinder. In this numerical method,
the body boundary condition was satisfied approximately by the Galerkin method. Fourier
series were used to represent the cross sections of the cylinders and the free surface eleva-
tion. As a practical application of this numerical method, the wave forces and wave runup
on quasi-elliptic caisson foundations of a cross-strait bridge pylon were investigated. These
numerical results are used in the present paper for validation of our asymptotic solutions.
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There are two main approaches to the numerical treatment of the diffraction problem of
cylinders with arbitrary cross section. One of them is the integral equation method devel-
oped by Hwang and Tuck (1970) in the investigation of harbor resonance. Isaacson (1978)
applied this method to calculations of wave forces on cylinders used in offshore structures.
The method is based on source or source-dipole distribution and Green’s theorem. The re-
sulting Fredholm integral equation of the second kind for the velocity potential is solved by
discretizing the cylinder contour into small segments. This method was also used by Mansour
et al. (2002) and Wu and Price (1991). Wu and Price (1991) calculated wave drift forces act-
ing on multiple vertical cylinders of arbitrary cross sections. The boundary element method
was developed by Au and Brebbia (1983) for the diffraction problem of vertical cylinders.
This method is based on the Galerkin weighted residual formulation. After obtaining the
integral equation, the boundary of the cylinder is discretized into boundary elements which
are chosen to be either constant or linear or quadratic. The boundary element method was
applied to the cylinders of circular, elliptic and square cross sections. Au and Brebbia (1983)
obtained the wave forces acting on a square cylinder and compared their results with the ex-
perimental and numerical results of Mogridge and Jamieson (1976). The agreement between
the numerical, experimental and theoretical predictions of the hydrodynamic forces acting
on the square cylinder was shown to be fairly good. Approximation of "equivalent circular
radius” was used by Mogridge and Jamieson (1976). In this approximation, the horizontal
hydrodynamic force acting on a vertical cylinder is approximated by the force acting on the
circular cylinder of the same area of its cross section. The boundary element method of
Au and Brebbia (1983) was used by Zhu and Moule (1994) in the problem of short crested
wave interaction with vertical cylinders of arbitrary cross section. The boundary element
method for the diffraction problem of vertical and horizontal cylinders is explained in detail
by Wrobel et al. (1985).

The numerical methods such as the integral equation method and the boundary element
method could be used to solve the diffraction problem for vertical cylinders of arbitrary
section. However, in some cases these numerical methods are not preferable, for example in
evaluating free surface integrals in the second order diffraction problem of vertical cylinders
(see Eatock Taylor and Hung (1987)). The free surface integral converges slowly and the
values of the first order potential have to be evaluated many times, which is not possible
by the integral equation methods. Also the integral equation methods require quite fine
discretization of the boundary of the cylinder, which could be tedious and is the source of
errors. The method of the present paper, which was originally proposed by Mei et al. (2005),
can deal with geometries of arbitrary cross section with little effort.

In this paper, the linear water waves scattering by a vertical cylinder with arbitrary cross
section extending from the sea bottom to the free surface in water of finite depth are studied
by asymptotic methods. The non-dimensional maximum deviation of the cylinder cross
section from a circular one plays the role of a small parameter of the problem. A fifth-order
asymptotic solution of the problem is obtained. Numerical calculations of the diffracted
velocity potential, the forces acting on the cylinder and the diffracted wave field are reduced
to operations with the Fourier coefficients of the shape function, which describes the cross
section of the cylinder, and the velocity potentials on the cylinder surface at each order of
approximation. It is shown that the first-order velocity potential is a linear function of the
Fourier coefficients of the shape function of the cylinder, the second-order velocity potential is
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a quadratic function of these coefficients, and so on. The obtained solution makes it possible
to formulate and solve two practical problems in terms of the Fourier coefficients of the shape
function: optimization of the shape of the cylinder and identification of the cylinder shape
by using measured wave field far from the cylinder. The asymptotic approach of this paper
is applied to calculations of the hydrodynamic forces acting on elliptic, quasi-elliptic, and
square cylinders. The comparisons of the asymptotic forces with available numerical and
experimental results by others demonstrate good accuracy of the present approach. Long-
wave approximation of the hydrodynamic forces is obtained and used for validation of the
asymptotic solution.

Note that Mei et al. (2005) were concerned with the leading order corrections to the
forces caused by small deviation of a vertical elliptic cylinder from the circular one. A
similar perturbation approach was used by Mansour et al. (2002) for vertical cylinders with
a cosine type radial perturbation of the cylinder cross section. The leading order corrections
to the forces were obtained and compared to the numerical results by the integral equation
method. It was shown that the agreement is good for small perturbation amplitude. In
contrast to the perturbation analysis by Mansour et al. (2002), our asymptotic approach
is not restricted to a particular shape of cylinders and a fifth-order approximation of the
solution is obtained. It will be shown in this paper that the fifth-order asymptotic solution
makes it possible to consider even such "non-circular” cylinders as square ones and obtain
accurate results in terms of the hydrodynamic forces.

The present asymptotic approach can be extended to truncated vertical cylinders and
oscillating rigid and elastic cylinders of arbitrary cross sections, as well as to submerged
horizontal cylinders in plane incident waves. The diffraction problem of a truncated vertical
cylinder of circular cross section of radius a was solved by Garrett (1971). In his paper, both
the incident and diffracted waves were expanded in Bessel functions in the interior region
(r < a) and in the exterior region (r > a) and then these two solutions and the derivatives of
the solutions were matched at the boundary (r = a). Black et al. (1971) used a variational
formulation and a theorem due to Haskind to calculate wave forces on a stationary body
using only far field properties. Yeung (1981) used the same method to solve the radiation
problem for a truncated vertical cylinder of circular cross section. In the case of deep water,
the multipole expansions are usually convenient to describe the velocity potential for wave
diffraction and radiation. Ursell (1950) used a series of complex potential functions arising
from multipoles at the center of the cylinder to solve the problem of the generation of surface
waves by a submerged circular cylinder. Thorne (1953) investigated the motion arising from
line and point singularities using multipole expansion method in deep and shallow waters.
Two-dimensional multipoles were developed in a systematic way for submerged and floating
cylinders by Eatock Taylor and Hu (1991). The application to arbitrary body shapes was
made by coupling the multipole expansion with a boundary integral method.

