Irreducible tensors and selection rules for three-frequency absorption
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In this paper rate equations and selection rules are derived for the most general case of three-
photon absorption, where the photons all have different frequencies and directions of
propagation. The rate equations are re-expressed in terms of irreducible tensor products, and the
relationship between these and the more familiar isotropic molecular parameters is given in full
for the first time. The selection rules are examined in detail and a classification scheme for the
allowed transitions is given together with a method of experimentally distinguishing between the
classes. It is shown that once assignment of a transition to one of the 11 possible classes has been
carried out, the symmetry of the excited state can in many cases be unambiguously identified. The
connection with the classification schemes previously developed for single and double-beam
three-photon absorption is also discussed, and finally, a special experimental arrangement is
proposed which should give rise to a spectrum in which the only transitions to occur are those
forbidden by both single and double-beam excitation.

L. INTRODUCTION

Progress in multiphoton spectroscopy is increasingly
drawing attention to its unique potential for characterizing
molecular excited states. The state of development of laser
technology is now such that two-photon spectroscopy has
become a well-established method, and three-photon studies
are now being looked at with fresh interest.

In this paper we develop the theory of three-beam three-
photon absorption, following previous studies which have
dealt with the other two cases of three-photon absorption
involving single-beam and double-beam excitation. Such
studies should be practicable using three frequencies derived
from a single pulsed laser source by means of frequency con-
version, as for example in a tunable dye laser.

The selection rules for three-frequency excitation differ
somewhat from those applicable to other three-photon ab-
sorption studies, and thereby provide access to certain states
which would otherwise be inaccessible. More important is
the fact that much fuller symmetry information on three-
photon allowed states is provided by a three-frequency
study. We demonstrate that it should be experimentally pos-
sible to assign each band in a three-frequency spectrum to,

one of 11 classes, which generally results in an unambiguous
symmetry assignment for each corresponding excited state.

Il. IRREDUCIBLE TENSOR FORMULATION OF RATE
EQUATIONS

The rate of three-photon absorption, calculated by
standard quantum electrodynamical methods using time-
dependent perturbation theory is as follows:

I =K {|Tye,eyexn|’), (2.1)
where the factor X is given by
167°
K= ﬁ; LLLp,. (2.2)

Here I, and e, represent the irradiance and polarization
vector of beam n with frequency w, and the angular brackets
as usual represent the rotational averaging which is required
in the development of rate equations applicable to fluid me-
dia. For reasons which will become evident later, we stipu-
late that all three beams have different frequencies.

The molecular response tensor T in Eq. (2.1) is given
by

_ e W
Tpe=3|= = + = =
= L (Eo — fiw, — fiw,) B — fiwy) (B — #fiw, — fiw,)(Eg — fiwy)
N PR N P
(Eo — fiw, — fiw ) E,, — fiw;)  (Eo — fiw, — fiws)(E,o — fiw,)
(B — fiw, — iws)E,o — fiws)  (Eo — fiw, — fiws)(E — fis)

where E',(, and E, are complex energy terms incorporating
damping factors to model resonance line shapes, i.e., E
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= E, — lfiy, and E,=E,— Lifiy,. When the frequen-
cies of irradiation are far away from resonance with any mo-
lecular energy levels, these damping factors may be ignored,
and the tensor becomes real. However for generality we shall
assume that the tensor is complex in the following calcula-
tions.
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TABLE 1. Linearly independent basis sets of polarization parameters a,
and isotropic molecular parameters ¢, .

