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Abstract. We give an axiomatization of the class ECF of exponentially
closed fields, which includes the pseudo-exponential fields previously introduced by the second author, and show that it is superstable over its interpretation of arithmetic. Furthermore, ECF is exactly the elementary class of
the pseudo-exponential fields if and only if the diophantine conjecture CIT on
atypical intersections of tori with subvarieties is true.

1. Introduction
1.1. Pseudo-exponential fields. In [Zil05b], the second author introduced a class
of exponential fields he called pseudo-exponential fields, as the class of models
hF ; +, ·, expi of the following five axioms, including the statement of the well-known
Schanuel conjecture.
1. ELA-field: F is an algebraically closed field of characteristic zero, and
its exponential map exp is a homomorphism from its additive group to its
multiplicative group, which is surjective.
2. Standard kernel: the kernel of the exponential map is an infinite cyclic
group generated by a transcendental element τ .
3. Schanuel Property: The predimension function
δ(x̄) := td(x̄, exp(x̄)) − ldimQ (x̄)
satisfies δ(x̄) > 0 for all tuples x̄ from F .
4. Strong exponential-algebraic closedness: If V is a rotund, additively
and multiplicatively free subvariety of Gna × Gnm defined over F and of
dimension n, and ā is a finite tuple from F , then there is x̄ in F such that
(x̄, ex̄ ) ∈ V and is generic in V over ā.
5. Countable Closure Property: For each finite subset X of F , the exponential algebraic closure eclF (X) of X in F is countable.
We call any model of axiom 1 an ELA-field : E for exponentiation, L for the surjectivity (every non-zero element has a logarithm) and A for algebraically closed.
Precise definitions of the terms in axioms 4 and 5 are given later, in sections 3.7
and 3.6 respectively. Intuitively, axiom 4 says that any system of equations which
can have a solution in some suitable exponential extension field does already have
a solution in F . It is the analogue for exponential fields of the algebraic closedness
axiom for fields, which says that any polynomial equation (or, equivalently, any
system of polynomial equations) which can have a solution in some extension field
already has a solution in F . Axiom 5 says that such a system should only have
countably many solutions.
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We denote by ECFSK the class of models of axioms 1—4, and call the models
Exponentially-Closed Fields with Standard Kernel. We also denote by ECFSK,CCP
the class of models of axioms 1—5. (In [Zil05b] the same classes were called EC ∗st
and EC ∗st,ccp .)
The main theorem of [Zil05b] was that ECFSK,CCP has exactly one model in
each uncountable cardinality, up to isomorphism. This categoricity theorem was not
proved entirely in one paper. The proof depends on the main result from [Zil06],
and corrections to the two papers appeared in [BZ11] and [BK13]. The proof
also uses the model-theoretic technique of quasiminimal excellent classes which
were developed for this purpose in [Zil05a], and further developed and simplified in
[Kir10b] and [BHHKK12].
We write B for the model of ECFSK of cardinality 2ℵ0 . The complex exponential field Cexp is known to satisfy axioms 1 and 2 (trivially) and 5 (less trivially). Schanuel’s conjecture is a fundamental conjecture of transcendental number theory. Since strong exponential-algebraic closedness is very natural from the
model-theoretic point of view, it makes sense to conjecture that it holds for Cexp .
Together, these two conjectures are therefore equivalent to the assertion that Cexp
is isomorphic to B.
The axioms for ECFSK are not all first-order expressible, but they can all be
expressed in the logic Lω1 ,ω , which allows countable conjunctions of formulas. In
fact, ECFSK can also be viewed as the class of models of a complete first-order
theory which omit the type of a non-standard integer [Kir11]. We denote the firstorder theory by TB . (The countable closure property is not expressible in Lω1 ,ω ,
but can be expressed using the quantifier Qx: there exist uncountably many x such
that . . . . However, we will make no use of that axiom for the rest of the paper.)
While ECFSK is a well-behaved class of structures, it is not an elementary class.
Understanding the first-order theory TB should give much more information which
we believe may be useful in understanding the analytic geometry of Cexp , perhaps
even without assuming that Cexp is isomorphic to B. This paper seeks to give an
understanding of TB . Using the categoricity theorem for ECFSK,CCP we see that
TB is the complete first-order theory of B, hence our notation. However, the results
of this paper do not depend on the categoricity theorem.
An obvious obstacle to the goal of understanding TB comes from the integers. For
any exponential field F , we will write ker(F ) = {x ∈ F | exp(x) = 1 }, the kernel of
the exponential map. We also define
Z(F ) = {r ∈ F | ∀x[exp(x) = 1 → exp(rx) = 1] } ,
the multiplicative stabilizer of the kernel. In any exponential field F with standard
kernel, Z(F ) will actually be Z, the standard integers, and thus the first-order
theory TB contains the theory of true arithmetic, and hence is undecidable and
unstable. Nonetheless, we can still look for stable-like behaviour of the theory. One
analogue is the theory ACVF of algebraically closed valued fields. There the value
group is unstable, but the stable part of the theory can be understood separately
from the value group in terms of stable domination. The situation here is more
complicated in some ways, because the value group in ACVF is still fairly tame,
being o-minimal, whereas arithmetic is not tame in any sense. However, arithmetic
can be isolated from the rest of the theory in a fairly strong way if and only if
the diophantine conjecture known as CIT (Conjecture on Intersections of Tori with
subvarieties) is true. We next describe our setting of Exponentially Closed Fields,
and then explain how CIT is involved.
1.2. Exponentially Closed Fields. In this paper we introduce and study the
class of Exponentially-Closed Fields which we denote by ECF, which is obtained
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by slightly weakening the axioms for ECFSK . Axioms 1 and 4 are the same, but 2
and 3 are replaced by 2′ and 3′ below.
2′ a. Cyclic kernel: The kernel is a cyclic Z(F )-module.
2′ b. Transcendental kernel: Every element of the kernel is transcendental
over Z(F ).
2′ c. Theory of true arithmetic: Z(F ) with the restrictions of + and · is
a model of the full first-order theory of hZ; +; ·i.
3′ . The Schanuel Property over the kernel (SPOK): The predimension function
∆F (x̄) := td(x̄, exp(x̄)/ ker(F )) − ldimQ (x̄/ ker(F ))

satisfies ∆F (x̄) > 0 for all tuples x̄ from F .
By td(Y /X) we mean the transcendence degree of the field extension Q(XY )/Q(X)
and by ldimQ (Y /X) we mean the dimension of the Q-vector space spanned by X∪Y ,
quotiented by the subspace spanned by X.
The main unconditional result of this paper about ECF is one of existence
and uniqueness of saturated models in all cardinalities above the continuum. This
cannot be literally true because of the presence of arithmetic in the kernel, but is
true over the (sufficiently saturated) kernel.
Theorem 1.1. For each ℵ0 -saturated model R of Th(Z), and for each cardinal
λ > 2ℵ0 with λ > |R|, there is exactly one model M ∈ ECF such that Z(M ) = R
and such that M is saturated over its kernel.
Saturation over the kernel means saturated with respect to those extensions
which are within the class ECF and do not extend the kernel. The precise definition
is 4.2. It follows fro m this theorem that the subclasses ECFR of ECF where we
fix the model of the integers to be R, are superstable homogeneous classes in the
sense of [HS00]. One can therefore do a certain amount of stability theory in ECF,
provided one avoids extending the kernel.
1.3. The Conjecture on Intersections with Tori. CIT was first formulated by
the second author in model-theoretic studies of exponentiation [Zil02] and then independently rediscovered by Bombieri, Masser and Zannier [BMZ07] and in a more
general form by Pink [Pin05a], [Pin05b]. The conjecture generalises the well-known
Mordell-Lang and André-Oort conjectures. It is now an active field of research
which applies methods of diophantine and algebraic geometry and the theory of
Shimura varieties as well as model theory.
Let W ⊆ Gnm be an irreducible subvariety, defined over Qalg . Let H ⊆ Gnm be an
algebraic subgroup.
Let X be a connected component of W ∩ H. Then X is said to be an atypical
component of the intersection if and only if
dim X > dim W + dim H − n.

