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Abstract

Stefanie Zegowitz

Doctor of Philosophy

Closed Orbits in Quotient Systems
February 20, 2015

If we have topological conjugacy between two continuous maps, 7 : X — X and

T : X' — X', then counts of closed orbits and periodic points are preserved. How-
ever, if we only have topological semi-conjugacy between T and 7", then anything is
possible, and there is, in general, no relationship between closed orbits (or periodic
points) of T" and T”. However, if we let a finite group G act on X, where the action
of G commutes with 7" and where we let X’ = G\ X be the quotient of the action,
then it is indeed possible to say a bit more about the relationship between the count
of closed orbits of (X,T) and its quotient system (X’,7"). In this thesis, we will
describe the behaviour of closed orbits in quotient systems, and we will show that
there exists a wide but restricted range of what growth rates can be achieved for
these orbits. Moreover, we will examine the analytic properties of the dynamical zeta

function in quotient systems.
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Chapter 1

Introduction

Let T': X — X be a map defined on some set X. We define a closed orbit of x € X

which has length k to be any set of the form
O(x) = {o. T(x), (@), Tx), . T (2)}

where T*(z) = z such that Oz(z) has cardinality |Or(x)| = k, for k a natural
number.

The study of closed orbits is useful for understanding the behaviour and complex-
ity of the dynamical system (X,T'), and useful analogies have been drawn between
the study of closed orbits of (X,7T) and the study of prime numbers. For exam-
ple, dynamical analogues of the Prime Number Theorem concern the study of the

asymptotic behaviour of quantities like

mr(y) = #{Or(x) : [Or(z)| <y}, (1.1)

where y is a real number. Then, for example, Waddington states in [18] that, for T
an ergodic automorphism of a torus, we have that
M) (y+1)

Tr(y) ~ Tp(y) as y — 0o,

where p : N — RT is an explicit almost periodic function which is bounded away
from zero and infinity, and where h(T") denotes the topological entropy of T'. More-

over, dynamical analogues of Mertens’ Theorem concern the study of the asymptotic
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behaviour of quantities like
¢ 1
Mr(y) = Z GEEGIE (1.2)
|97 (2)|=1
and, for example, [6] and [9] show that, for T" an ergodic quasi-hyperbolic toral

automorphism, we have
Mr(y) ~ clog(y) asy — oo,

for some constant c.

A motivation for this thesis was the study of the growth properties of both (1.1)
and (1.2) in flows. General statements, which will not be discussed here, are proved
by Parry in [10], in by Parry and Pollicott in [11], by Sharp in [15]. In [16], Sharp
obtains results for the asymptotic behaviour of (1.1) in the context of finite group
extensions of Axiom A flows. Assuming that 7' : R x M — M is an Axiom A flow,
where M is a compact smooth Riemannian manifold, Sharp considers a finite group
G acting freely on M by the action commuting with 7. Here, T induces an Axiom A
flow T on the quotient space M’ = G\ M, and we obtain a semi-conjugacy between T
and T". Each closed orbit O7(z) gives rise to a unique conjugacy class in G, and we
denote this conjugacy class by Cp,,(2)- A special case of the expression which Sharp

studies is the quantity

me(y) = #{Or(z) : D1 (2)] <y,Cop@) = C}, (1.3)

where 7" (and therefore T') is topologically weak-mixing. Topologically weak-mixing
flows are defined as the flows whose product flow is topologically transitive, that is
every non-empty invariant open set is dense. Then for (1.3), Sharp obtains the result
that

C
me(y) ~ HﬂTl(y) as y — 00.

These results for flows were motivational in studying a discrete analogue. Here,
we consider a finite group G acting on a set X where the action of G commutes with
the map 7' : X — X. Note that we do not require the action to be free here. We

denote by X’ = G\ X the quotient space and by 7" : X’ — X’ the induced map on the
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quotient space. The system (X', 7T") is called the quotient system of the dynamical
system (X, T), and we have defined a topological semi-conjugacy between 7" and T"
given by the quotient map itself.

Here, it is essential to note that there is, in general, no relationship between
the count of closed orbits of two topologically semi-conjugate maps 7" and T”. For
example, it is possible for T" to have no closed orbits while 7" has many closed orbits

as illustrated in Figure 1.1. On the other hand, it is possible for T" to have many

% T

T/

U

Figure 1.1: Creating closed orbits from non-closed orbits

closed orbits while 7" only has few as illustrated in Figure 1.2.

)
‘>T

O "

Figure 1.2: Squashing closed orbits to a single orbit of length 1

However, if we consider the quotient system (X’,7") of the dynamical system
(X, T) under the action of a finite group G, it is then possible to establish a relation-
ship between the count closed orbits of 7" and 7. A motivation for this study were

the following two examples:

Example 1.1. Let T': R/Z — R/Z be the circle doubling map defined by

T(x) =2z (mod1),
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for all x € R/Z, and let Cy be the cyclic group of two elements, where we define the

action of the generator g € C5 by
glx)=1—2 (modl),

for all x € R/Z. Then g commutes with 7. The induced map on the quotient space,
which can be identified with X = [0, %], is given by the tent map T. Denoting by
F.(T) and Fk(Tv) the number of period k points of T" and Tv, respectively, we have

that
F(T)=2F—1 and F(T)=2",

for all £ > 1. Then

Fi(T) ~ Fp(T) as k — oo,

showing the same asymptotic growth rates for the periodic points (and therefore

closed orbits) of the circle doubling map 7" and the tent map T.

Example 1.2. Let T : R?/Z* — R?/Z? be the doubling map defined by
T(z,y) = (2z,2y) (mod 1),

for all (z,y) € R?/Z?, and let Dg be the dihedral group of eight elements, where Dy
is acting as the symmetries of the square [0,1]?, so that the action commutes with
T. We call the induced map on the quotient space, which can be identified with

X ={(z,y):0<y<z< 1}, the triangle map T. Then

Fo(T) = (2" =1)® and F(T) = 4%,

~

for all £ > 1, where a proof for the formula of Fj(T') is given in Section 2.4.2 using

Markov partitions. Then

A~

F(T) ~ F,(T) ask — oo,

showing the same asymptotic growth rates for the periodic points (and therefore

closed orbits) of the doubling map 7" and the triangle map T
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Example 1.1 and Example 1.2 both show the same asymptotic growth rates for
closed orbits of (X, T") and its quotient system (X’,T"). Are these examples represen-
tative for the general case though? We find that in a general setting, orbit behaviour
can be much more complicated, but nevertheless we are able to analyse the possible
behaviours by partitioning the space X according to the action of the group G. In
particular, there are two numbers § = §(G) and k = k(G) associated to the group G

which determine the extremal behaviour as follows:

Theorem 1.3. Let G be a finite group acting on a set X, and let T : X — X be
any map commuting with the action of G. Denote by T' : X' — X' the induced map
defined on the quotient space X' = G\X. Suppose that F,(T) ~ \¥ as k — oo, for

somel < XA e R. Then

(|G F(T7) . Sk Fy(T")
_— ] > — ) <1.
hlgglogf ( G >1 and hgl_iljp ok <1

Moreover, the following theorem shows that any growth rate in between the

bounds given in Theorem 1.3 can be achieved:

Theorem 1.4. Let G be a finite group. Suppose 1 < X € R, v € R, and ¢ € R are

such that either
(i) v= A andcz‘—é', or
(ii) A<~y <M\, or
(iti) v =\ and ¢ < -
Then there exist a system (X,T) and an action of the group G on the set X which
commutes with the map T : X — X such that
F(T) ~ X\ ask — oo,
and
F (T ~cy* ask — oo,

where (X', T") is the quotient of (X, T) under the action of G. Moreover, we can find

such (X, T) with X a compact metric space and T a homeomorphism.
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Remark 1.5. Theorem 1.4 follows from the more precise result given in Lemma 4.21.

Remark 1.6. Note that if the growth rate for periodic points is given by
Fi(T) ~ X as k — o0,

then the corresponding growth rate for orbits of length k, denoted by O (T), is given
by
)\k

Ok(T)N? as k — o0o.

Hence, one can easily deduce results concerning growth rates for closed orbits from

Theorem 1.3 and Theorem 1.4.

In conclusion, the quotient systems given in Example 1.1 and Example 1.2 are in
fact not representative for the general case. They only show one of the many (but
restricted) possibilities shown in Theorem 1.4 of what growth rates can be achieved
for closed orbits in quotient systems.

Next, in analogy with number theory, we have another useful invariant given by
the dynamical zeta function. For any map 7' : X — X, such that Fj(T") < oo for all

k > 1, the dynamical zeta function is defined by

Cr(2) = exp (Z % Fk(T)> .

The analytic properties of the dynamical zeta function give information regarding
the complexity of the dynamical system (X,T): If a dynamical zeta function is
rational, then nice and well behaved growth rates of the sequence F = (Fj(T)),—,
can be expected, while with an irrational dynamical zeta function a more irregular
behaviour of F' should be anticipated. Bowen and Lanford show in [1] that there are
only countably many rational dynamical zeta functions. Then by Theorem 1.4, one
can easily deduce that there exist dynamical systems (X,7) where 7" has a rational
dynamical zeta function while in the quotient system (X', 7") we find 7" to have an
irrational dynamical zeta function. In this thesis, we will give explicit examples of

quotient systems showing one map to have a rational dynamical zeta function while

the other map has an irrational dynamical zeta function.
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Example 1.7. Let (X', 7") be a dynamical system with

0, if k=1;
Fi(T') = 2k, if £ is even;
S d2@=V/2 0 if k> 1 is odd,
d|k
\ d#1

for all K > 1. Let X = X' X Z/27Z and define T': X — X by
T(z,n) = (T'(x),n + 1 (mod 2)),
for all (x,n) € X. Choose G = Z/27Z, where we define an action of G on X by
g(z,n) = (x,n+1(mod 2)),

for all (z,n) € X, so that the quotient space G\ X is naturally identified with X’ and
where we have the quotient map 7”. Then

0, if k£ is odd;
F(T) =

2F(T"), if k is even.

Now, the dynamical zeta function of T' given by

1

o) =1

is rational while the logarithmic derivative of the dynamical zeta function of 7" is

given by

Cp(2)] 422 623 — 42°
’ [CT«ZJ T T4 (1222

where ¢(z) is irrational, showing the dynamical zeta function of 7" to be irrational.

+¢(2),

Remark 1.8. The reverse of Example 1.7 is possible: T could have an irrational
dynamical zeta function while 7" has a rational dynamical zeta function. Please refer

to Chapter 5 for an example.

Moreover, it is possible for a dynamical zeta function to have a natural boundary.

A natural boundary occurs whenever there is no analytic continuation beyond the
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radius of convergence of the dynamical zeta function, and it implies very complex
behaviour of the sequence F', showing more irregular behaviour of 7' than with an

irrational dynamical zeta function.

Example 1.9. Define
F,=2" and F]=2"+a;2",

for all & > 1, where a = (ax)32, is a sequence of integers defined in Section 5.3.
Setting G = Cy, we have that Fj, = F(T'), for some system (X, T), and F}, = F(T"),
where (X', T") is the quotient system of (X,7) under some action of G. Then the

dynamical zeta function of T' given by

1

) =15,

is rational while the logarithmic derivative of the dynamical zeta function of T” is

given by

(2] s S

where a has been chosen such that > -, a (22)* has a natural boundary at z = %,

1

showing the dynamical zeta function of 7" to have a natural boundary at z = 3.

Remark 1.10. Please refer to Chapter 5 for the details of Examples 1.7 and 1.9.

Last but not least, open problems for future work include the question whether or
not naturally arising examples of quotient systems (compared to the more abstract
constructions used for the proof of Theorem 1.4) such as Example 1.1 and Example
1.2 always exhibit the same asymptotic growth rates for closed orbits of (X,7") and
its quotient system (X', 7"). More ideas for future work are discussed in Chapter 6.

Here, please note that throughout this thesis, when we refer to orbits of the

dynamical system (X,7T), we refer to closed orbits.

1.1 Notation

Definition 1.11. We define N to be the set of positive natural numbers and Ny to

be the set of non-negative natural numbers.
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Definition 1.12. A real valued function f(z) is asymptotic to a real valued function
g(x), denoted by
f(x) ~g(x) ask— oo,

if lim £ — 1.
200 9(T)

Definition 1.13. Let f(x) and g(x) be two real-valued functions. Then

f(2) = O (glx)) sz o0

if and only if there exists a positive real value ¢ such that |f(z)| < c|g(z)], for all

sufficiently large x.



Chapter 2

Preliminaries

2.1 Periodic Points and Orbits

We will now introduce periodic points and orbits. Let X be a set and 7" : X — X
be a function that maps X to itself. If we repeatedly apply T to a point z € X, we

obtain the orbit of x given by the set
{0, (@), T*(2), T¥(x), TX(), ..} .

An orbit is called periodic or closed if there exists k € N such that T%(z) = x, that
is the point = returns to its starting position. We denote such an orbit by Or(z).
Further, we call the point x a period k point. We say = has least period k if k
is the smallest natural number such that T*(z) = x, that is 7%(z) # = for all j € N
such that j < k. Then Or(z) is a closed orbit of length & if z is a point of least

period k, that is
Or(x) = {2, T(x), T*(x), T*(x),..., T" ' (x)},

and we have |Or(x)| = k. Further, we define the set of all orbits which have length

k under T, denoted by Ox(T), by
Ok(T) = {Or(z) : [Or(x)| = k}.

Now, denote by £4(7T) the set of all points of least period k under T and by Ly (T)
the number of points of least period k under T, so that #£x(T) = Li(T). Then the

15
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number of orbits of length k£ under 7' is given by

_ #L(T) _ Ly(T) _

Ou(T) = # O4(T) Lo - (2.1)

Hence, in order to obtain the number of closed orbits which have length k under 7',
we will now introduce the Mébius function— a function which counts only points of
least period k and excludes all points of period less than k. The Mdobius function is

based on the following Inclusion-Exclusion Principle:

Theorem 2.1 (Inclusion-Exclusion Principle). For a finite collection of subsets

Ay, Ag As, ... Ay of A, we have

k
=D A= > JANAl+ D> [ANANA| -
=1

1,7:1<i<j<k 1,7,8:1<i<j<s<k

U

1=

K
A;
1

—(=DFAIN AN Az NN Al
Now, if we denote by §x(T) the set of period k points under 7', then
() ={zec X :TFx)=2a}.
Thus, the number of period k& points under 7', denoted by Fy(T), is given by
Fi(T) = #3x(T).

Here, note that if a point has period less than k, it has period s such that d | k.
Then choosing A; = F},/q in Theorem 2.1, where d runs through all the divisors of &

which are greater than 1, and dy, ds, ds, ..., d,,, are all distinct, we obtain

Usia () =L@l - ¥ Bual)n S (7

1,j:1<i<j<m

+ D BadT) N Fia (1) N8, (D) (2.2)

1,7,5:1<i<j<s<m

— o = (=1)"8ksa (T) O Fryay (T) O Freyas (T) O -+ O Fya, (T)] -

Now, if we have any divisors that are not square-free, then we will find that the
corresponding points will cancel in (2.2). This is because each F pne (T') C Fip(T),
for p prime and n, € N. For example, F5(T) C Fy(T) C F5(T), Fo(T) N Fy(T) =
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F5(T), and Fy(T) N F3(T) = Fy(T), etcetera. Therefore, if k = p}* py? pi* - - - p;", for

some [ € N, then (2.2) is equal to

US| = S 8omDl = 5§ (1) 05 (D)

i,j:1<i<j<l

> B (D) 0T, (1) NS (7)) (2.3)

ijysil<i<j<s<l
= = () B (T) O S (1) 0 s (T) 0+ O Ty (T)]
and if we look at each intersection of (2.3), we find that
|{§k’/pz‘ (T) N gk’/pj (T)‘ = Fk/Pipj (T> )

185/ (1) 0 S, (T) OV, ()] = Fpisps (T) 4

|Sk/p1 (T) N g16/172 (T) N gk/Ps (T) AEERNR S/f/pl (T)| = Fk/plpz-“pl(T) .

This is because gcd(ﬁ,pﬁj) =k gcd(pﬁi, k k) = —*_and so on. Then (2.3) is

pj’Ps

Di DiPj PiP;ps’
equal to
! !
U S/p (T)‘ = Z Fk/pi(T) - Z Eejpin; (T) + Z E/pip;pe (T)
i=1 i=1 6,g:1<i< <l i,g,5:1<i<j<s<l

- (_1)le/P1P2~~pz (T) .

It follows that

Ly(T) = Fi(T) —

U Sk/pi(T)‘

plk
!

=F(T) =Y |Fepp(D)+ D Fiypp, (T) (2.4)
i=1 i,j:1<i<i<l

- Z Fk/pipjps (T)+---+ <_1)le/p1p2~“Pz (7).

1,7,8:1<i<j<s<l
We define the Mobius function p as follows:
Definition 2.2.
(

1, if k£ is square-free and has an even number of prime factors;

(k) = —1, if k is square-free and has an odd number of prime factors;

\O, if k is not square-free .
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Here, note that

1, ifk=1;
> ud) = (2.5)
dlk 0, ifk>1.

Then by (2.4), we have that

Lie(T) = p(d) Fya(T)

d|k

k
FE

This holds since u(d) = 0 if d is not square-free. By substituting d = 7, we obtain

Li(T) =Y p(d) Frya(T) = > (%) F(T). (2.6)
d|k 1|k

Last but not least, combining (2.6) with (2.1) and letting [ = d, we have that the

formula for the number of orbits of length k& under 7' is given by

O(T) =+ u (%) Fu(T).
d|k

Now that we have defined periodic points and orbits for a given map, we want to
show how, for a given sequence F' = (F})%2,, we can verify that there exists a map T’

such that Fy = Fy(T), for all k£ > 1. We need the following definition and theorem:

Definition 2.3. Let F' = (F})32, be a sequence of non-negative integers. Then F is
realizable if there exists a set X and a map T : X — X such that Fy = Fi(T), for
all £ > 1.

Theorem 2.4 ([14, The Basic Lemma|). Let F' = (Fy)32, be a sequence of non-

negative integers. Then F is realizable if and only if

Or=3> p(t)FieN,,
dlk

for all k > 1.

Hence, in order to prove that there exists a map T such that Fj, = Fy(T'), we can

use the following two methods:

(i) We notice a map T such that Fy, = Fi(T), for all k > 1, or

(ii) we use Theorem 2.4.
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0 1 1
2

Figure 2.1: The circle doubling map

2.2 Some Dynamical Systems

We will now introduce the following three dynamical systems which were motivational

for this study: The circle doubling map, the tent map, and the triangle map.

2.2.1 The Circle Doubling Map

We will define the circle doubling map 7" on X = R/Z, where R/Z is the space whose

points are equivalence classes of real numbers up to integers, that is
R/Z={x+7Z:zeR}.

Two real numbers x; and x5 are in the same equivalence class if and only if there
exists an integer [ such that z; = z5+1. Now, by [0, 1]/~, we denote the unit interval
whose endpoints are identified, that is 0 ~ 1. Then [0, 1]/~ is a circle. Further,
since [0, 1]/~ contains exactly one representative from each equivalence class, with
the only exception of 0 and 1 (since these belong to the same equivalence class), we
have R/Z = [0,1]/~ =[0,1).

We define the circle doubling map 7" : X — X by T'(x) = 2z (mod 1), that is

21 ifo<z<i;
T'(z) =

20 — 1, if%gxgl.
The graph of this map is shown in Figure 2.1. To check that T is well defined, we

need to check that the endpoints, that is 0 and 1, have equivalent images. We have
T(0)=0and T(1) =1, but 0 ~ 1, so T'(0) ~ T'(1), and the map is well defined.
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Now, we want to look at the periodic points of T. Suppose there exists some k

such that T%(x) = 2. Then
THz) =2kr =2 (mod1).

Hence, there exists an integer [ such that 2¥2 = x + [. Solving for z, we obtain

l
rT=—0-.
2k —1

Note that we have distinct values of x in [0, 1]/~ for [ = 1,2,3,...,2¥ — 1. Therefore,

the number of period k£ points of the circle doubling map T is equal to
F(T)=2"-1,

for all £ > 1.
Next, we want to look at orbits of 7. We have that the number of orbits which

have length k under T is given by

OWT) = £ 3" 1 (4) FulT)

d|k

=1 n(mE-1),

d|k
for all £ > 1. Here, note that for k£ > 2, we have that

0D =1 (4) (2~ 1)

dlk
Sl (B2 ()
YRR WIO
MRS

by (2.5).

2.2.2 The Tent Map

Let X be the interval X = [0,1]. Then we define the tent map T:X =X by
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Note that the graph of this map, shown in Figure 2.2, resembles a ‘tent’, therefore

giving the map its name.

