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Abstract
Deflections and stresses in an ice cover of a frozen channel caused by a load moving with a constant speed
along the channel are studied. The channel is of rectangular cross section. The ice cover is isotropic and
clamped to the walls of the channel. The fluid in the channel is inviscid and incompressible. The external
load is modeled by a localized smooth pressure distribution moving along the central line of the channel. The
ice cover is modeled as a viscoelastic plate. Deflection of the ice and strains in the ice plate are independent
of time in the coordinate system moving together with the load. The effect of the channel walls on the ice
response is studied. This effect can be significant in experiments with loads moving in ice tanks. The linear
hydroelastic problem is solved by using the Fourier transform along the channel and the method of normal
modes across the channel. It is found that the presence of the vertical walls of the channel reduces the ice
deflection but increases the elastic strains in the ice plate. The effects of the load speed, width and depth of
the channel on the hydroelastic response of the ice cover are studied in detail. In contrast to the problem
of a load moving on ice sheets of infinite extent, there are infinitely many critical speeds of hydroelastic
waves in a frozen channel. Correspondingly, there are many values of the speeds of a moving load at which
the stresses in the ice cover are amplified. The obtained deflections and strains in the canned ice cover
are compared with the corresponding solutions for the infinite ice plate and with the solutions of simplified
problems without account for the dynamic component of the liquid pressure. It is shown that the models of
ice response without hydrodynamic component of the pressure provide correct stresses in the ice sheet only
for very low speeds of the moving load.
Keywords: Viscoelastic plate, Moving loads, Ice defections and strains

1. Introduction
The problem of ice deflection caused by a moving load was studied in the past for an infinite ice plate
(see [1] for an excellent review of available results and approaches). The load moving at a constant speed
along a straight line was modelled by a point pressure or a smooth and localised distribution of external
5

pressure. The problem was investigated within the linear theory of hydroelasticity (see [1] [2] [3] [4] [5]) and
fully nonlinear model (see [6] [7] [8] [9] [10]). Transient problems of moving loads with application to the
aircraft landing on ice, in particular, were studied in [11] [12] [13] [14] [15]. The problem of loads moving
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along a channel covered with ice received less attention. This problem is important because laboratory
experiments with moving loads are performed in ice tanks of finite width. Newman in his recent paper
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”Channel wall effects in radiation-diffraction analysis” [16] wrote ”Computations of wave-body interactions
are usually performed for an unbounded horizontal domain, whereas experiments are performed in tanks of
finite width. Reflections from the tank walls can be significant if the width is of the same order as the body
length or wavelength, especially when the forward speed of the body is small or zero.” This statement is
applicable to ice channels as well, as it is shown in the present paper.
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The problem is also practically important for narrow water ways, such as rivers and channels, frozen bays
and straits [17] Frozen rivers in northern regions can be used for transportation in winter time. We need
to be sure that the ice on the river is strong enough to support a certain weight of the cargo transported
at a certain speed along the ice. On the other hand, in some situations, as, for example, flooding in early
spring on some northern rivers, the ice on the river should be broken and removed. In particular, severe
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flooding has happened on the Lena River in 2007. In early spring headwaters of the river were free from
the ice, while lower part of the river was still covered with ice. This resulted in the water accumulation and
the formation of a temporary water reservoir. According to the Dartmouth Flood Observatory [18]: ”the
May floods along the Lena and its tributaries inundated more than 1,000 houses, put 12 towns under water,
damaged or destroyed 41 bridges, and affected more than 14,000 people”. Another example is the flooding
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on the Yellow River in China in 2014 [19]. To prevent the flooding, remote frozen parts of the river were
bombarded by Chinese Air Force. Twenty four bombs were dropped on the frozen river in order to free up
the flow and save towns and cities upstream from flooding. The ice cover has to be broken also between two
hydroelectric dams build in cascade to prevent high loads on the dam downstream due to a dam-break wave
coming from upstream [20]. The dam-break wave propagates towards the edge of the ice between two dams

30

as a free-surface wave. Then the wave is divided into two waves: a pressure wave propagating under the ice
cover and a free-surface wave propagating over the cover. The resulting loads propagate further and may
produce high hydrodynamic pressures on the downstream dam leading to its failure.
To break ice covers in both rivers and offshore, air-cushion vehicles or hovercraft can be used. The
vehicle moves along the ice cover at a certain speed generating stresses in it which are large enough to break

35

the ice (see [17], [21], [22], [23] and [25]). It was shown that air-cushion vehicles can make very effective
icebreakers. It is written in [21]: ”The measurements of sheet deflections in the Memorial University of
Newfoundland wave tank and the Institute for Marine Dynamics ice tank showed that a critical speed exists
for motion over a sheet. At this speed, sheet deflections are limited only by dissipation and nonlinearities. We
believe this critical speed is the source of high speed mode hovercraft icebreaking.” Squire in [1], p.200 wrote
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about the critical speed of hydroelastic waves: ”Phase speed c has minimum, denoted by cmin , above which
flexural-gravity waves can propagate freely and below which no such waves are generated. The minimum is
associated with the critical speed vcrit at which deflection of the floating ice plate is greatest when a load
travels by.” The corresponding method of icebreaking was studied both theoretically, numerically [23, 25] and
experimentally [17] by Kozin and his group. In this method, so-called as ”resonant method of icebreaking”,
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air-cushion vehicle moves at a speed close to the critical speed of hydroelastic waves in the ice sheet.

2

Depending on environmental conditions and place on a river or offshore, where the ice have to be broken
and removed, the ”resonant method of icebreaking” is supplemented with some other techniques to increase
the stresses in the ice. It is written in [25]: ”traditional tools and technologies (icebreakers, icebreaking
consoles, explosions, explosives charges, etc.) used to solve ice breaking problems often do not lead to
50