(Sometimes X is called an anomalous or unlikely component of the intersection.)
Let W atyp be the union of all the atypical components of W ∩ H for all algebraic
subgroups H of Gnm .
The Conjecture on Intersections of subvarieties with Tori states:
Conjecture 1.2. For any n ∈ N, if W ⊆ Gnm is any irreducible subvariety then
W atyp is a proper Zariski-closed subset of W .
This statement of the conjecture is in the style of the presentation in section 5 of
[BMZ07] and is convenient for us. It is equivalent to the statement of Conjecture 1
in [Zil02].
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1.4. ECF and CIT. The axioms for ECF are easily seen to be Lω1 ,ω -expressible,
and axioms 1 and 2′ are first-order, but it is not immediately clear whether axioms
3′ and 4 are first-order. The notions of rotundity and multiplicative freeness of a
subvariety which appear in axiom 4 are unconditionally first-order definable in the
field language (but additive freeness is not) [Zil05b, Theorem 3.2]. Axiom 4 as a
whole is first-order expressible assuming standard kernel [Kir11, Proposition 2.3],
but the proof there relies on being able to quantify over the standard integers, and
does not generalise to ECF.
We will show that axiom 3′ (the Schanuel Property over the kernel) is first-order
axiomatizable if and only if CIT is true. In fact more is true.
Theorem 1.3. If CIT is true, then the axioms defining ECF are first-order expressible, and furthermore they axiomatise the complete theory TB .
Theorem 1.4. If CIT is false, then ECF is not an elementary class.
Axiom 4 is a technical strengthening of a more natural and simpler exponentialalgebraic closedness property. Under CIT, this strengthening is not necessary.
Theorem 1.5. Assuming CIT, a model F of axioms 1, 2′ and 3′ also satisfies axiom
4 (strong exponential-algebraic closedness) if and only if it satisfies the following
simpler version:
4′ . Exponential-algebraic closedness: If V is a rotund subvariety of Gna ×
Gnm defined over F then there is x̄ in F such that (x̄, ex̄ ) ∈ V .
In summary, if CIT is true then the effects of arithmetic can be contained within
the kernel, and the theory TB is otherwise tame, in fact superstable over the kernel
in a certain sense. However, if CIT is false then the effects of arithmetic will be seen
in the first-order theory outside the kernel, the Schanuel property fails gravely in
some models of the theory, the natural predimension notion loses its meaning, and
any reasonable first-order stability seems to be impossible. Theorems 1.3 and 1.4
thus give us a statement about exponentiation which is a highly non-obvious reformulation of CIT. The more general form of CIT mentioned above is now known as
the Zilber-Pink conjecture, and rather than concerning just multiplicative tori it
deals with algebraic subgroups of semiabelian varieties and special subvarieties of
Shimura varieties. We hope that ongoing work developing the ideas explained here
will shed further light on the Zilber-Pink conjecture more broadly.
1.5. Outline of the paper. In section 2, we explain why the Schanuel property
is not first-order expressible, then introduce the Schanuel property over the kernel
and show that it is first-order expressible if and only if CIT is true. This proves
Theorem 1.4.
In section 3, we recall many concepts about the algebra of exponential fields
which were developed by the first author in [Kir13]. In that paper only exponential fields with standard kernel were considered, and we also develop the theory as
needed in the broader context of this paper. The notions of exponential algebraicity and exponential transcendence are also recalled from [Kir10a]. At the end of
the section we explain all the terms needed for the statement of axiom 4, strong
exponential-algebraic closedness, and explain why it is the analogue for exponential
fields of algebraic closedness for fields.
We introduce the concept of saturation over the kernel within the class ECF
in section 4, and prove Theorem 1.1. Superstability over the kernel for the class
ECF follows. In section 5 we show that axiom 4 is first-order expressible assuming
CIT (and under the other axioms) and thus the class ECF is elementary assuming
CIT. Again under CIT we prove completeness of the first-order theory, and the
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equivalence of axioms 4 and 4′ , completing the proofs of Theorems 1.3 and 1.5. In
section 6 we give some corollaries, and section 7 contains some final comments.
1.6. Acknowledgement. We would like to thank the anonymous referee who read
the paper carefully and made many suggestions which greatly improved the presentation.
2. The Schanuel property and the kernel
There are two ways in which the Schanuel property might fail in an elementary
extension of B: inside the kernel or over the kernel. The first is mild and, as we
will see, unavoidable. The second is a severe failing but happens only if CIT fails.
2.1. Failure of the Schanuel property. It is clear that axioms 1 and 2′ are
expressible as first-order axioms schemes. However axiom 3, the Schanuel property,
is not. To see this, suppose F is an elementary extension of B with non-standard
kernel. Then there is r ∈ Z(F ) which is transcendental, and since Z(F ) is a subring
of F we have rn ∈ Z(F ) for all n ∈ N. For any t ∈ ker(F ), the set {rn t | n ∈ N } lies
in ker(F ) and is Q-linearly independent, since r is transcendental. The Schanuel
property would imply that td(rt, r2 t, . . . , rn t, 1, . . . , 1) = n for any n ∈ N, but
clearly this transcendence degree is at most 2. Hence the Schanuel property fails
in all elementary extensions of B with non-standard kernel.
2.2. The Schanuel property over the kernel (SPOK). The above failure of
the Schanuel property is inside the kernel. Axiom 3′ , the Schanuel property over the
kernel, essentially asserts that this is the only place where the Schanuel property can
fail. We expressed the Schanuel property as the non-negativity of a predimension
function δ. The Schanuel property over the kernel can be expressed in the same
form. Given an exponential field F , and a finite tuple x̄ from F , define
∆F (x̄) := td(x̄, exp(x̄)/ ker(F )) − ldimQ (x̄/ ker(F )).
Axiom 3′ asserts that ∆F (x̄) > 0 for all finite tuples x̄ from F .
If F is algebraically closed then its multiplicative group Gm (F ) = hF × ; ·i√ is
divisible and its torsion is the subgroup
of roots of unity, which we denote by 1.
√
Thus the quotient group Gm (F )/ √1 is a Q-vector space. If A ⊆ Gm (F ) then the
Q-linear dimension of its image A/
√ 1 is called is multiplicative rank and we denote
a
it by mrk(A). Note that e ∈ 1 if and only if a lies in the Q-linear span of
ker(F ) and hence for any x̄ in F we have ldimQ (x̄/ ker(F )) = mrk(exp(x̄)). Thus
∆F (x̄) = td(x̄, exp(x̄)/ ker(F )) − mrk(exp(x̄)).
Axiom 3′ can also be stated without using a predimension function.
Lemma 2.1. In any exponential field F , axiom 3′ holds if and only if for any
n-tuple x̄ ∈ F n , if td(x̄, exp(x̄)/ ker(F )) < n then exp(x̄) lies in a proper algebraic
subgroup of Gnm (F ).
Proof. A proper algebraic subgroup H ⊆ Gnm is given by a list of equations of the
form
n
Y
yimi = 1
(∗)
i=1

where mi ∈ Z, not all zero. The left to right implication follows immediately and
the right to left implication follows by induction on n.
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2.3. Atypical intersections and the CIT. We will show that the Schanuel property over the kernel is first-order expressible under the diophantine conjecture CIT.
We may write the equations (∗) for a proper algebraic subgroup H ⊆ Gnm in
matrix form as ȳ M = 1. We can define the depth of H to be the least N ∈ N such
that H is contained in some codimension 1 subgroup of Gnm , which is given by a
single equation of the form (∗) in which every mi satisfies |mi | 6 N . Then CIT can
equivalently be stated as: for every irreducible subvariety W ⊆ Gnm , defined over
Q, there is N ∈ N such that W atyp is contained in the union of the set of proper
algebraic subgroups of Gnm of depth at most N .
Note that W atyp is certainly Lω1 ,ω -definable (uniformly in parameters), but if
CIT is true then the above shows that W atyp is first-order definable (even uniformly
in parameters).
2.4. Generic fibres. We write G for the algebraic group Ga × Gm . There is the
natural projection map pr : Gn → Gnm . Given V ⊆ Gn irreducible and b ∈ pr(V ),
we consider the fibre V (b) = {v ∈ V | pr(v) = b }. Define
V gf = {v ∈ V | dim V (pr(v)) = dim V − dim pr(V ) }

which is the union of the fibres of generic dimension. If V is reducible, we define
V gf to be the union of the W gf as W runs through the irreducible components of
V . The fibre dimension theorem (see for example section 2 of [BMZ07] for a clear
statement) tells us that V gf is constructible and dense in V , and if V varies in a
parametric family then V gf is definable uniformly in the parameters.
2.5. Axiomatizing the Schanuel property over the kernel. For a subvariety
V ⊆ Gn × Am , where A is affine space, and p̄ ∈ Am , we write Vp̄ ⊆ Gn for the fibre
of V at p̄, and consider V = (Vp̄ )p̄∈Am as a parametric family of subvarieties of Gn .
For such a family, consider the axiom:
i
h
(∀k̄ ∈ kerm )(∀x̄) dim Vk̄ > n ∨ (x̄, ex̄ ) ∈
/ Vk̄gf ∨ ex̄ ∈ pr(Vk̄ )atyp

We take the SPOK scheme to be the scheme of all such axioms, for all n, m ∈ N,
and for all families V defined over Q. So every subvariety of Gn defined over ker(F )
will appear as Vk̄ for some family V and some tuple k̄ from ker(F ). By the fibre
dimension theorem, the SPOK scheme is expressible as an Lω1 ,ω -sentence, and, if
CIT is true, it is expressible as a first-order axiom scheme.
Proposition 2.2. Let F be an exponential field. Then F has the Schanuel property
over the kernel if and only if it satisfies the SPOK scheme.

Proof. Suppose the scheme holds, and x̄ ∈ F n with td(x̄, ex̄ / ker(F )) < n. Let
V = Loc((x̄, ex̄ )/ ker(F )). Then dim V < n, so by the scheme, either ex̄ ∈ pr(V )atyp
or (x̄, ex̄ ) ∈
/ V gf . The latter is impossible, since V r V gf is constructible, defined
over ker(F ), and not dense in V , but V is the locus of (x̄, ex̄ ) over ker(F ). Hence
ex̄ ∈ pr(V )atyp , which means that ex̄ lies in a proper algebraic subgroup of Gnm , so
F has the Schanuel property over the kernel.
Conversely, suppose F has the Schanuel property over the kernel, that V ⊆ Gn
is defined over ker(F ) with dim V < n, and that (x̄, ex̄ ) ∈ V gf . We must show
ex̄ ∈ pr(V )atyp . Let H be the smallest algebraic subgroup of Gnm such that ex̄ ∈ H.
By the Schanuel property over the kernel we have
0 6 ∆F (x̄) = td(x̄, ex̄ / ker(F )) − dim H.

Also td(x̄, ex̄ / ker(F )) = td(x̄/ex̄ , ker(F )) + td(ex̄ / ker(F )).
Let X be the component of pr(V )∩H containing ex̄ , so we have td(ex̄ / ker(F )) 6
dim X. Also (x̄, ex̄ ) ∈ V gf , so
td(x̄/ex̄ , ker(F )) 6 dim V − dim pr(V ) < n − dim pr(V ).
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Hence, putting these together,
n − dim pr(V ) + dim(X) > dim H
which means that X is an atypical component of the intersection, and hence ex̄ ∈
pr(V )atyp as required.

2.6. Consequence of the failure of CIT. We have seen that if CIT is true then
the strong kernel property is first-order axiomatizable. Now we show the converse.
Proposition 2.3. Suppose that CIT is false. Then no F ∈ ECF is ℵ0 -saturated.
Theorem 1.4 follows at once.
Proof. Assuming CIT is false, we will show that for any F ∈ ECF there is a type
over a finite subset of F such that any elementary extension of F realising the type
does not satisfy the Schanuel property over the kernel.
In [Zil02] it is shown that if CIT is false then there is a counterexample defined
over Q. So suppose that W ⊆ Gnm is a counterexample to CIT, defined over Q.
So for each N ∈ N+ , there is HN , an algebraic subgroup of Gnm of depth strictly
greater than N such that
dim(W ∩ HN ) > dim W + dim HN − n.
There are only finitely many possible values for dim HN and for dim(W ∩ HN ), so
by passing to a subsequence of the HN we may assume for some h and t that, for
all N , dim HN = h and dim(W ∩ HN ) = t.
We assume that F has non-standard kernel. (If not, replace F by an elementary extension.) Choose rij ∈ Z(F ), algebraically independent over Q, for
i = 1, . . . , n, j = 1, . . . , t. LetPX be the intersection of the generic hypersurfaces in
n
Gnm given by the equations i=1 rij yi = 1 for j = 1, . . . , t, and let W ′ = W ∩ X.
′
Then dim W = dim W − t, and dim(W ′ ∩ HN ) = dim(W ∩ HN ) − t = 0 for each
N . In particular, W ′ ∩ HN is non-empty. Thus we have
h + dim W ′ < n.
Consider the following formulas ϕN (x̄, m̄) in free variables x1 , . . . , xn and (mij )ni,j=1 :
n
^

i,j=1

mij ∈ Q ∧ M x̄ ∈ kern ∧ rk(M ) = n − h ∧ ex̄ ∈ W ′
∧

^

n
Y

µ̄∈{−N,...,N }n r{0̄} i=1

eµi xi 6= 1

where Q is the field of fractions of Z, and M = (mij )ni,j=1 considered as a matrix.
We show that each ϕN (x̄, m̄) is satisfiable in F . So take HN as above, and
b̄ ∈ (W ∩ HN )(F ). Choose M ∈ Matn×n (Q) such that H is given by ȳ M = 1 and
choose ā ∈ F n such that eā = b̄, which is possible since F is an ELA-field. Then
eM ā = 1̄, so M ā ∈ ker(F )n . Also rk(M ) = n − h and eā ∈ W ′ , but since b̄ is generic
in W ′ ∩HN (every point is generic
Qnbecause the dimension is 0) and the depth of HN
is greater than N , we also have i=1 eµi ai 6= 1 whenever µ̄ ∈ {−N, . . . , N }n r {0̄}.
So each ϕN (x̄, m̄) is satisfiable in F , but then the set of formulas {ϕN (x̄, m̄) | N ∈ N }
is finitely satisfiable, and hence by compactness it is satisfied in some elementary
extension K of F . Say K |= ϕN (ā, m̄) for all N ∈ N.
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Then since M ā ∈ ker(K) and M is a matrix over Q(K) of rank n − h, we have
ldimQ(K) (ā/ ker(K)) 6 h. Thus:
td(ā, eā / ker(K)) 6
6

td(ā/ ker(K)) + td(eā / ker(K))
ldimQ(K) (ā/ ker(K)) + td(eā / ker(K))

h + dim W ′
n.
Qn
However, no nontrivial equations i=1 eµi ai = 1 hold where the µi ∈ Z, hence
mrk(eā ) = n, so ldimQ (ā/ ker(K)) = n, and so
6
<

∆K (ā) = td(ā, eā / ker(K)) − ldimQ (ā/ ker(K)) < 0.