1
2

Figure 2.2: The tent map

We want to look at the periodic points of T. We will start by studying the first
three iterates of . We have the following graphs, where the intersection of the graphs

with the line f(x) = x gives the periodic points:

—_
@]
N [—=
—_
)

DO [
N | —

From this, we might guess that there are 2* points of period k, for k > 1, and indeed,

in Section 2.4.2 on Markov partitions, we will give a proof to show that

for all £ > 1. It follows that the number of orbits which have length & under the tent

map T is given by

for all k > 1. Here, note that when k > 2, Ou(T) = O(T), where T denotes the

circle doubling map.
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2.2.3 The Triangle Map

Let X be the space X = {(z,y) : 0 <y <z < 5}, where the graph of X is given
by a triangle, therefore giving the map its name. We will divide the space into the

following four regions:

Ry ={(z,9): 0<y <z <3}
Ry={(z,y):1<a<io<y<iy<i-z}
Ry={(z,y): ;<2 <3,0<y<qy>5—ak
Ry={(z,y): <y <a <3}

Then the graph of X is shown in Figure 2.3.  Next, we define the triangle map

1
2

=

0

=
o= L

Figure 2.3: The triangle space X

T:X — X by
4
(2x,2y), if (z,y) € Ry;
R (1 —2z,2y), if (z,y) € Ry;
T('Tay) -
(2y,1 —2z), if (x,y) € R3;
\(1—2y,1—2x), if (z,y) € Ry.

To check that this map is well defined, we need to check that the boundary points

have equivalent images under T'. First, consider

RiNRy={(5,y) :0<y<3}.

4

Letting a = i and b = y, we have

A~

T(a,b) = (2a,2b) = (1 — 2a,2b) .
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Second, consider

RgﬂRgZ{(Q?,%—SC)I

=
IN
8
IA
[
—

Letting a = z and b = % — x, we have

A~

T(a,b) = (1 — 2a,2b) = (2b,1 — 2a)..

Third, consider
RgﬂR4 = {(l‘,i) :

=
IN
&

IN
DO =
——

Letting a = xz and b = iv we have
T(a,b) = (2b,1 — 2a) = (1 — 2b,1 — 2a) .
Last, but not least consider

leRgﬂRgﬂRzlz{(%l,i)Z S:{;S%}

W =

Then letting a = b = i, we have

A~

T(a,b) = (2a,2b) = (1 — 2a,2b) = (2b,1 — 2a) = (1 — 2b,1 — 2a).

Hence, the map is well defined.

Further, in Section 2.4.2 on Markov partitions, we will show that the number of

period k points of the triangle map T is given by

for all £ > 1. It follows that

for all £ > 1.

2.3 Topological Conjugacy and Semi-conjugacy

We will now give some basic background information on topological conjugacy and

semi-conjugacy. We will start by introducing metric spaces.
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2.3.1 DMetric Spaces

We have the following definition:

Definition 2.5. A metric d on a set X is amap d : X x X — R such that, for any

x,y,z € X, the following hold:
(i) d(z,y) =0,
(ii) d(z,y) =0 if and only if z =y,
(iii) d(z,y) = d(y, ),
(iv) d(z,2) < d(z,y) +d(y, 2).
The pair (X, d) is called a metric space.

Example 2.6. Let X = R/Z be the space of the circle doubling map 7". Then if we

define a metric d by
for all z,y € X, we have that (X, d) is a metric space.

Example 2.7. Let X = [0, 1] be the space of the tent map T. Then if we define a
metric d by

g(l’,y) = |Z‘ _y|7

for all z,y € )N(, we have that ()N(, d) is a metric space.

Example 2.8. Let X = {(z,y) : 0 <y <z < 1} be the space of the triangle map

T. Then if we define a metric d by

d((z,y), (@) = V(@' —2)2 + (y — )2,

~

for all (z,y), (2',y) € )?, we have that ()A(, ) is a metric space.

Next, in order to study continuous functions between two metric spaces, we need

the following definition:
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Definition 2.9. Let (X, d) and (X', d') be two metric spaces. A map T : X — X
is continuous if, for all z;y € X and all € > 0, there exists § > 0 such that when

d(z,y) < 6 then d'(T'(z),T(y)) < €.

Example 2.10. The circle doubling map T is continuous on (X, d), where d is defined

as in Example 2.6. Let € > 0. Choose § = £, and assume that z,y € X are such that

1
d(xz,y) < 0. We will consider four cases:

HIfo<zy< %, then d(z,y) = |x — y|, and we have

d(T(x), T(y)) = d(2z, 2y)
=min{2|z —y|,1 - 2|z — y[}
< 2|z -y

=2d(z,y) <26 =¢.

i) If 0 <z <1<y <1, then d(z,y) = min{|z — y|,1 — | — y|}. Here, note that
2

}1 > 0, we have that

sincey—%EOand$+
2y —1-20[=2[y— ;- (z+])]
<2y —il+2 e+
=2y—I+20+1
=2y —2x

=2z —y.
Further, we have
1—2y—1—-2z|<1-2|x—y|<2-2|z—yl.
Then it follows that

=min{|2y — 1 —2z|,1 — |2y — 1 — 2|}
< min{2|z -y, 2 - 2|z - y[}

=2d(z,y) <20 =¢.
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(ii)) f 0 <y < % <z <1, then by symmetry of (ii) we have that

d(T'(x), T(y)) = d(2x — 1,2y) <e.
(iv) If 3 <,y <1, then d(z,y) = |z — y|, and

d(T(x),T(y)) =d(2z — 1,2y — 1)
=min{2[z —y|,1 -2z —y[}
<2z -yl

=2d(z,y) <2) =e¢.

It follows that T is continuous on (X, d).

Example 2.11. By a similar argument as in Example 2.10, taking § = 5, the tent
map T is continuous on ()'Z , c?), where d is as defined in Example 2.7.
Example 2.12. By a similar argument as in Example 2.10, taking § = §, the triangle

~

map 7 is continuous on (f ,d), where d is as defined in Example 2.8.

2.3.2 1-Point Compactification

Since we are interested in studying topologically conjugate and topologically semi-
conjugate maps defined on compact metric spaces, we will now introduce 1-point
(Alexandroff) compactification as a way of compactifying topological spaces, specifi-

cally metric spaces.

Remark 2.13. Note that not all topological spaces can be compactified through 1-
point compactification. However, for the purpose of this thesis, 1-point compactifi-

cation can be used where needed.

We will start by defining what a topological space is and by introducing the notion

of open sets in topological spaces and, more specifically, in metric spaces:

Definition 2.14. A topological space (X, 0) is a set X together with a collection

O of subsets of X, called open sets, which satisfy the following conditions:
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(i) Both ) and X are open. That is (), X C ©;

(ii) The union of any open sets is open. That is, if {U,};e; C O, then |J U; C O,
jeJ
for any set J;

(iii) The finite intersection of any open sets is open. That is, if {U;}j_, C ©, then
U; CO.
=0

J

Definition 2.15. A subset U of a metric space (X, d) is open if for all x € U, there
exists € > 0 such that the open ball of radius € centred at x, denoted by B.(z), is

contained in U. That is, we have
B(z)={ye X :d(z,y) <e} CU.

Hence, if (X, d) is a metric space and © the set of all open subsets of X (as defined
in Definition 2.15), then (X, ©) is a topological space as defined in Definition 2.14.
Now, before we continue with the definition of compactness and compactification,

we will first introduce boundary points and dense sets:

Definition 2.16. Let D be an open set such that D C X. Then z € X is a
boundary point if, for all € > 0, there exist z,y € B.(z) such that x € D and
y € X\D. The set of all boundary points is called the boundary of D, denoted by
B(D). Then the closure of D, denoted by D, is given by

Interior Point

e
Boundary Point

Figure 2.4: Interior and boundary points
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Example 2.17. If X =R, and D = (0,1), then D = (0,1) = [0, 1].
Definition 2.18. A set D is dense in X if D = X.
We have the following definitions of compactness and compactification:

Definition 2.19. An open cover of a topological space (X, ©) is a collection {U, } ;e

of open sets such that X C |J U;. Then (X, ©) is a compact space if every open
jed

cover of (X,©) has a finite subcover.

Definition 2.20. A compactification of a topological space (X, ©) is a compact

topological space (X', ©) together with a continuous injection f : X — X’ such that

f(X) is dense in X"

Hence, in order to compactify a given topological space (X, ©), we must find a
topological space (X', ©'), such as in Definition 2.20, which satisfies Definition 2.19.
Then in our situation, the general idea is the following: We take a topological space
(X',0"), where we define X’ = X U {oo} to be the space X with the added point at

infinity and where all the open sets U; € ©’ are either of the form
(i) co ¢ U; and U; C ©, or
(ii) oo € U; and X\Uj is finite.

Now, we take {U;};es to be an arbitrary open cover of X', so that
X' =Ju;.
jet
Then there exists an open set Uy C O’ such that co € Uy. But then X\U, must be

finite. Say
X\UO = {I‘l,l’g, T3, ... 7377"}

Now, if we choose j € {1,2,3,...,r} such that z; € Uj, then {U;}’_, is a finite

subcover of X'. Hence, (X', ©') is compact.
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2.3.3 Topological Conjugacy and Semi-Conjugacy

Let (X, d) and (X', d") be two compact metric spaces with continuous maps 7' : X —

X and 77 : X’ — X’. We have the following definitions:

Definition 2.21. We say that T is topologically semi-conjugate to 7" if there

exists a continuous surjection m : X — X’ such that
m(T(z)) = T'(n(z)),
for all x € X. Equivalently, we can say that 7" is a topological factor of T.
Then for T" and T" topologically semi-conjugate, the following diagram commutes:

x-T.x

X/ o X/
T/
Definition 2.22. A function 7 : X — X’ between two metric spaces is called a

homeomorphism if it has the following properties:
(i) 7 is a bijection,
(ii) = is continuous, and
(ii) 7! is continuous.

Definition 2.23. T is topologically conjugate to 7" if 7 : X — X’ is a home-
omorphism such that 7(T'(z)) = T"(w(x)), for all x € X. Equivalently, we can say

that 7 is a topological conjugacy.

Here, note that if T is topologically conjugate to 1”, then periodic points and
orbits are preserved, that is, we have Fi(T) = Fy(T") and O(T) = O(T"), for all
kE>1.

Example 2.24. Let X = [0, 1] and d(x,y) = |x — y|, for all z,y € X. Then (X, d)

72

is a compact metric space. Now, if we define T": X — X by

[\~
&
=Y
@]
VAN
&
(VAN
=

IN

8

IA
N[
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then we have that T' is topologically conjugate to the tent map T:X — X. We will
start by letting 7 : X — X be the map defined by m(x) = 2z, for all z € X, and
notice that 7 satisfies 7(T'(z)) = T(w(x)), for all z € X. In order to show that 7 is a
homeomorphism, we will first show that 7 and 7~! are continuous, where we define
7 (z) =2, for all z € X.

We will start by showing that 7 is continuous. Let € > 0 and 6 = 5. Suppose

z,y € X are such that d(x,y) < d. Then

d(m(x),m(y)) = d(2x,2y) = 2|z —y| = 2d(z,y) < 2) =€.

1

Next, we will show that 7=" is continuous. Let ¢ > 0, § = 2¢, and assume that

z,y € X are such that d(z,y) < . Then

dr (@), 7 (y) =d (5,8) = 5l —yl=5d(z,y) <5 =e.

Second, we need to show that 7 is a bijection. Here, note that 7= (7 (x)) = =,
for all z € X, and m(7~'(2')) = «’, for all / € X. Hence, 7 is bijective. Then 7 is

a homeomorphism. Therefore, the map T is topologically conjugate to the tent map

T.

Remark 2.25. From now on, we will refer to the map 7" on [0, %] also as a tent map
since it is topologically conjugate to the tent map on [0,1]. Due to the topological

conjugacy, we have that the periodic points and orbits are preserved.

Next, note that in contrast to topological conjugacy, if we only have topological
semi-conjugacy between two maps T and 7", then there is, in general, no relationship
between the count of periodic points and orbits of 7" and T”. We have the following

examples:

Example 2.26. It is possible for T" to have few periodic points while its topological

factor 7" has many. Let 7" be the circle doubling map. Let

St={z€C:|z| =1},

7 = {group homomorphisms x : Z — S'},
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and 7" : 7. — 7 be defined by

(T"(x))(n) = x(2n),

for all n € Z. Then T" is topologically conjugate to the circle doubling map 7”. Next,
we let

Q= {group homomorphisms y : Q — S'},

and T : Q@ — Q be defined by

(T(x))(q) = x(29),

for all ¢ € Q. Further, we define 7 : @ —~7Z by

m(x) = Xz -

Then 7 is a restriction of characters from @ to Z, and the map T is topologically
semi-conjugate to 7. Since T" is topologically conjugate to 7", and T is topologically
semi-conjugate to 7", then T is also topologically semi-conjugate to 7" (see [4]). We
have Fj,(T) = 1 while F},(T") = 2 — 1, for all k > 1. Hence, for k > 2, we have that
Ok(T) = 0, while 7" has many orbits of length k. This is possible since 7 is surjective
but not injective. Hence, we have created closed orbits of the topological factor T”
from non-closed orbits of T" as illustratd in the following figure:

D

s

;
45

Example 2.27. The reverse of Example 2.26 could happen. That is, T" could have

many periodic points while its topological factor 7" could have few. Take T to be
the circle doubling map. Let X’ be a space consisting of one single point, and define
T : X’ — X' to be the identity map. Take w : X — X’ to be the map that sends

all points in X to the single point in X’. Then here, we have Fy(T) = 2F — 1, for all
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k > 1, and we have many orbits of length %k, but X’ consists of one single point, so
we have Fi(T") =1, for all k > 1, and Ok(7") = 0, for all £ > 2. Hence, 7 takes the
many orbits of 7" and reduces them to a single point on 7”, that is one orbit of length

1, as illustrated in the following figure:

In both examples, we have the equivalence relation x ~ y if and only if 7(z) =

7(y), for all z,y € X. The equivalence classes are the fibres of 7:
(7)) ={r e X 7m(z) =2},

for ' € X', In Examples 2.26 and 2.27, our equivalence classes are not finite. Now, if
we consider a finite group G acting on a set X, where the action of G commutes with
the map T : X — X, then this defines a topological semi-conjugacy 7 : X — X’ onto
the factor system (X’,7”), where X’ = G\ X. The focus of this thesis is the following
question: In the case of factor systems, is it possible to establish a relationship

between the count of periodic points and orbits of T" and 7”7

2.4 Subshifts of Finite Type and Markov Parti-
tions

In order to count periodic points of certain maps, we will now introduce one-sided
shift and subshifts of finite type and Markov partitions. Good references for this
material are [2] and [8]. In addition to giving basic background information, we will
give two examples: a Markov partition of the triangle map and a Markov partition

of the tent map.
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2.4.1 Shifts and Subshifts of Finite Type

Let S ={0,1,2,...,n — 1} be a set of n symbols, for n a natural number, and set

s = (51)72y. Then we define

Zy = {(s1)72 : si € S}

n

to be the space of all infinite one-sided sequences on n symbols. Here, note that

(3F,d*) is a compact metric space, where the notion of distance is defined by

for s,s" € X7 where i is the smallest natural number such that s; # s;. Further, we

let o : 3F — Xt be the one-sided shift map defined by

(o (5))1 = Sit+1,

for all s € ¥, Then (X, o) is the full one-sided n-shift.

The full one-sided n-shift has a natural class of closed o-invariant subsets which
we call one-sided subshifts of finite type. One-sided subshifts of finite type can be
described in terms of adjacency matrices and their associated directed graphs. Here,
by directed graphs, we are refering to directed graphs with no parallel edges.

An adjacency matrix A = (a;;) is an n X n matrix whose entries consist of Os and
1s. Here, we have 0 <i,7 <n — 1. To A, we can associate a directed graph I' = T"4
with n vertices vy, vy, . .., v,_1, where the (i, j)-entry of A corresponds to the number
of edges from v; to v;. Conversely, to a directed graph I' with vertices vy, v1, ..., v,_1,
we can associate an n X n adjacency matrix A, where the number of edges from v; to
v; gives the (i, j)-entry of A, and I' = I'y4.

Now, given such an adjacency matrix A and its associated directed graph I'4, we
say that an infinite one-sided sequence s € ¥} is allowed if a,,,,,, > 0, for every
i > 0. Equivalently, s is allowed if there is a directed edge from vy, to v, , on the

directed graph I'4, for any i. Then we define

22 = {(Sl)fi(] 1S € S? Usisipq = 0}
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to be the space of all infinite one-sided allowed sequences consisting of n symbols.
Hence, we can view a sequence s € X as a one-sided infinite walk along directed
edges on the graph I'4, where s; gives the index of the vertex vy, visited at time <.
Then we call the pair (X7}, 0) a one-sided subshift of finite type. We will show
that the number of periodic points under the shift map o is given by the trace of our
adjacency matrix A, that is we will show that F (o) = trace(A¥), for all k > 1.

Now, note that a sequence s € ¥} has period k under o if and only if (o (s)), =
Sivk, for all ¢ > 0. Hence, s is an infinite one-sided walk along directed edges on I'4
that visits the vertex v,, at time ¢, and comes back to it at time ¢ 4 k.

By 7%(s), we denote the path of length k given by
Si = Sit1 —7 Si42 —7 " > Sitk—1 —7 Sitk -

Then 7¥(s) is a cycle of length k if and only if s; 5 = s;. Then if s has period k under
o, it is a repetition of cycles of length k, that is, 7§ (s) = v¥(s) = 75, (s) = ... = £ (s).
Hence, we have the map s — 7%(s) from the set of period k points under ¥ to the
set of cycles of length k on I'4.

Conversely, given a cycle n of length k£ along directed edges on I'4, we define
s = s(n) € T} as a repetition of cycles n, that is, s; 0 = n;, for 0 < i < k—1
and j > 0. Then s is periodic with period k under o and we have a map n — s(n)
from the set of cycles of length k to the set of period k points under X% which, by
construction, is the inverse of s + 7%(s). It follows that we have a bijection between
the set §x(o) and the set of all cycles v of length k. We will continue to show that
Fy(0) = trace(A¥), for all k > 1.

For k =1, Fi(o) gives the number of all cycles of length 1. Then
Fi(o) =#{s; € S : a5, > 0}.

Hence, Fi(o) gives the number of all (,7)-entries of A whose entry is 1. It follows
that
Fi(o) = trace(A).

Now, Fy(o) gives the number of all cycles of length k on I' 4. That is, Fj (o) gives the
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number of all cycles v of length &k that contain the path
Si = Siy1 T Sit2 Tttt TP Sitk-1,

where s;;, = s;. But this path exists if and only if a,s,,, C Qg

a8¢+18¢+2 i+k—15i =

Summing over all possibilities, we obtain
n n n
Z Z o Z Asisip1 Asiprsipa """ Asipp_18is
si+1=1 si42=1 Sitk—1=1
the number of all cycles 7; of length k that start and end at the vertex v,, on the
directed graph I'4. Note that this sum gives the (i,4)-entry of A*. Again, summing
over all possible s; € S, that is over all (4,)-entries of A¥, we obtain the cardinality

of the set of all cycles of length k on I'4. It follows that
Fi.(0) = #{cycles of length k on T'4} = trace(A"),

for all £ > 1.

2.4.2 Markov Partitions

We will now introduce Markov partitions which we can use to show that for certain
continuous maps 7' : X — X defined on a compact metric space (X, d), we can find
an adjacency matrix A such that there is a bijection between the periodic points of T’
and the one sided subshift of finite type (X7, 0) (as defined in the previous section),
so that

F,(T) = Fy,(0) = trace(A¥),

for all £ > 1. We have the following definition:

Definition 2.28. A topological partition of a metric space (X, d) is a finite col-
lection P = { Py, P, Py, ..., P,_1} of open disjoint sets Py, P, P, ..., P,_1, such that
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Example 2.29. Let X = {(z,y) :0<y<zx< %} be the space of the triangle map
T\, and let P = {Fy, Pi, P>, P3} be the following open disjoints sets in X shown in

Figure 2.5:

Py={(z,y): 0 <y <z <3}

P ()i <s<h0sy<dy<ioat
= () 1 <r<ho<y<ly>l s}
Py={(z,y): ;<y<z <3}

Here, we note that X = U?:o P;. It follows that P is a topological partition of ()A( ,d).

1
2

=

=
ol L

Figure 2.5: The partition of the triangle space X

Now, let T : X — X be a continuous map defined on a compact metric space
(X,d), and let P = {Py, P1, P,,..., P, 1} be a topological partition of X. Set S to
be the set of n symbols {0,1,...,n—1}, and let s = (s;)$2,. Suppose X! is the space
of all infinite one-sided sequences consisting of n symbols and ¢ : ¥ — Xt is the
one-sided shift map. Given m a natural number, a sequence s € ¥ that starts with

(808182 - - - Sm—1) determines the following intersection:

I.(s) =P

S0

NTYP,)NT *P,)N---NnT- " V(P, )

m—1
(T (P,).
§=0

We say a sequence s € ¥} is allowed for P if

I,(s)#0, forallm > 1,
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and we define
Yh={(5)20 1 8 € S, In(s) # 0 ¥Ym > 1},

to be the space of all one-sided infinite allowed sequences for P. Here, observe that

Y5 is closed under the one-sided shift map o since

T(Lu(s)) =T [Py N T X (P, ) N T *(Py) N -+ - NT~ " (P, )]
- T(PSO) N [(Psl) N Tﬁl(PSQ) n---N Tﬁ(miQ)(Psmfl)}

=T(Ps) N Ip-1(co(s)). (2.7)

It follows that if I,,(s) # 0, then I,,,_1(c(s)) # 0, for all m > 1. We will need the

following definitions:

Definition 2.30. Let 7" : X — X be a continuous map defined on the compact
metric space (X, d). A topological partition P = {Fy, P, P>, ..., P,_1} of X gives a
one-sided symbolic representation of X if, for every s € ¥}, the intersection

m In(s)

m=1

consists of exactly one point.

