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ABSTRACT

This thesis employs molecular quantum electrodynamical theory to analyse the interactions
between light and matter for four main processes. The first to be considered is Raman scattering,
where the effect of the electrodynamic environment for the centre of spectroscopic interest is
considered. This is achieved by engaging a retarded dipole-dipole interaction between the centre
and a neighbouring molecule. Physically, this is explained by a virtual photon between the pair
of centres. The results predict characteristic new lines on the Raman spectrum, for the species,

arising from the engagement of selection rules not limited to those of a two-photon process.

The second process, is hyper-Rayleigh scattering, in which a single multipolar coupling is
considered in place of the more familiar electric dipole. This modification to the theory subverts
the standard selection rules for a three-photon process, which can allow for second-harmonic

emission to be generated by a centre of high symmetry, such as a centrosymmetric molecule.

The third process offers another means of subverting the standard selection rules for second-
harmonic generation, namely by incorporating six-wave mixing. First, the general mechanism is
developed and pertinent results are expressed for the widely-deployed depolarisation ratio.
Following this, structured light is considered and by utilising orbital angular momentum (OAM)
conservation arguments, the pair of harmonic photons are found to display quantum
entanglement. Moreover, the relative magnitudes of the possible emissions are found to

correspond directly to that of the binomial coefficients.

This thesis concludes with a family of novel structures capable of directly generating OAM light.
This work exploits symmetry characteristics for a delocalised excitonic structure that can allow
for a more complex multipolar emission than that of any isolated centres. The phase of the
exciton is shown to display an azimuthal phase progression, a vortex feature most commonly

associated with Laguerre-Gaussian light.



XVIIL

XVIL

XVI.

XV.

XIV.

XIII.

XII.

XI.

IX.

il

PUBLICATIONS

M. D. Williams, D. S. Bradshaw, and D. L. Andrews, “Symmetry analysis of Raman

scattering mediated by neighboring molecules,” J. Chem. Phys. 145, 184301 (2016).

M. D. Williams, D. S. Bradshaw, and D. L. Andrews, “Raman scattering mediated by

neighboring molecules,” J. Chem. Phys. 144, 174304 (2016).

M. D. Williams, D. S. Bradshaw, and D. L. Andrews, “On the emergence of Raman
signals characterizing multicenter nanoscale interactions,” Proc. SPIE 9884, 98840N

(2016).

KA. Forbes, M. D. Williams and D. L. Andrews, “Quantum theory for the nanoscale

propagation of light through stacked thin film layers,” Proc. SPIE 9884, 988434 (2010).

M. D. Williams, D. S. Bradshaw, and D. L. Andrews, “Quantum issues with structured

light,” Proc. SPIE 9764, 976407 (2016).

J. M. Leeder, D. S. Bradshaw, M. D. Williams, and D. L. Andrews, “Developments in

the Photonic Theory of Fluorescence,” in Reviews in Fluorescence 2015, C. D.

Geddes, ed. (Springer International Publishing, 2016), pp. 235.

M. D. Williams, J. S. Ford, and D. L. Andrews, “Hyper-Rayleigh scattering in

centrosymmetric systems,” J. Chem. Phys. 143, 124301 (2015).

R. Liu, D. B. Phillips, F. Li, M. D. Williams, D. L. Andrews, and M. J. Padgett,

“Discrete emitters as a source of orbital angular momentum,” J. Opt. 17, 045608

(2015). [Collaboration & IOP Select|

M. D. Williams, J. S. Ford, and D. L. Andrews, “Mechanisms universally permitting

hyper-Rayleigh scattering,” Proc. SPIE 9347, 934711 (2015).

D. L. Andrews, M. D. Williams, D. S. Bradshaw, R. Lui, D. B. Phillips, S. Franke-
Arnold, and M. J. Padgett, “Nanoarrays for the generation of complex optical wave-

forms,” Proc. SPIE 9160, 91601L (2014). [Collaboration)



iv

VIIIL

VII.

VI

IV.

I1I1.

II.

M. D. Williams, D. S. Bradshaw, and D. L. Andrews, “Principles of vortex light
generation from electronically excited nanoscale arrays,” Proc. SPIE 9126, 91260F

(2014).

M. D. Williams, M. M. Coles, D. S. Bradshaw, and D. L. Andrews, “Direct generation

of optical vortices,” Phys. Rev. A 89, 033837 (2014).

M. D. Williams, M. M. Coles, D. S. Bradshaw, and D. L. Andrews, “Optical vortex
mode generation by nanoarrays with a tailored geometry,” Proc. SPIE 8999, 89990Q

(2014).

M. M. Coles, M. D. Williams, and D. L. Andrews, “Optical vortices in six-wave

mixing,” Proc. SPIE 8999, 89990Y (2014).

M. D. Williams, M. M. Coles, K. Saadi, D. S. Bradshaw, and D. L. Andrews, “Optical
vortex generation from molecular chromophore arrays,” Phys. Rev. Lett. 111, 153603

(2013).

M. M. Coles, M. D. Williams, K. Saadi, D. S. Bradshaw, and D. L. Andrews, “Chiral
nanoemitter array: A launchpad for optical vortices,” Laser & Photon. Rev. 7, 1088

(2013). [Lssue front cover]

D. L. Andrews, M. M. Coles, M. D. Williams, and D. S. Bradshaw, “Expanded
horizons for generating and exploring optical angular momentum in vortex

structures,” Proc. SPIE 8813, 88130Y (2013).

M. M. Coles, M. D. Williams, and D. L. Andrews, “Second harmonic generation in

isotropic media: six-wave mixing of optical vortices,” Opt. Express 21, 12783 (2013).



ACKNOWLEDGEMENTS

Firstly, I would like to express my gratitude for the supervision and guidance Prof. David L.
Andrews has consistently provided me throughout my PhD research; I cannot imagine a better

mentor to have had throughout this endeavour.

I thank my co-authors and group members for the many fruitful conversations: Dr Matt M.

Coles, Dr Jack S. Ford, Kayn A. Forbes, Dr Jamie M. Leeder. But most of all to Dr David S.

Bradshaw for offering your time and insights throughout this research and thesis.

I thank the University of East Anglia for funding this research.

Last but by no means least, I would like to thank my parents. Not just for the care and attention

you so readily give out. But also for the sacrifices you make to provide the best for us all.



vi

CONTENTS

ABSTRACT ...ttt e b s b s e e be s s se bbb e s e bbb e e e bbb e e s bbb e e e bbb e e e aanne II
PUBLICATIONS ..ottt ceane s seasessssase s ssssane s seassssessase s sesssnessessssesssasessessssesssssnsesessanns IT1
ACKNOWLEDGEMENTS .......uciiiiitiiiiiiiiiieiiitteinirecssssnessesseesessssesssssssesssssssssssssssssessansssssssnssssssnns v
CONTENTS ..ottt e s b e s e e b s e e e bbb s e s bbb e e s bb s e e e bbb s e eesbanaesesssnaees VI
LIST OF FIGURES .......ooiiiiiiittiiiitiiicnttee e sesssassse e s e s e s asssse e s s s ssssssssssaeessessssssssnneessesssssns IX
LIST OF TABLES ......coootttiiitttiiitciniintccnine s seisre s seasts s sase s sessase s sessssesessasassessssessesssnesssssssssesssnessonns XIII
LIST OF ABBREVIATIONS ...ttt sttt ccsesecssssee e csssse s sasae sesssassesssnesesssnns XV
LIST OF SYMBOLS ......ouutiiiiitiiiiiiiiiiittiniieeieiiesssastesssase s ssssse s sessssesessssessessssessesssnessssssssssssanessosss XVI
FUNDAMENTAL THEORY ...ttt csienecsieeesenaeesesssessssesesesssssesssssssssssssnesenns 1
1.1 INTRODUCTION ...cttiteiticite ittt sttt ss s s s a s s bbb bbb 1
1.2 UNDERLYING THEORY ..ouititiriteitiesieise st sse st ssss s s s s ss s s sa s ss s sa bbb 3
1.3 PERTURBATION THEORY ..coeueueueuiuiuiuimimeetnestrtstststststeteseseseseseseseseststatstststststssssssssssesesesesesesesesesestatatsttstssssssssesesesesens 8
14 PROGESSES....ouititieiieitsts ittt a bbb 11
T.4A  RAYICIGH SCATIETING....ooneeiiiiciiet s 11

1.4B RAIIAN SCAIIETING oottt 15

1.4C  SCond-harmonic GQEneration..................eviuniineieniinsisisisisisss s 17

1.5 MULTICENTRE INTERACTIONS ...vttititiriieitets sttt s s bbb bbb sanes 22
1.6 OPTICAL ANGULAR MOMENTUM.....cuttrtrertrertrertrsstsieteseseseseseseseseseseseststseststssssssssssesesesesesesesestatatsttstssssssssssssesesesens 23
1.6A  SPitt angular mMOmMERINDL .................coouvviiiciiiiiiiiiiiisic et 23

1.6B OFbital GNGHIGE MOMENTUN ...t 25

T.6C  POYRIING DECIOT ...t 28

1.7 TIMELINE OF MILESTONES .....c.cutututututttrtrtrtrtststststeteteteseseseseseseseseseststststststssssssesssesesesesesesesessataestatttssstssssesssesesens 29
COMPLEMENT 1A: PARITY CONSIDERATIONS ...ttt ceisne e cssnne s 34
COMPLEMENT 1B: MOLECULAR SYMMETRY ....cooiiiiiiiitiiiiiieintirecneeecinne e cenenesesseeens 36
COMPLEMENT 1C: COHERENCE AND WAVE-VECTOR MATCHING.........cccccevuurreiccnenercnnnnen. 38
COMPLEMENT 1D: ROTATIONAL AVERAGING OF TENSORS .......coovviiiiiniiiiitiieccieeeccnnnens 41
GENERAL STRUCTURE ....oottettitetie st ss s s ss s ss s s s bbb sa s s s sas 41
RANK 2 1t s e bbb b 42
RANK 3ttt bbb 43
RANK 4ot 43
RANK 5 oo e bbb 44
RANK 0 oottt i sttt 45
RANK 7 ottt st 46
SUCCESSIVE RANKS ..utuitieteteteteteteteteteteseseseestststststeseteteseseseseseseseseseststaestststaseseseseseseseseseseseseatatatatattstatstssstesesesesesesenesesencs 49



vii

COMPLEMENT 1F: RESONANCE EFFECTS ....ccuciitttiiiittieeteteeeereeieressereressssesessssessssssessssssesssssssssses 53
COMPLEMENT 1G: BORN-OPPENHEIMER APPROXIMATION ...cccccotttteerernnierereeceeesenceresnncesenes 55
COMPLEMENT 1H: LAGUERRE POLYNOMIALS .......cottiiitttiertetnieeeeteieressnceressseesessseessssssessssnssssses 57
MULTICENTRE RAMAN SCATTERING ......cotttuiiieruniererteierereeeresssseressssesessssesessssessssssessssssssssssssssssnns 58
2.1 INTRODUCTION ..oouiiverieierereerteresesseseseesesessesesessssesessssessssssessssesessssssesessssessssssesessssessssssesessssesessssesessssesessssessssssessnssseses 58
2.2 GENERAL THEORY ..vovetietiiteteteerietesseseeseeseesesseseesessessesessessessesessessessesessessessesessessessesessessessesessessessssessessesessensessesessenes 60
2.2A4 CUSE L vttt ettt e b et b et e b et e s et st e b et e st e b et et e b et e as e b e as e b eseasabeb et e e b e b et e as b eteat b eteas st easereten 61

2.2B

2.2C
2.2D (@220 L OO 68
2.2E CSE 1 ettt ettt et b et e b et st e b et as e b et e st e b et et e b e te R b e b ae s eaeAe Rt e b et e R b b etea b bt eat bt eat s etensereten 69
2.2F (@2 g T 75
2.2G (@2 0 I OO 77
2.2H CSE VT oottt ettt e v et st e bt e s et e st e s et et et ets s esets et es et sasesetsas et etsasesetsnsesetensasesen 81
2.21 SHIIIIATY OF CASES ..ottt 83
2.3 ROTATIONAL AVERAGE ...cveveuietieteeeteeteeteeeseeteesesseseeseesesseseesessessessesessessessesessessessssessessessesesessessesensessessssensensesessenes 84
2.4 SYMMETRY ..vovivveverieerereeeresesesesesesesessesesessesesessesesessesessssesessssesessssesesessssessssssesessssessnsesesessesesessssesessssesessasessnsssessnssseses 88
2.5  EXAMPLE SYSTEM: BENZENRE......cietevetiiereteiirereeeiseresesesessesesessesesessssesessssessssesessssesessssesesessssesessesessssasessssssessnssseses 90
2.6 PRESSURE DEPENDENCE.......coerteteitetteteetieeseeseesesseseeseesesessesessessessesessessessesessessessesessessessesessessessssessessesessensessesessenes 91
2.7 IDISCUSSION ..ouvevevirierereeeereteseesesesesesessesesessesesessesesessesessssesessssesessssesesessssessssssesessssessnsesesessssesessesesessesesensasessssssesensssesen 92
COMPLEMENT 2A: PRODUCTS OF MATRIX ELEMENTS ......cotttiiiittrieiirtniertenneereeneeeeeennsesennnseeenes 94

COMPLEMENT 2B: COMPLETE SET OF NEWLY RAMAN ACTIVE IRREDUCIBLE

REPRESENTATIONS ...coootiitiitiniteiittiietesiteseteseseesssstessstesoseesessesesstessstesossesossssesssessssesonsesonsssssssesss 96
HYPER-RAYLEIGH SCATTERING ......ccoccceiiutiittiniteitenieeseetessatessstesestesessssssstessssessssesossesesssssssseses 100
3.1 INTRODUCTION ..ovrtuieeuereiencaeseteeseseseuesesseseaesessssestssaesssseststaesessestassesesssstataesesssntntassesssentassesssnentessesesnentassesessentasseses 100
3.2 GENERAL THEORY weuucvetetretueueteesesesesetetsetaesesessesestaesesseststaesessestassesesssstatsesesssntstaesessssentassessssetsssessssentassesessetasseses 102
3240 CSE Lo et et 102

3.2B S Lottt ettt etttk R s a Attt ettt ettt et e s esenenearataen 104

320 QS0 It s Attt 105

32D CSE II oottt 105

3.2E SHIIIATY OF CASES oottt bbbt 106

3.3 ROTATIONAL AVERAGE ..vutuiueiriireeeieteirecaeietetsesestaesetseststaesesseseasaesessesessaesesssstssassessssestassesessentassessssentassesesnencasseses 106

B 3A EXAIPLE..eeeiiiiie s 107

3.4 EXPERIMENTAL APPLICATION ....ottuuturiueereuseesseesessesssessessesssessessesssesssssesssessessesssessssssssssssessnsssssssssssssssesssssssssenes 110
344 EXPle (CONTNUEH)..........cooeniniiiiiiiiiicicciii s s 111

3.5 SUMMARISED RESULTS coueuuuttutureseeeseeseeseessessesssessesesssessessesssesssssssssessssasssssssesssesssssesssssssssessssssesssssssssesssssssssenes 112
3.0 DISCUSSION ....oiuuieieiireiseeereeeiseease s sssesss s ssseess e ssse e seessess e ss et sees st saees s s sees et sesaees st sesssebsebesseebsesaenees 115
COMPLEMENT 3A: RESULTS TABLE FOR THE ROTATIONAL AVERAGES.......c.ccccccvveuuvennnne 116

SIX-WAVE SECOND HARMONIC GENERATION WITH STRUCTURED LIGHT...................... 120



viii

41 INTRODUCTION ..cottmiriinetrenseessessessesssetsessesssessessstsse e sast s ssst s ssessst et se et sb st bbbttt 120
4.2 GENERAL THEORY ...ceuriitrieieireteiseteisetensetessesesse st sstae st sesst st ssssessssesstsessssesstsessesessssessesessesesesessisessisesines 121
4.24 L QEUUDE JOUTIULALION. ... s 121
B2B M GffeCts coonovvvvvveeeeesessssessssssssssssssssse s 124
4.3 ROTATIONAL AVERAGE ..cctumeiitireirecitiessettseiesssease e sise e e sase s ssst ettt st sttt sisen 126
4.4 STRUCTURED LIGHT ...coetstuiueteinieueuereiniestiesessesesesesessestssaesesseststaesessesesseesesssststassessestataesesssststaesesseststaesesssnetecsessanes 129
4.5 DISCUSSION c.ueririienetreisreetsessesssetsessessstase sttt sssesse e ssst s e ss st s st e bae et st e ss et e b st ettt bbbt 132
DIRECT GENERATION OF STRUCTURED LIGHT ......ccceiiiiiiiiiiiiiiiiiiiinieeeeneeeeneeeeeeeseesssssnssssssssssnns 133
5.1 INTRODUCTION ....cotuuiuuriseereesesseessessssssessessessssssesssssssssssssssssssssssssssssssssssssssssssessssssssssssssssssssssssssssssssssssssssssssssnssnes 133
5.2 ARRAY CONFIGURATION ..oiutimiemetemetesetsesessesessesessesesstsessesesstsessesesstsessesessesessesesstsesstssssssessssessesesstsessesessesesscns 134
5.3 EXCITON HAMILTONIAN AND WAVEFUNCTIONS ....oecutuureeurerseeeresensecssesesssessessessssssessesssssessessssssessessssssessnes 137
5.4  STRUCTURE OF THE EXCITONIC ENERGY LEVELS....cctcecetruriiueuereereeeererennestaeseressetsssessesesssssesessestassesessessassenes 140
5.5  EXCITON PHASE STRUCTURE ....cvvurtutuereurereueseteeseeaesesessesesesessssestssaesessestassesessestassessssentassessssentassesessestassesessentassenes 141
5.6 DDISCUSSION ....oueriencereiressetetsesssetsessesssesesseease s sssesse e ss st se st et sttt ettt sttt eni s 143

REFERENCES .....oovtiiiiiiiiiiiieecciiiiiieeeccnniiieseeecssssssasssseesssssssssssssesesssssssssssssssssssssssssssessssssssssssnnes 147



Figure 1:

Figure 2:

Figure 3:

Figure 4:

Figure 5:

Figure 6:

ix

LIST OF FIGURES

A quantum representation of: (a) a molecule undergoing an electronic transition from a
ground state E, to a virtual excited state E, + iiCK before relaxing back to its ground state;

(b) a radiation transition utilising ladder operators to demote the radiation state to m—1

and subsequently promoted back t0 M ..ot seaes 3

A pair of Feynman diagrams depicting both the photon annihilation and creation events at
a wotld line for an optical centre, A. Read from the bottom up: (a) depicts a centre in its
ground state, 0, annihilating a photon at vertex |, at which time it enters an intermediary
state, I', before subsequently relaxing and creating a photon at vertex i and returns the
centre to its ground state; (b) is the time inverse of the left panel, moreover all matter and

radiation states are EqUIVAICNL. .....cccuiiieieieeieiiii e 12

A pair of Feynman diagrams depicting both the photon annihilation and creation events at
a wotld line for an optical centre, A.Read from the bottom up: (a) depicts a centre in its
ground state, 0, annihilating a photon at vertex J, at which time it enters an intermediary
state, I', before subsequently relaxing and creating a photon at vertex i and relaxes to a
different vibrational energy state, « ; (b) is the time inverse of the left panel, moreover all

matter and radiation states are eQUIVAIENL. .......cc.vvcuicuriciriciricreee e neeaeneenes 16

Three Feynman diagram representations for the distinct time-orderings associated with

second-harmonic generation: (a) the photon annihilation operators j and K precede the

photon creation i; (b) the creation event straddles the two annihilation events; (c) the
creation event precedes both the annihilation events. In all cases the scatterer begins and
completes the process in its ground state 0 traversing two intermediary states, I and S.

Moreover, the emitted photon conveys the energy sum of the two annihilated photons:

ACK" = hCK + ACK , in €aCh SCHEMALIC. ..veveeeeceeeeeeee et 18

A tabular state sequence diagram depicts all the pathways for SHG, with each row
representing a state of consecutive photon occupying number, N. Columns denote
successive system states that each time-ordering progress through. Any pair of radiation
states linked by a line represent interactions between the molecule and the radiation mode.
The inclined dashed lines represent a photon creation event, while the declining solid lines

represent a photon annihilation EVENL. ... eecuricurieirieireeirect ettt sseaeseeaes 19

Poincaré sphere, the two poles representing the two pure eigenstates of spin polarisations.
Linear superpositions of these will form all other polarisations: the linear modes line up
around the equator and elliptical the remaining regions are dedicated to elliptical

POLALISATIONS. .o 24



Figure 7:

Figure 8:

Figure 9:

Figure 10:

Figure 11:

Figure 12:

Figure 13:

Figure 14:

Figure 15:

Figure 16:

A series of simulations depicting the phase progtession of increasing topological charge

from left-to-right for the first two values for the radial index, explicitly: (a) 1 =1, p=0; (b)
1=2,p=0; () I=3,p=0;d) I=1,p=1; (e I=2,p=1; () | =3,p=1. The phase
cycles through 271 © the intensity distribution has been ovetlaid, where white represents

ZELO-INtENSILY I CACH CASC...uuviiieiiiii s 27

Procession in wavefront for an LG beam with | =3 over the course of three wavelengths,

depicted as three interleaved helices, each representing a surface of constant phase. ....... 29

Schematic depiction of a pairwise interaction between two centres in the course of a Raman

scattering process, with a detector, D, perpendicular to that of the incident beam.......... 59

A single representative Feynman diagrams for the time evolution of two molecules A and
B. Prior to the process both centres are in their ground state at a point in time the molecule
of spectroscopic interest annihilates a photon and transitions to a virtual intermediate state,
r. Ata subsequent instant, a virtual photon is exchanged between the pair; molecule A is
left in a vibrationally excited state, while its neighbour transitions to a virtual state, S,

before immediately creating the scattered photon and returning to its ground state......... 63

Similarly to Figure 10, this is one of six permutations of time orderings for this case, in
Feynman diagrammatic representation. The difference here is the sites of the photon

operators are INterChanged. ... 65
Another example of one time series for this case in Feynman diagrammatic form. .......... 66

An example time series, in Feynman diagram form, for the final photon-molecule

INteraction Sit€ ArranZEMIENL.....civeuiieeriieeiiieiieeirisesire et sens 68

This is very closely related to the Feynman diagram depicted in Figure 10, except a total of
two virtual photon exchanges occur between the pair of molecules, making for a total of
six interactions, distributed as thtee interactions at each of the molecules. Two additional
intermediary states are required to describe this process t and U. The additional virtual

photon exchange doubles the number of possible permutations of time-orderings to

One of twelve Feynman diagrams to represent the photon operator locations. This is
comparable in form to that of case II, the additional permutations introduced as a result of

the second VIFtual PROTOM. c..veiieiiicieciecieceie ettt saens 77

One example Feynman diagrams comparable in form to that of case III, where both real
p y 8t P
photon operators occut at molecule A, the additional permutations introduced as a result

of a second virtual photon exchange with molecule B ........ccccooeveinininceecnenineeccnnennennes 78



Figure 17:

Figure 18:

Figure 19:

Figure 20:

Figure 21:

Figure 22:

Figure 23:

xi

One Feynman diagram to exemplify this mechanism. Both real photon operations occur

on molecule B, which is coupled to molecule A by two virtual photons. .......cccueucuneen. 81

Experimental set-up: (a) parallel plane-polarized light is detected at right angles to the input

laser; (b) perpendicularly plane-polarized light also detected at right angles....................... 84

Experimental set-up: (a) parallel plane-polarised light is detected at right angles to the input
laser; (b) perpendiculatly plane-polarised light detected also detected at right angles; (c)
forward scattered circular-polarised light with preserved circularity; (d) forward scattered

circular-polarised light of reversed CItCULALILY.....cveviverrueeiierieeicceneneeeeseaeneaens 110

An example Feynman diagram for six-wave second-harmonic generation. The photon
annihilation operators K, |, m, n precede the photon creation i and j. At the time of
the process resolves, the scatterer reaches the state in which it began, the ground state 0,

subsequent to traversing five intermediary states, I, S, 1, U and V..., 121

In this tabular state sequence diagram, each row represents a state of consecutive photon
occupying number, N. Columns denote successive system states. Each vacant column and
row, which also contains a connector represents an interaction. The solid lines with a
declination representing a photon annihilation event and the inclined dashed lines represent
a photon creation event. In the more widely known Feynman diagrams, these correspond
to nodes, such as those displayed in Figure 4. In the central line of catawampus cells, the
wavevector of either output mode has been accommodated, with both modes populated

I ThE UPPEE SEL. cuueueireeiieieecireee ettt saes 122

Schematic for the wavevector matching condition, the sum of the wavevectors k for the

annihilated photons from the input beam is equal to the sum the two harmonic photons

of wavevectors k' and k" at a conical angle, . Here, @ =10° is depicted. ....coocceun.... 125

A schematic depiction of the regarded process. From left-to-right, the input beam of
intercepts a nonlinear isotropic media and a single centre creates two photons of |'=3
(top) and 1" =1 (bottom). The cone can be envisaged tracing a shaved pencil tip pressed

against the media, with k' and k" emerging along two diametrically opposed axes..... 130

Figure 24: (a) A cross section of magnitude distribution, where the Y-axis is aligned with the input axis.

It demonstrates the relative magnitude in output of the three permitted pairings of

topological charges, (I',1"). (b) A transverse intensity distribution around the input beam

axis. The (2,2) output has been selected in this case, where red indicates high intensity,
through to black where there is zero intensity. The calculations have been performed at a
distance of 100 wavelengths from the conversion material, adopting a source laser of

wavelength of 800 MM ... s 131



xii

Figure 25:

Figure 26:

Figure 27:

Figure 28:

An impression of a permissible structure conforming to point group C, to support an

exciton of phase cross-section displayed, which in turn relaxes to produce a helical emission

OF I =T bbb 134

Schematic depiction of the array of seven emitters. The emission axis is that of the z-axis
in the centre of the plane. The angles @ and £ dictate the local otientation of each and every

emitter. The angle ¢ designates the azimuthal position in the array. Here, a = f=7/4

and ¢ =27/7. The citcumferential dotted lines serve as visual guides only. ......cccocvenece. 137

Excitonic irreducible representations and corresponding Davydov energy level splitting of

for an array of C, point group symmetry. The regular nonagon has been displayed to
emphasise the relative displacement in line splitting. A=E, +2U, E, =E, +1-532U,
E,=E, +0-347U, E, =E, —U and E, =E, —1-879U . The excitation considered is by

a red-edge laser and the magnitude of splitting has been exaggerated for visibility. ........ 141

Phase cross-sections perpendicular to the emission axis. From left-to-right and top-to-
bottom, they display: N=2 with no topological charge supported; n=5,1=1;
n=>51=-1 with an intensity weighting introduced; Nn=21,1=10. Each colour
represents a different phase, with each diagram displaying a 217 azimuthal progression.
For these simulations & = # = 7/4 and hence each of the arrays conform to the respective
C, point group. In these plots the radius of the array is 4/2007 , where A is the optical

wavelength of emission. The simulation cross-section has a length of 4/207 ................ 143



Table 1:

Table 2:

Table 3:

Table 4:

Table 5:

Table 6:

Table 7:

Table 8:

Table 9:

Table 10:

Table 11:

Table 12:

Table 13:

Table 14:

xiii

LIST OF TABLES
A timeline of key contributions that have led to the current field of research. .................. 29
Selected irreducible weights for an atbitrary Cartesian tensot, T ..coocvvcnerneiiineinecinenene. 37
The field vectors for the exemplary experimental SETUPS. ......cvueviueurieemriuemieeerieenriensieeneees 50

Field vector products for scattering of plane polarised light detected perpendicular to input,

with parallel 0SCHIAtIONS..........coviiiiiiiiiiii s 51

Field vector products for scattering of plane polarised light detected perpendicular to input,

with perpendicnlar OSCILATIONS. .........vvveiiiiiiiinic e ses 51

Field vector products for scattetring of forward circularly polarised light, with preserved circularity.