appropriate results. Icebreakers and compounds with icebreaking prefixes are not able to destroy the ice
cover on shallow water, they are not effective in destructing ice jams and ice hanging dams. One of the
ways to avoid these disadvantages is to use the resonance method, which reduces energy costs compared
with existing methods.” The success and effectiveness of this method depend on how well the ice response
can be predicted for realistic conditions, including the presence of the ice boundaries. In [17], page 23, it
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is reported that there is an optimum distance of the air-cushion vehicle trajectory from the sea coast, at
which less energy is required to break the ice. Several experimental campaigns and sea trials are described
in [17], however, not many results are reported in this book. The experiments were performed in ice tanks
(see [17], pages 147-155) aiming to investigate the effect of the tank vertical walls on the breaking capacity
of a load moving along the artificial ice in the tank. The experimental results were compared with numerical
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predictions in [25]. The water depth was 10 cm, critical load speed was reported as 1 m/s and the distance
between the walls of the tank was varied from 20 to 70 cm. Dependence of the critical speed on the width
of the channel was not taken into account. It was reported that the numerical results by a finite-element
method are similar to the experimental results qualitatively but differ from them in magnitude due to the
edge conditions at the walls. The elastic plate was loosely clamped to the walls in the experiments. Also
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experiments in an ice channel with a varying width and with a varying depth were performed to study
landing of aircraft on ice in frozen bays and straits [17, 25]. It is mentioned also that the ice thickness is a
very important parameter of experiments in ice channels. For ice thickness greater than 4mm, the presence
of the vertical walls of the tank becomes important in the experiments described in [17], page 210.
A finite-element method was used in [23] to investigate the response of an ice sheet to moving loads. The
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hydrodynamic pressure acting on the lower surface of the ice was described by vertical modes of the channel,
but the modes were not specified or explained. The linear problem of ice response was solved for each vertical
mode. Calculations were performed for the ice tank of 10 m long and 4 m wide. The numerical results were
compared with the results of experiments in terms of the ice deflection. The effect of the vertical walls of
the channel on deflections was found to be significant. It was shown in [24] that the stresses and deflections
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of ice cover, which are caused by a load moving along the cover near vertical wall, strongly depend on the
distance of the load trajectory from the wall.
The hydroelastic waves in a frozen channel were investigated by Daly [26] and by Steffler and Hicks
[27] in the one-dimensional approximation. Three equations of mass and momentum conservation, and the
ice cover response were used in linearized form. The ice cover was modelled by elastic beam. The type of
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connection of the ice cover to the channel walls was not included in this one-dimensional model.
To investigate the ice response in a channel for different speeds of the load, the critical speeds of the
hydroelastic waves in the channel should be determined. For the one-dimensional model of ice cover in a
channel [26, 27] and the ice plate of infinite extent [1], there is only one dispersion relation between frequency
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and the length of hydroelastic wave and, correspondingly, only one critical speed. For a channel covered
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with ice, there are infinitely many dispersion relations and corresponding critical speeds [28]. The problem of
periodic progressive hydroelastic waves propagating along the channel was studied in [28, 29]. The ice cover
clamped to the walls of the channel was studied in [28] and the free-free ice cover was considered in [29].
The wave frequencies of progressive hydroelastic waves and the wave profiles were determined for given wave
length along the channel. The linear problem of hydroelasticity was reduced to the problem of wave profile
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across the channel. The problem was solved by the normal mode method. The dispersion relations and
critical speeds of the propagating waves were determined. The first critical speed for the ice cover clamped
to the channel walls was found to be slightly higher than that for the identical plate of infinite extent. It was
concluded that strains reach their maximum at the walls for long waves and at the centre line of the channel
for short waves. It was shown that the hydroelastic waves in the ice cover clamped to the walls propagate
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faster than for the free ice cover and are of higher frequency for the same wave length. In the present paper
it will be shown that the critical speeds of the hydroelastic waves in a frozen channel help to understand
and predict the response of the ice cover to a moving load depending on its speed, as it has been done for
ice plate of infinite extent (see [1]).
It was observed [30, 31] that flexural waves, which are caused by a vehicle moving across a thin elastic
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plate, occur if the speed of the vehicle exceeds the minimum cmin of the phase speed of elastic-gravity
free waves in the plate. The plate response is approximately quasi-static for lower speeds of the vehicle.
It was concluded in [31] that ”The amplified response at the critical speed V = cmin corresponds to an
accumulation of energy underneath the source, since cmin coinsides with the group speed.” Some observed
features of hydroelastic waves cannot be explained within the linear elastic theory: damping of waves with
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distance from the source [31] and the lag of the position of maximum depression immediately behind the
source [32]. These effects are attributed to the viscoelastic damping of ice response [31, 32].
Viscoelastic properties of the sea ice were investigated by Tabata [33]. He performed experiments with
rectangular ice beams depressed under static loads, and obtained stress-time curves. By analysing these
curves Tabata concluded that ”viscoelastic properties of sea ice are analogous to a rheological model of
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Maxwell unit and a Voigt (Kelvin) unit connected in series. Therefore, viscoelastic properties of sea ice can
be expressed by four characteristic constants.” A two-parameter viscoelastic model was used by Hosking
et al. [31]. The Maxwell and Kelvin-Voigt models of viscoelastic ice were studied in [25]. The theoretical
predictions of the ice response caused by a moving load within these two models and their combinations
were compared with available experimental results. To improve the theoretical predictions, it was suggested
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to consider parameters in both models as functions of the speed of the load.
A Kelvin–Voigt model [34] of viscoelastic ice is used in this study. This is one of the simplest model of
viscoelastic material. The constitutive equation of this model is σ = E(ǫ + τ ∂ǫ/∂t), where E is the Young’s
modulus, σ is the stress, ǫ is the strain and τ is the so-called retardation time. The Kelvin–Voigt model
of ice was used by Zhestkaya and Kozin[22, 23] and by Brocklehurst [35] (chapter 5) in the problems of
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load moving on ice sheet. The dissipation effects, which are characterized by the retardation time in the
Kelvin-Voigt viscoelastic model of ice plate, were very strong in the numerical analysis by Zhestkaya and
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Kozin[23]. The retardation time was varied from 3 to 10 seconds in [23] to fit the experimental deflections.
The experimental and numerical results of [23] showed that the magnitude of the stresses is dependent on
the value of the retardation time but the critical speed of the ice plate is less sensitive to this value.
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The stress–strain relation of the Kelvin–Voigt model is rather simplified (see [1] for more advanced models
of viscoelastic ice). However, the present study is focused on the effect of the channel walls on the stresses in
the ice cover of the channel. The simple Kelvin–Voigt model can be readily replaced with a more accurate
one within the present approach.
The present paper is concerned with viscoelastic response of the ice cover in a channel caused by an
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external load moving with constant speed along the centreline of the channel. The ice cover is uniform
through its thickness. The problem is considered in the coordinate system moving together with the load.
The response of the ice cover is stationary in this system within a viscoelastic plate model. The problem
is solved using the Fourier transform along the channel. The transformed function of the ice deflections
is complex-valued due to the viscoelastic effect. The profile of the ice deflections across the channel is
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determined by the normal mode method for each value of the parameter of the Fourier transform. This
approach leads to the linear algebraic system with respect to complex principal coordinates of the normal
modes. The right-hand side of the system depends on the magnitude and distribution of the moving load.
The matrix of this system was studied in [28] for zero retardation time. The eigenvalues of the matrix, which
provide dispersion relations of the hydroelastic waves in the channel, and the corresponding eigen vectors,
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which provide the profiles of the hydroelastic waves across the channel, were determined and investigated.
The system is truncated and solved numerically. The deflection of the ice cover and the bending stresses in
it are obtained numerically by the inverse Fourier transform.
The influence of the physical parameters of the problem, such as the speed of moving load, the width of
the channel, the damping coefficient and others on the hydroelastic response of the ice plate is studied. We
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assume that the ice plate breaks there and then, where and when the maximum strain in the plate approaches
an yield value. The yield strain value, the retardation time and other characteristics of the ice are assumed
to be determined from experiments for real ice conditions. It is shown that the highest strains in the ice
cover occur for the speed of the moving load being close to the lowest critical speed of the hydroelastic waves
in the channel. If the load speed is close to other critical speeds in the channel, the stresses in the ice cover
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are also amplified but their maxima are smaller than the maximum stress for the lowest critical speed within
the viscoelastic model of ice.
It is shown that the dynamic component of the liquid pressure is very important for accurate prediction
of ice–fluid interaction. Two simplified models are considered: dry-plate model, in which the presence of the
liquid beneath the ice cover is neglected, and the hydrostatic model which does not account for the dynamic
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component of the liquid pressure. Both simplified models give wrong results for the hydroelastic waves in
the frozen channel. The hydrostatic model can be used only for very low speeds of the moving load.
Obtained results can be used for developing technologies of both icebreaking between vertical walls and
safe transportation on ice along frozen waterways.
The problem formulation and general assumptions are given in Section 2. The method of solution by

5
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using the Fourier transform and normal mode decomposition is presented in Section 3. Numerical results are
reported and discussed in Section 4. Two simplified models are introduced and verified against the complete
hydroelastic model in Section 5. The conclusion are drown in Section 6.

2. Formulation of the problem
The deflection of an ice sheet caused by the motion of an external load in the positive x-direction along a
165

channel is considered. The channel is of rectangular cross section with depth H and width 2L. The channel
is of infinite extent in the x-direction (see Figure 1). The channel is occupied with the liquid of density ρl .
The liquid is inviscid and incompressible. The liquid is covered with the ice sheet of constant thickness hi
and rigidity D = Eh3i /[12(1 − ν 2 )], where E is Young’s modulus of ice and ν is Poisson’s ratio. The ice sheet
is modelled by thin visco-elastic Kelvin–Voigt plate. The ice sheet is clamped to the walls of the channel at
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y = ±L. The external load is modelled by a localised smooth pressure distribution over the upper surface
of the ice sheet. The resulting deflection of the ice sheet, z = w(x, y, t), is to be determined for the given
load and given speed of its motion U along the channel. The problem of deflection of the ice sheet in the
channel is formulated within the linear theory of hydroelasticity [1]. The deflection of the ice sheet w(x, y, t)
is described by the equation of thin viscoelastic plate [34]

Figure 1: Sketch of the ice sheet in a channel with a load moving along the ice in the positive x-direction.