. TABLE I1. Linearly independent basis set of molecular irreducible tensor

products.

n a, t,
1 (e; - eo){e; - €)(€; - &) T L
2 {e, - e)le; - )8, - &) T Lo
3 iei eziz TM;&_Z:W;&
4 (e, - &5)(e; - €,)(€; - &) Tprw
5 ie\ * 03‘2 T/IMIV;;V
6 (e; - &3)(e; - &;)(€; - &) Thuli,
7 le; - & T Do
8 1 T Don
9 le, - &)° Trpn Do
10 (e, - &)fe; - 93)(61 - &) Tie Loro
11 Iel : %I T/l;w_?_;dv
12 (e, - &;)(e, - &;)le; - €,) T.luv_T_‘vAy
i3 (e, - &)le; - es)(€, - &) Appd
14 (e, &s)e; - €))(e; - €)) Tauedpna
15 le, - &]? v Do

The rotational average in Eq. (2.1) may be written as

(T, keuez;eskl )= t}kTImnelie2je3k§li§2m§3n)

== T/l,uv

XI ijklmn; Auvonp? (24)

0€1:€5,€3:€,€,, €3,

where I ®is the sixth rank rotational average, as given in Ref.
1, and the Greek indices denote a molecular coordinate sys-
tem to which components of the molecular tensor are now
referred. The formula for 19 is as follows:

15
6) _— 6;, 6;
I ijklmn; Auvomp E quJ s‘jk[;r)nn gil;zzovp’ {25 )
g

where m,,, are numerical coefficients and /**” and g'>? de-
note triple products of Kronecker deltas such as 6;6,,5,,.,
and §,,6,,8,,. From Eqgs. (2.1), (2.4), and (2.5) we thus ob-
tain a rate given by

15
r=K3 amg: (2.6)

f 2R

where the g, form a set of 15 parameters determined by
polarization conditions, and #, a corresponding set of iso-
tropic molecular parameters as given in Table I {see also Ref.
2).

Since the selection rules associated with each of the mo-
lecular parameters ¢, are not generally clear cut, it is prefera-
ble to re-express the result in terms of irreducible tensors.
The molecular response tensor may be expressed in terms of
irreducible parts of weights 0 to 3:

TA,uv = Tluv 511:1)/ T“B) + T(A:;ﬁ'
+ T(ﬁ?:sj' + Tiilf‘} + T/lyv (2'7)

Explicit expressions for the irreducible tensors in (2.7}
are as follows:

th

B

T, T8,
TiaTi
T4aTiR
T(!a _’f'(’}’)
Tum Tua)

Apy
3 t
T! ﬂlTaﬂ
TUEITn
ant Tua)
Tun Tum
1 1
Tmr‘ "
T(Za) T(Za)
Ao
reTE)
268)7F (2
T
TUITE6)
T(SI T(Jl

proavtly v

Mo 00~ O\ L B ) DN =

- b b o
B W N O

Tg’)w = $€20v €por Tpm”

9:‘)' = 15(451% ppv - 5suv Tpp/l )
T“B} = (- 5/1;: Tpvp + 45,, pr - 5uva&p]’
T(m = rb( 5/1u vop 5/1v T#pp + 45/"' Tflpp)'
T = 1€1,r (26,0 Tporr + 26000 Tpor + €p0r Tpo

53*' TPPI‘

Apv por © por
+ Ep,,,, oo — 204r€000 Tapa)s (2.8)
T%) = 1€,,. (26,0, Tipo + 26,00 Trpo + €por Tpon
+ €04 Tpor — 26, €100 Tpo)s
T80 = HTapy + Tay + Toaw + T + Toy + Toa)

_113{511.“ TPPV + T + TVPP) +5/1v( PPI
+T;>w> +T )+ 5 ( PP +T/19 +Tlpp)}

The formulas for the tensor reduction are taken from Ref. 3.
In passing, we note that in previous applications to three-
photon processes where two photons are identical, 7'}\%, and
T5) are not independent, and their sum has been represent-
ed by T'32), while T'}7) has been written as 774, Similarly
the sum of 702 and T %) has simply been represented by
T4\, insuch cases.

The irreducible tensors have the following transforma-
tion properties under the operations of the full rotation
group:

(i) 7%\, is fully antisymmetric in all its indices and it
transforms as a pseudoscalar.

(i) 792, T4, and T7) transform as polar vectors.