Thus K does not have the Schanuel property over the kernel.



3. Some algebra of exponential fields
The paper [Kir13] of the first author develops the algebra of exponential fields
and their extensions, under the restriction that the kernel is countable and does
not extend. In this section we extend that work to consider also extensions where
the kernel is uncountable and can extend.
For the proofs it is necessary to deal with partial exponential fields, where the
exponential map is only partially defined. We start by considering them and properties of the kernel. Strong extensions play a very important role in the earlier
work and for the case where the kernel is not fixed we introduce the more general
notion of semistrong extensions. We then give two technical but essential results
concerning the uniqueness of free ELA-extensions of a partial exponential field,
analogous to the main technical result from [Kir13], following which we recall the
notions of exponential algebraicity and exponential transcendence from another
paper [Kir10a]. Finally we give a classification of the finitely generated kernelpreserving strong extensions of ELA-fields, which also serves to explain axiom 4,
strong exponential-algebraic closedness, and to define all the relevant terminology.
Definition 3.1. A partial E-field is a two-sorted structure
hF, D(F ); +, ·, +D , (q·)q∈Q , α, expF i

where hF ; +, ·i is a field of characteristic zero, hD(F ); +D , (q·)q∈Q i is a Q-vector
α
space, hD(F ); +D i −→ hF ; +i is an injective homomorphism of additive groups,
exp
and hD(F ); +D i −→F hF ; ·i is a homomorphism.
We identify D(F ) with α(D(F )), and hence a (total) E-field is a partial E-field.
We write I(F ) = {expF (a) | a ∈ D(F ) } for the image of the exponential map of F .
3.1. Full and very full kernels.
√ We say that a partial (or total) E-field has full
kernel if and only if the group 1 of all roots of unity is contained in I(F ).
As abstract abelian groups, D(F ) and I(F
√ ) are both divisible. D(F ) is torsionfree, and the torsion in I(F ) is equal to 1 ∩ I(F ), which is the image of the
Q-linear span of the kernel. Considering the torsion, we see that F has full kernel
if and only if for each n ∈ N+ , the quotient ker(F )/n ker(F ) is cyclic of order n.
Equivalently, hker(F ); +i is a model of the complete theory of hZ; +i.
We now give some relevant properties of this theory. All references are to [Rot00].
Any model M of ThhZ; +i splits as a direct sum Mr ⊕ Md where Md is the largest
divisible subgroup of M and Mr is called a reduced part of M . We have Mr 4 M
[Rot00, Lemma 15.5.5(a)].
Let Ẑ be the profinite completion of hZ; +i. Then Ẑ |= ThhZ; +i, and if M is any
model of ThhZ; +i then Mr embeds elementarily into Ẑ [15.5.5(a) and 15.6.2(1)].
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(In fact, in the cited reference, Ẑ is defined differently, but the equivalence of the
definitions is given on page 265.)
An abelian group is said to be algebraically compact if is is saturated with respect
to systems of certain (positive primitive) formulas. A model M of ThhZ; +i is
algebraically compact if and only if Mr is algebraically compact [15.5.5(2)] if and
only if Mr ∼
= Ẑ [15.6.2(3)]. Furthermore, if M is ℵ0 -saturated then it is algebraically
compact [15.5.3(1)].
Definition 3.2. We say that F has very full kernel if and only if ker(F ) is an
algebraically compact model of ThhZ; +i.
Definition 3.3. A coherent system of roots of unity is a sequence (cm )m∈N+ such
that c1 = 1 and for each r, m ∈ N+ we have crrm = cm .
Lemma 3.4. A partial E-field F has very full kernel if and only if for any coherent
system of roots of unity (cm )m∈N+ there is a ∈ D(F ) such that for each m ∈ N+
we have expF (a/m) = cm .
√
Proof. Write m 1 for the group of mth roots of unity. Define a group homomorphism
by
Y m
√
θ
1
ker(F ) −→
m∈N+

a

7−→ (expF (a/m))m∈N+

Recall that τ is the cyclic generator of the kernel, and so eτ /m is √
a primitive mth
root of unity for each m ∈ N+ . So we can define isomorphisms m 1 ∼
= Z/mZ by
τ /m
e
7→ 1 + mZ, which together make an isomorphism
Y
Y m
√
Z/mZ
1∼
=
m∈N+

m∈N+

and we identify these groups along the isomorphism. Then for each a ∈ ker(F ),
θ(a) is a coherent system of roots of unity, which is exactly the same condition as
being an element of Ẑ. The kernel of θ is the divisible part of ker(F ), so θ restricts
to an embedding of the reduced part of ker(F ) into Ẑ, which has no proper selfembeddings. Thus the image of θ contains every coherent system of roots of unity
if and only if F has very full kernel, as required.

3.2. Kernel extensions.
Proposition 3.5. Let F be a partial E-field with full kernel, and let A be a subgroup
of Ga (F ) such that A ∩ D(F ) = ker(F ), and A |= ThhZ; +i. Then there is a unique
partial E-field extension F ′ of F with the same underlying field, such that D(F ′ ) is
spanned by D(F ) ∪ A and ker(F ′ ) = A.
Proof. Any element of D(F ′ ) is of the form x = a/m + b with a ∈ A, m ∈ N+ , √
and
1
b ∈ D(F ). The exponential map expF restricts to a surjection m
ker(F ) −→ m 1.
Since A is a model of ThhZ; +i and a pure extension of ker(F ), this surjection
√
θ
1
A −→ m 1.
extends uniquely to a homomorphism m
Now expF ′ (x) must satisfy
expF ′ (x) = expF ′ (a/m) expF ′ (b) = θ(a/m) expF (b)
so expF ′ is unique, and it is well-defined because A ∩ D(F ) = ker(F ).



The special case of this proposition which we actually use in this paper is as
follows.
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Corollary 3.6. Suppose F0 is a partial E-field satisfying axioms 2′ and 3′ . Let R |=
ThhZ; +, ·i be a ring extension of Z(F0 ) such that Z(F0 ) is relatively algebraically
closed in R. Then, up to isomorphism, there is a unique partial E-field extension F ′
of F0 such that Z(F ′ ) ∼
=Z(F0 ) R, F ′ is generated as a partial E-field by F0 ∪ Z(F ′ ),
ACF

and F0

′
⌣ ker(F ).
ker(F0 )

Proof. Let F be the field extension of F0 generated by a copy of R which is algebraically disjoint from F0 over (the relatively algebraic closure of) Z(F0 ). It is
unique up to isomorphism. Now apply Proposition 3.5 with A = τ R, where τ is
the kernel generator.

3.3. Strong and semistrong extensions. Let A be a subset of a partial E-field
F . We use the notation hAiF for the smallest partial E-subfield of F containing A,
ELA
and hAiF
for the smallest partial E-subfield K of F containing A which is closed
under exponentiation, taking logarithms (that is, if b ∈ K, a ∈ F and expF (a) = b
then a ∈ K), and is relatively algebraically closed in F . In particular, if F is an
ELA
ELA-field then hAiF
is the smallest ELA-subfield of F containing A ∪ ker(F ).
Recall that the Schanuel property for F states that the predimension function
δ(ā) = td(ā, eā ) − ldimQ (ā) is non-negative for all tuples ā from F . If A is a subset
of a partial (or total) exponential field F and ā is a finite tuple from D(F ), we also
consider the relative predimension function
δ(ā/A) = td(ā, exp(ā)/A, exp(A)) − ldimQ (ā/A).
Definition 3.7. We say that A is strong in F , and write A ⊳ F , if and only if for
every finite tuple ā from D(F ), δ(ā/A) > 0. We define a partial E-subfield F0 of
F to be strong, and write F0 ⊳ F , if and only if for every finite tuple ā from F ,
δ(ā/D(F0 )) > 0.
So if A ⊆ D(F ) and F0 = hAiF , then F0 ⊳ F as a partial E-subfield precisely
when A ⊳ F as a subset.
The predimension function ∆F satisfies ∆F (ā) = δ(ā/ ker(F )), and hence the
Schanuel property over the kernel is equivalent to the assertion that ker(F ) is
strong in F .
The notion of strong extensions was extremely important in the paper [Kir13],
but extensions of exponential fields where the kernel extends will not generally be
strong. However, much of the technology of strong extensions can be adapted to
this broader setting. We define semistrong extensions to play the central role.
Definition 3.8. Let F0 ⊆ F be an extension of partial E-fields, and ā a finite tuple
from F . We define the predimension function
∆F (ā/F0 ) = td(ā, expF (ā)/F0 ∪ ker(F )) − ldimQ (ā ∩ D(F )/D(F0 ) ∪ ker(F ))
where expF (ā) = {expF (a) | a ∈ ā ∩ D(F ) }.
If A is a subset of F , we define ∆F (ā/A) := ∆F (ā/F0 ) where F0 = hker(F ) ∪ AiF ,
the partial E-subfield of F generated by ker(F ) ∪ A.
The following properties are almost immediate from the definition.
Lemma 3.9 (Basic properties of the predimension function).
(a) ∆F (ā/A) = td(ā, exp(ā)/A ∪ ker(F )) − mrk(expF (ā)/I(A))
(b) Addition property: for finite tuples ā and b̄,
∆F (ā ∪ b̄/A) = ∆F (ā/A ∪ b̄) + ∆F (b̄/A).
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ACF

(c) Suppose F1 ⊆ F2 ⊆ F3 are partial E-fields, that ā ∈ D(F2 ) , and that F2

⌣ ker(F3 ),
ker(F2 )
which means that every finite tuple b̄ ∈ F2 satisfies td(b̄/ ker(F2 ) ∪ ker(F3 )) =
td(b̄/ ker(F2 )). Then ∆F3 (ā/F1 ) = ∆F2 (ā/F1 ).