The outline of the paper is as follows: mathematical formulation of the problem and
its solution for a vertical circular cylinder are given in the next section. The fifth-order
asymptotic solution of the problem is described in section ”Vertical Cylinders With Nearly
Circular Cross Section”. Each approximation of this asymptotic solution is obtained by
operating with the Fourier coefficients of the shape function and the velocity potentials of
the lower order approximations. The asymptotic approach is applied to elliptic cylinders
in waves and the obtained results are compared with numerical results of Williams (1985)
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in section "Hydrodynamic Force on Elliptic Vertical Cylinder”. In the next section, the
present approach is applied to square cylinders and the obtained results are compared with
experimental results by Mogridge and Jamieson (1976) in terms of the horizontal forces acting
on square cylinders. In section ”Hydrodynamic Force on Quasi-Elliptic Vertical Cylinder” the
results of the present asymptotic method are compared with the three-dimensional solution
of the Navier-Stokes equations by Wang et al. (2011). The wave force and runup values
for cylinders with circular, elliptic, quasi-elliptic and square cross sections with the same
cross sectional area are compared. In the next section, the wave force and wave runup on
cylinders with cosine type perturbations of their cross sections are studied and compared
with the numerical results by Mansour et al. (2002) and Liu et al. (2016). Asymptotic
behavior of wave forces for long waves is studied in section ”Long Wave Approximation of
Wave Forces” for cylinders with arbitrary cross sections. The findings of the analysis are
summarized and conclusions are drawn in the last section of this paper.

FORMULATION OF THE PROBLEM

Diffraction of two-dimensional water waves by a vertical cylinder of almost circular cross
section is studied within the linear wave theory. The problem is formulated in a polar co-
ordinate system (7,6, z) where the z axis points vertically upwards. The plane z = —h
corresponds to the sea bottom and the plane z = 0 corresponds to the mean level of water
surface. The rigid cylinder extends from the sea bottom to the free surface. The cross

y

Incident wave n
/ F/
aD

FIG. 1: Top view of the problem configuration.

section of the vertical cylinder is described by the equation r = R[1 + ¢f(f)], where R is
the mean radius of the cylinder and ¢ is a small non-dimensional parameter of the problem.
The top view of the studied configuration is shown in Figure 1. The smooth and bounded
function f(#) describes the deviation of the shape of the cylinder from the circular one. A
one-dimensional incident wave of amplitude A and wave frequency w propagates at angle «
to the positive z-axis from = ~ —oo towards the cylinder. Within the linear wave theory
(see Mei et al. (2005)), the wave field is described by a velocity potential ®(r, 0, z,t). For a
vertical cylinder of arbitrary cross section the velocity potential is expressed only through
the propagating wave mode,

CD(T, 0, z,t) = Re {%%&;)h)]¢(n 0)€—iwt} ’ (1)

where i = /—1 and Re{47} denotes the real part of a complex number /. The complex-
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valued function ¢(r, @) satisfies the Helmholtz equation,

1 1
¢r‘r + ;QST + T_QQSGH + k2¢ =0 (T > R[l + gf(e)])a (2)
in the flow region, the far-field condition,
¢ ~ eikrcos(efa) (7” N 00)7 (3)

and the boundary condition on the surface of the cylinder,

9¢

S2=0 (r=R1+=f(0)), (4)

Here n is the unit outward normal vector to the surface of the cylinder, g is the gravitational
acceleration, k is the wave number, k = 27/, A is the length of the incident wave. The wave
number k is related to the wave frequency w by the dispersion relation w? = gk tanh(kh),
k> 0.

The hydrodynamic force F(t) = (F,, Fy), acting on the vertical cylinder is obtained by
integration of the dynamic pressure, p(r,60,z,t) = —p0®P/0t, over the wetted part of the
cylinder

0
F(t) = —/ /aDpnds dz = —pgAw Re {z o o(r,0)nds em} , (5)

where 0D is the boundary of the cylinder cross section, r = R[1 +¢f(6)], and ds is a small
element of this boundary. The non-dimensional force scaled with pgAma? tanh(kh) is denoted
by tilde. Here a is a characteristic dimension of the vertical cylinder cross section, which can
be different from R. The components of the non-dimensional force are given by

Fo(t) = Re{F, e ™'}, F,(t) = Re{F, e}, (6)
= ;1552 / O(R[L+cf(0)],0)[ef'(0)sind + [L + = f(6)] cos 6] do, (7)
F,= ;1552 i ’ O(R[1+¢<f(0)],0)[—<f (0) cosd + [1 +f(6)]sinb] d. (8)

Note that the phases of F, and Fy depend on the position of the origin O of the coordinate
system, see Figure 1, but the modulus |F,| and |F}| are independent of the coordinate system.

The elevation of the free surface, z = n(r, 6, ), is related to the unknown potential ¢(r, )
by the linear kinematic boundary condition, 1, = ®.(r,0,0,t), which gives

n(r,0,t) = Re{iA¢(r,0) e ™"} (9)

The far-field condition (3) and equation (9) provide the assumed shape of the incident wave
nr(r,0,1):
ni(r,0,t) = Asin(wt — krcos(6 — a)), (10)
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with 7;(0,6,t) = Asin(wt) at the origin of the coordinate system.

The maximum elevation of the water surface at the cylinder per the wave period is known
as the wave runup, A(#). The wave runup is scaled in this paper with the wave height, 2A.
Equation (9) yields A(0)/2A = |¢(r,0)|/2, where r = R[1 4+ f(#)]. The wave runup and its
dependence on the shape of the cylinder are important in design of offshore structures, where
the wave runup should not exceed the elevation of the wetdeck of an offshore structure above
the mean water level. Wave runup on offshore structures could be much higher than that
predicted by the linear wave theory, see De Vos et al. (2007), Lykke Andersen et al. (2011).
Nonlinear waves with steep front or breaking in front of the structure produce thin runup
sheet and spray near the structure increasing the runup. The runup can be also affected by
aeration of water near the structure due to the wave breaking, in particular. Many nonlinear
physical effects near the structure are not included in the present linear model. However, it
can be shown that these effects provide small contributions to the hydrodynamic structure
(Iafrati and Korobkin (2006), Korobkin and Malenica (2007), Korobkin (2008)) and the
diffracted wave field.