∂
∇4 w = −P (x, y, t) + p(x, y, 0, t)
M wtt + D 1 + τ
∂t

(1)

(−∞ < x < ∞, −L < y < L, z = 0),
where τ = η/E is the retardation time, η is the viscosity of the ice, ∇4 = ∂ 4 /∂x4 + 2 ∂ 4 /(∂x2 ∂y 2 ) + ∂ 4 /∂x4 ,
M = ρi hi is the mass of the ice plate per unit area, ρi is the ice density, p(x, y, 0, t) is the hydrodynamic
pressure acting on the lower surface of the ice plate, P (x, y, t) is the external pressure and t is the time. The
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external pressure P (x, y, t) moves along the central line of the channel and is described by

  
x − Ut
y
P (x, y, t) = P0 P1
P2
(−∞ < x < ∞, −L < y < L),
L
L

P1 (e
x) = cos(πce
x) + 1 /2 (c1 |e
x| < 1), P1 (e
x) = 0 (c1 |e
x| ≥ 1), x
e = (x − U t)/L,
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P2 (e
y ) = cos(πk ỹ) + 1 /2 (c2 |e
y | < 1),

P2 (e
y ) = 0 (c2 |e
y | ≥ 1),

(2)

ye = y/L,

where c1 and c2 are non-dimensional parameters of the external load characterizing the size of the pressure
area. We restrict ourselves here to symmetric loads, however, the analysis can be readily extended to loads
moving closer to one of the walls and to asymmetric loads.
The hydrodynamic pressure on the ice-liquid interface is given by the linearised Bernoulli equation,
p(x, y, 0, t) = −ρl ϕt − ρl gw

(−∞ < x < ∞, −L < y < L),

(3)

where g is the gravitational acceleration and ϕ(x, y, z, t) is the velocity potential of the flow beneath the ice
cover. The velocity potential ϕ(x, y, z, t) satisfies Laplace’s equation in the flow region and the boundary
conditions
ϕz = w t

(z = 0),

ϕy = 0 (y = ±L),

ϕz = 0 (z = −H).

(4)

The ice sheet is frozen to the walls, which is modelled by the clamped conditions
w = 0,

wy = 0

(−∞ < x < ∞, y = ±L).

(5)

The term with τ ∂/∂t in the equation of viscoelastic plate (1) describes the damping of ice plate oscillations,
so hydroelastic waves decay far away from the moving load, where |e
x| → ∞.
The formulated problem is considered in non-dimensional variables denoted by tilde. The half-width of
the channel L is taken as the length scale, the ratio L/U as the time scale, and the pressure magnitude P0 as
the pressure scale. The non-dimensional depth of the channel H/L is denoted by h. The moving coordinate
system (e
x, ye, ze) with the origin at the centre of the load is introduce by
ye =

y
,
L

x
e=

x − Ut
,
L

ze =

z
,
L

U
e
t = t,
L

Pe = P1 (e
x)P2 (e
y ).

We are concerned with a steady-state solution in the moving coordinate system,
w(x, y, t) = w(e
xL + U t, Le
y , t) = wsc w(e
e x, ye),
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ϕ(x, y, t) = ϕ(e
xL + U t, Le
y , t) = ϕsc ϕ(e
e x, ye, ze),

where wsc and ϕsc are the scales of the ice deflection and the velocity potential correspondingly. The scales
are chosen as wsc = P0 /(ρl g) and ϕsc = (U P0 )/(ρl g).
In the non-dimensional variables the problem reads (tildes are omitted below)

∂  4
αhFr2 wxx + β 1 − ε
∇ w + w = hFr2 ϕx − P1 (x)P2 (y)
∂x
(−∞ < x < ∞,

−1 < y < 1,
7

z = 0),

(6)

∇2 ϕ = 0
ϕz = −wx

(−∞ < x < ∞, −1 < y < 1, −h < z < 0),

(z = 0),

ϕy = 0 (y = ±1),

w = 0,

wy = 0

w, ϕ → 0

ϕz = 0 (z = −h),

(y = ±1),
(|x| → ∞).

(7)
(8)
(9)
(10)

√
Here β = D/(ρl gL4 ), ε = (τ U )/L, α = (ρi hi )/(ρl L) and Fr = U/ gH is the Froude number.
The solution of the problem (6)–(10) depends on seven non-dimensional parameters h, α, β, ε, Fr, c1
and c2 which describe the aspect ratio of channel, characteristics of ice and of the applied load. We shall
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determine the deflection w and strain distribution in the ice sheet for some given values of these parameters.
In the linear theory of hydroelasticity, the strains vary linearly through the ice thickness being zero at
the middle of the plate thickness. At any location, the maximum strain is achieved at the surface of the ice.
We are concerned only with positive strains which correspond to elongation of the ice surface and tensile
stresses in the ice. The scale of the strains is taken as hi P0 /(2ρl gL2 ). The strain tensor is given by


wxx wxy
,
E(x, y) = −ζ 
wxy wyy

(11)

where ζ is the non-dimensional coordinate across the ice thickness, −1 ≤ ζ ≤ 1. The tensor (11) describes
the strain field in the ice sheet. To find the maximum strain in the ice sheet we need to find the eigenvalues
of the strain tensor at each location. The strains are proportional to the magnitude P0 of the external load
within the linear theory. The linear theory of hydroelasticity can be used when wx2 + wy2 is small and the
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strains in the ice sheet are below the yield strain ǫcr of the ice.
The yield strength of a material is defined as the strain ǫ = ǫcr at which a material begins to deform
plastically [36]. We require that the strains in the ice sheet are below the yield strain of ice, to prevent
our visco-elastic model from becoming unrealistic; any strains greater than the yield strain ǫcr are assumed
to lead to ice fracture. Squire [37] studied break-up of sea ice within a linear viscoelastic model. The
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theoretical predictions were found to be in agreement with the experimental results by Goodman et al. [38],
who measured the strains in sea ice with the wire strainmeter. The observed fracture strain was reported
as 3 · 10−5 , and the theory predicts ice fracture if the strain reaches 4.3 · 10−5 . Squire and Martin [39]

determined the fracture strain for Bering Sea ice to be 4.4 − 8.5 · 10−5 . In this study we use the estimate

ǫcr = 8 · 10−5 (see [24] and discussion of this value there).
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The formulation of the problem (6)–(10) can be related to the problem of progressive hydroelastic waves
in a frozen channel, which was studied in [28]. Consider a wave with a frequency ω and a wave number k. In
the coordinate system moving at the phase speed, U = ω/k, the hydroelastic wave is stationary, w(x, y), and
periodic along the channel, w(x, y) = F (y, k) cos(kLx). Substituting this form of the deflection in (6)–(9),
setting ε = 0, and omitting both the far-field condition (10) and the external load, we arrive at the eigen value
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problem with respect to the wave profile across the channel, F (y, k), and the dispersion relations between the
wave frequency ω and the wave number k. There are infinite number of such dispersion relations, ω = ωn (k),
where n ≥ 1 and ωn+1 (k) > ωn (k) for k > 0, and infinite number of the corresponding hydroelastic waves
8

with the profiles Fn (y, k) [28]. In the present problem with stationary deflection in the moving coordinate
system, only progressive hydroelastic waves with phase speed equal to U contribute to the ice deflection. For
210

each value of the load speed U only a finite number of hydroelastic waves and only the waves with certain
wave numbers contribute to the stationary ice deflection (see figure 6b in [28]). This relation between the
present problem and progressive hydroelastic waves will be used in section 4 for interpretation of the obtained
numerical results for the deflection of the ice cover near the moving load. Below the hydroelastic wave with
the dispersion relation ω = ωn (k) is referred to as the n-th wave propagating along the channel.
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3. Solution of the problem
The coupled problem (6)-(10) is solved with the help of the Fourier transform in the x direction. The
plate equation (6) provides
F
F
+ ξ 4 wF ) = iξhFr2 ϕF − P F (ξ, y),
− 2ξ 2 wyy
(1 − αhFr2 ξ 2 )wF + β(1 − iξε)(wyyyy

where
1
wF (ξ, y) = √
2π

Z∞

(12)

P F (ξ, y) = P2 (y)P1F (ξ).

w(x, y)e−iξx dx,

−∞

It is convenient to introduce the eigen modes ψj (y) of one-dimensional clamped beam and seek wF (ξ, y)
in the form of the series

∞
X

wF (ξ, y) =

aj (ξ)ψj (y)

(13)

j=1

with the coefficients aj (ξ) to be determined. The decomposition (13) was used in [28] to determine the
dispersion relations of hydroelastic waves propagating along the frozen channel. The modes ψj (y) are nonzero solutions of the eigen-value problem
ψjIV = λ4j ψj

ψj = ψj′ = 0 (y = ±1).

