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DISTINGUISHED MINIMAL TOPOLOGICAL LASSOS*
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Abstract. The ease with which genomic data can now be generated using Next Generation
Sequencing technologies combined with a wealth of legacy data holds great promise for exciting new
insights into the evolutionary relationships between and within the kingdoms of life. At the subspecies
level (e.g., varieties or strains) dendograms, that is, certain edge-weighted rooted trees whose leaves
are the elements of a set X of organisms under consideration, are often used to represent those
relationships. As is well known, dendrograms can be uniquely reconstructed from distances provided
all distances on X are known. More often than not, real biological datasets do not satisfy this
assumption, implying that the sought dendrogram need not be uniquely determined by the available
distances with regard to topology, edge-weighting, or both. To better understand the structural
properties a set £ C ()2() has to satisfy to overcome this problem, various types of lassos have been
introduced. Here, we focus on the question of when a lasso uniquely determines the topology of a
dendrogram; that is, it is a topological lasso for its underlying tree. We show that any set-inclusion
minimal topological lasso for such a tree 7" can be transformed into a structurally nice minimal
topological lasso for T. Calling such a lasso a distinguished minimal topological lasso for T, we
characterize it in terms of the novel concept of a cluster marker map for 7'. In addition, we present
novel results concerning the heritability of such lassos in the context of the subtree and supertree
problems.
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1. Introduction. In many topical studies in computational biology ranging from
gene onthology [9] via genome-wide association studies in population genetics [22] to
evolutionary genomics [21], the following fundamental mathematical problem is en-
countered: Given a distance D on some set X of objects, find a dendrogram D on
X (essentially a rooted tree T' = (V, E) with no degree-two vertices but possibly the
root whose leaf set is X together with an edge-weighting w : ¥ — Rx>q; see Figure 2
for examples) such that the distance induced by D on any two of its leaves = and y
equals D(z,y). In the ideal case that the distances between any two elements of X
are available, it is well understood when such a tree is uniquely determined by them,
and fast algorithms for reconstructing it from them are known (see, e.g.,[10, Chapter
9.2] and [28, Chapter 7.2], where dendrograms are considered in the slightly more gen-
eral forms of dated rooted X-trees and equidistant representations of dissimilarities,
respectively, and [2, Chapter 3] as well as the references in all three of these sources
for more on this).

The reality, however, tends to be different in many cases in that distances be-
tween pairs of objects might be missing or are not sufficiently reliable to warrant
inclusion of that distance in an analysis; see, e.g., [25, 26, 29] for more on this topic
in an evolutionary genomics context. Exclusion of such a distance might therefore
be tempting. Recent studies in [5] and [18] suggest this may, however, have adverse
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effects on the outcomes of a study which raises interesting mathematical, statistical,
and algorithmical questions (see, e.g.,[7, 12, 27] for a study concerning the latter and
[12, 14, 15, 23] for results concerning its unrooted variant). One such question is the
focus of this paper: Calling any subset of a finite set X of size two a cord of X and
referring to the distance between the two elements of a cord as distance on a cord, for
what sets £ of cords of X do we need to know the distances so that both the topology
of the underlying tree and the edge-weights of the dendrogram on X that induced the
distances on the cords in £ are uniquely determined by L7

To help illustrate the intricacies of this question, which is concerned with the
structure of the set £ and not so much with the actual distances on the cords in
L, denote for any two distinct elements a,b € X the cord {a,b} by ab. Consider
the dendrogram D with leaf set X = {a,...,e} depicted in Figure 1(i), and assume
that the distances on the cords of £ = {ac,de, bc, ce,cd} are induced by D; so, for
example, the distance on the cord ab is four. Then the dendrogram D’ depicted in
Figure 1(ii) induces the same distances on the cords in £ as D, but the topologies of
the underlying trees T' and T’ of D and D’, respectively, are clearly not the same in
the sense that there exists no bijection from V(T') to V(T’) that is the identity on
{a,...,e} and induces a rooted graph isomorphism from T to T7”. Thus, £ does not
uniquely determine T and thus also does not uniquely determine D. However, as can
be quickly checked, the situation changes if and only if the cord ab (or a subset of
()2() containing that cord) is added to £. To make this more precise, let £ denote
the resulting set of cords on X, and let D; denote a dendrogram on X for which the
topology of the underlying tree is the same as that of D. If D, is a dendrogram on X
such that the distances on the cords in £’ induced by D; and D5 coincide, then, as is
easy to verify, the topologies of the underlying trees of D; and Ds, respectively, must
be the same and so must be their edge-weightings. Thus, £’ uniquely determines D.

ab cde ab cde
Q) (i1)

Fia. 1. For X ={a,...,e} and L = {ac,de, be, ce,cd} the dendrograms D and D’ are depicted
in (1) and (ii), respectively. Bold edges in D have weight two, and all other edges as well as all edges
in D’ have weight one.

Although an intriguing question, apart from some recent results in [19], not much
is known about it (see [11] and [20] for some partial results in the case of the tree in
question being unrooted). By formalizing a dendrogram in terms of a certain edge-
weighted X-tree (see the next section for a precise definition of this concept as well as
all the other concepts mentioned below) and using the concept of a topological lasso,
which was originally introduced for unrooted phylogenetic trees with leaf set X in
[11] and extended to X-trees in [19], we study this question in the context of when a
set of cords of X is a topological lasso for a given X-tree T'. In this context, we are
particularly interested in (set-inclusion) minimal topological lassos £ for T' for which
UL :=Uyer A= X holds.

For T an X-tree, we show for any such minimal topological lasso £ for T that
in case the graph I'(£), whose vertex set is X and any two distinct elements x and
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y in X joined by an edge if zy € L (see Fig 2(i) for an example of that graph for
L ={ab,cd,ef,ac,ce,ea}l), is a block graph, then the blocks of T'(£) are in one-to-one
correspondence with the nonleaf vertices of 7' (Corollary 4.3). However, it is clearly
too much to hope for that I'(£) is a block graph for any minimal topological lasso
L, and even if it is, it need not be claw-free, that is, contains the complete bipartite
graph K 3 as an induced subgraph [17], as is suggested by the example of the minimal
topological lasso presented in Figure 2.

Claw-free graphs have been widely studied and shown to enjoy numerous proper-
ties relating them to, for example, perfect graphs, perfect matchings, and maximum
independent sets (see, e.g., [13] and [6] for overviews). Furthermore, claw-free graphs
that are block graphs were related in [4] to k-leaf powers of trees, and their spectrum
was studied in [16, 24] (see also [1] for a more general study of the adjacency matrix
of such graphs). In Theorem 5.2 we provide a link between this rich body of literature
and minimal topological lassos by establishing that any minimal topological lasso £
for T' can be transformed into a minimal topological lasso £* for T' such that I'(L*)
is a claw-free block graph. Reflecting this, we call a minimal topological lasso £ for T’
distinguished if T'(L) is a claw-free block graph and remark that in [21] we exploit this
concept to formulate an efficient algorithm for constructing edge-weighted X-trees
from sets L of cords provided that all the actual distance values for the cords in £
are available. Among a number of attractive properties enjoyed by this algorithm is
consistency, by which we mean that in case £ is a distinguished minimal topologi-
cal lasso, then it will return the unique edge-weighted X-tree that is lassoed by it.
In Theorem 7.2 we present a characterization of a distinguished minimal topological
lasso for T in terms of the novel concept of a cluster marker map for 7. Finally,
we characterize when a distinguished minimal topological lasso for T' gives rise to a
distinguished minimal topological lasso for a subtree of T (Theorem 8.1) and also
present a partial answer to the canonical analogue of a question raised for supertrees
of unrooted phylogenetic trees in [11].

The paper is organized as follows. In section 2, we introduce relevant terminology
surrounding X-trees and lassos. In section 3, we collect first properties of the graph
I'(L) associated to a topological lasso £, and in section 4, we establish Corollary 4.3.
In section 5, we commence our study of a distinguished minimal topological lasso
and establish Theorem 5.2. In section 6, we present a sufficient condition for when a
minimal topological lasso is distinguished (Theorem 6.3), and in section 7, we prove
Theorem 7.2. We conclude with section 8, where we establish Theorem 8.1 and also
outline directions for further research.

2. Basic terminology and assumptions. In this section, we introduce some
relevant basic terminology surrounding X-trees, their edge-weighted counterparts,
and lassos. Assume throughout the paper that X is a finite set with at least three
elements and that, unless stated otherwise, all sets £ of cords of X considered in this
paper satisfy the property that X = J L.

2.1. X-trees. A rooted treeT is a tree with a unique distinguished vertex called
the root of T', denoted by pr. Throughout the paper, we assume that the degree of
the root of a rooted tree is at least two. A rooted phylogenetic X -tree, or X -tree for
short, is a rooted tree T' = (V, E) with no degree-two vertices but possibly the root
pr whose leaf set is X. We call an X-tree T a star-tree on X if every leaf of T is
adjacent with the root of T

Suppose for the following that 7" is an X-tree. Then we call a vertex of T' that is
not a leaf of T an interior vertex of T' and denote the set of interior vertices of T" by

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/04/15 to 139.222.12.216. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

DISTINGUISHED MINIMAL TOPOLOGICAL LASSOS 943
V(T). We call an edge of T that is incident with a leaf of T a pendant edge of T and
every edge of T that is not a pendant edge an interior edge of T'. Extending some of
the terminology for directed graphs to X-trees, we call for all vertices v € V(T') —{pr}
an edge e € E(T) a parent edge of v if e is incident with v and lies on the path from
the root pr of T to v. We refer to the vertex incident with e but distinct from v as a
parent of v.

