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Multiphoton spectroscopy is increasingly being used for the study of molecular excited states. The increase
in the transition rate under resonance conditions can be exploited as a means of locating new states, and
the dependence of the rate on the photon polarizations gives information about state symmetries. In this
paper, expressions for the rate of doubly resonant three-photon absorption are derived, and it is shown
how these results can be applied to various other stimulated processes. It is also demonstrated how the
relative orientations of molecular transition moments can be found by performing a specified set of
experiments with different polarizations. In addition to providing symmetry information, this method may
prove a valuable means of testing molecular wave function calculations for biological molecules.

l. INTRODUCTION

In recent years, experimental studies of the excited
states of atoms and molecules have increasingly been
based on multiphoton spectroscopy. As multiphoton
phenomena are governed by different selection rules
from one-photon processes, they are particularly use-
ful for the study of excited states which are not accessi-
ble by conventional spectroscopic methods., Moreover,
multiphoton spectroscopy has become far more prac-
ticable with the development of high intensity tunable
lasers. Tunability is especially significant for reso-
nance processes, where there is approximate conserva-
tion of energy between the initial state of the system and
one of the intermediate states following the absorption
of a certain number of photons, With multiphoton reso-
nances, the resulting enhancement of the transition rate
can be exploited as a means of locating new excited
states; various aromatic compounds have been studied
using this technique, 2

In order to ascertain the symmetry species of a given
excited state, it is often necessary to examine the de-
pendence of the transition rate on the polarizations of
the incident photons. Monson and McClain® and Mc-
Clain®% have shown that studies of this kind in two- and
three-~-photon phenomena can provide valuable informa-
tion even when the molecules are randomly oriented, as
in gaseous or liquid samples, and that most information
can be obtained by performing a complete polarization
study involving a number of separate experiments with
different polarizations. In general, these polarization
studies are used to determine the various molecular
tensor products which govern the transition rate, and
it is the analysis of these parameters which gives the
fullest symmetry information, This method has been
successfully applied in a number of two-photon absorp-
tion and resonance Raman investigations, and the appli-
cation to hyper-Raman scattering has also received re-
cent attention, ®

In the case of three-photon phenomena the transition
is usually governed by 11 tensor products, requiring 11
polarization experiments for their determination.® This
number can be reduced if two of the photons, or all
three, have the same frequency. However, the number
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of experiments is also reduced if the three photon fre-
quencies are tuned near to resonance with particular
electronic transitions, This arrangement is particular-
ly well suited for studies of transitions to highly excited
bound states, because of the increase in the transition
rate associated with the resonance conditions. The
relevant rate results derived in this paper show that in
this case the transition is characterized by five tensor
products, whose values can be determined from five
specified polarization experiments. Further analysis of
these parameters enables the relative orientations of
transition moments to be found, giving new information
about the symmetry of the excited states, and providing
a novel way of testing molecular wavefunction calcula-
tions, It is shown how these methods can be applied not
only to three-photon absorption, but also to a number of
stimulated three-photon processes, thereby increasing
the scope for studies of molecular excited states,

Il. THEORY OF DOUBLY RESONANT THREE-
PHOTON ABSORPTION

We start by working out a general expression for the
rate of three-photon absorption in the fully resonant
case, The three photons are absorbed from three dif-
ferent beams, and have circular frequencies w,, w,,
and w,: their absorption results in a molecular transi-
tion from the ground state |0) to a final state |n), with
the energy conservation condition

E=E,—Eq=7(wy + W, + W) . (1)
We consider the case where the photon energy 7w, is
tuned near to resonance with the energy difference be-
tween the ground state and a low-lying excited state
lr), i.e., Hwy=E,, and hiw, is similarly tuned near to
the resonance between |7 ) and a higher state |s), i.e.,
hiw,~E,,.” The third photon then supplies the remaining
energy 7w, required to reach the final highly excited
state In). Because of the unequal spacing of electronic
levels, we assume that w;, w,, and w, are three differ-
ent frequencies. We also assume that the intermediate
states |7) and |s) are nondegenerate; this condition is
only restrictive in molecules with rotation axes C,, S, of
order »n 2 3.