Definition 2.31. A one-sided Markov partition ‘B is a topological partition which
gives a one-sided symbolic representation of X such that (E$, o) is a one-sided sub-

shift of finite type, and it satisfies that

n—1
T (U ‘,BZ> is dense in X, for all j > 0. (2.8)

i=0
Remark 2.32. The typical definition in literature omits (2.8) since, for 7' a home-
omorphism, (2.8) always holds. However, since, in this work, we are also interested
in non-invertible maps (such as the triangle map and tent map) which do not, in

general, satisfy (2.8), it is necessary to add this condition.

Remark 2.33. By the above definition we have that if ¢ is a Markov partition,

then (Xg,0) = (¥4,0), where (¥}, 0) is the one-sided subshift of finite type as
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described in the previous section. Hence, we have an n x n adjacency matrix and its
associated graph I'4 with n vertices vy, vy, ..., v,_1, where each vertex v; corresponds
to a partition piece 3; and where we have a directed edge from vy, to v, if and only

if there exists € P, such that T'(z) € B, .

Now, suppose that 3 is a one-sided Markov partition for X. Then the intersection
N~_, Im(s) consists of only one point. We call this unique point m(s). Hence, we

have defined a map = : E;& — X. Here, note that, for s € E;}, we have

and since T'({m(s)}) # 0, we must have equality, so that T'(n(s)) = w(o(s)), for all

s € E;@. Then the following diagram commutes:

+
2‘13

ﬂ)l( lﬂ

—FX

o E%

We will show that 7 is continuous and surjective. We will start by showing continuity.
First, note that since *J3 is a one-sided symbolic representation of X, we have that

N~_, I(s) consists of exactly one point. Now, let

Diam(I,,,(s)) = sup{d(z,y) : 2,y € Ln(s)}.

Then combining the fact that I;(s) 2 Iy(s) 2 I3(s) 2 --- and that the intersection of

theses sets consists of exactly one point, we have that Diam (Im(s)> — 0 as m — oo.
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Now, let € > 0, and let m be such that Diam(I,(s)) < e. Set § = 5, and let

5,8 € N be such that d*(s,s’) < 0. Then s; = s}, for 0 < i < m, so that both

7(s),m(s") € I,,(s). Hence, we have that

d(m(s),n(s")) < Diam([,,(s)) < €.

It follows that 7 is continuous.

We will continue to show that 7 is surjective. We need the following theorem:

Theorem 2.34. [8, Baire Category Theorem] Let X be a compact metric space, and

suppose that Iy, 15, I, ... are all open sets which are dense in X. Then (o) I; is

dense in X.
Now, let
n—1
U=|J%:
i=0

Then since B is a topological partition, we have that U is open and dense in X.
Now, note that since T' is continuous, we have that the inverse image of an open set
under 7T is open. Hence, T—*(U) is open, for all 7 > 0. Further, since ‘B is a Markov

partition, we have that 7*(U) is dense in X, for all # > 0. Then taking
U =[)T7'(U),
i=0

we have that U, is dense in X by the Baire Category Theorem. Now, take z €
Us. Then z € T7(U), for all i > 0. Hence, for each i, there exists a unique
s; €{0,1,...,n—1} such that z € T7*(B,,). Then taking s € ¥}, we have that = €
Moo_; Im(s), so that s € E%. Further, since B is a one-sided symbolic representation

of X, we have that, for all s € Ef{;, N°_, In(s) consists of exactly one point. Then

m=1-"m
since
T € ﬂ I, (s) C ﬂ I,.(s),
m=1 m=1
we have that
{2} = ﬂ In(s) = m I (s)
m=1 m=1

Hence, 7(s) = z, and, since « € U, was arbitrary, we have that U, C Im(7). Since

¥y is compact (since ¥f is compact) and 7 is continuous, we have that Im(r) is
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compact. But Im(7) C X and X is a compact metric space, so Im(7) is a closed set.
Now, recall that Uy, is dense in X. Then since Im(r) is a closed set and Uy, C Im(7),
we have that Im(7) is dense in X, that is Im(7) = X. It follows that 7 is surjective.

However, 7 is clearly not necessarily injective: if x is a boundary point, then z
may lie in the closure of more than one partition. Then in order to obtain a bijection
between the periodic points of T and o, we need B to be a bijective Markov
partition. A bijective Markov partition is a one-sided Markov partition 8 such that
the pairwise intersections ; N fj, do not contain any periodic points, for all ¢ # j.

Now, suppose B is a bijective Markov partition. Then if we restrict Z$ to se-
quences which are periodic, the map 7’ = 7 |5, where §(o) = Ui, Sk(o), is
injective. Hence, letting §(T) = U,—, §x(T), we have that the following diagram

commutes:

It follows that we have a bijection between the periodic points of T and the
periodic points of o, that is Fy(T) = Fi(o), for all k& > 1. Now, recall from the
previous section, that

Fi.(0) = trace(A"),

for all £ > 1, where A is the n x n adjacency matrix of the subshift of finite type

(Ejg, a). Then if is a bijective Markov partition of X, we have
Fi,(T) = trace(A"),

for all £ > 1.

A Markov Partition of the Triangle Map

We will now give a detailed example of a bijective Markov partition for the triangle
map T. We will start by partitioning the triangle space into the four subsets P = { P,

Py, Py, Ps} as given in Example 2.29 and shown in Figure 2.6.
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N =

=

0

=
o= L

Figure 2.6: The partition of the triangle space X

To f, we can associate a directed graph I' with four vertices vg, v1, v, and wvs,
where the vertex v; corresponds to the partition piece P;. Here, note that the closure
of each subset maps to the entire space )?, that is T\(E) = )?, for each i € {0, 1,2, 3}.
Hence, we have a directed edge from any vertex v; to any vertex v; (including itself)

and we obtain the following directed graph I

Cwo——=w )

P

Cose_—=w)

Moreover, we can associate to I' the 4 x 4 adjacency matrix A = (a;;), where 0 <
i,7 < 3, and where the number of edges from the vertex v; to the vertex v, gives the

(1,7)-entry of A. Then I' = I'4, and we have that

1111
1111
A= (2.9)
11 11
1111

Now, let S = {0,1,2,3} be the set of 4 symbols, and let X} be the space of all
one-sided infinite allowed sequences consisting of 4 symbols in .S, which gives the full
shift on S. Hence, a sequence s = (s;);o, in X7 is an infinite walk along directed
edges on the graph I'y, where v, is the vertex visited at time 7. Further, we let
o : X% — ¥} be the one-sided shift map. Hence, (X7}, 0) is a one-sided subshift of

finite type, and we have that (X3, 0) = (£}, 0).
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Next, we will note the itinerary for each point x € X , that is we note in which
partition T\’(:U) lies, for i > 0. We denote by P, the partition piece visited at time i.

Hence, we obtain a code s € 35, where

(

0, if T%(z) € Py:
1, if Ti(z) € Py ;
S =
2,  ifTi(z) € Py,
| 3, if Ti(z) € Py

Note that, for i # j, the pairwise intersections P; N P (given by the dotted lines in
Figure 2.6) do not contain any periodic points. Then in order to show that P is a

bijective Markov partition, we must show the following:

(i) The intersection (. °_y In(s) = (- ﬂ;’:ol f*j(PSj)] consists of exactly one

m=1

point, and
(ii) T3 (U?:O B) is dense, for all j > 0.

First, let us consider (i). Here, recall that for s € ¥}, we have that I,,(s) # 0.

Then since I,,(s) C I,,(s), we have that I,,(s) # 0, for all m > 1. Further, since

Ii(s) D Ix(s) D I3(s) 2 --- is a decreasing nested sequence of non-empty compact
subsets of X, we have that () -_, In(s) # (0 by Cantor’s Intersection Theorem. Hence,

if we can show that Diam(I,,(s)) — 0 as m — oo, then it follows that () °_, I (s)

consists of exactly one point. This is because if Diam(/,,(s)) — 0 as m — oo, it

follows that Diam <ﬂ;’::0 Im(s)) = 0 so that either (°_, I;,(s) is empty (which we
know not to be true) or consists of exactly one point.
We will start by using induction to show that Diam([,,(s)) = 5= Diam(X), for

all m > 2. Let m = 2. Then

L(s)=P,NT-YP,) C P, NT (P,).

Since, ( ) is non-empty, we can take some points x,y € Ig( ). Then x,y € P,, and

“1(P,)). Tt follows that T((z), T(y) € P,,. Hence, for z,y € I5(s), we have

)

d(T(x),T(y)) < sup d(T(z),T(y)) = Diam(

z,y€Ps

) = Diam(
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o~ A~ ~

Further, since d(T'(z),T(y)) = 2d(z,y) for z,y € P,,, for all i > 0, we obtain that

~ AN AN

sup_d(z,y) =3 sup d(T(x),T(y)) = 3Diam(P,) .
E,yGPSO m,yEPsO

Now, note that Diam(Ps,) = ‘/Ti =(3)(%) =3 Diam(X), for all i > 0. Hence, it
follows that

sup d(z,y) = iDiam(P,,) = 3 (%Diam(f()) = %Diam()?) :

x,Yy€Ps

for z,y € I»(s). Then Diam(I5(s)) = 5 Diam(X). Now, assume that
Diam(7,,(s)) = s~ Diam(X),

= 5m

for some m € N. We have that

I (s) = P, NT-Y(P,)NT2(P,)N---NT-™(P, )

Here, note that

A~

Diam [(Psl) NTYP,)n--- TP,

Taking ,y € Ins1(s), we have that 2,y € T-™(P, ). ThenT(z), T(y) € T~ (P, ).

Sm

Hence, we obtain

~ A~ A~

sup  d(z,y) =1 sup d(T(x),T(y))

T,yEILm+1(s) z,yEIm ()

= 1Diam(,,(s)) = L (%Diam()?)) = #Diam(fi\').

-2 2

Therefore, Diam(I+1(s)) = gmer Diam(X). Then Diam(,,(s)) = o Diam(X), for

all m > 2. Morover, since

Diam(I,(5)) = FDiam(X) = (3k) () = 7.

it follows that Diam(Z,,(s)) — 0 as m — oo. It follows that the intersection of all

sets I,,(s) consists of exactly one point.
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Second, let us consider (ii). Again, we will use a proof by induction. Let j = 0.

Then

(0 -n-Unes
i=0 i=0 i=0
Next, note that for j = 1, we have that 7! (U?:o Pi) splits each triangle P; into
four more triangles Py, Pi1, P2 and Pj3, where we define P;; = {x € P, : f(x) € P}
Each triangle P;; is 1 of the area of the triangle P;, and we have that f(P_U) =P,
Now, assume that T (U?:o R-) is dense in X for some j € N. We have that

T-i (UL, P;) splits each triangle P; into 47 triangles P,;,i,..i,, where we define
Hohizmi]‘ = {‘T S RO : f([ﬁ) S P)il?j—\a(x) S Pi27 T ’j—\’j(x) € Pij}’

for i; € {0,1,2,3}. Each triangle Pigiyig-i; 18 % the area of the triangle P;, and we

have that f(Pioilz'Q---ij) = b

Now, consider 7+ (UL, P) = T (f‘j (UL, H)) Here, we have that each

triangle Py i,..; in P is split into four further triangles P where we have

09172457541

that
3
U Rﬁoiﬂz...ijij+1 = ~P’L'Qi1i2“.ij . (210)
i0=0
Then
T-0 (P = | Poninisipn = U Ponisi, = T(Py),
100192...95%5 41 101192...1;

by Equation (2.10). It follows that

3 3 3 3
P (U a) P e = TR =T (U a) _%.
1=0 ]

10=0 10=0

Therefore, T-i (U?:o E) is dense in X , for every 5 > 0.

Combining (i) and (ii) and the fact that, for ¢ # j, the pairwise intersections
PN E do not contain any periodic points, we have that P satisfies all criteria of a
bijective Markov partition. It follows that we have a bijection between the periodic

points under o and T, that is Fi(0') = Fi,(T), for all k > 1.
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Further, from Section (2.4), we know that Fy(o) = trace(A*), for all k > 1, and

from (2.9), we obtain that

AF =

for all & > 1. Then trace(A*) = 4 -4kt = 4% for all k > 1. It follows that the

number of period k points under the triangle map T is given by
Fi(T) = 4%
forall k> 1. %

A Markov Partition of the Tent Map

We will now give a detailed example of a bijective Markov partition of the tent map T
defined on the interval X = [0,1]. We will start by partitioning X into the following

two subsets:

Hence, we obtain the following partition:

Py P

To T, we can associate a directed graph I' with two vertices vy and vy, where the
vertex v; corresponds to the partition piece P;. Now, note that for each ¢, we have
f(ﬁ) — X. Hence, we have a directed edge from the vertex v; to the vertex v; and

v;, for i,j € {0,1} and 7 # j. We obtain the following directed graph I':

Cvoe—=v)
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Moreover, we can associate to I' the 2 x 2 adjacency matrix A = (a;;), where 0 <
i,7 <1, and where the number of edges from the vertex v; to the vertex v; gives the

(1,7)-entry of A. Then I' =T'4, and we obtain

A= . (2.11)
11

Now, let S = {0,1} be the set of 2 symbols, and let ¥} be the space of all one-
sided infinite allowed sequences consisting of 2 symbols in S, which is the full shift
on S. Hence, a sequence s = (s;);-, in X} is an infinite walk along directed edges on
the graph I'4, where vy, is the vertex visited at time 7. Further, we let o : X% — X%
be the one-sided shift map. Hence, (Zj, 0’) is a one-sided subshift of finite type, and
we have (X}, 0) = (XF,0).

Next, we will note the itinerary for each point = € X , that is we note in which
partition Tvz(:c) lies, for « > 0. We denote by P, the partition piece visited at time i.
Hence, we obtain a code s € 35, where

0, if Ti(x) € Py

S; =

1, ifTi(z)eP,.

Note that the pairwise intersection Py N P, = {%}, and therefore it does not contain
any periodic points. Hence, in order to show that P is a bijective Markov partition,
it is sufficient to show that P is a Markov Partition. That is, we must satisfy the

following;:

(i) The intersection (>, In(s) = N, [N, f—i(PSi)] consists of exactly one

m=1

point, and
(ii) T77 (PyU P,) is dense, for all j > 0.

First, consider (i). Note that by the same argument as with the previous example
of the triangle map, we have that the intersection mi:om is non-empty. Then
in order to show this intersection consists of exactly one point it is sufficient to show
that Diam(T(s)) — 0 as m — oo. We will give a proof by induction to show that

Diam(/,,(s)) = 55

2m
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Let m = 1. Then

Diam(1,,(s)) = Diam(P,,) = 3.

Now, assume that Diam(Z,,(s)) = 5 for some m € N. Then

Diam(Ln-‘rl(S)) = Diam (Pso N f_l[Psl NN Tm_l(PSm>]) :

Here, note that

Diam (Psl AN Tm—l(Psm)> — Diam(T,,(s))

and that, for all z,y € P;, we have d(f(x), f(x)) = 2d(x,y). It follows that

Diam(Z,+1(s)) = Diam (T*l(Im(s))> — 1Diam(T,,(s)) = 2w}+1 .

Hence, Diam(1,,(s)) = 5, for all m € N. Therefore, Diam(I,,,(s)) — 0 as m — co.
For (ii), by a similar argument as for the triangle map, we have that T~/ (PyN P,)
is dense in 55, for all 5 > 0.
Combining (i) and (ii), we have that P is a bijective Markov partition. It follows
that we have a bijection between the periodic points under o and T. Then Fi(o) =

Fy(T) = trace(AF), for all k > 1. Further, from (2.11), we obtain

2k—1 2k—l
AF =
2]671 214:71

for all k > 1. Then trace(4*) = 221 = 2% for all k > 1. It follows that the

number of period k£ points under the tent map T is given by

forall k> 1. %



Chapter 3

Quotient Systems

We will now introduce quotient systems. Let (X, d) be a compact metric space and
T : X — X be a homeomorphism such that Fi(T) < oo, for all £ > 1. Then the pair
(X, T) is called a topological dynamical system. Now, if we let G be a finite group
acting on X where the action of G commutes with 7', then we call X’ = G\ X the
quotient space and 7" : X’ — X’ the induced map on the quotient space. The pair
(X', T") is called the quotient system of (X, 7). Hence, we have a topological semi-
conjugacy between T and T”. Now, recall from Section 2.3 that there is, in general,
no relationship between the count of orbits of two topological semi-conjugate maps.
However, in this chapter, we will give two examples of quotient systems, where there

indeed exists a relationship. Are these examples representative though?

3.1 Group Actions

Before we continue to discuss quotient systems (topological factor maps), we need a
basic understanding of group actions.

In general, a group action is a description of symmetries of objects. The elements
of the object are described by a set X, and the symmetries of the object are described
by the symmetry group of X or a subgroup of the symmetry group. We have the

following definitions:

Definition 3.1. Let X be a set. A bijection of X onto itself is called a permutation

48
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of X.

Definition 3.2. The set of all permutations of X forms a group under composition

of maps called the symmetry group on X, denoted by Sym(X).

Definition 3.3. If G is a group and X is a set, then a (left) group action of G on

X isamap G x X — X, (g,z) — g(x), that satisfies the following:
(i) (gh)(z) = g(h(x)), for all g,h € G and = € X;
(i) e(z) =z, for all x € X,

where e denotes the identity element of G. The set X is called a (left) G-Set. We

also say that G acts on X (on the left).

Clearly, from the definition of a group action, we can see that for all g € G the
function which maps = € X to g(x) is bijective (here the inverse is the function which
maps z to g~!(z)). Therefore, we can alternatively define a group action of G on X

to be a group homomorphism from G into the symmetry group Sym(X).

Example 3.4. Let X be a set. Let H be a subgroup of Sym(X). Then H acts on
X, where the action of h € H on X is its action as an element of Sym(X), so that
hz = h(x), for all x € X. Then both conditions for a group action are satisfied. (i)
follows from the definition of permutation multiplication as function composition. (ii)
follows immediately from the definition of the identity permutation as the identity

function.

Example 3.5. The trivial action for any group G is defined by g(z) = x, for all g € G
and for all x € X. That is, every group element induces the identity permutation on

X.

Since we want to study orbits under the action of G, we will start by defining the

orbit of a point z € X under the action of G, denoted by Og(x), by

Oc(z) ={g(r) : g € G}.
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Here, the general properties of the group guarantee that the set of orbits of X under
the action of G form a partition of X into equivalence classes. We define the associated
equivalence relation by letting x ~ y if and only if there exists ¢ € G such that
g(z) = y. Then two elements = and y are in the same equivalence class if and only if

their orbits are the same, that is O¢(z) = O¢(y). We have the following definition:

Definition 3.6. The quotient of the action of GG, denoted by G\ X, is the set of all

orbits of X under the action of G and is defined by

G\X ={O¢(z) :z € X}.

3.2 Topological Factor Maps

Let (X, d) be a compact metric space, T': X — X be a homeomorphism, and G be a
finite group acting on X where the action of G commutes with 7. Define X’ = G\ X,
to be the quotient space and let 7 : X — X’ be the canonical map 7(z) = Og(x),
for all z € X. Note that since G is finite, then all orbits are finite. It follows that 7
is surjective. Since we also want 7 to be continuous, we need to define a metric d’ on

X' We let
d'(D¢(x),D¢(y)) = min{d(a,b) : a € O¢(x),b € Oa(y)}.

We will check that d' satisfies all criteria of a metric:

(i) d'(D¢(z), Daly)) = 0:

This holds since d(a,b) > 0 and d’ gives the minimum of d.

(ii) d'(O¢(z),Oc(y)) =0 if and only if Og(x) = Oa(y):
d'(O¢g(x),O¢(y)) = 0 implies that the minimum distance d(a,b) = 0 and this
is true if and only if there exists a € O¢(z) and b € O¢(y) such that a = b.
But then Og(z) = Og(y). If @ = b, then d(a,b) = 0, and we have that
Oc(z) = O¢(y). Since d(a,b) > 0, then the minimum distance is given by
d(a,b) = 0. Hence, d'(O¢(x),O¢(y)) = 0.
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(iii) d'(Oa(2), Oa(y)) = d'(Oc(y), Oa(y)r):
This follows since d(a, b) = d(b, a).

(iv) d'(D¢(x),D6(2)) < d'(Da(x), Oa(y)) + d'(Oa(y), Oa(2)):
We know that d(a,c) < d(a,b) + d(b,c) since d is a metric. Then

min{d(z, 2) : a € O¢(z),c € O¢(2)}
< min{d(a,b) +d(b,c) :a € O¢(z),b € Oc(y),c € Oc(2)}
< min{d(a,b) : a € Og(x),b € Og(y)} + min{d(b,c) : b € Os(y),c € Og(z)}.

Now that we have shown that d’ is a metric, we need to show that 7 is continuous.