List of molecular response tensors with their corresponding case and world line for
molecule A, sorted by number of interactions ‘rank’. The permissible weights for the given
rank are also displayed. Note, near resonance, linear polarisability tensors & will include

WEIZht 1 COMPONEINLS. ..euvrivirrieirieeiriecie et 89

Categorizes the irreps for all novel (neighbour-induced) Raman transitions according to the
irreducible weights engaged. Columns two — five, are engaged by cases I/, III, 17, I'T and
DTL, LESPECTIVELY. w.veveriieeiieieeiceei et 90

The range of bulk isothermal compressibilities delivered from the six possible pairings of

zero, one and two VIrtual PROLONS. ...ccc.vcuiciiciricircre et seeaes 92

The total number of products and number that are uniquely expressible for a given number

OF TNIECANISINIS. cuviviieiieeeeeeee ettt ettt et e st s et e eae st esatsae s st esasessesatesstessesntesssensesnsesasenses 95

A list of irreps (for each point group) that relate to the spectral lines that may feature on a
Raman spectrum with neighbour-modified features. Rows which engage the same set of

cases are assigned an APPLOPLIALE TYPE . .cuiirriirrieirriiiriiiieeiieiieseersese e sseaessenes 96

Summary of the results from table 14, for each of the experimental setups in Figure 19(a)

Q) oo 113

Complete results for each of the experimental setups in Figure 2(a) — (d).....cccoeueervicnnaes 116



xXiv

Table 15:

Table 16:

Table 17:

Relative magnitudes of the intensities for permitted combinations of OAM output for the

harmonic PROTOMS. ...ccvieiiciiciiciic et ees 131

Summary of the allowed topological charge |, for OAM outputs based on atrays of the
allowed symmetry groups. For the S, groups, m=0ifi&{S }; m=1ifie{S }. The
entries in the last row, for the general case, express the necessary conditions incorporating

a floor function [201]. All point groups that do not exist are greyed out and the ones with

dashes indicate they exist but do not support any non-zetro topological emission. Note, T

and T, also support an emission of a single unit of topological charge, [I|<1. ... 136

The irreps of the C, excited states for N={3:9} . .....cccccccummmmmmrcerrrrrereememmmsmrmrrsssseeceeeeee 139



XV

LIST OF ABBREVIATIONS

Abbreviated form Unabbreviated form
DR depolarisation ratio
E1 electric dipole
E2 electric quadrupole
En electric multipole
HRS hyper-Rayleigh scattering
LG Laguerre-Gaussian
M1 magnetic dipole
Mn magnetic multipole
MQED molecular quantum electrodynamics
OAM orbital angular momentum
QED quantum electrodynamics
RR reversal ratio
SAM spin angular momentum
SHG second harmonic generation
V-tensor retarded dipole-dipole interaction



xvi

LIST OF SYMBOLS

Symbol Significance
A’p normalisation constant
a vector potential
a annihilation operator
at creation operator
o polarizability
o vibrational excited state
conical emission angle
b magnetic field
g
il bulk isothermal compressibility
d molecular diameter
dt microscopic transverse displacement field
operator
0; Kronecker delta
E energy
e, optical centre charge
é electric field
Eijk Levi-Civita
fi, radial distribution function
f’fn) permutations of field vectors
g ((ln) permutations of molecular responses
g(“) degree of N™ order coherence
GG" gramian matrix
v, decay constant for a state I
H Hamiltonian
n polarisation

beam irradiance

radiant intensity



(2]

-~ T 0O

~0

Pe

xvil

rotational average of 7" order

total angular momentum

response tensor involving an M1 transition
response tensor involving an E2 transition
wave vector

orbital angular momentum

topological charge

wavelength

matrix element

magnetic transition dipole moment
weighting tensor for rotational average
transition dipole moment

number of scatterers

refractive index at frequency, @

order of process

rank of rotational average

number of emitters

optical centres

polarisation tensor

number of parameters in irreducible tensors
spatial parity transformation

temporal parity transformation
momentum operator

transition quadrupole moment

vibrational coordinate

position vector

position vector for &

density of states

depolarisation ratio

spin angular momentum



xviil

- = O

—

dQ

Consistent with convention, bold face indicates a vector quality, italics for variables, overbars
for complex conjugates and circumflex accents for unit vectors throughout. Note, that also
following with convention operators are inferred under quantum mechanical principles and not
marked with a circumflex accent to avoid confusion with the unit vectors. All of {i, J, K, I, m, n}
are reserved for use as Cartesian indices and {/1, UV, T, P, O'} for their corresponding

laboratory reference frame. In order to avoid conflict Roman

imaginary component.

Poynting vector

temperature

Cartesian tensor

time

collection of molecular responses
neighbour interaction energy
general field amplitude

retarded dipole-dipole interaction
quantised volume

retarded interaction potential
intramolecular Coulomb potential
scalar potential

optical susceptibility
wavefunction

solid angle

frequency

€C:o
1

will denote a mathematically



1.1 Introduction 1

FUNDAMENTAL THEORY

11 INTRODUCTION

Life on earth was progenerated by the sun: a mere segment of its vast reservoir of energy was
the spark and nurturer of life. This energy takes the form of electromagnetic radiation and not
only shapes the world around us, but also enables us to marvel at the beauty of the natural
world. The complexity and mysticism of the dynamical system that has been created is a
projection of the fundamental laws which governs it; unsurprisingly people are fascinated by
what the nature of light truly is. For something that has been and still is so pivotal to our
development there is still a substantial portion of uncertainty over our understanding of what

light is and how much we can reasonably know about it.

Light-matter interaction events are ubiquitous in nature. There are countless quanta of light
flashing in and out of existence: interacting with our seas, skies and ourselves. By further
understanding that which is around us we can gain insights to what is pervasive throughout the
universe. Consider a blink of our eye, taking just a few hundred milliseconds, light is capable of
traversing a distance comparable to the diameter of Saturn: an order of magnitude larger than
that of the Earth. Of course, light does not travel so swiftly everywhere, with substances
impeding its progress. The property that defines the extent that light slows within a material is
known as the refractive index. This aspect has a complex quantity, the more often considered
real part of it is the portion relating to the modulation of lights phase velocity; that is the speed
to which the light can convey information and induces electric field oscillations in the media it

is traversing. This will be referred to at the tail end of this work.
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With the light traversing such vast distances in a literal blink of an eye it is hard to know what
the expected number of quanta of light in a given volume is likely to be. A back of the envelope
calculation can help with this. The mean number of photons, M, of a given mode is related to
the wavelength of light, 4, the volume considered, V,,, as well as a selection of fundamental
values: the maximum speed of light, Planck’s and Avogadro’s constant, C, h and N,,
respectively. The ensuing relationis m = A1V, /hc®N, . From this, it is possible to discern the

chances that a quanta of light will encounter a molecule of a given volume.

As a first example, if we consider a day of sunlight, which by definition is a time in which the
ground irradiance is in excess of 120 Wm™ [1] and on a peak sunny day can approach tenfold
that amount. Considering one of the most abundant molecules on the surface, water, it follows
that one can expect to find 1 quanta of light of an average visible wavelength of about 500 nm
in about 3x10" molecules, with the upper limit of solar irradiance reducing the order of
magnitude by one. If we now shift our focus to lasers, they are capable of surpassing daylight
by some 20-orders of magnitude [2] at such extreme levels one could expect to find thousands
of quanta of light per molecule. Under such high intensities of light, nonlinear processes become
increasingly likely to occur and are of particular relevance to chapters 3 and 4 of this work.
However, such lasers are beyond the remit of commercial laboratory lasers and would generate
fields that would be comparable to the field strength of the molecules themselves and therefore

beyond the remit of the perturbation methods introduced in §1.3 [3].

Dimensions and geometry of all constituents engaged in a process must be considered and can
be collected into three classes of scattering. The most studied class is also the one that is most
observed in nature: specifically, where the wavelengths of electromagnetic radiation are much
greater than that of the diameter of the molecule(s) engaged in a given process. For example,
most molecules will have a diameter in the region of 1 nm, and the spectral composition of light
observed on earth is heavily weighted to the region of visible light with wavelengths, A = 380-
760 nm. Many commercial lasers also operate in this region, as well as into the infrared region,
up to and beyond 1500 nm. In §1.4 we will consider a number of different mechanism to which

a photon can be scattered under this regime.
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Light can engage with matter in a vast number of ways, the lowest number of interactions are
seen in a single-photon absorption and spontaneous emission. The latter is a hallmark of
quantum electrodynamical (QED) theory, with preceding theoretical treatments incapable of
capturing this insight. However, the majority of interest to us and indeed the subject of this
thesis is light which is scattered by matter. To date quantum theory offers the most accurate
insight into what occurs at a fundamental level and as such that is what is used throughout this
work. A quantum depiction for light is the only instance to which a photon is a legitimate

concept.

1.2 UNDERLYING THEORY

Quantum electrodynamics is a fully covariant theory that is compatible with relativity and
particularly excels when dealing with particles approaching the universal speed limit, such as
free electrons. However, when regarding coupling between radiation and modest energy
perturbations (as is the case in this body of work) a noncovariant formulation can more readily
be deployed, dubbed molecular quantum electrodynamics (MQED) [3] and still retains the
retardation features of its parent theory [4]. Moreover, for reasons more extensive than purely
consistency, all matter engaged by light is also considered in a quantum sense. Hence, molecular
quantum electrodynamics is reasonably deployed. A key feature is that both the molecular and
radiation components are regarded on an equal footing. Figure 1 selects one closed dynamical

process and breaks this down into the matter and radiation transitions.

(@) (b)

Figure 1: A quantum representation of: (a) a molecule undergoing an electronic transition
from a ground state E; to a virtual excited state E, +7Ck before relaxing back to its
ground state; (b) a radiation transition utilising ladder operators to demote the radiation

state to M—1 and subsequently promoted back to m.
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The Hamiltonian under multipolar formalism is composed of three distinct components,

H :Hrad+ZHmat(§)+ZHint(§) > (1.2.1)
¢ ¢

the radiation field, intrinsic matter component and their associated interactions, respectively.
The first summations are required to span the full set of normal nonrelativistic Schrédinger
operators for each optical centre (¢) and the second for the corresponding interactions engaged
in the process. The selected formalism freely permits this interaction to engage with any term
in the expansion for the interaction Hamiltonian. Notice that none of the terms relate to
instantaneous intermolecular interactions, which are present in the interaction Hamiltonian for
semi-classical theory. Under MQED all interactions that are longitudinal in character, with
respect to intermolecular vector, emerge from a formulation in which only fields transverse to

the wave vectors are deployed [3].

Mathematically each of the panels in Figure 1 require the respective Hamiltonian to invoke
operations to change state. Figure 1(a) engages the interaction Hamiltonian and (b) engages the
radiation vector potential. In each instance, there are a Hermitian conjugate pair of creation and

annihilation operators:

m(k, 7)) =~m|(m-1)(k,7)) , (1.2.2)

ax(!] )

al ' |m(k,n)) =Vm+1|(m+1)(k,7)) , (1.2.3)

associated with each event. The former operates on eigenstates of H_, with mode occupation
number (m) and reduces the number of photons in mode (k,?]) , while the latter increases the
number of photons in the same mode. The factors present on the right-hand-side ensure correct

normalisation of the wave function.

The selected solution for Maxwell’s equations are gauge invariant, explicitly there exists a set of
vector (a) and scalar (¢) potentials that deliver the same electric (e) and magnetic ( b)
observable fields under any given Gauge transformation. It is possible to decompose the vector

potential into a sum of two components which have Vxa =0 and V-a =0, this corresponds
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to the longitudinal (a”) and transverse (aL) fields respectively. Here, we select the Coulomb
gauge, defined by V -a =0, under which the static and dynamic interactions can be separated,
this corresponds to the basis of the separation of particles from the interactions with the

radiation field.

Now, we can consider the transverse vector potential, summed over all radiation modes (k,?])

and under SI convention this is,

i _ h (D) (1) ke =) ot () —ikcr
a (r’t)_kz,,; /m[ek ae*r —gMal e | (1.2.4)

where V is the quantisation volume, &, is the vacuum electric susceptibility, e is the unit
polarisation vector for the radiation mode of polarisation 77 and wavevector k. All polarisation
vectors are permitted to be complex, in order to accommodate left- and right- handed modes.

The overbar indicates a complex conjugate.

From the vector potential, the microscopic transverse displacement electric and magnetic field

operators can be obtained, d* and b, respectively. The former is obtainable by this relation;

Oa’ (.t
d*(r,t)=—¢, % (r,t) , (1.2.5)
which is,
k | |
d' (e, =iy % [elale*s —gPaf e | (1.2.6)
k.7

As stated by Maxwell II [5], V-b=0 and as such the magnetic field is purely transverse

(b = bl) , hence we can write;

b(r,t)=Vxa*(r,t) . (1.2.7)
Evaluating this, we now have:
b(r,t)=i) i[loﬁjﬁaf;”e“"‘ —by"af"e e | (1.2.8)

o\ 2¢ceV
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Note that all occurrences of magnetic permeability ( uo) have been suppressed in favour of C

and &, such that 4, =C¢,". The complex unit vector bf) is defined as,

b =kxel” . (1.2.9)
Where {e,b,k} form a right-handed triad of orthogonal vectors. There are a number of

permissible polarisations of light, of particular interest are spin polarisations, of which there are

two helicities that of left and right handedness:

el =%(i+i}) , (1.2.10)
e = %(1 -ij) (1.2.11)

respectively. This is a property known as spin angular momentum (SAM), with each circularly
polarised photon capable of conveying 7/ of either handedness per photon, where 7 =h/27 is
the reduced Planck’s constant. Linear polarisations can be cast as linear combinations of these
spin states. Utilising equation (1.2.9) similar equations can be expressed for the magnetic

polarisations:

b =—%(i+ii) : (1.2.12)
b :%(i—ii) , (1.2.13)

See complement 1A for a discussion on the parity transformations of equations (1.2.4), (1.2.6)

and (1.2.8).

Now we are equipped to unravel the first term in equation (1.2.1);

1 _
H., = EJ.[goldlz (r) + 025‘0b2 (r)]dsf . (1.2.14)

SCT does not accommodate a term associated with the radiation field and as such is considered
as a fixed agent. In many cases, this is deemed satisfactory, such as in cases where the field

strength is sufficiently strong that any influence matter has on it is small. However, there are a
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few cases that this is not the case. It is the quantised treatment of the radiation field that
accurately describes the lifting of degeneracy between two of atomic hydrogen’s energy levels
(281/2 and Pl/z) namely the Lamb shift [6]. Two further cases were QED exceeds classical
techniques is the presence of electron’s magnetic moment [7]; and the occurrence of a force
between a pair of conducting plates or a plate and a polarisable atom, Casimir effect and Casimir-
Polder force respectively [8, 9]. These effects are better seen by incorporating the field operators
into equation (1.2.14), which displays the photon annihilation and creation operators directly
and holds a term that is associated with vacuum fluctuations:

H = Z(aﬂ”)a Ny jhck (1.2.15)

k.7

that arises from the non-commutativity of the two creation and annihilation operators for any
given radiation mode. The second term that appears in the parentheses of the above equation,

is the zero-point energy in the electromagnetic field is analogous to that seen in matter.

To complete the definitions of the terms in equation (1.2.1), the full expression for the
interaction Hamiltonian can be expressed as an expansion [10], the leading contributions are

from these three terms:
H,. (&) =—&"u(£)d" (R,)-5'Q;(£)Vid] (R,)-m (&b (R, )—.. . (1.216)

Here 4, (f ) , Q; (f ) , M (f ) are the electric dipole (E1), electric quadrupole (E2) and magnetic
dipole (M1) operators respectively, associated with a molecule a & located at position R, . The
product of two operators with Latin subscripts is evaluated under the implied Einstein
summation convention [11]: the product of respective pairs of X, y and Z components are
taken and then summed. Explicit expressions for the components of the leading molecular

multipoles are as follows;

#4(8)= e (que ~R:). (1.2.17)

a($)

qa(f)—Rf‘@j} . (1218

Qij (95) - %%ea {(qa(é) B R5 )i (q“(‘f) _Rf)J _%
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mi(é):%Zea [(qa@)—Rf)xqa@)} . (1.2.19)

Again, these summations are across all optical centres of charge, €, and position vector, g,

In the majority of instances, the electric dipole transition moments are the greatest contributor
to the interaction Hamiltonian, however, with increasing intensities the series of corrective
terms can become significant. As a guide, the first corrections to the electric dipole
approximation, explicitly the electric quadrupole and magnetic dipole can be expected to be

smaller than the leading term by a factor equal to the fine structure constant.

For completeness, the final term in equation (1.2.1),

H... =—ﬁ§p§a (&)+V($), (1.2.20)

where P, is the momentum operator for the charge associated with optical centre & and V (f )

is the intramolecular Coulomb potential.

1.3 PERTURBATION THEORY

We now have a prescribed Hamiltonian H | to deliver the initial state | |> for a system at a given
time 1, equation (1.2.1), an obvious next step is to attempt to find the final state| F> of the
same system at a later time t, . Unfortunately, due to the inherently delicate nature of quantum
systems, any attempt to measure a system introduces an interaction and as such alters the system
states; we must therefore consider alternative theoretical options. The time evolution for any

quantum system is governed by the time-dependant Schrédinger equation,

in aq;t(t) =HW(t)

(1.3.1)

b

where ‘P(t) is the wavefunction for the system. This method for perturbing the initial state is
valid so long as the irradiance of the light considered is much less than the Coulombic fields

within the matter. As a rough guide, the current lasers of 10*” Wm™ are just reaching the levels
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of that to which an atomic hydrogens electron experiences in its ground state. As such time-

dependant perturbation theory is applicable to MQED.

First taking the Hamiltonian and separating into the time independent terms and those that may

hold a time dependence:

H(t)=H,+H'(t), (1.3.2)

where H, =H__ +H

rad *

()

=[H,+H'(t)]¥(t) . (1.3.3)

Utilising the interaction picture, which permits operators and states to hold a level of time

dependence we can use a known solution to this equation,

w(t)=a (t)ye = (1.3.4)

Substituting in, this produces the exact result:
g
aaF—(t) ——Za FIH ))& I (13.5)
Here <F|H'||>= HY,

a. (t)~ F(o)-—za(o)jHF,(t)e S g (136)

Importantly, at t =0 the system will be in state | , which is in agreement with what was set up

at the beginning. Now, if F # | |

i , i| B gD |t /n
a; (t):—%IHF, (t)e[ W gt (1.3.7)

Matrix element, Hp, (t) causes transitions from 1 to a continuum of states f , assuming Hf,

is independent of time,
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—i[E(()F)—E(()')}t/h 4

, e
ar (t) = H|:| (t) E(()F) _ E((]I) (1.3.8)
It is of interest to square this expression,
A2 EF) g
, |, sin ([Eo -E; ]I/Zh)
la: (1) =4[Hp [ . (1.3.9)

ER=l

A plot of the above equation for a given time, delivers the probability of finding the optical
centre in a state F , which is proportional to t*. Probability of a transition to one state F is

the sum of all transition probabilities,

sin?(| E{F —EM |t /27
P(t)= Y lac () =4[Ha['Y L= Ej,)]/ 3

. (1.3.10)
Fzl [E(() ) _ { ]
If we now integrate over the continuum of states,
” sinz( EF gDt 2h)
P(t)=4[Hp| o | [ Iy dEP-E"], (13.11)

S |:E(()F) —ESI)T

where pg is the number of final states F , close in energy to the initial state, E, per unit energy
interval hiCK. We are left with a compact expression for the probability of a transition from a

state | to F,
27 0, 2
P(t):t7|HF,| O - (1.3.12)
Hence, the rate of transition can be expressed as;
270, 2
F:7|HF,| O - (1.3.13)

This is a rate expression for a single transition H{,. Similar derivations can be made for
processes involving any number of interactions. Once obtained, they can be assembled to form

a general series applicable to any process, called the matrix element:
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Mg =(FH,_|1)
(FIH.IR)(RH,.|1)
R=I,F (E|—ER)
5 (IR IS)SIHa [RIRIHL )

int

R,S#I,F (EI _ES)(EI _ER)
X (FIH IT){TIH,. [S)(SIH. [R)(RIH, 1) (1.3.14)
R,S,T=l,F (E| - ET)(EI - ES)(EI - ER)

Here, {R,S,T,...} correspond to indeterminable intermediary states in a process, of which all
possible pathways must be summed over to deliver the overall rate of the process. Each
interaction event connecting two states engages the interaction Hamiltonian, equation (1.2.16),
the number of interactions, N, occurring in an instant of time corresponds to the order of a

given process. This can be fed directly into the expression for rate:

2
F:%|MF, I pr (1.3.15)

which was originally formulated by Dirac and later dubbed golden rule no.2, by Fermi [12].

1.4 PROCESSES

L4A RAYLEIGH SCATTERING

To begin, let us expand the example displayed in Figure 1, this is the simplest form of scattering
event known as Rayleigh scattering. Here an incident photon of wavevector and polarisation is
scattered into a radiation mode (k',l]') . This is the form of scattering arguably most observed
and familiar to us and is the one responsible for the azure colour of the sky. Rayleigh scattering
is a concerted process of single-photon annihilation and creation by an optical centre. With no
possibility of measurement during the course of such a process, each interaction occurs in an
indeterminate order, therefore, all possibilities must be included in the summation for the overall
rate of the process. A commonly deployed diagrammatic method to display all interaction
permutations are Feynman diagrams [13], whereby you consider the evolution of the

Hamiltonian system of states with time.
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Figure 2(a) is representative of looking left-to-right for each panel in Figure 1. Figure 2(b) takes
a little more consideration, it is indeed equivalent to the time-inverse of Figure 1(a), however in

(b) the mode will first be promoted a level before returning to the median level. For this process,

the energy and momentum of the centre are both conserved and therefore it is elastic, k| = |k'|.
However, the emergent radiation mode is different to that of incident mode and hence it is not

a parametric process, k #k’.

() - (b)
K" ')

IF) 0°) IF)

Hint\i
IR) Ir) IR)

Him|j
L 10) L)

k. ) L&/
A A

Figure 2: A pair of Feynman diagrams depicting both the photon annihilation and creation
events at a world line for an optical centre, A. Read from the bottom up: (a) depicts a
centre in its ground state, 0, annihilating a photon at vertex ], at which time it enters an
intermediary state, I, before subsequently relaxing and creating a photon at vertex i and
returns the centre to its ground state; (b) is the time inverse of the left panel, moreover all

matter and radiation states are equivalent.

Before we proceed with the calculation for the rate of Rayleigh scattering, it must be stated that
the regarded process is assumed to dominate the optical response of the interrogated medium
with each optical centre distinct, electrically neutral and in their ground state. Selecting the N =2
instance of equation (1.3.14), with one intermediary state (R) , the matrix element that delivers

the leading contribution to the rate is:

or|A  rojA Or|A  rojA

M'(leElz) _ hCZ\/ kk'n E’ej Z ;uiA luj + luJA i '
gV = |[Eh —hck ] [ Efy + Ak ]

(1.4.1)
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The two terms held in the summation correspond with Figure 2(a) and (b) respectively. The
shorthand: E/y = E/ —E? will be used throughout. Any variable with a prime associated with
it indicates that it is attributed to a scattered photon. Each numerator denotes invokes a pair of

electric dipole transitions to modify the state of the optical centre, explicitly,
" " = (0] g ) (r| | 0) (1.4.2)

When present, an electric dipole transition is the most significant contributor in the interaction
Hamiltonian, equation (1.2.16), as such it is common to restrict the engagement to just this first
term, this is referred to as the electric dipole approximation. The subscript associated with the
transition dipole moment refers to the Cartesian laboratory frame. In the denominator
EA

A =E—E} and gives the collective energy of the system at each stage and pivotally this

holds information relative to those observed and the initiation of the process. A useful relation

known as the completeness relation is,

Z|1//R><V/R|El . (1.4.3)

The summation in equation (1.4.1) is defined as the intrinsic molecular polarizability, which is

unique for each process. In the case of Rayleigh scattering,

0r|A , rojA orjA  rojA
wa ) K M H Lad
ajj z A + A > ( t )
~ || Eh —hck | | Efy + hck |
and hence the contracted form of the matrix element can be expressed as,
% hevkk'n _,
M) o VKK e oo (1.4.5)

2e N Y

At this juncture, it is necessary to interrogate the system for any intrinsic symmetries that may
be present in the response tensors. These can arise for a number of reasons and are discussed
in complement 1B. Using equation (1.3.15), the rate of single-centre solid-phase Rayleigh

scattering can be cast as,

2

P . (1.4.6)

=' 00]A
i <) &

2 [2
- 7zhc2 kk2 n
2eV
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If we consider non-forward scattering, it is of more interest to consider the distribution of

emission from the centre over all 47 sr. This can be obtained by using the relation,

k'?dQ'V
Pr=—"— (1.4.7)
(27) he
to obtain the differential scattering cross section for this process:
ckk°ndQ’ i as
r=——=¢eeeaa", 1.4.8
1680272'2V i)k M) ki ( )

which is the transition probability per second per unit solid angle dQ’ around k' per unit

incident photon number flux per unit area. This can be fed into,

"= ok’ 9L (1.4.9)
dQy’

This is known as the radiant intensity |’, which is defined by the energy radiated of

directionality and polarisation of that of the scattered photon, per unit solid angle dQ' per unit

time.
NI k™ _,
I'=—"—¢'ee'ga " a," . (1.4.10)
16gin” J
where,
nhc’k
I, = v (1.4.11)

is the beam irradiance. Also, note the introduction of N in equation (1.4.10), this is the sum of
independent scattering rates. Up until that point, the term associated with the phase factor had
been partitioned and a discussion on how N arises, appears in complement 1C. This is a crucial
a step, before considering any molecular motion, termed a rotational average, indicated by
chevron brackets. Complement 1D discusses this in more detail, but the salient result is equation

and can be

. . . . 4
(1D.10), which defines the isotropic rotation tensor for a 4™ rank process, |i§k,), v

applied to equation (1.4.10).

2
k!2 _, L _
(1) =[ ] NI&'ee 814 . e . (1.4.12)

ijkl; Auvre vr
47,
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As an incoherent process the rotational average cannot be carried out on the matrix element,
and as a result requires a rotational average of twice the order of the process. The final result is

cast below:

(@of )[* 1 )faran
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The field vector products, displayed in the first tensor, can be evaluated in accordance with

complement 1E.

Rayleigh scattering requires merely the presence of one incident photon per scattering event
and therefore its rate has a linear dependence on the intensity of light: the remit of so-called
linear optics and is the most probable form of non-resonant interaction that can occur in a given
molecular volume. See complement 1F for relevant information on resonance processes. Next,

we will consider a second two-photon scattering process.

1.4B RAMAN SCATTERING

Like Rayleigh scattering, Raman scattering is a two-photon process involving the concurrent
annihilation and creation of a photon. The difference here is that the molecular state relaxes to
its ground electronic state, but not of a same vibrational level. In Figure 1, this corresponds to
the series of levels each of the electronic energy levels are split into. Interrogating this figure, it
can be seen that there are occupiable levels of a higher and lower energy than that of the ground
vibrational state. The scattered photon will also differ in energy, hck’, from that of the
annihilated photon, #CK, evidently this can have two variations, where #ck’ <#Ack and
hck' > Aick . In the former instance the optical centre is promoted to a higher vibrational energy
level than its initial state, this is referred to as Stokes scattering. The latter, in which the optical
centre is demoted to a lower vibrational energy level than its initial state, this is referred to as
anti-Stokes scattering. There are alternate forms for Raman scattering involving electric or

vibrational energy levels, these employ the same framework as introduced here.
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Raman scattering requires a vibration transition this is the next term in the familiar Born-
Oppenheimer expansion (see complement 1G). As can be expected for a non-leading term of
an expansion the resulting rate terms are smaller in magnitude than those associated with the
polarisability itself, as is apparent from the relative weakness of Raman compared to Rayleigh
scattering. The resemblance to the prior process is echoed in the form the rate expression takes,
with a few key distinctions. Raman scattering is a nonparametric scattering process, the optical
centre does not adhere to energy conservation throughout the process and the same is true for
the radiation. As such, this is also both an inelastic process with regard to the matter and

incoherent with regard to the radiation.