To calculate the rate I' at which the process takes
place, we make use of the Fermi rule
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FIG. 1. Time-ordered diagram (a) and energy diagram (b) for
doubly resonant three-photon absorption.

The angular brackets in this equation denote the classi-
cal rotational averaging which is necessary to account
for the random orientations of molecules in a fluid sam-
ple; p denotes the density of states function, and Ji,, the
matrix element connecting the initial and final states of
the system (molecules plus radiation), The latter may
be written as a sum over the 3 molecules in the inter-
action volume of the matrix elements M}, for the indi-
vidual molecules £, the results for which are obtained
in the usual way with the aid of time-ordered diagrams,
For the doubly resonant case, one particular time-or-
dering corresponding to the diagram shown in Fig. 1(a)
makes by far the largest contribution, and the result
for Mf,, is therefore well approximated by the following
expression:

(8733, w0, wowg N 2
My =i (_ﬂ_‘%ga_u_a_ Tfneaiea:eu o @)

Here V is the quantization volume, #, is the occupation
number of the radiation mode with frequency w, and po-
larization vector e,, (the latter may be complex for cir-
cular polarizations), and there is implied summation
over the component indices ¢,7, 2. Provided the inter-
mediate states {#) and | s) are nondegenerate, the third
rank tensor T,,, is simply given by

pPuyupe
T:ip = - ~ 4
W (e, — silYy e, — 2ikY,) (4)

where the u’s are electric dipole transition moments,®
7; and v, are damping factors for states |7) and |s),
respectively, and €, €, are energies expressible in
terms of the detuning from resonance of w; and w,;

€ =(Ep—Fhw,), }

€ =€1+(E.r_ﬁw2) °

(5)

The quantities E ., E,, are taken as the measured ener-
gy differences including any shifts induced by the laser
radiation, Using Eqs. (2) and (3), we now find the fol-
lowing expression for the rate of three-photon absorp-
tion;

T =S(T 5T 1mn€31€25€14%31%2n%1n) » (6)

where

1674
g = WQ‘RIIIZIS ’ (7)

and I, is the irradiance of the beam with frequency w,.

In Eg. (6), the molecular tensor components are re-
ferred to the same Cartesian frame as the photon po-
larization vectors, and need to be re-expressed in
terms of an appropriate molecular coordinate system,
We therefore write

Tige =lialjulwTape ,} (8)

T!m = llolmlinorn ’

using Greek indices to represent components referred
to the molecular frame; the I’s are direction cosines,
1,, denoting the (7, A) element of the Euler angle matrix
for the transformation between the laboratory frame and
the molecular frame, Substituting these relations into
(6), we have

r= 9( lnlmlhvllalrmlnp >TluvTarpeslezlelkESIe_zmé-ln ’ (9)

and the necessary rotational average can now be per-
formed on the direction cosine product.

It is at this stage that new features, peculiar to the
doubly-resonant case, become evident. The result for
the rotational average,

I;?l;lmn;luvow =( l(lljulwllolmrln:a) s (10)

involves a basis set of 15 isotropic tensors,® which
would normally give a result for the three-photon ab-
sorption rate in terms of fifteen inner products of the
tensor T,,, with its complex conjugate., McClain has
shown that in nonresonant cases, where T,,, may be
regarded as real, the number of such inner products re-
duces to 11.° However, in the case of double resonance
T\,» itself reduces to the outer product of three vectors,
as in Eq. (4), and assuming the transition moments are
real it is readily shown that the number of independent
tensor products is just five,!® These are as follows;

a =Tuu?uw ,
B =TnuTwu ’
Y =TrusToun s (11)
6 =T).uuilvv3

€= TxuvThw o

Using the result for the sixth rank rotational average
given elsewhere,? we find the explicit result for the
three-photon absorption rate is

T =5 G[(16 - 12p — 12¢ — 127 + 18s)a + (= 10 + 11p +4q +47 - 65)B
+(=10+4p +11g +4r = 88)Y + (- 10 +4p +4q + 11y — 65)0 + (16 — 5p ~ 59 — 57 +4s)e ], (12)
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where p, g, v, and s are all real parameters deter-
mined by the polarization geometry of the experiment,
They are defined by

p=lesey|?+ g5, |2,

a=le;e;|®+|e;e5 2,

7=e, €%+ e, 2, (13)

s =Ref(e;-e,)(e;-&;) (€, 8,) + (e5-€,)(e, B, )(&,° ;)
+(egvey)(e, B ) E,8;) + (e;°8,)(e, -, )(e;- &) ] .