Let € > 0. Choose § = € and assume that a,b € X are such that d(x,y) <. Then

d'(n(z),7(y)) = d'(Dc(x), Oc(y))
= min{d(a,b) : a € O¢(z),b € Os(y)}

<d=c¢€.

Hence, 7 is continuous.

Next, we define the induced map 77 : X’ — X’ on the quotient space by
T'(O¢(z)) = Oa(T(x)), for all z € X. Then n(T'(x)) = O¢(T(z)) = T'(O¢(z)) =
T'(w(x)), for all x € X, so that T and 7" are topologically semi-conjugate. Then
7 is called a topological factor map. To show that 7" is well defined we need to
show that if Og(x) = O¢(y) then T"(O¢(x)) = T (O¢(y)). We first note that if
Oa(x) = Oy, then there exists some g € G such that g(x) = y. Hence, we have

that

if and only if

if and only if

T'(D¢(x)) = T'(Oc(9(x))) = T'(Oc(y)) -
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This holds since g commutes with 7. Thus, 7" is well defined. It remains to show
that 7" is continuous.

Let € > 0, and suppose that a € O¢(x) and b € O¢(y) are such that
d(O¢(x),O¢(y)) < 6. Since T is continuous with respect to d, it follows that
d(T(a),T(b)) < e. Here, we note that T'(a) € O¢(T(z)) = T"(O¢(z)) and that
T(b) € Oc(T(y)) = T'(Oc(y)). Then

d(T'(Da(7)), T'(Da(y))) = min{d(T(a), T(b)) : T(a) € T'(Oc(x)), T(b) € T'(Dc(y))}

<d(T(a),T(b)) <e.

Hence, T" is continuous.

The Tent Map: A Quotient of the Circle Doubling Map

Take T to be the circle doubling map defined on the circle X = R/Z. Let G be
the cyclic group of two elements Cy = {1,0} acting on X, where the action of Cj is
defined by

olx)=1—u=,
for all z € X. Then o acts on X through rotation by 5. Hence, we have
O¢(z) ={z,1 —x},

for all z € X, so that  ~ 1 — 2. Then X = [0, %], and the induced map is given by

the tent map as illustrated in the following figure:

11 N .
2,
i — —
i 1
0 i 1 0 1 0 1

We have that three phenomena occur in the quotient system:
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(i)

(iii)

Orbits survive. Take, for example, x = 0. Then on the circle doubling map we
have the orbit

0—1=0

which is the same orbit on the tent map. As a matter of fact, this is the only

example of an orbit which survives on the tent map.

Orbits glue together in pairs. For example, take x = = and y = then we

[

1
7
have the following two orbits on the circle doubling map:

b,z 401 6,536
7T T T T

On the tent map, however, we have the one orbit

12 31
7 7 7 7
since (4] = (3,9}, (2] = (2.2}, and [2] = {22},

Orbits of even length shorten in length by a factor of % For example, take

T = % Then on the circle doubling map, we have the orbit

snce [ = {44}, and [2] = {

(S]]

51

Now, recall from Section 2.2 that we have the following number of period k& points

for the circle doubling map 7" and the tent map T

F(T)=2"—-1 and F,(T)=2",

for all £ > 1. Then

F(T) ~ Fp(T) ask — oo,

giving the same growth rates for periodic points under (X, 7") and its quotient system

(f( , T) We can conclude that almost no orbits shorten in length. But is this true in

greater generality? We will examine one more example. %
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The Triangle Map: A Quotient of the Doubling Map

Take T to be the doubling map defined on the two-dimensional torus X = R?/Z?.

Let G be the dihedral group of eight elements
Ds ={1,0,0% 0 7,07, 01,01}
acting on X, where we define the action of Dg by
o(z,y) = (1 —y,x),
7(z,y) = (v, 7),

for all (z,y) € X. Then o acts on X through rotation by 7, and 7 acts on X by

reflection. Hence, we have that

DDg('r?y) = {(az,y), (y,x), (1 -y, 1 - ZC), (1 - x7y)7 (I, 1- y)7

(1—w,l—y),(l—y,m),(y,l—x)},

so when Dg acts on X, we have that all points in D¢(x) identify with each other on
the torus. Then the induced map is the triangle map defined on the quotient space
X = {(z,y) : 0 <y <z <1}, asillustrated in the figure below:

(z,y) ~ (y, )

. , (.Z’,y)N(l—y,l—l’>
i ,,' (xay) ~ (1 —.17,1 _y)

Again, we have that three phenomena occur in the quotient system: surviving
orbits, several orbits glueing together, and orbits that shorten in length. Here, orbit
behaviour is much more complex then with the previous example of the circle doubling
map, and it is possible for an orbit to both glue and shorten at the same time. For

2 1

example, take (z,y) = (%, %) and (z/,y') = (5, 5). Then on the doubling map, we
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have the two orbits

(2)- G- ()
()09 (0)(

31 R
55

13

HE

On the triangle map, however, we have the one orbit

2 1 2 1
=, = % =, =
(5 5) <5 5

since [(3, 3)]

=1{(::3): (5.5 (53) (5 5)

Now, note that 7" maps (z,y) € X to (T*(z)

(
T

(2)
34

53):(5:5). 31

*(y)), where T™* is the circle

doubling map defined on R/Z, and recall that Fy(T*) = 2¥ — 1, for all kK > 1. It

follows that

Fi.(T)

for all £ > 1. Next, recall from Section 2.2 that

F(T) = 4F

Y

for all £ > 1. It follows that

-~

Fi(T) ~ Fy(T)

(2" - 1)?

as k — oo,

giving the same growth rates for periodic points under (X, T') and its quotient system

()A( , f) Again, we can conclude that almost no orbits shorten in length. It seems

that a pattern is emerging. Are these examples representative for the general case

though? This question will be examined in detail in the following chapter on orbit

behaviour and orbit growth rates in quotient systems.



Chapter 4

Orbit Behaviour and Orbit Growth

Rates in Quotient Systems

We will now give a detailed study of orbit behaviour and orbit growth rates occurring
in quotient systems (X’,7"), where (X’,T") is the quotient system of a dynamical

system (X, T') under the action of a finite group G.

4.1 Orbit Behaviour in Quotient Systems

Let G be a finite group acting on a set X where the action of G commutes with
T :X — X. In order to study orbit behaviour in the quotient system (X', T") of the
system (X, T, we will partition X according to the G-conjugacy classes of subgroups
of G, so that each partition piece exhibits uniform (but not necessarily unique) orbit

behaviour. We have the following definition:

Definition 4.1. Let X be a set, let G be a group acting on X, and let z € X. Then

the set of all ¢ € G which fix x is called the stabilizer G, of x and is defined by
G.={g€G:glx) =2},

By P(G), we denote the set of all subgroups of G, and by P(G), we denote the

set of all G-conjugacy classes of subgroups of G. Then for H € P(G), we write
[H] = {gHg™": g € G}

o6
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for its conjugacy class in P(G). Further, we let Xz be the set
XH:{JIEXGx:H}
and Xy be the set
X[H} :{IEX:G;E c [H]}

Here, note that if g(x) = x then g(T'(x)) = T(z), for all z € X and g € G, so that
G € Gr). Moreover, if x is periodic, then if g(T'(z)) = T'(z), we have g(x) = .
Hence, if we let x € X, where X is the periodic set, that is X is the subset of
all periodic points of X under T, then G, = Gp). Then T preserves each set

Xg) = Xgp N X, and we have

X= || Xu.

[HIEP(G)

For the induced map 7" : X’ — X', the quotient set X' is partitioned as follows:

X'= || \Xm= || Xy.

[H]EP(G) [H]€P(G)
Again T" preserves each set X [’ -
The Tent Map: A Quotient of the Circle Doubling Map

Take T' to be the circle doubling map defined on the circle X = R/Z. Choose G to

be the finite cyclic group of two elements
Cy={1,0}
acting on X, where we define the action of C5 by
olz)=1-uxz,

for all ¥ € X. Then o acts on X through rotation by 7. Cs has two subgroups:

{1,0} and {1}. Hence, we have the following two conjugacy classes:

[Hi] = [{1,0}] = {{1,0}};
[Ho] = [{1}] = {{1}}.
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Then X is partitioned as follows:
Xy =1{0,3}
Xy = (0,3) U (1) -
Now, recall that the circle X is equivalent to the interval [0, 1]/~. Then the partition

of X is shown in Figure 4.1, where the coloured points give the indicated set.

1 1
0 3 1 0 3 1

Figure 4.1: The partition of X

Next, recall from Chapter 3 that the quotient system of the circle doubling map
under the action of (5 is given by the tent map T defined on the interval X = [O, %}
Then X ) = Co\ Xy, and we partition X as follows, where the partition of X is

shown in Figure 4.2:

X ={0,1};
X = (0.3)
X[Hll X[Hz}
o———O O ()
0 3 0 3

Figure 4.2: The partition of X

Last but not least, we must intersect each partition piece X[y with the periodic

set X. Then, for example, X[Hﬂ = {0} since the point z = % is not periodic. %

The Triangle Map: A Quotient of the Doubling Map

Take T to be the doubling map defined on the two-dimensional torus X = R?/Z2.
Choose G to be the dihedral group of 8 elements

2

Ds ={1,0,0% 0% 1,07, 0%, 0%}
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acting on X. We define the action of Dg as follows:

(T(.T,y) = (1 - yax) )

T(z,y) = (y,2),
for all (z,y) € X. Then o acts on X through rotation by 7, and 7 acts on X by
reflection. We have the following diagram showing all subgroups of Dsg:

Dy

el

{1,0% oT,0%7} {1,0,0% 03} {1,0% 7,0%1}

{1,037} {1,07} {1,0°} {1,7} {1,0°7}

L

Hence, we have the following conjugacy classes:

{1}

3 1 071, 0°T, 037'}} :

[Hi] = [{1,0,0% 0% 7,07,0°T,0°7}] = {{1,0,0% 0
[Hy] = [{1,0% 07,0°7}] = {{1,0%, 07,0°T}};

[Hs] = [{1,0,0% 0%} = {{L,0.0%, 0"} ;

[Hy] = [{1,0% 7,0%7}] = {{1,0°, 7,0°T}};

(1] = [{1,0°7}] = [{1,07}] = {{L, 0"}, {1, 07}};
[He] = [{1,0°}] = {{1.0"}}:

[Hr] = [{L,7}] = [{Lo*r}] = {{1.7}.{1,0"7}}:
[Hs] = {1}] = {{1}} .
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Then

)
X[H51={(:v,0>:xe(Q%)U(%J)}U{(%%) z € ( (z1 U
{0.y):ye(0.5)uE ) U{GY) )U(%al)};
X ={(w,2) 12 € (0,5) U (5.1) }U{l‘—ﬂ? $€(072)U( 1)}
Xy ={(z,y) 12,y Z0(mod1),z,y # 1 (mod1),z £y =0(mod1)} ,

and we partition the space X as shown in Figure 4.3, where the coloured points give

the indicated set.

X Xim,) Xims) X(Hy)

1 1 1 1

1 1 1 | 1

2 2 2 2

o L 1 o0 1 1 O0 ¥ 1 0 L 1 0 1 1
2 2 2 2 2

Figure 4.3: The partition of X

Next, recall from Chapter 3 that the quotient map of the doubling map (defined
on the two-torus) under the action of Dg is given by the triangle map T. Then
X i) = D\ X[a), and we partition X as follows, where the partition of X is shown in

Figure 4.4:
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Xim| Xy X

Aﬁﬂﬂ

Figure 4.4: The partition of X

N[

Last but not least, we must intersect each partition piece X g with the periodic

set X. Then, for example, X i) = {(0,0)} and X ] = 0. %
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Now, in order to understand orbit behaviour in each partition piece Xg of X,
we need to first compute which elements of G act on Xy and which permute the

Xu C X(g;. We need the following definition and lemma:

Definition 4.2. Let H be a subset of a group G. Then the normalizer of H in G
is defined by
No(H)={geG:gHg™" =H}.

Lemma 4.3 (Orbit-Stabilizer-Theorem, [7, Proposition 5.1]). Let G be a group acting

on a set X. Then for x € X, we have
1Oc(z)| =[G : Ga].

Here, note that
I[H]|

X = || X,
j=1
for H; € [H]. Then for x € Xz, we have that x € Xy, for some H; € [H]. Hence,

by the Orbit Stabilizer Theorem, we have that, for z € X,
Da(@)| =[G G =[G Hy] =[G H). (4.1)

It follows that

|O¢(z)| =[G : No(H)|[Na(H) : H]. (4.2)

Now, we have two orbit behaviour phenomena that occur: glueing together of
orbits and shortening of orbits in length. Glueing orbits are orbits that will identify
with other orbits of the same length to form into one orbit. Note that it is possible
for both phenomena, glueing and shortening, to occur at the same time.

We will start by discussing when exactly orbits shorten. We have the following

proposition:

Proposition 4.4. Let T' : X — X be a map defined on a set X. Let G be a
finite group acting on X where the action of G commutes with T, and let n € N.
Then an orbit Or(x) of x € X shortens in length by a factor of% if and only if
1O7(x) N Oe(x)| = n. Moreover, if Or(x) shortens in length by a factor of +, then
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there exists an element g € G with order n such that Op(x) N Og(x) = {g'(z) : i €
No} = Dy ().

Proof. First, we will show that if an orbit Or(x) shortens in length by a factor of
L then |[O7(z) N Og(x)] = n and there exists an element g € G with minimal
order n. Assume that O7(z) shortens in length by a factor of X. An orbit can only
shorten in length by a factor of < if the length is divisible by n since |O7(z)| € N,
where 7" denotes the induced map on the quotient space. Thus, we can write that

|Or(x)| = nm, for some m € N. Then
Or(z) = {x, T(z), T*(z),..., T™(x),..., T"™ x)}.

Since the orbit shortens by a factor of %, we have that |O7(x)| = m. Hence, we have

that

for some g € GG, and m is the least integer for which there is such a g. Further,

g*(z) = g (g(2)) = g (T™(x)) = T"(g(z)) = T™(T™(x)) = T""(x)

g*(x) = T°"(x)

g"(x) =T""(z) ==,
and it follows that
{z,T™(z), T*(z),..., T"Y"™(2)} C [Or(z) N O¢(x)] .

Now, assume that there exists 7 > 1 such that

Ti(z) € [Dr(z) N Oe(x)] .

Then

for some h € G. If m t j, then j = Im + s, where | € Ny and 0 < s < m. Then
T*(x) =T"""(x) =T""(T"(x)) =T""(h(z))

=W(T™"(2)) = h(g™'(z)) = N(), (4.3)
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where b/ = gh~! € G.

Remark 4.5. Here, note that T~ in Equation (4.3) does not imply invertibility of

T. We are simply using the fact that 7" is invertible on Or(z) since Or(z) is finite.

Since s < m, Equation (4.3) contradicts the minimality of m. Hence, m | j, and

h(x) = g'(x), for some i € Ny. It follows that
[Or(x) N Dg(w)] = {z, T"(x), T*"(x),..., T" D" (2)}.

Then |Or(z) N O¢(z)| = n.
Second, we will show that if |Or(x) N Og(z)| = n, then Or(x) shortens in length
by a factor of 2. Let |O7(x)NO¢(x)| = n. Since this intersection is non-empty, there

exists some m € N such that

for some g € G. Assume that m is minimal with this property. It follows that
{, T"(2), T*™(x),..., T""V"(z),...} C [Dr(x) N Dg(x)] .

Now, assume that there exists some m < j € N such that 7V(z) € [O7(z) N Og(z)].
Then T7(z) = h(x), for some h € G. If m { j, then j = Im + s, where | € N and

0 < s < m. By Remark (4.5), we have that

T*(2) =T""(@) =T""(T"(x)) =T~ (h(x))

=h(T™"(@)) =h(g7'(x)) =MW(),
where i/ = hg~! € G. But since s < m, this contradicts the minimality of m. Hence,
m | j, and h(z) = ¢'(x), for some i € Ny. Thus,
[O7(2) N O¢(x)] = {z, T™(x), T*™(x),..., TV (z),...}
= {z,9(2),¢*(x),...,¢" V(x),...}.

Since |Or(z) N Og(z)| = n, it follows that ¢"(x) = z, where n is minimal. Then
g*(z) = T"™(z) = =z, so |Or(x)| < nm. Further, since ¢'(x) # =z, for i < n,

|O7(z)| = nm, and, by the minimality of m, |O7 (x)| = m. Hence, O7(x) shortens

in length by a factor of % ]
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Now, suppose z € Xy, for some H C G, such that the orbit of x has length
|Or(x)] = mn and |Or(x) N Og(z)| = n, for some m,n € N. Then by Proposition

4.4, we have that

D7(2) N D¢ ()] = {z,9(x),¢°(@),..., 9" ()},

where g(x) = T™(z) and ¢"(z) = = and where n is minimal such that ¢"(z) = x.
Now, note that since x is a periodic point in Xy, we have that G, = H = Gr(,).
Then Gr(y) = Grm) = Gy). But Gy = gHg ™', so that gHg™' = H, and we have
that g € Ng(H).

Further, since ¢"(x) = x, we have that ¢" € G, = H by definition, and since n
is minimal such that ¢"(x) = x, then n is the order of the coset gH in Ng(H)/H.

Hence, we have that, for z € Xy,
|O7(z) NOg(z)|=n € {i:|(h)| =i, for some h € Ng(H)/H} . (4.4)

Then the maximal n such that an orbit of x € Xy shortens in length by a factor of
% is given by
6(Na(H)/H),

where 0(Ng(H)/H) denotes the largest order of an element of Ng(H)/H.

Example 4.6. Let Cy = {1,0}. Then o is the element of Cy with the largest order,
that is order 2. Therefore, 6(Cy) = 2 = |Cy].

2

Example 4.7. Let Dy = {1,0,0% 0% 7,07,0°7,037}. Here, no single element has

order 8, and the element with the largest order is ¢ which has order 4. Therefore,

5(Dg) = 4.

Example 4.8. Let V} be the Klein 4-group consisting of the following permutations:
Vi =A{(), (12)(34), (13)(24), (14)(23)}. Clearly, each element has order 2. Therefore,
5(Vi) = 2.

Example 4.9. Let S3 be the symmetric group consisting of the following permuta-
tions: S = {(), (12), (13), (23), (123), (132)}. Then both (123) and (132) are elements

of order 3, which is the largest order of any element in S3. Therefore, §(S3) = 3.
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Next, we will discuss when exactly orbits glue together. We have the following

proposition:

Proposition 4.10. Let T : X — X be a map defined on a set X. Let G be a finite
group acting on X where the action of G commutes with T', and let x € X. Then the

number of orbits that glue to Or(x) (including itself) is given by

O¢(2)|
O (x) N Oa(x)]

Proof. Set m = [O¢(z)|. Then 1 < [Or(z) NO¢(z)| < m, say |Or(z) N O¢(x)| =n,
for some n € {i : | < h > | =1, forsome h € Ng(H)/H} such that 1 < n < m.
Then by Theorem 4.4, this implies that there exists an element h € Ng(H)/H with
minimal order n, and since n divides [Ng(H) : H| by definition and [Ng(H) : H]|
divides |O¢(x)| by Equation (4.2), then it follows that n divides |O¢g(x)|. Hence, we
have that m = nl, for some [ € N. Then when G acts on X, we identify m elements
of D¢ (x). Since |Or(z) N Og(z)| = n, we have [ different orbits glueing together to
give a total of m elements of D (x) glueing together. Hence, the number of glueing

orbits is equal to
9@l
[O7(x) N Oc(z)]

Remark 4.11. Here, note that when

O¢(2)|
|[O7(x) N Oe(w)|

=1,

we have one orbit glueing to itself, that is we have trivial glueing. We say that an

orbit with no shortening and trivial glueing is a surviving orbit.

Now, let € X{g]. Then combining Proposition 4.10 and Equations (4.1) and

(4.4), we have the following number of glueing orbits in X

[D()] G - H]

[O7(x) N O¢(w)| no

where n € {i : | < h > | = i, for some h € Ng(H)/H}. We have the following

proposition:
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Proposition 4.12. Given the orbit Or(x) of v € X, there existsn € {i:| <h >
| =i, for some h € Ng(H)/H} such that

(%) Or(x) shortens in length by a factor of +, and

(B5) Or(z) glues to 'S orbits (including itself).

Proof. (i) follows from Proposition 4.4 and Equation (4.4). (ii) follows from (i),

Proposition 4.10, and Equation (4.1). ]

Remark 4.13. It is possible for orbits to glue without shortening, to shorten without
glueing, to do both, or to do neither. For example, if n = 1 and @ > 1, then
all orbits glue together without shortening. However, if, for example, n > 1 and

@ = 1, then we only have shortening orbits that do not glue together with any

[G:H]

other orbits. Moreover, if both n = 1 and = 1, then we have no glueing or

shortening, in which case we only have surviving orbits.

The Tent Map: A Quotient of the Circle Doubling Map

Let T be the circle doubling map defined on the circle X = R/Z. Let (X,T) be the
quotient system of (X, T") under the action of Cy, where T is the tent map defined on

the interval X = [0, %] We will study orbit behaviour in each partition piece X[z of
X.