(a) (b)
K" ) IK'\i" )

IF) la) IF)

Hint|i
IR) Ir) IR)

Hint|j
L 10) L)

k. ) K. )
A A

Figure 3: A pair of Feynman diagrams depicting both the photon annihilation and creation
events at a world line for an optical centre, A. Read from the bottom up: (a) depicts a
centre in its ground state, 0, annihilating a photon at vertex J, at which time it enters an
intermediary state, I', before subsequently relaxing and creating a photon at vertex i and
relaxes to a different vibrational energy state, « ; (b) is the time inverse of the left panel,

moreover all matter and radiation states are equivalent.

The ensuing matrix element is,

2 heNkk'n s
M) _HeVKKn o e (1.4.14)
2e,V
where the molecular response is now,
ar|A  rOjA ar/A  TO/A
ad e (1.4.15)

aOlA _ H;
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In which, energy conservation has been deployed:

E, —E, = hck —hck’ | (1.4.16)

which allows us to cast the full result in a form that depends solely on the magnitude of the
wavevectot, and hence the frequency of the input beam. The result is closely related to that of
Rayleigh scattering, as can be expected from only a minor change to the molecular state

progression. This is also seen in the rate for single-centre solid-phase Raman scattering,

2
F — ﬂ'hC kk’n ‘_!e a_'_ZU"/'\ 2

22 (g
2eV

Dr . (1.4.17)

As can be expected from this, the rotational average of the subsequent radiant intensity for an

ensemble of molecules takes the same following form,

2

er , ,

() =£ ] NI &ee'gll) —aflhgeh (1.4.18)
4”80 i Vi ijkls Au u

Again, this is another incoherent process, the 4" order rotational average is engaged. The final

result is cast below:

T —a
e [ Y[ e
<I!>:480?&—27[2 (¢'-€)(e€)| |-1 4 -1 af;"A&f:‘A . (1.4.19)
' |(e . e’)|2 -1 -1 4 af;“&jf“*

So far, in §1.4A and §1.4B, we have considered two-photon processes, next we will consider the

effect of a second photon simultaneously interacting with the centre.

1.4C SECOND-HARMONIC GENERATION

By increasing the intensity, and consequently the number of photons simultaneously traversing
an optically nonlinear medium, mechanisms involving more instantaneous interaction events
become more noticeable in the output signal. Primarily through the involvement of a second
photon annihilation, such a process has a nonlinear dependence on the beam intensity and is

therefore known as a nonlinear optical process.
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Figure 4: Three Feynman diagram representations for the distinct time-orderings associated
with second-harmonic generation: (a) the photon annihilation operators j and K precede
the photon creation i ; (b) the creation event straddles the two annihilation events; (c) the
creation event precedes both the annihilation events. In all cases the scatterer begins and
completes the process in its ground state 0 traversing two intermediary states, I and S.
Moreover, the emitted photon conveys the energy sum of the two annihilated photons:

hek' = hick +7ick | in each schematic.
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For a process returns molecules to their ground state this case accommodates two possibilities
— the generation of sum-frequency or second-harmonic output. Both are primarily considered
to involve E1° mechanisms. The latter form of interaction, widely employed in condensed
phase media that support collective, coherent forward scattering of monochromatic light, is
generally known as second harmonic generation (SHG). In such a case, the total energy and
momentum for both the molecule and radiation are conserved and as such is a parametric

process that will be introduced. To begin, the more general case of,

2k =[k| . (1.4.20)

For three events, there are six achievable orders. Figure 4 displays three out of the six, each of
the three displayed have a partner diagram in which the two incident photons are interchanged.
The reason that they can both be encapsulated in one diagram is that both radiation modes are
identical and therefore indistinguishable. All time orderings can be collectively represented by
the state sequence method [14], which is based on the Hasse combinatorial diagram [15]. Figure
5 displays a tabulated variant on this method, which aids the reader to regard all unique pathways
connecting the initial to the final state. This can be obvious in processes such as these, however
it can prove invaluable when considering other, more complex mechanisms, such as the six-

photon considered in chapter 4.

-

\ -7

Figure 5: A tabular state sequence diagram depicts all the pathways for SHG, with each row
representing a state of consecutive photon occupying number, N. Columns denote
successive system states that each time-ordering progress through. Any pair of radiation
states linked by a line represent interactions between the molecule and the radiation mode.
The inclined dashed lines represent a photon creation event, while the declining solid lines

represent a photon annihilation event.
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The matrix element for this system is,

3
M 0 __1f hck 5 n(n-1)g 'e.e. B, (1.4.21)
PAR:AY S

with a hyperpolarisability tensor defined as,

ro 0s ro 0s

=3 11 b . " . g
" ~\[E,, —2hck][E,, —hck]  [E,, +hck][E,, —hick]  [E,, + hek][Ey, +27ck] |

(1.4.22)

At this juncture, it is worth commenting on the summation. In the previous subsection, it was
introduced that each electronic energy level is subdivided into a series of vibrational levels.
These sublevels are all summed over for each and every molecular response tensor. Although,
this has been largely overlooked, in the case of hyperpolarisability tensors, extensive studies of

its applications have been carried out [16, 17].

The second-harmonic generation rate expression takes the following form,

23,3
o
25,V

2
g'ee Byl Pr - (1.4.23)

Equation (1.4.7) incorporating equation (1.4.20) can now be substituted in to deliver the

differential scattering cross section,

hc’k’dQ
dr = 7o sz”(n 1)‘eeek B

(1.4.24)

As with the previous subsections, we can use (1.4.9) with the wavevector relation, equation

(1.4.20), to deliver the radiant intensity,

2.3
I'= thdQn(n 1)‘eeek »

1.4.25
2¢; SV 2 ( )

At this point, we must first consider the degree of second order coherence,
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o _(n(n-1)

g =t~ (1.4.26)

(n)’
before utilising a modified form of equation (1.4.11), relating to the mean input mode,

T (n) e’k .

. y (1.4.27)

We are then able to introduce the mean beam irradiance and in turn deliver an expression for

the radiant intensity of second-harmonic generation in terms of physical observables,

(2) 412 2

' g 0 |5’
|’ = g e.e B3 1.4.28
2C53772 i~k ﬂuk ( )

This is the single-centre result for solid state materials. In order to obtain a result that is
applicable to fluid media, we must apply a rotationally average to allow for a range of
orientations, the coherent form of this result is of particular interest,

_ g (2) k4 I_o2
72¢ce 1"

2

Eijk ei,ejek En B | > (1.4.29)

()

this is the result for coherent scattering. The contraction of the field vectors with the Levi-Civita
tensor: gijkE'e & =0. This is consistent with experiment and theoty, in which randomly
oriented dipoles are forbidden to produce even order harmonics to all levels of multipole
approximation [18, 19]. A weak incoherent contribution does persist, which will be discussed in

chapter 3.

All calculations throughout this work assume a molecule to be in its ground electronic and
vibrational state for the initial — and often the final — state. Under standard conditions, the
population of these states will far outweigh those of excited states and as such it is these levels
in which the processes will invariably involve. Any instance of the ground state can readily be
exchanged for an excited state and an appropriate transition response tensor found. There are
results to show that if you first utilise a population inversion stage, to increase the occupancy of

excited states, before carrying out a nonlinear process, an enhancement can be seen in the output
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by an order in magnitude, or more [20]. Another method for enhancement is that of

incorporating resonance effects, which will be discussed in complement 1F.

1.5 MULTICENTRE INTERACTIONS

All the processes considered in {1.4 only took into consideration the cases where a lone centre
carried out the entirety of a process. However, it is conceivable that the local environment can
have an electrodynamic influence on the process. Here, we will consider a nearest neighbouring
centre, B coupling with the prior introduced centre of interest A. The possibility of additional
interactions will be shown to modify the symmetry of the system in which scattering occurs and
thus allow transitions to occur that were previously thought to be forbidden. This is particularly
of interest in the case of optical centres of high symmetries, such as centrosymmetric media. In
such media, it is widely known that for odd-photon numbered processes, the parity of the states
must be conserved from a process in order for it to be allowed. However, the presence of a
neighbouring molecule may be capable of reducing the symmetry of a centre, represented as an
additional interaction linking the evolution of the centrosymmetric centre to that of its

neighbour.

The method for accommodating an electronic coupling between two centres, and thus elicit
such an effect as mentioned above, is by accommodating a number of virtual photon exchanges
between A and B, thereby entwining the evolution of each centres world-line [21-23]. Virtual
photons are inherently transverse, unobservable and capable of subverting energy conservation
for time scales spanned by a process; this is achieved by borrowing the requisite energy from
the vacuum and returning it before the process completes and does not invalidate the energy-

time uncertainty principle AEAt > 7/2.

All terms present in the interaction Hamiltonian, equation (1.2.16), are only capable of operating
on exactly one molecular and one radiative state. As such a further operator is required to

mediate the interaction between two molecules:
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V, (k,R) = 4::RR3 (8, 3R R, )=ikR (8, =3RR,)=(KR)* (¢, -RR, )} . (151)
0

This is known as the retarded dipole-dipole interaction and in this form, is limited in application
to E1 transition (V-tensor). It emerges following the sum over all virtual photon wavevectors
and polarisations. In actuality, the detail for all processes differ, however, it can be proven to be
the general form applicable to all (E1) permitted processes. The equation above has three
familiar prefactors: the phase factor (see complement 1B), Coulomb’s constant as well as cubic
dependence on the inter-centre distance, R . By inspecting the respective distance dependences
present in each of the terms, it is immediately apparent that as you approach the limit KR —0,
the Coulombic term will dominate, this is referred to as the near-zone and often it is useful to

consider the near-field approximation alone:

1 A A
V, (;R) = prs (6,-3RR,) (15.2)
Similarly, the far-field limit can also be taken, in which the final term in equation (1.5.1)
dominates, analogous to that of the inverse square law. However, this work is interested in
single-centre and nearest neighbour coupling and as such the retarded dipole-dipole coupling is

cast in near-field approximation.

1.6 OPTICAL ANGULAR MOMENTUM

1.6A SPIN ANGULAR MOMENTUM

It has already been mentioned that light has the property of spin polarisation, this is a form of
optical angular momentum known as spin angular momentum. This is a property that is not
limited to a collective beam segment, but observable on a single photon level. Each photon is
in fact capable of conveying not only angular momentum associated with the polarisation, but
a further component associated with the field distribution [1]. Both components are found in

the optical angular momentum operator [24], which is often presented as:

J:gojrx{e(r,t)Xb(r,t)}.d?’r , (1.6.1)
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The integrand encapsulates the vector product of the electric and magnetic fields and can be

recast as the sum of two angular momentum operators;
s=¢,[{e(r,t)xa(r,t)}.d’r , (1.6.2)
L=z, [e(r,){txV}a (r,t)d’r . (1.6.3)

the SAM and orbital angular momentum (OAM), respectively. From here, it is useful to consider

the SAM operator as a mode expansion, similar in form to equation (1.2.15):

. , 1 —(r
S, =ih ) (ag@)ay) +E5m],j(e¥7) xe”) (1.6.4)

k.1’

the two operators support the pair of eigenstates for circular polarisation, displayed as equations

(1.2.10) and (1.2.11). The spin angular momentum operator reduces to:

S, =hy (ala” —af™a") | (1.6.5)
k

which restricts the spin states to either 271 per photon, the sign indicative of the handedness of

the circulation.

-

-

Figure 6: Poincaré sphere, the two poles representing the two pure eigenstates of spin
polarisations. Linear superpositions of these will form all other polarisations: the linear
modes line up around the equator and elliptical the remaining regions are dedicated to

elliptical polarisations.
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1.6B ORBITAL ANGULAR MOMENTUM

Up until now, we have covered two properties associated with each photon, spin and
wavevector, these are known as degrees of freedom. Next we will consider the OAM of a
photon, introduced as a second distinct angular momentum quality each photon can
accommodate, seen in equation (1.6.3). This will be shown to provide new degrees of freedom

and also display increased variability in the values accessible to these degrees of freedom.

In order to do this, we must first consider the source-free Maxwell equations in paraxial form;

Viu+2ik Qu =0, (1.6.6)
oz

where V2 = (82 Jox® + o7/ 6y2) is the transverse Laplacian operator acting on a transverse field,
of amplitude U(X, Y, Z). Under this regime all ray angles are assumed to be less than the small
angle approximation ze. @ <12°. Considering the dimensions associated with rays of light,

paraxial optics often employs cylindrical polar coordinates and so takes the form of;

=
ror or’ ro¢’

2 2
{18 0,10 +21k§}ul,p(r,¢,z)=o, (1.6.7)

where z is along the propagation axis, I' is the radial displacement in the transverse plane and
@ the azimuthal projection onto the transverse plane. There are several solutions to these

equations, the most widely studied amplitude distribution is for Laguerre-Gaussian (LG) light;

2 ikr’z

CP \/5 M _2r 2 ) .i(2p+\|\+1)arcmni (2.2
I r (2 2r = s 2(2°+z3
u.%ﬁ(r,¢,z)=—w(z)(—W(Z)J ) RN

where, C““’ is the normalisation constant for light of topological charge *| and radial index P
[25], W(Z) is the greatest I' for which the field amplitude falls to e of maximal value, the
penultimate exponential represents the Gouy phase and Zy is the Rayleigh range. The terms

have been separated into meaningful segments to aid with simplification.

A Rayleigh range of several metres can be achieved in experimental setups, hence z; > 7, this

then allows us to say W(Z) —> W,, which becomes the Gaussian beam-waist, the final pair of
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exponentials in equation (1.6.8) tend to 1 as their exponents tend to 0. Selecting the radial

distribution U to be independent of Z , this is now expressible as,
up (rg)=fi,(r)e™, (1.6.9)

where,

C p m ;rz 2
_ | N2r w | 2F
f|’p(r)—W|:T:| € Lm V . (1610)
T‘ is the associated Laguerre polynomial solutions of indices | and P, see complement 1H.
Multiplying the vector potential by the radial distribution, equations (1.2.4) and (1.6.9)
respectively, we can now re-express this and the derivative fields for LG modes:

at (r t) = Z 2o k\/ [eiﬂl) pa£n| . f ; (I’) i(k.o-1g) _(,7 az(lnz) f p( ) itkr-lg) ] 61

k,,1,p -

@ (o) =1 3 [ el a0, f, () e AT, (e ], an)

1L
k,7,l,p

7 i(k.e—l —i(k.r—l
b(r,t)=i Y [bﬁj,)p al £ (r)e® P bl alF (e ™ ] (1.6.13)
ooV 2¢ceV
At this point, it is worth emphasising that OAM associated with a photon is not limited to a
single unit of two handedness, but can take any value from the real integer set, | €7Z and

cotresponds to £l/ per photon.

Each mode is orthogonal subject to the following integral;
L fi(r)f  (r)rdr=A wWo,, , (1.6.14)

where A’p is a normalisation constant, in the case of LG modes it is commonly chosen to be,
A’p =1/2 for all combinations of indices | and p. This orthogonality quality, should permit
the complete separation of each mode from all others present in a beam. Unfortunately, so far
incomplete modal orthogonality for different | values is evident in the results of most

experiments [26, 27]. Imperfections are also apparent in recent experiments on the
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multiplication of OAM values [28]. These imperfections could be arising from experimental
error; however, a fundamental limit of quantum character associated with the photon number
and phase uncertainty relation [3], may also be a factor. If all modes were achievably separable,
the impact on data communication technologies would be revolutionary. With such wide-

ranging degrees of freedom, far surpassing that of current binary infrastructure.

(@) (b) ©

(d) © ®

) 4N
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Figure 7: A series of simulations depicting the phase progression of increasing topological
charge from left-to-right for the first two values for the radial index, explicitly: (a)
I=1,p=0;0)1=2,p=0;) 1=3,p=0;d) I=,p=1;¢ I=2,p=1; | =3,p=1
The phase cycles through 271 © the intensity distribution has been overlaid, where white

represents zero-intensity in each case.

OAM beams are not limited in application to information communication technology. They
have proven their worth in optical manipulations, [29-33], where the capacity to exert a far
greater torque than a regular circularly polarized beam has earned the technique the name
‘optical spanners (wrench)’ [34-37]. There are also numerous methods utilizing structured light

in imaging applications and edge contrast enhancement [38], for example.
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Here, a set of orthogonal LG solutions for the paraxial source-free Maxwell equations are
expressed. Hermite-Gaussian are closely related and are formable from LG modes and vice-
versa [39], for a given solution they both form their own special case of Ince-Gaussian modes.
Many other forms of wavefront modification can be deployed to produce these modes, for
example by passage through pitch-fork holograms [40, 41], g-plates [42], hyperbolic
metamaterials [43], spiral phase plates [44]. The most widely deployed by virtue of its dynamic
control modification are spatial light modulators [45, 46]. In the final chapter, a theoretical

method for the direct generation of OAM light will be explored.

1.6C POYNTING VECTOR

It is well known that light has a momentum quality to it, this is most commonly associated with
radiation pressure, such as the force exerted on an irradiated surface. Initially, the radiation
pressure was thought to be exerted solely in the direction of propagation, this is shown by

considering the radiation flux, &, known as the Poynting vector:

S=c’gd" (r,t)xb(r,t) , (1.6.15)

is the microscopic source-free form. Evidently the cross product of two transverse vectors will
deliver a vector in the wavevector direction. However, light with a nonzero topological charge
twists the transverse wavefront for the beam, likened to the wobble seen in a spinning plate.
Now, the cross product of the field vectors, shifts off of the direction of propagation forming
a corkscrew around the beam axis as it evolves over time: the Poynting vector therefore displays
an azimuthal component [47]. This is supported by the intensity depicted in Figure 7, where the
maximal intensities lies just away from the core of the beam and leaves a singular axis down the
centre. The phase maps seen in that figure circulate as the beam evolves, selecting one colour,

contours of constant phase can be drawn, as displayed in Figure 8.
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Figure 8: Procession in wavefront for an LG beam with | =3 over the course of three
wavelengths, depicted as three interleaved helices, each representing a surface of constant

phase.

1.7 TIMELINE OF MILESTONES

A timeline has been laid out in Table 1, marking the key contributions to the fields that were
required to carry out this research. Any work that occurred after the first journals were produced
has been included, in this case, the first entry is Newton. Prior to this there were many wide-
ranging ideas, in particular, the field of optics was largely bifurcated until the recognition of the

dual wave-particle nature for light was acknowledged at the turn of the 20™ century.

Table 1: A timeline of key contributions that have led to the current field of research.

Year Contributors — Description

1687 Newton The basis for Newtonian mechanics was produced [48].

1811 Lagrange The birth of Lagrangian mechanics: a means of describing a system
by then energies exchanged within it [49].

1820 Oersted Showed that electric current was capable of deflecting magnets [50].

1832 Faraday Demonstrated that moving magnets generated electric current [51].
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1833 Hamilton The inception of Hamiltonian mechanics: a reformulation on
Lagrangian mechanics, often synonymised with the total energy of a
system [52].

1865 Maxwell A dynamical theory for electromagnetic fields was assembled,
following key contributions from Ampere, Coulomb, Faraday,
Franklin and Planck [5].

1884 Poynting Derived the energy flux density for an electromagnetic field, which is
now named after him [53].

1888 Hertz Optics became integrated with electromagnetism [54].

1901 Lebedev First experimental confirmation of Maxwell’'s theory for
electromagnetism [55].

1901 Planck It was suggested that electromagnetic radiation could take the form
of discrete packets of energy, in the course of his work on black-body
radiation [56].

1905 Einstein An explanation for the photoelectric effect was presented, in which
the concept of discrete units of electromagnetic wave-packets was
introduced [57].

1905 Einstein In the same year a first attempt at the theory governing relativistic
effects was produced [58].

1909 Einstein Work on radiation fluctuations was the start of a statistical description
for photons [59].

1909 Taylor A low intensity form of two the double-slit experiment was
performed, almost reducing it down to the single photon level [60].

1909  Poynting A light beam was first suggested to be capable of conveying angular
momentum [61].

1916 Einstein Eleven years after the inception of relativity, a theory applicable to
particles and their interactions was published, known as general
relativity [11].

1918 Noether Several hallmark conservation theories were established, relating to

momenta and energy [62].
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1925 Laporte Set out transition parity constraints for particles with an inversion
Meggers symmetry element [63].
1926  Lewis The term “photon” was coined [64].
1926 Schrodinger  The evolution of states of a system were cast under quantum theory
[65].
1927 Dirac Dirac equation: reformulated Schrodinger’s wave equation to
accommodate relativistic effects and in turn predicted the existence
of antimatter. He was later awarded the Nobel prize in 1933 [66].
1930 Oppenheimer Subsequent to Dirac’s contribution, the possible existence of a
positron was determined [67].
1932 Fermi Named the now famous “golden rule no.2” and displayed the
computability of any light-matter interaction [12].
1932 Darwin Light was suggested to be capable of generating quantities of torque
in excess of that generated by the single unit attributed to spin [68].
1936 Beth Light conveyance of angular momentum was first observed, by a
circularly polarised beam and its reflection imparting a torque onto a
half-waveplate [69].
1937 Bloch Limitations of computations in excess of first order perturbation
Nordsieck theory for light and charged particles demonstrated [70].
1939 Weisskopf Independently demonstrated computational limitations, that weren’t
overcome until developments were made in relativistic QED [71].
1946  Gabor The origin of holographic techniques, a widely deployed method of
wavefront modification [72].
1946 Tomonaga Formulation of relativistic quantum field theory, one of three to earn
a share in the 1965 Nobel prize in Physics [73].
1947 Lamb A discrepancy in magnitude of two energy levels (2 S,, and 2 Pl/z) of
Retherford atomic Hydrogen were detected [6].
1947 Bethe Performed the first calculation that accounted for the shift measured

in atomic Hydrogen [74].
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1948 Feynman The inception of quantum electrodynamical is often attributed to this
work, earning him a share of the 1965 Nobel prize in Physics. He also
introduced the common diagrammatic scheme to analyse processes
[13].
1948 Schwinger A third researcher to contribute to the inception of quantum
electrodynamical formulation, which later earned him a share in the
joint 1965 Nobel prize in Physics [75].
1948 Schwinger Applied quantum electrodynamic theory to prove the existence of an
electrons magnetic moment [6].
1948 Casimir Both the Casimir effect and Casimir-Polder force [8, 9].
Polder
1949  Dyson Combined the radiation theories of Feynman, Schwinger and
Tomonaga [70].
1959  Power Established the nonrelativistic formulation for molecular quantum
Zienau electrodynamics [77].
1959  Wigner Application for group theory to explain spectroscopic selection rules
[78].
1960 Maiman The first operational laser pulse was fired [79].
1961 Franken, ezal. A first two independent experimental demonstrations of a nonlinear
Terhune, ez al.  optical process, second-harmonic generation, were made [80, 81].
1963 Glauber Non-classical statistical explanation of light states [82].
1974 Nye The roots of singular optics can be traced back to here, when the
Berry theory for three interfering waves resulted in a point of indeterminate
phase [83].
1983 Power A series of papers were released and are widely considered as the
-93  Thiru. cornerstone of molecular quantum electrodynamics [84-88].
1990 Andrews The incorporation of irreducible Cartesian tensors calculus to
molecular symmetry characterisation [89)].
1990 Bazhenov, Experimental identification of laser light with a singular axis [40].

et al.
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Timeline of milestones 33

1992

1993

1996

1997

2002

Allen, et al.

Basisitiy, ez al.

Dholakia, ez 4.

Bouwmeester,

et al.

Romero, ¢7 al.

Laser light with a Laguerre-Gaussian intensity distribution is found to
convey a well-defined orbital angular momentum [90].

The first identification of a nonlinear optical process with singular
beams, a second-harmonic emission [91].

An analysis of second-harmonic generation with Laguerre-Gaussian
light was presented [92].

The first experimental evidence for the teleportation of photon states
[93].

The complete formulation for singular light was laid out under QED

theory [94].
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COMPLEMENT 1A: PARITY CONSIDERATIONS

This complement will provide an additional insight into the nature of the vector potential,
equation (1.2.4) as well as its derivative fields, equations (1.2.6) and (1.2.8). First consideration,
the vector potential is intrinsically Hermitian. There are two forms of parity transformation,
both of which are of interest and to be investigated here: space-inversion and time-inversion.
The former is obtainable by a spatial parity transformation, P,, for all of the spatial coordinates,
resulting in a reversal in sign of t, e and k:

at () ('7) i(=k)(-r) ('7) T(n) k)(-r)
r —) E e +e.’a , 1A.1
( 2¢, CkV [ k& ] ( )

k,n

and thereby produces a reversal in the sign of the overall vector.

With regard to time-inversion, P, this operation reverses the sign of k and takes the complex

conjugate of all numbers;
—=(1) 5(n) Ji(-k)r _ (1) 5t(n) —i(~k)*
E 2] CkV I: e’ a_ke —ea""e J . (1A.2)

Since the sum over the dummy variable k covers all space, it encapsulates the region pertaining
to —k . Furthermore, by deploying the relation @_(Z) = —ef{”), we can discern that the vector

potential is also of odd parity in time.

The expressions for the derivative fields, like their parent equation, are both Hermitian. The
methods for obtaining each of the expressions can give away the ensuing parity for each of

them. Firstly, the displacement field operator,

dl(r)iiz —g(’th[ a0 L galie I ] (1A.3)
k,n 2V
8 hC — i T —i(—k)-r
a0 >y v = @Al —ealie ] (1A.4)
k,n

has odd spatial and even time parity.
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The magnetic field operator has the reverse of that:

)—>12 o V[ Mgk ’)—B(_’Qailﬁ”)e*(*“)‘*’)], (1A.5)
b(r) _)12 > V[ b7 g i1 b(_’i()ajl({ﬂ)e*i(*k)'r}’ (1A.6)

thus, displaying even spatial and odd time parity.

With regard to the higher order multipoles, appearing as equations (1.2.17) — (1.2.19), each
electric multipole (En) follows the pattern of (—1)n for spatial parity and all are time-even.
Although not the subject of this work, the corresponding magnetic multipole (Mn) , alternate
in spatial parity (—1)n_1, when compared with the series for (En) , again all are time-odd. As
such, the overall spatial and temporal parity of the interaction Hamiltonian remains even

throughout.

In the case of LG modes, introduced in {1.6, the temporal parity for both the displacement and
magnetic field operators, equations (1.7.14) and (1.7.15), remain unchanged. However, in the
case of the spatial parity, the former becomes (—1)I+1 and (—1)I for the latter. Moreover, since

light without an OAM character is equivalent to saying | =0, the above results hold.
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COMPLEMENT 1B: MOLECULAR SYMMETRY

For the purposes of considering the selection rules engaged by a process, any symmetry
properties associated with the response tensors must initially be identified. There are two sets
of symmetries that will be considered here: the first is where two interactions both involve same
radiation mode and invariably the same photon operator; the second arises where two
interactions can, to a first approximation, be considered interchangeable. The former set can be
found by interrogating the response tensors. Two interaction indices (each connecting any pair
of adjacent states) are said to be symmetric, if they are interchanged and the original tensor is
regenerated. Moreover, all intermediary states are arbitrarily defined and as such any pair of

states can be freely interchanged without altering the regarded system.

To pursue the latter form of symmetry, let’s first consider Rayleigh scattering, §1.4A. Here,
linear polarisabilities are generated from a product of two electronic transition moments
connecting the same pair of states, this is an exceptional case where index symmetry is
guaranteed. Now, if we consider Raman scattering, §1.4B, the electronic transition energies
dominate over any vibrational constituent and to a strong approximation the vibrational
transition can be neglected; this is analogous to the Placzek treatment for single-centre scattering
away from resonance. From this we can infer that the interaction indices are therefore

symmetric, as such this is an example of the latter group of symmetry introduced.