Note that the function ∆F does generally depend on F , but (c) above gives an
important situation where there is no dependence.
Definition 3.10. Let θ : F0 ֒→ F be an extension of partial E-fields. We say that
≺p
the extension is semi-strong and write F0 ⊂ ✲ F or just F0 ≺p F if and only if for
ACF

every ā ∈ F , ∆F (ā/θ(F0 )) > 0, and F0

⌣ ker(F ).
ker(F0 )

We will make use of the following basic properties of semistrong extensions,
which again are almost immediate from the definition. From the last property in
the list, we see that they also apply to strong extensions where the kernel does not
extend.
Lemma 3.11 (Basic properties of semi-strong extensions).
(a) For any partial E-field F , F ≺p F
(b) If F1 ≺p F2 and F2 ≺p F3 then F1 ≺p F3 .
(c) A ≺p F if and only if for every finite tuple ā from F , A ≺p hA ∪ āiF .
(d) If F1 ⊆ F2 , F1 ≺p F3 and F2 ≺p F3 then F1 ≺p F2 .
(e) Suppose F1 ⊆ F2 ⊆ · · · ⊆ Fα ⊆ · · · is a chain
of partial E-subfields of some
S
partial E-field F , and each Fα ≺p F . Then α Fα ≺p F .
(f ) If A ≺p F and ker(F ) ⊆ A then A ⊳ F .

We need one further property, the existence of a smallest semistrong extension
containing a given tuple.
Proposition 3.12. Let F be an ELA-field, let A ≺p F and let b̄ be a finite tuple from
F . Then there is a smallest partial E-subfield B of F such that D(A) ∪ ker(F ) ∪
b̄ ⊆ D(B) and B ≺p F . That is, if C is any other such partial E-subfield then
D(B) ⊆ D(C).
Proof. Exactly the same as for Lemma 7.2 of [Kir13], using the predimension ∆F
in place of δ.

3.4. The free ELA-extension. In [Kir13], it is shown that certain countable
partial E-fields have well-defined free ELA-extensions. (Recall that these are algebraically closed extension fields whose exponential map is surjective.) Here we
prove the same conclusion replacing the countability and the other hypotheses with
the single assumption of very full kernel.
Proposition 3.13. Suppose that F is a partial E-field with very full kernel, which is
algebraic over its graph of exponentiation, that is, F is algebraic over D(F ) ∪ I(F ).
Suppose also that F ⊳ K and F ⊳ M are two kernel-preserving strong extensions
ELA
∼
into ELA-fields. Then hF iELA
=F hF iM . In particular:
K
(1) If F is a partial E-field with very full kernel then the free ELA-closure of
F , F ELA , is well-defined.
(2) If F is a partial E-field with very full kernel and F ⊳K is a kernel-preserving
ELA
extension to an ELA-field then hF iK ∼
=F F ELA .
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Proof. First note that (1) and (2) follow at once from the main statement of the
proposition, because there does exist some strong ELA-field extension of F with no
new kernel elements [Kir13, Construction 2.13].
List hF iELA
as (sα+1 )α<λ for λ = | hF iELA
|, such that for each α < λ, either
K
K
i) sα+1 is algebraic over F ∪ {sβ | β 6 α }; or
ii) sα+1 = expK (a) for some a ∈ F ∪ {sβ | β 6 α }; or
iii) expK (sα+1 ) = b for some b ∈ F ∪ {sβ | β 6 α }.
ELA

This is possible by the definition of hF iK .
We will inductively construct chains of partial E-subfields
F = K0 ⊆ K1 ⊆ K2 ⊆ · · · ⊆ Kα ⊆ · · ·
of K and
F = M0 ⊆ M1 ⊆ M2 ⊆ · · · ⊆ Mα ⊆ · · ·

of M , and nested isomorphisms θα : Kα → Mα such that for each α < λ we have
sα ∈ Kα , Kα ⊳ K, Mα ⊳ M , and Kα is algebraic over its graph of exponentiation.
We start by taking θ0 to be the identity map on F . Now suppose we have Kβ ,
Mβ , and θβ for all β < α. If α is a limit, take unions. All the inductive hypotheses
are easily seen to hold. Now consider α = γ + 1.
Case 1). sγ+1 is algebraic over Kγ (including the case where sγ+1 ∈ Kγ ). Let p(X)
be the minimal polynomial of sγ+1 over Kγ . The image pθ of p is an irreducible
polynomial over Mγ , so let t be any root of pθ in M . Let Kγ+1 = Kγ (sγ+1 ),
Mγ+1 = Mγ (t), and let θγ+1 be the unique field isomorphism extending θγ and
sending sγ+1 to t. We make Kγ+1 and Mγ+1 into partial exponential fields by
taking the graph of exponentiation to be the graph of expK or expM intersected
2
2
2
. Since Kγ ⊳K,
respectively. Suppose that (a, expK (a)) ∈ Kγ+1
or Mγ+1
with Kγ+1
we have td(a, expK (a)/Kγ ) − ldimQ (a/D(Kγ )) > 0. But Kγ+1 is an algebraic
extension of Kγ , so it follows that ldimQ (a/D(Kγ )) = 0, that is, that a ∈ D(Kγ ).
Hence D(Kγ+1 ) = D(Kγ ). The same argument shows that D(Mγ+1 ) = D(Mγ ).
Now if x̄ is any tuple from K, we have δ(x̄/D(Kγ+1 )) = δ(x̄/D(Kγ )) > 0, and
hence Kγ+1 ⊳ K, and similarly Mγ+1 ⊳ M . Since we have just added an algebraic
element, we have Kγ+1 algebraic over its graph of exponentiation.
Case 2). sγ+1 is transcendental over Kγ and sγ+1 = expK (a) for some a ∈ Kγ . Let
√
Kγ+1 = Kγ ( sγ+1 ), by which we mean adjoin all mth roots of sγ+1 for all m ∈ N+ ,
p
and let Mγ+1 = Mγ ( expM (θγ (a))). Extend θγ by defining θγ+1 (expK (a/m)) =
expM (θγ (a)/m), and extending to a field isomorphism. This is possible because
sγ+1 is transcendental over Kγ and expM (θγ (a)) is transcendental over Mγ (the latter because Mγ ⊳M ), and so there is a unique isomorphism type of a coherent system
of roots of sγ+1 over Kγ , and of expM (θγ (a)) over Mγ . Then td(Kγ+1 /Kγ ) = 1,
a ∈ D(Kγ+1 ) r D(Kγ ), and Kγ ⊳ K, so D(Kγ+1 ) is spanned by D(Kγ ) and a.
Similarly, D(Mγ+1 ) is spanned by θγ (a) over D(Mγ ), so θγ+1 is an isomorphism of
partial E-fields.
Now if x̄ is any tuple from K, we have
δ(x̄/D(Kγ+1 )) = δ(x̄, a/D(Kγ )) − δ(a/D(Kγ )) = δ(x̄, a/D(Kγ )) − 0 > 0
as Kγ ⊳ K, so Kγ+1 ⊳ K. The same argument shows that Mγ+1 ⊳ M . Clearly
Kγ+1 is algebraic over its graph of exponentiation.
Case 3). Suppose we are not in case 1) or 2). Then sγ+1 is transcendental over
Kγ , not of the form expK (a) for any a ∈ Kγ√
, but expK (sγ+1 ) = b for some b ∈ Kγ
by the choice of sγ+1 . We may assume that b ⊆ Kγ . If not, apply case 1) ω times
to add the mth roots of b for each m ∈ N+ .
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Let t ∈ M be such that expM (t) = θγ (b). Let Kγ+1 = Kγ (sγ+1 ) and Mγ+1 =
Mγ (t). Now for m ∈ N+ , let
cm = θγ (expK (sγ+1 /m))/ expM (t/m).
Then (cm )m∈N+ is a coherent system of roots of unity, and F has very full kernel so,
by Lemma 3.4, there is a ∈ F such that expF (a/m) = cm for each m ∈ N+ . Extend
θγ by defining θγ+1 (sγ+1 ) = t+a and θγ+1 (expK (sγ+1 /m)) = expM (θγ+1 (sγ+1 )/m)
and extending to a field isomorphism. This is possible because sγ+1 is transcendental over Kγ and (since Mγ ⊳ M ) t + a is transcendental over Mγ . Then by
construction, θγ+1 is an isomorphism of partial E-fields, and as in Case 2 above, we
have Kγ+1 ⊳ K, Mγ+1 ⊳ M , and Kγ+1 is algebraic over its graph of exponentiation.
S
Conclusion. That completes the induction. Let Kλ = α<λ Kα . Then Kλ =
ELA
hF iK because Kλ is an ELA-subfield of K containing F and is the smallest such
because at each stage we add only elements of K which must lie in every ELAsubfield of K containing F . The union of the maps θα gives an embedding of Kλ
ELA
ELA
into M , and, for the same reason, the image must be hF iM . Hence hF iK ∼
=F
ELA
hF iM as required.

3.5. Free ELA-fields and semi-strong extensions. The previous proposition
shows that when F is a partial E-subfield of an ELA-field K then the isomorphism
ELA
type of the ELA-subfield hF iK
it generates is determined by the isomorphism
type of F , given suitable hypotheses including the kernel not extending. Next we
show that even when the kernel does extend, we still have some control.
Proposition 3.14. Suppose that F is a partial E-field with full kernel which is
algebraic over its graph of exponentiation. Suppose also that K is an ELA-field
with very full kernel, and θ : F ≺p K is a semi-strong embedding. Then θ extends
to a semi-strong embedding θ∗ : F ELA ≺p K. Furthermore, if θ(ker(F )) = ker(K)
ELA
then θ∗ (F ELA ) = hθ(F )iK .
Note that if θ(ker(F )) 6= ker(K) then the image of F ELA in K will not be
uniquely determined by θ. The proof of the Proposition is similar to that of Proposition 3.13.
Proof. List F ELA as (sα+1 )α<λ for λ = |F ELA |, such that for each α < λ, either
i) sα+1 is algebraic over F ∪ {sβ | β 6 α }; or
ii) sα+1 = expK (a) for some a ∈ F ∪ {sβ | β 6 α }; or
iii) expK (sα+1 ) = b for some b ∈ F ∪ {sβ | β 6 α }.
We will inductively construct a chain of partial E-subfields
F = F0 ⊆ F1 ⊆ F2 ⊆ · · · ⊆ Fα ⊆ · · ·

≺p
of F ELA and nested semi-strong embeddings θα : Fα ⊂ ✲ K such that for each
α < λ we have sα ∈ Fα and Fα ⊳ F ELA .
We start by taking θ0 = θ. Now suppose we have Fβ and θβ for all β < α. If
α is a limit, take unions. By Lemma 3.11(e), Fα ⊳ F ELA and θα (Fα ) ≺p K. Now
consider α = γ + 1.