(iii) 722 and 797 transform as traceless, index-sym-
metric second rank tensors.

(iv) T, transforms as a traceless, fully index-symmet-
ric third rank polar tensor.

Each irreducible tensor of weight n has (2n + 1) inde-
pendent components hence giving T, 27 components (as
required by a third rank tensor).

It is worth noting that 7%, , the particular significance
of which will shortly become evident, is zero if two or more
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TABLE III. Matrix of coefficients relating the irreducible tensor products to the isotropic molecular parameters.

[ o

0 0 0
0 0 36 0
0 -9 0 0
-9 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0 -9
| o 0 0 0
0 0 0 0
0 0 0 0
20 -1 -—10 20
-5 -5 0 -5
~20 10 10 10
0 20 -4 -—10
-6 -6 -6 —6
-

w
CO O COrOOoQOOQ

l
I
wm Wi O

- 10

|
o

0 0

0 0
0 0
0 0
-9 0
0 0

0 0

0 0
0 0
0 36
—10 —40
10 10
-5 10
20 - 10
—6 —6

15 —15 0 -15 15 0 15 —15

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 -9 0 0

0 0 -9 0 0 0 0 0

0 0 0 0 0 0 0 0
40 40 20 —20 —20 20 -~ 20 —20
—-10 -10 10 —-10 -—-10 —-20 20 20
- 10 —10 -5 - 10 20 -3 —10 20
40 -20 -—-10 40 -20 20 -~20 —20
15 15 ~-6 15 15 —6 15 15

of the excitation frequencies are identical; hence we stipulate

that 0, @, # w3 # @,.

The molecular parameters #, in Eq. (2.6) are all tensor
products, e.g., T;,,7,,,, and as indicated by Eq. (2.7) such
products can be re-expressed in terms of irreducible tensor
products ¢ .. Since the inner product of tensors with unequal
weights is zero, owing to the index symmetry properties,
there are fifteen such products, as listed in Table II. For

(w)

simplicity, these are all expressed in the form T, T4, 4

The 15 ti parameters can be evaluated using the Eq.
(2.8) and expressed in terms of the 7,. The relationship

The result obtained is as follows:

-hli-

—

6 0
0 0
0 10
0 0
0 o0
0 0
)
4 4
4 —1
0 0
4 4
4 —1
0 0
4 —1
4 -1

0-40 0
~40 0 0

0 0 o0

0 0 o0

0 0 0

0 0-40

0 0 0

4 4 4
—16 4-16

0 0 o0

4 4 4

41616

0 0 o
16 4 4 —

4-16 4

|
o~ » OCOCOOOOC OO

-1

between ¢, and 7, takes the form:
15
1r = Jr g
q
The matrix of coefficients j,, for this equation is given in
Table II1.
In order to obtain the rate expression (2.6) in terms of the

irreducible tensor products ¢ it is necessary to find the in-
verse of Eq. (2.9), i.e.,

(2.9)

15
tq =2(j_l)qr t:" (2'10)
r

— -
o 0o o o o o o o o [ T T S
06 0 0 0 0 0 0 0 O TiaT4
0 0 0 0 0 0 0 0 O TYnT4f
-4 0 0 0 0 0 0 0 O TiaTun
0 0 0 0 0O 0 O O0 O TYAT o
0 0 o 0o 0O O O O O TYaTYA
0 0 0 10 0 0 O O O TUATUn
4 4 4 4 4 4 4 4 4 TEAT
4 4 4 4 2 -4 -4 -4 4 TYNT
0 0-40 0 O O O O O TITIn
—1-16 4-16 -1 —4 —4 —4 2 4 TS TS
4 4-16 —1 -2 -8 4 -2 4 TG T8
0 0-40 0 O 0 O O 0 O TETE
1-16—16 4 —1 —2 4 -8 -2 4 TYeT28)

4 4-16 4 -1 2 8 8 2 4 T‘}LVT‘ELVJ

——— b
(2.11)