The most expedient method to home in on the symmetry associated with a process is by
resolving the molecular response tensor into irreducible Cartesian tensors, all of which have
known symmetry behaviours. Under this method, a response tensor of rank, N, is expressed as
a sum of irreducible tensors each holding a number of the total parameters, P, expressible for
the system,
n
P=> N (2j+1). (1B.1)
j=0
Here, Nrsj) is the multiplicity of weight j , whose natural tensors will always have a number of

parameters equal to 2j+1, where (j <n)eN, with transformation properties of a rank ]
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tensor. It follows that j =0 weights transform as a scalar and therefore always transforms under
the totally symmetric representation of the molecular point group. Moreover, j =N weights
have the transformation properties of a tensor of rank N that is symmetric and traceless with

respect to every pair of indices, and is known as a natural tensor. In all instances Nr(]n) =1.

A selection of tensors, alongside the number of irreducible tensors they can be decomposed
into, are all displayed in Table 2. The list of tensors is not exhaustive, but covers all of the tensor
representations considered throughout this work. The rank (I‘l) of the process corresponds to
the number of Greek subscripts attached to a tensor and in turn correspond to the number of
photon-molecule interactions engaged in the course of the process. The parentheses denote
index symmetry across the highlighted indices. This will always represent an increase in the

symmetry of the system and therefore correspond to less irreducible weights [89].

Table 2: Selected irreducible weights for an arbitrary Cartesian tensor, T .

P NY NP N® NPONYOONO NG
T, 3 0 1
T 9 1 1 1
T 6 1 0 1
T 27 1 3 2 1
Ty 18 0 2 1 1
T(iy)wz 54 2 3 4 2 1
T(iy)(v;;) 36 2 1 3 1 1
Towme) | 90 2 1 4 2 3 1 1
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COMPLEMENT 1C: COHERENCE AND WAVE-VECTOR MATCHING

Nonlinear optical effects, by definition, require more than one photon in the vicinity of an
optical centre at one time. An increased dependence on the intensity of the throughput beam
then follows. In these nonlinear processes, there are techniques that can be employed to
maximise the yield of the scattering process. In the case of coherent processes wave-vector
matching can be deployed. A coherent process is defined as one in which the energy and
momentum of the radiation states are the same immediately before and following said process.
Therefore, the collective wavevector(s), k', of the output photon(s) must equal the collective

wavevector(s), k , of the incident photon(s) engaging in the process.

Let us consider an expression for the rate of a general process,

2r iAk-R;
=222 €™ pe (1C.1)

,...

where N is representative of an N-order process, y is the general response tensor, Ak is the
wave-vector mismatch between the input and output photon(s), R, is the position vector for
centre &, which is introduced from the phase factor present in the matrix element and

contributes to the coherence of the process.

2

_27pe (&) (§) (&) MRy
= Z{‘Z +Z;¢ JZE) e (1C.2)
The first term in the curly brace will be unique for each constituent centre. It follows that this
term depends lineatly on the number of scatterers N and is present in all forms of scattering.
The second term has a relative position dependence for each of the molecules in the exponent,

and has two broad outcomes, in the first case:

Ak %0 | (1C.3)

the matrix element is sensitive to the spatial distribution of the molecules in the assembly and

there will be deconstructive interference amongst the different members of the ensemble. This
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is non-forward scattering and the first term in equation (1C.2) is the sole contributor. In the

second case of,

Ak =0 , (1C.4)

which is position independent and as such all the scattering amplitude interfere constructively,
this is the remit of forward scattering. Here, the matrix element is in fact proportional to the
number of scatterers and in turn the rate has a square dependence on the number of

. . 2
independent scattering rates, N

Note, that in equation (1C.2), there is a further way in which the exponent can be reduced to

zero and that is when all molecules are lined up perpendicular to the wavevector.

In the case of LG modes, in the case of paraxial beams considered, it has been proven both
theoretically and experimentally that the OAM quality is conserved separately by the radiation

field [94, 95], equation (1C.1) becomes,

2

. (1C.5)

i ei(Ak-R§ +Alg)
4

When Ak =Al =0, they both satisfy the conditions for wave-vector and OAM matching for
both the incident and scattered light and thereby will interfere constructively. Now, considering
disordered units in particular, the only term with a & -orientational dependence is seen in

equation (1C.5). Under the matching stated, the rate will become quadratically dependent on

N .

The depth of the substance investigated requires additional consideration and offers a trade-off.
The more potential scatterers the light traverses, the greater the probability that the process will
occur. However, if several processes occur at various depths through the material, coherence
issues can come into play, this is particularly the case with harmonic signals. The phase velocity

can differ for different frequencies of light, as such, judicious selection of the frequency and

n,=n_. (1C.06)
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Of course, the less depth of material the less the chance of a process occurring. But at the lower
limit of depth, for example a thin film, surface effects can exhibit interesting results of their
own, where bulk symmetry is affected. An obvious example of this is with a material that
demonstrates isotropy as a bulk, however, when it is reduced to a single layer, the collective
symmetry often does not retain the same degree of symmetry. One interesting result that can
exploit this feature is in the case of odd n-ordered processes, the prior requirement of parity

conservation is lifted and enables such processes to be observed [63].
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COMPLEMENT 1D: ROTATIONAL AVERAGING OF TENSORS

GENERAL STRUCTURE

The rate expressions developed for solid states matter are precise; however, condensed phase
media require an extra layer of consideration. A crucial stage of determining the rate for such
phases is accounting for the tumbling motion and thereby the range of orientations a process
may be carried out. For this, the ergodic theorem can be applied: in a sufficiently large time
period, the ensemble average will be equivalent to the time average for the system. The
applicability here is that the time averaged result for the system is valid also for the ensemble of

randomly oriented optical centres.

To carry out a rotational average, the respective frames of reference and how they are associated
with each other, must first be considered. For the field vectors, the axial framework for
conventional space is ideally suited, by convention these adopt the Latin indices, i,. However,
when regarding the molecular response tensor, the evolution in orientation of the molecule must
be accounted for. With this in mind, it is logical to associate the axial frame with the molecule
itself, Greek indices are conventionally used to distinguish these, A,. The two frames of

reference are connected by the relation,

T = |i(p”§quq ; (1D.1)

where P,J= {1,2,3...n} ) Ii(;;)zq takes the cosine of the angle subtending the index where p=q

of the space-fixed frame and molecule-fixed frame. (i A ) corresponds to the elements of the

p>"tq
| (M

Euler angle matrix. iyt

is rotationally invariant and hence can be expressed as a linear
combination of two isotropic tensors [96-99]. For 3D space, there are two fundamental isotropic
tensors Kronecker delta 5” and Levi-Civita & . The parity of N invokes two different sets of
linear combinations of these two tensors. Where N is even, isotropic tensors are formed of n/2

Kronecker deltas: 5”2 "'é\iMin ;and where N is odd, the isotropic tensor is formed from one Levi-

Civita and (n—3)/ 2 Kronecker deltas: &; 0, -0, ; .

n-1
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The isotropic tensor can be split as follows,

1= Zf ‘migl” (1D.2)

where f_ is a rank 1 tensor formed from all permutations for the linear combinations of

p
isotropic tensors that acts on the field vectors, My, is a rank 2 tensor with number weightings
for the permutations, finally {, is the molecular equivalent to fp acting on the molecular
response tensor [100]. Tensor M, and therefore Ii(pn;)/1q is obtainable from an inversion operation

of another matrix;
m® =[ s T , (1D.3)

For brevity of notation the space fixed indices, {il o0 } {I J,K,.. } and similarly for the

molecule-fixed indices {/11 A ,/13,...} - {l,,u,v,...} )

In the introductory chapter, we first consider the rate of a process involving a centre located in
a rigid structure, such as a lattice. In this complement, we consider how the ensuing rate is
affected by a centre free to tumble. Evidently, not all setups accommodate a centre that abides
by these limits of motion. This can occur by two means: either, the centres motion is inhibited;
ot, the centre is incapable of fully reorienting itself in the time segment. Both cases can be

regarded as two sides of the same coin and shall be discussed here.

To begin, we shall assume that the orientation of the system is energetically favourable. The rate
of a given process, as the system evolves, will be characterised by a Boltzmann factor and a
trigonometric function of the intermolecular vector. In general, the leading contribution will be
that of the static form, with successive orders of weightings modifying this result; the end limit

will be that of the isotropic form dominating.
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RANK 2

For n =2, there is only one isotropic tensor of rank two, that is the Kronecker delta, therefore,

(@ _ _
S 0;0; =3, (1D.4)
m® would then be 3™ and hence,
12 = 1 0.0 1D.5
ij;Au 3 ij“Au - ( . )

RANK 3
For n=3, as with N =2, there is just one isotropic tensor of this rank, the Levi-Civita

antisymmetric tensor, which delivers,

5O ExEi =6 (1D.6)
and it follows that,

1
3
Iigk);/wv = ggijkglpv . (1D.7)

RANK 4

For N =4 there are three linearly independent isomers:

B9 (656

19 1= 6,5,
2 ki | > (1D.8)

f3(4) 810

which combine to form the following,

3 3
sW={3 9 3], (1D.9)

3 9

T
1 é]j 5k| 4 -1 -1 5]4.1 é‘wr

lie == 68y | |1 4 1] 6,8, | (1D.10)

ijkl; Auve 30

555 ) =1 -1 4 (8,6



44

RANK 5

For N =5 there are ten distinct isomets:

flr(i)
fzf(5)
f3'(5)
f4f(5)
fo(5)
f61(5)
f7r(5)
fsr(i)
f9'(5)

f

Complement 1D: Rotational averaging of tensors

(1D.11)

A prime has been used in this instance, to signify that this is an overcomplete set that can and

will be reduced in order to display an irreducible set of linear independent permutations:

gijké‘lm (3

5ij|5km -1

i = o] S0
30| €Oim 1

gikmé‘jl 1

EqnO: 0

-1
3
-1
-1
0
1

-1
-1
3
0
-1
-1

1
-1
0
3

1
0
-1
-1
3
-1

0
1
-1
1
-1
3

g/lyv 5;;0

gﬂ,,u;z 5\/,0

gmﬁ

vr

gl vr 5///)

gl vp 5;4”

glﬂp 5/1\/

(1D.12)
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For N =06 there are fifteen distinct isomers that form a linearly independent set:

(6)

ijklmn; Auvapo =

210

39Oy
OOy
59O
9} Omn
O OjnOin
a0
3319 Omn
5i|5jm5kn
1930
Fin93Oin
Fin 910
5im5jn5kl
Fin OO
Fin 910

5.5, 0,

in™ jm

T

-5
16
-5
2
-5

-5
)
16

-5
2
2

16

2
-5
2
-5
16

2

-5

(1D.13)
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RANK 7

Complement 1D:

For N =7 there are 105 isomers and takes the following form,

(7)

ijklmno; Auvepor —

1

840

EijOmO,

Im™~no

&ij O 6,

In~"'mo

£ 0109,

lo™'mn

&0, 0.

ijl ¥’km*~'no

&.0,.0

ijl “kn™"mo

EmnoOn Ok

mno ~il

T

6 -1 -1
-1 6 -1
-1 -1 6

0O 0 O

0O 0 O

0

0

0 O
6 -1
-1 6

Rotational averaging of tensors

-1

O 0 0 0 -1 -1 6

glﬂvé' o

mp ot

gﬂwé‘ o

o pr

gﬂwé' o

nr ™ po

E/Wé‘ o

vp~ ot

5,1#7,5 o

vo ~ pt

pot ~An T uv

. (ID.14)

The full set of 105 permutations of linear combinations of isotropic tensors that appear in the

first rank 1 tensor are:

EijOmO,

Im ™~ no

& 00,

In~"'mo

Eij 010,

lo~mn

&40, O

ijl ¥’km*~'no

&:0,.0

ijl ¥kn~"mo

&0, O,

ijl ko™~ mn
5kl 5no

(Skn é‘lo
gijm §ko é]n
§kl 5m0
5km é‘lo
é‘ko é‘lm
5kl 5mn

5km é‘ln
gijo 5kn é‘lm
EnO im o

Ew0 O,

in“mo

€900,

jo“mn

& O

ikm™ jl ¥'no

E1nin

ikm™ jn

E1n 0300

ikm™ jo

Eijm

Eijm

Eijn

Eiin
Eijn
Sijo

Eijo

‘c"ikné" 5 0

1 m

5ikn5jm o

gikn 5]0 é‘Im
§jl mn

& 5 é‘ln

iko™ jm

& 5 5Im

iko™ jn

& 0.0,

ilm*~ jk~no

EimO in%%o

im“~ jn

S,

jo~kn

1.0, 0,

iln™ jk*~mo

&, O

iln™ jm~ko

Ein0ioOkm

iln™ jo

&4 0.0,
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€100 mOkn

ilo™ jm

€100 inOm

ilo™ jn

& 0.0
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Ein0 11040

imn™ jl

EimOi0%

imn“ jo

& 55In
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Eino O imOu
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€ 1 Oim©,
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€4 Oin0,
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‘c"jkmé‘il no
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é‘ik5mo

5im5ko

5i0 §km

i1 %km

g

&

Eiln

Eiin
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& O

jlo¥ik ¥mn
gjloé}m5kn
gjloéin5km
gjmné‘ikélo
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£ O
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o™ jn
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ij~ ’mo

EnOim 9|
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EunOin O

o™ jm

€400,

ij~'mn

ExoOimO
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EroOin0

in™ jm

gkmn é‘ij §Io
Eqn 03 O jo
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‘c"kmoéij 5In
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0; 0y

mno ~ij

EmnoOi T
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mno ~il

&

. (ID.15)
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The rank 2 tensor in equation (1D.14), follows the repeated 3x 3 matrix structure down the

leading diagonal of the 105X 105 matrix. The full set of permutations for the final rank 1 tensor

are as follows,

gwé o

- or

€10 02s0

o~ pr

gﬂwé o

nr po

gwﬁ )

vp ot

€1470y60

vo " pr

gwﬁ o

vt~ po

84;1/35 )

v~ oT

3@;75 o

vo T T

glﬂpé o

vT — mo

51,155 o

v ptr

8/1}[65 o

vp~ rr

8/1#65 o

vt 2 mp

5w5 o

vr ™ po

EW(S o

vp ~ o

gwé o

vo Z mp

€120,

up ot

€120,50

po = pr

£, 0,0

ur ™~ po

8Mp5 1)
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ghpcS )
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ur
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.(1D.16)

Similar to the rank 5 case, this is result is overcomplete and it is possible to choose a set of 36

to form a linearly independent set:
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SUCCESSIVE RANKS

Results for isotropic tensors of higher ranks exist [101] and can be deployed in calculations, but
due to the complexity, computational techniques are recommended [102]. The results displayed
in chapter 3, required the use of rank 8 tensors, these results were carried out by a co-author

Jack S. Ford and are included for completeness, but not covered in detail [103].
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COMPLEMENT 1E: FIELD VECTORS

Throughout this work, all polarisation products will be analysed in one of four commonly
deployed experimental configurations. The first pair will consider plane polarised light detected
perpendicular to input, where the electromagnetic field vectors will either be parallel or
perpendicular to input. The second pair will consider circularly polarised light, detected forward
of the incident of light and with circularity either preserved or reversed. Incident light of left

helicity is selected for exemplary purposes.

Table 3: The field vectors for the exemplary experimental setups.

Linear (right-angled) Circular (forwards)

input output (') input output (')
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It is useful to prepare all permutations of product pairings for the field vectors displayed in

Table 3, see Table 4 — 7.



Table 4: Field vector products for scattering of plane polarised light detected perpendicular

to input, with paralle/ oscillations.
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Table 5: Field vector products for scattering of plane polarised light detected perpendicular

to input, with perpendicular oscillations.
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Table 6: Field vector products for scattering of forward circularly polarised light, with preserved

circularity.
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Table 7: Field vector products for scattering of forward circularly polarised light, with reversed

circularity.
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COMPLEMENT 1F: RESONANCE EFFECTS

The theory developed in chapter 1 adequately describes the transition rate of any process. In
§1.4 we considered a centre engaging in a number of transitions involving its ground state and
a virtual excited state. However, additional consideration is required if the input photon energy
approaches that of the gap between two real energy levels, for the centre. Under these
conditions, an analysis of the denominators associated with the transition energies delivers a
zero result, which would correspond to an infinitely intense transition. However, this is not
physical and can be addressed by adopting an appropriate substitution that reflects the lifetime

of the molecular states,

E, >E —iny, /2, (1F.1)

where 7, is the decay constant for any molecular state, in this case r. Although it should be
noted that this is not entirely consistent — by including a damping constant, the energy levels
are no longer stationary states and therefore correspond to a Hamiltonian that is non-Hermitian.
This can be incorporated into each energy denominator for any given molecular response

tensot.

1
;{Eg—hck—ihyr/z } (1F.2)

this is based on the first term from equation (1.4.1). If, Ack = E,,, then a given energy

ro»

denominator will take the form of,

1

R (1F.3)
AE —ihy, /2

where AE is a small energy mismatch. The rate of a process is dependent on the square of the

matrix element, from equation (1.3.15), and as such,

1
[~y = ———, 1F.4
= e (9
which is a Lorentzian form, this defines J, for the system, with a linewidth at the half maximum

of hy,. Away from resonance, the modification will be negligible when compared to an
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electronic transition, however as you approach resonance, this term will serve to more realistic

depict the lineshape for optical response.

Although the corrective term introduced in equation (1F.1) does not arise from the perturbative
derivation for the system, it does prove to be phenomenological accurate in describing the real
evolution of the molecular states [104]. This can be shown by substituting it into the time-

—iH,t/h

dependent Schrodinger equation (1.3.1), which has eigensolutions e and associated

Et/

. —i h . . . . . .
eigenstates ¢ " Substituting the corrective term, equation (1F.1), in to produce the modified

eigenstates, seen here as a product of exponentials;

o E/h =hyit/2

: (1F.5)

the first exponential represents a phase factor, often associated with the wavefunction, of more
interest is the second exponential, which represents a real exponential decay, the excited state

exhibiting a depopulation. Uncertainty in lifetime gives rise to a broadening of the energy level.

At this juncture, it is worth briefly mentioning the two-level approximation. In an effort to
simplify calculations it is expedient to limit the sum over an infinite number of molecular states
to choice states that are known to contribute most significantly. At the extreme case, a single
ground state and excited state may be employed. This is particularly powerful when utilising
computational models, in which quantum calculations are often amongst the most resource
intensive. The cases exploiting resonance features are particularly suited for such

approximations, where the two levels exclusively considered are the ground and resonant levels.
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COMPLEMENT 1G: BORN-OPPENHEIMER APPROXIMATION

The majority of this work engages purely electric transitions; however, in processes that engage
vibrational transitions, such as with Raman scattering, it is necessary to distinguish between the
nuclear and electronic components. Under the Born-Oppenheimer approximation, the
molecular states are considered as a product of wavefunctions: @, (q) Wy (Q) , where the former
describes the electronic state I and is dependent on the electronic coordinates (, which is
implicitly dependant on the nuclear coordinates of a vibrational mode Q, associated with a
vibrational state R. We can justifiably assume that such a transition leaves the energy associated

with all other vibrational modes unchanged.

This separation can now be applied to the transition polarizability tensor, equation (1.4.7). Here,

)

|g00 > ‘ l//2> , respectively. Moreover, each transition moment component can now be regarded as

W,;> and

the initial, intermediate and final states in each term can thus be cast as |g00 > ‘ l//S> ,

a Dirac bracket succinctly expressed as g = <Wa | 7 |l//0> . With the associated energy term

also separable, ze. E , = E,, + E _x;

oy (w4 (Qwa )(wa " (Q)lw, ) <'//a 1" (Q)we ) (wa| e ()
! = E,, + Eg, —7ick E,, +Eg, +7Ack

,(1G.1)

Providing that the input optical frequency is far from resonance, the spacing between electronic
levels will be much greater than that of vibrational level and hence the following approximation

is justifiably exploited:

i o Z (w1 (Qwe )(wa " (Q)|w, ) . (v |1 (Qwa ){(wa | (Q)lw, )
E,, —hck E,, +hick

.(1G.2)

Since the denominators in equation (1G.2) do not involve vibrational state energies, the

completeness relation, equation (1.4.2), can be invoked, so that;

—hck E,, +7Ack

ai’(Q)

a0|A l//a|z Q)/’lJ (Q)+,Llj-)r (Q)u” (Q):||l//0> . (1G.3)
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As a result of the nuclear motions producing little variation in the transition moments, a Taylor

00]A

series expansion can be deployed of the electronic polarisability ¢ in terms of the vibrational

coordinate Q , about the equilibrium position Q, ;

v(@Q-q) 2| .. (1G.4)

00]A _ 00
% (Q)—O‘ij‘

Q
’ Q Q

Accordingly, by inserting equation (1G.4) into (1G.3), the leading term of the transition will
dominate in any instance where the contained Dirac bracket is non-zero and as such the

polarisability emerges in the approximate form:

oo’
ij%\/-\ ~ <l//0, |(Q_Qo )| l//o>ai(; +... . (lG'S)
Qy

(04

The symmetry associated with the right-hand side of this equation determines the criteria for
allowing a Raman transition to occur. The elicited irreducible representations correspond with

the quadratic terms listed in character tables [105].
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COMPLEMENT 1H: LAGUERRE POLYNOMIALS

The main features present, are a product of a Gaussian with an associated Laguerre polynomial,

the latter being one of the solutions of the following partial differential equation:

L'p( )+(p+1 X) L'p( )+|L{’( x)=0 (1H.1)

Note that it is the ||| of that appears in equation (1.6.10), signifying that optical vortices of
opposite topological charge have identical radial distributions; their physical differences arise

through their phase factors, considered below.

Orthogonality amongst the associated Laguerre polynomials is usually specified with respect to
those of the same index p. The form that is relevant for Laguerre-Gaussian beam applications,

which also introduces a weighting factor, is expressible as follows;

[TemxeL (L (x)dx = (1 p)lau, . (1H.2)

More generally [100], it may be noted, for the following in terms of hypergeometric functions

is found;

J.Ow x“e L (X)L (x).dx

I+p\(lI'+p' —pu—-1
z( Ip]( pl,y j3FZ(—m,y+1,,u—p'+1;p+l,y—p'—n+l;l)r(ﬂ+l). (1H.3)
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MULTICENTRE RAMAN SCATTERING

21 INTRODUCTION

This chapter will build on two preceding sections: {1.4B and §1.5, by considering the effect of
neighbouring molecules on Raman scattering [107, 108]. In the latter section, it was mentioned
that a virtual photon exchange between two centres can modify the symmetry of a system, and
for these purposes, allow a Raman transition to occur where it might not usually be observable.
The evolution of two (or more) centres can be connected by considering virtual photon
exchange(s) between the centres concurrent to the Raman scattering event [21-23]. In principle,
any number of additional interactions can be rigorously accommodated, however, each virtual
photon interaction will increase the order of perturbation theory required to describe the

process. This in turn reduces the relative amplitude of contribution.

In §1.4B Raman scattering was introduced as a two-photon process with the N=2 leading
contributor to the matrix element, as seen in equation (1.3.14), which is fed into the rate of the
process too. Each virtual photon exchange will add two photon-molecule interactions (one at
each optical centre) and therefore see a corresponding increase in the order of perturbation
theory engaged. In this chapter, the leading two contributors to the neighbour mediated Raman
scattering will be considered. This involves the one or two virtual photon exchange(s) between
a centre undergoing a Raman transition and a neighbouring centre. All relevant quantum

interference terms are calculated too.

Figure 9 displays a schematic for this process, with a detector placed perpendicular to the

incident beam. In such a setup, the resultant Raman spectrum will display the additionally
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permitted transitions as new vibrational frequencies, in addition to modifying the intensities of
pre-existing vibrational modes. Despite the higher orders of perturbation theory required to
accommodate virtual photon interactions, all degrees of coupling to other centres always utilise
just one photon from the laser mode. As such, multicentre Raman scattering mechanisms in

this chapter, like the single-centre case, have a linear dependence on the incident laser intensity.

Figure 9: Schematic depiction of a pairwise interaction between two centres in the course

of a Raman scattering process, with a detector, D, perpendicular to that of the incident

beam.

Previous work has incorporated a second centre for the purposes of bimolecular cooperative
Raman excitation [109]. In such a process, the photon annihilation and creation events are split
between the two involved centres with a virtual photon coupling the pair. This is one
configuration of the photon-molecular interactions that has been included in this work, see
§2.2A. However, the previous work specifically considered the excitation to be split across the
pair, whereas here the excitation will be localised to the one centre of spectroscopic interest,
molecule A. As such, the neighbouring molecule B will always be regarded to enter and leave

the process in its ground electronic and vibrational state.
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A few realistic parameters have been chosen to carry out the following analysis. Firstly, both
centres are considered to be chemically distinct. Secondly, in the course of the process the
molecular tumbling is treated to be on a much slower time scale than that which the process
evolves at. As such, the orientation of both centres can be regarded as fixed, at a distance R,
throughout the process. Moreover, they will be fixed at a distance that satisfies the near-field
approximation, equation (1.5.2) [21]. In this region, terms with more negative powers of R will
be most readily measurable. Lastly, for demonstrative purposes a Stokes transition has been

assumed throughout, although analogous principles hold for the anti-Stokes counterpart.

2.2 GENERAL THEORY

All process involving two or more interaction events have more than one pathway to connect
the initial and final state for a process. In cases like these, where there is coupling between two
or more centres, there is an additional consideration; not only the temporal order of the
interactions can be permuted but also the spatial distribution across the centres. The result of
this is that each centre can have a range in number of interactions to contribute to its molecular
response. Each molecular response tensor engaged has its own matrix element which

contributes to the rate of a process.

The superscript attached to each matrix element will identify the location the photon operators
engage with. All will contain A and B, to represent the two molecules, the letter that precedes
the other indicates the site of photon annihilation; a prime will be attached to one of the letters
to identify the site of the creation event, which may or may not be the same. The number of
vertical bars appearing in the superscript will correspond to the number of virtual photon
exchanges present between the pair of molecules. Previously, it was introduced that the

contribution from both one and two virtual photon exchanges will be included.

In the case of one virtual photon exchange between two centres, there are four unique
arrangements that the real photon-molecule interactions can occur. Case I, the annihilation at

. AB’ . .
molecule A and creation at molecule B, MA® . Case 11, is where the roles of A and B in case
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. . .y . o BIA'

I are interchanged, ze. the radiation mode is annihilated at B and created at A, M F,‘ . Case III,

is a contribution corresponding to the photon annihilation and creation at A, as with
. AlB . .y o

conventional Raman, MF,| . Case IV, is where the radiation modes are both annihilated and

B//A .
created at molecule B, M F,l . These cases will be covered.

In the case of two virtual photon exchanges between the pair of molecules, there are the same
arrangement of real photon-molecule interactions as with cases I — I1”. These will be assigned
cases I — IV1II, and will be covered in §2.2E-H, respectively. As an example, case [ is case [
with an additional virtual photon exchange. In principle, all occurrences of two virtual photon
exchanges are indistinguishable and therefore, similarly to §1.4C, one time-ordering can be
considered for both. Although, as will be demonstrated late, further index symmetry is not

precluded.

The dipole approximation will be used throughout, to ensure a significant contribution towards
the process. This in turn enables the deployment of the V-tensor, introduced in §1.5. In
particular, we are interested in the near-zone form, equation (1.5.2). At the static limit, K =0,
this can be treated as an instantaneous interaction between the two molecules, usually depicted
as a horizontal line connecting the world-lines for the two centres. Consequently, only one

additional intermediary state is added for the first virtual photon and two thereafter.