The problem (2)-(4) for arbitrary vertical cylinder can be solved only numerically. The
analytical solution is well known for the circular cylinder, »r = R, see MacCamy and Fuchs
(1954). This solution corresponds in this study to the leading-order velocity potential of the
problem (2)-(4) as ¢ — 0,

do(r, 0) = ;)emim [Tk = %Hﬁ(m] cos[m(6 — )], (11)

where €, is the Neumann symbol, ¢y = 1, €,, = 2 for m > 1, J,,,(r) are the Bessel functions of

the first kind with order m, Hy, )(r) are the Hankel functions of the first kind corresponding
to outward-propagating cylindrical waves, prime stands for derivatives with respect to the

argument. By using the Wronskian identity, Jm(r)Hﬁ)/(r) - an(r)H,%)(r) = 2i/(7r), the
potential ¢g(r,#) on the surface of the cylinder is given by

o)

21 Emt™
¢o(R,0) = = cosm(0 — a)]. (12)
TkR 0 HT%) (/{ZR)
Here
2i o o] 2 ton(2m) (13)

rkRHY (kR)  V 7™m

as m — oo. Therefore, the series (12) converges exponentially and only a few terms are

needed to calculate the potential ¢o(R,#) and its derivatives in 6 with good accuracy.
Equations (12) and (7) provide the total non-dimensional hydrodynamic force acting on

the circular cylinder in the incident regular wave with @ = 0° and @ = R (see Mei et al.

(2005))
~ 43
F, = - (14)
m(kR)*H" (kR)
We shall determine the force formula similar to (14) for ¢ > 0 and a given function f(6)
describing the cross section of a non-circular vertical cylinder.
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VERTICAL CYLINDERS WITH NEARLY CIRCULAR CROSS SECTIONS
Asymptotic methods are used to find an approximate solution of the problem (2)-(4) as
e — 0. The derivatives d¢/06 and 0¢/0r in the boundary condition (4) on the surface of
the cylinder,
d¢

SR +<f(O).0) - f0) 99

o m@(ml +ef(0)],0) =0,

are approximated by their Taylor series up to O(e°) at r = R and then the fifth order
asymptotic expansion of the potential ¢(r, 6),

B(r,0) = ¢o(r,0) +cpi(r,0) + 2P (r,0) + 3¢3(r,0) + £ pa(r, 0) + O(£%), (15)

is substituted in the boundary condition. The resulting approximation of the condition (4)
is

o+ <[o1, + RF@)b0rr — L ,]f) b0

b on, + RO~ LDy L O g 2IOTO S 16) 16160,

b onr + R0 — LDy L Oy 2O 16) (01610
2O Ono+ LD, AOLO,  EEONO,

b on+ RO~ LDy L g 10) 10100, + LT,
AOSO,, ELOSCO | ap) )60+ T
SSFON 000+ RO O~ L O L EEO,
APOSO 1 o ”

where the functions ¢,(r,0) and their derivatives are calculated at r = R. At the leading
order as ¢ — 0, condition (16) provides ¢y, (R, €) = 0. This is the boundary condition which
leads to the solution (11) for the circular cylinder. At the first order, condition (16) gives

1'(9)
R
The unknown potentials ¢, (r,0), n = 0,1,2,3,4, in (15) satisfy equation (2). This equation
is used, in particular, to calculate the second derivative ¢, and to write (17) in terms of

¢o(R,0) given by (12) and its derivatives in 6:

¢1,T(Rv 6) =

Go.0(R,0) — Rf(0)do (R, 0). (17)

610 (Ro6) = £ 1 (O)0um + 1 (B)6ns + REF(O)60(R.6). (18)

Note that the wave number k now appears in the boundary condition for the potential

¢1(’I“, 9)
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Equating the terms in (16) with €2, € and * to zero, the boundary conditions for the
potentials ¢, @3 and ¢4 are obtained respectively. These boundary conditions have the form
(n=1,2,3,4)

Onr(R,0) = Gn(0), (19)

where G, () are the sums of the products of the functions f(6), f'(0), ¢o(R.,0),. .., pn_1(R,0)
and derivatives of the potentials ¢o(R, 0),. .., ¢,—1(R,0) in 6. Starting from the solution (12)
for the circular cylinder and a given functlon f(8), we calculate the right-hand side, G1(6),
in (18) and then determine the outward-propagating wave solution, ¢;(r,6), of equation (2)
subject to the boundary condition (18) on the circular cylinder, r = R. By using the obtained
potential ¢1(r, ), we calculate G2(6) and determine ¢o(r, 6), and so on. The boundary value
problems for the potentials ¢,(r,8) are identical and differ only by functions G,,() in the
body boundary condition (19). By using the Fourier series of the functions G,,(0),

G (0) —G(O + Z G cos(mb) + G2, sin(m), (20)
the potentials are given by

(1) 00 (1)
bn(r,0) = 1G(C) Ho kr —i—Z ) cos(mb) + G sm(m&)]Hl—M (21)
2 " kaY o LHSY (kR)

In particular, ¢, (R, 0) and their derivatives are obtained in the form of their Fourier series.
Calculations of the functions G,,(#) and their Fourier coefficients are reduced to multiplica-
tion and summation of Fourier series. If the coefficients in the Fourier series of the function

f(0) are known,

foy~ 12 o

+ Z £19 cos(mb) + £ sin(m#), (22)
and using the Fourier series (12) of ¢o(R,0), we calculate the derivatives f'(6), ¢oo(R,8),
®o000(R,0) by differentiating (12) and (22) term by term and then we can determine the
Fourier coefficients of the right-hand side in (18). Finally the solution ¢;(r,0) is given by
(21). Similar arguments are applied to the higher-order problems for ¢y, ¢35 and ¢4. It is
seen that the asymptotic solution (15) of the problem is obtained by operating with the
Fourier coefficients of the potentials ¢, (R, ) and the function f(#) which describe the shape
of the vertical cylinder. Summation and differentiation of Fourier series are straightforward
operations. The multiplication of two Fourier series,

o0

Qo :
g(0) ~ 5 + mz:l A, cos(mb) + by, sin(mh),

h(6) ~ % + i Qi cos(ml) + B, sin(m#),

m=1
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provides the Fourier series
AO -
g(Oh() ~ =2 + Z Ay, cos(mb) 4 By, sin(mh), (23)

where (see Fichtenholtz (2001))

a1 —
An - 2 + 5 mzzl [am<04m+n + am—n) + bm(ﬁm—l-n + ﬁm—n)]u (24>
abn 1o
Bn = 02 + 5 Z [am(ﬁern - ﬁmfn) - bm(am+" - am*”)L <25>
m=1
/Bmfn = _/anm and Om—n = Op—m if m—n <0.