Substituting the result (2.11) into Eq. (2.6) gives the following expression for the rate in terms of the irreducible tensors:
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) TABLE IV. Allowed classes of three-photon absorption.

y—
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| | - | | TABLE V. Transformation properties of irreducible tensors and allowed

classes of three-frequency transition for selected molecular point groups.
0 N 00 0 M™N 0 ™ (=] O O N O O

' [ ' | Point group Weight 0 Weight 1 Weight2 Weight3  Class
00 00 NN 00 O N N O O NO O o OO
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In the special case where the molecular response tensor may be regarded as real, i.e., when the excitation frequencies are
far removed from resonance, the molecular parameters reduce down to a set of eleven linearly independent elements, and the

following rate expression applies:

- - T
Re(e, - e,)fe; - €))(€, - &) 0 —56 168 —952
Refe, - e))(e; - €)(€, - &) 0 —56 —952 168
le,-e)? 0 112 224 224
Rele, - e;)fe, - €,)(€, - &) 0 14 168 168
le;- e 0 7 224 -56
r=% le;-esf* 0 7 56 224
840 1 140 0 0 )
le;- &7 — 140 0 0 0
le;- & — 140 0 0 0
Refe, - €;)(e, - €;)(e; - €)) 280 0 0 0
L le; « &/ — 140 0 0 0
-t —

Finally, a particular polarization configuration is worth not-
ing. As shown in the Appendix, if the polarization vectors of
the three beams are at a mutual angle of 77 = 62.9°, then all
contributions to the spectrum other than those of weight 0
are suppressed. For this reason we shall refer to the arrange-
ment as the weight 0 configuration, and we shall demon-
strate its special significance in Sec. IV. For this configura-
tion, the rate Eq. (2.12) simply reduces to

I'=KTY, T, cos’y. (2.14)

ili. SELECTION RULES

In a multiphoton transition the symmetry of the final
state of the molecule is characterized by a particular irredu-
cible representation of the point group to which it belongs.
For three-photon transitions originating from a totally sym-
metric ground state, the excited state symmetry dictates the
representation under which components of the molecular
response tensor must transform. Thus if a transition to a
particular state is to be allowed, we require one or more of
the irreducible tensors to transform under the irreducible
representation of the final state. (If the molecular ground
state is not totally symmetric, then it is the product of the
initial and final state representations which determines the
transformation properties.)

There are 11 distinct classes of transition, determined by
the particular combination of irreducible weights allowed, as
shown in Table 1V. The classification scheme adopted here is
a development of that used in earlier work.®’ The three sin-
gle-beam classes represent the only permitted transitions for
the case where all three absorbed photons have the same
frequency, and the six double-beam classes relate to the case
where two photons have the same frequency, but the third
differs. Clearly a much larger range of transitions can be
induced if all three photons differ in frequency.

Table V presents an analysis of the classes of transition
allowed by three-frequency absorption for six different high-
symmetry molecular point groups.® For example in a mole-

14 168 —356 0 —168 0 —16 Tﬁ’;,rﬁ’,':
~56 168 14 0 168 84 —16||TUATY"
7 —56 7 0 0 -2 -—sl|riaris
—56 —952 ~56 84 168 0 —16 BTV TN
112 224 7 —42 —168 —42 g |TOATI
7024 112 -4 0 0 —8HrusTIn

0 0 0 56 112 s6 20{TINTIY

0 0 0 28 -—112 —s56 20 HTeaATG

0 0 0 —56 ~12 28 20 ||T%ATH)

0 0 0 —56 —112 —356 40 \T¥)T)

0 0 o 28 224 28 2 ||TE.TE.

(2.13)

cule of 0, symmetry such as sulphur hexafluoride {SF)
weight O components of the transition tensor transform as
A,,,weight 1 as F,,, weight 2 as E, + F,,, and weight 3 as
A,, + F,, + F,,. The table also shows that three-frequency
transitions in such a molecule must belong to one of the five
identifiable classes IB, IIA, IIB, IV, and V.