2.2A CASE [

The first case considered is where each molecule will engage in a two-photon process: one real
and one virtual photon interaction. The real photon events, annihilation and creation, are split
across molecules A and B respectively. Moreover, the single virtual photon exchange between
the two centres connects the world lines of the two centres and can be regarded as occurring
within a single instant. As such, the N =3 from equation (1.3.14) is the leading contributor with
two associated intermediary states I' and S to be summed over. There are six permutations of
time-orderings that are possible, see Figure 10 for one example. Each contributes a single term

to the matrix element for the process, which takes the following form,
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M ,?,‘B' = a‘ioz X
<a;0;k',77",ui8dﬁ‘0!;8;0><0!;S;0 ,ukAVH (O; RAB),u,B r;0;0><r;0;0 ,ujAdjL O;O;k,77>

Z [Em +Eg, + hick ][ Ef + 7ick |

(0577 | 1V (0 Ry ) 12| 1355 ) (s K, 1Pd [ 15050) (13050 el 0503k, )
’ [Ef +EQ + ek —hek” ][ Ef + hck |
+<0£;0;k',77' ,uinil‘a;S;O><a;S;O ,ujAdjl I’;S;k,77><r;3;k,77‘/lf°\/k| (0; RAB)/J'B O;O;k,77>

[En +Ep +hck | Ef +Ey |
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[Ef +EQ + ek — hek' ][ E, - hck' ]

x <0;S;(k,77;k',77') ﬂiniL‘O;O;k,ﬂ

<0£;0;k',77' ,LtJAdJ-l I’;O;(k,?];k',?]')><r;0;(k,ﬂ;k',77') wodr r;s;k,17>
+

| En —hek'][ER +E} |

X<r§3;k>77‘,u€vk| (0;Rug ) O;O;k,?]>

N (@05, 7| e | 1050 sk’ ') (303 e ' )| afNi (0 Ry ) e[ 0355 i)
[ En — ek ][ Ef, — ek’
x(03; (ke 7K' Pl O;O;k,77>} . @.2.1)

The first term corresponds to the contribution from the time ordering displayed in Figure 10.
Each of the Dirac brackets above represents the transition between two states of the time series
shown up the left-hand-side of the Feynman diagram in Figure 10. Each individual component
is the combination of all states present in that interval. Two out of the three instantaneous
interactions are real photon transitions, mediated by the interaction Hamiltonian. These can be
seen in the heart of the Dirac bracket and modify a single radiation and molecular state, with
the &, extracted as a common factor. The third interaction is handled by the static V-tensor,
which is capable of acting on two molecular states. As discussed in the previous chapter, the
denominators represent the energy for each intermediate state relative to that contained in the

entire system at the inception of (or indeed subsequent to) the process.

Next, the Dirac brackets can be evaluated, in conjunction with completeness relation, equation

(1.4.3), the following can be cast,
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the additional prefactor in parentheses is an orientational weighting, introduced by the V-tensor.
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Figure 10: A single representative Feynman diagrams for the time evolution of two
molecules A and B. Prior to the process both centres ate in their ground state at a point
in time the molecule of spectroscopic interest annihilates a photon and transitions to a
virtual intermediate state, I. At a subsequent instant, a virtual photon is exchanged
between the pair; molecule A is left in a vibrationally excited state, while its neighbour
transitions to a virtual state, S, before immediately creating the scattered photon and

returning to its ground state.
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Notice that there are two pairs of equivalent numerators, these can be combined by taking
common denominators to form four unique contributions. The relation for energy
conservation, equation (1.4.16), can also be incorporated to simplify the denominators as

follows,

ar|A , rO|A  0s|B, sO|B

AB' _ hC\jkk’n — _ 2 A ,le ﬂj ﬂi zul
? T 8sZRV it (5“ 3RkR')§ [ E/y — ek | ES — k']

SO

ar|A  rO/A 0sB

N Hy B B H
[E, + hick ][ ES + hick' ]

s0|B

sO

ar|A, r0[A  0s|B, s0|B

+ Mo i B
| E/, —hek ][ E + hick' |

ar|A rO|/A  0sB

4 My e B
| E/, +hck || ES —hck' ]|

s0|B

(2.2.3)

Here, the summand can be factorised as a product of two summands over I' and $ as follows,

ar|A  rO|A ar|A  rOlA
He o K My My
o @A — i 7 , 2.2.4
() Z ES—hck  EJ +hck’ @29
"B — Z /uiOS‘B:uISOlB + ﬂlOSlB'uiSO‘B (2.2.5)
W 4| EZ —nck'  EZ +hck'

These are the familiar polarisability tensors, with one associable to each of the molecules
involved in the process. The parenthesis around the subscript indices represent permutable
symmetry and always arise in linear polarisability tensors, involving two transition moments
connecting the same pair of states [110], see complement 1B. The vibrational transition is not a
sufficient difference to break this form of symmetry. The contracted from of the matrix element

is now,

M AB hekkn _,

Fl

5 B A n00|B
= g'e; (0 —3RR )i e (2.2.6)
203 i ~ji\“k LS B A 1°9 Mt (1) o
87me RV
. . -1 .
Interestingly, one can factorise out Coulomb’s constant (47€,)  and the distance dependence
-3 . .
R™, to leave a matrix element with identical constant structure and field products as that seen

in equation (1.4.14).
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2.2B CASE II

This case delivers the contribution from the annihilation event on molecule B and the creation
event on molecule A, again with a single virtual photon exchanged in the course of the process.
Visually, it is very comparable to that of the previous case, as can be seen when you compare

the respective figures.

K'\7")
IF) |ex)
Hint\i |O )
IS) Is)
Hint|| Hint|k
IR) Ir)
0
| ) Hint|j
) 0)
k.77 )
A B

Figure 11: Similar to Figure 10, this is one of six permutations of time orderings for this
case, in Feynman diagrammatic representation. The difference here is the sites of the

photon operators are interchanged.

The resultant derivation mitrrors the visual similarities and has been omitted for that reason, the

resulting response tensors are as follows:

as|A | sOlA as|A  sOlA
maO|A _ H Ho A
al"?h = + ; 2.2.7
i Z{ EA—nhck  E2 +hck #27
g =y A + 2 A (2.2.8)
() ~| EE +nck  EP® —nck

The resultant matrix element is almost identical in form too,

. hekkn _, A
MEN = =22 _g'e (6, —3R.R, a1« ham " 2.2.9
FI 872'85R3V J( ki k I) (i) (jk) ( )
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2.2C CASE 11T

This is the closest comparable contribution to the single-centre Raman scattering. The two real
photon-molecule events are on the molecule of spectroscopic interest, with the single virtual
photon the only interaction molecule B engages in.

K"
IF) ler)

. 0)

intli

IS) s

.
H intlk H

IR’) Ir)

int]l

[0)

int| j

I [0)
K )

Figure 12: Another example of one time series for this case in Feynman diagrammatic form.

Again, the derivation for this is almost identical to that presented for case 1, in §2.2A. However,
unlike the first two cases, the six permutable orders all have unique numerators and as such it
is not possible to take a common denominator to reduce the number of terms in the summand
down to four. It is possible to take the transition moment for molecule B as a common factor
for all six terms, g4"® , which indicates that this molecule must have a permanent static dipole
Ze. it must be a polar molecule. With three interactions on molecule A and two virtual states to

sum over, the response tensor is displayed as follows,

IB?OlA _ Z luiasmﬂljr\Alu;mA . lukas\Aluiqu‘uer\A . ,uias‘A,uJ?rlA,u;O‘A
W F\[ES -nek ][ EA —hck | EL[Eh—hck | [ EL —hok [E),
Iulfzsmlu?rmﬂirom y;zslA,uiS”A,u;mA Iu;zs\AlusnAluirmA

EA[EA +hok] [EA+hck|ES [EL +hok|[EA+nek][ = Y

Note, this is not the same as the hyperpolarisability which appears as equation (1.4.22).
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The matrix element is therefore expressible as follow, with a familiar structure,

M A"B — thﬁ kkln é’

Fl

e, (30 —3RR ) B 2211
872'85R3V i~ji\“k k' ﬂ(u)k H ( )
Note, there is no energy exchange between the two molecules, which is consistent with the

requirement of a polar molecule B; this does not arise in any of the other cases.

At this stage, it is necessary to consider the nature of this hyperpolarisability response tensor. It
is not possible to directly apply the Born-Oppenheimer treatment as cast in complement 1G.
However, similar principles still hold by expressing the response tensor as a Taylor series
expansion with leading contribution,
B
a0 i)k
By ~<Wﬁ‘(Q_Q0)‘Wo>—aQ o 2.2.12)

Qo

Symmetry in the interaction indices has been indicated, in this instance, analysis of the tensors
is required to assert this, see complement 1B. Index symmetry will arise if any set of indices can
be interchanged and in turn the original response tensor is regenerated. If we first identify two
interactions that involve two similar radiation modes: the two real photon interactions, | and
J in this case. It is known that the states ' and S are arbitrary and as such it is possible to
interchange them without altering the regarded system. Following these two interchanges the

hyperpolarisability tensor takes the following form,

ﬂa()|A _ z ﬂ;mAlukrs\AﬂismA N ﬂ;zr\Aluirs\Alu;mA N ﬂanﬂ;s\AluismA

ji)k

W [Eh — ek [ ES —hek | [ES —hek |ES  EL[ES - hck ]
ar|A  rs|A sOlA ar|A  rs|A  sO|A

ar|A  rs|A  sO|A

N M By Hy 4 M Bl N M el
[Ef +hek |ES  ER[EL +hck ] [Ef +hck [ EL +hck ]|

SO

(2.2.13)

With foresight of the end result, terms two and four have switched positions with terms three
and five, respectively. It is known that the inner product of two Dirac brackets, where the bra

and ket of one are the same as the ket and bra in the other, are identically equal. Under the
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notation deployed here, on any given transition moment the superscript indices represent the

molecular states, see equation (1.4.2), it follows that,

SrA _

't = (2.2.14)

As can be seen, this is identical to equation (2.2.10), all apart from the vibrational energies; these
are known to be negligible when compared to that of the electronic transitions allowing us to

justifiably disregard them.

2.2D CASE I

An interesting quirk of deploying MQED is that it is entirely possible that the molecule of
spectroscopic interest doesn’t even “interact” with either of the real photons. Explicitly,
molecule B both annihilates and creates the real photon with the single virtual photon exchange

imparting the vibrational transition on molecule A.

k')
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Figure 13: An example time series, in Feynman diagram form, for the final photon-

molecule interaction site arrangement.

The derivation of this matrix element is largely the same as that of the previous case,
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0s|B , sr|B , ro|B 0s|B , sr|B, ro|B
1 00[B _ Hi o B H He K H
A = 2 TEE —po 2 —hek] " [EE —ck = ok | EF, —fck]

ﬂIOS\BﬂJsr\BlurO\B ’u05|BIqur\B)ulr0\B
[E —hek'|[ Ef, + hck — hek' | [ = hick + hek' | Ef, + hick' |
luj)s\BluIsr\B/urmB luj)s\BluEr\BMrO\B

[EB+hck][ +hek — hck] [ +th][EB+hck] (2.2.15)

There is an immediate visual difference in the denominators. Here, the energy conservation
relation, equation (1.4.16), is utilised to replace the presence of molecule A, which demands the
presence of more photon energies. It also results in the inability to find any index symmetry in
this tensor. The matrix element that seats the above hyperpolarisability tensor is,

MB,‘A \/kk nic _, (5

= g'e. (6, —3R R | BB ™ 2.2.16
FI 872'8(ng\/ j K I)ﬂjk H ( )

Here, the transition dipole moment exhibits the vibrational transition, which will in effect have
the same selection rules as infrared absorption. The hyperpolarisability tensor here displays
symmetry characteristics associated with a three-photon process and has an analogous effect to

that of the electro-optic tensor [111], inducing a vibrational displacement onto its neighbour.

2.2E CASE I/

This is the first case in which we consider a second virtual photon. In this case, molecule A
annihilates the photon and molecule B creates the scattered photon, see Figure 14. As such,
each molecule engages in a three-photon process, with two additional pairs of interactions
occurring at two separate instants of time. These two events are indistinguishable and as such,
interchanging them does not contribute an addition time-ordering. In equation (1.3.14), N =5
term will be the leading contributor with two associated intermediary states I, S,t and U to
be summed over. There are twelve possible permutations of time-orderings and again, each

contributes one term to the matrix element for the process, as follows,
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Figure 14: This is very closely related to the Feynman diagram depicted in Figure 10, except
a total of two virtual photon exchanges occur between the pair of molecules, making for a
total of six interactions, distributed as three interactions at each of the molecules. Two
additional intermediary states ate required to describe this process t and U. The additional
virtual photon exchange doubles the number of possible permutations of time-orderings

to twelve.
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2.2.17)

In all cases, the first term corresponds to the contribution from the time ordering displayed in
the figure associated with the case. There are now four Dirac brackets to mediate the transition
between states | |>, | R> , |S> , |T> and | F> , which each hold information on each of the two
molecules and the radiation field. Two out of the four transitions are mediated by the interaction
Hamiltonian, seen in the heart of the Dirac bracket and now two are handled by the V-tensor.
There are now three terms present in the denominator are the energy for each intermediate state

relative to that contained in the whole dynamical system at the inception of the process.
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Evaluating all of the Dirac brackets and utilising the completeness relation, equation (1.4.3), the

following can be cast,
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(2.2.18)

The negative sign is the product of a negative sign from each of the three denominators. For
the cases involving two virtual photons, it is not possible to factorise the components relating
to each of the molecules and as such, the molecular response tensor is defined as a

conglomeration of the pair, such that,
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This is placed in the matrix element as follows,

M AHB' _ hC\/ kk'n p—

Fl

5 B 5 D A;00/B

=— e.e.(5 —3RR)(5 ~3R R );('.“"‘. (2.2.20)
2 3 ivj kI k™M mn m' 'n jkm;iln 5 oL

327%RNV

For the cases involving two or more virtual photons, the square of the Coulomb’s constant
-2 . . -6 .

(47e,) " as well as a sixth order distance dependence R ® can both be factorised out, to leave

a matrix element with identical constant structure and field products as that seen in equation

(1.4.14).
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Irrespective of whether the molecular responses are separable, the selection rules and symmetry
arguments can still be applied to each numerator. It is evident that this process involves three
transition dipole moments for each of the molecules in the course of the process, as such both
molecules can be said to relate to three-photon selection rules. Take, for example, the transition

moments relating to molecule A in the first time-ordering,
Co (Q) =" (Q) ™ (Q) 1" (Q) 2.221)

the dependence on the vibrational coordinate Q for a specific mode of vibration has been
explicitly expressed to emphasise the dependence on three-photon selection rules. The Born-
Oppenheimer approximation can be extended to this, in which each term must be considered

individually, so the leading contribution from the above example will produce,

ad Ciay"
Cir(Q) = (we|(Q-Q))|w, ) aQJ to (2.2.22)
Qq

0

with similar expressions obtainable for each of the twelve terms.

2.2F CASE "1

This is the two virtual photon variant on case II. Or, case |7 with the photon operator sites
interchanged; that is with the annihilation and creation events on molecule B and A,
respectively. Satisfyingly, despite the complexity in the derivation, the result agrees with what
would be expected of this pathway. The ensuing response tensor again expresses features of

both the molecules and takes the following form,
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Figure 15: One of twelve Feynman diagrams to represent the photon operator locations.
This is comparable in form to that of case I, the additional permutations introduced as a

result of the second virtual photon.

The very familiar matrix element which contains this response tensor is,

MBI heNkkn

Fl -

5 B 5 D m 00|B; 0| A
- 3272'283R(’V € € (5k| -3RR, )(5mn -3R,R, )ijm;nn . (2.2.24)
The only difference in this expression is the interchanging of the superscript attached to the
conglomerate molecular response tensor y, the primes serving to emphasise the difference in

tensor structure.

22G CASE V11
This case produces the highest order of photon process to be considered on the molecule of
spectroscopic interest, a four-photon process. For this, both real photon operations in addition

to the two virtual photon interactions all occur on molecule A.
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Figure 16: One example Feynman diagrams comparable in form to that of case III, where
both real photon operators occur at molecule A, the additional permutations introduced

as a result of a second virtual photon exchange with molecule B.

There are the same number of interactions and intermediary states as in the previous two cases.
The response for each molecule is still inseparable from the other and as such the result is best
displayed as a conglomerate of both molecules. In principle, it would be possible to factorise
out the transition moments of molecule B; however, a remnant of B would persist in the
energy denominator and there would be no real benefit. The collective response tensor is

displayed as,
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which can be found in the matrix element,
: nedkkn A A A AN oA
MAT® = - gle (0, —3RR )0 —3R.R. ) ity . (22.26)

3271 RV

The response tensor indicates the presence of three pairs of index symmetry, this can be shown
as follows. Again, we shall try interchanging the indices, 1 and j, here the two pairs of virtual
photon events on each molecule K and m, as well as | and N can be interchanged. Again, the
intermediary states are arbitrary and as such I and t are the most likely candidates for

symmetry. The result of applying these four operations delivers,
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By comparing the results with the original tensor, terms 1, 5, 8 and 12 have all been kept in the
same positions. Whereas terms 2, 3, 6, 9 have been swapped with 4, 7, 10 and 11, respectively.
The result is a tensor where each term position connects with that of the original tensor. To
best see this, read equation (2.2.27) from right-to-left. Where the identity in equation (2.2.14)
still holds here. Again, the vibrational excitations & can be disregarded, when compared to the

relative magnitude of the photon energies and associated electronic transitions.

In each of the twelve permutations, molecule A undergoes four photon-molecule interactions

and corresponds to the four transition moments that appear in the numerator for each term in
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equation (2.2.25). The aspects of each molecule are not separable, similar to case I, however,

symmetry arguments can be applied to each term. Take the first term, for example,

Clon (Q) = 1™ (Q) ™ (Q) 1 (Q) 1£"*(Q) - (2.2.28)

Here, the explicit dependence on the vibrational coordinate Q for a specific mode of vibration
has been expressed to emphasise the dependence on four-photon selection rules. Similar
expressions obtainable for each of the twelve terms. With an equivalent Born-Oppenheimer

treatment as displayed in equation (2.2.22).

2.2H CASE VIII

The final case to be considered is where molecule A interacts with neither the beam or the
scattered photon, but undergoes a vibrational transition because of a pair of virtual photons
exchanged with its neighbour. In keeping with the trend set forth, this is case Il” with an
additional virtual photon and case 1] with the interaction sites of both molecule A and B

interchanged.

K'1")
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A B

Figure 17: One Feynman diagram to exemplify this mechanism. Both real photon

operations occur on molecule B, which is coupled to molecule A by two virtual photons.



82 Multicentre Raman scattering

The resultant response tensor is again of similar form to that of the previous case. The
superscript indices have been interchanged and the primes are present to distinguish this

response tensor from the last.
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This response tensor also displays index symmetry in the same positions and by the same
methods of interchangeability. The matrix element, which houses this conglomerate response

tensor is as follows,

, nedkkn A A A oa ,
BIIA _ _ _ r 00|B;a0|A
Mg" = PR g ej(§kI 3RkR|)(5mn 3RmRn) Ao (22,30
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2.21 SUMMARY OF CASES

Each of the eight cases considered in the preceding subsections represent one pathway that is
possible for a Raman transition to occur at a molecule. In contrast to the process introduced in
§1.4, there are now several mechanisms that can contribute to the overall rate of a Raman
transition occurring for the molecule of spectroscopic interest. This can easily be
accommodated additively in the square modulus for the rate of a process. First, it is helpful to
scrutinise each of the matrix elements for common factors. Each of the matrix elements,
equations (1.4.12), (2.2.6), (2.2.9), (2.2.11), (2.2.16), (2.2.20), (2.2.24), (2.2.26) and (2.2.30),
display a common factor, which is also seen in single-centre Raman scattering. The method of
substitutions to obtain the radiant intensity have been exposed in §1.4B, as such the common
prefactors have already been taken care of. The radiant intensity of the overall process can now
be cast incorporating modified matrix elements for each of the mechanism, with the appropriate

common factors removed, as follows,

2
k"2 , , , ,
r_ A 1 AIB 1 BIA 1 A'|B 1 B'|A
"= I()I\/lFl-l_'\/IFI +MFI +MFI +MFI
)

4re,

0 1

+MLAE L MBIA L MIATE  pBIA | (2.2.31)

2

Each of the modified matrix elements will retain the prefactors relating to the Coulomb’s
constant, distance dependence and pairwise orientational parentheses. In addition to the field
vectors and molecular response tensors, of course. The square modulus produces nine products
of the modified matrix elements with their complex conjugates and 36 cross terms by utilising

equation (2A.5), the latter are known as the quantum interference between the matrix elements.

As a final note, there is one additional set of Feynman diagrams that also bares the same order
of perturbation theory as cases I"=11II, that is two virtual photons, each connected to two
different centres. These have been neglected, with reasonable cause. Although the same order
of perturbation would be deployed in both cases, a similar result will be obtained for both. By
inspecting the matrix element produced following evaluating the two-photon single-centre case,

-6 . .
an R™ dependence is present. As such, any process occurrence of such an exchange will be
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hindered in all but the most near-field of cases. As such, two centres present in the immediate
vicinity of each other is possible, but probabilistically the instances where a third centre will also

coincide with them is far less likely.

2.3 ROTATIONAL AVERAGE

In the preceding section, expressions were cast for the amplitude of transition, where the pair
are fixed in orientation, with respect to each other. The radiant intensity, equation (2.2.31), has
been cast on the assumption that the pair is also fixed in orientation with the respect to the bulk,
this is typically associated with solid phase mixtures. Typically, systems where molecules are free
to tumble are of the most interest, such as the case with condensed phase fluids, which is the

subject of this section.

To begin, like Raman scattering this is an incoherent process and as such requires an isotropic
Cartesian tensor equal to twice the number of real photons, which is another fourth rotational-
average, equation (1D.10). As stated in equation (1D.2), this operator is formed of three parts,
which can be considered in turn. The first relates to the field vectors, which contracts with the
field vectors to produce the same result as in equation (1.4.13). We can apply the field vector
products displayed in complement 1E to consider a standard setup of right-angled scattering,
two conventional polarization schemes can be chosen: the electric field polarisation of the
scattered light is parallel or perpendicular to the incident light, schematics can be seen in Figure

18(a) and Figure 18(b), respectively.

@ ' (b) b’
A

Figure 18: Experimental set-up: (a) parallel plane-polarized light is detected at right angles

to the input laser; (b) perpendicularly plane-polarized light also detected at right angles.
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By adopting these two polarization schemes, numerical results can be obtained from equation
(1.4.13) and contracted with the numerical matrix, m(pq , in equation (1D.10). Therefore, the

parallel configuration produces the expression;

1
P_E(l 1 1), (2.3.1)

and the perpendicular equivalent yields:

P:%(—l 4 -1). (2.3.2)

These two configurations are often selected, in turn a ratio can be taken of the two, this quantity
is known as the depolarization ratio (DR) [112]. Experimentally, this kind of characterisation
can be automated, many technologies exist to observe the process by rapidly switching between

polarization states [113].

These expressions are to be contracted with the molecular response tensors formed out of ¢ ((14)
seen in equation (1D.10) along with the molecular response tensors {0! o\ a', a", a",
Bx. 11 )(m} from the product of the appropriate matrix elements, to form a new

complementary tensor now defined as T, , to appear in the following final result;

2
kr 2 4 w

') = NLPS T L 233

P Lo A E ) (R REE

Here, rotational average has several key features. The prefactors are those attributed to all two-

real-photon Raman scattering process. The selected polarisation weightings, for example those

selected to produce equations (2.3.1) and (2.3.2) above form P .

The next series of terms requires a little more consideration. When compared with the single-
centre Raman scattering result, it has been shown above that including virtual photon
interactions introduces an additional three terms: Coulomb’s constant and an R™ distance
dependence, each to the power of the number of virtual photons; lastly, a number of parentheses

equal to the number of virtual photons with orientational factors connected with the molecular
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response tensors. Hence there are contribution from zero to two virtual photons and when this
is squared in effect the factors have a power range of zero to four, referred to as W here. The
subscript indices on the molecular response tensors have been reassigned a numerological
system to connect with the complementary parentheses, the last product in equation (2.3.3). In
the above equation, the column vectors T{Of y signify rotational invariants formed from
products of the Raman and associated transition tensors. The first of this set comprises the

three scalar quantities that arise in conventional Raman scattering;
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+ 1 a0|A;00|B  —n 00|B;a0|A + a0|A;00B —m 00|B;a0|A + 7 00|B;a0|A —m 00|B;a0|A
Z,umpz;ﬂ.crlaz A3 Py 30304 Zﬂ-ﬂlﬂﬂzifﬂaz HP3 Py 3A030, Ziﬂmpz;m% Hps3 Py 34050,
r a0]A;00|B  —n 00|B;c0|A a0|A;00B —m 00|B;a0|A n 00|B;c0|A —m 00|B;a0|A
Hpy Py 34010, A pidps py 5050, zlﬂplpz;‘ﬂaz AP3 Py ;O30 lﬁ/’ﬁpz;oﬁaz APs Py ;O30
a0|A;00|B  —n 00|B;a0]A
Z/MP10250'10'2 VVP3P450304
4| 5 2OA00B  Zn 00[Bs0]A
Z/I#P1Pz;0'10'2 Alps Py 3030, ' (2 3 8)
aO0|A;00(B = 00|B;a0|A -
zﬂﬂﬁﬂzﬁlazz’/ﬂﬂ/’sméasﬂ

The tensor brackets merely encapsulate the linear combinations of vectors produced from each

matrix element pairing, one for

each of the 45.
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2.4 SYMMETRY

In this section, we will home in on the symmetry characteristics of each of the molecular
response tensors derived in §2.2. We are now equipped to identify the number of photon-
molecular interactions present and as such the symmetry rules invoked in each case. Molecule
A is the spectroscopic focus and as such the discussion will relate to that, analogous principles
hold for molecule B. See Table 8, for a summary of each of the cases sorted by the N -photon
selection rules they engage in. A Feynman diagram displaying all of the interactions on molecule
A for each case, as well as the associated response tensor. The final column displays the
permissible irreducible tensor weights, which builds on principles introduced in complement
1B. The superscript on the rank denotes the parity of the interactions; for this work, each
interaction is assumed to engage an electric dipole transition, and thus each additional

interaction introduces a change in parity.

The addition of weight 1 for the transition polarisabilities, & , arises from the reduction in
symmetry introduced in near-resonance conditions, see complement 1F. In such cases,
additional vibrational lines will be observable in the Raman spectra for a given species. The
focus of this work is on off-resonance effects. Under this regime, a number of the cases will
only be present if single-centre Raman scattering is also permitted, they are cases which involve
two-photon process (27) with weights of 0 or 2 present, e cases I, Il and I1IL. If this was
allowed, such vibrational amplitudes would likely dominate the spectra. It is of interest to
consider mechanisms in which new lines are observed of different symmetry. To classify the
cases of specific interest, Table 9 introduces a category system referred to as ‘type’, into which
each and every irreducible representation (irrep) will fall, see Table 12 in complement 2B for

the complete results.
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Table 8: List of molecular response tensors with their corresponding case and world line
for molecule A, sorted by number of interactions ‘rank’. The permissible weights for the
given rank are also displayed. Note, near resonance, linear polarisability tensors a will

include weight 1 components.

Rank Case Diagram  Tensor Weights
1,
117 F Maom )
o+
l a0
T 0 02)
! T o J'Oli())lA 02)
I t oy (02)
L 7 00|B";x O|A
v Tf (i) (km)y(in) 02)
3 N l
meoee A (123)
v T K (0123)
VI e X (0123)
4+ ] l
' 0JA’;00/B
v — Z (i) (km)i(1n) (01234)
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Table 9: Categorizes the irreps for all novel (neighbour-induced) Raman transitions
according to the irreducible weights engaged. Columns two — five, are engaged by cases

IV, II, 1V, 1T and VI, respectively.

Rank 1- Rank 3- Rank 4+
Type (1) (0123)b (123)c (01234)d
[ v v v v
11 v v v
111 v v
v v v v
v v v
VI v v
VII v
VIII v
2.5 EXAMPLE SYSTEM: BENZENE

At this juncture, an example will be laid out in order to consolidate the principles introduced in
this chapter. We shall consider an example where the molecule A undergoing the Raman
transition is benzene, whose symmetry is consistent with the point group D, . Referring to a
standard point character table, we can see there are twelve irreps of which three are single-centre
E

Raman active (A and E,, ) , indicated by the quadratic components. Table 12 lists all

lg > g

irreps that are not single-centre Raman active, but are allowed because of the theory contained
within this chapter. The D, entry lists all nine remaining irreps, indicating that all are active by

neighbour coupling.