Calculations of the components F, and Fy of the hydrodynamic force acting on the verti-
cal cylinder and the diffracted waves far from the cylinder can also be reduced to operations
with the Fourier coefficients of the function f(f) and the potentials ¢, (R,#). For example,
the integrand of F, in (7) can be approximated as

G(R[1+cf(0)],0)[cf (0)sin b + [1 4+ f(0)] cos 0] = Zgns (%),
where
Sh( 557(1% Z 5 cos(m) 4+ S) sin(mb)].

The non-dimensional x-component of the force is given by

~ iR c c

Fo= = (S0 +2810 + 228 + 25 + 259 + 0(). (26)
Here S provides the force acting on the circular cylinder, r = R, S\& is a lincar function
of the Fourier coefficients fr(,f) and f,gf) in (22), and Ség) is a quadratic function of these
coefficients. A similar analysis is applied to calculations of the y-component of the force, F,.

Far from the cylinder, r > R, equation (21) provides

B eikr
n 79 ~ (0 =

Gn(r,0) ~ ¢n(0) NG

Gu(0) = 1] 2ot (LG 31649, cos(mb) + G, sin(mb)] — L (27)
n(0) =/ —e "1 m in(mb)|————1 .
Tk 2,V (kR) 22 kHY (kR)

The functions {f;n(e), n > 1, depend on the Fourier coefficients fﬁf), fr(,f), m > 0, of the
function f(@). This dependence is linear for ¢;(6) and quadratic for ¢,(6). The obtained
asymptotic formula for the diffracted wave field can be used to determine the shape of a
vertical cylinder by using the wave measurements far from it.
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Let us assume that we know the incident wave and the diffracted wave field (elevation of
the water surface) far from a cylinder. Let us assume that the cylinder is vertical but we do
not know the shape of its cross section and the position of the cylinder. By analyzing the
measured diffracted wave field and the derived first order approximation of the potential

ikr
\/F

we can estimate the radius of the cylinder R, position of its center, the scale of its surface
perturbation ¢, and the Fourier coefficients fr(,f) and fqﬁf ) of the deviation, f(#), of the cylin-
der cross section from the circular one. This problem of the cylinder identification is not
considered in this paper. The algorithm of this study relates the function ¢;(6) and the
shape function f(6), which is crucial for efficient solution of the identification problem.

In some problems, the shape function can also depend on the small parameter €, r =
R[1 4+ ¢f(0,¢)], and can be approximated as

(1, 0) ~ [$o(6) + £61(6)] (r = 00), (28)

F(0,8) = fo(0) + e f1(0) + £ f2(0) + €2 f5(0) + " fa(0) + O(”). (29)

The asymptotic expansion (29), where each function f,,(6) is presented by its Fourier series,
is substituted in (16) and we again arrive at the boundary conditions in the form (19) but
with different functions G,,(0). In particular, f(#) is changed to fo(6) in (18). The expansion
(29) will be used in the next section to find approximate solution of the problem for an elliptic
cylinder of a small eccentricity.

HYDRODYNAMIC FORCE ON ELLIPTIC VERTICAL CYLINDER

To validate the algorithm of the present paper, which is based on the asymptotic for-
mula and operations with the Fourier coefficients, the algorithm is applied to the problem
of elliptic vertical cylinders. This problem has been solved by Chen and Mei (1971) by
series of the Mathieu functions and elliptic coordinates, and by Williams (1985) using the
method of integral equation on the boundary of the cylinder. Williams (1985) also used the
asymptotic behaviors of the Mathieu functions to derive asymptotic formula for the total
force components when the eccentricity of the elliptic section is small.

In this section, the vertical cylinder with elliptic cross section of small eccentricity e =
V1 —b2/a?, where a is the semi-major axis and b is the semi-minor axis of the elliptic cross
section is considered. The equation of the ellipse in the polar coordinates r, 6 with the origin
at the focus of the ellipse reads ,

a(l —e?)
 1—ecosf’ (30)
Taking the eccentricity e as a small parameter of the problem, ¢ = e, and calculating the
Fourier coefficients of the right-hand side in (30), we obtain

cos(nh)

=a+eacos + €2a(_1++’5(29)> + 53“(%005(30)) + 54a<_1++5(4m) + O(%). (31)

r:a\/1—52+2a\/1—522
n=1
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Comparing (31) with the equation of the cylinder in the present analysis, r = R[1+ef(0, )],
and expansion (29), we find

R=a, fo(0) =cosb, fi(0)= —% + % cos(20),

f2(0) = —i cosf + icos(?)ﬁ), f5(0) = —% + %cos(él&).

The non-dimensional force components F, and ﬁ’y are calculated by the present algorithm
using equation (26), equation (12) for the potential ¢o(R, @) on the cylinder at leading order
and equations (21) for the higher order potentials ¢, (R, #), where n = 1,2, 3, 4. The modulus
of the force components |F,| and |F,| are calculated by the fifth-order approximation (15)
and also by the third-order approximation keeping only three terms in (15). The forces are
calculated for 0 < ka < 4 and the eccentricity e = 1/2. The obtained forces are compared
with the results by Williams (1985) in Figures 2(a) and 2(b).

@ | | ‘ ) oo
15[ 15}
o 10 w10
05 05}
00 *% 1 2 3 4

FIG. 2: The x and y-components of the non-dimensional force acting on elliptic cylinder for
e=0.5,«=0°1in (a) and @ = 90° in (b). The solution by Williams (1985) is shown by solid
line, and the present asymptotic solutions are shown by markers: [ is for the third-order
and A is for the fifth-order asymptotic solutions.