Case 1). sγ+1 is algebraic over Fγ (including the case where sγ+1 ∈ Fγ ). Let p(X)
be the minimal polynomial of sγ+1 over Fγ . The image pθ of p is an irreducible
polynomial over θγ (Fγ ), so let t be any root of pθ in K. Let Fγ+1 = Fγ (sγ+1 ) and
let θγ+1 be the unique field embedding which extends θγ and sends sγ+1 to t. We
make Fγ+1 into a partial exponential field by taking the graph of exponentiation
2
to be the graph of expF ELA intersected with Fγ+1
.
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Using the fact that Fγ ⊳F ELA, it is easy to see that D(Fγ+1 ) = D(Fγ ). Similarly,
since θα (Fα ) ≺p K, the graph of expK intersected with θγ+1 (Fγ+1 )2 is the same as
its intersection with θγ (Fγ )2 , so θγ+1 is an embedding of partial E-fields. By the
same argument, Fγ+1 ⊳ F ELA and θγ+1 (Fγ+1 ) ≺p K.
Case 2). sγ+1 is transcendental over Fγ and sγ+1 = expF (a) for some a ∈ Fγ . Let
√
Fγ+1 = Fγ ( sγ+1 ).
Since Fγ ⊳ F ELA , we see that sγ+1 is transcendental over Fγ . Since θγ (Fγ ) ≺p
K, we see that expK (θγ (a)) is transcendental over θγ (Fγ ) ∪ ker(K). Thus there
is a unique isomorphism type of a coherent system of roots of sγ+1 over Fγ ,
and of expK (θγ (a)) over θγ (Fγ ) ∪ ker(K), so we may define θγ+1 (exp(a/m)) =
θγ+1

expK (θγ (a)/m), and extend uniquely to a field embedding Fγ+1 −→ K.
Then td(Fγ+1 /Fγ ) = 1, a ∈ D(Fγ+1 ) r D(Fγ ), and Fγ ⊳ F ELA , so D(Fγ+1 ) is
spanned by D(Fγ ) ∪ {a}. Similarly, D(θγ+1 (Fγ+1 )) is spanned by D(θγ+1 (Fγ+1 )) ∪
{θγ (a)}, so θγ+1 is an embedding of partial E-fields.
Now if x̄ is any tuple from F ELA , we have
δ(x̄/Fγ+1 ) = δ(x̄, a/Fγ ) − δ(a/Fγ ) = δ(x̄, a/Fγ ) − 0 > 0
because Fγ ⊳ F ELA , and so Fγ+1 ⊳ F ELA . A similar argument replacing δ by ∆K
shows that θγ+1 (Fγ+1 ) ≺p K.

Case 3). Suppose we are not in case 1) or 2). Then sγ+1 is transcendental over Fγ
and not of the form expF ELA (a) for any a ∈ Fγ , but expF ELA√(sγ+1 ) = b for some
b ∈ Fγ . As in the proof of Proposition 3.13, we may assume b ⊆ Fγ by applying
case 1) ω times if necessary. Let Fγ+1 = Fγ (sγ+1 ).
Consider the sequence (am )m∈N+ = (expF ELA (sγ+1 /m))m∈N+ of roots of b.
Choose a coherent sequence (cm )m∈N+ of roots of θγ (b) in K such that cm = θγ (am )
for any m with am ∈ Fγ .
Since K has very full kernel, there is t ∈ K such that expK (t/m) = cm , for each
m ∈ N+ . As θγ (Fγ ) ≺p K, t is transcendental over θγ (Fγ ) ∪ ker(K). Thus we can
extend θγ by defining θγ+1 (sγ+1 ) = t and θγ+1 (am ) = cm for each m ∈ N+ and
extending to a field embedding. As in case 2), θγ+1 is an embedding of partial
E-fields, Fγ+1 ⊳ F ELA , and θγ+1 (Fγ+1 ) ≺p K.
S
Conclusion. That completes the induction. Let θ∗ = α<λ θα . By Lemma 3.11(e),
θ∗ is a semi-strong embedding of F ELA into K.
Now suppose θ(ker(F )) = ker(K). Then for each b ∈ θ∗ (F ELA ) and each a ∈ K
such that expK (a) = b, we have a ∈ θ∗ (F ELA ). So in this case θ∗ (F ELA ) =
ELA
hθ(F )iK as required.

3.6. Exponential algebraicity and exponential transcendence. In any (partial) exponential field F there is a pregeometry called exponential algebraic closure,
which we write eclF . We give a quick account of its definition. Details can be found
in [Kir10a]. An exponential polynomial (without iterations of exponentiation) is
a function of the form f (X̄) = p(X̄, eX̄ ) where p ∈ F [X1 , . . . , Xn , Y1 , . . . , Yn ] is a
polynomial. We can extend the formal differentiation of polynomials to exponential
X
X
polynomials in a unique way such that ∂e
∂X = e .
A Khovanskii system (of equations and inequations) consists of, for some n ∈ N,
exponential polynomials f1 , . . . , fn with equations
fi (x1 , . . . , xn ) = 0 for i = 1, . . . , n
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and the inequation
∂f1
∂X1

∂f1
· · · ∂X
n
..
.. (x , . . . , x ) 6= 0.
..
1
n
.
.
.
∂fn
∂fn
·
·
·
∂X1
∂Xn
where the differentiation here is the formal differentiation of exponential polynomials. We say n is the width of the Khovanskii system.
For any subset C of F , we define a ∈ eclF (C) if and only if there are n ∈ N,
a1 , . . . , an ∈ F , and exponential polynomials f1 , . . . , fn with coefficients from Q(C)
such that a = a1 and (a1 , . . . , an ) is a solution to the Khovanskii system given by
the fi .
We say that eclF (C) is the exponential algebraic closure of C in F . If a ∈ eclF (C)
we say that a is exponentially algebraic over C in F , and otherwise that it is
exponentially transcendental over C in F .

Fact 3.15 ([Kir10a, Theorem 1.1]). Exponential algebraic closure eclF is a pregeometry in any partial exponential field F .
The dimension notion from the pregeometry eclF is called exponential transcendence degree and is denoted by etdF , or just etd.
The above definition of eclF makes sense in any partial exponential field. A
different definition is used in [Zil05b], which makes sense only in partial exponential
fields with the Schanuel property, that is, where axiom 2 holds. However, the two
definitions agree in that case by [Kir10a, Theorem 1.3], which also tells us the
following.
Fact 3.16. Let F ∈ ECF, A ≺p F and b̄ be a finite tuple from F . Then

etdF (b̄/A) = min ∆F (b̄ ∪ c̄/A) | c̄ is a finite tuple from F

Proof. If A ≺p F then A ∪ ker(F ) ⊳ F . Since ker(F ) ⊆ eclF (∅) we have etdF (b̄/A) =
etdF (b̄/A ∪ ker(F )). Now [Kir10a, Theorem 1.3] says that

etdF (b̄/A ∪ ker(F )) = min δ(b̄ ∪ c̄/A ∪ ker(F )) | c̄ is a finite tuple from F
but δ(b̄ ∪ c̄/A ∪ ker(F )) = ∆F (b̄ ∪ c̄/A) so we are done.



3.7. Strong kernel-preserving extensions. Our study of the class ECF of exponential fields follows the common practice in model theory of understanding the
types of finite tuples. The general pattern is to take a suitably saturated model
M and two finite n-tuples ā and b̄ from M , and to see what conditions we need to
establish a back-and-forth system, or even an automorphism of M , which takes ā
to b̄.
Clearly a bare minimum would be that ā and b̄ generate isomorphic partial Esubfields of M . Since the predimension ∆M is bounded below by 0, we can extend
ā and b̄ to finite tuples ā′ and b̄′ which generate semistrong partial E-subfields of
M . It turns out that if we choose ā′ and b̄′ such that their Q-linear dimension over
the kernel is minimal then they are unique up to choosing a different generating
set for the Q-linear subspace they span over the kernel. So we can reduce to the
case that ā and b̄ are semistrong in M . Propositions 3.13 and 3.14 then show that
the ELA-subfields of M generated by ker(M ) ∪ ā and ker(M ) ∪ b̄ are isomorphic.
It remains to show that such an isomorphism can be extended to an automorphism
of M .
In order to do that, we need to understand the finitely generated extensions of
ELA-subfields inside M . The finitely generated, strong, kernel-preserving extensions of ELA-fields are explained and classified in sections 3 and 4 of [Kir13]. We
explain the necessary results from there.
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Suppose F ⊳K is a kernel-preserving strong extension of ELA-fields with very full
kernel, and suppose K is generated by a finite tuple ā over F , in the sense that the
smallest ELA-subfield of K which contains F ∪ ā is K itself. Let V be the algebraic
locus V = Loc(ā, eā /F ). We may assume that ā is Q-linearly independent over F ,
since taking a maximal linearly independent subset of ā gives the same extension
K. In this case, we say that the variety V is additively free. Since the extension is
kernel-preserving, it follows that no product of integer powers of the eai lies in F .
In this case, we say that V is multiplicatively free.
As before, we write G for Ga × Gm . Each matrix M ∈ Matn×n (Z) defines a
M
homomorphism Gn −→ Gn by acting as a linear map on Gna and as a multiplicative
n
map on Gm . For any subvariety W ⊆ Gn , we write M · W for its image. An
irreducible subvariety W of Gn is said to be rotund (in [Zil05b] the terminology
was ex. normal ) if and only if for every matrix M ∈ Matn×n (Z) we have dim M ·
W > rk M . The extension F ⊳ K is strong if and only if V is rotund [Kir13,
Proposition 5.2].
To specify the type of ā over F we must also specify the locus of (ā/r, eā/r )
over F , for all integers r. In general these loci may not be determined by V .
Equivalently, the variety = (rI·)−1 V may not be irreducible, where rI is the scalar
matrix. However, a result of the second author known as the thumbtack lemma (see
for example [Kir13, Fact 3.7]) shows that there is some integer m such that, if we
replace each generator ai by ai /m, then all such varieties are irreducible. We say
V is Kummer-generic.
We have reduced to the situation where the ELA-field extension K of F is
generated by a finite tuple ā and such that V = Loc(ā, eā /F ) is additively and
multiplicatively free, rotund and Kummer-generic. In section 3 of [Kir13] it is
shown that if F is countable and has standard kernel then K is determined up to
isomorphism as an extension of F by V . The same holds in our situation.
Proposition 3.17. Suppose that F is an ELA-field with very full kernel, and that
K is a kernel-preserving strong extension which is generated by a finite tuple ā
and such that V = Loc(ā, eā /F ) is additively and multiplicatively free, rotund and
Kummer-generic. Then K is determined up to isomorphism as an extension of F
by V .
Proof. The proof is the same as in [Kir13, Section 3] except that Proposition 3.13
is used in place of Theorem 2.18 of [Kir13].