X,y We have N¢,(Hy) = Hy. Then by Proposition 4.12, we have that
(%1) D¢, (x)NOr(z)| =1 and (ABsy) [Co:Hi=1.
Hence, we only have surviving orbits on Xg,). That is, we have
O;"N(T) = O (T).

for all £ > 1, where OLHl]"S(T) denotes the number of non-shortening orbits of

length k.
Xin,) We have N¢,(Hy) = Hy. Then by Proposition 4.12, we have that

(B) D¢, (@)NOp(x)|=ne{l,2} and (B)2hl_2

n n
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Hence, we have the following two orbit behaviours on X{g,:

(i) D¢, (2)NOr(z)| = 2. Then [©2:M] — 1 Thus, orbits will shorten in length

n

by a factor of % but will not glue together with any other orbits.

(ii) [O¢,(z) N Op(x)] = 1. Then @ = 2. Thus, orbits will not shorten in

length but glue together in pairs.
It follows that
OLHQ](f) _ %OIE:Hz}ns (T) + 0[2122]25 (T) :

for all £ > 1, where OLHQ]"S(T) denotes the number of non-shortening orbits of
length k, and where nghs (T") denotes the number of orbits of length 2k which

will shorten in length by a factor of %

Combining orbit behaviours in X[y,) and X{y,), we have the following general

relationship between the orbits of the circle doubling map 7" and the tent map T
Ox(T) = O (T) + O(T).

for all £ > 1.
Please refer to Appendix A for more details including a list of all the points on
the circle doubling map that will give rise to shortening orbits on the tent map and

a formula for the number of shortening orbits.

The Triangle Map: A Quotient of the Doubling Map

Let T be the doubling map defined on the two-dimensional torus X = R?/Z?. Let
(X,T) be the quotient system of (X,T) under the action of Dg, where T is the
triangle map. We will study orbit behaviour in each partition piece X[z of X. Here,

note that we will not consider Xz, since Xz, = 0.
Xim,) Here, we have Np,(H;) = Dg. Then by Proposition 4.12, we have that

(%) [Ops(z)NOr(x)] =1 and (By) [Ds:Hi)=1.
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X[H7]

Hence, we only have surviving orbits on X[z,;. That is, we have
OM(T) = 0" ™(T).

for all k£ > 1, where O,EHl]"S(T) denotes the number of non-shortening orbits of

length k.
We have Np,(Hs) = Hy. Then by Proposition 4.12, we have that

(B1) |Op(2)NOr(z)|=ne{1,2} and (B, Ll _4

Hence, we have the following two orbit behaviours on Xz
(i) |Dps(x) N Or(x)] = 2. Then % = 2. Thus, orbits will shorten in
length by a factor of % and glue together in pairs.
(i) [Ops(x) NOr(x)| = 1. Then % = 4. Thus, orbits will not shorten in

length but glue together in quadruplets.

It follows that

O;"I(T) = § OF™(T) + 5 O (1),

for all £ > 1, where O[HS}”S(T) denotes the number of non-shortening orbits of
length k& and where O LIT5] 2S( ) denotes the number of orbits of length 2k which

will shorten in length by a factor of %
We have Np,(H7) = Hy. Then by Proposition 4.12, we have that

(B) [Opy(z) N Op(z)|=ne{1,2} and (B, Bfl_1

n

Here, note that (%)) and (%A,) give the same two orbit behaviours as for par-

tition Xg,). It follows that
Ol[cHﬂ (f) _ %O]E:Hﬂns( )+ O[H7]2s( )’

for all £ > 1, where O,&Hﬂ”S(T) denotes the number of non-shortening orbits of
length k£ and where 0557]23 (T') denotes the number of orbits of length 2k which

will shorten in length by a factor of %
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Xy We have Np,(Hg) = H;. Then by Proposition 4.12, we have that

(%) |Dps(x) N Or(z)| =n € {1,2,4} (since §(Np,(Hs)/Hs) = 4) and

() 3.

n n

Hence, we have the following three orbit behaviours on X{gy:

(i) |Dps(x) N Op(x)| = 4. Then % = 2. Thus, orbits shorten in length

by a factor of % and glue together in pairs.

(i) [Ops(x) N Or(x)| = 2. Then % = 4. Thus, orbits shorten in length

by a factor of % and glue together in quadruplets.

(iii) |Ops(x) N Or(z)| = 1. Then % = 8. Thus, orbits will not shorten in

length but glue together in octuplets.

It follows that
OL"(T) = § O (1) + § 0" (1) + O (7).

for all £ > 1, where OLHs]”(T) denotes the number of non-shortening orbits of

length k, where Og’,fg]%

(T") denotes the number of orbits of length 2k which will
shorten in length by a factor of 3, and where Oﬁg]‘” (T') denotes the number of

orbits of length 4k which will shorten in length by a factor of i.

Combining orbit behaviours in all partition pieces of X, we have the following
general relationship between the orbits of the doubling map 7" and the triangle map

A~

T:

-~

Ox(T) = OF"N(T) + O N(T) + O N(T) + Of*(T)

for all £ > 1.
Please refer to Appendix B for a list of all the points on the doubling map that
will give rise to shortening orbits on the triangle map and a formula for the number

of shortening orbits. %
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4.2 Orbit Growth Rates in Quotient Systems

Now, given a finite group GG, we will discuss what growth rates can be achieved for
orbits in quotient systems.

We will start by defining « by

[G : H(g]
o(G)

where Hs is a maximal subgroup of G such that Ng(Hs)/Hs has an element of order

5(G).

r(G) =

Example 4.14. Let Cy = {1,0}. Then 6(Cy) = 2 and Hs = {1} is the largest
subgroup of Cs such that N¢,(Hs)/Hs has an element of order 2. Therefore, k(Cs) =
1.

Example 4.15. Let Dy = {1,0,0% 03, 7,07,0%r,0%7}. Then §(Dg) = 4 and Hs =
{1} is the largest subgroup of Dg such that Np,(Hs)/Hs has an element of order 4.
Therefore, x(Dg) = 2.

Example 4.16. Let V} be the Klein 4-group consisting of the following permutations:
Vi = {0),(12)(34),(13)(24),(14)(23)}. Then §(V4) = 2 and Hs = {(),(12)(34)},
Hs ={(),(13)(24)} or Hs = {(), (14)(23)}, where any such H; is a maximal subgroup
of Vy such that Ny, (Hs)/Hs has an element of order 2. Therefore, x(V}) = 1.

Example 4.17. Let S3 be the symmetric group consisting of the following permu-
tations: S5 = {(), (12), (13), (23), (123), (132)}. Then §(S5) = 3 and Hs = {1} is the
largest subgroup of S3 such that Ng,(Hs)/Hs has an element of order 3. Therefore,
K(S3) = 2.

We have the following theorems concerning orbit growth rates:

Theorem 4.18. Let G be a finite group acting on a set X, and let T : X — X be
any map commuting with the action of G. Denote by T' : X' — X' the induced map
defined on the quotient space X' = G\X. Suppose F},(T) ~ \* as k — oo, for some
1 <X eR. Then setting 6 = 6(G) and k = k(G), we have

(G F(T) . ok Fi(T")
> —— ) <1.
11}£g£f ( G >1 and hgl—iljp ok <1
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Theorem 4.19. Let G be a finite group, 6 = 0(G) and k = K(G). Suppose 1 < X € R,

v €R, and ¢ € RT are such that either
0o 1
(i) v= A andczm, or
(ii) AN <y <M\, or
(i) v =X and ¢ < 5-.
Then there exist a system (X,T) and an action of the group G on the set X which
commutes with the map T : X — X such that
F(T) ~ X\ ask — oo,
and
E (T ~ ey ask — o0,
where (X', T") is the quotient system of (X, T) under the action of G. Moreover, we
can find such (X,T) with (X,T) a topological dynamical system.

Remark 4.20. Note that Theorem 4.19 shows that any growth rate in between the
bounds shown in Theorem 4.18 can be achieved. Further, note that if the growth

rate for periodic points is given by
F(T) ~ X as k — oo,

for some 1 < A € R, then
)\k
Ok(T)N? as k — oo

gives the corresponding growth rate for orbits. Hence, one can easily deduce results

concerning orbit growth rates from Theorem 4.19.

Proof of Theorem 4.18. Let G be a finite group. Let (X', T") be the quotient system
of (X,T) under the action of G. The lower bound for Fi(7") comes from the fact

that the fibres of the topological factor map 7 : X — X', which are given by

W_l(DG(x)) ={re X :7m(z) =9O¢(z)},
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for all O¢(z) € X', have cardinality at most |G|. Hence, we can deduce that

Fk(T> /
e < F(T). (4.5)

This lower bound will be achieved with maximal glueing, that is whenever we have

that
(#1) [Da(z)NOr()| =1  and (%) B —|D4(z)| = |G
in Proposition 4.12. Further, by assumption, we have
F(T) ~ Xk as k — 00
Hence, for € > 0, there exists NV € N such that when & > N, we have that
(1—e) N < Fu(T) < (14¢) MF. (4.6)

Combining (4.5) with (4.6), we obtain

|G| Fi(T")

G >1—c.

It follows that
F. (T
lim inf (M) > 1.

k—o0 AF
Next, note that for z € X, we have that z lies in exactly one of the partitions
Xy, for some H C G. For the upper bound of Fi(7") we note that if z € F.x(T), for
some n € {i :|(h)| =i, for some h € Ng(H)/H}, then w(x) € §(T") if and only if

x lies in an orbit which shortens in length by a factor of % Hence, we deduce that

F(T) <> d wi(T) : (4.7)

where j(n) is the minimal possible glueing which can occur when an orbit shortens in
length by a factor of % This upper bound will be achieved with maximal shortening.

That is, for |Op(z)| = nk, n € {i:|(h)| =1, for some h € No(H)/H}, we have

(#) |96(z)NDr(@)|=n  and  (B) B4 =jn)

n
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in Proposition 4.12. Now, let § = §(G) and k = k(G), and note that

ORFW(T") _ 2‘5: 5K F(T)

ok — 7 (n)nA%k

0—1

X +2 J(n)nXok

by (4.7). Further, since nk < §k and j(J) = , we have that
521 5K F,(T)

j(n)n)\‘”f —0 ask— 0.

n=1
Hence, by (4.6), we have that

lim sup (ML(T)> < lim sup <F6k(T)) <1.

k—o0 /\ék k—oo )\5k

[

Before we can continue with the proof of Theorem 4.19, we must first prove the

following two lemmas:

Lemma 4.21. Let G be a finite group. Let (b2),, (b7)%,, and (b*), be sequences
of non-negative integers, and set 6 = §(G) and k = kK(G). Define (a})72,, (a3)% 4,
and (ay°)72, by

(i) ai = by,

(11) aj = |G|bi, and

/{bis/(s if 0] k;
0 otherwise .

Further, define a, = al+ai+al* and b, = bi+bl+b3%, for all k > 1. Then there exist
a system (X, T) and an action of G on the set X which commutes with T : X — X,
such that

Ok(T) = ag ,

and

Or(T') = by,

for all k > 1, where (X', T") is the quotient system of (X,T) under the action of G.
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Lemma 4.22. Assume that by, as defined in Lemma 4.21, is such that by > 1. Then
we can find (X,T), such as in Lemma 4.21, with (X,T) a topological dynamical

system.

Remark 4.23. Note that Lemma 4.21 only considers extreme cases of orbit be-
haviour: surviving, maximal glueing, and maximal shortening with minimal glueing.
Hence, Lemma 4.21 only covers a restricted range of possibilities. However, for the
proof of Theorem 4.19 and the purpose of this thesis, the cases considered are suffi-

cient.

Proof of Lemma 4.21. Let G be a finite group, and let Hs be a maximal subgroup of
G such that Ng(Hy)/Hs contains an element of order §(G). Suppose hs € Ng(Hs) is
such that hsHjs has order 6(G) in Ng(Hs)/Hs. Set

J = (hs) H;.
Then
[J : Hs] = | (hsHs) | = 0(G)
and
G = =y )

Now, choose S to be a set of representatives for the coset space G/J. Then |S| = k(G).
Next, set § = §(G) and £ = k(G), and let (bY)22,, (b7)22,, and (B*)%2, be

sequences of non-negative integers. Define (a})?2;, (a?)%2,, and (af*)52, by
(i) af = by,
(ii) af = |G|by, and

ROy, 10| k;

0 otherwise .

Further, we let a, = a} +a + a?® and by = b} + b +b3°, for all k > 1. Next, we define

X =] | X,

k>1
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where X, is the union of closed orbits of length k. We set
X=X UXIUXpe,

for all £k > 1, where

(

Xp = Z/KZ x{1,2,3,...,a}};

X) = ZJKZxGx{1,2,3,...,b};

\X;js = LKL xS x{1,2,3,...,b5}.
We define T as follows:

(i) Let n € Z/kZ and 1 < i < aj. Then, for z = (n,7) € X}, we define T'(x) by

T(n,i) =T(n+1(mod k),1).

(i) Let n € Z/KZ, ¢’ € G, and 1 < i < b]. Then, for x = (n,¢’,1) € X}, we define
T(x) by
T(n,g',i) =T(n+1(mod k), g, 1).

(iii) Let n € Z/kZ, s € S, and 1 <i < bis/Q. Then, for z = (n, s,i) € X*, we define
T(x) by
T(n,s,i) =T(n+1(mod k), s,i).

Now, note that for s € S, we can write gs = s'h} b/, where s’ € S, 7’ € Ny, and
h' € Hs. Here, we have that s’ is uniquely determined and 7’ is taken modulo ¢ (since

hsH has order §). Hence, we can define an action for g € G' by

g(n,i) = (n,1),
g(n,q',i) = (n,g¢',1),
g(n,s,4) = (n+ =E & 4),

where ¢ € G. This action is well defined since ’”?Tk is unique modulo k. Now, note

that, for ¢”, ¢"" € G, we have that
9,9

" "

(99")(n, ¢, 1) = g"(n,¢',i) = (n,g"q ,7),
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and

"

9(g"(n,¢',1) = g(n,q"q',i) = (n,g99"¢', 1) = (n,g"g 7).

Hence, we have that (g¢”)(n, ¢',4) = g(¢"(n, ¢’,4). Further, note that if ¢'s’ = s"h; h”,
where s” € S, 7" € Ny, and h” € H;, then we have (¢'g)s = s"h} h"hi h' =

s” h§//+7"/h”’ , where h'"" € Hy, since hs normalizes Hy, and it follows that

(g'9)(n, 5,4) = (n+ CEE g7 5.

Then

g (g(n,s,1) = g'(n+ 55,8 i) = (n+ 5k + 5k 8" i) = (n+ Tk g7 ),

Hence, we have that (¢'g)(n, s,i) = ¢'(g(n, s, 1)), and, therefore, g satisfies all criteria

to be an action of GG. Moreover, since
T(g(n,g',7)) = T(n,gg',1)
= (n+ 1(mod k), g¢', 1)
=g(n+1(mod k), ¢, 1)
=9(T(n,g',7)),
and
T(g(n,s,i)) =T(n+ =, i)
= (n+ 1+ =E (mod k), s', 1)
=g(n+1(mod k), s, 1)
=9(T'(n,s,1)),

we have that g commutes with 7.

Next, we notice that, for x € X}, we have
(%) [D¢(x)NOr(x)| =1 and (%B,) [G:H|=1,

so that, by Proposition 4.12, X} only contains surviving orbits. For x € X7, we have

that
(A1) [D¢(x)NOr(x)| =1 and (%B,) [G:H|=|qG|,
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so that, by Proposition 4.12, X7 only contains maximally glueing orbits, that is all

orbits glue together in |G|-tuplets. Last but not least, for x € X 25, we have that
(#) |Dc(x)NOr(x)| =0 and (B) El=k,

so that, by Proposition 4.12, X2* only contains maximally shortening orbits, that is
all orbits shorten in length by a factor of % and minimally glue together in s-tuplets.

It follows that
Ok(T) = af + |GIbf + k bys

1
=ay + aj + a3’

= Ak,
and
Or(T") = aj + bf, + b5
= by + b + by’
= b,
for all £ > 1. O

Proof of Lemma 4.22. Assume that b} and (X,T), as defined in Lemma 4.21, are
such that b7 > 1. Then in order to prove that (X,T’) is a topological dynamical
system, we must show that X can be given a compact metric structure with respect
to which T is a homeomorphism.
Now, let

X' =X\(2/7).
Then X' is equal to X with one copy of Z/Z taken away, that is we take away one
surviving orbit of length 1. We call this orbit (point) the point at infinity and denote
it by co. Then

X =X"U{oc}.

Next, we define the length m of an orbit Or(x) of 2 € X to be equal to

[Or(z)]  if z # oo;

m:
00 if z =o00.
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Then if we let O7(y) be an orbit of y € X such that |Or(y)| = n, we can define a

metric on X by

da,y) = "

0 otherwise.
The metric d does indeed satisfy all conditions of a metric: If we let x,y,2z € X be
such that |Or(x)| =m, [Or(y)| = n, and |Or(z)| = [, then we have that

min{m, 1} min{m, 1} _ (4.8)

min{m,n}  min{n,l} —

This follows since if min{m,(} = m and min{m,n} = m, then % > 1, and if

min{m,l}
min{m,n}

min{m,n} = n, then m > n, so that > 1. By a similar argument, (4.8)

holds, for min{m,(} = [. Hence, we have that
d(z,y) +d(y,z) > d(x,z) .
Now, for x € X and € > 0, we define the open ball of radius € centered at x to be
B(r) ={y € X :d(z,y) < ¢}
= {y e X: min{ﬁnm} < e} .

Then B.(z) contains all orbits whose length is greater than % Taking the union over

all € > 0, we have

X =|JBdx).

e>0
Then X has an open cover {U;};cs, for J = {jo, j1,72,---,Jr,- - -}, s0 that

x=u;.
jeJ
Now, let jo be such that co € Uj,. Then since Uj, is open, there exists ¢ > 0 such

that

Bel(oo):{yeX:d(oo,y)<e'}:{yEX:m<e'}QUjO.

Hence, B.(c0) contains all orbits whose length is greater than . It follows that

X\B(00) consists of all orbits whose length is less than or equal to %. Thus, the set

X\B(c0) is finite, and since X\Uj, C X\ B.(00), then X\Uj, is finite, say

X\Ujo = {$1,$2,...,LET}.
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Now, for each i € {1,2,...,r}, we choose j; such that x; € Uj,. Then

X:OUW
=0

Hence, each cover of X has a finite subcover, and X is compact.
It remains to show that 7" is a homeomorphism. We will start by noting that, for
x € X}, we have

T Yz)=T""n,i) = (n —1(mod k), i),

for € X}, we have

and for x € XP*, we have
T Yx) =T "'(n,s,i) = (n—1(mod k), s,i).

It follows that, for x € Xy,

so that T'is bijective.

Next, if z € Or(z), then T'(z), T~ (z) € Or(z), so that [Dr(x)| = |D7(T(2))| =
|07 (T~ (z))]. Similarly, if y € Or(y), then T(y), T~ (y) € Or(y), so that [Or(y)| =
1O7(T(y))| = |O7(T~(y))|- Now, if we set § = ¢, then, for all € > 0, there exists §

such that when d(z,y) < 0, we have that
A(T(@), T(y)) = AT 1), T-1(y)) = d(z,y) < 6 =e.
Hence, T'and T~ are continuous on X, and it follows that 7" is a homeomorphism. [J

Now that we have proved Lemma 4.21 and Lemma 4.22, we can continue to prove

Theorem 4.19:

Proof of Theorem 4.19. Let G be a finite group, and set § = 0(G) and kK = k(G).
Let (b2)%2,, (b7)22,, and (b2%)%2, be sequences of non-negative integers which we will

specify later. Define (a?)?2;, (a?)%2;, and (af*)52, by
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(i) af = by,
(ii) af = |G|by, and

ds ; .

ity ar = 4 R0 1O &5
0 otherwise .

Further, define aj, = af +af+al* and by, = b +b] +3°, for all k > 1. Then by Lemma

4.21, there exist a system (X, 7T’) and an action of G on the set X which commutes

with 7" : X — X, such that
Ok(T) = ag , and Ok(T/) = bk,

for all £ > 1, where (X', T") is the quotient system of (X,T’) under the action of G.

First, let v = X\ and ¢; € R such that I_Cl?l < ¢; < 1. Choose bis =0,

= [ en |

and bY = Pﬂ —|G|KY, for all k > 1. Then

— Y g
ap = ag + a

— b+ af

[

and

b, = by, + b

L

=% — |G + by
]

— 2o
_)\k_ (Cl—l)Ak

S 1— g |8 — A
Pl ’“hu—wﬂ
\F —1)\k

R R 11

k k
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for all £ > 1 and some r1,79 € [0,1). Then

kby, 1 —1—61_1 _i_k:(rl—l—(l—\G])rg)

C1 )\k C1 C1 C1 )\k
1 Cc1 — 1
C1 1

=1 as k — oo,
so that Ok(T") ~ % as k — oo. It follows that
F(T') ~ e* as k — 0o

Second, let v € [A, X°]. Choose bf = 0,
!~k
b68 _ Co7Y
k ’V k_ Y

o if v € (AN

where

co—1 ify=2X,
and b} = P—:—‘ —a?®, for all k > 1. Then

ay = ay + ay’

=B +al

]

b, = by + b

)\k

Moreover,

k

2\F . C/7k
=[] e+ 15

k !~k
:?—ais+ci + 73474,

for all £ > 1 and some 73,74 € [0,1). Then

Kby, AF B kads N e N k(rs +14) '

Co7Y Cﬂk Cﬂk C2 Co7Y

= =
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Here, note that

Scl k/é 5 .
v ) || () ol
ok B

0 otherwise .