We conclude this section by noting that the five molecu-
lar tensor products a—€ may be written as follows:

& = Kcosp cosp, cosd,,

B=Kcosp,,
Y =Kcos?¢,, (14)
6 =Kcos?ep,,
€=K,
where
| ume] 2] o3| pro) 2 (15)

K= e wh

and ¢,, ¢,, ¢ are the angles between the three transi-
tion moments;

ﬁns, ’_Isr =cosd,,
K" 170 = cos, , (16)

“sr. urﬂ - COS‘i’a .

. OTHER DOUBLY RESONANT THREE-PHOTON
PROCESSES

Thus far we have been considering the case where
each interaction with the radiation is absorptive, so that
the molecular energy increases at each stage of the
three-photon transition. In this section, we consider an
extension of the theory to encompass the situation where
one or more of the interactions is a radiative emission
stimulated by a beam of the appropriate frequency. If
the transition is doubly resonant and the molecule is ini-
tially in its ground state, at least one absorption must
take place before emission can occur; the various pos-
sibilities are illustrated by the time-ordered diagrams
2(a), 3(a), and 4(a). It should be noted that there are
two energy level diagrams (b) and (c) corresponding to
each of the time-ordered diagrams in Figs. 2 and 3, and
there are important differences in the processes these
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FIG. 2. Three-photon processes with stimulated emission of

the second photon,
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FIG. 3. Three-photon processes with stimulated emission of

the third photon,

represent.!! Only the process represented by Fig. 2(b),
for example, can be monitored by photoionization of the
final state, since in every other case there is an inter-
mediate state of higher energy. Nevertheless, both
processes 2(b) and 2(c) are amenable to study by mea-
surement of the absorption from the beam of frequency
wa,,

The theory of these stimulated three-photon process-
es can be developed in much the same way as for three-
photon absorption in the last section, As an illustrative
example, we briefly consider the process represented
by Fig. 2(b). Here the energy conservation is ex-
pressed through the relation

E o =li(w; = w, + W), 17)

and the resonance conditions are fiw,~E_,, fiw,~E_,
The transition rate again follows from Eq. (2), and the
matrix element M}, is given by

(8T, (n, + 1n,w,w,w,\1/2 _
My, =”( szs 23 ) T ey e ;
(18)

the molecular tensor T, can be written in the form of
Eq. (4), provided €, and €, are redefined as

€1=(E,0—}"Zw1), } (19)
€ =€)~ (B, —Tiwy) .
Because we are dealing with stimulated emission of w,,

we can make the approximation (n, +1)=~n,, and the
three-photon transition rate is then given by

T =G(T ; 5T 1mn€3:2 € 142312 mC1n) » (20)

with G defined as before., Performing the rotational
average finally leads to precisely the result of Eq. (12),
with the parameters @—e and p—s again defined by Egs.
(11) and (13). A similar analysis of the other types of
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FIG. 4. Three-photon process with stimulated emission of
both the second and third photons.
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three-photon process in fact shows that these equations
are of general validity, provided only that €, and ¢, are
given the appropriate definitions in each case. In the
next section, Eq. (12) is used as the starting point for
a general discussion of how these processes depend on
the polarizations of the incident beams,

IV. POLARIZATION STUDIES

As seen in Sec. II, the five molecular parameters a—
€ appearing in Eq. (12) are expressible in terms of the
four independent quantities ¢,, ¢,, ¢,, and K. Now K
cannot be obtained from the three-photon experiments
unless absolute rate measurements are made and a pre-
cise value is known for §, and in general this is not
possible. Nevertheless, linear processing of the re-
sults from experiments with various polarizations of the
incident beams can be used to obtain relative values for
a—€, and hence absolute values for the cosines of ¢,,
¢, and ¢,. Since a—€ are linearly independent, five
such experiments are required by this method,