One can envisage a sample in which the benzene is mixed with low concentrations of an inert
molecule, such as naphthalene, where the interaction between the pair should allow for the two

centre interactions laid out in this chapter. The three gerade irreps listed (Azg , By,

and Bzg)

would all become allowed by the pathway of case 1L (A1u , B,, and E,, ) all become allowed

Tu
by virtue of cases III, 17, II: the complete set of three photon interactions on molecule A.
Moreover, A, and E, both engage all of cases III through 1”1, which are all of the odd ranked
processes considered. It is noteworthy that naphthalene mixed with low concentrations of

benzene should also exhibit additional Raman active lines. Naphthalene, of D,, symmetry,

should then display four additional classes of lines in its Raman vibrational spectra. This example
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is, of course, given only to exemplify the mechanisms at work and their potential consequences.
Real systems, subjected to this kind of analysis, will need to take account of relative
concentrations and avoid any possibility of weak association forces.

By selecting, for example B

24 » Which involves a planar deformation vibration, we can obtain a

specific result for equation (2.3.3):

T, T,.,T,=0, (2.5.1)
a0|A , 00|B = 0] A;00|B ra0|A _n00|B =7 a0 A;00|B
ﬂil/% 'u0'1 Zszpg;VO'ZO';, aiﬂ a/lo-1 VP2 P33V0,073
_ a0|A , 00[B =1 0|A;00/B 1a0|A__n00|B =r a0]A;00|B
T3 - ﬂﬁ-//l% /u0'1 Zﬂﬂzpﬁﬂﬁz% + aﬂp1 aioﬁ HP, P33 40,03
ﬁa()\A 00|B =1 a0|A;00|B aux()\A r700|B —r a0|A;00|B
Appy ’u01 Zﬁpz/?};ﬂaz% Hpy Aoy Ap2 P33 MO0
r a0|A;00|B BUO\B—&O\A r a0|A;00B —rOO\B&naO\A
Apypy3 4010, I vvps oy zlplpz;lo'lo'z Vps Vo3
1 a0]A;00/B 900|B —a0|A 1 a0]A;00|B —r00|B —na0|A
+ + 2.5.2
Zﬂﬂlﬂz;ﬂalaz iﬂpxﬂos !‘Plpz;lolazalps aﬂo's > ( )
1 20]A;00B 00|B —a0|A 1 20| A;00B =100|B =wa0|A
,up1p2;loqo'2ﬁ//ip3 T3 Z/‘M/)zilo'lo'zaﬂﬁ aﬂ'O'B
a0|A;00[B =1 a0|A;00/B r a0|A;00|B  —r a0|A;00|B
11P1P2;01UZZVP3P45"0364 Apy Py 361Gy Avps py3vos0,y
_ | _a0lA00B = a0]A;00B 1 a0|A00[B =1 0| A;00B
T4 - Zﬁvﬂﬁﬂz;o'lo'zlﬂpspulo'aol + Zﬂﬂ#’z;ﬁ-o'lo'z Hp3 Py 30504
a0|A00[B =7 a0|A;00/B 1 a0|A00[B =1 0| A;00/B
Appy 33010, L Aps py s O30y Upy Py 34010, A Aps py s 11050,
1 @0|A;00(B  —r00|B;cr0|A 1 @0|A;00[B =00|B;a0|A
111’1/72510'10'21"93.04;"0'30'4 zﬂ.p,pQ;ioqaz VVP3P450304
1 0] A;00|B  =r00|B;a0|A 1 a0]A00B =00|B;a0|A
+ + . 2.5.3
Z#FHPZS}“OHO'Z Hp3 Py 30504 Zﬂﬂ/’z;ﬂ‘ﬂaz Aups py ;0504 ( )
1 @0|A;00[B  —100|B;ar0|A 7 @0|A;00(B —00|B;a0|A
Py Py 34010, L Aps py s 1O50,, 1Py Py 34010, A pAps py 5050,

Further inspection of the tensor structures in the above non-zero results indicates that terms
involving three photon interactions by molecule A, which follow cubic selection rules, will also
be forbidden. However, all other terms connected with four photon (‘quartic’) interactions will
be allowed. The result is a weak Raman signal with a depolarisation ratio that is not constrained

to the usual [0, %4] range associated with non-resonant Raman signals [114].

2.6 PRESSURE DEPENDENCE

The mechanisms derived in this chapter exhibit a strong distance dependence, reliant on two
centres able to experience near field effects of the other centre. Inevitably, there will be a strong
pressure dependence on the likelihood of this occurring, so it warrants consideration. In order

to pin down the precise pressure dependence, we must consider the density dependence of the
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pair correlation function for the fluid, as well as the dependence on molecular separation R in

each contributing mechanism.

It is known that the intensity of scattering signals, in the case of compressible species, exhibit a
pressure dependence related to the bulk isothermal compressibility, Al'oc £ . This is a
development on the principles introduced in 1.1, the less volume a molecule occupies, the
greater the number of scatterers that can be present in the laser beam. It is natural to assume
that two-centre scattering should depend quadratically upon the compressibility. The number
of centres required is indeed a factor, but the level of electrodynamic coupling also plays a role,
with an additional dependence through the R™" factor in the T, tensors featured in equation

(2.3.3). See Table 10 for the nonlinear compressibility dependence of the line intensities.

Table 10: The range of bulk isothermal compressibilities delivered from the six possible

pairings of zero, one and two virtual photons.

Mal M| [MaME] ML [MEME] M
AII(TW) RO R—3 R—(> R—6 R—9 R—12
Br Br i - Br Br Br

The sharp nonlinearity should make the detection of such lines through pressure-dependent

studies especially identifiable, for example through log-log plots of intensity against pressure.

2.7 DiscussioN

Raman scattering is a widely deployed spectroscopic technique [115-117] with an ever-increasing
range of applications — including surface-enhanced spectroscopy [118-123], sensing [124-120],
the detection of environmental pollutants [127, 128] and identification of disease [129]. An
advantage it has over similarly deployed techniques such as infra-red absorption, is that the
scattering intensity increases with the fourth power of the scattered frequency, see equation
(1.4.18) and (2.3.3). Of course, the scattered frequency will be close in frequency to that of the

incident light, across the whole spectrum of frequencies. In contrast, infra-red absorption
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intensities are proportional to the respective vibration frequency, which is less beneficial in low

frequency interrogations, where the low intensities are more difficult to scrutinise.

The theory presented in this chapter offers two distinctive modifications to single-centre Raman
spectra. Firstly, there will be a change in the intensities of the well-characterised transition
frequencies invoking two-photon symmetry properties. The second is the appearance of entirely
new lines in the Raman spectrum, resulting from vibrations that are allowed by different,
modified selection rules — those associated with three-photon processes, closely associated with
hyper-Raman [130] scattering, or even four photon interactions. This will be of particular value
in the identification of molecules of relatively high symmetry that support few or none single-

centre vibrational transitions.

It has been commented that the intensity of the two-centre scattering processes, optimally could
be within an order of magnitude of that of the more widely known single-centre process, up to
an order of magnitude. A rough guide for this can utilise the transition polarisability volume,
which is of comparable dimensions to that of the molecular size. This, in turn, suggests that
each additional vertex in a pair-interaction time-ordered diagram conveys a correction of the
order of molecular size divided by the cube of the pair separation. In species of sufficiently high
densities, it may be possible to obtain new lines of comparable intensities to that of single-centre
Raman bands. This would increase the possibility of additional centres further altering the
electrodynamic environment of the interrogated molecule. However, this would not introduce
additional vibrations into the Raman spectra, beyond those arising from the two-centre

mechanisms.
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COMPLEMENT 2A: PRODUCTS OF MATRIX ELEMENTS

Many processes have a number of possible mechanisms which can contribute to the rate (or

intensity) of a process, for example,

(BA.1)

where M represents a general matrix element and N is the number of mechanisms contributing

to the process. Expressing all the matrix elements as a (rank 1) column matrix,

G =l (3A.2)

all the products for the matrix elements can be delivered by, GGT, this is referred to as the
gramian matrix. Mathematically, this can be extracted from the matrix by obtaining the grand

sum of the gramian by,
A'GG'A | (BA.3)

where A is a column matrix,

(n)

1,2,..n},1

1. (BA.4)

The ensuing number of products to be evaluated can be reduced by exploiting the following
identity,
MM, +M M, =2Re/ MM, |

E2RC|:MJ- i:' : (3A.5)

<

The number of total products is immediately apparent for a given number of mechanisms. In

order to identify the number of unique products, the following relation can be utilised,

T, = _n(n2+1) : (3A.6)
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Table 11 demonstrates the result a process comprising of one, two, three and a general number

of mechanisms.

Table 11: The total number of products and number that are uniquely expressible for a

given number of mechanisms.

Number of Corresponding Grand sum Total number Number of
mechanisms matrix elements of products unigne products
1 |M1|2 =M? 1 1
2 M, +M,|’ =M24+M? 4 3

+M M, +M,M,
3 M, +M, +M,[* =M +M]+M] K ¢

+M,M, +M,M, + MM,

+M,M, +M M, + MM,
n n M 2 n2 Tn

The third column in the table above is the equivalent output to equation (3A.3).

In this chapter, a ninth rank instance is considered. Here, there are 81 total products, which is
expressible as 45 unique products, nine of which will be products with their own complex
conjugates. The remaining 36 terms are known as the quantum interference between the
respective pair of matrix elements. In the subsequent chapter, a fifth rank will be introduced,
which in turn will be reduced to a fourth. This will result in 16 products, of which ten will be

unique, five of which will be products with their own complex conjugate.
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COMPLEMENT 2B: COMPLETE SET OF NEWLY RAMAN ACTIVE IRREDUCIBLE

REPRESENTATIONS

This complement holds Table 12, designed to display all point groups that are Raman allowed

by the additional neighbour interactions contained in chapter 2.

Table 12: A list of irreps (for each point group) that relate to the spectral lines that may
feature on a Raman spectrum with neighbour-modified features. Rows which engage the

same set of cases are assigned an appropriate ‘type’.

Point group Irrep Rank 1- Rank 3- Rank 4+ Type
Ci A, 1 0123 11
Cs B 3 34 v
Se A, 1 0123 11
E, 1 123 11
Ss B 1 0123 4 I
E, 1 123 34 I
S1o A, 1 0123 III
E, 1 123 11
E,, 23 A%
Con A, 1 0123 11
B, 1 123 11
Can A" 1 0123 34 I
Can A, 1 0123 11
B, 23 \%
E, 1 123 11
Cosh B 1 123 4 I
A" 1 0123 11
E! 23 34 v
Céon B, 34 VIII
A, 1 0123 11
B, 3 \%
E, 1 123 11
E,, 23 v
Cav A 023 134 v

S
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E,. 1 123 11
E,, 23 A%
D2g A, 23 134 v
Dsd A, 13 134 v
A, 023 A%
A,, 1 13 II
E, 1 123 11
Dad A, 1 13 III
B, 02 4 v
B, 1 13 4 1
E, 1 123 34 I
Dsq A, 13 VIII
A, 02 \Y%
A,, 1 13 11
E,, 1 123 11
E,, 23 A%
Ded A, 13 VIII
B, 02 \%
B, 1 13 II
E, 1 123 II
E, 3 34 v
E, 23 4 v
Cov > 02 13 v
@ 3 34 v
r 4 VIII
Doon 2; 13 VIII
CDg 34 VIII
r, 4 VIII
=t 1 13 11
= 02 \Y
I, 1 123 11
A, 23 Y%
D, 3 \Y
Th A, 03 \Y%
E, 2 v
T, 1 123 II
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HYPER-RAYLEIGH SCATTERING

31 INTRODUCTION

This chapter (as well as the subsequent chapter) will develop the process introduced in §1.4C,
second-harmonic generation. Hyper-Rayleigh scattering (HRS) is the incoherent three-photon
analogue to SHG, which also comprises of two photon annihilation events and one creation
event. Previously, all three of these interactions were treated under the electric dipole
approximation Ze. they were considered to only interact with the leading contributor to the

interaction Hamiltonian, equation (1.2.16).

However, there are instances in which a series of three electric transition dipole moments are
not permitted. If we refer to complement 1A, we can see that each electric dipole transition is
of odd spatial parity. This in turn requires any E1 transition to result in a parity inversion, often
associated with a flip in sign. Any even number of E1 transitions (—1)2n will deliver an
equivalent parity to that of the initial state. In contrast, any odd number of E1 transitions,

(—1)2n+l , will result in a final state of opposite parity to that of the initial state.

If we now consider a system with high symmetry associated with it, a centrosymmetric molecule
for example. Any process that engages such a centre is required to reach a final state of
equivalent parity to that of the initial state. Each E1 transition is constrained to result in a parity
reversal [63]. It follows that any process consisting of an odd number of E1l transitions will

therefore be forbidden, second-harmonic generation for example.
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Referring back to the interaction Hamiltonian in equation (1.2.16), we can see there are other
operators that can be engaged in the course of a transition. In the aforementioned expansion,
three terms are included: that of the E1, E2 and M1 operators. At this point we shall reaffirm
the relative contributions of each transition moment. The E1 operation is the leading
contributor, the E2 and M1 operations are considered the next-most significant contributions
and are a factor of the fine structure constant smaller, & ~1/137. In principle, any number of
interactions, in a process, can engage with any combination of these three operators, or indeed
the higher order terms. Cross-referencing these with complement 1A, it can be seen that both
E2 and M2 transitions are of even spatial parity. This unlocks a pathway to allow processes that

are conventionally thought of as forbidden.

Returning to a centrosymmetric system, we can assert that a single-photon process involving an
E2 or M1 transition will be allowed, in contrast to that of an E1 transition. In the case of
multiphoton processes, for example the three photon SHG: if one or indeed all (but not two)
of the interactions engage in an even parity transition, such as E2 or M1, the process is allowed.
As mentioned previously, the leading contributors in these cases will be those that engage the
fewest number of higher order operators. For our purposes, we shall consider the possibility of
one of the three interactions engaging in either an E2 or M1 transition, with the remaining two

engaging the E1 operator [103, 131, 132].

The following analysis will consider four possible mechanisms, all of which will be represented
by identical Feynman diagrams as those seen for SHG in Figure 4. In case I, the creation
interaction will engage the M1 operator and the two annihilation events will engage the E1
operator. The notation for this will be E1°M1’, the prime indicating the transition moment
associated with emission. For case II, one annihilation event will engage the M1 operator and
the other an E1 operator, the creation event will also engage an E1 operator. This is denoted by
EIMI1E1". Case III, is analogous to that of case I, but with an E2 transition taking the place of
the M1 transition and is represented by E1’E2’. Similarly, case I1”is analogous to case II, with

an B2 transition in place of and is displayed as E1E2E1".
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3.2 GENERAL THEORY

3.2A CASE ]

The first case will consider the HRS mechanism where the creation event engages the M1
operator, the two annihilation events will engage the E1 operator. There are three interaction
events in this mechanism and so the result for perturbation theory of the same order, N =3,
can be deployed. The three time orderings, all identical to those displayed in Figure 4 contribute

to the matrix element as follows,

p (F) _iz (k"' |miby S;0><S;0 pid r;k,77><r;k,77\ﬂkd¢ 0;(k,77;k,77)>
g [E,, + 2ck][E,, + fick]
N <0;k',77",ujdf S;(k,n;k',n')><5;(k,?];k',n')|mibi r;k,77>
[E,, +hck —hck'|[ E, + hick ]
x (st a4 003 (1, m3 k1))
| (st s (b ') (s b 'yl [l sk ')

[E,, +hck —hck'][E,, —hck']
x(rs(k sk, ) mb 05 (k. sk ) 4.2.1)

mb

The superscript attached to the matrix element identifies the mechanism that it represents,
E1’M1’" in this case. This chapter is only concerned with single-centre HRS, for brevity of
notation, molecule lettering, adopted in the previous chapter, will therefore be discarded. There
are several features of this expression that are like the previously introduced matrix elements:
two intermediary states I, S must be summed over; the pair of energy denominators that
represent the relative energy of these two states with respect to that of the initial (and final)
state. There are a couple of minor changes that are the result of considering a magnetic
transition. The prefactor for this matrix element is £, , unlike &, seen in the three E1
interaction processes (each contributes a single power). The origin of this difference can be
traced to the interaction Hamiltonian, the respective operator displayed in the heart of the Dirac
bracket. By scrutinising the M1 operator, it can be readily seen that the power of vacuum

permittivity will be restored at the next stage,
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. or rs sO
M(Elel’) __1 K b My 15 1
i Vick'yn(n -t ekZ E,, — 2hick][E,, — hoK]
T
[Em+hck][ E., —ick]
or s()
Ay p L (422
[E +hck][ESO+2hck]

The M1 operator differs from the E1 operator by a factor of ¢, this will be held separate with
foresight of the result. Equation (1.4.20) has also been deployed to simplify the denominators.

We can now define the molecular response tensor for this mechanism,

0s SI‘

3 :z M g + My M A4 i i el
W& [E,, - 2hek][E,, — ick] - [E,, + ik ][ E,, — ick] [E50+hck][Em+2hck] '

(4.2.3)

Like SHG, HRS engages a first-order hyperpolarisability tensor [110], this is the microscopic
counterpart to a second-order susceptibility tensor, often considered for bulk media [133, 134].

The matrix element can now be cast as,

E12M1’ hck
MU 2c£8V) Jn(n—D)bee,d; - 4.2.4)

where the magnitude of the input beam wavevector is preferred, using equation (1.4.20). This
expression has an identical structure to that seen in equation (1.4.21), with the anticipated
additional C™ prefactor. It can be seen that index symmetry has been chosen in this instance,

where the specific index symmetric part of the tensor is defined by,

1
' _ ' '
I _E(Jijk +3i) - (4.2.5)
The index symmetry results in a rotational average of a more concise form. This is beneficial
when regarding tensors with higher numbers of indices; or indeed, incoherent processes which
require the rotational average to be applied to the rate (or radiant intensity) for a process. This
is of course a product of two tensors and as such requires a rotational rank of the combined

number of indices.
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The hyperpolarisability is often simplified by considering the principal components that display
a large magnitude shift in charge for a specific optical transition [135-138]. Push-pull
chromophores consisting of aromatic structures are often discussed in connection with this
[139-141]. In such systems, the excited static dipole moment associated with a molecule display
a large optical nonlinearity, specifically an enhanced second harmonic response [142-150]. These

methods have been critically analysed in recent years [151-155].

3.2B CASE II

This case is the contribution from one of the two annihilation events engaging the M1 operator,
with the remaining annihilation event, as well as the creation event both engage the E1 operator.
The Feynman diagrams displayed in Figure 4 accurately describe each of the time-orderings for
this process, with the ensuing calculation of the matrix element very similar in form to case L

The resulting response tensor can be expressed as,

W= aTaC MR i
W\ [E,, —2hck][E,, —hck]  [Ey, +hick][E,, —hick]  [E, +7ick][E,, +27cK]
mom L Hmm M
[E,, —27cK][E,, —hck]  [E,, +Ack][E,,—hck]  [Ey, +7ck][E,, +2hck]|

(4.2.6)

The change seen in the matrix element is that arising from the change in field vectors,

(EIMIET) i [ hck 2 &b 407
Mg =0 5(7 Jn(n-1)g i - (4.2.7)

This difference undermines the indistinguishability of the two annihilated photons. Each can be
derived separately of course; however the same result can be achieved more simply by

interchanging the indices ] with K in equations (4.2.6) and (4.2.7) above.
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3.2C CASE IIT
This mechanism involves an E2 operator at any one of the photon-molecule interactions. In

order to do this, we must first obtain the appropriate operator,

k .
Q,V,d;" = (i, Z g;f [elae —gaf e | (4.2.8)

where the sign of this equation corresponds to the form of interaction it engages in. In this case,
we will consider the E2 transition on the creation event, and as such the form with a negative
sign will be taken. The response tensor can readily be obtained by replacing the appropriate E1

transition in equation (1.4.22) as follows,

- Qs i’ L QA . 1 QY
i1 [E,, — 27ick][E,, —Aick]  [E,, +Aick][E,, —fick]  [E,, + 7ck][E,, + 27ick]
(4.2.9)

r,s

The matrix element can also be cast by accommodating the additional prefactor as follow,

o . 7
Mgl =) :_I(—ZIK)(Z_?/(J Jn(n—1)ele;ek Ko - (*.2.10)

Again, with foresight of the result, this is segregated from the prefactors in the E1° result.

3.2D CASE I
In this case, we shall consider the mechanism where one of the two annihilation events engage
the E2 operator. The additional annihilation event, along with the creation event will both

engage the E1 operator. The familiar form of response tensor can be seen as follows,

K Q1 Qira’ Qi 1"
ol =2 + +
~ |[E,, —2hck][E,, —hck] [E,, +Ack][E,, —hck] [E,, +hck][E,, +2Ack]
IL[IOSlLllsr ILl;)SILlISr lLlj]S srluer
+ +
[E,, —2nck][E,,—hck] [E,, +hck][ErO —hck]  [E,, +ck][E,, +2hck] |

4.2.11)

which is found in an even more familiar matrix element,
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. %
M'(:IISJEZFJ') _ _l(lk)(h_CkJ {n(n _1)§i'ejekkl Ki(jk)l . (4.2.12)

2 eV

You can see in this instance the indistinguishability of the two electric field vectors is not

undermined by the invocation of an E2 transition.

3.2E SUMMARY OF CASES
Each of these cases represents one possible mechanism by which a second-harmonic emission
can be generated. All of these mechanisms will therefore contribute to the radiant intensity of
HRS. Care has been taken to retain the prefactors of SHG, which are hence treated as common
factors to all of the matrix elements, equations (4.2.4), (4.2.7), (4.2.10) and (4.2.12). Now,
equation (1.4.28) can be expanded to accommodate these additional modified matrix elements
into the square modulus,

o g(z)k:r(; M '(:IEf) M ',:I(E12M1’) M ',:I(ElMlEy) M ',:I(EleZ') M ',:I(Emzm’) 2 . @4213)

2Ce,

The relative strength in contribution of the additional matrix elements has already been noted.
It is of interest to consider the series of matrix elements in occasions where additional insights
can be delivered, such as systems in which the contribution from the first term is prohibited. If
we now regard a centrosymmetric system in which M ,(:],313) = 0; hence, all five products involving
the regarded matrix element will not be present. The resulting expansion will correspond to that
of N=4 in complement 2A, in which the four products allowed by the HRS mechanism and
six the result of quantum interferences between pairs of matrix elements will all become lead

contributors to the radiant intensity.

3.3 ROTATIONAL AVERAGE

So far, the system has been considered fixed in orientation with respect to the bulk. To consider
a system in which the centres are free to tumble, we shall apply an isotropic average of the
molecular response tensors, see complement 1D. HRS is an incoherent process and as such the
rotational average will be made on the product of the matrix elements. It can be seen that there

is a difference in the number of indices present in cases I and II, when compared with III and
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I17. The result is different ranks to be deployed between the two pairs of cases and indeed the

interference term requires a different rank again as follows,

OkT2(1 (=
A g 0 [/ r= = 1(6) ' T
<I >_ 2C6‘3ﬂ'2 {C_z (biejekbmeneoIijkmno;/lywzpcr‘]ﬂ(yv)‘]p(m)

+8D,e,e.b.E, 1 J.J

m~n*o "ijkmno;Auvrpo™ Auv™ por

+2Re[5{ejeke’5€ 1) JoJ ])

m™n~o " ijkmno;Auvapo ™ A(uv)™ por

m*n*o"™p ijkmnop; Auvapot A(,uv)Kp(crr)u

k = _ ; ,
+—2Re[i(b{ejeke'ee k10 J
c

=1 s & (7)
+ eibjekemeneokp I ijkmnop;lywrpat‘] Auv Kp(O'T)U

", r==1L'17) ' vai
- biejekemeneokp I ijkmnop; Auvrpot™ A(uv) Kp(o‘r)u

_éi’bj ek er'néngo k ’l ig;r)nnop;ﬂyvnpat‘] Auv K/,)(ar)u )j|
+k2(2Re[€iejekkl'e'éék 1) S

m~n~o " p " ijkmnopa; Auvapcto " N A(uv)r

=1 5= (8) va
_eiej € kI €n€n€s k p I ijkmnopq; Auvapoto K/I(,uv);z Kp(o’r)u

—ge ek ak, 1L K/ K )} @.3.1)

m™>n~o"p " ijkmnopg; Auvapoto " N A(uv)z ' p(or)o

Terms one, two, nine and ten correspond to the matrix element products with their own
complex conjugates, cases I, I1, [I and I1, respectively. The first pair require a rotational average
equivalent in rank to that of incoherent E1° scattering, indicated by the superscript attached to
the isotropic tensor, N = 6. Any product containing an E2 transition increasing the rank by one,
therefore the final pair engage the isotropic tensor of rank N =8. Terms three and eight
represent the quantum interference between cases of the same rank of isotropic average and as
such engage an average of equivalent rank. It follows that the remaining four products (terms
four through seven) each contain just one matrix element with one E2 transition and therefore
engage an isotropic tensor of rank N =7. The imaginary prefactor present in these terms
contract with the imaginary component of the magnetic operator, m, and as such all four

terms have the potential to contribute to the harmonic emission.

3.3A EXAMPLE

Next, we shall evaluate the first term from equation (4.3.1),
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Fl m=n " ijkmno; Auvapo ™ A(uv)™ o(7p) > (432)

i

2
> =Dbleebe,&, 1 3} Jy

at this point the ¢ included in the modified matrix element will be neglected, along with those
from that form the common factors. Note that all the indices are often referred to as dummy
indices, each letter can be adopted in each instance, so long as they are consistent throughout
the calculation. The first stage in evaluating the above equation is to retrieve the appropriate
(sixth) ranked isotropic average tensor, equation (1D.13). Farlier in this complement it was
stated in equation (1D.2) that this can be decomposed into three tensors: a pair of rank 1 tensors
evaluated in conjunction with a rank 2 square matrix, where the order is dependent on the
number of indices to be permuted, 15 in this case. Each of these three components will be

regarded separately.

We shall begin by finding the 15 linear combinations of field vectors,

04Oy ! b'ee b e & ! (5’.e)(e.b’)(§.§) !
56nOnn b'ee b g (b'e)(eE)(b"®)
30O b'e e b'ge (5'.6)(6.@)(b'.§)
1010 ble, b &, &, (b'e)(eb’)(ee)
18 imOin Bi'ej eb'e g (5'.6)(6.@)(b'.§)
51O ble, e bg €, (b'e)(e€)(b'e)
10O Bi'ej e;b'e, €, (5' b’)(e e)(e.e)
be e, b/, 8| 6i0nd | =| Be e b/E g | =|(b'D)(e?)(e?) (43.3)
G193 O b/e, e b/E €, (b'b’)(e®)(eE)
SOk Oy be, e, be g (b'%)(ee)(b'E)
5019 b/e e b & &, (b'&)(eb")(eE)
G004 ble; e b, & ¢ (b'®)(eE)(eb’)
3100 Om be,e,b'g e, (b'&)(ee)(b'e)
501 Om ble e b/ & & (b'®)(eb’)(e®)
50 inSu ble, e bl & & (b')(e®)(eb’)

Here, the dirac delta selects the appropriate pairings of field vectors, which is displayed on the
far right of the above equation. Here, there are in fact only six out of the fifteen unique

combinations of field vectors in this rotational average, to be identified at the next stage.
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The other rank 1 tensor to be evaluated is the one that will be contracted with the molecular

response tensofr,

0,,0,,0

Ap = vo = mp

0,,0,.0.

Au v~ op

5,6,

vp o

0,,0,0

Av = uo = p

0,,0,,0.,

Av = ur ™~ op

0,,0,0,

Av = up = or

0,,0,,0.

Ao uv = mp

0,,0,0, (3!

Ao~ ur = vp

0,,0,.,0,

Ao up~vrr

0,.0,0

A= uv =~ op

0,.0,0,

A~ o~ vp

0,.0,0

A up ~vo

0,0,0.