§s
kay.

cak

Hence, — 0 as k — oo, for any v € [\, X°]. Now, we will consider two cases:

i) Let v = A. Then ¢, = ¢, — 1. Hence, we have that
2

kbk 1 _ k&is i Co — 1 k(?"g + 7“4)

(&) )\k Co CQ)\k Cy Co )\k
1 Cy — 1
C2 C2

=1 as k — 00.

(ii) Let v € (\,X°]. Then ¢, = c,. Hence, we have that

kbe N kal

Co7Y k

k(rs+r
k Pt Lt s k4)
CoY CoA C2Y

—1 as k — oo,
since v > A.
Then Oy (T") ~ % as k — oo, and it follows that
F(T') ~cy*  ask— o0,
Summarising, we have found a system (X, 7’) such that
F(T) ~ X\F as k — oo,

and

F(T') ~ cyF as k — oo,

where (X', T") is the quotient system of (X, 7T") under the action of G. Now, since we

chose b} # 0, then we may assume that b > 1. Hence, by Lemma 4.22, it follows

that (X, T) is a topological dynamical system.

O
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The Tent Map: A Quotient of the Circle Doubling Map

Let T be the circle doubling map defined on the circle X = R/Z. Let (X, T) be the
quotient system of (X,7T") under the action of Cy, where T is the tent map defined
on the interval X = 0, %]

Recall from Chapter 3 that we have the same asymptotic growth rates for orbits

under the circle doubling map 7" and the tent map f, that is
Ow(T) ~ O(T) as k — oo,

and we concluded that almost no orbits of the circle doubling map shorten in length
on the tent map. We will now give a proof to verify this statement.

We will start by noting that
OanlT) = % 3" p (%) 27, (49)
d|2k

for all £ > 1. We have the following propositions:

Proposition 4.24. Denote by O3 (T) the number of orbits of length 2k on the circle

doubling map T which will shorten in length by a factor of% on the tent map T. Then

O =& Y n(k)2
k/g‘idd

for all k > 1.
Proof. Please refer to Appendix A. ]

Proposition 4.25. Denote by O3 (T) the number of orbits of length 2k on the circle

doubling map T which will shorten in length by a factor of% on the tent map T. Then

O5(T)
~ — k .
O (T) ~ as k — oo

Proof of Proposition 4.25. From (4.9), we obtain

d|2k
d<k
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Further, from Proposition 4.24, we have

2P+ 0 (2¥7)

OSZ(T):i{Qk%—O( 3 zd)} -

d)k
k/d odd
d<k/3
Then
Ox(T) 28+ O(2+/3)
Oar(T) 2%k 4+ O(2k)
and

H[GHD] 2 40E) _Ls0e
Ox(T)] 22+ 0(2¢)  1+0(27F)

—1 as k — 00.

]

Hence, we have shown that the number of shortening orbits on the circle doubling
map is indeed asymptotically zero. In conclusion, this quotient system only shows
one of the many (but restricted) possibilities shown in Theorem 4.19 of what orbit

growth rates can be achieved in quotient systems.

The Triangle Map: A Quotient of the Doubling Map

Let T be the doubling map defined on the two-dimensional torus X = R?/Z%. Let
(X' ,f) be the quotient system of (X,7") under the action of Dsg, where T is the
triangle map.

Now, recall from Chapter 3 that we have the same asymptotic growth rates for

orbits under the doubling map 7" and the triangle map f that is
OW(T) ~ Ox(T)  ask — oo,

and we concluded that almost no orbits of the doubling map shorten in length on the
triangle map. We will now give a proof to verify this statement.
We will start by noting that

Ou(T) = & 3 (%) 2~ 17, (4.10)

d|2k
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and that

Ou(T) = > p (%) (27— 1) (4.11)

d|4k

for all £ > 1. We have the following propositions:

Proposition 4.26. Denote by O3 (T) the number of orbits of length 2k on the dou-

bling map T which will shorten in length by a factor of% on the triangle map T.
Then, for k > 1 odd, we have that

23 k 2d d
OR(T) =5 > n(k)(5-2—4.29—4),
d|k
k/d odd

and, for k even, we have that
k 2d d
zkz E 52 —6-2 _4)'
dlk
k/d odd

Proof. Please refer to Appendix B. ]

Proposition 4.27. Denote by O3 (T) the number of orbits of length 4k on the dou-

bling map T which will shorten in length by a factor szi on the triangle map T.

Then
OR(T) =% Y n(k)22™,
d|k
k/d odd
for all k > 1.
Proof. Please refer to Appendix B. ]

Proposition 4.28. Denote by O3 (T) the number of orbits of length 2k on the dou-

bling map T which will shorten in length by a factor of% on the triangle map T.

Then
OR(T) 5

— as k — 00.

O (T) 22k

Proposition 4.29. Denote by O (T) the number of orbits of length 4k on the dou-

bling map T which will shorten in length by a factor of}L on the triangle map T.

Then
oR(T) 2

~ — as k — 00.

Ou(T) 26k
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Proof of Proposition 4.28. From (4.10), we obtain

Ou(r) = 5 [ (2* 1" +0 (X'~ 1)") ] :%.
d|2k
d<k

Further, from Proposition 4.26, we have that, for £ > 1 odd,

1
O%Z(T):%[5~22’“—4~2’“—4+O< 3 5-22‘1—4.2‘1—4)}
d|2k
k/d|odd
d<k/3

B 5. 22k +0 (22k/3)
B 2k ’

and, for even k, we have that

1

OSZ(T):%[5-22’“—6-2’“—4+O< > 5-22d_6.2d—4)}
d|2k
k:/d|odd
d<k/3

5. 92k +0 (22k/3)
2k '

Then, for all £ > 1, we have
22k [OSE(T)} B 5. 24k 4 0) (214k/3) B 1 —l—O (2—4k/3)

5 | On(T) 5.2 O (2%) 14+ 0(2°%)

—1 ask— 0.

Proof of Proposition 4.29. From (4.11), we obtain

O4k(T)=ﬁ[(24k—1)2—i—O<Z(?d—1)2>]:%.

d|4k
d<2k
Further, from Proposition 4.27, we have
1 22k:+1 4 O (22k/3+1)
O (T = — [22k+1 O( 92d+1 ) ] _ '
k/d odd
d<k/3

Then

06k Oiz(T) B 98k+1 +0 (220k/3+1) B 1_,_0(2—41@/3)
9 Oue(T) - 28k+1 4 (O (24k+1) - 1+ 0 (2-%)

—1 ask — 0.
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Hence, we have shown that the number of shortening orbits on the doubling
map is indeed asymptotically zero. Again, this quotient system only gives one of
the possibilities shown in Theorem 4.19 and, therefore, is not representative for the
general case. However, it is worth noting that both quotient systems from Chapter
3 are naturally arising examples rather than the more abstract constructions used
in Lemma 4.21 for the proof of Theorem 4.19. Here, we come across an interesting
question for future work: Is it true, perhaps, that naturally arising examples always
have the property that almost no orbits shorten? Please refer to Chapter 6 on Future

Work for a further discussion. %



Chapter 5

The Dynamical Zeta Function for

Quotient Systems

We will now introduce the dynamical zeta function and discuss the significance of its
analytic properties.
For any map T': X — X, such that Fj(T) < oo for all k£ > 1, the dynamical zeta

function is defined by
(r(z) = exp (; o Fk(T)> .

Here, note that the dynamical zeta function has a formal expansion as an Euler

product given by

¢r(z) = 1] (H;DT()) '

Or(x)

Now, recall that topological conjugacy between two maps preserves the count of
periodic points and orbits. Hence, it also preserves the dynamical zeta function. It
follows that the dynamical zeta function is an invariant for topological conjugacy.
However, if we only have topological semi-conjugacy between two maps, then any-
thing is possible. In particular, it would be possible for one map to have a rational
dynamical zeta function while the other map has an irrational dynamical zeta func-
tion. When the dynamical zeta function is rational, then we only have a finite number
of invariants (namely the poles and the zeros of the dynamical zeta function) that

determine the numbers Fj(T), for all £ > 1. Further, Bowen and Lanford showed

89
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in [1] that there are only countably many rational dynamical zeta functions. Ratio-
nality of the dynamical zeta function implies nice and well behaved growth rates for
the sequence F = (Fy(T')),—, while irrationality suggests more complex and irregular
behaviour of F'.

In this chapter, we will look at examples of quotient systems where one map has a
rational dynamical zeta function and the other map has an irrational dynamical zeta
function. In order to prove irrationality, we will study the dynamical zeta function

in terms of linear recurrence sequences. We have the following definition:

Definition 5.1. A linear recurrence sequence of order at most n is a sequence a =
(ax)72, of complex numbers where each term is a linear combination of the n preceding

terms with fixed coefficients by, b, ..., b,, that is we have
Am+4n = bn Am+n—1 + bnfl Am+4n—2 +-+ bl Ay (51)
for all m € Nj.

Example 5.2. The Fibonacci numbers are one of the best known linear recurrence
sequences. Each number is defined by the sum of the previous two numbers, so that

we have the recurrence relation
Fm+2:Fm+1+Fm;

for all m > 0, where Fy = 0 and F} = 1. Hence, we obtain the following sequence of

numbers:

F=1(0,1,1,2,3,5,8,13,21,34,55,89, 144, . . )

An interesting fact shown by Puri-Ward in [13] is that among all the solutions to the

Fibonacci recurrence of the form
F,=(1,a,1+a,1+2a,2+ 3a,3+ 5a,5+ 8a,...)
the only solution that counts periodic points for any map is a = 3.

To the recurrence relation (5.1), we can associate the polynomial

f(2)=2" b, 2"t — i —bg2® —byz— by,
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and we call this polynomial a characteristic polynomial of order n. Any linear re-
currence relation satisfies a recurrence relation of minimal length. The characteristic
polynomial of the minimal length relation is the minimal polynomial of the sequence
a. The degree of this minimal polynomial gives the order of the linear recurrence
sequence. The minimal polynomial divides the characteristic polynomial. Linear
recurrence sequences arise naturally as sequences of Taylor coefficients of rational

functions, which can be seen in [17]. We have the following results:

Theorem 5.3 ([5, Theorem 1.5]). A sequence a = (ax)32, s a linear recurrence
sequence if and only if it is the sequence of Taylor coefficients of a power series

representing a rational function.

Theorem 5.4 ([5, Theorem 2.1, Skolem—Mahler-Lech Theorem]). If a sequence a =
(ag)?2, is a linear recurrence sequence, then the set of zeros, that is the set of all k
such that ap, = 0, is the union of a finite set together with a finite number of arithmetic

PTrOGressions.

Hence, one way to show that a dynamical zeta function is irrational is to first
show that its sequence of coefficients does not satisfy the criteria of being a linear
recurrence sequence by Skolem-Mahler-Lech, and then use Theorem 5.3 to conclude
that the dynamical zeta function is irrational.

Further, it is possible for a dynamical zeta function to have a natural boundary.
The dynamical zeta function has a natural boundary if it does not have an ana-
lytic continuation beyond its radius of convergence, where we define the radius of

convergence, denoted by R, by

1

1k
lim sup <M>

k
k—o0

Then at |z| = R, we have a dense set of singularities or zeros. Therefore, a dynamical
zeta function with a natural boundary implies even stronger results concerning the
irregularity and complex behaviour of /' compared to a dynamical zeta function which

is irrational. An example of a natural boundary is shown in Figure 5.1.
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Figure 5.1: (Approximate) plot of the modulus of > 22 showing a natural boundary
k=0
at the unit circumference, [19] .
In this chapter, we will give an example of a quotient system where one map has

a rational dynamical zeta function while the other map has a natural boundary. We

have the following result:

Theorem 5.5 (Pdlya-Carlson Theorem, [3],[12]). A power series with integer coeffi-
cients and radius of convergence 1 is either rational or has the unit circle as a natural

boundary.

Hence, by Theorem 5.5, one way to show that a dynamical zeta function has a
[e.9]

natural boundary is to first show that its logarithmic derivative f(z) = > 2*Fy(T)
k=1

has radius of convergence 1 and then prove f(z) to be irrational.

5.1 Irrationality as a Factor of Rationality

We will now give an example of a quotient system where (X,7) has a rational dy-
namical zeta function while its quotient (X’,7”) has an irrational dynamical zeta
function.

Let G = Z/2Z, and let (X', T") be a dynamical system. We define X = X' x7Z/27Z
and T : X — X by T'(z,n) = (T"(z),n + 1 (mod 2)), for n € {0,1} and (z,n) € X.

Further, we define an action of G by

g(z,n) = (x,n+1 (mod 2)),
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for all (z,n) € X. Then (X’,T") is topologically conjugate to the quotient of (X, 7).
Now, note that 7" can only have points of period k if 2 | k. Then
0, if k isodd;
F(T) = (5.2)
2FL(T"), if k iseven.
Next, we choose
0, if k isodd;

F, = (5.3)

2k+L if k is even,

giving the following sequence of periodic points:
F=(0,2°0,2°0,27,0,2°0,2",0,2",0,2",0,...)

Hence, in order to satisfy Equation (5.2), we choose

(

0, if k=1;
Fl = 2k if k iseven; (5.4)
Sod2@=V2 i k=2n+1,n>1,
dlk
\ d#1

giving the following sequence of periodic points:
F'=(0,4,6,16,20,65, 56,256, 150, 1024, 352, 4096, 832, 16384, 1920, 65536, . . .)

We will continue to show that F” is realizable, that is there exists a map 7" such
that F} = F(T"), for all £ > 1. Here, note that if F” is realizable, then it follows
that F' is realizable, by construction.

Now, recall from Theorem 2.4, that F’ is realizable if and only if

Op =+ n () Fae N,
dlk
for all £ > 1. Here, we note that since

Fp=>Y10;=> d2 12,

1|k d|k
d#1
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we have that O = 2(-1/2 = 2" whenever k = 2n + 1, for n > 1. Further, for k = 1,
O;, = 0. Hence, O, € Ny, for k£ odd. It remains to show that O; € Ny, for k even.

We will have to consider two cases. Let k = 2m, where [ € N and m € N is
odd. First, let [ = 1. We will start by defining a map 7% : [0,1]*> — [0,1]* by
(z,y) — (T(z), T(y)), where T is the tent map defined on the interval [0,1]. Then
Fy.(T*) = 22% so that Ox(T*) € Ny. It follows that

Oh=1D_ n(§)F

d|k
- 2m Z Tm Fd 1 Z 'u(27m) é
d|2m d|2m
d even d odd
ZQmZM 2)2 =5y n(%) Fa
dlm
=10, -10.,, (5.5)

for all £ > 1. Note that since O,,(T*) € Ny, we have that % Zd‘mu (%) 224 ¢ N,.
Then since }_,,,, (7 )22 is even (since every term of the sum is even), we have that
> g 1 (%) 24 must be even since m is odd. Hence, § O}, (T*) € No. Further, for
m = 1, we have O] = 0, and for m > 3, we have m = 2n + 1, for some n, so that
O., = 2". Hence, 5 O, € Ny. It follows that equation (5.5) gives an integer.

It remains to show non-negativity, that is we need to show that

First, note that

since all divisors d < m of m are at most 3 since m is odd. Further, since 2™ > 2m,

we have that

22M > 2m 2™ = (2™ 4 2™) > m 2MTI/2 4 gy 22m)/3
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since m > ’”T_l and m > 2?’” Hence, we have that

50m(T%) = 512 > (%) 2
d

22m _ 2(2m)/3

2m
m 2(m—1)/2

2m
9(m—1)/2

N uEVF=1 > nB) i+ > n() F

dlk dlk dlk
d even d odd
=i > n®2 1> n)F (5.6)
d|k dlk
d even d odd

for all £ > 1. Here, note that u (%) = 0, whenever d is odd. Hence, the second term
on the right hand side of Equation (5.6) is equal to 0. Further, we have that

SWIOEEES WIGEEE S WIGED 57

dlk dlk dlk
d even d odd

and since the second term of the right hand side of Equation (5.7) is equal to 0 by
the same argument as for Equation (5.6), we have that (5.7) is equal to Oy (T), for
all £ > 1. It follows that

1N " (5) Fy=On(T) e Ny,

dlk
for all £ > 1.
Remark 5.6. Here, note that in order to show that F” is the sequence of periodic
points of a quotient system by a G-action of a system which has F' as its sequence of
periodic points, we could have also used Lemma 4.21.

Choose b) = 0, and set

. Oy(T"), for k even;
by, =

0, otherwise ,



5.1. IRRATIONALITY AS A FACTOR OF RATIONALITY 96

and

Or(T"), for k odd;

0, otherwise .

Then setting

(ii) aj =20x(T"), and

b2, for k even;

(iii) a2 ={ /*
0, otherwise ,

and ay = aj + af + a* and by, = b + b + b7*, for all k > 1, we have that a;, = O,

and by = O). Then by Lemma 4.21, there exists (X,T') such that Fj, = Fy(T) and

F| = F,(T"), for all k£ > 1, where (X’,7") is the quotient system of (X,7") under a

Cy action.

Last but not least, we will show that the dynamical zeta functions for 7' is rational
while the dynamical zeta function for 7" is irrational. We will start by looking at the
dynamical zeta function for T. Here, we have that, for |z| < %, the dynamical zeta

function is given by

ok
(r(z) = exp Z % Fk(T))

k=1

— exp i Z_% 22k+1>
—~ 2k

— exp Z (22)2k )
k=1

= exp (—log (1 — (22)?))

1
T4z

It follows that (r(2) is rational.

Next, we will study the dynamical zeta function for 7”. First note that (7/(2) is
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7 (%)
Crr(2)

rational only if the logarithmic derivative z [ ] is rational, where

{CT/ Z)] = ézk Fu(T")

(ri(2)
=3 P E(T) + ) e (T). (5.8)
k=1 k=1

Hence, to show that the zeta function of T is irrational, it is sufficient to show that
exactly one of the terms of Equation (5.8) is irrational. We will start by showing
that the first term of the right hand side of Equation (5.8) is rational. For |z| < 1

we have that

i 2k Fo(T') = iz% 92k

k=1 k=1
= (22 [1+ 22+ [+ [227) + -]
422
1 — 422

which is rational. It remains to show that the second term on the right hand side of

Equation (5.8) is irrational. For |z| < 1, we have that

Z Z2k_1 ng_l(T/) =z Fl(T,) —+ Z ZZk_lFQk_l(T/)
k=1 k=2

5 2k+1 Z d 9(d—1)/2

NE

i
I

NE

k=1 d|2k+1
d#1
= (2k+1)282 4 (2), (5.9)

T
I

where

:izzkﬂ Z g old—1)/2

k=1 d|2k+1
d#1
d£2k+1

Now, if we take

_ i ok ,2k+1 _ 22°
- 1—2227



5.2. RATIONALITY AS A FACTOR OF IRRATIONALITY 98

then the first term of the right hand side of Equation (5.9) is equal to z f'(z) which

is given by
= 623 — 42°
2k 1 2k 2k+1 - - =
;( T2 (1—222)2°

which is rational. We are left with the term ¢(z). Note that since all other terms of
(r/(z) are rational, it follows that (7(z) is irrational if and only if ¢(z) is irrational.
We will study ¢(2) in terms of linear recurrence sequences.

Let a = (ag)72, be the sequence of coefficients of ¢(z) given by ag, = 0 and

A2k+1 = Z d2t-1/2,

d|2k+1
d#1
d#£2k+1

Then by Theorem 5.3,

o0

w(z) = Z a2’

k=1
is rational if and only if a is a linear recurrence sequence.

Now, set Z = {k : ar = 0} to be the set of zeros, and assume a to be a linear
recurrence sequence. Note that, since ap = 0 whenever k is an odd prime, we have
that

{p: pis prime,p >2} C Z.

Since the set of primes is infinite, then Z must contain an arithmetic progression
containing an odd prime by Theorem 5.4. But any arithmetic progression containing
an odd prime p also contains an odd composite number 2k + 1 since, if the common
difference in the progression is d, then p + (2p)d = (2d + 1)p is odd and composite.
But agyy1 # 0 since 2k+1 = (2d+1)p is odd but not prime, which is a contradiction.
It follows that a does not satisfy the criteria to be a linear recurrence sequence by
Theorem 5.4. Then by Theorem 5.3, ¢(2) is irrational. It follows that the dynamical

zeta function of 7" is irrational.