It was found for this range of ka that the five terms in (12) and (21) provide accurate re-
sults. At the end of each operation with the Fourier series, the resulting series was truncated
to five terms with cosines and five terms with sines. Note that the forces were computed by
Williams (1985) by two different methods depending on the value of the product ka. For
large ka the forces were computed by the boundary element method, and for small ka the
solution was found in the series form involving Mathieu functions. In the boundary element
method, the elliptic contour was divided into 120 elements. Due to problems with conver-
gence of the series of the Mathieu functions, Williams (1985) used the asymptotic formula of
these functions for small eccentricity e and obtained fifth-order approximations of the force
components up to O(e®) terms. The formula for the coefficients in the asymptotic formula
by Williams (1985) are collected in four-page appendix at the end of his paper. The ap-
proach of the present paper is more straightforward and provides the approximations of the
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force components of the same order as by Williams (1985) for small eccentricity. The Math-
ieu functions in the infinite series solution depend on the parameter ¢ = (kae)?/4. Williams
(1985) suggested to use his asymptotic formula for ¢ < 0.4 and the boundary element method
for ¢ > 0.4. This implies that, in Figures 2(a) and 2(b), the solid lines representing the forces
by Williams (1985) for e = 1/2 were computed by his asymptotic formula for 0 < ka < 2.5.
The Figures 2(a) and 2(b) show that our asymptotic fifth-order solutions is very close to
the forces computed by Williams (1985). The present asymptotic solution in the long-wave
approximation, ka — 0, provides

Fult) = [2- 5%~ 56t + O(9)] cos(or), (32)
for a = 0° and ) 1 1
A= [2- 3¢ - gt O(e")| cos(wt), (33)

for a = 90°. The asymptotic formula (32) and (33) coincide with those derived by Williams
(1985).

HYDRODYNAMIC FORCE ON SQUARE VERTICAL CYLINDER

Let equation r = a F'(f) describe the square, x = +a, —a < y < a and y = +a, —a <
x < a, in the polar coordinates, x = rcosf and y = rsinf. We shall determine the Fourier
coefficients of the function F(f), 0 < 6 < 2w, and then convert the corresponding Fourier
series into the form r = R[1 4 ¢ f(0)] identifying values of R, ¢ and the function f(6#). Then
the approach of the section ”Vertical Cylinders with Nearly Circular Cross Sections” will
give the components of the total hydrodynamic force acting on the square cylinder.

A square has four lines of symmetry, F(—0) = F(6), F (g — 9) =F <g + 0) , F (% - 9) =

F (% + 0) . The Fourier series of the function F'(f) contains only cos(4mf), m > 0;

1 o0
F(0) = §Fg + mz_l F,, cos(4m@),
/4 /4 4
F, = §/ F(0) cos(4m@) df = §/ cos(4mé) de,
T Jo T Jo cosf

1
where Fy = §log(l ++2) and F,, = 16 2(=1)™/[(4m — 1)(4m — 3)] + Frpe1, m > 1.
T T

Therefore
R =aF,/2 ~1.1222a.

The maximum value of F(6) is v/2, which gives ¢ = 2/2/F, — 1 ~ 0.26 and |f(0)| < 1,

where

F0) =" fncos(dAmb),  fo, = 2F,/(cFp), (34)

m=1
fi = —0.5357, fo = 0.1689, f3 = —0.0801, f, = 0.0463, f5 = —0.03. The shapes given
by the equation r = R[1 + ¢f(0)] with three terms (dashed line) and ten terms (solid line)
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FIG. 3: The approximation of the square by the equation r = R[1 + ¢f(6)] in the polar
coordinates with three (dashed line) and ten (solid line) terms retained in the series (34).

retained in the series (34) are shown in Figure 3. It is seen that the approximation of the
square cross section with only three terms in the series (34) is reasonably good.

Hydrodynamic forces acting on a square caisson have been studied by Mogridge and
Jamieson (1976). They performed experiments with a 30.48cm x 30.48cm (12in X 12in)
square box in the wave flume 3.65m (12ft) wide, 1.37m (4.5ft) deep and 49.3m (162ft) long.
The hydrodynamic forces for a = 0° were measured and compared with the predictions by
the theory of "equivalent circular radius”. In this theory of equivalent circular radius, the
horizontal hydrodynamic force on a vertical cylinder with the area of its cross section | D] is
approximated by the force acting on the circular cylinder of radius R,., where the area of the
circular cross section, TR,?, is equal to the area |D|. For the square shape vertical cylinder
with |D| = (2a)?, we obtain R, = 2a//7 ~ 1.1283a. It is seen that the ”equivalent radius”
R, is very close to the radius R =~ 1.1222a calculated above by using the Fourier series.

The computed hydrodynamic forces acting on the square vertical cylinder with o = 0°
are shown in Figure 4. The fifth-order approximation (15) was used. Note that ® < 0.0012.
Representing the square with four terms in (34) and truncating the Fourier series of the
potentials ¢, n = 0,1,2,3,4, in (21) to sixteen terms, the force shown by the dashed line
is obtained. The computed force is very close to the experimental results by Mogridge and
Jamieson (1976) which are shown by markers. Keeping just one term in (34) and four terms
in the Fourier series (21), we arrive at the solid line which is very close to the prediction of the
force with four terms in (34), where 1 < ka < 4, but underpredicts the force in the interval
0 < ka < 1. The force predicted by the "equivalent circular radius” theory of Mogridge and
Jamieson (1976) is shown by the dotted line in Figure 4. This prediction of the force is very
close to our asymptotic force with one term in (34), where 0 < ka < 2. We conclude that
more terms in (34) provide better approximation of the experimental force for long waves
but do not improve the prediction of the hydrodynamic force for short waves.

HYDRODYNAMIC FORCE ON QUASI-ELLIPTIC VERTICAL CYLINDER

A quasi-ellipse consists of a rectangular part in the center and two semicircular parts at
the front and back (see Figure 5(a)). In Figure 5(a), D/2 is the radius of the semicircles and
B is the length of the rectangular part.
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FIG. 4: The non-dimensional hydrodynamic force acting on the square vertical cylinder in
waves. Comparison of Mogridge and Jamieson theory (dotted line), experimental results (e
markers), the present method with one term in (34) (solid line) and present method with
four terms in (34) (dashed line).