Suppose for the following that v is an interior vertex of T'. If v is not the root of
T, then we call an edge e € E(T') a child edge of v if e is incident with v but is not
crossed by the path from pr to v. In addition, we call every edge incident with pr a
child edge of pr. We call the vertex incident with a child edge of an interior vertex w
of T but distinct from w a child of w and denote the set of all children of v by chr(v).
We call a vertex w € V(T distinct from v a descendant of v if either w is a child of
v or there exists a path from v to w that crosses a child of v. We denote the set of
leaves of T that are also descendants of v by Lp(v). If v is a leaf of T, then we put
Lr(v) :={v}.

We call a nonempty subset L C X of leaves of 7" such that L = L(v) holds for
some v € V(T) a pseudo-cherry of T. In that case, we also call v the parent of that
pseudo-cherry. Note that every X-tree on three or more leaves must contain at least
one pseudo-cherry. Also note that a pseudo-cherry of size two is a cherry in the usual
sense (see, e.g., [28]).

For x and y distinct elements in X, we call the unique vertex of T' that simulta-
neously lies on the path from x to y, on the path from x to ppr, and on the path from
y to pr the last common ancestor of © and y, denoted by lcar(z,y). More generally,
for any subset Y C X of size three or more, we denote the subtree of 7' with leaf
set Y and vertices of degree two suppressed (except the root if there exist x,y € Y
such that pr lies on the path joining x and y) by T'|y and call the root of T|y the
last common ancestor of Y, denoted by lcar(Y). If there is no ambiguity as to which
X-tree T' we are referring to, we simplify our notation by omitting, for all v € V(T)
and all subsets B C X of size at least three, the index in chp(v), Ly (v), and lcap(B).

Finally, suppose that T” is a further X-tree. Then we say that T and T’ are
equivalent if there exists a bijection ¢ : V(T) — V(T’) that extends to a graph
isomorphism between T and T” that is the identity on X and maps the root pr of T'
to the root prr of T'.

2.2. Edge-weighted X-trees and lassos. Suppose for the following again that
T is an X-tree. An edge weighting w of T is a map w : E(T) — R that maps every
edge of T' to a nonnegative real. Suppose that w is an edge weighting for T". Then we
call the pair (T,w) an edge-weighted X-tree and w proper if w(e) > 0 holds for every
interior edge e of T. We denote the distance induced by (T,w) on the vertices of T'
by D7) and call w equidistant if

(1) D(T,w) (CE, pT) = D(T,w) (y7pT) for all z, y € X, and

(ii) D(rw)(z,u) > D(puy(z,v) for all z € X and all u,v € V(T) such that u is

encountered before v on the path from pr to x.
Note that if w is an equidistant edge weighting for an X-tree T', then Dz, is an
ultrametric [28, Lemma 7.2.4].

Suppose L is a set of cords of X. Then we call two edge-weighted X-trees (71, w1)
and (Ty,wz) L-isometric if Dp, o,)(2,Yy) = D(1;,u,) (%, y) holds for all cords zy € L.
We say that L is a topological lasso for T if, for every X-tree T’ and any equidistant,
proper edge weightings w of T and w’ of T”, we have that T and T are equivalent
whenever (T,w) and (7”,w’) are L-isometric. If £ is a topological lasso for T', then
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we also say that T is topologically lassoed by L. Moreover, we say that £ is a (set-
inclusion) minimal topological lasso for T if L is a topological lasso for T' but no cord
A € L can be removed from £ such that £ — {A} is still a topological lasso for T'. For
ease of readability, if the X-tree to which a topological lasso L refers is of no relevance
to the discussion, we will simply say that £ is a topological lasso.

To illustrate some of these definitions, let X = {a,..., f}, and let £ be the
set of cords such that T'(£) is the graph depicted in Figure 2(i). Using, e.g., [19,
Theorem 7.1] (see also Theorem 3.1 below), it is easy to see that the X-trees depicted
in Figure 2(ii) and (iii), respectively, are topologically lassoed by £. In fact, £ is a
minimal topological lasso for both of them.

r):  a T: T
AN ¢ A,
e ; ¢ abcde f bacde f
(0 (i) (i)
Fic. 2. (i) The graph T'(L) with vertex set X = {a,b,...,f} for the set L =

{ab, cd,ef,ac,ce,ea}. (ii)—(iii) Two nonequivalent X -trees T and T’ that are both topologically las-
soed by L. In fact, L is a minimal topological lasso for either one of them.

3. The graphs I'(£) and G(L,v). In this section, we investigate properties
of the graph I'(£) associated to a set £ of cords of X. We start by remarking that if
there is no danger of confusion, we denote an edge {a, b} of I'(£) by ab rather than
{a,b}.

To establish our first structural result for I'(£) (see Proposition 3.3), we require
further terminology. Suppose T is an X-tree, v € V(T), and L is a set of cords of
X. Then we call the graph Gr(L,v) = (Vr, Er,) with vertex set V., the set of
all child edges of v and edge set Ep, the set of all {e e’} € (Vg”) for which there
exist leaves a,b € X such that e and ¢’ are edges on the path from a to b in T and
ab € L holds the child-edge graph of v (with respect to T and L). Note that when
there is no danger of ambiguity regarding the X-tree T' to which we refer, we will
write G(L,v) rather than Gr(L,v) and V, and E, rather than Vp, and Er,. The
next result, which was originally established in [19, Theorem 7.1], states a crucial
property of child-edge graphs.

THEOREM 3.1. Suppose T is an X -tree and L is a set of cords of X. Then the
following are equivalent:

(i) £ is a topological lasso for T'.

(ii) For every vertex v € V(T), the graph G(L,v) is a clique.

Denoting for an X-tree T, a topological lasso £ for T', and an interior vertex
v € V(T) the set of all cords ab € £ for which v = lca(a, b) holds by A(v), Theorem 3.1
readily implies [A(v)] > (1"{")l). The next observation is almost trivial yet central to
the paper and concerns the special case that £ is a minimal topological lasso for T'.
Its proof, which combines a straightforward counting argument with Theorem 3.1, is
left to the interested reader. To be able to state it, we denote for an interior vertex
v e V(T) and a child edge e € E(T) of v the child of v incident with e by v,.

LEMMA 3.2. Suppose T is an X -tree and L is a minimal topological lasso for T'.
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Then, for all v e V(T), we have | A(v)| = (‘Chz(v)‘). In particular, for any two distinct
child edges e1 and ea of v there exists precisely one pair (a1,a2) € L(ve,) X L(ve,)
such that aias € L.

Note that Lemma 3.2 immediately implies that any two minimal topological lassos
for the same X-tree must be of equal size.

To be able to establish Proposition 3.3, we require a further definition. Suppose
T is an X-tree and L is a topological lasso for T'. Then for all v € V(T'), we denote
by I'y(£) the subgraph of I'(£) induced by L(v). Note that in case v is a leaf of T
and thus an element in X the only vertex in I',(£) is v (and E(I'y(L£)) = 0).

PROPOSITION 3.3.  Suppose T is an X-tree and L is a topological lasso for
T. Then, for all v € V(T), the graph T',(L) is connected. In particular, T'(L) is
connected.

Proof. Assume for contradiction that there exists some vertex v € V(T') such
that T'y(£) is not connected. Then v cannot be a leaf of T, and so v € V(T') must
hold. Without loss of generality we may assume that v is such that for all descendants
w € V(T) of v the induced graph I',,(£) is connected. Since L is a topological lasso for
T and so G(L,v) is a clique, it follows for any two distinct children vy, vy € ch(v) that
there exists a pair (z1,22) € L(v1) X L(v2) such that x1z9 € L. Since the assumption
on v implies that the graphs T',,(£) are connected for all children w € ch(v), it
follows that ', (£) is connected, which is impossible. Thus, T',(£) is connected for all
v e V(T). That I'(L) is connected is a trivial consequence. O

4. The case that T'(£) is a block graph. To establish a further property of
I'(L), which we will do in Proposition 4.1, we require some terminology related to
block graphs (see, e.g., [8]). Suppose G is a graph. Then a vertex of G is called a cut
verteg if its deletion (plus its incident edges) disconnects G. A graph is called a block
if it has at least one vertex, is connected, and does not contain a cut vertex. A block
of a graph G is a maximal connected subgraph of G that is a block, and a graph is
called a block graph if all of its blocks are cliques. For convenience, we refer to a block
graph with vertex set X as a block graph on X.

As the example of the two minimal topological lassos {ab, cd, ef, ac, ce,ea} and
{ab,be, cd,de,ef, fa} for the {a,..., f}-tree depicted in Figure 2(ii) indicates, the
graph I'(£) associated to a minimal topological lasso £ may be but need not be a
block graph. However, if it is, then Lemma 3.2 can be strengthened to the following
central result where for all positive integers n we put (n) := {1,...,n} and set (0) := 0.

PROPOSITION 4.1. Suppose T is an X -tree and L is a minimal topological lasso
for T such that T'(L) is a block graph. Let v € V(T), and let vy, ..., v € V(T) denote
the children of v where | = |ch(v)|. Then, for all i € (l), there exists a unique leaf
x; € L(v;) such that xsxy € L holds for all s,t € (l) distinct.

Proof. For all v € V(T) and all w € ch(v), put

LY :={x € L(w) : there exist w’ € ch(v) — {w} and y € L(w’) such that zy € L}.

We need to show that |LY| = 1 holds for all v € V(T) and all w € ch(v). To see this,
note first that since G(£,v) is a clique for all v € V(T'), we have, for all w € ch(v)
with v € V(T), that LY # (. Thus, |L%] > 1 holds for all such v and w.