5.2 Rationality as a Factor of Irrationality

We will now give an example of a quotient system where the topological dynamical

system (X, T) has an irrational dynamical zeta function while the quotient system
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(X',T") has a rational dynamical zeta function.
First, we choose

F,=2"+0(k),

for all £ > 1, where o(k) is the sum of all the divisors of k£ defined by
o(k) = d.
dlk

We will show that F = (Fi(T));, is realizable. First, we note that Fj, = Fy(T)+o(k),
where T is the tent map. Then by the definition of o(k), we have that F}, € Ny, for

all £k > 1. Further, we have that

Oc= 131 (5) (2 + o(@)

dlk

=1 n()2 L a8 ol
dlk dlk

= Ou(T) +1,

for all k£ > 1, since o(k) = Zd‘kd = Zd‘k dOg for Oy = 1, for all d. Then O, € Ny,
for all £ > 1. Hence, F' is realizable.
Next, we choose
F| =2~

for all & > 1. Then since F}, = Fy(T), for all k, we have that F” is realizable.
Now, we will use Lemma 4.21 and Lemma 4.22 to show that F”’ is the sequence
of periodic points of a quotient system by a C action of a system which has F' as its

sequence of periodic points.

Choose by = O, —1= [+ > pu (&) Fj] —1,b] =1, and b7* = 0, for all k > 1. Then
dlk
setting

(i) af =0,
(ii) aj =2, and

(iii) a2* =0,
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and

ar = aj +al +a;’ =0, + 1= Oy,

and

by = by + b + b = O},

for all k£ > 1, we have that by Lemma 4.21 there exists (X, T) such that F}, = Fj,(T)
and F], = Fi,(T"), for all k£ > 1, where (X’,7") is the quotient system of (X, T") under
a Cy action. Further, since b} > 1, we have that (X, T) is a topological dynamical
system by Lemma 4.22.

Next, we would like to show that T has an irrational dynamical zeta function
while 7" has a rational dynamical zeta function. We will start by showing that 7"

has a rational dynamical zeta function. Here, for |z| < 1, we have
o Zk )
Cro(z) =exp | D - Eu(T)
k=1
— (22)"
= ex

It follows that (7v(2) is rational.

Next, let us consider the dynamical zeta funtion of 7. First, note that (r(z) is

(r(2)

CT(Z):| is rational, where, for |z| < 3

rational only if the logarithmic derivative z [

2 F’(Z)] = i K E(T)

r(z)] &
:Z (22) k+20 (k)zF
k=1 k=1
:Z(Qz)k+z (1+k)z +Z Z dz
k=1 k=1 k=1 dlk
1k
2z
- ey Y
k=1 dlk
d#1,k
2z 2z
= + + ¢(2)
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Hence, to show that (r(z) is irrational, it is sufficient to show that ¢(z) is irrational.
Now, let a = (ay);-, be the sequence of coefficients of p(z) given by

ak:Zd

dlk
d#1,k

Then by Theorem 5.3,

o0

o) = Y

k=1

is rational if and only if a is a linear recurrence sequence. We will prove by contra-
diction that ¢(z) is irrational.
Assume that a is a linear recurrence sequence. Set Z = {k : ay = 0} to be the set

of zeros. Here, note that a; = 0 whenever k is prime (or & = 1). Hence, we have that
{p:pisprime} C 7.

Since the set of primes is infinite, then it must contain an arithmetic progression
containing a prime p by Theorem 5.4. But any arithmetic progression containing
a prime p also contains a composite number since if the common difference in the
arithmetic progression is d, then p + pd = p(1 4 d) is composite. But a; # 0 for
k = p(1 + d) composite, which is a contradiction. It follows that a does not satisfy
the criteria to be a linear recurrence sequence by Theorem 5.4. Therefore, by Theorem

5.3, ¢(z) is irrational. It follows that the dynamical zeta function of 7" is irrational.

5.3 A Natural Boundary as a Factor of Rationality

We will now give an example of a quotient system where the topological dynami-
cal system (X, T) has a rational dynamical zeta function while the quotient system
(X',T") has a natural boundary.
Choose
F,=2" and  F]=2"+a.2",

for all K €> 1, where we define a; as follows:

® a; =ay=a,=0;
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e a,n = q* (for m > 2);
e ay,m =p (for m > 1);
® ayn,m = 2% (for n > 2 and m > 1);

orderp (k’))

® a; = ag/, (mod p , for p | k, where we choose a;, such that 2% <a < g—ff

for n = ordery(k), n € Ny,

where ¢ is any prime and p is an odd prime. Note here that in order to solve for

orderp (k) )

ap = ag/, (mod p , we must use the Chinese Remainder Theorem.

Example 5.7. For a5, we have

a;5 =3 (mod 5)

=5 (mod 3).
Then by the Chinese Remainder Theorem, we have
a;5 =8 (mod 15).
Hence, to satisfy 15 < a5 < 30, we choose a5 = 23.
Example 5.8. For agy, we have

ago = arp (mod 5)

= Q9o (mod 3) s
where a5 = asg = 4. Then by the Chinese Remainder Theorem, we have
ago =4 (mod 15).

Now, note that ordery(60) = 2. Hence, in order to satisfy 15 < agy < 30, we choose

agp — 19.
We obtain the following sequences of periodic points:

F = (2,2%,23 2% 2% 26 27 28 29 210 oll ol2 ")

Y
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and
F'=(2,2%,235.2%2°4.26 27 5.28 1029 6.2'0 2! 5.212 ).

Letting G = (5, we will show that there exists a quotient system (X’,7”) of a
topological dynamical system (X,7T") under a Cy-action such that Fj, = Fy(T") and
F| = F,(T"), for all kK > 1. Moreover, we will show that 7" has a rational zeta function
while 7" has a natural boundary.

We will start by showing that F and F’ are realizable. Here, note that F = F(T),
where T is the tent map, so that F' is realizable. It remains to show that F” is
realizable. We will start by showing divisibility.

Let k = p{"p5?---p/*, for [ > 1, where py, po, ... and p; are all distinct primes and
n; > 1, for i{1,2,...,1}. Now, if we can show that

> on(5)as2' =0 (modp").
d|k
for all i € {1,2,...,1}, it follows that
Z,u (%) aq 29=0 (mod k)
dlk
by the Chinese Remainder Theorem.

First, let us look at the decomposition of Zd‘k I (g) aq2?. Since u (S) = 0 when-

k

ever ; contains a square factor, we have that

Yo n(h) a2’ = p(V)ar 2 + p(pi)ars 27 + -+ w(pip; - Pr)anpipyp, 2P
dlk

+ot ,U(plp2 e 'pl)ak/mm"'m /P2 m )

forl >--->r>---> 7 >4 Inorder to show divisibility, we will consider two cases.
First, let p; be an odd prime. By Fermat’s Little Theorem, we have that, for an odd
prime p,

n n—1

2P = 2P (mod p").

Then it follows that
ok = ok/Pr (mod p).
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Further, by the definition of a, we have that
ax = agjp, (mod pyt).
Note that this holds true for any p; such that p; | k. Hence, we have
p(D)ar2 = —p(pr)agsy, 27 (mod pit) .
Further, for ¢ > 1 and 2 < r <[, we have that

ok/pipj-pr — 9k/p1pipj--pr (mod pi),

and
Ak /pip;--pr = Ak/p1pipj--pr (mOd pTIH) .
Hence,
i - D)oy 27T = —p(p1pips - - Dr) Oy 27PPPPT (mod pit)

It follows that

Z,u (5)as2°=0 (mod pi). (5.10)
dlk

Since p; is an arbitrary odd prime, this holds true for any odd prime.

Second, suppose p; = 2. Then for 0 < r < [, we have that
ok = (0 = 2M/2Pipi~Pr (mod 2™)

since k/2p;p;---p, =271 T p™~' > ny. Hence,

s€{i,J,...,m}
D n(5)aa2'=0 (mod2™). (5.11)
dlk

Combining (5.10) and (5.11), we have that
> ou(5)as2’ =0 (modp).
d|k

for all i € {1,2,...,1} and any prime p.

Next, we must show positivity. We will have to consider several cases.
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(i) Let k = p. Then

> (%) aa2? = p(1)a, 2 + p(p)ar 2 = 0.
dlk

(ii) Let k = ¢™ (for m > 2). Then

m m—1
Z'M (S) g 2" = p(Lagn 27" + ((q)agn- 2
dlk
m—1

> ¢ 21" — g 20

>0.

(iii) Let k = 2p™ (for m > 1). Then

(iv) Let k =2"p™ (for m = 2,n = 1). Then

D w(5) a2’ = p(1)ag 2% + p(2)az, 2% + p(p)as2* + p(2p)as 2°
dk

=4.-16°P —p-4P —4. 21
>4-16P —2-4°%F
=4-16" —2- 167
=2.16%

>0.
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(v) Let k=2"p™ (for m =2,n > 2). Then

Z K (%) @d 2d = “(1)0'417’" 24pm + ,U(Q)agpm 22pm + ,u(p)a4pm4 24pm71
dlk

m—1

+ 11(2p) agym—1 2%

m—1 m—1

=4-16P" —p-4P" —4. 16" —p-4P

m—1 m—1

= 416" (167" TP 1) —p A" (T )

>0

since for m > 2, we have 4 > y" m + and therefore

m—1

416" > p- 4P

Similarly, for any m, we have 1 > W and therefore

m—1

4-167" " 1> pegr T

(vi) Let k =2"p™ (for m > 3,n > 1). Then

Y i (5) a2t = p(Lagym 227" + p(2)agn-1ym 277" 4 p(p)agnyme1 227
d|k
+ 1(2p) agn—1pym-1 92" !
— 422 g QP g 2y g2
— 4.2 (2T )

-1

_4 . 22n71pm71 (22npm_2n71pm B 1)

>0.

(vii) Let k = p*p5®---p;*, where p; are all distinct primes in ascending order with

n; > 1, for i € {1,2,...,1}. We have that

Z,u(g) ad2d Zaka—ZadZd

d|k d|k

d<k
> ak — Omax E 2d
dlk
d<k
k/2
Omax K+ 2
Z a. 2k _ “max

2
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where we define ap.x = max{aq : d | k,d < k}. We will consider two cases.

First, suppose p; = 2. Then

pgz .. p?l S Ak, Amax S 2pg2 o p;” ’

and we have that

Aax K - 9k/2 - (2p;‘2 .. -p?l) (k: . Qk/2)
2 - 2
= (py> ") (k- 24/?)

Saka.

Second, suppose p; # 2. Then

ni—1_mno ni—1_mnso

Pym Do "'p?l < Gmax < 2p1' Py "'p;”?

and k£ < q;, < 2k. It follows that

(max k- 2k/2 < (2p71”_1pg2 o plnl)(k ) 2k/2)

2 = 2
= (P ph ) (k- 2M2)
< Q. 2k

Hence, we have shown that O, = %; 1 (%) F; € Ny, for all k > 1. We conclude that
dlk
F' is realizable.

Next, we will use Lemma 4.21 and Lemma 4.22 to show that F’ is the sequence

of periodic points of a quotient system by a C5 action of a system which has F' as its
sequence of periodic points.

Choose b] = 0,
orderz (k)

sz = Z (O;g/w - Ok/2") ’

n=0

and

b = O — bijQ ., for k even;
O, for k odd,

for all k¥ > 1. Clearly, by the definition of F} and F}, we have that 02* > 0. Also,

bj > 0 since b5, = 2/2 + O(28/1) < Oy We set
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(i) ap =0y,
(ii) a{ =0, and

25 .
N bk/Q, for k even;
(ili) a® =

0, otherwise |,

and a, = a¥ + af + a}® and by, = b} + b] + b7*, for all k > 1. Then

ay = ay + azs
=b, + azs
:Ok7
and
b, = by, + bzs,

for all £ > 1. We will consider two cases. Suppose k is odd. Then
b = Oy + (O}, — Or) = Oy,

since ordery(k) = 0. Next, suppose k is even, say orders(k) = j, for some j € N.

Then

by = O — by + b7°
=0 — [( ;/Q—Ok/g)+(O;/4—Ok/4)+~--+(O;C/Qj—Ok/Qj)}
+ (0= 00 + (01 = Oup) + -+ + (O — Oupo )|
= Ok + (0}, — Oy)

~ 0.

Hence, by Lemma 4.21, there exists (X,T') such that Fy = Fi(T) and F} = F,(1"),
for all k > 1, where (X', T") is the quotient system under a C5 action. Further, since
bY > 1, we have that (X, T) is a topological dynamical system by Lemma 4.22.

Last but not least, we will show that the dynamical zeta function of 7" is rational

while the zeta function of 77 has a natural boundary. We will start by studying the
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dynamical zeta function for T'. For |z| < i, the dynamical zeta function of T is given

by

o

which is rational.
Next, we will look at the dynamical zeta function of 7". First, note that, for all
k > 1, we have that a; > 1 infinitely many often, while a; < 2k always. Then

limsupa, =1,
k—o0

2k 1/k
lim sup (ak—) = 2.
k—o0 k

and it follows that

Hence, for |z| < %, the dynamical zeta function of 7" is given by

Cri(z) = exp ( ?Fk(T'))

= (22)F 2. ap(22)F
Z(k)>exp<2 k<k>>

k=1

- (1—22) P <§@) ‘

Then in order to show that 7" has a natural boundary at z = %, we must show that

exp <ZZ°:1 %) has a natural boundary at z = 3. If we consider
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which has radius of convergence % It follows that if we can show that f(z) has a
natural boundary at 1, then f(2z), and therefore the dynamical zeta function of 77,
has a natural boundary at %
First we will show that f(z) is irrational. By Theorem 5.3, f(z) is irrational if and
only if a = (ax),-, does not satisfy the criteria to be a linear recurrence sequence.
Set Z = {k : ar, = 0} to be the set of zeros, and assume, to the contrary, that a is
a linear recurrence sequence. Note that since a;, = 0 whenever k is prime (or k = 1),

we have that

{p:pisprime} C 7.

Since the set of primes is infinite, Z must then contain an arithmetic progression con-
taining a prime number by Theorem 5.4. But any arithmetic progression containing
a prime number also contains a composite number since, if d is the common differ-
ence in the progression, then p + pd = p(1 + d), which is composite. But a; # 0 for
k = p(14d) composite. Hence, a does not satisfy the criteria to be a linear recurrence
sequence by Theorem 5.4, and therefore, f(z) is irrational. Then by Theorem 5.5, we
have that f(z) has a natural boundary at 1. It follows that f(2z) and, therefore the

dynamical zeta function of 7", has a natural boundary at %



Chapter 6

Future Work

We will now discuss some ideas for future work.

Recall that if we let T" be the circle doubling map defined on the circle X = R/Z
and (X, T) be the quotient system of (X, T) under the action of Cs, where T is the
tent map defined on the interval X = [0, %], then we have the same asymptotic growth

rates for orbits of the circle doubling map 7" and the tent map f, that is
OW(T) ~ OW(T) as k — oo.
Indeed, here we have the sharp bound
OK(T) = O(T)| = O(1).

Further, recall that if we let T" be the doubling map defined on the two-dimensional
torus X = R2/Z2 and (X,T) be the quotient system of (X, T') under the action of
Dy, where T is the triangle map, then we have the same asymptotic growth rates for
orbits of the doubling map 7" and the triangle map T

Both of the above examples occur in a natural setting: They have easy to define
spaces and maps, and the groups chosen are natural (non-trivial) choices for the given
space and map. Now, from Theorem 4.19, we know that in a general setting, where
(X', T") is the quotient system of a dynamical system (X,7") under the action of a
finite group G, then we have a wide (but restricted) range of possibilities of what

orbit growth rates can be achieved in the quotient system (X', 7T"). However, the
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proof of Theorem 4.19 required a more abstract combinatorial construction of (X, T)
(detailed in the proof of Lemma 4.21) very unlike the more natural constructions of
the previous two examples. Then one question to ask is, do examples occurring in a
natural setting, for examples, classes of systems like group automorphisms, subshifts
of finite type, or expanding map on an interval, always exhibit the same growth rates
for orbits in the quotient system?

Another set of questions to ask is, given a space X and a map T, for example, a
non-trivial expanding map, which group (or groups), if any, commute with 77 And
given a space X and an action of a group G, which maps commute with the action
of G?7 Here, for a given family of systems (X, T'), the aim is to find as many natural
examples as possible. Will we find the choices of groups to be limited, implying
limited behaviour?

Next, we have the following result:

Theorem 6.1 ([20]). If F = (Fy)32, is a realizable sequence of non-negative integers,

then there exists a C*° map T? — T? such that F = Fy(T).

Thus, we can find a smooth model (X, T) for the sequence F' of periodic points
described in Theorem 4.19. Now, note that if (X,T') is a topological dynamical
system, then it follows that (X’,7") is a topological dynamical system since G is
finite. However, do the same implications follow if we have a smooth model (X, T)
for F?7 That is, if we have a smooth model (X,T') for the sequence F' of periodic
points, does it follow that there exists a smooth model (X', 7") for the sequence F’

of periodic points in the quotient system?



Appendix A

The Tent Map: A Quotient of the
Circle Doubling Map

Let T be the circle doubling map defined on the circle X = R/Z. Let (X, T) be the
quotient system of (X,7T") under the action of Cy, where T is the tent map defined
on the interval X = [0, 3l

We will give a list of all the points on the circle doubling map which will give rise
to shortening orbits on the tent map, a formula for the number of shortening orbits,

and a result for the general relationship between the count of orbits on the circle

doubling map and the tent map. We have the following propositions:

Proposition A.1. Let T be the circle doubling map and T be the tent map. Then

orbits of T' which have odd length 2k + 1, will not shorten in length on T.

Proposition A.2. Let T be the circle doubling map and T be the tent map. Then

points on T which have the form

{Qki1:1§c§2k,c€N}

will give rise to orbits on T which will shorten on T by a factor of% and which have

length 2d < 2k, such that 2d | 2k but 2d 1 k.

Proposition A.3. Let T be the circle doubling map and T be the tent map. Then
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orbits of T which have even length and do not contain points of the form

{2k11:1§c§2k,c€N}

will not shorten in length on T.

Proposition A.4. Let T be the circle doubling map and T be the tent map. Then
the number of orbits of T that have even length 2k, and that will shorten into orbits

of length k on T is given by

1
O = >, n(§)2,
k/ccllllzdd

forall k > 1.

Proposition A.5. Let T be the circle doubling map, T be the tent map, and k > 1.
Then

(i) O(T) = OF*(T) + O*(T);

(ii) OF(T) =0 (for k odd);
(iii) Ox(T) = § Op=(T) + O3 (T) (for k > 2);
(iv) O\(T) = O}*(T) + O3(T).

Proof of Proposition A.1. Given an orbit of T" which has odd length 2k + 1, there
exists a natural number a, 1 < a < 2%*1 — 2 such that the orbit consists of the

distinct points

a 2a 22q 2kq 22kq,
92k+1 _ 17 92kl _ 17 92k+l _ 1 7 92+l _71° 7 9%+l _ |

(mod1).

Now, assume that the orbit will shorten in length on T. Then there exists some

2k +1 > m € N such that

2™a a

that is, for v = gz,

T"(z)=1—2x (modl).
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Then
() = —x (mod 1)

T(r) = T(T"(z)) (modl)

= T7(—z) (mod 1)

= _T(2) (mod 1)

= (-2 (mod 1)

= 2 (mod1).

This means that the T-period of z divides 2m. However, since by definition this is

an orbit of period 2k + 1, we also have
T (z) =2 (mod1),

so the T-period also divides 2k 4+ 1. Then the T-period of x must divide
ged (2m, 2k 4+ 1) and this is equal to ged (m, 2k + 1), so the T-period of z must divide

m, that is we must have

T™(x) =z (modl).

However, we also have
T"(x) = —z (modl),
so we must have

T"(z) =2 =—x (modl).

Since  is neither equal to 0 (by definition) nor £ (since 2  22#*1—1), this is impossible.

Therefore, orbits of T" of odd length 2k + 1 will not shorten on T. O]

Proof of Proposition A.2. Suppose we have an orbit of T which contains points of

the form

{Qki1:1§c§2k,c€N}.

We will consider two cases. First, assume that has least period 2k. Then our

_c
2k+1
orbits consists of the distinct points

c 2¢ 22¢ 2k 92k—1.
2k 17 28417 2417 T2k 417 o2k 41

(mod 1),
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where the (k 4 1)-th term of the orbit is given by

2Fc
2k +1°
and this term is equivalent to
2kc 2kc 2k +1
= —(c—1)| —— dl
Fri- w1 ¢ )(2k+1) (mod1)
2P +1—¢
= o1 (mod 1)
c

Hence, we have that, for x = 5%,

THr)=2"r=1—-2 (modl).

Then when Cy acts on X, we identify x with 1 — 2 on the tent map T. 1t follows that
the length of the orbit shortens by a factor of %

Second, assume that has period n < 2k such that n | 2k, for some n € N.

_c
2k4+1
Since orbits can only shorten in length by a factor of %, then n must have even period,

say n = 2d. Hence, we have that
T?(r) =2 (modl). (A.2)
Now, suppose k/d = 2m, for some m € N. Then by (A.2), we have that
THz) =T*"(z) =2 (modl),
which is a contradiction. Hence, k/d must be odd, so that 2 t (k/d), thatis 2d{ k. O

Proof of Proposition A.3. Assume that some orbit of 7" which has even length 2k

shortens in length on T. Hence, there exists some 2k > m € N such that
T"(z)=1—2x (modl).

It follows that
T*"(x) =2 (modl).