(−1 < y < 1),

(14)

In the present problem of a symmetric load moving along the central line of the channel, the solution is even
in y, so we need only the even modes ψj (y):


ψj (y) = Aj cos λj y − Bj cosh λj y ,

Bj =

cos λj
,
cosh λj

A2j (1 + Bj2 ) = 1,

(15)

where λj are the solutions of the equation tan λj = − tanh λj . It can be shown that λj = πj − π/4 + ∆j ,
where ∆j → 0 as j → ∞. The modes (15) are orthonormal.
Substituting series (13) in the equation (12), multiplying both sides of the equation by ψm (y), m ≥ 1,
integrating the result in y from −1 to 1, and using (14), we arrive at the infinite system of algebraic equations
∞


X
Cmj aj + ξ 4 am =
(1 − αhFr2 ξ 2 ) am + β(1 − iξε) λ4m am − 2ξ 2
j=1

= ξ 2 hFr2

∞
X
j=1

Mmj aj − Pm (ξ),

9

(16)

Cmj = −

Z1

′
(y)ψj′ (y)dy,
ψm

Mmj (ξ) =

∞
X

φj (y, 0, ξ)ψm (y)dy,

−1

−1

ϕF (ξ, y, z) =

Z1

aj (ξ)φj (y, z, ξ),

∗
Pm (ξ) = P1F (ξ)Pm
,

∗
=
Pm

j=1

Z1

P2 (y)ψm (y)dy.

−1

The functions φj (y, z, ξ) are the solutions of the following boundary-value problems
φj,yy + φj,zz = ξ 2 φj
φj,y = 0 (y = ±1),

(−1 < y < 1, −h < z < 0),

φj,z = 0 (z = −h),

φj,z = ψj (y)

(z = 0).

The variable ξ of the Fourier transform plays the role of a parameter here. The integrals Cmj and Mmj (ξ)
∗
were calculated in [28]. Coefficients Pm
are evaluated analytically for the function P2 (y) given by (2).

The system (16) can be written in the matrix form
A~a = −P~ ,

(17)

A = (1 − αhFr2 ξ 2 ) I + β(1 − iξε) Q − hFr2 ξ 2 M,
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T
2
4
4
4
~
where ~a = (a1 , a2 , ...)T , M = {Mmj }∞
m,j=1 , P = (P1 , P2 , ...) , Q = D − 2ξ C and D = diag{λ1 + ξ , λ2 +

ξ 4 , ...}, C = {Cmj }∞
m,j=1 . The eigen values of the matrix A with ε = 0 were studied in [28]. These eigen
values provide the dispersion relations of hydroelastic waves in the channel.

To solve equation (17) we distinguish the real and imaginary parts of the vector ~a, ~a = ~aR +i~aI . Note that
all other vectors and elements of the matrices in (17) are real, which provides the system of nonhomogeneous
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equations with respect to ~aR and ~aI with symmetric matrices. In the present problem, P1F (ξ) is an even
I
function of ξ. It can be shown that aR
j (ξ) are even and aj (ξ) are odd functions of ξ.

The deflection w(x, y) is obtained by the inverse Fourier transform
w(x, y) =
where the functions

aR
j (ξ)

and

r

Z∞
∞
2X
I
ψj (y) (aR
j (ξ) cos(ξx) − aj (ξ) sin(ξx))dξ,
π j=1

aIj (ξ)

(18)

0

are calculated as solutions of (17) at ξ = ξn , 1 ≤ n ≤ Nξ , ξ1 = 0, with

a step ∆ξ.
The infinite series in (18) is truncated to Nmod terms and the integrals are approximated by
w(x, y) ≈

r

Nmod
2 X
ψj (y)Wj (x),
π j=1

Nξ ξZn+1
X
I
(aR
Wj (x) =
j (ξ) cos(ξx) − aj (ξ) sin(ξx))dξ.

(19)

(20)

n=1 ξ
n

I
The integrals in (20) are evaluated by using the linear interpolations of aR
j (ξ) and aj (ξ) in each interval
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[ξn , ξn+1 ].
In order to investigate the dependences of the deflections of the ice cover and stresses in it on the width
of the channel, the obtained results are compared with the corresponding results for the ice sheet of infinite
10

extent. The corresponding solution w∞ (x, y) for the infinite ice plate and the same external load (2) is
obtained by applying the Fourier transform in y to equation (12). Then


Z∞ Z∞
2
 QR (ξ, η) cos(ηy)dη  cos(ξx)dξ−
w∞ (x, y) =
π
0

2
−
π
where
QR (ξ, η) =

−P XY q R
,
(q R )2 + (q I )2

q R = 1 − αhFr2 ξ 2 −

0



Z∞ Z∞
 QI (ξ, η) cos(ηy)dη  sin(ξx)dξ,
0

(21)

0

QI (ξ, η) =

P XY q I
,
(q R )2 + (q I )2

ξ 2 hFr2 coth(λh)
+ βλ4 ,
λ

P XY (ξ, η) = P1F (ξ)P2F (η),

q I = −ξελ4 ,

The integrals in (21) are evaluated in the same way as the integrals in (18).

λ=

p

ξ2 + η2 .

4. Numerical results
The hydroelastic behaviour of the ice cover in a channel, which is caused by a moving load, is investigated
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numerically for a freshwater ice with density ρi = 917 kg/m3 , Young’s modulus E = 4.2·109 N/m2 , Poisson’s
ratio ν = 0.3 and the retardation time τ = 0.1 s. The thickness of the ice plate is 10 cm and the water depth
is 2 m. The load (2) is applied over the area 2 m×2 m and moves along the central line of the channel at
constant speed. The speed of the load, U , and the half-width of the channel, L, vary in the calculations. The
ranges of the speeds U and the widths L are chosen according to the critical speeds of hydroelastic waves
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propagating in the frozen channel, which were computed in [28], and the characteristic length (D/ρl g)1/4 of
the ice cover, which is equal to 2.48 m in the case under consideration.
The calculations of the ice deflection, w(x, y), and its second derivatives in the strain tensor (11) require
numerical evaluation of the integrals in (18). The number of these integrals depends on the number of
retained modes, Nmod . The step of integration, ∆ξ, and the number of the steps, Nξ , in (20) should be
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carefully assessed. The linear system (17) of Nmod equations is solved Nξ times for each case. It was found
that the external load (2) is accurately approximated by formulae similar to (19) and (20) with Nmod = 10,
Nξ = 400 and ∆ξ = 0.25 for c1 = c2 = 10, that is, for the dimensions of the load area being ten times
smaller than the width of the channel. In calculations of the ice deflection, the number of modes, Nmod , is
varied from 5 to 15, to confirm convergence of the numerical solutions.
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The step of integration, ∆ξ, and the number of steps, Nξ , in (20) depend on the non-dimensional
parameters of the problem, in particular, on the size of the load area and on the retardation time τ . The
values ∆ξ = 0.25 and Nξ = 400 provide accurate results for c1 = c2 = 10 and τ = 0.1 s. These values were
used in most of the presented calculations. The numerical analysis aims to investigate the ice deflection and
strains in the ice sheet depending on the width of the channel and the speed of the load. The deflections
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and strains are presented below in the moving coordinate system with x = 0 at the centre of the load.
11

Figure 2: The deflection of the ice plate at the central line of the channel (a) and strains (b) for the load moving with the
subcritical speed U = 3 m/s. Here L = 10 m, hi = 10 cm and H = 2 m. The strains at the centre line are shown by the dotted
line and the strains at the walls are shown by the solid line in (b).