To establish equality, suppose there exists some interior vertex v € V(T) and
some child vy € ch(v) such that |L} | > 2. Choose two distinct leaves x1 and y; of T
contained in L7 , and denote the parent edge of v; by e;. Note that v; = ve,. Since

y1 € Ly, there exists a child edge e of v distinct from e; and some x5 € L(v.,) such
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that y1 2o € £. In view of 21 € L}, , we distinguish between the cases that (i) z12 ¢ £
holds for all z € L(v,,) and (ii) there exists some z € L(v,,) such that z12 € L.

Assume first that Case (i) holds. Then since z; € Ly there exists a further child
edge e3 of v and some y3 € L(v,,) such that z1ys € L. Since, by Theorem 3.1, G(L,v)
is a clique and so {es, e3} is an edge in G(L, v), there must exist leaves ya € L(v,,) and
r3 € L(vey) such that yox3 € L. By Proposition 3.3, the graphs I',, (£), i = 2,3, are
connected and, by definition, clearly do not share a vertex. Hence, there must exist a
cycle in I'(£) whose vertex set contains (J;¢ 5 {#;,y;}. But then 125 € £ must hold
since T'(£) is a block graph, and so every block in I'(£) is a clique. By Lemma 3.2
applied to e; and es, it follows that 1 =y as x1,y1 € L(v1) and y122 € £, which is
impossible.

Now assume that case (ii) holds; that is, there exists some z € L(ve,) such that
x12 € L. Then Lemma 3.2 applied to e; and ey implies ©1 = y; as yize € L also
holds, which is impossible. O

To illustrate Proposition 4.1, let T' be the X-tree depicted in Figure 2(ii), and let
L be the set of cords of X whose I'(£) graph is pictured in Figure 2(i). Using the
notation from Proposition 4.1 and labeling the children of the root of T' from left to
right by v1, ve, and vs, it is easy to see that Proposition 4.1 holds for 1 = a, 22 = ¢,
and x3 = e.

The next result is the main result of this section and lies at the heart of Corol-
lary 4.3, which provides for an X-tree T" and a minimal topological lasso £ for T" such
that T'(£) is a block graph a close link between the blocks of T'(L), the interior vertices
of T, and, for all v € f/(T), the child-edge graphs G(L£,v). To establish it, we denote
for all v € V(T') — {pr} the parent edge of v by e, and the set of blocks of a graph G
by Block(G).

THEOREM 4.2. Suppose T' is an X -tree and L is a minimal topological lasso for
T such that T'(L) is a block graph. Then, for allv € V(T), there exists a unique block
B € Block(I'(L)) such that v = lea(V(B)).

Proof. We first show existence. Suppose v € V(T). Let vy, ...,v € V(T) denote
the children of v where | = |ch(v)|. By Proposition 4.1, there exists, for all i € (I),
a unique leaf x; € L(v;) such that, for all s,¢ € (I) distinct, we have zsz, € L. Put
A={x1,...,x}. Clearly, v = lca(A), and the graph G(v) with vertex set A and edge
set B = {{z,y} € (}) : 2y € £} is a clique. Then, since I'(£) is a block graph, there
must exist a block B € Block(T'(£)) that contains G(v) as an induced subgraph.

We claim that the graphs G(v) and B are equal. In view of the facts that A C
V(B), the blocks in a block graph are cliques, and G(v) is a clique, it suffices to show
that V(B) C A. Suppose for contradiction that there exists some y € V(B)—A. Note
first that yx € £ must hold for all x € A. Next note that y cannot be a descendant
of v since otherwise there would exist some i € (I) such that y € L(v;). Choose some
j € (l) = {i}. Then Lemma 3.2 applied to e,, and e,; implies 2; = y as yx;, r;2; € L,
which is impossible.

Choose some z € A, and put w = lca(z,y). Then v is a descendant of w, and
w = lca(x,y) holds for all z € A. Let wy € V(T) and wy € V(T) denote two distinct
children of w such that y € L(w;) and z € L(wsz). Then Lemma 3.2 applied to ey,
and ey, implies z; = z; for all ¢,j € (I) distinct since yz € £ holds for all x € A,
which is impossible. Thus, V(B) C A, as required. This concludes the proof of the
existence part of the theorem.

We next show uniqueness. Suppose for contradiction that there exists some v €
V(T) and distinct blocks B, B’ € Block(I'(L)) such that lca(B) = v = lca(B).
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Since every block of T'(£) contains at least two vertices as T'(L) is connected and
|X| > 3, we may choose distinct vertices by, be € V(B) and b,b, € V(B’) such that
lea(by,bs) = lea(B) = v = lea(B') = lea(b), V). Note that byby and b}d, must be
cords in £ as B and B’ are cliques of I'(£). We distinguish between the cases that (i)
{01,023 N {0V}, b5} = 0 and (ii) {b1, b2} N {07, b5} # 0.

We first show that case (i) cannot hold. Assume for contradiction that {by, b2} N
{b},b5} = 0. We claim that lca(bi,b]) = v. Assume for contradiction that w :=
lea(br,b]) # v. Let v1 € ch(v) such that vy lies on the path from v to w. If v #
lca(bs, by), then there exists a descendant w’ € V(T') of v such that lca(ba, by) = w'.
Let vg € ch(v) such that vy lies on the path from v to w’. Then Lemma 3.2 applied
to ey, and e,, implies by = b} and by = b} as biby, b}b, € L, which is impossible.
Thus, lca(bz,bs) = v must hold. Let vy, vh € ch(v) such that by € L(vz) and bf €
L(v}). Then, since by,b] € L(vy) and byby, biby € L, Proposition 4.1 implies b] = b;.
Consequently, {b1, b2} N{b], b5} # 0, which is impossible. Thus, lca(bs, by) = v cannot
hold, and so

lea(by, b)) = v,

as claimed. Swapping the roles of by, b and by, b} in the previous claim implies that
v = lca(bs,by) must hold, too. For i = 1,2 let v;,v; € ch(v) such that b; € L(v;)
and b, € L(v}). Then, by Lemma 3.2, there exist pairs (¢,c’) € L(v1) x L(v]) and
(d,d") € L(ve) x L(vh) such that c¢c’,dd" € L. Since (b1,b2) € L(v1) x L(vz) and
(b,05) € L(vy) x L(v4) and bibg,bibs € L, Proposition 4.1 implies that ¢ = by,
by =d, d =V, and ¢ =b). But then C: ¢ =b],b, =d',d = by,b1 = ¢, is a cycle
in I'(£). Since I'(£) is a block graph, it follows that there must exist a block B¢ in
I'(£) that contains C. Since {b1,bo} C V(BY) NV (B) and two distinct blocks of a
block graph can share at most one vertex, it follows that B¢ and B must coincide.
Since {7,045} C V(B) NV (B’) holds, too, similar arguments imply that B¢ must
also coincide with B’. Thus, B and B’ must be equal, which is impossible. Hence
case (i) cannot hold, as required.

Thus, case (ii) must hold; that is, {b1,b2} N {07, b5} # 0. Since any two distinct
blocks in a block graph can share at most one vertex, it follows that [{by,b2} N
{b},05}] = 1. Without loss of generality, we may assume that b; = b]. We first claim
that

lea(by, b)) = v.

Assume to the contrary that lca(bs, b5) # v. Then there exist distinet children vy, ve €
ch(v) such that by € L(v1) and by, by € L(vg) hold. Since both biby and bjby =
bibh, are cords in £, Lemma 3.2 applied to e,, and e,, implies b, = by. Hence,
[{b1,b2} N {b], b5} = 2, which is impossible. Thus, lca(bs, by) = v, as claimed.

Let vy, v2,v5 € ch(v) such that by € L(v1), be € L(v2), and b, € L(vy). By
Lemma 3.2, there exist some (¢, ¢’) € L(vg) x L(v}) such that ¢¢’ € L. Since we also
have (b1,b2) € L(v1) x L(ve) with b1bs € £ holding and (b1, b5) € L(v1) x L(vh) with
byby = by, € L holding, Proposition 4.1 implies that by = ¢ and by = ¢/. Hence, C:
by = bi, by = ;¢ = by, by is a cycle in I'(£), and so arguments similar to those in
the corresponding subcase for case (i) imply that B and B’ must coincide, which is
impossible. Thus, lca(be, by) = v cannot hold, which concludes the discussion of case
(ii) and thus the proof of the uniqueness part of the theorem. d

In view of Theorem 4.2, we denote, for 7" an X-tree, a minimal topological lasso
L for T such that (L) is a block graph, and a vertex v € V(T the unique block B
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in I'(£) for which v = lea(V(B)) holds by B%, or simply by B, if the set £ of cords
is clear from the context. Moreover, we denote for all € L(v) the child of v on the
path from v to z by v,.