In this case we write the extension K as F |V (spoken as F extended by V ).
If we have V ⊆ Gn satisfying all the above conditions and furthermore V has
dimension n, then the extension K = F |V of F is exponentially algebraic in the
sense that eclK (F ) = K. The simplest example of a non-exponentially algebraic
extension is to adjoin a single exponentially transcendental element, which corresponds to the case where n = 1 and V = G, so dim V = 2. We can now see that
an exponential field F satisfies axiom 4, strong exponential-algebraic closedness,
if and only if given any finite tuple ā from F , and any finitely generated strong,
kernel-preserving, exponentially algebraic ELA-extension hāiELA
⊳ K, there is an
F
ELA
embedding of K into F over hāiF . In other words, it is existential closedness
within the class of strong kernel-preserving exponentially algebraic extensions.
The last thing we need from this recap of exponential algebra is to consider
how to amalgamate two extensions. In fact this is easy as they have a unique free
amalgam.
Lemma 3.18. Let F be an ELA-field with very full kernel and let V ⊆ Gn , W ⊆
Gr be two additively and multiplicatively free, irreducible, rotund, Kummer-generic
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subvarieties, defined over F . Then
∼ (F |W )|V ∼
(F |V )|W =
= F |(V × W )
as extensions of F .

Proof. Exactly the same as Lemma 5.9 of [Kir13], again using Proposition 3.13 in
place of Theorem 2.18 of that paper.

4. The class ECF
Recall from the introduction that ECF(Exponentially Closed Fields with Strong
Kernel) is the class of exponential fields F satisfying the following axioms:
1: F is an ELA-field.
2′ a: The kernel is a cyclic Z-module.
2′ b: Every element of the kernel is transcendental over Z.
2′ c: hZ; +, ·i |= ThhZ; +, ·i
3′ : The Schanuel property over the kernel (SPOK)
4: Strong exponential-algebraic closedness (SEAC)
We have seen unconditionally that these axioms are Lω1 ,ω -expressible, so unconditionally ECF is an Lω1 ,ω -class. Later we will see conditionally on CIT that ECF is
an elementary class. In this section we use the exponential algebra we have developed to study the class ECF, without assuming CIT. We describe the appropriate
notion of saturated model (saturated over the kernel), show that such models exist in all cardinalities beyond the continuum, and show that they are unique and
homogeneous over their kernels.
4.1. Saturation over the kernel. We give a stronger version of SEAC, incorporating some saturation.
Definition 4.1. Let λ be an infinite cardinal. An ELA-field F is said to satisfy
λ-SEAC if and only if, whenever V is a rotund, additively and multiplicatively free
subvariety of Gn defined over F and of dimension n, and A is a subset of F with
|A| < λ, then there is x̄ in F such that (x̄, ex̄ ) ∈ V and is generic in V over A.
Note that ℵ0 -SEAC is the same as SEAC, and that ℵ1 -SEAC is incompatible
with the Countable Closure Property.
Definition 4.2. An ELA-field F is λ-saturated over its kernel if and only if
etd(F ) > λ and F |= λ-SEAC. F is saturated over its kernel if and only if it
is |F |-saturated over its kernel.
Proposition 4.3. Let F ∈ ECF have very full kernel. Then there is a kernelpreserving strong extension F ⊳ F ′ with F ′ ∈ ECF, |F ′ | = |F |, and such that F ′
is saturated over its kernel.
Proof. From Proposition 3.7, there are only |F |-many finitely generated kernelpreserving, strong ELA-extensions of F . The extensions amalgamate freely by
Lemma 3.18, so a standard construction gives F ′ as the union of a chain of length
|F | × ω.

4.2. Uniqueness and homogeneity.
Theorem 4.4. Suppose F, M ∈ ECF, both with very full kernel, and suppose
|F | = |M | = λ > 2ℵ0 and both F and M satisfy λ-SEAC. Suppose that we have
an isomorphism θZ : Z(F ) ∼
=✲ Z(M ), and that etd(F ) = etd(M ), and we have
a bijection θB : BF ∼
=✲ BM between exponential transcendence bases of F and
M . Suppose furthermore that F00 ≺p F and M00 ≺p M are semistrong partial Esubfields or the empty set, with |F00 | = |M00 | < λ and that θ00 : F00 ∼
=✲ M00
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is an isomorphism which is compatible with θZ and with θB (that is, the functions
agree where more than one is defined).
Then there is an isomorphism θ : F ∼
=✲ M extending θZ ∪ θB ∪ θ00 .
Proof. List F as (aµ+1 )µ<λ and list M as (bµ+1 )µ<λ . We construct chains (Fµ )µ<λ
and (Mµ )µ<λ of ELA-subfields of F and M respectively and isomorphisms θµ :
Fµ ∼
=✲ Mµ such that
(i) Fµ ≺p F and Mµ ≺p M ;
(ii) Z(Fµ ) 4 Z(F ) and Z(Mµ ) 4 Z(M );
(iii) |Fµ | < λ;
(iv) θµ is compatible with θZ ∪ θB ; and
(v) If µ is a successor ordinal, then aµ ∈ Fµ and bµ ∈ Mµ .
Base step. Let τ be transcendental and let SK (for standard kernel) be the partial
E-field with D(SK) = Qτ , exp(τ /n) a primitive nth root of unity for each n ∈ N+ ,
and SK generated as a field by τ and the roots of unity. This defines SK uniquely
up to isomorphism, and it is easy to see that SK embeds semi-strongly in all
members of ECF, uniquely up to choice of ±τ . So if F00 = ∅ we may redefine
F00 = M00 = SK and choose an isomorphism θ00 . So we reduce to the case where
F00 6= ∅.
We consider Z(F ) as a model of Th(Z; +, ·). By the downwards LöwenheimSkolem theorem, we can find Z(F0 ) 4 Z(F ) with Z(F00 ) ⊆ Z(F0 ) and |Z(F0 )| < λ.
Since F has very full kernel, we can also assume that Z(F0 ) is algebraically compact.
Take Z(M0 ) = θZ (Z(F0 )). By Corollary 3.6, the partial E-subfields F0′ of F and
M0′ of M generated by F00 ∪ Z(F0 ) and M00 ∪ Z(M0 ) respectively are isomorphic,
and there is an isomorphism θ0′ extending θ00 and compatible with θZ .
By Proposition 3.14, the isomorphism θ0′ extends to an isomorphism θ0 : F0 ∼
=✲ M0
′ ELA
′ ELA
∼
∼
. The
and M0 ≺p M , with M0 = (M0 )
for some F0 ≺p F , with F0 = (F0 )
relevant clauses from (i)—(v) hold immediately.
S
S
Limit steps. If µ is a limit ordinal, let Fµ = ν<µ Fν , Mµ = ν<µ Mν , and
S
θµ = ν<µ θν . The clauses (i)—(v) are preserved.
Successor steps. Suppose µ = ν + 1. Since Fν ≺p F and BF is an exponential
transcendence base of F , there are finite tuples ā ⊆ F containing aµ , b̄ ⊆ BF r Fν
and c̄ ⊆ ker(F ) such that
td(ā, eā /Fν , c̄, b̄, eb̄ ) − mrk(eā /Fν , eb̄ ) = 0.

Choose Z(Fµ ) 4 Z(F ) with Z(Fν ) ∪ c̄ ⊆ Z(Fµ ), and |Z(Fµ )| < λ. Let Z(Mµ ) =
θZ (Z(Fµ )).
As in the base step, using Corollary 3.6 and Proposition 3.14, we can extend
θν to an isomorphism of ELA-fields θµ′ : Fµ′ ∼
=✲ Mµ′ , with Z(Fµ′ ) = Z(Fµ ) and
′
Z(Mµ ) = Z(Mµ ). Let r = |b̄|. The isomorphism type of the partial E-field extension generated by an exponentially transcendental r-tuple is uniquely defined, so
θµ′ extends to an isomorphism Fµ′ ∪ b̄ F ∼
= Mµ′ ∪ θB (b̄) M , compatible with θB .
Hence by Proposition 3.14 again, we may extend θµ′ to an isomorphism
∼✲ M ′′
θ′′ : F ′′ =
µ

µ

µ

∼
where (
∪ b̄ F )
= Fµ′′ ≺p F and ( Mµ′ ∪ θB (b̄) M )ELA ∼
= Mµ′′ ≺p M .
Now we may take ā to be a finite tuple of minimal size n such that aµ ∈
Fµ′′ ∪ ā F and Fµ′′ ∪ ā F ≺p F . Since Fµ′′ is an ELA-subfield of F and ā is algebraically free from the kernel of F over the kernel of Fµ′′ , V := Loc(ā, eā /Fµ′′ )
is additively and multiplicatively free. Since Fµ′′ ≺p F , we therefore have that V
is rotund, and since etd(ā/Fµ′′ ) = 0, we have that dim V = n. As a field Fµ′′ is
algebraically closed, so, as discussed in section 3.7, replacing ā by ā/m for some
Fµ′

ELA
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m ∈ N+ if necessary, the partial E-field extension Fµ′′ ⊆ Fµ′′ ∪ ā F is determined
up to isomorphism over Fµ′′ by V . Now M |= λ-SEAC, so there is d¯ ∈ M such that
¯ ed̄ ) ∈ V θ , generic over M ′′ , where V θ is the subvariety of Gn (M ) corresponding
(d,
µ
to V under θµ′′ .
∼
Then θµ′′ extends to an isomorphism Fµ′′ ∪ ā F
=✲ Mµ′′ ∪ d¯ M , and, by
′′′
′′′
′′′
∼
✲
Proposition 3.14 again, to θµ : Fµ = Mµ where
( Fµ′′ ∪ ā

F

)ELA ∼
= Fµ′′′ ≺p F

and

¯
( Mµ′′ ∪ d)

M

)ELA ∼
= Mµ′′′ ≺p M.

Now Fµ′′′ and Mµ′′′ satisfy (i)—(iv) and aµ ∈ Fµ′′′ . Repeat the process swapping
the roles of F and M and starting with Fµ′′′ in place of Mν and Mµ′′′ in place of Fν
to get θµ : Fµ ∼
=✲ Mµ , satisfying (i)—(v).
S
Conclusion. That completes the induction steps. Now θ := µ<λ θµ is an isomor
phism θ : F ∼
=✲ M , extending θZ ∪ θB ∪ θ00 as required.
We believe that, by a more careful back-and-forth analysis, one could remove the
condition that λ > 2ℵ0 . (From very full kernel we know that λ > 2ℵ0 .) However,
we do not need the stronger statement that would result.
4.3. Superstability over the kernel. Let R |= Th(Z; +, ·) be algebraically compact, and consider the subclass
ECFR = {F ∈ ECF | Z(F ) = R } .