The nondimensional deflection of the ice sheet and the strain distributions along the central line of the
channel, y = 0, and along the walls, y = ±L, are shown in Figures 2 and 3 as functions of the longitudinal
coordinate x/L along the channel of width 20 m. The critical speed of the first hydroelastic wave (n = 1)
for this width of the channel is 5.38 m/s (see [28]). Subcritical case with the speed of the load U = 3 m/s
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is shown in Figure 2 and the supercritical case with U = 7 m/s is shown in Figure 3. The load moves from
left to right. For the subcritical speed (Figure 2) the ice response is localised near the load, because the
hydroelastic waves with phase speed below the critical speed do not exist (see [1] for the infinite ice plate
and [28]) Fig 6 for the channel). The hydroelastic waves contribute to the ice response for supercritical
speed (Figure 3). For the load speed U = 7 m/s, only the first hydroelastic wave (n = 1) with the wave
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number k ≈ 0.43 m−1 has phase speed equal to the load speed (see Fig. 6b in [28]). This wave number
corresponds to the wave length of 14.6 m which is equal to the distance between two subsequent peaks of
ice deflection in Figure 3. Note that the module of the strains is shown in Figure 3b. Therefore, the load
moving at U = 7 m/s generates the first hydroelastic wave which is stationary in the moving coordinate

12

system and the amplitude of which decay with the distance from the load due to the viscoelasticity of the
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ice. The deflections and strains in the plate are very small at the distance 20 m behind the load in both
cases. The maximum strain is achieved on the central line in the place of the load for the subcritical speed
but on the wall for the supercritical speed of the load. The strains are scaled with εsc = hi P0 /(2ρl gL2 ). For
the yield strain 8 × 10−5 (see [35]), we calculate that the ice is likely to fracture for U = 3 m/s in the area
of the load for the load magnitude P0 greater that 4 kPa. Correspondingly for U = 7 m/s (see Figure 3) the
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ice is likely to break from the wall but also for P0 greater than 4 kPa.

Figure 3: The deflection of the ice plate at the central line of the channel (a) and strains (b) for the load moving with the
supercritical speed U = 7 m/s. Here L = 10 m, hi = 10 cm and H = 2 m. The strains at the centre line are shown by the
dotted line and the strains at the walls are shown by the solid line in (b).
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Figure 4: The deflection of the ice plate at the central line of the channel (a) and strains (b) for the load moving at the critical
speed U = 5.38 m/s. Here L = 10 m, hi = 10 cm and H = 2 m. The strains at the centre line are shown by the dotted line
and the strains at the walls are shown by the solid line in (b).

The nondimensional deflection of the ice at the central line and the strains at both the central line and
along the walls for the critical speed of the first hydroelastic wave [28], U = 5.38 m/s, are shown in Figure 4
(compare the vertical scales in Figures 2, 3 and Figure 4). Both deflections and strains are about ten times
larger for the critical speed of the load then for the subcritical, U = 3 m/s, and supercritical, U = 7 m/s
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speeds. The maximum strain at the wall is about four times larger than at the central line (Figure 4b). The
ice plate oscillates both in front and behind the moving load. The strains at the wall exceed the yield strain
for P0 > 206 Pa.

14

Figure 5: The deflection of the ice plate at the central line of the channel (a) and strains (b) for the load moving at the
supercritical speed U = 25 m/s. Here L = 10 m, hi = 10 cm and H = 2 m. The strains at the centre line are shown by the
dotted line and the strains at the walls are shown by the solid line in (b).

The deflection and the strains for the speed U = 25 m/s, are shown in Figure 5. This speed is higher then
the critical speed, U ≈ 15.3 m/s [28], of the second even hydroelastic wave. There are no oscillations of the
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ice sheet in front of the moving load but they present behind the load. The strains achieve their maximum
at the wall but this maximum is 20 times smaller than for the critical speed of the first hydroelastic wave
(see Figure 4 b). There are three hydroelastic waves with the phase speed 25 m/s: the second hydroelastic
wave with the wave numbers k ≈ 0.135 m−1 and k ≈ 1.02 m−1 , and the first hydroelastic wave with the wave

number k ≈ 1.2 m−1 . The corresponding wave lengths are 45 m, 6.3 m and 6 m. The ice plate oscillations
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behind the load correspond to the long wave of length 45 m. The short waves can be observed in front of
the load.

15

Figure 6: (a) The deflections at the centre of the load (solid line), the maximum (dashed line) and the minimum (dotted line)
of the deflections along the central line of the channel are shown as functions of the load speed U ; (b) the normalized profiles
of the ice plate across the channel at x = 0 for U = 3, 7 and 25 m/s.

The nondimensional deflections at the central line of the channel are shown as functions of the load speed
U in Figure 6a. The deflection at the centre of the load, x = y = 0, and both the minimum and maximum
of the deflections along the central line y = 0 are depicted. The deflections peak at U ≈ 5.5 m/s which is
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slightly higher than the critical speed of the first hydroelastic wave, 5.38 m/s from [28]. This could be due
to the damping in the ice plate described by the parameter τ , which is 0.1 s in Figures 2–6. The critical
speed of the second hydroelastic wave propagating along the channel and even in y, U = 15.3 m/s, was also
detected but only in calculations with a very small retardation time, τ = 0.001 s.
The normalized profiles of the ice deflection across the channel at x = 0 are shown in Figure 6b for
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different speeds of the load. The main contribution to the profile corresponding to the subcritical speed,
U = 3 m/s, comes from the profile of the first hydroelastic wave (see [28], figure 7). For the speed U = 7 m/s,
which is higher than the critical speed of the first mode but below the critical speed of the second wave, the
main contributions to the profile come from both the first and second hydroelastic wave profiles. For the
speed U = 25 m/s, which is higher than the critical speed of the second wave, three first hydroelastic waves
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305

profiles (n = 1, 2, 3) contribute to the stationary profile of the ice deflection.

Figure 7: The deflections (a) and strains (b, c) for the load moving with the subcritical speed, U = 3 m/s, and different values
of the retardation time. Here L = 10 m, hi = 10 cm and H = 2 m.

The effect of the retardation time τ on the deflections and strains in the ice plate is demonstrated in
Figures 7 and 8. The calculations are performed for subcritical, U = 3 m/s (Figure 7), and supercritical,
U = 7 m/s (Figure 8), speeds. Note that τ = 0.1 s in all other figures of this paper. The decrease of the
retardation time increases the maximum strains. However, the place where the ice can be broken, on the
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wall or along the centre line of the channel, is independent of τ . For the subcritical speed the increase of
the retardation time moves the points of the maximum strains and deflections from the center of the load
(Figure 7b,c). This lag of the position of maximum depression was measured in [32] and was used to estimate
the viscoelastic characteristics of the ice. This lag was not detected for the supercritical speed (Figure 8),
where the maximum strain does not change its position with τ . The decrease of the retardation time extends
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the length of the interval of the significant deflections for the supercritical speed. The wave length of the ice
plate oscillations in front of the load (Figure 8) is weakly dependent on τ and is equal to the wave length
of the first hydroelastic wave with the phase speed 7 m/s. The oscillations with the same wave length but
much smaller amplitude exist also behind the load, they are visible only for small τ (Figure 8 b,c). For the
subcritical speed and τ < 0.1 s the deflections and strains are weakly dependent on τ .