Ap T uv = or

0,,0,,0,

Ap~ po v

0,0,0,

Ap ™~ ur ~vo

Auv)™ o(7p)

(4.3.4)

Similarly to the result for equation (4.3.3), there are six unique arrangements of indices for the

tensors. It is convenient to combine the respective rows and columns of the two rank 1 tensor

results above. In turn the square matrix, which applies the appropriate weightings to each of the

terms can also have the appropriate rows and columns combined to display the result in the

following form,

22
-12
-10

-12

=12
32
8
-12
=12
A

-10
8
16
-10
-10
8

8
-12
-10

22

8

-12

8
-12
-10

8

22
-12

-12

-12
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32
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Here is the rotational average of the first product of matrix elements in equation (4.3.1). Each
of the parameters are determinable for a given specimen based on the laser input and
polarisation. The field vector products in complement 1E can be used to evaluate this result for
experimental setups displayed in Figure 19. In principle, each of the material parameters are
unique and also determinable, for a set of specific conditions. This should be achievable by
computational means, but under experimental conditions, it would likely be too sensitive to
changes in environmental conditions. Having said that, obtaining a collective response does

seem plausible, delivering a fingerprint for the specimen.

34 EXPERIMENTAL APPLICATION

By considering the four experimental setups displayed in Figure 19, it is possible to obtain a DR
for the perpendicular and parallel light polarizations. As well as a comparable measurement for
circular polarizations, known as the reversal ratio (RR) [1506]. This relates the relative intensities
of emission between the reversed and preserved circularities: (C —)C*) / (c—c). The tables
displayed in complement 1E are where C stands for L. and the star denotes a reversal in helicity.

Analogous results can be obtained for where C represents R.

@ O br
™Y ™

o, v
o @
jk/ i%/
Figure 19: Experimental set-up: (a) parallel plane-polarised light is detected at right angles
to the input laser; (b) perpendicularly plane-polarised light detected also detected at right

angles; (c) forward scattered circular-polarised light with preserved circularity; (d) forward

scattered circular-polarised light of reversed circularity.
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3.4A EXAMPLE (CONTINUED)
Returning to our example rotational average, we will now display numerical results for the four
regimes displayed in Figure 19. Beginning with (a) plane-polarised light detected at right angles

to the input laser with parallel field vectors,

(0011 0 0), (4.4.1)

see Figure 18(a) for a schematic depiction of this. Contracting all the tensors in equation (4.3.5),
we obtain the following weightings for each of the tensors,

23,3 -4

A(Av)Y p(vv)

Jo =23, —4). J

Iy 123 Auv) ) () A(w)? p(av)

210

J' +6J

A#) " v(vu) Aup) Auv)

(4.4.2)

Next, we shall consider (b), where the emergent field vectors are perpendicular to that of the

input laser,

(111 111). (4.4.3)

The subsequent tensor weightings in this setup are,

J_r

4J l(vv)

J' +8J J’ +2J

203 v ow) ) +4J

210

3,0 43,0300 +83, T

Alpv)™ Auv) Auu) Av)

(4.4.4)

The next pair of setups are for forward scattered circularly-polarised light and in the case of (c)

preserved circularity,

(0101 0 0). (4.4.5)

The resulting weightings of the molecular response tensors are as follows,

J  —-43. 3 -8, J

Av) ~ F () vva) T O aun)® uav)

—4J J' +20J J’

190 -2J

'y T10J

210

A(Av)" ()

Auv)

(4.4.6)

The final setup (d) is where the circularity is reversed,
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(00010 1). (4.4.7)

The final result for this rotational average and the fourth and final contraction delivers the tensor
weightings,

=43, 09 ) 7835003 0 ~ 29 1 2y 109 ) = A s o) F 20910 o)
210 '

(4.4.8)

All of these weightings are displayed in complement 3A, alongside a full set of results for all of
the product pairings under each setup. It will be of little surprise that the averages which require
the evaluation of much higher order tensor cannot be expressed quite so succinctly, hence a
tabulated format was selected. These higher ranked averages are intricate to carry out and as

such are seldom deployed [102, 157, 158].

3.5 SUMMARISED RESULTS

Continuing the directive towards experimental applications, we shall now entertain
approximations that can still indicate the relative magnitudes of each term contributing to
observations of HRS. We shall achieve this by suggesting that all tensors with identical matrix
element product pairings, irrespective of the indices, will provide a similar contribution to the
overall intensity of the process. At the end of each set of results there is an additional row which
corresponds to the same tensor product but discards any indices attached to it. The entries in
that row represent the summed contribution for all the arrangements of indices for that product
pairing. This is a shorthand notation for a representative inner tensor product of the two
respective tensors. These results are summarised in Table 13Etror! Reference source not

found. below.
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Table 13: Summary of the results from Table 14, for each of the experimental setups in

Figure 19(a) — (d).

Pre-factor ~ Tensor (a) (b) (©) (d)
product
1/105 Jv 2 15 6 6
1/105 JJ 0 0 12 12
1/105 3 3 1 6 6
1/105 KJ' 0 0 6 -28
1/105 KJ' 3 1 6 0
1/105 KJ 3 1 -6 -44
1/105 KJ 0 0 6 0
1/315 KK’ 5 1 2 2
1/315 KK 0 0 4 4
1/315 KK 5 3 2 2

From this table, it can be seen that not all of the tensor inner products contribute to the radiant
intensity of all polarisation setups. For example, under the plane polarised there are a handful
of tensor inner products that do not contribute to the intensity of either sought polarisation
output. In the case of the circular polarisations, a couple of instances contribute to only one of

the output helicities: the preserved circularity and not the reversed circularity.

Better still, we can transform this back into expressions, which are of a more familiar form. By
incorporating the relative magnitudes of the transition moments, we recall that the regarded
transition moments can be expected to be weaker by a factor in the order of the fine structure
constant, «. This is compared to the E1 moment of the same transition, where all the
transitions would be allowed. Now, if we include this assumption into a constant containing the
common factors for all the mechanisms, we have,

B azg(z)k4|_02

C
2cem’

(4.5.1)

0

Introducing further constants C, =¢, C, =ikc™', C, =k® we can produce the following

intensities of radiant emission in given directions:
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(a) Parallel plane-polarized light detected orthogonal to the input laser:

1070 = ¢, [ 3C, {333 237"} +9C, {KI' KT} +5C, (KK +KK'} | . (452

(b) Perpendicular plane-polarized light detected orthogonal to the input laser:

1079 = C, [ 3C, {1597+ 33} +3C, (KT -KI'} +C, 3KK + KK’} | . (45.3)

It can be seen that obtaining the DR from the preceding two equations (4.5.2) and (4.5.3), the

prefactor C will explicitly cancel.

(c) Forward scattered circular-polarized light with preserved left circularity:

1020 = 2¢,[9C, {30723 T + 33} +9C, {KI'+ KT +KT' - KT}
+C, {KIZ+2K'IZ+ K’K’}J . (4.5.4)

(d) Forward scattered circular-polarized light with reversed (left to right) circularity:

1020 =2, [9C, {377 +23T + 3T} -6C, {7KT' +11K T}
+C, {KK +2KK +KK'} | . (4.5.5)

Similar to the DR, the sought RR delivered from equations (4.5.4) and (4.5.5), results in a
cancellation of the prefactor, C; . Inspecting the above equations, it can be seen that in a case
where the molecular response tensors resulting from an E2 transitions dominate over those of
M1 transitions, the reversal ratio delivers a value of precisely 1. This corresponds to a complete
reversal of circularity in the forward second-harmonic emission. The corresponding terms in
each equation (term 3) also display the highest dependence on K and as such will be most

noticeable at short wavelengths.
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3.6 DiscussioN

All four of the cases considered in this chapter should contribute to all second-harmonic signals
where HRS is permitted. Moreover, by deploying DR and RR techniques, it is anticipated that
a unique fingerprint of all response action for a molecule would enable the characterisation of
that molecule. The signal strengths will of course be lower than that of second harmonic
generation engaging in a series of three E1 transitions. It is anticipated that the mechanisms
considered here will display a comparative reduction by a”, this equates to a reduction in the

region of 10* to 10”° smaller than the signals from the more familiar E1 transitions.

These signals can be bolstered or be made more dominant by deploying reasonable experimental
conditions. The particular application to centrosymmetric systems has been suggested, where
the E1° contribution will not be present and as such the mechanisms derived in this chapter will
be the leading contributors. Explicitly, the inclusion of either an E2 or M1 transition subverts
the standard selection rules [159]. It is worthy of note that a judiciously selected input beam, in
which the pair of photons concurrently encountering the centre are endowed with a combined
energy approaching that of a real electronic excited state, such that resonance conditions are
met, the J and K tensor components will be magnified to a comparable level of the f tensor
[160]. In a setup exploiting either (or both) techniques, HRS should be a measurable optical
property of every material. Incoherent second harmonic generation is therefore a unique
technical application in the optical characterization of minerals [161], and recently has been
exploited in the analysis of liquid suspensions — in particular with regard to nanoparticles and

nanorods [162, 163].
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Complement 3A: Results table for the rotational averages

COMPLEMENT 3A: RESULTS TABLE FOR THE ROTATIONAL AVERAGES

The results displayed in Table 14, supplement those that appear in the chapter. Here the

complete results for all the rotational averages, for each of the ten matrix element products, are

laid out. The four right-most column headings correspond to the experimental setups that

appear in Figure 19: (a) parallel plane-polarized light detected orthogonal to the input laser; (b)

perpendicular plane-polarized light detected orthogonal to the input laser; (c) forward scattered

circular-polarized light of preserved left circularity; (d) forward scattered circular-polarized light

of reversed (left to right) circularity. The table is partitioned for each of the ten products, with

the first line for each block displaying the relative weighting arising from the rotational averaging

and the last row is a sum of all comparable tensor products. A special thank you should be made

to Jack S. Ford for evaluating the eighth rank isotropic averages required for the matrix element

products eight through ten in equation (3.2.13).

Table 14: Complete results for each of the experimental setups in Figure 2(a) — (d).

Tensor product (a) () (© (d)
1/210

VeI i) 2 4 4 4
J ;W)J_;( 1) -4 8 20 -8
J /’1(##)‘] /'1("") 6 2 -2 -2
3 s 12 4 10 10
J ;(ﬂﬂ){i(‘d) -2 4 -4 -4
J;,(pv)\];,t(lv) -4 8 -8 20
JJ' 4 30 12 12
1/105

NN 0 0 4 4
NN 0 0 -10 4
NI 0o 0 -0 -4
NI o 0 2 -2
NP 0 0 -10 10
J ;(xtﬂ)j"i‘/ 0 0 2
NN 0 0 10
J /Il(yy)j v 0 0 -2
Iy 0 0 4 10
17 0 0 -12 12
1/210

Joaud s -1 2 -2
Sy -1 2 5 2
S 6 5 5 2
I3 o -1 2 2 2
Sy 15 50 2
I -1 2 5 2
‘JAW‘J_AW -1 -5 -2 -2
I aiord s 6 16 5 5
NP 15 5 5
S -1 2 2 2
o 6 5 2 5
J i -1 2 2 5
s -1 2 2
I -1 2 5
J I 1 5 2 5
JJ 6 2 12 12
1/420

K o Jotam) 0 0 4 0
K pio J_ w{om) 0 0 20 0
K:i(oo)# _L(m) 0 0 2 0
K (o) _;(0,,) 0 0 -10 0
K oy Jrom) 0 0 20 -16



K’ J’
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K oam Jv(wz) o0 0o 8
K. o) J () 0 0 0o -8
K. (2o J_ J, (vr) 0 0 0 -8
K. () ‘3 (o) 0 0 0 -8
K aoye Iaun) 00 0 4
K oamro Ja(um) o 0 0 4
K oamye Jour) o 0 0 4
K o ‘1 () 0 0 0 -5
K o2 Jotuw) 0 0 0 1
K'J' 0 0 24 -112
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K (oo ‘i () 4 0 0
K somyu oo 8 0
K ooy Inom) 8 3 20 0
K ooy Joom) 8 18 20 0
KO(M)H _7,1(1/0) 8 -3 -8 0
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K oom)2 ‘I (o) -4 4 0
K o(on) i;(yv) -8 2 0 0
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K s (oo)r J () 0 -6 0 0
K somo j;r(yv) 0 2 0 0
Kotiope Juton) o -1 0 0
Kogaugo Jiom) 0 6 0 0
K sz Jutoo) o 1 0 0
K o(on)e i:l(yv) 0 2 0 0
K o(zr)o J_ ) 0 -6 0 0
Koy ‘3 ;(m) 0 -4 0
Kuoy Jaton) 0 20 0
K soopu () o 0 2 0
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K;(m)o J urv 0 0 0 2
K;(/l,u)o N 0 0 0 -4
K;(/ly);r Jor 0 0 0 -4
K;(Ay)ﬂ J o 0 0 0 -4
K(’)(/l,u)o I 0 0 0 -6
K;(/l,,);z Jom 0 0 0 1
K;(Ay);r ‘]irov 0 0 0 1
Kogiope Juve 0o 0 0 -10
K;(/w)o J e 0 0 0 -3
K:)(/lzr)zr avo 0 0 0 3
K;(/w),z J 0 0 0 -4
K;(M)o J;wv 0 0 0 4
K;(M)n Joyv 0 0 0 -4
K'J 12 4 24 -176
1/420
K/‘t(;to)v J onx 0 0 -4 0
K/‘t(;to)v J o 0 0 10 0
K/‘t( o) Jro 0 0 10 0
K,i(oo)ﬂ J.er 0 0 2 0
K i (ompu Jvor 0 0 -0 0
Kooy Jmvr o 0 10 0
Ko(/m)y Jovs 0 0 10 0
Ko(/lzz)y J o 0 0 -4 0
K ozopu I 0O 0 10 0
K oimyu Jom 0o 0 10 0
Ko(ﬂ./r)y J o 0 0 -4 0
Ko(o;r)ﬂ J vz 0 0 -10 0
Ko(;m)/l J o 0 0 2 0
Ko(ozr)l J 0 0 -10 0
Ko(;m)l J o 0 0 2 0
KJ 0 0 24 0
1/7560
Kiu Koy~ 16 4 <100 8
Kﬂ,,(/?,y)y __;(oo)v -8 20 40 4
K;(w)v ;z(vo)o -16 4 80 80
Kl Ko 64 52 <104 -104
Ky Klwoe  -16 40 -100 80
Kl Kowye 16 40 <100 80
Ky Kouoy 128 -104 440 208
Kiuﬂ)v _K\i(oo) P -8 20 40 4
Koy Kooy~ <16 4 -100 8
K;(W)a K\i(vo)o -8 20 40 4

K/li(;w)i Nv(oo)y -4 -44 2 2
Kl Kioye 16 40 80 -100
K/;(,uv)/l :L(oo)v -8 20 4 40
K:i(,uv)/l lft;(uv)o -8 -88 -50  -50
Ky Kooy 16 40 <100 80
K:l(/ly)v ;.(vo)o -8 -52 40 40
K e Kooy 32 136 52 52
Kiyw Kioye  -16 <104 <100 -100
Kl Ko~ -8 552 40 40
Ko Kiwpe 64 272 220 220
Ko Kiuoy~ -16 -104  -100  -100
Kﬂ,,(yy)v 'EL(AO)O -8 20 4 40
K;(W)V lf;(ﬂ.v)o -8 20 4 40
Ky Koo 64 52 <104 -104
Ko Koo 16 48 <100
Ko Koipe 16 40 80 -100
Kiye Koope 16 4 80 80
Kwpo Ko 128 104 208 440
Ko Kugope 16 4 8 -100
Ko Koupe 16 40 80 -100
K;v(,u#)v E\;(oo)/‘i -4 44 2 2
K;(/Jy)v _(;(vo)/l -8 20 40 4
lel(yv)y K\i(ao)l -8 20 4 40
Kl Kopoyr 16 40 <100 80
Ko Kioyr 16 40 80 -100
K:i(,uv)o _;(/tv),i -8 -8 50 -50
K'K’ 120 24 48 48
1/3780

K/,'L(/ly),u K_v(vo)o 0 0 -100
K;(aﬂ)y l(v(oo)v 0 0 40 4
K;(ﬂ.,u)v K,u(vo)o 0 0 80 80
Kt Kooy 0 0 -104 -104
Kﬂ,,(/?,,u)v Kv(yo)o 0 0 -100 80
Ky Koo 0 0 -100 80
K e Ko(uop 0 0 440 -208
K;(aﬂ)v _KV(OO)# 0 0 40 4
K;(ﬂ.,u)v Ko(m)ﬂ 0 0 -100 8
K:l(/m)i IEV(VD)O 0 0 40 4
K;(/m)i K_v(oo)v 0 0 2 2
K i Koy 0 0 80 -100
K:i(,uv)l Ey(oo)v 0 0 4 40
K,Q(W),m Ko(w)o 0 0 -50 -50



119

Kfll(#")/1 " o(uo)v 0 0 -100 80 K/l(/m)v _Kv(oo)ﬂ -8 -12 40 4
K iy Kitvoyo 0 0 40 40 Ko Kogope ~ -16 12 -100 8
Kt Koo 0 0 52 52 K it Kotuopo 8§ 12 40 4
K oy Koagropo 0 0 -100 -100 Ko Kooy 448 2 2
iy Kooy 0 0 40 40 Kooz Koo <16 24 80 -100
K/Il(ﬂ")o Kl(w)o 0 0 220 220 K/l(yv)/?, K (00 -8 -12 4 40
K;(#V)O Kfl(/w)v 0 0 -100 -100 K/l(yv)/?, Ko(w)o -8 9% 50 -50
;(ﬂ#)v K, (0o 0 0 440 Koys Kooy -16 -24 -100 80
K i Koanyo 0 0 4 40 K st Kiroro 8 12 40 40
K i Kogro 0 0 -104 -104 Ko Koo 32 48 52 52
S Koo 0 0 8 -100 Ko Kioe -16 24 <100 -100
Koo Koanyo 0 0 80 -100 K sy Koo 8 <12 40 40
sy Kooy 0 0 8 80 Koo K)o 64 96 220 220
Koo Ko 0 0 -208 440 Koo Koo -16 24 -100  -100
Koo Koy o 0 8 -100 Koy Koaogo 8 -12 4 40
o Kot 0 0 80 -100 K iy Koganyo 8 12 4 40
A Kooy o 0 2 2 Ko Kooy 64 12 -104  -104
Ay Koprops o 0 40 4 Ko Kooy -16 12 8 -100
sy Koo 0 0 4 40 Ko Koo -16 24 80 -100
K o Kooy 0 0 -100 80 Ko Koz~ <16 12 80 80
iuyo Koy 0 0 80 -100 Koo Kuwo 128 224 208 440
K o Kogun 0 0 50 50 Ko Kuiop <16 128 -100
K'K 0 0 48 48 Koo Ko -16 24 80 -100
1/7560 K Kooy 4 48 2 5
Kougu Koo 16 127 -100 Ko Kooy 8 12 40 4
K;L(zu)ﬂ Kv(oo)v -8 -12 40 4 K/i(,uv),u IEV(oo)/’L -8 -12 4 40
Ko Kuroo <16 12 80 80 Kouru Kooy -16 24 100 80
Ky Kooy~ 64 -12 -104  -104 Koo Kuopp <16 24 80 -100
Ky Koo~ 16 24 <100 80 Koo Koy -8 96 =50 -50
Ky Kogwye 16 24 <100 80 K K 120 72 48 48
Ko Kouoy 128 24 440 208



120 Six-wave second harmonic generation with structured light

SIX-WAVE SECOND HARMONIC GENERATION WITH STRUCTURED LIGHT

4.1 INTRODUCTION

In the previous chapter a series of mechanisms were introduced, by which a second-harmonic
signal in media of high symmetry, such as centrosymmetric media, could be detected. In this
chapter, another method of subverting the standard selection rules will be presented [164]. If
we recall the selection rules prohibiting coherent SHG are governed by the relative parity of the
initial and final states of a process: explicitly, they must both be equivalent. It was a suggested
that by adopting a transition that conforms to even spatial parity, in contrast to the commonly
considered odd inversion arising from an E1 transition, that this would then adhere to the

requisite parity equivalence.

There is a more immediately apparent method of reaching a final state of the same parity of the
initial state, that is by identically doubling each photon interaction engaged in the process [165].
This results in a six-photon process, where each interaction engages in an odd parity El
transition. The six photon-molecule interactions each engage in an odd parity transform, which
results in an overall even parity process, which will be allowed. By ensuring all the interactions
engage an E1 operator, we can be confident that a significant harmonic signal strength will be
achieved. Having said that, the process requires four photons to concurrently arrive at an optical
centre, which means that this process has a higher degree of nonlinearity than its three-wave
counterpart. In order to maximise the intensity of second-harmonic emission, the lasers with
the levels of high irradiance mentioned in the introduction offer the best chance of observing

processes such as these.
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4.2 GENERAL THEORY

4.2A VACUUM FORMULATION

To begin, we shall consider the general process of six-wave second harmonic generation. In
such a process, four photons of radiation mode k,7 are concurrently annihilated at an optical
centre, each event raises the optical centre to a virtual excited state. In the span of the process,

the centre relaxes to its ground state, by emitting two photons (k',?]' and k",?]") , such that,

hck’ +hck” = 4hck . (5.2.1)

One example time-ordering of this is displayed in Figure 4.
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Figure 20: An example Feynman diagram for six-wave second harmonic generation. The
photon annihilation operators K, |, m, n precede the photon creation i and j. At the
time of the process resolves, the scatterer reaches the state in which it began, the ground

state 0, subsequent to traversing five intermediary states, I, S, {, U and V.
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Generally, any six independent events can be expected to occur in any of 720 forms. However,
in §1.4C it was introduced that indistinguishability of photon interaction truncates the number
of unique representations. In this process, we have four photons of identical radiation mode
annihilated, all engaging the same photon operator; in regard to the annihilation events, 24 time-
orderings will appear identical. Moreover, the two created photons engage the same photon
operators and as such half of the 30 remaining time-orderings will also appear identical, with
respect to the photon creation events. The fifteen remaining unique time-orderings can be
displayed most succinctly in the form of a state sequence method [14], which is based on the
Hasse combinatorial diagram [15]. Figure 21, displays a modified form of this form of diagram
in which the Fock states of equal number of photons are displayed in a given row. Each pathway
from the initial to final state represents one of the fifteen unique time-orderings. The pathway

associated with that of Figure 4 is that of the bottom-most path and is highlighted for clarity.

State

Figure 21: In this tabular state sequence diagram, each row represents a state of consecutive
photon occupying number, N. Columns denote successive system states. Each vacant
column and row, which also contains a connector represents an interaction. The solid lines
with a declination representing a photon annihilation event and the inclined dashed lines
represent a photon creation event. In the more widely known Feynman diagrams, these
correspond to nodes, such as those displayed in Figure 4. In the central line of catawampus
cells, the wavevector of either output mode has been accommodated, with both modes

populated in the upper set.
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The six photon-molecule interactions will result in a leading contribution from the N =6 term

in equation (1.3.14), with all fifteen time-orderings contributing unique terms to the matrix

element. Here is the first time-ordering exemplified in Figure 4,
1 <O(k¢ nl'k”,ﬂ”)

M, =— uk 0)(u: )

gom [(E, +4hck)—(E, +hck’) |[ (E, +4hck) E}[ E, +4hck)— E+hck)]

{bln]sad|s: (), )(5: (), a0 ), ) (s ), s |05 0,), )

[ (E, +4hck)—(E, +2hck) |[ (E, +4hck)—(E, +3hck) |
+.f (5.2.2)

There are five intermediary states all to be summed over: I, S, t, U and V. The power of the
prefactor corresponds to the number of E1 operators engaged in the process. For brevity of
notation, any radiation states that exist in multiples are listed once and a subscript number
corresponds to the number of such occurrences there are. There are now five energy
denominators all representing the total energy of the intermediary state relative to that of the
initial (and final) state, which can be simplified by adopting the relation in equation (1.4.20). The

complete molecular response tensor can be expressed as follows,
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(5.2.3)

The superscript attached to the response tensor identifies this as the fifth order molecular
susceptibility. The factor of the whole tensor corresponds to the number of indistinguishable
time-orderings represented by each term. Following this definition, the matrix element can be

much more simply expressed as
y 5

3

hc [/ =TT

M., :[28\/} k*vkk \/n(n—1)(n—2)(n—3)eiejeke,emen;g(<ij?;(klmn) : (5.2.4)
0

Hence, we can now write the rate of a transition in a scatterer of fixed otientation as,

_ zh’c’k’

2
(7\/6 n(n-1)(n-2)(n- 3)‘ i&Ci€n nZ(u)(klmn) Pr (5.2.5)

Note, this is in fact the vacuum formulation for the rate. We will now briefly discuss the affect

a medium can have on this result.

4.2B MEDIA EFFECTS

In this subsection, we shall develop the principles introduced in complement 1C and in the
course of the previous processes. It is well known that different frequencies of light traverse a
medium at different velocities, you need look no further than a simple prism to demonstrate
this. The refractive index is, as the name eludes to, an index to relate the velocity light travels

through a given medium to that it would travel through a vacuum,
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n == (5.2.6)

Importantly, it can be seen that it holds a dependence on the frequency. In the case of second
harmonic generation, we are considering a pair of photons emitted at twice the frequency,
@' = 2w of the input beam. Fach harmonic photon therefore may have a different refractive
index N, and n_. If this is the case, the wavevector relation in equation (1.4.20) isn’t strictly
true. This discrepancy in the magnitude of the wavevector associated with the emitted photons

can be displayed in a diagram such as the one in Figure 22.

Figure 22: Schematic for the wavevector matching condition, the sum of the wavevectors
k for the annihilated photons from the input beam is equal to the sum the two harmonic

photons of wavevectors k' and k" at a conical angle, . Here, a =10 is depicted.

This is formed under the knowledge that we are considering a parametric process, in which the
momenta in the system must be conserved. It follows that the wave-vector matching condition

specific to six-wave coherent SHG is,

4k =k'+k". (5.2.7)

With this, the refractive indices of all photons can be related with a single dependency on the

conical emission angle, &,

2k
a= arccos(wj . (5.2.8)

As the name suggests each process can deliver any pair of diametrically opposed k'” such that
they deviate from k by an equivalent angle ¢« . The desired relation for the refractive indices is

as follows,

2n, =(n, +n, )cosa . (5.2.9)
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4.3 ROTATIONAL AVERAGE
Equation (5.2.5) is perfectly suitable for any solid-phase process. At this juncture, we will
consider the effects of molecular motion in condensed-phase specimens. Consistent with

previous methods we will perform a rotational average to obtain a result for such species,

ah’c’k’ et (6) ) 2
<F>:Wn(n—l)(n_z)(n—3)‘eiejeke,emenIijk,mnngo”p;(w)(mp) Pe- 31
0

As a parametric process, equation (5.2.7), the matrix element associated with each centre adds
constructively to the ensemble; as such, we can perform the rotational average on the contents
of the square modulus [100], see complement 1C for more details. In contrast to the processes
considered in the previous two chapters, which required evaluation of the square modulus prior
to performing the rotational average. The obvious benefit is that a rotational average of the

same order as that for (three-wave) hyper-Rayleigh scattering can be applied.

It is worth noting that although a condensed-phase system is of interest here and will be seen
to deliver interesting results. In the case of a solid-phase system, a distributional average should
still be performed to accommodate the various orientations each centre can assume within the
material. Of course, bulk isotropy would then be assumed to benefit from the theory deployed
herein. To begin, we first refer to the sixth rank isotropic tensor, equation (1D.13), and contract

the field vectors with the full set of fifteen linear combinations of isotropic tensors,
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It is immediately apparent that with a set of field vectors that has little variation, there are few
unique combinations of the field vectors. There are in fact just two, which will be displayed at

the next stage.