A convenient set of experiments involving only plane
polarized light can be specified as follows. The first
measurement, denoted by I';, is made with parallel po-
larizations,

T,=T(e;lle,ll e); (21)

another three result from having two parallel, and one
perpendicular polarization,

[,=C(e;le,lle,),
I;=T(e,llesle,), (22)
r,=T(e,lle,le,), S
and the fifth measurement is made with a completely
orthogonal set of polarizations,
I';=T'(e;Lle,le;ley). (23)

It should be noted that since the polarization directions
are specified, but not the directions of propagation of
the incident light, there is some freedom in the choice
of beam geometry for each experiment, A coplanar ar-
rangement is likely to be most practical; although mea-
surements I';,—-I", could be obtained with collinear
beams, it is necessary to use non-collinear beams for
the fifth experiment in order for the molecular parame-
ters a—€ to be determined.

The explicit results for I';-I'; are readily found from

Egs. (12) and (13), and are as follows;

r,= 1-%9(8(1+23+2'}’+25+(),

= 9(-4a+68-7~08+3¢),

Fy=gds G- 4 - B+67-08+3¢), (24)

Fy=1dsG(—4a - B~y +604+3¢),

I's=14=G(8a - 58—~ 57 — 55 + 8¢).
These form a regular system of equations in a-—€, and

the inverse relations enable values for these parame-

ters to be determined from the five rate measurements;
we have

=3G°411r, - 3T, - 3T’y — 3T, + 2T'),
8=35"%2r,+4r, -1, -T,-T;),
y=3GY2r, ~T,+40y-T,~Ty), (25)
6=362r,-T,-Ty+40,-T;),
€ =354, +2I', + 2I'g + 2T, + 2T'5) .

The values for a—e give important information about
the symmetries of the excited states involved in the
three-photon transition, For example, in a transition
to an A, state in a D,, molecule, the three transition
moments would have to be mutually perpendicular, so
that @5 would all be zero, On the other hand, ina
transition where states |z) and !7) were of the same
symmetry species, and is) was an A, state, all transi-
tion moments would be parallel, resulting in equal val-
ues for each of the five parameters.

While this kind of symmetry analysis should prove
useful for molecules possessing a number of symmetry
elements, it is superfluous for asymmetric molecules,
where no a priori predictions can be made concerning
the values of a—€. Nevertheless, it is possible to de-
rive data of another kind for these molecules, which
may prove useful in testing electronic wavefunction cal-
culations, These are the values for the cosines defined
by Eq. (16), which can readily be determined from the
results for @-¢, since we have

cosd, =(B/e)/?,
cosd, =(v/e)t/?, (26)
cosg=(8/e)/2, )

It is important to note that even when only relative val-
ues for I'y—T'; are obtainable, the corresponding rela-
tive values for a-¢ as given by (25) may still be used
in (26) to give the correct absolute values for the co-
sines,

Finally, we note that the relation
/2
a = (@) 27

€

can be used as a check on the consistency of results ob-
tained from experiments on a particular system,

Again, this equation holds not only for the absolute val-
ues of a—e but also for their experimentally determined
relative values,

V. CONCLUSION

In this paper it has been shown how doubly resonant
three-photon spectroscopy can be used {o provide im-
portant information about the excited states of mole-
cules, In addition to providing a means for locating new
states, it should also be possible to ascertain their
symmetry by carrying out the polarization experiments
described in the last section. For asymmetric mole-
cules, where the excited states are equally accessible
by conventional one-photon absorption methods, reso-
nance multiphoton spectroscopy still has the advantage
of providing information concerning the relative orien-
tations of transition moments. It is worth emphasizing

J. Chem. Phys., Vol. 70, No. 11, 1 June 1979

Downloaded 05 Nov 2003 to 139.222.112.214. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



5280 D. L. Andrews: Doubly resonant three-photon spectroscopy

that this information can be derived from studies of
randomly oriented systems such as gases or solutions,
whereas to obtain similar data from absorption experi-
ments usually requires the study of crystalline samples,
The transition moment data should prove useful in test-
ing electronic wavefunction calculations, and this may
be especially significant in view of the growing interest
in calculations on biological and pharmaceutical sub-
stances,
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