Figure 8: The deflections (a) and strains (b, c) for the load moving with the supercritical speed, U = 7 m/s, and different
values of the retardation time. Here L = 10 m, hi = 10 cm and H = 2 m.
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Figure 9: The dimensional deflections at the central line of the channel, (a), and the physical strains at the central line of the
channel (b) and at the wall (c) in the ice sheet for the subcritical speed U = 3 m/s for different width of the channel. Here
hi = 10 cm, H = 2 m and L = 5 m (thin solid line), L = 10 m (dotted line), L = 40 m (dashed line) and for the infinite ice
plate (thick solid line).
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The effect of the channel width 2L on the deflections and strains in the ice sheet is demonstrated in
Figures 9 and 10 for the subcritical speed U = 3 m/s and the supercritical speed U = 7 m/s of the load. The
results of the calculations are presented in the dimensional variables for P0 = 1 kPa. Note that the critical
speeds of the hydroelastic waves depend on the width of the channel (see [28]). These speeds increase with
decrease of the channel width. The speed U = 7 m/s is subcritical for L = 5 m but supercritical for other
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values of L in Figure 10. This fact explains why the curves for L = 5 m are so different from all other curves
in Figure 10. It is seen that both the deflections and strains approach their distributions for infinite ice plate
given by (21), as the width of the channel increases. The deflections increase and the strains decrease with
increasing the distance between the walls.
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Figure 10: The dimensional deflections at the central line of the channel, (a), and the physical strains at the central line of the
channel (b) and at the wall (c) in the ice sheet for the supercritical speed U = 7 m/s for different width of the channel.. Here
hi = 10 cm, H = 2 m and L = 5 m (thin solid line), L = 10 m (dotted line), L = 40 m (dashed line) and for the infinite ice
plate (thick solid line).
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1 , as a function of the channel width for different values of
Figure 11: The critical speed of the first hydroelastic wave, Ucrit

the channel depth, H. The critical speeds, Ucrit , for the infinite ice plate and the corresponding depth of the channel are also
shown. Here hi = 10 cm.

The effects of the channel depth and width on the critical speed of the first hydrodynamic wave are shown
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in Figure 11. These critical speeds are computed using the dispersion relations derived in [28]. The critical
speed increases up to the speed value for the channel of infinite depth with increase of the channel depth.
The critical speed decreases with the increase of the distance between the walls. Note that the characteristic
length (D/ρl g)1/4 of this ice plate is 2.48 m. The effect of the channel width on the deflection and stresses
in the ice sheet (Figures 9, 10) and on the value of the lowest critical speed (Figure 11) is significant even
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for the channel width being much greater than the characteristic length of the ice sheet.

5. Simplified models of ice-fluid interaction
The problem under consideration can be simplified by neglecting the hydrodynamic pressure p(x, y, 0, t) in
the equation of the ice plate deflection (1), or by neglecting the dynamic component, −ρl ϕt , in the linearised
Bernoulli equation (3). The first simplified model corresponds to a dry ice plate clamped to the vertical
walls without water beneath the plate. It will be referred to as the Dry-Plate Model (DPM). This model
can provide a reasonable approximation of the plate response for very thick ice covers or narrow channels.
In the second simplified model, only the hydrostatic component, −ρl gw, of the liquid pressure is taken into
account. This model is referred to as the HydroStatic Model (HSM). This model can be acceptable for very
small speeds of the external load moving along the channel, when the dynamic component of the liquid
pressure can be neglected. The ice response in both simplified models is described by the equations (1), (2),
(4) and (5), where the pressure p(x, y, 0, t) in (1) is given by p = 0 for DPM and p = −ρl gw(x, y, t) for HSM.
The original fully coupled HydroDynamic Model (1) – (5) is referred to as HDM below. The corresponding
simplified problems are solved by the method of section 3, with the matrix equation (17) being simplified to
DPM :

(−αhFr2 ξ 2 ) I ~a + β(1 − iξε) Q ~a = −P~ ,

(22)

HSM :

(1 − αhFr2 ξ 2 ) I ~a + β(1 − iξε) Q ~a = −P~ .

(23)
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The added-mass matrix M does not appear in both simplified models, which significantly simplifies
computations. Comparing the solutions obtained by using the simplified equations (22) and (23) with the
solution based on the complete equation (17) in terms of the plate deflection and stresses in the ice plate
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for the same conditions, we can conclude about importance of the hydrodynamic pressure and its dynamic
component on the ice response. The approximate models DPM and HSM are also compared with the
complete model in terms of the matrices of the systems (22), (23) and (17). Setting ε = 0 and equating
the determinants of these matrices to zero, we arrive at the corresponding dispersion relations which can be
interpreted in terms of the frequency ω and the wave number k of a hydroelastic wave propagating along
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the channel. Calculating the phase and group velocities of these waves, we obtain the critical speeds of the
moving load within the original and simplified models. The analysis of the previous sections show that the
critical speeds of the waves in the ice sheet are important for predicting response of the ice sheet to moving
loads.
The problem of periodic hydroelastic waves propagating along a channel covered with an ice sheet is
considered in the non-dimensional variables. The wave amplitude A is taken as the deflection scale, the
product ALω is taken as the scale of the velocity potential, where L is the half-width of the channel and ω
is the wave frequency. The time scale is 1/ω and the length scale is L. The propagating waves are described
by equations (1) - (5), where τ = 0, P = 0 and
w(x, y, t) = Re[F (y)ei(κx−t) ],

ϕ(x, y, z, t) = Re[iΦ(y, z)ei(κx−t) ],

(24)

see [28]. Here k = κ/L is the corresponding wave number and Φ is the complex-valued potential which
satisfies the Helmholz equation
Φyy + Φzz = κ2 Φ

(−1 < y < 1, −h < z < 0)

and the boundary conditions (4). Substituting (24) in (1), we obtain the equation
−αγF + β[κ4 − 2κ2 F ′′ + F ′′′′ ] = γΦ(y, 0) − F (y),

(25)

with respect to the wave profile across the channel, F (y), where γ = Lω 2 /g.
The solution of the equation (25) is obtained by the method of section 3 with F (y) represented by series
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(13) but without using the Fourier transform. The corresponding matrix equation reads


γ l
2
T − 2κ C − P ~a = 0,
β

where ~a = (a1 , a2 , ...)T , T is the diagonal matrix with the elements Tjj = κ4 + λ4j − γα/β

(26)
∞
,
j=1

the matrix

l

C and the eigen-values λj are defined is section 3. The matrix P in (26) is zero for the model DPM, is
diagonal, Pl = −1/γI, for the model HSM, and includes the added-mass matrix M for the complete model

HDM, Pl = M − 1/γI. The dispersion relations ωn (k), where ω1 (k) < ω2 (k) < ω3 (k) < ..., are obtained as
the roots of the determinant of the matrix in (26). This matrix multiplied by β is equal to the matrix of the
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system (17) and to the corresponding matrices in (22), (23) for the simplified models if we set γ = hFr2 ξ 2 and
κ = ξ in (26). The latter equalities lead to the relation ω(k) = U k in the dimensional variables. Therefore,
22

the determinant of the matrix A in system (17) with τ = 0 is equal to zero at such ξ that the speed of
the load U is equal to the corresponding phase speed c(n) (ξ) = ωn (ξ)/ξ for a certain n. Correspondingly,
(n)

the critical speeds of the load, Ucrit , are equal to the minimum values of the phase speeds c(n) (ξ). Note
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that the minimum values of the phase speeds are equal to the corresponding values of the group speeds,
(n)

(n)

(n)

(n)

cg (ξcrit ) = (dωn /dξ)(ξcrit ), where c(n) (ξcrit ) = min[c(n) (ξ)].
ξ≥0

The dispersion relations for the complete model HDM were studied in [28]. In this section, we start with
the dispersion relations for the models DPM and HSM, and compare the obtained results, ωnDPM (k) and
ωnHSM (k), with the relations ωnHDM (k) from [28].
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The numerical analysis of this section aims to investigate the effects of the components of the liquid pressure on the hydroelastic waves. The numerical study is performed for the same values of the characteristics
of the ice plate, channel and moving load specified in section 4, unless other values of these characteristics
are specified.

Figure 12: The dispersion relations of the first hydroelastic wave (thick lines) and the second hydroelastic wave (thin lines) in
the models HDM (solid line), DPM (dashed line) and HSM (dotted line). Here L = 10 m, hi = 10 cm and H = 2 m.