COROLLARY 4.3. Suppose T is an X -tree and L is a minimal topological lasso
for T such that T'(L) is a block graph. Then the map

o

¢ V(T) = Block(T'(L)) : v+ B,

is a bijection with inverse map ¥~ : Block(T'(L)) — V(T) : B lca(V(B)). More-
over, the map

x : Block(T(L)) — {G(L,v) : ve V(T)}: B G(L,p " (B))
is bijective, and, for all B € Block(I'(L)), the map
fB : V(B) — Vw—l(B) P €(yp=1(B))a

induces a graph isomorphism between B and the child-edge graph G(L,vy~(B)).
Proof. In view of Theorem 4.2, the map v is clearly well defined and injective.
To see that 1 is surjective, let B € Block(T'(£)), and put vg = lca(V(B)). Clearly,
vp € V(T). Since B,, = 1(vg) is a block in I'(£) for which vg = lca(V(By,))
also holds, Theorem 4.2 implies that ¢)(vp) and B must coincide. Consequently, 1
must also be surjective and thus bijective. That the map 1! is as stated is trivial.
Combined with Theorem 3.1, the bijectivity of the map v implies in particular that,
for all B € Block(I'(£)), the map &g : V(B) — Vy-1(p) from V(B) to the vertex set
Viy—1(p) of the child-edge graph G(L,~!(B)) induces a graph isomorphism between
B and G(L,v~1(B)).
 To see that the map x is bijective, note first that y is well defined since Y~ 1(B) €
V(T) holds for all blocks B € Block(T'(£)). To see that x is injective, assume that
there exist blocks By, By € Block(I'(£)) such that x(B1) = x(Bz) but By and B> are
distinct. Then ¥~1(By) # ¥~ 1(Bg) as v is a bijection from V(T) to Block(T'(L)).
Combined with the fact that, for all B € Block(I'(£)), the map {p induces a graph
isomorphism between B and G(L£,¢~*(B)), it follows that x(B1) = G(L£,¢~*(B1)) #
G(L,9™"(By)) = x(Bz), which is impossible. Thus, y must be injective. Since
|Block(T'(L))] = [V(T)| = {G(L,v) : v € V(T)}|, it follows that x must also be
surjective and thus bijective. O

5. A special type of minimal topological lasso. Returning to the example
depicted in Figure 2, it should be noted that, in addition to being a block graph, T'(L)
is also claw-free (and thus £ is a distinguished minimal topological lasso). Claw-free
block graphs are precisely the line graphs of (unrooted) trees where for any graph G
the associated line graph has vertex set E(G) and two vertices a,b € E(G) are joined
by an edge if aNb # () [17]. In this section, we relate them with minimal topological
lassos in Theorem 5.2 by establishing that for any X-tree 7' any minimal topological
lasso £ for T can be transformed into a distinguished minimal topological lasso L£*
for T via a repeated application (i.e., [ > 0 applications) of the following rule:

(R) If zy,yz € L and lca(y, z) is a descendant of lca(z,y) in T, then delete zy

from the edge set of I'(£), and add the edge zz to it.

Before we make this more precise, which we will do next, we remark that since
a topological lasso for a star-tree is in particular a distinguished minimal topologi-
cal lasso for it, we will for this and the next two sections restrict our attention to
nondegenerate X-trees, that is, X-trees that are not star-trees on X.
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Suppose T is a nondegenerate X-tree and £ is a set of cords of X. Let V(T
denote a set of colors, and let

Yooy : £— V(T) : abw lea(a,b)

denote an edge coloring of I'(£) in terms of the interior vertices of T'. Note that if £ is
a topological lasso for T', then Theorem 3.1 implies that (. 7 is surjective. Returning
to rule (R), note that a repeated application of that rule to such a set £ of cords results
in a set £ of cords that is also a topological lasso for T'. Furthermore, note that if £
is a minimal topological lasso for T', then L’ is necessarily also a minimal topological
lasso for T'. Finally, note for all v € V(T') that |'y(_£1’T) (v)|=1or |7(_£1_T) (v)| > 3 must
hold in this case. /

LEMMA 5.1. Suppose T is a nondegenerate X -tree and L is a minimal topological
lasso for T'. Put~y = v 1), and assume that v € V(T) such that |y~ (v)| > 3. Then
for any three pairwise distinct cords ci1,co,c3 € v~ 1(v), there exists a cycle C, in
T(L) such that ¢1,cq,c3 € E(Cy) and, for all ¢ € E(Cy), v(c) either equals v or is a
descendant of v.

Proof. Let v € ‘O/(T)7 and let ¢y = x1y1, c2 = x2y2, and c3 = x3ys denote three
pairwise distinct cords in y~*(v). For all i € (3), let v; € ch(v) such that v; lies on
the path from v to x; in T, and let w; € ch(v) such that w; lies on the path from v
to y; in T. Then, by Lemma 3.2, there exists unique pairs (s1,t1) € L(v1) x L(va),
(s2,t2) € L(ws) X L(ws), and (s3,t3) € L(wy) X L(vs) such that, for all i € (3), we
have s;t; € L. Since for all such i, we also have that z; € L(v;) and y; € L(w;) and,
by Proposition 3.3, the graphs Iy, (£) and I'y,, (£) are connected, it follows that there
exists a cycle C, in T'(£) that contains, for all i € (3), the cords ¢; and s;t; in its edge
set.

It remains to show that for every edge ¢ € E(C,), we have that v(c) either equals
v or is a descendant of v. Suppose ¢ € E(C,). If there exists some i € (3) such
that ¢ € {¢;, s;t; }, then y(¢) = v clearly holds. So assume that this is not the case.
Without loss of generality, we may assume that c lies on the path P from z; to s;
in C, that does not cross y;. Since P is a subgraph of T',, (£) and, as implied by
Proposition 3.3, every edge in I'y, (£) is colored via v with a descendant of v, it
follows that v(c) is a descendant of v. O

To establish Theorem 5.2, we require further terminology. Suppose T is a
nondegenerate X-tree, £ is a minimal topological lasso for T, and v € V(T'). Then we
denote by H.(v) the induced subgraph of I'(£) whose vertex set is the set of all x € X
that are incident with some cord ¢ € £ for which 7z 7)(c) = v holds. Moreover, we
denote the set of cut vertices of a connected block graph G by Cut(G). Note that in
every connected block graph G there must exist a vertex that is contained in at most
one block of G. This last observation is central to the proof of Theorem 5.2(ii).

THEOREM 5.2. Suppose T is a nondegenerate X -tree and L is a minimal topo-

logical lasso for T'. Then there exists an ordering o : vo,v1,...,v = pr, k = |V(T)|,
of V(T') such that the following hold:
(i) There exists a sequence Ly, = L, Ly, ... LF = Ly, of minimal topological

lassos L., for T, i € (k), such that for all such i, we have the following:

(L1) Ly, is obtained from L,,_, via a repeated application of rule (R), and
He, (vi) is a mazimal clique in I'(L,, ).

(L2) Forallj € (i—1), He, (v;) is a mazimal clique in I'(Ly,).

In particular, T'(L") is a block graph.
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(ii) If (L) is a block graph, then there exists a sequence Ly, = L, Ly, ..., L* =
Ly, of minimal topological lassos Ly, for T, i € (k), such that for all such i,
we have the following:

(L1") Ly, is obtained from L,, , via a repeated application of rule (R), and
I'(Ly,) is a block graph.

(L2) Ty, (Ly,;) is a claw-free block graph.

In particular, L* is a distinguished minimal topological lasso for T.

Proof. For all i € (k), put £; = L,, and 7; = (g, ). Clearly, if £ is a distin-
guished minimal topological lasso, then the sequences as described in (i) and (ii) exist.
So assume that this is not the case. For all v € V(T), let I(v) denote the length of
the path from the root pr of T to v, and put h = maxve‘;(T){l(v)}. Note that h > 1

as T is nondegenerate. For all i € (h), let V(i) C V(T) denote the set of all interior
vertices v of T such that [(v) = i. Let o denote an ordering of the vertices in V(T')
such that the vertices in V' (h) come first (in any order), then (again in any order) the
vertices in V' (h — 1), and so on, with the last vertex in that ordering being pr.

(i) Suppose v € V(T). If v € V(h), then we may assume without loss of generality
that v = v1. Then vy is the parent of a pseudo-cherry of 7', and so Theorem 3.1 implies
that Hz(vp) is a maximal clique in I'(£). Thus, £, := £ is a minimal topological lasso
for T that satisfies properties (L1) and (L2).

So assume that v € V(). Then there exists some |V (h)| < i < k such that v = v;.
Without loss of generality, we may assume that v; is such that, for all j € (i — 1),
L; is a minimal topological lasso for T that satisfies properties (L1) and (L2). If v;
is the parent of a pseudo-cherry of 7', then arguments similar to those above imply
that £; := £;_1 is a minimal topological lasso for T' that satisfies properties (L1) and
(L2). So assume that v; is not the parent of a pseudo-cherry of 7. We distinguish
between the cases that Hz, ,(v) is a maximal clique in £,_; and that it is not.

Assume first that Hg, ,(v) is a maximal clique in £;_q. Then since £, is a
minimal topological lasso for T that satisfies properties (L1) and (L2), it is easy to see
that £; := £;_1 is also a minimal topological lasso for T that satisfies properties (L1)
and (L2). To see that Hg, ,(v) is a maximal clique in £;_1, let e1 = x1y1, e2 = T2y2,
and ez = x3ys denote three pairwise distinct edges in Hg, ,(v). For all i € (3), put
zi = lea(x;,y;). By Lemma 5.1 there exists a cycle C, in Hg, ,(v) that contains
{e1,ea,e3} in its edge set. A repeated application of rule (R) to £;,_1 implies that,
for all ¢ € (3), we can find elements x € L(z;) such that

/ L A
Ly = Li—1 — {x1y1, v2y2, z3y3} U {225, 1573, 2577 }

is a minimal topological lasso for T' and the cords z{z}, xbaf, and z52) form a
3-clique in H 52_1(v)' Transforming £, ; further by processing any three pairwise
distinet edges in Hy; | (v) that do not already form a 3-clique in the same way and
so on eventually yields a minimal topological lasso £; for T such that H.,(v) is a
maximal clique in T'(£;). Thus, property (L1) is satisfied by £;. Since only edges e of
I'(L;—1) have been modified by the above transformation for which ~;_1(e) = v holds
and, by assumption, £, satisfies property (L2), it follows that £; also satisfies that
property.

Processing the successor of v; in ¢ in the same way and so on yields a minimal
topological lasso LT for T' for which I'(L") is a block graph. This completes the proof
of (i).

(i) For all i € (k) and all vertices w € V(T), put By, = BZi. Suppose that
v e V(T). If v € V(h), then we may assume without loss of generality that v =

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/04/15 to 139.222.12.216. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

DISTINGUISHED MINIMAL TOPOLOGICAL LASSOS 951

v1. Then v is the parent of a pseudo-cherry of T, and so £y := L clearly satisfies
properties (L1%) and (L2).