Let equation r = F(f) describe the quasi-ellipse in Figure 5(a) in the polar coordinates,
x =rcosf and y = rsinf, where

(

Bcos6 D? — B2sin 0 D
€08 +\/ S ,  0<0 <arctan —,
2 B
D t D<9< t
— arctan — — arctan —
2sinf’ real g =V s T raraall g,
—Bcost D? — B2sin® 6 D D
F(0) = o +\/ S , m™—arctan = < 6 < 7 + arctan —,
2 B B
b +arctan 2 < <2 t
55’ 7+ arctan - < 6 < 2m — arctan —,
B cosf D? — B2sin?4 D
€08 +\/2 i , 27r—arctanE§9§27r.

\

We shall determine the Fourier coefficients of the function F'(f), 0 < 6 < 27, and then
convert the corresponding Fourier series into the form r = R[1 + ¢f(6)] identifying values
of R, ¢ and the function f(6). Then the approach of the section ”Vertical Cylinders with
Nearly Circular Cross Sections” will give the components of the total hydrodynamic force

acting on the quasi-elliptic cylinder.
A quasi-ellipse has two lines of symmetry, F(—0) = F(0), F (g - 9) = F (g -+ 6) :
Hence, the Fourier series of the function F'(6) contains only cos(2md), m > 0;

F(0) = %Fg + Z F,, cos(2mé),

m=1

27 4 /2
Fo= 2 [ @) coszmo) a0 = 2 [ PO cosemo)as, m =012,
0 0

™
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FIG. 5: (a) Quasi-ellipse. (b) The approximation of the quasi-ellipse by the equation r =
R[1 + ¢f(0)] in the polar coordinates with two (dashed line) and eight (dotted line) terms
retained in the series (35) and the exact shape of quasi-ellipse (solid line).

The Fourier coefficients F;,,, m =0,1,2,..., are evaluated for D = 20 m and B = 12 m.
These particular values were used by Wang et al. (2011). Then,

R = Fy/2 ~ 13.1026 m.

The maximum value of F(0) is (D + B)/2, which gives ¢ = (B + D)/Fy — 1 ~ 0.221136 and
£(6)] <1, where

F0) =" fncos(2mb),  fon = 2Fn/(cFy), (35)

fi =3.06712, fy = —0.145175, f3 = —0.0595601, f; = 0.050526, f5 = —0.0148836, fs =
—0.00652338, f; = 0.00973661. The shapes given by the equation r = R[1 + ()] with
two terms (dashed line) and eight terms (solid line) retained in the series (35) are shown in
Figure 5(b). It is seen that the approximation to the quasi-elliptic cross section with eight
terms in the series (35) is reasonably good.

Wang et al. (2011) developed a three dimensional time domain method to solve the Navier
Stokes equations including viscosity and nonlinear effects. Wave forces on the quasi-ellipse
caisson are calculated and compared with the results of Wang et al. (2011) (see Figure 6).
For comparison purposes, the vertical axis in the Figure 6 is chosen as F = [Wk:a/él]fx,
a=(B+D)/2=0.8D. It is seen from the Figure 6 that there is small discrepancy between
the present results and the results of Wang et al. (2011), which can be attributed to the
effect of viscosity and nonlinearity considered in the Navier Stokes formulation of Wang
et al. (2011). Figure 6 shows that the present approach gives slightly smaller values for wave
forces compared with the Navier Stokes computations. However, the present model still can
be used to make a quick study to identify critical wave numbers and directions as input to
more detailed and computationally more expensive Navier Stokes computations.

For the incident wave propagating at an angle « to the positive z-axis, the wave force
and the maximum wave runup are computed and compared for cylinders of circular, elliptic,
quasi-elliptic and square cross sections, see Figure 7, with the same cross sectional area. The

16



505

506

507

508

509

510

511

512

513

514

515

516

517

518

519

520

521

522

523

524

525

526

527

528

529

0.0

0.8 1.0 1.2 1.4
kD

FIG. 6: The non-dimensional hydrodynamic force acting on the quasi-elliptic vertical cylinder
in waves. Wang (H/h = 0.05, B markers), Wang (H/h = 0.095, 0 markers), Wang (H/h =
0.15, A markers), Wang (H/h = 0.2, A markers), the present method with fourteen terms
in (35), (line with o markers). Here H is the wave height, H = 2A, and h is the water depth.

forces and maximum runups for v = 0° are compared in Figures 8(a) and 8(b), respectively.
It is observed from Figure 8(a) that wave force is smallest for the cylinder with quasi-elliptic
cross section, and from Figure 8(b) that maximum non-dimensional wave runup is highest
for the square cylinder. For the incident wave propagating at angle o = 90° to the positive
z-axis, see Figure 7, wave forces for elliptic and quasi-elliptic cylinders are higher than for
a = 0°. This can be attributed to the larger projected area normal to the flow of these
cylinders for o = 90°. The computations for a = 90° provide that the wave force is highest
for the cylinder with quasi-elliptic cross section and the maximum non-dimensional wave
runup is highest for quasi-elliptic cylinder, where 0 < ka < 1.1, and for square cylinder,
where 1.1 < ka < 4. Figures for the latter case is not included. It is concluded that the
forces are dependent on angle of wave incidence, «, with the corresponding corrections of
order O(e), see equation (26), where S((]g) is independent of a.

HYDRODYNAMIC FORCE AND WAVE RUNUP ON THE CYLINDER WITH
COSINE TYPE RADIAL PERTURBATIONS

Vertical cylinders with cosine type radial perturbations of their cross section,
r = R[1 + ecos(NO)], (36)

where N is a positive integer, were studied by Mansour et al. (2002). The cross sections of the
cylinders in equation (36) are shown in Figure 9 for R =1m, e = 0.05and N = 1,2,3,4,5,6.