The hydroelastic propagating waves in the model HDM exist for any frequency ω because ω1 (0) = 0.
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However, these waves exist only for ω > 3.82 sec−1 in DPM and for ω > 10.95 sec−1 in HSM. For any constant
frequency ω > 10.95 sec−1 the wave length, λ = 2π/k, satisfies the equalities λHSM
< λDPM
< λHDM
where
1
1
1
the index 1 stand for the first hydroelastic wave. Note that the ice cover can be modelled as an elastic
plate only for waves which are much longer than the ice thickness hi , say λ > 10hi . This restriction yields
k < π/(5hi ), which gives k < 6.5 m−1 for hi = 10 cm and k < 0.65 m−1 for hi = 1 m. The Figure 12 shows
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that the dynamic interaction between the ice cover and the liquid in the channel makes the hydroelastic
waves longer and permits waves with any frequencies, in contact to the simplified models DPM and HSM.
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Figure 13: (a) The phase speeds (in m/s) of the first (thick line) and second (thin line) hydroelastic waves for the models HDM
(solid line), DPM (dashed line) and HSM (dotted line). (b) The phase (thin lines) and group (thick lines) speeds of the first
hydroelastic wave as predicted by the three models. Here hi = 10 cm, H = 2 m and L = 5 m.

The phase speeds, c(n) (k) = ωn (k)/k, are shown in Figure 13a for the first (n = 1) and second (n = 2)
waves propagating along the frozen channel. The phase speeds predicted by the complete model HDM are
smaller than the phase speeds in the model DPM, which in turn are smaller than the corresponding speeds
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in the model HSM. The hydrodynamic component of the liquid pressure significantly affects the phase speed
of the first hydroelastic wave for small wave numbers. A finite value of the phase speed as k → 0 exists only
for the complete model HDM. The curves of the phase speeds have well-defined minima, where the group
speeds and the phase speeds are equal (see Figure 13b). The minima determine the critical speeds for the
(1)

hydroelastic waves within the models. The critical speeds of the first hydroelastic wave are Ucrit = 5.38
(1)
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(1)

m/s in the model HDM, Ucrit = 26.86 m/s in the model DPM and Ucrit = 40.79 m/s in the model HSM.
Note that the critical speed in the model HSM is about 7.5 times higher than the critical speed in the
complete model HDM and is about 1.5 times higher than the critical speed of the ”dry” plate. Therefore,
both simplified models significantly overpredict the critical speeds. Figure 13b shows that the group speed
of the first hydroelastic wave is very close to the phase speed in HDM for long waves (k ≤ 0.2m−1 ) and is
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approximately equal to the critical speed 5.38m/s. This result is not valid for the simplified models which
do not account for the liquid dynamics.
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The computations performed with a low number of terms in the series (13) show that the single-mode
approximation for the first hydroelastic wave and the two-mode approximation for the second hydroelastic
wave in the complete model HDM provide the dispersion relations, group and phase speeds which well
approximate the results obtained with large numbers of modes, Nmod = 15, in (13). The single-mode
approximation and the two-mode approximation of the dispersion relations are computed by using the
following equations


det 

γ l
P = 0,
β 1



κ4 + λ41 − γα/β − 2κ2 C11 −
κ4 + λ41 − γα/β
0

0

(27)
C11

 − 2κ2 
κ4 + λ42 − γα/β
C21


l
l
P12
γ  P11
 = 0.
−
l
l
β
P21
P22

C12
C22



−
(28)

These equations are obtained from (26) with only one (first) mode in the series (13) for the single-mode
approximation (26) and with the first two modes in the series (13) for the two-mode approximation. Note
that the approximate values of γ and consequently ω1 (k) are given explicitly by (27). To find ω2 (k), we need
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to solve the quadratic equation (28). Equation (27) provides that ω1HSM (k) > ω1DPM (k), which agrees with
(1)

(1)

Figure 12, and Ucrit,HSM being greater than Ucrit,DPM , as a result of this inequality.
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Figure 14: The dispersion relations (a) and the phase speeds (b) of the first hydroelastic wave in the models HDM (solid line),
DPM (dashed line) and HSM (dotted line). Here H = 2 m, L = 5 m and hi = 10 cm, 50 cm and 100 cm.

One may expect that the simplified models approximate better the dispersion relations and the phase
speeds of the hydroelastic waves in the channel for thicker ice plates. Figure 14 shows that this is not the
case. The dispersion relations and phase speeds of the first hydroelastic wave in the models HDM, HSM
400

and DPM for different thicknesses of the ice cover, hi , are shown in Figure 14. The ice thickness varies
from 10 cm to 100 cm. The frequency ω1 (k) increases with increase of the ice thickness for these models.
The Figure 14 demonstrates that the dynamic component of the liquid pressure is an important factor in
predicting hydroelastic waves in the ice cover for any thickness of it. The frequencies and the phase speeds
predicted by HSM and DPM indeed approach each other with increasing the ice plate thickness. However
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the difference between the predictions by the complete model HDM and the simplified models increases with
increase of the ice thickness for long waves.
The convergence of the wave frequency of the first wave, ω 1 (k), as the length of the wave decreases,
k → ∞, is shown in Figure 15 for the channel of width 10 m (dashed lines) and the infinite ice plate (solid
lines) for different thicknesses of the ice sheet. The dispersion relations for the infinite plate are given by
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(see [1])
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1
1
Figure 15: The ratio ωHSM
/ωDPM
of the wave frequency in the HSM to the wave frequency in the DPM (a), and the ratio
1
1
ωHSM
/ωHDM
of the wave frequency in the HSM to the wave frequency in the HDM (b) as functions of the wave number for the

channel (dashed line) and for the infinite ice plate (solid lines). Here H = 2 m, L = 5 m and hi = 10 cm, 50 cm and 100 cm.

ωDPM (k) =

s

Dk 4
,
ρi hi

ωHSM (k) =

s

Dk 4 + ρl g
,
ρi hi

ωHDM (k) =

s

Dk 4 + ρl g
.
ρi hi + ρl /k tanh(kH)

The dispersion relation ωHDM (k) can be approximated by the dispersion relation ωHSM (k) if khi ≫ 1, which
gives hi /λ ≫ 1/2π, where λ is the wave length. However, the thin plate model of ice cover can be used only
for wave length λ much larger than the ice thickness, hi , say, for λ > 10hi . The inequality hi /λ ≫ 1/2π
does not hold for such long hydroelastic waves. Therefore, ωHSM (k) cannot approximate ωHDM (k) within
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the thin plate model of ice. This is a consequence of the fact that the densities of the ice and water are close
to each other. It is interesting that ωHSM (k) can be approximated by ωDPM (k), which does not account
for the presence of the liquid beneath the ice sheet, if ρl g/Dk 4 ≪ 1. Here (D/ρl g)1/4 is the characteristic
length of the ice sheet, lc . Then the latter inequality yields λ/lc ≪ 2π. This implies that the presence of the
liquid can be neglected for very short waves. We conclude that the hydrodynamic pressure strongly affects
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the characteristics of hydroelastic waves in thin ice covers.
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Figure 16: The deflections (a), the strains along the centre line of the channel (b) and the strains along the wall (c) predicted
by the models HDM (solid lines), DPM (dashed line) and HSM (dotted line) for the subcritical speed U = 3m/s. Here H = 2 m,
L = 5 m and hi = 10 cm.