So assume that v ¢ V(h). Then there exists some |V(h)| < i < k such that
v = v;. Without loss of generality, we may assume that v; is minimal; that is, for
all j € (i — 1), we have that £; is a minimal topological lasso for T that satisfies
properties (L1’) and (L2’). If v is the parent of a pseudo-cherry of T', then arguments
similar to those above imply that £; := £;_; satisfies properties (L1’) and (L2’). So
assume that v is not the parent of a pseudo-cherry of T'. If I',(£;-1) is a claw-free
block graph, then setting £; := £;_; implies that £; satisfies properties (L1’) and
(L2).

So assume that this is not the case, that is, that there exists a vertex x € L(v) that,
in addition to being a vertex in the block B! of I'(£;_1) and thus of ', (£;_1), is also
a vertex in [ > 2 further blocks By, ..., B; of I',(£;—1). Clearly, By,...,B; are also
blocks in I'(£). Then there exists a path P from v to z in T that contains, for all [ > 2,
the vertices ¥ ~1(By), ..., 1(B) in its vertex set, where ¢ : V(T') — Block(I'(£))
is the map from Corollary 4.3. Let w € ch(v) denote the child of v that lies on
P. Note that since I > 2, we have w € V(T'). Without loss of generality, we may
assume that w = v;—;. The fact that T',, ,(£;—1) is connected combined with the
fact that I'(£;_1) is a block graph and so I',,_, (£;—1) is also a block graph implies,
in view of the observation preceding Theorem 5.2, that we may choose some y €
L(vi—1) — Cut(Ty,_,(Li—1)). Then y is a vertex in precisely one block of Ty, , (L£i—1)
and thus can be a vertex in at most two blocks of ', (£;—1). Consequently, y # x.
Applying rule (R) repeatedly to £;_1, let £; denote the set of cords obtained from £;_1
by replacing, for all i < ¢ <k, every cord of £;_1 of the form xa with a € V(B}gl) by
the cord ya. Then, by construction, £; is a minimal topological lasso for 7" and I'(£;)
is a block graph. Hence, £; satisfies property (L1’). Moreover, since I',, ,(£;—1) is
claw-free, it follows that £; satisfies property (L2’), too.

Applying the above arguments to the successor of v; in o and so on eventually
yields a minimal topological lasso L) for T that satisfies properties (L1’) and (L2’).
Thus, I',, (L) is a claw-free block graph, and so £* is a distinguished minimal topo-
logical lasso for T'. O

To illustrate Theorem 5.2, let X = {a, ..., f}, and consider the X-tree T" depicted
in Figure 2(iii) along with the set £ = {ad, ec, fa,ef,cd,bd} of cords of X which we
depict in Figure 3(i) in the form of I'(£). Using, for example, Theorem 3.1, it is

[(Z): a reh: q (Z*): a
e e b
f d
e f d ! ¢
C C
(i) (iiy? (i)

Fia. 3. For X ={a,...,f} and the X-tree T' pictured in Figure 2(iii), we depict in (i) the
minimal topological lasso L = {ad, ec, fa, fe,cd,bd} for T' in the form of T'(L). In the same way
as in (i), we depict in (i) the transformed minimal topological lasso LT for T’ such that T'(LT) is
a block graph, and we depict in (iii) the distinguished minimal topological lasso L* for T’ obtained
from LT; see text for details.
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straightforward to check that £ is a minimal topological lasso for 77, but I'(£) is
clearly not a block graph, and so L is also not distinguished. To transform £ into
a distinguished minimal topological lasso L£* for T’ as described in Theorem 5.2,
consider the ordering v; = lca(e, f), va = leca(e,d), vs = lca(a,d), v4 = pps of the
interior vertices of 7”. For all i € (4), put £; = £,,. Then we first transform £ into a
minimal topological lasso £ for T" as described in Theorem 5.2(i). For this we have
L =Ly =Ly = Lo, and L3 is obtained from Lo by first applying rule (R) to the
cords ec, cd € Lo, resulting in the deletion of the cord ce from L5 and the addition
of the cord ed to Lo, and then applying rule (R) to the cords fe,ed € Lo, resulting
in the deletion of the cord ed from L, and the addition of the cord fd to L£5. The
graph I'(£3) is depicted in Figure 3(ii). Note that £3 = £ and that, although I'(£T)
is clearly a block graph, £ is not distinguished.

To transform £ into a distinguished minimal topological lasso £* for T’ we next
apply Theorem 5.2(ii). For this, we need only consider the vertex d of T'(LT); that
is, we have £ = Lo = £, = L5 = L£3. Since the child of vy on the path from v, to
d is vz, we may choose a as the element y in L(vs) — Cut(Ty, (L3)). Then applying
rule (R) to the cords bd, da € L3 implies the deletion of bd from L3 and the addition
of the cord ab to L3. The resulting minimal topological lasso for T” is £*, which we
depict in Figure 3(iii) in the form of I'(L*).

We conclude this section by remarking in passing that, combined with Theo-
rem 3.1, which implies that any minimum-sized topological lasso for an X-tree T
must have 3,y (1M1 cords, Theorem 5.2 and Corollary 4.3 imply that the
minimum-sized topological lassos of an X-tree T" are precisely the minimal topologi-
cal lassos of T

6. A sufficient condition for a minimal topological lasso to be distin-
guished. In this section, we turn our attention toward presenting a sufficient condi-
tion for a minimal topological lasso for some X-tree T to be a distinguished minimal
topological lasso for T'. In the next section, we will show that this condition is also
necessary.

We start our discussion by introducing some more terminology. Suppose T' is
a nondegenerate X-tree. Put cl(T) = {L(v) : v € V(T) — {pr}}, and note that
c(T) # 0. For all A € cl(T), put cla(T) := {B € cl(T) : B C A}, and note
that a vertex v € V(T) — {pr} is the parent of a pseudo-cherry of T if and only if
cl)(T) = 0. For o a total ordering of X and min,(C') denoting the minimal element
of a nonempty subset C of X, we call a map of the form

Fre(T)—> X: A { min, (4 — {f(.B) :Beca(T)}) ifca(T) #0,
min, (A) else

a cluster marker map (for T and o). Note that since |V (T")] < |X| — 1 holds for all
X-trees 7" and so A — {f(B) : B € cla(T)} # 0 must hold for all A € cl(T) with
cla(T) # 0, it follows that f is well defined. Also note that if v € V(T') is the parent
of a pseudo-cherry C of T, then f(L(v)) = f(C) = min,(C) as clc(T) = () in this
case. Finally, note that it is easy to see that a cluster marker map must be injective
but need not be surjective.

We are now ready to present a construction of a distinguished minimal topo-
logical lasso which underpins the aforementioned sufficient condition that a minimal
topological lasso must satisfy to be distinguished. Suppose that 7" is a nondegenerate
X-tree, that o is a total ordering of X, and that f : ¢l(T') — X is a cluster marker
map for T and . We first associate to every interior vertex v € V(T') a set Lr,f)(v)
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defined as follows. Let [1,...,l;, denote the children of v that are leaves of T', and
let vy,...,vp, denote the children of v that are also interior vertices of 7'. Note that

k, = 0 or p, = 0 might hold but not both. Put (g) = (@) = (). Then we set

Lop) = |J v U e J o (@)

{igye(%) {iiye(mp)) i€(ky), JE(Pv)

Note that [L(7,f)(v)| > 1 must hold for all v € V(T). Finally, we set

Lop= | Lap).

veV(T)

To illustrate these definitions, consider the X = {a,..., f}-tree T" depicted in
Figure 2(iii). Let o denote the lexicographic ordering of the elements in X. Then the
map f : cl(T") — X defined by setting

f{edy) =c¢ f({e,f}) =e, and f(X —{b}) =a

is a cluster marker map for 7" and o, and L7 (or more precisely the graph
(L1 ,5))) is depicted in Figure 2(i).
To help establish Theorem 6.3, we require some intermediate results which are of
interest in their own right.
LEMMA 6.1. Suppose T is a nondegenerate X -tree, o is a total ordering of X,
and f: cl(T) — X is a cluster marker map for T and o. Then the following hold:
(i) Lir,g) is a minimal topological lasso for T'.
(ii) T'(Lr,f)) is connected.
(iii) Ifv andw are distinct interior vertices of T', then [|J L7, 5y (v)J L, p)(w)| <
1.

(iv) Suppose x € X. Then there exist distinct vertices v,w € V(T) such that
r € UL p(w)NULer ) (w) if and only if there exists some v € V(T)—{pr}
such that © = f(L(u)).

Proof. For all v € V(T), set L(v) = Lr,f)(v).

(i) This is an immediate consequence of Theorem 3.1 and, for v € V(T), the
respective definitions of the set £(v) and the graph G(L’,v), where £’ is a set of cords
of X.

(ii) This is an immediate consequence of Proposition 3.3 combined with
Lemma 6.1(i).

(iii) This is an immediate consequence of the fact that, for all vertices u € V(T)
and all z,y € |J L(u) distinct, we have u = lca(z, y).

(iv) Let z € X, and assume for contradiction that there exist distinct vertices
v,w € V(T) such that z € |J L(v)N L(w) but x # f(Lr(u)) for allu € V(T)—{pr}.
Then x must be a leaf of T' that is simultaneously adjacent with v and w, which is
impossible. Thus, there must exist some u € V(T') such that x = f(L(u)).