For molecules of lower symmetry, a classification of the
allowed transitions is possible by using Table V in conjunc-
tion with correlation tables.® However, caution must be ex-
ercised here; an example will illustrate the correct proce-
dure. For a molecule of C,, symmetry, such as trans-1,
2-dichloroethene, correlation tables for the descent in sym-
metry from Cg, to C,, show that the representations map as
A, —~A,;B, B, E,, —2B,;and E,, - 24,. Using the
results of Table V, we thus find that for the group C,,,
weight O transforms as 4, weight 1 as 4, + 2B, weight 2 as
34, + 2B,, and weight 3 as 34, + 4B,,. Hence, assuming a
totally symmetric ground state, transitions to states 4, and
B, are allowed, the former belonging to class IA’ (all weights
allowed) and the latter to class IA (weights 1, 2, and 3 al-
lowed). It is incorrect to directly deduce from the mapping
B, — B, that transitions to states of this symmetry belong
to the same class IIB in both point groups.

In passing it is worth noting that since the third rank
molecular response tensor involves products of electric di-
pole transition moments, its transformation properties are
determined from the relation:

D'"eD'"eD'"=D""@3D'"e2D* eD?* (3.1
and thus each weight is antisymmetric with respect to the
inversion operator. Strictly, then, it is better to refer to
weights 0™, 17,27, and 37, in order to provide a distinction
from the tensor weights involved in two photon absorption,
for example, which should be represented 0%, 1*, and 2.

IV. CONCLUSION

In this paper, rate equations and selection rules have
been provided for three-frequency absorption. By determin-
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ing the class to which such transitions belong, it is most often
possible to provide unambiguous symmetry assignment for
the excited state.

The procedure for determining the symmetry class can
be made particularly simple. First, a double-beam experi-
ment with the same three-photon frequency sum is carried
out, and two polarization ratios are measured as described
previously.” This is sufficient to identify the class of all tran-
sitions allowed under the condition of double-beam excita-
tion. Then, with three-frequency excitation in the special
“weight 0” configuration mentioned earlier, it is possible to
determine whether any weight 0 contributions exist for these
transitions. This completes the information required to as-
sign each transition to one of the classes in the fourth column
of Table V. Any completely new features in the weight 0
spectrum should correspond to class V transitions, which
have the distinction of being uniquely allowed by three-fre-
quency excitation. Transitions of this class only arise in mol-
ecules belonging to one of the cubic point groups; an example
is afforded by a transition of 4, symmetry in a tetrahedral
molecule belonging to the group 7.

APPENDIX: DERIVATION OF THE CONDITIONS FOR
THE WEIGHT 0 CONFIGURATION

The rate Eq. (2.1) may be expressed as

F:K(|T,»ij,-jk!2), (A1)
where
Sg}k = €1;€5;€3%- (A2)

Under conditions where the polarization tensor S, is of
purely weight O character, then

Sy =S (A3)
and (A1) reduces to
I'=K(|TRESGH* (Ad)

hence only weight 0 contributions to the molecular tensor
appear in the rate equation.

From Egq. (2.8) of the main text, {A3) may be written as

€83 = € (€, Xe,) - 5 (A5)
and contraction with e,,e;;e;, results in the equation

(e - €s)le; - &;)(e; - €)) = 1[(e; X e,) - €)% (A6)

For this relation, it is readily shown by simple vector algebra
that if we have three plane polarized beams intersecting in
such a way that the angle between each pair of polarization
vectors is the same, i.e.,

(ey-e)=(e,-e;)=(e;-e)=cosy (A7)
then we have

cos*y = }(1 — 3 cos?y + 2 cos’y). (A8)
Hence cos 7 is the real root of the cubic equation

1 —3cos’n —4cos’y =0 (A9)

which leads to the result 7 == 62.909°.
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