Mansour et al. (2002) derived the leading order corrections to the forces acting on the
cylinders (36) as ¢ — 0, and also to the maximum non-dimensional runup, A,,../2A4, for
these cylinders. They also computed the hydrodynamic forces and wave runups by the
method of boundary integral equation and compared their numerical and first-order asymp-
totic results. They concluded that the first-order asymptotic solutions well agree with the
numerical solutions in the range 0 < e < 0.05. The higher-order asymptotic solution of the
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FIG. 8: (a) The non-dimensional hydrodynamic force and (b) the maximum non-dimensional
wave runup on cylinders of circular (solid line), elliptical (dotted line), quasi-elliptical (dashed
line) and square (dotdashed line) cross sections with same cross sectional areas. Angle of
wave incidence, «, is zero.

present paper provides the forces and runups almost identical with the numerical forces and
runups by Mansour et al. (2002), see Figures 10 and 11. It is observed that the present
approach compares quite well with the integral equation method of Mansour et al. (2002)
even for high values of kR. Note that the asymptotic results by Mansour et al. (2002) for
the maximum non-dimensional wave runup deviate significantly from their numerical results
for kR > 1.

To compare the forces computed by Mansour et al. (2002) with the results of the present
method, the forces in (7) and (8) are multiplied by (1/2)tanh(kh). The resulting non-
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line), N = 2 (solid line), (b) N = 3 (dashed line), N = 4 (solid line), (¢) N = 5 (dashed
line), N = 6 (solid line).

(dashed

dimensional forces [F,| = [(1/2) tanh(kh)]|F,| are shown in Figures 10(al-a4) for N = 2,3,4
and 6 in (36). These figures demonstrate that the first-order asymptotic forces by Mansour
et al. (2002) are very close to both the numerical results and to our higher-order forces
for e = 0.05 and 0 < kR < 4. The maximum runup A,,,../(2A) is more sensitive to the
number of terms in the asymptotic solution (15), see Figures (10)(b1-b4). It is seen that our
fifth-order asymptotic solution provides the wave runup almost identical with the numerical
solution for € = 0.05. This conclusion is also true for € = 0.1, see Figure 11, for both the
force and the maximum runup as functions of the non-dimensional wave number, kR. Note
that the first-order asymptotic solution cannot be used for e = 0.1.

The present method is restricted to vertical cylinders whose cross sections are close to a
circle. Liu et al. (2016) solved numerically the problem (2) - (4) with no restriction on the
shape of the cylinder cross section. The method they use is not an asymptotic method but
a Fourier series method combined with the Galerkin method to satisfy the body condition
(4). However, authors reported some difficulties with the system of equations they obtained.
The system is ill posed for some cases after truncating the infinite system of equations.
Despite the reported difficulties, their results show good agreement with numerical results
by Mansour et al. (2002). In the present method we deal only with multiplication and
summation of Fourier series to find the unknown potentials ¢,,, n = 1,2, 3,4, so the present
method is stable in solving the wave diffraction problem for vertical cylinders.

The effect of the truncation of the Fourier series (12), (21) and (22) on the performance
of the present asymptotic solution is demonstrated by Figures 12 and 13. Let the number of
terms m vary from 1 to p in (21) and (22). After each multiplication of two Fourier series the
resulting Fourier series is truncated to p terms. The system of the equation in the method
of Liu et al. (2016) is truncated in a similar way because Fourier series are used to represent
the body shape and the velocity potential.

Liu et al. (2016) recommended p = 20 for any shapes of the cylinders with cosine type
section. It was observed that p = 12 in our asymptotic solution provides good agreement
with the numerical results by Liu et al. (2016). Even p = 6 in our method provides a very
reasonable agreement with the numerical force and maximum runup. The distributions of
the wave runup along the cylinder are shown in Figure 13 for p = 20 in the computations
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FIG. 10: (al)-(a4) The non-dimensional hydrodynamic force and (b1)-(b4) the maximum
non-dimensional wave runup on the vertical cylinder in (36). Comparison of the results by
the present method (solid line) with the analytical (dashed line) and numerical (e markers)
results by Mansour et al. (2002) for ¢ = 0.05 and N =2 in (al), (bl), N = 3 in (a2), (b2),
N =4in (a3), (b3) and N =6 in (ad), (b4).
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FIG. 11: (a) The non-dimensional hydrodynamic force and (b) the maximum non-
dimensional wave runup on the vertical cylinder in (36). Comparison of the present method

(solid line) with Mansour et al. (2002)’s numerical method (e markers) for ¢ = 0.1 and
N =4.
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FIG. 12: The effect of the truncation number p on the non-dimensional (a) hydrodynamic
force and (b) maximum wave runup for € = 0.05, N = 3 in (36). Liu et al. (2016) numerical
method with p = 9, 20 (e markers), the present method with p = 4 (dashed line), p = 9
(solid line).

by Liu et al. (2016) and p = 6,12 in our calculations. It is seen that the predictions of the
wave runup by the present method are good even for waves with kR = 4.

LONG WAVE APPROXIMATION OF WAVE FORCES

The formula (5) for the hydrodynamic force F(t) acting on a vertical cylinder with cross
section D can be simplified for long waves, where ka — 0 and a is a characteristic dimen-
sion of the cylinder cross section. We shall use the ideas by Haskind (1973, Chapter 2),
who expressed the forces as integrals of the potential of the incident wave, three radiation
potentials and their normal derivatives on the cylinder. The radiation potentials describe
waves generated by the cylinder oscillating in x— and y—directions and due to torsional
oscillation of the cylinder. Haskind also introduced generalized added masses and damping
coefficients of vertical cylinders as functions of the non-dimensional wave number ka. The
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FIG. 13: The non-dimensional wave runup, A(#)/2A, for the cylinder (36) with ¢ = 0.05
and N = 5 computed for (a) kR =1, (b) kR = 2, (¢) kR = 3, (d) kR = 4. The present
asymptotic method with p = 6 (dashed line) and p = 12 (dotted line) is compared with the
numerical results (solid line) by Liu et al. (2016) with p = 20.

generalized added masses approach the added masses of the two-dimensional body D moving
in unbounded incompressible liquid as ka — 0. In this section, we limit ourselves to the force
component only in the direction of the incident wave propagation in the limit as ka — 0,
with a = 0°.
Equations (5) and (6) provide the non-dimensional x—component of the hydrodynamic
force acting on the cylinder,
—1

F=— /a o 0)meds. (37)

where ¢(r, ) is the solution of the problem (2)-(4) and n, is the z—component of the unit
normal vector n to the surface of the cylinder. It is convenient to introduce new potential
o(z,y) by the equation ¢(r,0) = e** — ik p(x,y). The potential p(z,y) satisfies equation
(2), describes outgoing waves as r — oo, and its normal derivative on the cylinder is given