Conversely, assume that 2 = f(L(u)) for some u € V(T) — {pr}. Then x € L(u).
Let w denote the parent of x on the path from w to x. Then z € |JL(w). Let v
denote the parent of w in 7" which exists since u # pr. Then x = f(L(u)) € J L(v),
and so z € |J L(v) N L(w), as required. O

Note that u € {v,w} need not hold for w, v, and w as in the statement of
Lemma 6.1(iv). Indeed, suppose T is the X = {a,b, ¢, d}-tree with unique cherry
{a,b} and d adjacent with the root pr of T. Let o denote the lexicographic ordering
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of X, and let f : ¢l(T) — X be (the unique) cluster marker map for 7' and o.
Set © = b, v = leca(a,b), w = pr. Then z = f(L(u)), where u = lca(a,c) and
z e JLw)NYL(w) but u & {v,w}.

PROPOSITION 6.2. Suppose T is a nondegenerate X -tree, o is a total ordering
of X, and f : cl(T) — X is a cluster marker map for T and o. Then I'(Lir ) is a
connected block graph, and every block is of the form I'(Lr, 5y (v)) for some v € V(T)

Proof. Put L = L7y, and, for all v € V(T), put L(v) = Lr,5)(v). We claim
that if C' is a cycle in I'(£) of length at least three, then there must exist some
v € V(T) such that C is contained in I'(£(v)). Assume to the contrary that this is
not the case; that is, there exists some cycle C : uy,us,...,u;, uj41 = uy, [ > 3, in
I'(£) such that, for all v € V(T'), we have that C is not a cycle in ['(£(v)). Without
loss of generality, we may assume that C' is of minimal length. For all ¢ € (I), put
v; = lcap(ui,ui+1). Then, by the construction of I'(£), we have for all such i that
;U1 is an edge in I'(L(v;)) and, by the minimality of C, that v; # v; for all 4, j € (1)
distinct. Put Y = V(C), and let T/ = T'|y denote the Y-tree obtained by restricting
T to Y. Note that lecar(u;, u;t1) = lear: (ui, uiy1) holds for all ¢ € (I). Thus, the map
¢ : B(C) — V(T") defined by putting w;u; 1 — leap(us, uip1), i € (1), is well defined.
Since |E(C)| =1 and for any finite set Z with three or more elements a Z-tree has at
most |Z| — 1 interior vertices, it follows that there exist 4,j € () distinct such that
d(uwiy wit1) = o(uj,uj41). Consequently, v; = lcar(ui, wit1) = lear(uj, ujt1) = vy,
which is impossible and thus proves the claim. Combined with Lemma 6.1(ii) and
(iii), it follows that I'(£) is a connected block graph. That the blocks of I'(£) are of
the required form is an immediate consequence of the construction of I'(L). O

To be able to establish that L7 ¢)(v) is indeed a distinguished minimal topological
lasso for T and f as above, we require a further concept. Suppose A,B C X are
two distinct nonempty subsets of X. Then A and B are said to be compatible if
ANB e {0, A, B}. Asis well known (see, e.g., [10, 28]), for any X-tree 7" and any
two vertices v, w € V(I”) the subsets L(v) and L(w) of X are compatible.

THEOREM 6.3. Suppose T is a nondegenerate X -tree, o is a total ordering of
X, and f : c(T) — X is a cluster marker map for T and o. Then L5y is a
distinguished minimal topological lasso for T.

Proof. Put L = L7 5, and, for all v € V(T), put L(v) = Lp,p)(v). In view of
Proposition 6.2 and Lemma 6.1(i), it suffices to show that I'(£) is claw-free. Assume to
the contrary that this is not the case and that there exists some x € X that is contained
in the vertex set of m > 3 blocks Ay, ..., A, of I'(L). Then, by Proposition 6.2, there
exist distinct interior vertices vy, ...,v, of T such that, for all i € (m), we have
V(4;) =UJL(vi) C L(v;). Since for all v,w € V(T') distinct, the sets L(v) and L(w)
are compatible, it follows that there exists a path P from pp to x that contains the
vertices vy, ..., v, in its vertex set. Without loss of generality, we may assume that
m = 3 and that, starting at pr and moving along P, the vertex vy is encountered
first, and then vy is encountered, followed by vz. Note that cly,(,,)(T) # 0 for i = 1, 2.
Since T' is a tree and so x can be adjacent neither with v; nor with v, it follows that
there must exist for i = 1,2 some B; € clp,,)(T) such that x = f(B;). But this is
impossible since By € cly,,)(T), and so f(B1) # f(Bz) as f is a cluster marker map
for T and o. ad

7. Characterizing distinguished minimal topological lassos. In this sec-
tion, we establish the converse of Theorem 6.3 which allows us to characterize dis-
tinguished minimal topological lassos of nondegenerate X-trees. We start with a
well-known construction for associating an unrooted tree to a connected block graph
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(see, e.g, [8]). Suppose that G is a connected block graph. Then we denote by T the
(unrooted) tree associated to G whose vertex set is Cut(G) U Block(G) and whose
edges are of the form {a, B}, where a € Cut(G), B € Block(G), and a € B. Note
that if a vertex v € V(T¢) is a leaf of T¢, then ({v},0) € Block(G).

Suppose T is a nondegenerate X-tree and L is a distinguished minimal topological
lasso for T'. Let v denote an interior vertex of T" whose children are vy ..., v;, where
I = |ch(v)|]. Then Corollary 4.3 combined with Proposition 4.1 implies that for all
1 € (l) there exists a unique leaf x; € L(v;) of T such that, for all 4,j € () distinct,
zix; € L and {x1,...,21} = V(B,). Since I'(£) is claw-free, every vertex of B, is
contained in at most one further block of T'(£). Thus, if there exists some w € V(B,)
such that w € V(B) holds too for some block B € Block(I'(£)) distinct from B,,, then
w must be a cut vertex of I'(L). For every vertex v’ € V/(T) that is the child of some
vertex v € V(T'), we denote the unique element = € L(v") contained in V/(B,) by ¢p,,
in case x € Cut(I'(£)). Note that it is not difficult to observe that, in the tree Tp (),
the vertex cp , is the vertex adjacent with B, that lies on the path from B, to B,.

The following result lies at the heart of Theorem 7.2 and establishes a crucial
relationship between the nonroot interior vertices of T and the cut vertices of T'(L).

LEMMA 7.1. Suppose T is an X -tree and L is a distinguished minimal topological
lasso for T'. Then the map

0:V(T)—{pr} — Cut(D(L)): v cp,

is bijective.
Proof. Clearly, 6 is well defined and injective. To see that 6 is bijective, let
TF_( ) denote the tree obtained from Tty by suppressing all vertices that were con-

tained in Cut(I'(£)). Then Block(I'(£)) = V(I ). Corollary 4.3 implies that

|Block(D'(L))| = |V(T)| as T(L) is a block graph. Since I'(£) is claw-free, we clearly
also have |Cut(I'(£))| = |E(TF—(£))|' Combined with the fact that |V (T")| = |E(T")|+1
holds for every tree 7", it follows that |Cut(I'(£))| = |Block(I'(£))| -1 = V(T)|—1=
[V(T) — {pr}|- Thus, 6 is bijective. O

Armed with this result, we are now ready to establish the converse of Theorem 6.3,
which yields the aforementioned characterization of distinguished minimal topological
lassos of nondegenerate X-trees.

THEOREM 7.2. Suppose T is a nondegenerate X -tree and L is a set of cords of X .
Then L is a distinguished minimal topological lasso for T if and only if there exists a
total ordering o of X and a cluster marker map f for T and o such that L7 5y = L.

Proof. Assume first that o is some total ordering of X and that f : cl(T) — X is
a cluster marker map for 7" and o. Then, by Theorem 6.3, L7 ) is a distinguished
minimal topological lasso for T

Conversely, assume that £ is a distinguished minimal topological lasso for 7', and
consider an embedding of T" in the plane. By abuse of terminology, we will refer to this
embedding of T" also as T'. We start with defining a total ordering o of X. To this end,
we first define a map ¢ : V(T') — {pp} — N by setting, for all v € V(DT) —{pr}, t(v) to
be the length of the path from py and v. Put h = max{t(v) : v € V(T)—{pr}}, and
note that A > 1 as T is nondegenerate. Starting at the leftmost interior vertex v of T’
for which ¢(v) = h holds and moving, for all [ € (h), from left to right, we enumerate
all interior vertices of T' but the root. We next put n = |X| and X = (n) and relabel
the elements in X such that when traversing the circular ordering induced by T on
X U{pr} in a counterclockwise fashion we have pr,1,2,3,...,n, pr. To reflect this
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with regard to £, we relabel the elements of the cords in £ accordingly and denote
the resulting distinguished minimal topological lasso for 1" also by L.
By Lemma 7.1, the map 0 : V(T') — {pr} — Cut(I'(L)) defined in that lemma is

bijective. Put m = |Cut(I'(£))|, and let v1,v2,..., vy denote the enumeration of the
vertices in V(T") — {pr} obtained above. Also, set Y = X — {0(v;) : i € (m)}. Let
Y1, Y2, ...,y denote an arbitrary but fixed total ordering of the elements of Y where

I =Y. Then we define o to be the total ordering of X given by
o: 0(v1),0(w2),...,0(vi—1),0(v),0(Vix1)ss - 0(Vm), Y1, Y2, - - -, UL,

where 6(v1) is the minimal element and y; is the maximal element. Note that if
v € V(T) is the parent of a pseudo-cherry C of T', then 6(v) = min, C.

We briefly interrupt the proof of the theorem to illustrate these definitions by
means of an example. Put X = (13), and consider the X-tree T' depicted in Figure 4(i)
(ignoring the labeling of the interior vertices for the moment) and the distinguished
minimal topological lasso £ for T" pictured in the form of I'(£) in Figure 4(ii). Then the
labeling of the interior vertices of 1" gives the enumeration of those vertices considered
in the proof of Theorem 7.2. The total ordering o of X restricted to the elements in
{0(v1),...,0(ve)} 18 3,5,12,1,10,7.