Then, by Proposition 4.3, for each cardinal λ > |R|, there is a model in ECFR
of cardinality λ that is saturated over its kernel. Theorem 4.4 tells us that saturation over the kernel is the same thing as saturation within the class ECFR ,
and furthermore that these saturated models are unique up to isomorphism and
are homogeneous models (at least after adding parameters for all elements of R).
Thus the class ECFR has a monster model M which is a homogeneous structure,
and which is λ-stable (that is, it realises only λ types over any set of size λ) for all
λ > |R|. Hence ECFR is a homogeneous class in the sense of [HS00]. Furthermore,
by Theorem 1.17 of that paper, the cardinal invariant κ(M ) is equal to ℵ0 , and
hence by definition (see Lemma 5.1 of that paper), the classes ECFR are superstable. We can say informally that the class ECF is superstable over the kernel.
There is a general theory of superstability in homogeneous classes, in close parallel
to that for first-order theories.
5. Complete elementary theory
In this section we show that, if the conjecture CIT is true, then the class ECF
is an elementary class, and furthermore its elementary theory is complete.
5.1. First-order axioms. In section 3.7, all the definitions used in the statement
of axiom 4 were explained. We now give a first-order axiom scheme which expresses
the axiom, at least within the class of models of the other axioms.
Lemma 5.1. The following scheme of axioms is first-order expressible.
(∀b̄)(∃x̄)(∀m̄ ∈ Z n+r )(∀t ∈ ker)(∀(w̄, ȳ) ∈ V )
##
"
" n
r
n
r
X
X
X
X
mi+r bi = t
mi wi +
mi+r bi = t →
mi xi +
(x̄, ex̄ ) ∈ V ∧
i=1

i=1

i=1

i=1

where n, r range over N+ and V ranges over all the irreducible, rotund, multiplicatively free subvarieties of Gn which are defined over F and of dimension n.
Furthermore if F is a model of axioms 1, 2′ and 3′ then it satisfies axiom 4
(strong exponential-algebraic closedness) if and only if it satisfies the scheme.
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Proof. In words, the axiom scheme states that for each b̄ there is (x̄, ex̄ ) ∈ V with x̄
not satisfying any Z-linear dependencies over b̄ and the kernel except those which
hold on all of V .
It is well-known (part of the fibre dimension theorem) that when V varies in a
parametric family, the set of parameters such that V is irreducible and of dimension
n is first-order definable in the field language. Theorem 3.2 of [Zil05b] shows that
the properties rotundity and multiplicative freeness of an algebraic variety are also
first-order definable just in the field language. So the axiom scheme is first-order
expressible.
Now suppose that V , b̄, and x̄ are as given. If V happens also to be additively
free then x̄ does not satisfy any Z-linear dependencies over b̄ and the kernel , and
hence ex̄ is multiplicatively independent over eb̄ . Thus, using strong kernel and
extending b̄ if necessary so that b̄ ≺p F and V is defined over b̄, we deduce that
(x̄, ex̄ ) has transcendence degree n over b̄ ∪ eb̄ ∪ ker, and hence in particular it is
generic in V over b̄. So the axiom scheme implies the SEAC property.
For the converse, suppose that F ∈ ECF, that V ⊆ Gn is irreducible, rotund,
additively and multiplicatively free, and of dimension n, and that b̄ ∈ F r . Extend
b̄ such that b̄ ≺p F and V is defined over b̄. Then the SEAC property gives (x̄, ex̄ ) ∈
V , generic over b̄ ∪ eb̄ . In particular, since V is multiplicatively free, we have
mrk(ex̄ /eb̄ ) = n. So, since b̄ ≺p F , we deduce that td(x̄, ex̄ /b̄, eb̄ , ker(F )) = n, and
hence (x̄, ex̄ ) is generic in V over b̄ ∪ ker(F ). Now Z(F ) = τ −1 ker(F ), so Z(F ) is
algebraic over ker(F ). So (x̄, ex̄ ) is generic in V over Z(F ) and thus x̄ satisfies no
Z(F )-linear dependencies over b̄ ∪ ker(F ), except those holding on all of V . So the
SEAC scheme holds on F .

Proposition 5.2. If CIT is true then axioms 1, 2′ , 3′ and 4 are first-order expressible, and so ECF is an elementary class.
Proof. It is clear that axioms 1 and 2′ are first-order expressible. By Proposition 2.2,
axiom 3′ (the Schanuel property over the kernel) is first-order expressible if CIT is
true. Then by the above lemma, axiom 4 is first-order expressible.

5.2. Infinite exponential transcendence degree.
Proposition 5.3. Suppose F ∈ ECF is λ-saturated, and A ⊆ F is an exponential
subfield of size less than λ. Then F contains an element b which is exponentially
transcendental over A. In particular, the exponential transcendence degree of F ,
etd(F ), is at least λ.
We use CIT only implicitly here. By Proposition 2.3, if CIT is false then no
F ∈ ECF is λ-saturated so the proposition is trivially true.

Proof. Extend A if necessary such that A ≺p F . For an n-tuple f¯ of exponential polynomials (without iterations of exponentiation), consider the formula χf¯(x̄)
given by
n
^

i=1

∂f1
∂X1

fi (x1 , . . . , xn ) = 0 ∧

..
.

∂fn
∂X1

···
..
.
···

∂f1
∂Xn

..
.

∂fn
∂Xn

(x1 , . . . , xn ) 6= 0.

The type of an exponentially transcendental element x over A is given by all the
formulas
¬∃x2 , . . . , xn [χf¯(x, x2 , . . . , xn )]
where f¯ ranges over all finite lists of exponential polynomials with coefficients from
A.
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Since F is λ-saturated, we just have to show that this type is finitely satisfied
inside F . Given a finite set of such formulas, let N ∈ N be greater than the width
of any of the corresponding Khovanskii systems. Suppose b1 ∈ F and, setting
br+1 = exp(br ) for r = 1, . . . , N , we have bN +1 = b1 but b1 , . . . bN are algebraically
independent over A ∪ ker(F ). Such a b1 exists by axiom 4 (strong exponentialalgebraic closedness) and saturation. Write b̄ for the tuple (b1 , . . . , bN ), write A′
for the algebraic closure of A ∪ ker(F ) and write B for the Q-linear span of A′ ∪ b̄.
Then ∆F (B/A) = 0, so B ≺p F .
Now suppose that n < N and that c̄ = (c1 , . . . , cn ) is an n-tuple from B. Let C
be the Q-linear span of A′ ∪ c̄. We claim that ∆F (C/A) > 0.
To see this, first we note that we can assume that the ci are Q-linearly independent over A′ . Let di = exp(ci ). Then the di are Laurent monomials in the bi , so
c1 , . . . , cn , d1 , . . . , dn ∈ A′ (b1 , . . . , bN ). Since the bi are algebraically independent
over A′ , we can identify this field with the field A′ (X1 , . . . , XN ) of rational functions
in N variables over A′ and we identify bi with the variable Xi .
Now we extend c1 , . . . , cn to a linear basis c1 , . . . , cn , . . . , cN for B over A′ , such
that each ci is a linear polynomial in the Xi , with coefficients from Q except for
the constant term which may be from A′ . So we also have an equality of fields
A′ (X1 , . . . , XN ) = A′ (c1 , . . . , cN ). Note that c1 , . . . , cN is also a transcendence
base of the field over A′ .
Suppose for a contradiction that td(C, exp(C)/A′ ) = n. We will have that each
di ∈ A′ (c1 , . . . , cn )alg and also by the above we have di ∈ A′ (c1 , . . . , cN ). Using
the algebraic independence of the ci , it follows that di ∈ A′ (c1 , . . . , cn ), that is,
di = ri (cQ
1 ...cn ), a rational function. Looking more closely, we can see that ri is a
product k Lk,i of linear combinations Lk,i of c1 , . . . , cn and their inverses.
Now d1 is a monomial in X1 , . . . , XN , so say X1 occurs in a positive power. Let
c′1 , . . . , c′n be the results of substituting X1 = 0. Then for some positive Lk,1 we
have Lk,1 (c′1 , . . . , c′n ) = 0. This proves that Lk,1 (c1 , . . . , cn ) = X1 . Hence X1 ∈ C.
Hence X2 ∈ exp(C), so X2 is present say in d2 . Continuing by induction we get
X1 , . . . , XN ∈ C, which contradicts n < N .
Hence td(c̄, exp(c̄)/A′ ) > n, so ∆F (C/A) > 0. By Proposition 3.12, there is a
smallest Q-linear subspace of F containing A′ ∪ {b1 } which is semistrong in F . The
above calculation shows that it cannot be a proper subspace of B and hence it is
B itself.
Now if we have c2 , . . . , cn ∈ F and a Khovanskii system χf¯ such that F |=
χf¯(b1 , c2 , c3 , . . . , cn ) then ∆F (b1 , c2 , c3 , . . . , cn ) = 0. Hence the Q-linear span of
b1 , c2 , . . . , cn over A′ contains B, and hence n > N .
Thus by our choice of N , b1 satisfies the chosen finite part of the type of an
element which is exponentially transcendental over A. Hence, by compactness and
λ-saturation, F contains an element which is exponentially transcendental over
A.

5.3. The completeness proof.
Theorem 5.4. Assuming CIT, the first-order theory of ECF, given by axioms 1,
2’, 3’, and 4, is complete.
The idea of the proof is to show that two saturated models of the same cardinality
are isomorphic. Most of the work for the proof was done in section 4, but we still
have to relate saturation with respect to the first order theory to our notion of
saturation over the kernel. Furthermore, to work within ZFC set theory we use
special models instead of saturated models.
Proof. Assume CIT. So ECF is an elementary class by Proposition 5.2. Let λ be
a cardinal such that λ = sup {2µ | µ < λ } and λ > 2ℵ0 , which exists by [CK90,
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5.1.7]. Suppose S
that F, M ∈ ECF are
S special models of cardinality λ. That is, we
can write F = µ<λ Fµ and M = µ<λ Mµ , where Fµ and Mµ are µ+ -saturated
and form elementary chains. Every complete theory has exactly one special model
of cardinality λ [CK90, 5.1.8, 5.1.17], so it is enough to show that F ∼
= M.
Since F and M are special, and the rings Z(F ) and Z(M ) are ∅-definable subsets
which model Th(Z; +, ·), by [CK90, 5.1.6(v)] they are special models of Th(Z; +, ·).
They are both of cardinality λ, and hence they are isomorphic. Note in particular
that Z(F ) is ℵ0 -saturated, so F and M have very full kernel.
Since Fµ is µ+ -saturated it has exponential transcendence degree at least µ+
by Proposition 5.3, so there is an exponentially-algebraically independent subset
B ⊆ Fµ of cardinality µ+ . Being exponentially-algebraically independent is a typedefinable property, so B is still exponentially-algebraically independent as a subset
of F . Thus etd(F ) > µ+ for each µ < λ, and so etd(F ) > λ. Since |F | = λ we have
etd(F ) = λ.
Now we show that F has λ-SEAC. Let A ⊆ F be a subset with |A| = µ < λ,
and let V ⊆ Gn be rotund, and additively and multiplicatively free. By replacing
A by a larger subset (of the same cardinality) we may assume that A is semistrong
in F . Now Fµ is µ+ -saturated and so satisfies µ+ -SEAC, and hence there are b̄ν
for ν < µ+ with (b̄ν , eb̄ν ) ∈ V , algebraically independent of each other (over the
field of definition of V ). So, in particular, all the ebν,i for ν < µ+ and i = 1, . . . , n
are multiplicatively independent. Since |A| = µ < µ+ , there must be some ν0 such
that eb̄ν0 is multiplicatively independent over exp(A). But since A is semistrong,
td(b̄ν0 , eb̄ν0 /A, exp(A)) > mrk(eb̄ν0 / exp(A)) = n and hence (b̄ν0 , eb̄ν0 ) is generic in
V over A, as required.
The same arguments show that etd(M ) = λ and that M |= λ-SEAC. Thus, by