22



590

591

592

593

594

595

596

597

598

599

600

601

602

603

604

605

606

607

608

609

610

611

612

613

614

615

616

by
¢ _

B ¢**n, (on OD). (38)
By using the potential ¢(x,y) and condition (38), the force (37) can be presented in the
form ) » 5
n ¢ ikx Y _ika
Fp=—43—- M, ds — - dsp. 39
i e e )

The product €** n, in the first integral of (39) can be viewed as the scalar product of two
vectors: (e** () and n. Then the divergence theorem yields

—l/ e, ds = —1/ div (e 0) dxdy:/ ™ dzdy.
k Jop kJp D

Taking the limit in (39) as ka — 0, where z/a = O(1), we obtain

F0) = ID1= [ S2as]. (40)

ma? n

where |D| is the area of the cylinder cross section and ¢g(x,y) is the limiting value of the
potential ¢(x,y) as ka — 0. The potential @q(x,y) satisfies the following equations

Vs = 0 (outside D),
% = n, (ondD),

o — 0 (22 +y* = 00),

and describes the two-dimensional flow caused by the motion of the body D in unbounded
and incompressible liquid in the z—direction at the unit speed. The integral in (40) multiplied
by —p is known as the added mass m,,. Finally

1
Ta?

F,(0) = {\D| + m“} . (41)

p

For the elliptic cylinder 2% /a®+y?/b* = 1 with the semi-major axis a and the semi-minor axis
b, where b = ay/1 — €2 and e is the eccentricity of the ellipse, we have |D| = wab, m,, = prb?
and (41) gives

> b b’ 2 3. 14 6
F,(0) = =Vl—-e2+1—e"=2——¢—-e"+0(e),

o’ @ 2 8
which corresponds to the asymptotic formula (32). For the elliptic cylinder 22 /b*+y*/a? = 1,

we have |D| = wab, my, = pwa® and (41) gives

~ b 1

1
FI(O):E+1:2—562—

§64 + (9(66),

which corresponds to the asymptotic formula (33).
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For the square cylinder with side 2a, we have |D| = 4a* and m,, ~ 1.51pma?, which gives

4
F,(0) = — + 1.51 ~ 2.7832.
T

The fifth-order approximation of the section ” Hydrodynamic Force on Square Vertical Cylin-
der” with four terms in the series (34) gives |F,(0)] ~ 2.736 and just one term in the series
(34) gives |F,(0)] ~ 2.563. The latter value is close to that predicted by the theory of
"equivalent circular radius”, see Figure 4. Therefore, the theory by Mogridge and Jamieson
(1976) underpredicts the force for long waves by about 8.5%.

CONCLUSION

An asymptotic approach to the linear problem of regular water waves interacting with a
vertical cylinder of arbitrary cross section has been presented. The incident regular wave is
one-dimensional, water is of finite depth, and the rigid cylinder extends from the bottom to
the water surface. Deviation of the cylinder surface from a mean circular cylinder is assumed
small compared with the radius of the mean circular cylinder. The fifth-order asymptotic
solution of the problem has been obtained. Each term in the asymptotic expansion of the
velocity potential is the solution of a radiation problem for the circular cylinder. These
radiation problems differ only by the value of the normal derivative of the corresponding
potential on the surface of the circular cylinder. The radiation problems have been solved
by the Fourier method. The numerical solution of the problem has been reduced to opera-
tions with the Fourier coefficients of the potentials and the shape function. The numerical
algorithm has been applied to the problems of wave diffraction by elliptic, square and quasi-
elliptic cylinders and by the cylinder with cosine type radial perturbation. The obtained
results have been compared with experimental and numerical results by others in terms of
the hydrodynamic forces and wave runup on cylinders in waves. The present approach pro-
vides the forces very close to the forces computed numerically and measured in experiments
for relatively long incident waves, 0 < kR < 4, where 27 /k is the wave length of the incident
wave. The present approach should be used with care for short incident waves. A reason for
this conclusion comes from the body boundary condition. The analysis of the velocity poten-
tials ¢, revealed that they have terms with factors (kR)Qn. Correspondingly, the expansion
(15) is formally asymptotic only if €(kR)? < 1. For small values of & and short waves with
A/ R = O(¢'/?), the method of renormalization or multi-scale method can be used to derive
uniformly valid asymptotic expansions of the hydrodynamic forces.

The asymptotic method of this paper has been validated for the long-wave approximation.
The long-wave approximation provides the forces acting on a vertical cylinder of arbitrary
cross section in linear regular waves through the area of the cylinder cross section and the
added masses of this cross section. The values of the forces at kR = 0 are exact within the
linear wave theory. The added mass tables can be used to calculate the forces at kR = 0.

An advantage of the present approach compared with the numerical solution of the prob-
lem by a boundary-element method is that it provides the forces and the diffracted wave field
in terms of the Fourier series of the deviation of the cylinder shape from the circular one.
The leading-order potential, ¢q(r, ), is independent of these coefficients, the first-order po-
tential, ¢1(r, ), is a linear form of these coefficients, and the second-order potential ¢o(r, 6)
is a quadratic form of the coefficients. By using these forms of the potentials ¢, (r, ), we
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can formulate the problem of identification of the cylinder and its shape with the help of
measured elevations of water surface far from the cylinder. We can also determine how much
some small variations of a cylinder shape change the loads acting on this cylinder in waves,
and optimize the shape of the cylinder to approach certain restrictions on the loads.

It was found that cylinders with quasi-elliptic cross section experience the least wave
force compared with cylinders of elliptic, square and circular cylinders with the same cross
sectional area for zero angle of wave incidence, see Figure 7.

In real applications, cylinders are always arranged in groups, therefore the analysis of
the so-called "hydrodynamic interaction problem” of several non-circular cylinders in waves
should be carried out. The present method is very suitable for analysis of this problem and
it is suggested to solve by iterations satisfying the boundary condition on each cylinder one
after another and employing the addition theorem of the Bessel functions. The iterations
are suggested to combine with the asymptotic approach of the present paper, in order to
improve the convergence of the iterations.
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