1 12 13

1234 56 789 1011 1213

() (ii)

Fi1c. 4. For X = (13) and the depicted X -tree T', the enumeration of the interior vertices of T
considered in the proof of Theorem 7.2 is indicated in (i). With regard to this enumeration and the
distinguished minimal topological lasso L for T pictured in the form of T'(L) in (ii), the total ordering
o of X considered in that proof restricted to the elements in {6(v1),...,0(ve)} is 3,5,12,1,10,7.

Returning to the proof of the theorem, we claim that the map f : cl(T) — X
given, for all A € cl(T), by setting f(A) = 0(lca(A)) is a cluster marker map for
T'. Indeed, suppose A € cl(T). Then O(lca(A)) = cp,,, . € L(lca(A)) holds by
construction. We distinguish between the cases that cls(T) # 0 and cla(T) = 0.
If cls(T) # 0, then since 6 is bijective, it follows that 6(lca(A)) # 6(v) holds for all
descendants v € V(T') of lca(A). Combined with the definition of &, we obtain f(A) =
O(lca(A)) = ming (A—{0(lca(D)) : D € cls(T)}) = min,(A—{f(D) : D € cla(T)}),
as required. If ¢l (T) = (), then, as was observed above, f(A4) = 6(lca(A)) = min, A.
Thus, f is a cluster marker map for 7" and o, as claimed.

It remains to show that L1 ) = £. To see this, note first that, by Theorem 6.3,
L(7,5) is a distinguished minimal topological lasso for T'. Since Lemma 3.2 implies
that any two minimal topological lassos for 7" must be of the same size and thus
|L(7,5)| = |£] holds, it therefore suffices to show that £ C L7 5. Suppose a,b € X
are distinct such that ab € £. Then there exists some interior vertex v € V(T) such
that v = lca(a,b). Hence, a,b € V(B,). We claim that ab € L7 f)(v). To establish
this claim, we distinguish between the cases that (i) a € ch(v) and (ii) a & ch(v).

Assume first that case (i) holds, that is, that a is a child of v. If b € ch(v),
then the claim is an immediate consequence of the definition of L7 ¢)(v). So assume
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that b & ch(v). Let v/ € V(T) denote the child of v for which b € L(v) holds. Then
b=cp, =0(v") = f(L(v")) follows by the observation preceding Lemma 7.1 combined
with the fact that b € V/(B,). Hence, ab = af(L(v')) € L(1,5)(v), as claimed.

Assume next that case (ii) holds, that is, that a is not a child of v. In view of
the previous subcase, it suffices to consider the case that b ¢ ch(v). Let v',v" €
V(T) denote the children of v such that a € L(v') and b € L(v"”). Then, again
by the observation preceding Lemma 7.1 combined with the fact that a,b € V(B,),
we have a = cp, = 0(v') = f(L(v')) and b = cp, = 0(v") = f(L(v")), and so
ab = f(L(v"))f(L(v")) € Lr,f)(v) follows, as claimed. This concludes the proof of
the claim and thus the proof of the theorem. O

We now take a brief break from our study of distinguished minimal topological
lassos to point out a sufficient condition for a set of cords to be a strong lasso for
some X-tree which is implied by Theorem 7.2. To make this more precise, we need to
introduce some more terminology from [19]. Suppose T' is an X-tree and L is a set of
cords of X. Then L is called an equidistant lasso for T if, for all equidistant, proper
edge weightings w and w’ of T'; we have that w = w’ holds whenever (T,w) and (T,w’)
are L-isometric. Moreover, £ is called a strong lasso for T if £ is simultaneously
an equidistant and a topological lasso for T' (see [11] for more on such lassos in the
unrooted case).

Like a topological lasso for an X-tree T', an equidistant lasso £ for T can also
be characterized in terms of a property of the child-edge graph G(L,v) associated
to T and £ where v € V(T'). Namely, a set £ of cords of X is an equidistant lasso
for an X-tree T if and only if, for every vertex v € V(T), the graph G(£L,v) has
at least one edge (see [19, Theorem 6.1]). Since for o some total ordering of X and
f:V(T)—{pr} = X a cluster marker map for T and o the graphs G(L(r,f),v) clearly

satisfy this property for all v € ‘O/(T), it follows that L7 r) is also an equidistant lasso
for T" and thus a strong lasso for 7. Defining a strong lasso £ of an X-tree to be
minimal in analogy to when a topological lasso is minimal, Theorem 7.2 implies the
following corollary.

COROLLARY 7.3. Suppose T is a nondegenerate X -tree, L is a set of cords of X,
o is a total ordering of X, and f : cl(T) — X is a cluster marker map for T and o.
Then Lr,5y is a minimal strong lasso for T'.

8. Heredity of distinguished minimal topological lassos. In this section,
we turn our attention to the problems of characterizing when a distinguished minimal
topological lasso of an X-tree T induces a distinguished minimal topological lasso for a
subtree of 7" and, conversely when distinguished minimal topological lassos of X-trees
can be combined to form a distinguished minimal topological lasso of a supertree
for those trees (see, e.g., [3] for more on such trees). This will also allow us to
partially answer the rooted analogue of a question raised in [11] for supertrees within
the unrooted framework. To make this more precise, we require further terminology.
Suppose L is a set of cords of X and Y C X is a nonempty subset. Then we set

Lly ={abe L : a,beY}.
Clearly, T'(L|y) is the subgraph of I'(£) induced by Y but Y = [J L]y need not
hold. Moreover, if £ is a minimal topological lasso for an X-tree T and |Y| > 3 such

that every interior vertex of T' is also an interior vertex of T'|y, then Theorem 3.1
implies that £|y is a minimal topological lasso for T'|y. In particular, I'(£]y) must
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be connected in this case. The next result is a strengthening of this observation.

THEOREM 8.1. Suppose T is an X -tree, L is a distinguished minimal topological
lasso for T', and 'Y C X is a subset of size at least three. Then Lly is a distinguished
minimal topological lasso for Ty if and only if T'(L|y) is connected.

Proof. Assume first that L]y is a distinguished minimal topological lasso for T'|y .
Then, by Proposition 3.3, T'(L]y) is connected.

Conversely, assume that I'(L|y) is connected. Then the statement clearly holds
if T is the star-tree on X. So assume that 7" is nondegenerate. Let Y C X be of size
at least three, and assume first that T'|y is the star-tree on Y. We claim that I'(L]y)
is a clique. Assume to the contrary that this is not the case, that is, that there exist
elements y,y’ € Y distinct such that yy’ & L. Since I'(L]y) is connected, there must
exist a path P:xy = y,x9,...,2p =y', 1 > 2,in ['(L|y) from y to y’. Since the vertex
set of I'(L]y) is Y, it follows that X' = {z1,22,...,2;} CY. Combined with the fact
that lcar(x,2") = lcar(Y') holds for all z,2’ € X’ distinct as Ty is a star-tree on
Y, we obtain X’ C V(Bjca,(v)). Thus, yy’ € L, which is impossible and thus proves
the claim. That L]y is a distinguished minimal topological lasso for T'|y is a trivial
consequence.

So assume that T'|y is nondegenerate. Since £ is a distinguished minimal topo-
logical lasso for T', Theorem 7.2 implies that there exists a total ordering w of X and
a cluster marker map f,, : cl(T) — X for T and w such that £ = L7, ). Moreover,
Lemma 6.1(iv) implies that the cut vertices of I'(£) are of the form f,,(L7(v)), where
ve V(T).

To see that L|y is a distinguished minimal topological lasso for T'|y and some
total ordering of Y, note first that the restriction o of w to Y induces a total ordering
of Y. Furthermore, the aforementioned form of the cut vertices of I'(£) combined
with the assumption that I'(£]y) is connected implies that, for all A € ¢l(T) with
ANY # 0, we must have f,(A) € Y. For all A € cl(T|y) denote by AT the set-
inclusion minimal superset of A contained in ¢l(T"). Then, since f, is a cluster marker
map for T and w, it follows that the map

fo:c(Tly) =Y : A f,(AT)

is a cluster marker map for T'|y and o. By Theorem 7.2 it now suffices to establish
that L|y = L7}, s,)- Since both L|y and L7, y,) are minimal topological lassos
for T|y and so |L|y| = |[L(1|y,f,)| is implied by Lemma 3.2, it suffices to show that
Lly S Ly, 1,)-

Suppose ab € Ll]y; that is, ab € £ and a,b € Y. Since Y is the leaf set of Ty,
there must exist a vertex v € V(T'|y) such that v = lcary, (a,b). Clearly, v € V(T).
If @ and b are both adjacent with v in 7', then a and b are also adjacent with v in
T|y. Thus ab € L(r|, ,)(v) in this case. So assume that at least one of @ and b is
not adjacent with v in 7. Without loss of generality, let a denote that vertex. Then
since ab € L = L7y, ), it follows that there must exist a unique child v € V(T') of
v such that a € Ly(v') and a = f,(Lr(v")). Hence, a € V(B,) and a cut vertex of
T'(L).

We claim that ' € V(T|y). Assume for contradiction that v/ ¢ V(T'y). Then
since f, is a cluster marker map for 7" and w, it follows that a cannot be a cut
vertex in I'(L|y). Since T'(£) is a claw-free block graph, no edge in the unique block
B’ € Block(T'(L£))—{B,} that also contains a in its vertex set can therefore be incident
with @ in I'(£]y). Since I'(L|y) is assumed to be connected, it now suffices to show
that there exists some ¢ € Y N Lp(v') distinct from a such that every path from ¢ to b
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in T'(L) crosses a. But this is a consequence of the facts that v is not the parent of a
in T|y and, as implied by Proposition 3.3, that the subgraph I, (£) of T'(£) induced
by Lz (v') is the connected component of I'(£) containing a obtained from I'(£) by
deleting all edges in B, that are incident with a. This concludes the proof of the
claim.