Next, we will contract the response tensor with the rank 1 tensor formed of the molecular linear

combinations,
Oiu%00 Xz o
Oiurrop Z{aa o)
Oiu0ipor Z{ea o)
OO0 X )
O 0ur0op X
61,0,,00z X o)
o 5/“/ 5frp e Eiit)(/lﬂw)
81000 | Xamvorm) = | Xt | (5.3.3)
000,50,z Z((/SIL)(MW)
0;x 5/” 50,3 X EEL)(A;IVV)
O 5/40 5Vp X ((ii/)(/lﬂw)
Oin 5/47 % X ((ii/)(/lﬂw)
0390, 00z o)
6/1p 0,00,z 4 ((izl)(l,uvv)
5/1,3 5,,” S, X ((izz)(zﬂw)

The result is consistent with that of equation (5.3.2), with just two distinct linear combinations
appearing. Note, the indices associated with any one of the response tensors can be replaced
with any Greek index that does not already appear; this is consistent with their epithet, dummy

indices.

The final step is summing the appropriate elements from the weighting tensor to deliver the

following result [160],
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B cok® e’ .¢e e-e2 ! 3 —4 Zﬁl s ?
()= an(n=1)(n-2)(n- 3){ f_ (e-e) J [ ]{ o >] P -
(2" @)(€ e)(e-e) Kiouum)

(5.3.4)

The resulting tensor of field vectors both hold a vector product consisting of at least one (e e).
If we refer to the vector products in complement 1F, we can see that in any setup adopting a
circular polarised basis would deliver a vanishing result. However, both setups utilising plane
polarised light, seen in Figure 18(a) and (b), deliver a nonzero result. The polarisation tensor for

orthogonal detection with parallel field vectors is,

(1 1), (5.3.5)

by substituting this into equation (4.3.4) we obtain,

- 5)
r) ‘ Lo (va)+87( (Aaa)(Agav)

(5.3.6)
For orthogonal detection, where the field vectors are detected perpendicular to input, the
polarisation tensor becomes,

(1 0), (5.3.7)

and the corresponding quantum amplitude in the rate expression becomes,

(5)

~ (5)
F> ‘31(21)(/4/"") 4;{(}41)()./1:/\/) (538)

From this setup, we can expect the emergent radiation to be primarily polarised parallel to the
input, provided the materials have tensor components of comparable magnitude and sign.

Furthermore, the following expression for DR can be succinctly expressed,

370 -4 ’
Zﬂi)(y,uvv z/l,u Y(Auvv)
PL= -1 (5) +8 (5)

X (32 (rv) T O X () )

(5.3.9)

The molecular responses displayed in this expression are scalar quantities that are not known.

However, it is possible to determine the boundary values to which the DR can assume. These
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are produced in the cases where either response term dominates over the other. It therefore

follows that,

<p, <9. (5.3.10)

4.4 STRUCTURED LIGHT

Experimental results from nonlinear optical processes in isotropic materials indicate o <12°
[167]. For processes involving structured light, the equations delivered from the paraxial
approximation are the most widely deployed, see §1.6. This approximation applies the small
angle approximations to all angles deviating from the propagation axis. The conical emission
can therefore expect to have an absolute error of less than 2% even at the upper limit conical

emission angle.

This regime is consistent with the paraxial approximation commonly deployed for OAM light.
Referring now to 1.6 where the corresponding field vectors are cast we can simply consider
the matrix element, equation (5.2.4), as a product of the existing terms and the separable radial

and azimuthal components of the beam,

fIj‘p (1‘) f_I’,p’ (1‘) f_I”,p" (r)ei[(4k_k’_k")'z_(l_l’_I%] . (5-4-1)

Here, the absence of a prime relates the function to an input photon, with the single and double
prime each correspond to one of the two emergent photons. The exponential term is the
combined phase factor introduced in equation (1C.5). The first collection of functions, defined
in equation (1.6.10), hold all radial distribution dependence of the respective photons of
azimuthal and radial indices | and p, respectively. Both of these indices will also be included
in the summation, they each represent one additional degree of freedom in the light. It is also
noteworthy that the index P is often regarded to be 0, for the purposes of our investigation,
this is a legitimate assumption. In the cases where P >0 the radial intensity profile is split by
P nodes, displayed in Figure 6; this splitting results in successively smaller contributions to the
intensity profile. The maximum magnitude contribution is what we are concerned with, which

is delivered by p=0 [168]. Having said that, it is still included purely for generality and
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completeness of the modal decomposition [169]. Recent work has even indicated that the radial

index may have more significance than previously thought [170, 171].

Figure 23: A schematic depiction of the regarded process. From left-to-right, the input
beam of intercepts a nonlinear isotropic media and a single centre creates two photons of
I"=3 (top) and 1" =1 (bottom). The cone can be envisaged tracing a shaved pencil tip

pressed against the media, with k' and k" emerging along two diametrically opposed axes.

We will now consider a system where conservation arguments extend to the OAM parameters.

Hence, for six-wave SHG we can say,

I'+1" =41 . (5.4.2)

If we first consider an input beam comprising purely of a mode | =1, it follows that |"+1" = 4.
By selecting |’ > 1" we can see that there are three possible pairings for the emergent photons
(| " "): (4, O) s (3,1) and (2, 2) . Figure 24(a) displays cross sections for the relative magnitudes
of the three outputs, as produced by equation (5.4.1). As can be seen there is no difference in
displacement from the input beam axis, ze. the conical angle is equivalent for each output
pairing. The uniform transverse cross section of the intensity distribution of the conical
emission is displayed in Figure 24(b). I would like to thank Matt M. Coles for providing these
simulations [172]. They were performed in a region well removed from that of the conversion
material. Experimentally, the closer any measurements are made to the conversion centre, the

greater the influence of uncertainty in the angle-angular momentum quantum uncertainty [173-

176].
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@)

Figure 24: (a) A cross section of magnitude distribution, where the Y-axis is aligned with
the input axis. It demonstrates the relative magnitude in output of the three permitted
pairings of topological charges, (1’,1"). (b) A transverse intensity distribution around the
input beam axis. The (2,2) output has been selected in this case, where red indicates high
intensity, through to black where there is zero intensity. The calculations have been
performed at a distance of 100 wavelengths from the conversion material, adopting a

source laser of wavelength of 800 nm.

Upon inspecting the relative maximum magnitudes in Figure 24(a), a familiar structure is seen.
The three permissible OAM pairings of the harmonic photons appear to follow the series for
the binomial coefficients of order equal to the sum topological charge. If we cast the emergent

photons as a product of states ||'>k, |4 = |'>k" and acknowledge the arbitrary distinction between

! " . ! ! .
I" and 1", the product of states can be expressed more simply as, I":4-1 > The relative

weightings for each product of states are summarised in Table 15. Note that when I"#1" , there

. ! n " ! . . . .
are two possible products of states, I":1 >=|| : >, this results in double the contribution to

the resultant field.

Table 15: Relative magnitudes of the intensities for permitted combinations of OAM

output for the harmonic photons.

Product of . . .
tates ‘|4.0> |3:1)  [2:2)

Relative
magnitude

‘ 1 4 3
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The Pascalian distribution arising without any combinatorial dependence introduced in the
establishing of the theory is interesting in itself. Although, of a potentially wider interest may be
the interdependence of the topological charge for the two photons. By detecting either photon,
the knowledge of the topological charge of its harmonic pair is instantly known. This is
indicative of quantum entanglement between the pair of photons, which is a feature of quantum
mechanics that is of experimentally widespread interest [177-180]. In this regard, parallels to
parametric down-conversion can be drawn, however, the distribution of harmonic emission is

unique to six-wave mixing.

4.5 DiscussioN

The process considered in this chapter combines two far reaching fields: nonlinear and
structured optics. The intersection of these two fields has been of growing interest in recent
years [181, 182], most often concerned with four-wave parametric processes [183, 184]. Six-
wave mixing is a useful technique to subvert the selection rules of SHG in materials of high
symmetry; moreovet, by considering the addition of structured light, it can be seen as an up-
conversion counterpart to processes such as parametric down-conversion. Recent methods of
detection are found to be able to scrutinise OAM modes to near perfect efficiency [26, 185-
187]. These innovations will be particularly valuable as efforts are made to secure the
conservation laws governing parametric processes. Here, the preferential emission of a specific
topological charge in the harmonic-emission was observed, which has not been demonstrate in

any conversion process.

In this chapter and the proceeding chapter methods for second-harmonic emission were
discussed. One additional method that is commonly deployed to subvert the symmetry rules is
that of SHG in a static electric field. This adds an additional interaction, which results in the
requisite even number of interaction events; the additional interaction not imparting any change
in energy to the system. In principle, a second centre could serve the same purpose, by deploying

the static V-tensor, equation (1.5.2). This would be an analogous mechanism to that covered in

§2.2.3.
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DIRECT GENERATION OF STRUCTURED LIGHT

5.1 INTRODUCTION

Since the inception of vortex light, the interest in the field has grown rapidly. The key
developments seek to perfect the purity and detection of vortex modes. Such advances hold
promise in data transmissions and novel manipulation techniques. Despite all the developments,
one limitation has held back the application of such forms of light. Up until recently, the only
way of creating OAM modes of light has been by deploying optical elements to modify the
wavefront of a pre-existing beam. This in turn imparts the characteristic helical progression in
wavefront, which conveys units of topological charge, introduced in §1.6. However, such
methods are reliant on equipment to not only generate but also transform the light to the desired
structure. The additional stage of production requires additional parts and this in turn demands
more space. In the current arena of perpetually slimmer and more compact technologies, there

is not the capacity for such inefficiencies.

For this reason, the prospect of direct generation of vortex light is particularly pivotal to the
ongoing success of this field. In particular, with commercial applications in mind. This chapter
introduces one method theorised to fill this gap [188-190] and at the time of writing, it is the
only solution to be found in the literature. The proposed mechanism relies on a series of
chromophores equally spaced on a ring. By orienting them such that they can support a
delocalised excitation (exciton) across an array with tailored symmetry characteristics, the

ensuing results indicate that a vortex emission can be produced directly.
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5.2 ARRAY CONFIGURATION

There are stringent conditions that must be met to elicit an emission with a non-zero topological
charge. Due consideration must be taken over the characteristics of the produced light and how
that can be married by the structure of the emitters. Figure 25 provides an impression of a
system satisfying these requirements. To begin, we must consider the structure of the desired
emission, namely the characteristic azimuthal variation in phase it displays. Next, we can
consider a structure that can manifest this azimuthal 27 progression in phase. It has been
shown that one lone emitter is not capable of producing such a structure, to any level of
multipolar structure [191, 192]. The next logical step is to consider a pair of emitters that attempt
to enforce the desired phase structure by being 7 out of phase with the other. Although this is
part way towards the solution, it can be seen that we are not quite there. The phase at the two
positions is indeed as desired, however, careful consideration must also be taken over the phase
of the intervening space. Namely the azimuthal progression in phase, with just two emitters
there is no means to dictate the direction that the phase progression asserts and as such neither

is favoured and a planar discontinuity in phase bisects the pair of emitters [193].

Figure 25: An impression of a permissible structure conforming to point group C, to

support an exciton of phase cross-section displayed, which in turn relaxes to produce a

helical emission of | =1.
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In contrast, an array consisting of three emitters does not suffer such limitations. Specifying the
phase at three coordinates not only enforces a phase progression but also a directionality. There
are in fact two circularities that can be achieved from such an array and these correspond to the
two handednesses of helicity light can manifest. Importantly, this indicates that each array is not
limited to a single functionalised emission, but in fact any number of different excitonic
structures, which will be shown to be dictated by the number of centres in the array. Another
consideration are the conditions to which each emitter must satisfy. To achieve an excitation
with directionality, non-spherical emitters are required. For the purposes of this work, we will
discuss the most familiar option of molecules. However, the theory detailed in this chapter can

readily be applied to other forms of emitter, such as planar chiral metamaterials [194-198].

Increasing the number of points with a dictated phase, introduced by an additional emitter each
time, enables increasingly complex topologies of phase; this will be shown later. Moreover, by
considering more than three emitters an array can escape the confines of a single planar
arrangement. However, the planar arrangements offer a uniform increase in maximum

topological charge supported and are the focus of this work.

The many structural considerations for the array of emitters can be met by a number of the
symmetry groups in the Schoenflies point group tables [105, 199]. Specifically, we require a
biaxial degeneracy in the array plane, with no mirror symmetry down the emission axis. The
reasoning for this is analogous to why an array of two emitters was not capable of supporting
the directionality in phase progression. Inspecting the tables for these conditions, the following

symmetry groups prove suitable: C , C., S,, T and T , where n directly corresponds to

no>

the number of emitters in the array.

The desired delocalised electronic excitation is generally associated with the doubly degenerate
irreps, hence it is the radiative decay of the corresponding states that is of interest here [200].
We must assume that any excitation returns the entire array to its ground state, which conforms
to its totally symmetric representation. This ensures that the product of the representations for

the excited state and the radiative dipolar emission both include totally symmetric
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representations. Table 1 compiles the complete set of members of each family of symmetry
groups that permit integer values of OAM for an array of up to N =12. Moreover, it concludes

with an expression to predict the supported range of OAM values for any given symmetry

group.

Table 16: Summaty of the allowed topological charge |, for OAM outputs based on arrays
of the allowed symmetry groups. For the S groups, m=0ifi¢{S }; m=1ifie{S,}.
The entries in the last row, for the general case, express the necessary conditions
incorporating a floor function [201]. All point groups that do not exist are greyed out and the

ones with dashes indicate they exist but do not support any non-zero topological emission.

Note, T and T, also support an emission of a single unit of topological charge, || <1.

n Cn Cnh ST'I

1 _

2 _ -

3 1 1

4 1 1 1

5 1,2 1,2

6 1,2 1,2 1

7 1,2,3 1,2,3

8 1,2,3 1,2,3 1,2,3

9 1,2,3,4 1,2,3,4

10 1,2,3,4 1,2,3,4 1,2

11 1,2,3,4,5 1,2,3,4,5

12 1,2,3,4,5 1,2,3,4,5 1,2,3,4,5
Genera% |||S n-1 |||S (l) n-2
expression 2 2 2

Cross-referencing Table 16 with Figure 25, we can see that a C, is capable of supporting a
maximum magnitude of topological charge of 1, which agrees with what has been said
previously. It follows that for an array of such geometry, the supported emissions are that of
| = {—1,0,1} . To proceed further we will now consider the set of coordinates that describe a
general array conforming to one of either of point groups C, or C,, . All systems based on
these symmetry groups are planar arrangements of the constituent molecules. Each array is
formed of N emitters equally dispersed on a ring with Figure 26 displaying one example where

n=7.
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Figure 26: Schematic depiction of the array of seven emitters. The emission axis is that of
the z-axis in the centre of the plane. The angles o and f dictate the local orientation of
each and every emitter. The angle ¢ designates the azimuthal position in the array. Here,

a=pf=r/4 and ¢p=27/7. The circumferential dotted lines serve as visual guides only.

The figure above can be seen to conform to the point group C, . From here, it is easy to envisage
a collection of arrangements consistent with C . symmetry, which requires a plane of mirror
symmetry perpendicular to the emission axis. To achieve this a =7z/2. Notice that several
emitter arrangements would resultin C, , namely: & =0 and f =0 or 7. These arrangements
are undesirable for the aforementioned addition of mirror planes of symmetry along the

emission axis.

5.3 EXCITON HAMILTONIAN AND WAVEFUNCTIONS

Now an appropriate set of structures have been determined, let us regard the delocalised
excitonic state they can support and the associated energies. In such a system, any number of
emitters can potentially be excited at once; however, for analogous reasons that have been
mentioned with previous chapters, a single excitation is most probable and will be developed

further. As such, all other centres will be in their ground state dispersed by a distance such that
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the most dominant interaction will be that with each neighbour. This can be modelled by
utilising the V-tensor, equation (1.5.1), to determine the electrodynamic coupling between
neighbouring transitions. We will use a modified form here to specify which emitters are

coupled,

V(R,)=V

r,(l‘+1)modn (kU’R (531)

r,(r+1)modn ) >

rs

Here, k, = E,/ACc and E, is the energy of an isolated centre in its excited state U . The resulting

energy of the interaction between two neighbouring centres can be obtained by,

ik,R

U =M, 'V(Rrs).us Eﬁ[{l_ikuR_(kuR)z}(u?u P«gu)
0

{331k R=(,R) (1" - R,, )(n" R, )}} . (5.3.2)

The presence of pairwise coupling across the system indicates that a stationary state is not
immediately achieved. To discover the stationary state that will be reached, let us consider a
block diagonalised form of the appropriate Hamiltonian for such an array. The stationary states
follow, in the form of superpositions of the basis states with normalised coefficients [202]. In
general, the above system will have a Hamiltonian that may be expressed in matrix form as

follows:

Hrs = Eu6rs +U {5r—1,s(modn) + 5r(modn),s—l} > (533)

where each element of the N-square matrix relates to a pair of emitters {I’, S} € N. The contents
of the curly braces only engage adjacent centres corresponding to off-diagonal positions of the
matrix as well as connecting the end of the cycle back to that of the first. By diagonalising the

Hamiltonian,

0=det[H, —Al]

= det[( E,—1)6,+V (5r_1,s(modn) + 0, (modn)s.1 )J , (5.3.4)

we can obtain the eigenstates corresponding to the splitting in the excited states (see §5.4). The
normalised eigenfunction associated with the exciton for a general array consisting of N centres

can be cast as follows,
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3R r=1)p | gru s;0
‘V’p>=ﬁ;{8§ Ple e )} , (5.3.5)

s#r

where p € N. In this linear combination,

& r;“> is a state function corresponding to an emitter
I' in electronic state U, and &, = exp(Ziﬂ'/ n) , which is the difference in phase for each of the
emitters. Fach summand contains one centre is in an electronically excited state U, while the
others remain in their ground states. The energy eigenvalues associated with the above exciton

states are generally expressible in the form;
E, = E, +2Ucos(2pa/n) , (5.3.6)
with —|_(n - 1) / ZJ <Qg< Ln/ 2J and with this index (related to P in equation (5.3.5) through:

plp<|n/2|

. 5.3.7
p-n|p>|n/2] -7

Table 17, summarises the relationships between the indexes P, ( for arrays comprising of three
to nine emitters. The irreducible representation of the corresponding family of point groups
C,, which are associated with each excitonic state are also displayed. In this table, a strong
correlation can be seen between the permitted | -values and the index (. This is the case for all
instances, except when P is even and an antisymmetric representation, B, is present. The
subsequent section will scrutinise the ( values and each of their associated energies of the

excitonic states.

Table 17: The irreps of the C, excited states for N={3:9}.

n p 1 2 3 4 5 6 7 8 9
3 q 1 -1 0

Irrep Ei Ei A
L 4 1 2740

Irrep E, B Ei A

R R R

> Irrep Ei E» E» Ei A
P R R

Irrep Ei E» B E» Ei A
A

Irrep Ei E» Es EHs E» Ei A
R

Irrep Ei E» Es B E; E» Ei A
I e B B A

Irrep E1 Ez E3 E4 E4 E3 Ez E1 A
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5.4 STRUCTURE OF THE EXCITONIC ENERGY LEVELS

Each exciton structure has been shown to display different symmetry characteristics,
represented by E,, A (and also B, if present). Each unique form of symmetry for a given atray
will have a corresponding unique energy level, which will manifest as a fine line splitting, centred
on the frequency of an isolated emitter. If we first consider the simplest case displayed in Table
17, where an array comprises of N =3 emitters. Substituting the appropriate values for p and
g into equation (5.3.6), we obtain the energies for the three exciton levels: one non-degenerate
state, which conforms to the totally symmetric representation A, and energy E, —2U ; the other

two form a doubly degenerate E representation, with energies E, +U .

In principle, the difference in energies between irreps should enable the preferential selection
of one symmetry type and thus associated form of emission [202]. The decay of the doubly
degenerate E, excitons should have a characteristic wavelength of emission, relative to the array
structure and initial excitation level. The degeneracy of the E, excitons is a satisfying result,
which is consistent with expectation for the two handednesses of two vortex emissions of
equivalent || | Furthermore, incorporating the desired transition dipole moment vectors, such
as those displayed in Figure 26, into equation (5.3.2) the sign of U is readily shown to be
positive for all N = 3. This is also encouraging, if we refer to Kasha’s rule, which usually is
applied to vibrational sublevels, we can see there is a preferential emission from the lowest-lying
energy sublevel, for these purposes this corresponds to the emission of highest ||| These
principles have now been applied to the N =9 case from Table 17 and the resultant energy level

splitting is displayed in Figure 27.
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Figure 27: Excitonic irreducible representations and corresponding Davydov energy level
splitting of for an array of C, point group symmetry. The regular nonagon has been
displayed to emphasise the relative displacement in line spliting. A=E, +2U,
E, =E, +1.532U, E,=E, +0-347U, E,=E,-U and E,=E, —-1-879U. The
excitation considered is by a red-edge laser and the magnitude of splitting has been

exaggerated for visibility.

5.5 EXCITON PHASE STRUCTURE
To corroborate the assignment of vortex emission from the specified array structures and irreps,
an analysis of the phase structure of each excitonic state can be made and so too the radiative

emission. The electric field Sp (RD) from each constituent emitter is given by,

n eikRDr gr(]r—l)p

6IJ(RD):Z:

3
o 4re Ry,

{[(éor Xu?u)x éDr:|k2Rér
+[3F§Dr (Ror -u?”)—u?”}(l—ikRDr )} , (5.5.1)

where R signifies the position of the detector with respect to the ring centre. Notably, in this
. -1 . . .
equation the phase factor, S,Er p , corresponds to that of the emitter component in equation

(5.3.5) and thus delivers the sought progression in phase around the ring. The phase of the

emission can be determined by taking the complex argument of the electric field vector,

6,(R)=arg{&,; (Ry)} . (5.5.2)
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The electric field is decomposable into its Cartesian components, which in turn allows us to
scrutinise the phase of each of the three orthogonal planes. The displayed phase simulations are
produced by first establishing a series of emitters with vectors representing the respective
transition moments that conform to a permitted symmetry group. The desired 2pz/n phase
progression is then imposed on each of the centres. With all that done, the expression for the
electric field can be called on and a grid produced with the associated phase of each point. Note,
that due care needs to be taken around the singular axis. The phase simulations display the
characteristic azimuthally varying phase structure associated with LG light. The spiral structure
seen here, is describable as a linear superposition of the more commonly seen radially symmetric

lines of constant phase, for example those seen in Figure 7.

Figure 28 displays a collection of results for the electromagnetic phase variation centred on an
array conforming to the C, family of point groups. The first plot (top-left) displays the two-
emitter case, reinforcing the earlier assertion that two emitters can indeed not support a non-
zero topological charge. The next panel (top-right) displays five emitters supporting an excitonic
phase consistent with | =1. Moving to the next row (bottom-left) five emitters are displayed
again, this time with | = —1; this also has an intensity weighting incorporated, which displays a
sharp reduction in intensity once the phase spirals through 27° and repeats this cycle outwards.

The final panel displays the simulation from N=21, | =10 and demonstrates the more

complex phase structures that such an array can support.

"
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Figure 28: Phase cross-sections perpendicular to the emission axis. From left-to-right and

top-to-bottom, they display: N=2 with no topological charge supported; N=5, | =1;
n=51=-1 with an intensity weighting introduced; Nn=21,1=10. Each colour
represents a different phase, with each diagram displaying a 217 azimuthal progression.
For these simulations & = # = 7/4 and hence each of the arrays conform to the respective
C, point group. In these plots the radius of the array is 4/2007 , where A is the optical

wavelength of emission. The simulation cross-section has a length of 1/207.

5.6 DiscussioN

In this chapter, a novel mechanism for the direct generation of vortex light is proposed. To
achieve an emission of this sought character, the symmetry properties of a delocalised excitonic
state are exploited; which can be of a more complex multipolar form than that which is a single
emitter is capable of. The phase of the excitonic field is simulated and displays the characteristic
azimuthally variation, most commonly associated with that of LG light. There are many

advantages of implementing such a method, which will be discussed.

Here, a series of optical centres dispersed on a surface was considered. This would require the
manufacture of bespoke arrays to provide pairwise nanoscale coupling [203, 204]. However,
there may be alternate more amenable means. Arrays of quantum dots may be capable of
eliciting the desired emission [205], especially following work displaying directional emission

[200]. The emitters could be formed by deposition techniques [207, 208], such as those utilised
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in chiral layered structures [209]. Metamaterial structures could be manufactured [210, 211],
where analogous symmetry principles have been deployed to produce OAM modes [212, 213].
Or indeed lithographic techniques to etch such a structure out of a suitable substrate [214-216].
Lastly, a multi-chromophore array [217, 218] could be capable of supporting an emission of the
sought character. To ensure their suitability, all electronic transitions in each chromophore

would have to be optically distinct from the other centres.

The drive for miniaturisation in technology would suggest that this mechanism would be more
desirable than the current alternatives, particularly in a commercial setting. By incorporating any
of the above techniques this mechanism would offer a means of generating vortex modes
benefiting from fewer parts. For example, the most widely deployed method for generation
OAM modes is that of a spatial light modulator, which are collections of optical elements that
are about the same size as a portable computer. Compared to rival devices, they benefit from
the dynamic production of a range of OAM modes by passing light through an appropriate
hologram for the desired phase structure [187]. It has also been demonstrated that the arrays
described herein can support a range of topological charges dictated by the number of emitters
it comprises of. Importantly, the full set of l-values are supported up to and including
L(n -1) / ZJ for a given number of emitters. Although this work has not yet been implemented
experimentally, it has led to several developments utilising spatial light modulators to sample a

hologram in a fashion analogous to the phase progression in an array [219, 220].

Each excitonic state will relax to produce a single quanta of light with a corresponding phase
structure. The production of single structured photon is particularly interesting for data
transmission applications, where topological charge represents a degree of freedom with a range
of values much greater than that of binary spin polarisation basis [185, 221-223]. Although, there
is a quantum uncertainty associated with photon number-phase [224, 225]; moreover, the true
information conveyable by a photon is recently coming under growing scrutiny [226, 227]. It is
conceivable that the emission could also be tuneable, with the wavelength of emission unique
for a given l-value for a particular array. This also holds promise in the detection and

identification of topological charges. Consider an array that has had the energies for each of its
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OAM modes characterised, the detection of a specific frequency could then be tied to the

associated mode.

There are many instances, for example the processes introduced in the preceding chapters,
where higher intensities of light are desired. In principle, multiple arrays could be distributed to
produce a laser-like emission. If this could be achieved, there would be no reduction in intensity
that is present in current technologies that exploit optical elements to modify a beam [228]. A
collection of arrays could conceivably undergo a population inversion, with suitable phase-
matching across the system, which would result in a stimulated emission perpendicular to the
array plane. Many of the methods previously mentioned could be exploited to manufacture such

a vortex laser.
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POSTLUDE

This thesis has drawn on fundamental molecular quantum electrodynamical theory to tackle
interactions involving both nonlinear and structured light with matter; in particular, systems
with high degrees of symmetry. To round off this thesis, we shall consider how each project

might continue to evolve.

The first novel research project, chapter 2, discussed the modifications to a Raman spectrum,
for a molecule of interest, resulting from neighbour interactions. The obvious next step was to
identify the predicted modifications in computed and experimental systems. An ongoing

collaboration with researchers at the Université Paris-Saclay seeks to achieve this.

The subsequent project, chapter 3, considered a mechanism that subverts conventional
symmetry laws and accommodates a second harmonic signal to be detected from a
centrosymmetric system. The ensuing results are in anticipation of sophisticated experiments,

in which the tensor coefficients could be registered and used to characterise minerals.

The penultimate project, chapter 4, advanced the theory for nonlinear optics and structured
light, with obvious scope to explore other, more exotic, forms of structured light. The results
indicate an emission with a preferential topological charge, which could be scrutinised

experimentally to exploit the entanglement between the emitted photons.

The final project, chapter 5, introduced a method for the direct generation of photons with an
intrinsic topological charge. This work has attracted significant attention and is a nexus for
several fields of keen interest, such as quantum informatics. The prospect of direct generation
holds several advantages over currently employed wavefront modification techniques;
particularly, with the view to commercialising vortex light technologies, in which miniaturisation
is paramount. An obvious next step is to investigate the emission from several adjacent arrays.
Moreover, it would be of particular interest to explore more complex structures, such as a series

of stacked arrays, which could provide the basis for a vortex laser.
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