However, the simplified models can be used for the analysis of ice response caused by a moving load. The
deflections and strains predicted by the complete and simplified models are shown in Figure 16 and 17 for
the load moving along the channel at the speeds 3 m/s and 7 m/s correspondingly. Figure 16 demonstrates
that the deflection of the ice plate and the strains on the central line of the channel are well approximated by
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the HSM model for the subcritical speed of the load. However, the model HSM underpredicts the strains at
the walls. The model DPM overpredicts both the deflections and strains for the subcritical and supercritical
speeds of the load. We can argue that the simplest model DPM, which does not account for the presence of
the liquid beneath the ice cover can be used to derive rough estimates of the stresses and deflections caused
by a moving load. The accurate prediction of the ice plate response requires the complete model HDM.
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Figure 17: The deflections (a), the strains along the centre line of the channel (b) and the strains along the wall (c) predicted
by the models HDM (solid lines), DPM (dashed line) and HSM (dotted line) for the subcritical for the model HDM speed
U = 7m/s. Here H = 2 m, L = 5 m and hi = 10 cm.
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6. Conclusion
The effect of the vertical walls on the deflections and strains in the ice cover of a channel caused by
a moving load has been studied. The characteristics of the ice cover, the depth of the channel and the
parameters of the external load were not varied in the analysis. It was shown that the speed of the load
strongly affects the response of the ice cover. There are many critical speeds of the load moving along the
(1)
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channel. The ice response is highest for the speed of the load close to the critical speed, Ucrit , of the first
hydroelastic wave propagating along the channel [28]. The presence of the walls of the channel is important
even for wide channels where the width of the channel is much greater than the characteristic length of the
ice cover. The presence of the walls increases the strains but decreases the deflections in comparison with
the ice plate of infinite extent. The ice response is localised near the moving load for subcritical speeds of
(1)
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(1)

(2)

the load U < Ucrit . For the speeds of the load between Ucrit and Ucrit , the ice deflection oscillates in front
of the load. These oscillations correspond to the first hydroelastic wave with the phase speed equal to the
(2)

(3)

speed of the load. If the speed of the load is between Ucrit and Ucrit , there are a long second hydroelastic
wave behind the load and short first and second hydroelastic waves in front of the load.
The effects of the static and dynamic components of the liquid pressure on the dispersion relations, phase
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speeds of the wave propagating along the channel, and the deflections and strains caused by a moving load
have been studied. The hydrodynamic pressure decreases the wave frequencies, phase and critical speeds of
hydro-elastic waves. Simplified models of floating ice, which do not account for the dynamic component of
the liquid pressure, are not recommended for analysis of hydroelastic waves. However, the deflections and
strains of the ice plate caused by a moving load are well approximated by the deflections and strains of the
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ice plate calculated only with the hydrostatic pressure for the load speed smaller than the critical speed
of the first hydroelastic wave. The simplest model of dry ice plate can be used for rough estimates of the
stresses caused by a moving load.
(1)

The maximum strain is achieved on the central line of the channel for subcritical speeds, U < Ucrit ,
(1)

(n)

but on the walls for critical and supercritical speeds, U ≥ Ucrit . The critical speeds, Ucrit , depend on both
455

the width and depth of the channel, increasing with the depth and decreasing with increase of the distance
between the channel walls. This implies that for a vehicle moving along a frozen channel of slowly varying
depth at a constant speed, the ice can be broken in the place of small depth even the transportation is safe
in places of larger depth of the channel. Correspondingly, an aircraft landing on a frozen converging bay
with decreasing speed can be dangerous if the speed of the aircraft becomes close to the local critical speed.
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For example, Figure 11 shows that landing on a converging bay of depth 2 m with thickness of ice cover
10 cm at speed 10 m/s is safe far from the shore, where the bay is wide. However, the ice can be broken
closer to the shore, where the distance between the bay banks is about 9 m and the local critical speed is
close to the speed of the aircraft.
The ice model in the present study is simplified and does not account for several important properties of
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ice covers such as nonuniformity of the ice through its thickness and along the channel. It has been shown
that the critical speeds increase with increase of the ice thickness (see Figure 14b). If the ice thickness
decreases along the channel from 1 m to 0.5 m and a vehicle moves at speed 30 m/s, then the ice can be
30

broken there, where the local critical speed is close to 30 m/s. Note that, in this case, the stresses are
maximum at the walls but not under the vehicle (see Figure 4b). This means that the vehicle may pass the
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dangerous place in the channel safely because the ice will detach from the wall and the stresses in the ice
plate will be released.
The maximum strains in the ice plate strongly depend on the retardation time τ and increase with
decrease of the retardation time. This parameter describes how quickly disturbances decay in ice with the
distance from a source and in time. The values of this parameter can be estimated using field measurements.
The stresses in the ice cover are limited when a vehicle moves on the ice even at a critical speed. This is due
to the viscoelastic properties of the ice and non-linear interaction between the ice cover and water in the
channel. It has been found that the damping effects are of major importance when the speed of the vehicle
(1)

is greater than the first critical speed, Ucrit , in the channel. As to the first critical speed, both non-linearity
(1)

and damping can be responsible for finite stresses when the vehicle speed is close to Ucrit . To determine the
conditions when the non-linear effects should be included in the model of ice response, the term in the plate
(1)

equation (1) with τ is estimated as O(Dτ Ucrit wsc /L5 ) by using the scales of section 2. The non-linear effects
come, in particular, from the hydrodynamic pressure p(x, y, w(x, y, t), t) in (1). The Bernoulli equation
(1)

2
/L2 ), where
provides the estimate of non-linear terms in the Bernoulli equation, O(ρl wt2 ) = O(ρl (Ucrit )2 wsc

the deflection scale is wsc = P0 /(ρl g). The obtained estimates yield that the dissipation effect is dominant
and non-linearity of the ice response in the channel can be neglected if
(1)

τ Eh3i g ≫ Ucrit P0 L3 .
This inequality implies that the non-linear effects can be dominant for wide channels (large L), heavy weight
(1)

of the moving vehicle (large P0 ), deep channels (large Ucrit ), ice covers of small thickness hi , ice with small
Young’s modulus E and small retardation time τ . For the conditions of Figure 4 with P0 = 210 N/m2 ,
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which is higher than the limit 206 N/m2 evaluated for these conditions, the non-linear effects provide the
contribution to the maximum strain comparable to the contribution from the viscoelasticity of the ice, if
the retardation time is smaller than 0.03 s. Note that, in the experiments reported in [23], the retardation
time of the ice in the ice tank was estimated in the range from 3 to 10 seconds. In summary, even if the
non-linear effects are important for the infinite ice sheet, they could be negligible for the ice response to the
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same load but in a channel, where the viscoelastic effects may dominate.
The value of the retardation time determines whether the ice will break or not. Therefore we need
to consider practically justified ranges of the ice parameters to draw a conclusion about ice fracture or
yield. The approach of this paper makes it possible to incorporate in the analysis more realistic models of
viscoelastic ice as that derived by Tabata [33] without difficulties.
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Only symmetric, even in y across the channel, deflections of the ice sheet were studied in this paper.
Asymmetric, odd in y, responses of the ice cover between the vertical walls are investigated by the same
method using odd solutions (modes) of the problem (14). Both even and odd propagating hydroelastic
waves in a channel were studied in [28]. Figure 6b in [28] gives the critical speed of the first odd hydroelastic
wave about 9 m/s, which is in between the critical speed of first and second even hydroelastic waves,
31

(1)
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(2)

Ucrit = 5.38 m/s and Ucrit = 15.3 m/s, for the conditions of Figure 4. The critical speed of 9 m/s is low
enough for viscoelastic ice with τ =0.1 s resulting in high stresses if the speed of a load is close to this critical
speed and the load moves close to one of the walls. Despite all simplifications, we expect that the present
model of ice cover in a frozen channel can be used for predicting the behaviour of the ice plate caused by a
moving load, after its experimental validation.
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One may think that the problem of a load moving on the ice along the centreline of a channel can be
reduced by the image method to the problem of the periodic array of the loads moving in the parallel along
the equivalent ice plate of infinite extent. The distance between neighbouring loads is equal to the width
of the channel. This idea is rather attractive because it can reduce the problem for a channel to a simpler
problem for infinite horizontally liquid layer without vertical walls. The solution for the array of loads can be
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obtained by superposition of known solutions for a single load moving on the infinite ice plate. A difficulty
with this image method is the presence of slowly convergent series in the solution. However, there are more
serious reasons why the method of images does not work in our problem. The first reason is that the solution
obtained by the image method indeed satisfies all the boundary conditions for the velocity potential of the
flow beneath the ice cover but it does not satisfy the edge conditions on the lines, where the ice plate is
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clamped to the walls. The solution by the method of images would satisfy the edge conditions, and therefore
is the solution of our problem, only if the edge conditions are wy = 0 and wyyy = 0 on y = ±L, −∞ < x < ∞,
in the notations of the Section 2. However, the latter edge conditions have no physical meaning. Even for
these non-physical edge conditions the solution obtained by using the image method should demonstrate
infinite number of critical speeds of the load. It is not clear how it may happen that the superposition of
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solutions with a single critical speed provide the solution with multiple critical speeds.
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