To conclude the proof of the theorem, note that if b is adjacent with v in T'|y, then
ab = Fu(L(@ )b = ful (Lrpy )TV = oLty (D) € Lty () € Lerpyogo- T
b is not adjacent with v in T|y, then there exists a child v” EO‘O/(T) of v such
that b = f,(Lr(v")). In view of the previous claim, we have v € V(T'|y). But now
arguments similar to those used before imply that ab € L7, 7.,)(v) € L7}y 1,)- 0

We now turn our attention to supertrees, which are formally defined as follows.
Suppose T = {T1,...,T1}, I > 1, is a set of Y;-trees T; with Y; C X and |Y;| > 3,
i € (1), and T is an X-tree. Then T is a called a supertree of T if T displays every
tree in 7 where we say that some X-tree T' displays some Y-tree T for Y C X with
Y| > 3 if T|y and T are equivalent. More precisely, we have the following result,
which relies on the fact that in case L is a distinguished minimal topological lasso for
a binary X-tree T, that is, every vertex of T' but the leaves has two children, T'(L)
must be a path. In particular, £ induces a total ordering of the elements in X in
this case. For Y C X a nonempty subset of X, we denote the maximal and minimal
elements in Y with regard to that ordering by ming(Y) and max,(Y"), respectively.

COROLLARY 8.2. Suppose X' and X" are two nonempty subsets of X such that
X =X'UX" and X'NX" # 0 and T" and T" are X'-trees and X" -trees, respectively.
Suppose also that L' and L are distinguished minimal topological lassos for T' and T",
respectively, such that L'|xaxr» = L" | xiax» and T(L"|xnx) is connected. If T is a
binary X -tree that displays both T and T", then L = L'UL" is a distinguished minimal
topological lasso for T if and only if ming (X' NX") € {ming (X'), ming» (X))} and
maxg (X' NX") € {maxg (X'), maxz~ (X")}.

Continuing with the assumptions of Corollary 8.2, we also have that if ming/ (X'N
XN) S {ming (X’),min/;// (X”)} and max, (X/ N XN) S {rnaxL/ (X/),maX/;// (X”)}
hold, then £ U £” is a (minimal) strong lasso for T as every minimal topological
lasso for an X-tree is also an equidistant lasso for that tree. However, not all strong
lassos for T are of this form. An example for this is furnished for X’ = {a, ¢, d} and
X" ={a,b,c} by the X'-tree T, the X"-tree T", and the X’ U X"-tree T depicted
in Figure 5 along with the set £ = {cd} and L£"” = {ab, bc} of cords of X’ and X",
respectively. Clearly, T is a supertree of {T”, 7"}, and £ = £'UL" is a strong lasso for
T, but £’ is not even an equidistant lasso for 7”. Further investigating the interplay
between minimal topological lassos for X-trees and minimal topological lassos for
supertrees that display them might therefore be of interest.

T: T T":

a b ¢ d a c d a b ¢

Fi1a. 5. For X' = {a,c,d} and X" = {a,b,c} the X’ UX" -tree T is a supertree for the depicted
X' and X" trees T’ and T", respectively. Clearly, L' = {cd} and L” = {ab,bc} are sets of cords of
X' and X", respectively, and L = L' UL" is a strong lasso for T, but L' is not even an equidistant
lasso for T'.

We conclude with returning to Figure 2, which depicts two nonequivalent X-trees
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that are topologically lassoed by the same set £ of cords of X. In fact, £ is even a
minimal topological lasso for both of them. A better understanding of the relationship
between X-trees that are topologically lassoed by the same set of cords of X might
be an interesting topic of future study.

[19]
[20]

21]

Acknowledgment. Both authors thank the reviewer for helpful comments.

REFERENCES

R. B. BAPAT AND S. ROy, On the adjacency matriz of a block graph, Linear Multilinear Algebra,
62 (2014), pp. 406-418.

J. P. BARTHELEMY AND A. GUENOCHE, Trees and Prozimity Representations, Wiley, New York,
1991.

O. R. P. BININDA-EMONDS, Phylogenetic Supertrees: Combining Information to Reveal the
Tree of Life, Springer, New York, 2004.

A. BRANDSTADT AND V. B. LE, Simplicial powers of graphs, in Combinatorial Optimization
and Applications, B. Yang, D.-Z. Du, and C. A. Wang, eds., Lecture Notes in Comput.
Sci. 5165, Springer, Berlin, Heidelberg, 2008, pp. 160-170.

B. CHATTOPADHYAY, K. M. GRARG, AND U. RAMAKRISHNAN, Effect of diversity and missing
data on genetic assignment with RAD-Seq markers, BMC Res. Notes, 7 (2014), p. 841.

M. CHELLALI, O. FAVARON, A. HANSBERG, AND L. VOLKMANN, k-domination and k-
independence in graphs: A survey, Graphs Combin., 28 (2012), pp. 1-55.

G. DE SOETE, Ultrametric tree representations of incomplete dissimilarity data, J. Classifica-
tion, 1 (1984), pp. 235-242.

R. DIESTEL, Graph Theory, 3rd ed., Springer, Berlin, 2005.

D. DoTAN-COHEN, S. KAsIF, AND A. A. MELKMAN, Seeing the forest for the trees: Using the
gene onthology to restructure heirarchical clustering, Bioinformatics, 25 (2009), pp. 1789—
1795.

A. DrEss, K. T. HUBER, J. KOOLEN, V. MOULTON, AND A. SPILLNER, Basic Phylogenetic

Combinatorics, Cambridge University Press, Cambridge, UK, 2012.

A. W. M. Dress, K. T. HUBER, AND M. STEEL, ‘Lassoing’ a phylogenetic tree I: Basic prop-
erties, shellings, and covers, J. Math. Biol., 65 (2012), pp. 77-105.

M. FARACH, S. KANNAN, AND T. WARNOW, A robust model for finding optimal evolutionary
trees, Algorithmica, 13 (1995), pp. 155-179.

R. FAUDREE, E. FLANDRIN, AND Z. RYJACEK, Claw-free graphs: A survey, Discrete Math., 164
(1997), pp. 87-147.

A. GUENOCHE AND S. GRANDCOLAS, Approzimations par arbre d’une distance partielle, Math.
Inform. Sci. Humaines, 146 (1999), pp. 51-64.

A. GUENOCHE, B. LECLERC, AND V. MAKARENKOV, On the extension of a partial metric to a
tree metric, Discrete Math., 276 (2004), pp. 229-248.

I. GuTMAN AND 1. SCIRIHA, On the nullity of line graphs of trees, Discrete Math., 232 (2001),
pp. 35-45.

F. HARARY, Graph Theory, Addison-Wesley, Reading, MA, 1972.

H. HuanG AND L. KNOWLES, Unforeseen consequences of excluding missing data from mext-
generation sequences: Simulation study of RAD sequences, Syst. Biol., Jul. 4, 2014, PII
syu046 (Epub ahead of print).

K. T. HUBER AND A. A. PoPEscu, Lassoing and corralling rooted phylogenetic trees, Bull.
Math. Biol., 75 (2013), pp. 444-465.

K. T. HUBER AND M. STEEL, Reconstructing fully-resolved trees from triplet cover distances,

Electron. J. Combin., 21 (2014), 2.15.

G. KETTLEBOROUGH, J. Dicks, I. N. ROBERTS, AND K. T. HUBER, Reconstructing (super)trees
from data sets with missing distances: Not all is lost, Mol. Biol. Evol., Feb. 4, 2015, PII
msv027 (Epub ahead of print).

A LUNDBY ET AL., Annotation of loci from genome-wide association studies using tissue-specific
quantitative interaction proteomics, Nature Methods, 11 (2014), pp. 868-874.

V. MAKARENKOV, Une nouvelle méthode efficace pour la reconstruction des arbres additifs
a partir des matrices de distances incomplétes, in Proc. 8¢ Rencontres Soc. Francoph.
Classif., Pointe-a-Pitre, Guadeloupe, 2001, pp. 238—244.

M. C. MARINO, I. SciriHA, S. K. SMI¢, AND D. V. ToSI1¢, More on singular line graphs of
trees, Publ. Inst. Math. N.S.; 79 (2006), pp. 1-12.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/04/15 to 139.222.12.216. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

DISTINGUISHED MINIMAL TOPOLOGICAL LASSOS 961

H. PuiLipPE, E. A. SNELL, E. BAPTESTE, P. LopPEz, P. W. H. HOLLAND, AND D. CASANE,
Phylogenomics of eukaryotes: Impact of missing data on large alignments, Mol. Biol.
Evol., 21 (2004), pp. 1740-1752.

M. SANDERSON, M. MCMAHON, AND M. STEEL, Phylogenomics with incomplete tazon coverage:
The limits to inference, BMC Evol. Biol., 10 (2010), p. 155.

M. ScHADER AND W. GAuL, The MVL (missing values linkage) approach for hierarchical
classification when data are incomplete, in Analyzing and Modeling Data and Knowledge,
Springer, New York, 1992, pp. 107-115.

C. SEMPLE AND M. STEEL, Phylogenetics, Oxford Lecture Ser. Math. Appl. 24, Oxford Univer-
sity Press, Oxford, UK, 2003.

M. STEEL AND M. J. SANDERSON, Characterizing phylogenetically decisive tazon coverage, Appl.
Math. Lett., 23 (2010), pp. 82-86.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