Then 2k | 2m (since 2k gives the least period), so k | m but m < 2k, so m = k.
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Next, suppose we have an orbit of even length 2d such that 2d | 2k and which

shortens in length on T. Then
T*(z) =2 (modl). (A.3)
Now, if k/d = 2m, for some m € N, then, by (A.3), we have that
THz) =T (2) =2 (modl),

which is a contradiction. Hence, k/d must be odd.
Moreover, since

THz)=1—-2=—-2 (modl),

we have that

2z = —2 (modl),

and it follows that
z(28+1)=0 (mod1).

Then we have that 1 | (2% + 1), so that z(2* + 1) = ¢, for some ¢ € N. But then

xr = In conclusion, orbits which have even length 2d, such that 2d | 2k but

_c
2k 41"

2d 1 k, on T and which shorten in length on T consist of points of the form

{ij_l :1§c§2k,cEN}.

Proof of Proposition A.4. By Proposition A.1, A.2, and A.3, we have that

55(T) = {points of period dividing 2k but not dividing k which will give

rise to orbits on 7" which will shorten by a factor of £ on T}

:{ ¢ :1§c§2k,c€N}.

2k +1
Now, in order to only count points of least period 2k, we must exclude points of

period 2d < 2k such that d | k& with k/d odd, by Proposition A.2. Then using the
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Inclusion-Exclusion Principle and the Mobius function, we have that

L33 (T) = #{points of least period 2k which will give rise to orbits

on 7" which will shorten by a factor of % on f}

— - | F%/p<T>\
plk
k/p odd
= > uy) ),
dlk
k/d odd

for all £ > 1. It follows that

O3 (T) = #{orbits of T which have length 2k on T and

which will shorten by a factor of 1 on T }

— 23
- 2k Z F2d

d|k
k/d odd

— 2 S (k)2
2k d

d|k
k/d odd

for all £ > 1. O

Proof of Proposition A.5. First, note that (ii) follows from Proposition A.1, and (i)
follows since all orbits of length k either shorten in length or the length remains the
same. It is consistent with (ii) since, in the case where k is odd and we do not have
any shortening orbits, we only have non-shortening orbits. So we are left to prove
(iii) and (iv).

For (iii), we need to show that O (T) = $ 0P (T) + O3;(T). Assume that k > 2.
Now, when G acts on X, we identify the periodic points x and 1 — x of T'. Then
when x and 1 — x lie in different orbits of length £ on T', we have that two orbits of
length &k will form into one orbit of length £ on T. The length of the orbits remains
the same since x and 1 — x give rise to orbits on T that are of equal length. Hence,
each pair of non-shortening orbits which have length &£ on 7" will give rise to one orbit
of length k on T. Now, when = and 1 — x lie in the same orbit of length k£ on 7', then

the length of the orbit shortens by a factor of % on 7. This is due to z and 1 —
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coming in pairs for orbits of length k on 7', for k£ > 2. It follows that in order to count
the number of orbits of length k£ on T, we need to consider the number of shortening
orbits of length 2k on T', where each shortening orbit of length 2k shortens in length
by a factor of % and gives rise to one orbit of length k on T.

Further, for (iv), we need to show that Oy(T) = O7*(T) + O2(T). Here, note
that when x =0 or z = %, then z =1 —2x. But « = % does not lie in a closed orbit,
and x = 0 gives rise to a non-shortening orbit of length 1 on 7" which gets preserved
on 7. Moreover, we need to consider orbits of length 2 on T that will shorten into

orbits of length 1 on T, as seen in the argument for (iii). O



Appendix B

The Triangle Map: A Quotient of
the Doubling Map

Let T be the doubling map defined on the two-dimensional torus X = R?/Z2. Let
(X,T) be the quotient system of (X,T) under the action of Dg, where T is the
triangle map.

We will give a list of all the points on the doubling map which will give rise to
shortening orbits on the triangle map, and we will give formulae for the number of
shortening orbits. Here, note that throughout this appendix, whenever we refer to
the doubling map T" we refer to the doubling map defined on the two-dimensional
torus.

We have the following propositions:

Proposition B.1. Let T be the doubling map and T be the triangle map. Then points

on T which have the form

, a 2kq ok
(1) {<2Qk+1’22k+1> 1<a<?2 ,aEN};

) {(22k+1,22k+1) 1<a<?2 ,aEN},

will give rise to orbits on T which will shorten in length by a factor of% and which

have length 4d < 4k such that 4d | 4k but 4d t 2k. Moreover, these points are the

only points which will give rise to such shortening orbits.
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Proposition B.2. Let T be the doubling map and T be the triangle map. Then points

on T which have the form

_ a 2Fq ok
<Z>{<22k—1’2%—1):1§a§2 —2,a€N};

b
(m){( a 1):1§a§2k,0§b§2k—2,a,b€N};

(iii){(Z% - 1>:1§a§22_2,a6N};

b
(w){( a4 >:0§a§2k—2,1§b§2k,a,beN};

2k — 172k +1

b
(v) {(ﬁ’ﬁ) 1 ga,bg2k,b§éj:a,:l:2k/2a(m0d2k+1),a,bEN} ,

will give rise to orbits on T which will shorten in length by a factor of% and which

have length 2d < 2k such that 2d | 2k but 2d 1 k. Moreover, these points are the only

points which will give rise to such shortening orbits.

Proposition B.3. Denote by O3 (T) the number of orbits of length 4k on the doubling
map T which will shorten in length by a factor of}1 on the triangle map T. Then
OR(M) =5 D n(§)2
djk

k/d odd

for all k > 1.

Proposition B.4. Denote by O%(T) the number of orbits of length 2k on the doubling
map T which will shorten in length by a factor of% on the triangle map T. Then,
for k> 1 odd, we have
0T =% > n(k)(p-2—-4.27—4),
d|k
k/d odd
and, for k even, we have
OR(T) =5 > pu(5)(5-22-6-2"—4).
d|k
k/d odd

Proof of Proposition B.1. First note that orbits on 7" can only shorten in length by

a factor of 1 if there exists g(x,y) € Op,(z,y) such that g*(x,y) = (x,y), for some
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g € Dg and (z,y) € X, where (x,y), g(z,y), and ¢g?(x,y) are all distinct. Then
g € {o,0%}.

Now, suppose we have an orbit of length 4k which will shorten by a factor of }1. Then

we must have
T2k($7y) EO’Q(.%,y) = (—l', _y) (mOd 1)

and either

Tk(x7y) = U(I7y) = (-y,l’) (mOd 1)7

TMx,y) = 0’(z,y) = (y,—=) (mod1),

or

Tk(xay) = 03($7y) = (y7 _$> (HlOd 1)7

T3 (z,9) = o(z,y) = (—y,2) (modl).

Now, let (z,y) = (357, 24,€—b_1) be a point of period 4k, where 0 < a,b < 2% — 2,
a,b € N, such that a # b for a,b = 0.

First, assume that
T2k(l'7y) 502($7y) = <_$a _y) (mOdl)

Then
(2%*a,2%b) = (—a,—b) (mod 2% —1).
It follows that
(2%a 4 a,2*b+1b) =0 (mod 2** — 1),
so that 2% — 1| (2%*q + a) and 2% — 1| (22*b + b). Hence, we have
u (2% — 1) = 2%g + a (mod 2% — 1), for some u; € N. Solving for a, we obtain
a = up(2?* — 1) (mod 2% — 1). Then

a . (U5}
S 1 = 9% ] (mod1).

Similarly, for b, we obtain

1= 2 o] (mod1),
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for some uy € N. Hence, replacing u; and us by a and b, we have the following set of

points:

a b ok
{(22k+1722k+1>0§a7b§2 +1,a7ébfora,b:O}

We will now consider two cases:

(i) Assume that
Tk(xvy) EO’(x,y) = (-y,l‘) (m0d1>
Then

(2%a,2%b) = (=b,a) (mod 2% +1).

It follows that
(2%a +b,2b—a) =0 (mod 2% +1),

so that 22% + 1 | (2%a +b) and 22* + 1 | (2*b — a). Hence, we have
u3(2%% + 1) = 2%a + b (mod 2% + 1), for some uz € N. Solving for b, we obtain
b= —2Fa + uz(2%* + 1) (mod 2% + 1). Then

b —2%a
22k 1 22k 41

(mod1).

Hence, we have the following set of points:

a —2kq ok
{(?h+ryw+J:1§“§2} (B.1)

Similarly, from 22* + 1 | (2¥b — a), we obtain that

u4(2%% + 1) = 2% — a (mod 2% + 1), for some uy € N. Solving for a, we obtain

a = 2%b +uy(22% + 1) (mod 22* + 1). Then

a 2%
22k 1 22k 41

(mod1).

Hence, we have the following set of points:

2k b
1< bh< 2% B.2
{(?k+F2%+1) == } (B2)

Now, note that if a = 2*b, then —2*a = —22*b, where —2%b = b (mod 2% + 1).

It follows that the sets (B.1) and (B.2) are equivalent.
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(ii) Assume that
T(z,y) = o*(z,y) = (y,—x) (modl).
Then
(2%a, 2%b) = (b, —a) (mod 2%% +1).

Then by a similar argument as for (i), we obtain the following set of points:

a 2kq ok
(20 ) 1 za ) 63

Next, we will show that the sets (B.1) and (B.3) satisfy the necessary conditions.

First, consider the set (B.1). Here, we have
22k
) = (22k+1 22k+1) (mod 1)
_ —2%%a 4 a(2°" + 1)
:( 2k+1 o ] ) (mod1)
E( ST 22k+1) (mod1)
= (—y,x (mod 1)
= o(z,y) (mod1),
2k ( —
T (x,y) :(22k+1 22k+1) (mod 1)
B 22k 22k + 1) _23ka + 2ka(22k + 1)
= 22k | 1 ’ 2% 1 | (mod1)
= ( b 1) (mod1)
= (—x,—vy) (mod 1)

o?(z,y) (mod1),
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and
23k _24k
3k _

23k a2’ +1) —a
E< 22k+1 22k+1) (mod 1)

—92kq
:(22k+1 2k+1) (mod 1)
= (y,— (mod 1)
= 03(x, Y) (mod1).

Next, consider the set (B.3). Here, we have

2k 22k
a a ) (mod1)

" =
2k: 22k: _ 22k 1
( a a—a(2?* + )) (mod 1)

2%k 417 22k +1
2ka —a
= (2%+1’2%+1) (mod1)
= (y,—x mod 1
(y, —) (
= 0%(z,) (mod1),
26 ( _
T (x,y) = (22k+1 22k+1) (mod 1)
B (22 4 1) 2%q — 2ka(22% 4+ 1)
= 2% | , 1 (mod 1)
E( TSR 2k+1> (mod 1)
= (—x,—y) (mod1)

= o*(z,y) (mod1),
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and
3k _
() = <22k+1 22k+1> (mod1)
2%kq — 2ka (2% +1) @
= < 22k+1 22k+1> (mod1)
—92%q
= (22k_|_1 2k+1) (mod1)
= (—y,x) (mod1)
=o(z,y) (mod1).

Last but not least, suppose (z,y) is a point in either (B.1) or (B.3) which lies in
an orbit of length 4d such that 4d | 4k. Then

T, y) = (2,y) (mod1). (B.4)
Now, when k/d = 2m, for some m € N, then by (B.4), we have that
T (2,y) = T*"z,y) = (v,y) = (—2,—y) (mod1),

which is a contradiction. Hence, we must have k/d odd, so that 2 1 (k/d), that is

Ad t 2k 0

Proof of Proposition B.2. First note that orbits on 71" can only shorten in length by
a factor of 1 if there exists g(x,y) € Op,(z,y) such that g*(z,y) = (x,y), for some

g € Dg and (z,y) € X, where (z,y) and g(x,y) are distinct. Then
g € {r,01,0%1, 0%, 0%} .

Now, suppose we have an orbit of length 2k which will shorten by a factor of 1. We
let (z,y) = (55, 570), Where 0 < a,b < 2% — 2, a,b € N, such that a # b for

a,b = 0. We will consider several cases.

(i) Assume that
T"(z,y) = 7(z,y) = (y,2) (modl).

Then
(2%a, 2"b) = (b,a) (mod 2% —1).
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(i)

It follows that

(2%a — b,2"h —a) =0 (mod 2% — 1),
so that 22 — 1 | (2%a — b) and 2?* — 1 | (2b — a). Hence, we have that
uy (2% — 1) = 2%a — b (mod 2% — 1), for some u; € N. Solving for b, we obtain

b=2%a —u;(2%% — 1) (mod 22* — 1). Then

b 2Pa—u (2% - 1)
S = ST (mod 1)
2kq
= S 7 (mod1).

Hence, we obtain the following set of points:

2k
{(z%a 1,22k“1>:1§a§22k—1} (B.5)

Similarly, from 22* — 1| (2¥b — a), we obtain the following set of points:

kb b o

Now, note that if a = 2*b, then 2%a = 22¢b, where QEikf’l = ¢ (mod1). It

follows that the sets (B.5) and (B.6) are equivalent.
Assume that
T(z,y) = o7(2,y) = (—z,y) (mod1).
Then
(2%a,2%b) = (—a,b) (mod 2% —1).
It follows that
(2%a +a,2b—b) =0 (mod 2% — 1),

so that 22% — 1| (2¥a + a) and 22* — 1 | (2¥b — b). Hence, we have

uz(2%% — 1) = 2%a + a (mod 2% — 1), for some uy € N. Solving for a, we obtain

U2(22k —1) k 2k
Then
a  up(2F—1)
S T = 9m 7 (mod 1)
=_2 (mod1).
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(iii)

Next, from 22* —1 | (28b—b), we obtain that uz(2%* —1) = 2*b—b (mod 22 —1),

for some uz € N. Solving for b, we obtain

U3(22k — ].)
Then
S = 9m 1 (mod1)
_ U
=57 (mod1).

Hence, replacing u, and us by a and b, we obtain the following set of points:

a b ' i )
{(ﬁ’ﬁ)‘liaﬁ?,oébgz _2}

Here, note that if a = 0, then o7(x,y) = (x,y) (mod 1), which is a contradiction

to our initial assumption.

Assume that

TH(x,y) = o*r(x,y) = (—y,—x) (modl).

Then
(2%a,2%b) = (=b,—a) (mod 2% —1).

It follows that

(2% +0,2"b+a) =0 (mod 2% — 1),

so that 22 — 1 | (2%a + b) and 2% — 1 | (2"b + a). Hence, we have that

1y (2% — 1) = 2%a + b (mod 2% — 1), for some uy € N. Solving for b, we obtain

b= —2Fa — uy(2%* — 1) (mod 2% — 1). Then

b —2kq — uy(2F = 1)
22k — 1 2%k — 1
—2kq

(mod 1)

Hence, we obtain the following set of points:

_9k
{(22ka 1’22k a1>:1§a§22k_1}

(B.7)
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(iv)

Similarly, from 22% — 1| (2*b + a), we obtain the following set of points:

—2%p b o
(G20 ) revew i) e

Now, note that if a = —2*b, then —2%a = 22, where % = o (mod 1). It

follows that the sets (B.7) and (B.8) are equivalent.

Assume that

T"(x,y) = o*r(z,y) = (z,—y) (mod1).

Then
(2%a,2%b) = (—a,b) (mod 2% —1).

Then by a similar argument as for (ii), we have the following set of points:

a b
— _— _)0<a<21<b<2v_2
{(2k—1’2k+1) Osas2hlsbs }
Assume that
Tk(m7y) = 02(x,y) = (—JZ, _y) (mOd 1) :

Then
(2%a, 2%b) = (—a, —b) (mod 2% —1),

and by a similar argument as for (iv), we have the following set of points:

{(ﬁ,%) :OSa,bSQk,a;&bfora,b:0}

Next, we need to ensure that (i) through (v) and the points given in Proposition

B.1 are pairwise disjoint. Here, note that 2¥ + 1 and 2¥ — 1 are co-prime since if

d| 2%+ 1 and d | 2F — 1, for some d, then

a2 +1) - (25— 1),

so that d | 2, but since d must be odd, then d = 1. Hence, if we add the condition

that a,b # 0 to (v), it is sufficient to show that (i),(iii),(iv), and the points given in

Proposition B.1 are pairwise disjoint.
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First, consider (i) and (iii). If (z,y) is in both (i) and (iii), then we have that
T(z,y) = T"(x,y) = o*7(x,y) (mod1).

Applying 7, we obtain
(z,y) = 0*(z,y) (mod1),
but then either ,y = 0 or 2,y = %, which is a contradiction. Hence, (i) and (iii)

must be disjoint.

Second, consider (i) and (v). If (x,y) is in both (i) and (v), then
7(x,y) = T"(x,y) = 0*(z,y) (modl).

Applying o2, we obtain

o*r(z,y) = (r,y) (modl),

so that we must have (z,y) = (—y, —x) (mod 1). Hence, for (i) and (v) to be disjoint,
we must add the condition that b # —a (mod 2% +1) to (v). Similarly, to satisfy that
(iii) and (v) are pairwise disjoint, we must add the condition that b # a (mod 2% +1).

Next, we will check that (i), (iii), (v) and the sets of points of Proposition B.1
are pairwise disjoint. Here, note first that 22* — 1 and 2% + 1 are co-prime. Hence,
it is sufficient to show that (v) and the sets of points in Proposition B.1 are pairwise

disjoint. Here note that if £ = g, then

a +9Fkq a +924/2
2% ' 52k — \ 54 ' 5d (mod1).
2%k 1722+ 1 2041720 +1

Hence, for k even, we must add the condition that b # +2%/2q in (v) to satisfy that

the sets of points in Proposition B.1 and (v) are disjoint. Hence, for (v), we have the

following set of points:

b
{(Qki—l’%—ﬂ> :1<a,b<2"b+# +a,+2"a (mod 2k+1)}

Last but not least, suppose (z,y) is a point in (7), (i7), ..., or (v) which lies in an

orbit of length 2d < 2k such that 2d | 2k. Then

T*(x,y) = (z,y) (modl1). (B.9)
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Now, when k/d = 2m, for some m € N, then by (B.9), we have that

TH(z,y) = T (2,y) = (z,y) (mod1),

2

which is a contradiction since T%(x,y) = g(z,vy), for some g € {7,071, 021, 0%7, 0%},

where g(z,y) # (x,y). Hence, k/d must be odd, so that 21 (k/d), that is 2d{ k. O

Proof of Proposition B.3. By Proposition B.1 we have that
4s

1 (T) = {points of period dividing 4k but not dividing 2k which will give

rise to orbits on 7" which will shorten by a factor of 1 on T }
a 2Fq ok
:{(2%+1’2?k+1) 1<a<?2 ,aEN} | ]

a —2kq ok
{(22k+1,22k+1> 1<a<?2 ,@EN}.

Then

kaf —9. 22k — 22k+1 ’

for all k£ > 1. Now, in order to only count points of least period 4k, we must exclude
points of period 4d < 4k such that 4d | 4k with k/d odd, by Proposition B.1. Then

using the Inclusion-Exclusion Principle and the Mobius function, we have that

L3 (T) = #{points of least period 4k which will give rise to orbits

on T which will shorten by a factor of  on T }

ey Ff,:/pm\
plk
k/p odd
= > u®)FD),
dlk

k/d odd
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for all £ > 1. It follows that

O3:(T) = #{orbits of T" which have length 4k and

which will shorten by a factor of }l}

4s
4k Z F 4d

dlk
k/d odd

E 2d+1
4k E: d 2 ’

dk
k/d odd

for all £ > 1. O

Proof of Proposition B.J. By Proposition B.2, we have that

T2 (T) = {points of period dividing 2k but not dividing & which will give

rise to orbits on 7" which will shorten by a factor of % on T }

a 2*a 2%k
:{(2216—1’2%—1):19§2 _Q“GN}U
a b ' . i
{(2k+1’2k—1> lsasz0sbsz _2’a’bEN}|_|
a —2%a ) 2%
2k _ 1’92k _q 1<a<2” -2 aeN I_l
a b ' . )
{(2k 12k+1>'0§a§2_2’1§b§2’“’b€N}|_|
a b ‘ . b2 i
{(2k+172k+1) 1§a7b§2 ,b%zl:a,:l:Q a(mOdQ +1)7a7b€N .

Then, for k odd, we have that
F28=5.2% —4.9F 4

Now, in order to only count points of least period 2k, we must exclude points of

period 2d < 2k such that d | k with k/d odd, by Proposition B.2. Then using the
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Inclusion-Exclusion Principle and the Mobius function, we have that

L33 (T) = #{points of least period 2k which will give rise to orbits

on 7" which will shorten by a factor of % on f}

= F22ks U 2k/p ‘
plk
k/p odd
= > u(®)Fa),
d|k
k/d odd

for all odd k. It follows that

O3 (T) = #{orbits of T which have length 2k and

which will shorten by a factor of 1}

_ 23
- 2k Z FQd

dk
k/d odd

=3 Y ) (52 —4.20—4)

dlk
k/d odd

for all odd k.

Next, for k even, we have
F3=5.2"%—6.28 — 4.
Then

O3 (T) = #{orbits of T which have length 2k and

which will shorten by a factor of 1}

_ 25
- 2k Z F2d

dlk
k/d odd

=+ Z (&) (5-2% —6-27—4) ,

dlk
k/d odd

for all even k. O]
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