Theorem 4.4, there is an isomorphism F ∼
= M.
5.4. Exponential-algebraic closedness. In the second author’s paper [Zil05b],
the strong exponential-algebraic closedness property was considered alongside the
apparently weaker exponential-algebraic closedness property. We now state this
property in a simpler form than in the earlier paper and give several equivalent
statements. We then show that, under CIT, it can replace strong exponentialalgebraic closedness as an axiom for the class ECF.
An ELA-field F is said to be exponentially-algebraically closed, or EAC, if and
only if for every n ∈ N+ and every rotund subvariety V of Gn defined over F there
is x̄ in F such that (x̄, ex̄ ) ∈ V . The EAC property is first-order axiomatizable
because rotundity is definable in the field language [Zil05b, Theorem 3.2(5)]. (The
notion of rotundity, while tailored to exponentiation, is an algebraic notion not
using the exponential structure, so in particular it does not matter that that paper
only dealt with exponential fields with standard kernel.)
The next two lemmas summarize some variant but equivalent statements of
exponential-algebraic closedness.
Lemma 5.5. Let F be an ELA-field of infinite transcendence degree (for example,
satisfying the strong kernel axiom). Then F |= EAC if and only if for every n ∈ N+
and every rotund subvariety V of Gn defined over F which is
(i) irreducible;
(ii) of dimension n;
(iii) multiplicatively free; and
(iv) additively free
there is (x̄, ex̄ ) ∈ V . In particular, if F ∈ ECF then F |= EAC.

Proof. The ⇒ direction is immediate. For the ⇐ direction, we consider (i)—(iv)
in turn.
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For (i), a reducible V is rotund by definition if and only if some irreducible
component of it is rotund. For (ii), if V ⊆ Gn is rotund but dim V > n, choose
a1 , . . . , a2n ∈ F , algebraically independent over the field of definition of V , and let
X be the generic hyperplane in Gn given by the equation
n
X

ai xi + an+i yi = 1

i=1

Then for any M ∈ Matn×n (Z), with rk(M ) < n, we have
dim M · (V ∩ X) = max(dim M · V, rk M )
so V ∩ X is rotund. (A more detailed version of the same argument is given in the
proof of Proposition 2.33, Step 1 in [Kir09].) Since dim(V ∩ X) = dim V − 1, we
are done by induction on dim V − n.
For (iii), suppose V is not multiplicatively free. If n = 1 then V has the form
y = c for some c ∈ Gm (F ). Since F is an ELA-field, there is a ∈ F be such
that expF (a) = c, and (a, c) ∈ V . If n > 1, then there are mi ∈ Z, not all zero,
and
∈ Gm (F ) such that a pointP(x̄, ȳ) of V which is generic over F satisfies
Qn c m
i
= c. Since V is rotund, ni=1 mi xi is transcendental over F . Let V ′ =
y
i
i=1 P
n
V ∩ h i=1 mi xi = ai where expF (a) = c. Then dim V ′ = dim V − 1. Assume
without loss of generality that mn 6= 0. Consider the n − 1 × n matrix


1
0 0

.. 
..
M =
.
.
0

1 0

and let V ′′ = M · V ′ ⊆ Gn−1 . Then dim V ′′ = dim V ′ , and indeed for any M ′ ∈
Matn−1×n−1 (Z), we have
 ′

M 0
′
′′
dim M · V = dim
· V > rk M ′
0 0

since V is rotund, and hence V ′′ is rotund. By induction on n, there are a1 , . . . , an−1 ∈
F such that (a1 , . . . , an−1 , ea1 , . . . , ean−1 ) ∈ V ′′ , and then taking an such that
P
n
ā
i=1 mi ai = a we have (ā, e ) ∈ V .
The proof of (iv) is similar to (iii).

The hypothesis that F has infinite transcendence degree is harmless from our
point of view, but recent work by Vincenzo Mantova [Man12] suggests that it is
unnecessary, because a suitably generic substitute for the generic hyperplane X can
be found by other means.
The condition shown in the next lemma to be equivalent to EAC is in fact the
original definition of EAC from [Zil05b].
Lemma 5.6. Let F be an ELA-field of infinite transcendence degree. Then F |=
EAC if and only if for every n ∈ N+ and every irreducible rotund subvariety V
of Gn and every proper (not necessarily irreducible) subvariety V ′ ⊆ V , there is
(x̄, ex̄ ) ∈ V r V ′ .
Proof. This time the ⇐ direction is immediate. We use the classical Rabinovich
trick for the ⇒ direction. Suppose V is given by polynomial equations fi (x̄, ȳ) = 0
for i = 1, . . . , r, and V ′ is given by equations gi (x̄, ȳ) = 0 for i = 1, . . . , s. We may
assume that g1 (x̄, ȳ) does not vanish on V .
Consider the variety W ⊆ Gn+1 given by the equations fi (x̄, ȳ) = 0 for i =
1, . . . , r and g1 (x̄, ȳ)u = 1, where u is the coordinate for an extra Ga , and we also
consider a coordinate v for the corresponding Gm .
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It is enough to show that W is rotund, since then by EAC there are a1 , . . . , an+1 ∈
F such that (a1 , . . . , an+1 , ea1 , . . . , ean+1 ) ∈ W , and hence (a1 , . . . , an , ea1 , . . . , ean ) ∈
/ V ′.
V with g1 (a1 , . . . , an , ea1 , . . . , ean ) 6= 0, so (a1 , . . . , an , ea1 , . . . , ean ) ∈
Clearly dim W = dim V +1, because the variable u is constrained but the variable
v is unconstrained. Now let M ∈ Matn+1×n+1 (Z), let (α, β) ∈ M · W be generic
over F (with α ∈ Gn+1
and β ∈ Gn+1
a
m ), and let (ā, c, b̄, d) be generic over F ∪ (α, β)
✲ M · W , where ā is the tuple of values of
in the fibre of (α, β) of the map W ✲
the coordinates x̄, b̄ is the values of ȳ, c is the value of u, and d is the value of v.
Say M = (M1 |M2 ), where M1 is an (n + 1) × n matrix, and M2 is an (n + 1) × 1
matrix. Then we have M · (āc, b̄d) = (α, β), or equivalently
M1 ā = α − M2 c =: γ

and

b̄M1 = β/dM2 =: δ.

Now (α, β) is generic in M · W over F , and it follows that (γ, δ) is generic in
M1 · V over F , and indeed (ā, b̄) is a generic point of the fibre of (γ, δ) of the map
✲ M1 · V . Thus, by the fibre dimension theorem, and rotundity of V we have
V ✲
td(ā, b̄/F, γ, δ) = dim V − dim M1 · V 6 dim V − rk M1 .
Now td(c, d/F, γ, δ, ā, b̄) 6 1, and rk M > rk M1 , so
td(ā, b̄, c, d/F, γ, δ) 6 dim V + 1 − rk M = dim W − rk M
but also td(ā, b̄, c, d/F, γ, δ) = td(ā, b̄, c, d/F, α, β), which is the dimension of a
✲ M · W so by the fibre dimension theorem again we have
generic fibre of W ✲
dim M · W > rk M . Hence W is rotund, as required.

We can now prove Theorem 1.5. For convenience, we restate it.
Theorem 5.7. Assuming CIT, the theory ECF is axiomatized by axioms 1, 2′ , 3′ ,
and EAC.
Proof. Suppose that F satisfies axioms 1, 2′ , 3′ , and EAC, and is ℵ0 -saturated.
(CIT is implicitly needed here, since otherwise there are no ℵ0 -saturated models
of axiom 3′ .) Suppose V ⊆ Gn is rotund, additively and multiplicatively free, and
of dimension n. Then, since F has strong kernel, for each finite tuple b̄ ∈ F there
is a finite tuple c̄ such that V is defined over c̄, c̄ ≺p F , and b̄ ⊆ ec̄ . Then by
EAC, Lemma 5.6, and ℵ0 -saturation, there is ā such that (ā, eā ) ∈ V and eā is
multiplicatively free over ec̄ . By strong kernel again, (ā, eā ) is generic in V over
b̄. Thus, using Lemma 5.5, the two sets of axioms (1, 2′ , 3′ , and SEAC, and 1, 2′ ,
3′ , and EAC), have the same ℵ0 -saturated models. But (assuming CIT), they are
both lists of first-order axioms, and hence they have the same models.

6. Corollaries of CIT
Our main theorem allows us to see that various statements follow from CIT. In
particular, the first below says essentially that Z is stably embedded in B.
Theorem 6.1. Assume CIT is true, so ECF is a complete first-order theory.
Then:
(1) Every subset of Z n which is definable (with parameters) in the theory ECF is
also definable with parameters in Z, and hence is definable (with parameters)
in the theory Th(Z; +, ·).
(2) ECF has quantifier elimination in the language L′ , which is defined to be
h+, ·, 0, 1, expi expanded by predicates for every definable subset of Z and for
all ∃-formulas.
(3) If F ⊆ M with F, M ∈ ECF, then F 4 M if and only if Z(F ) 4 Z(M ) and
F ≺p M .
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(4) Let R1 , R2 |= Th(Z; +, ·), and suppose θR : R1 ֒→ R2 is a ring embedding such
that R1 is relatively algebraically closed in R2 . Then there are F1 , F2 ∈ ECF
with Z(Fi ) = Ri and a semistrong embedding θ : F1 ≺p F2 extending θR . If θR
is an elementary embedding then θ is also an elementary embedding.
Proof. (1) By Theorem 4.4, every automorphism of Z(F ) extends to an automorphism of F , for a sufficiently saturated model F , and this is enough by Lemma 1
of the appendix of [CH99].
(2) Suppose that F is a special model of ECF, and ā, b̄ are n-tuples from F with
the same quantifier-free L′ -type. Then there are finite tuples z̄ from Z(F ) and
ACF

c̄ from F such that ā ⌣ Z(F ), c̄ ≺p F and ā lies in the Q-linear span of z̄ ∪ c̄.
z̄
Since L′ contains symbols for all definable subsets of Z, and F is ℵ0 -saturated,
there is w̄ in Z(F ) such that tpL′ (w̄/b̄) = tpL′ (z̄/ā). Let V = Loc(c̄, ec̄ /z̄, ā).
Then, since L′ contains predicates for ∃-formulas, there is d¯ in F such that
¯ ed̄ /w̄, b̄) = V . Furthermore, since F is ℵ0 -saturated and any failure of
Loc(d,
semistrongness would be witnessed by an existential formula, we may assume
that d¯ ≺p F .
Since F is special, there is an automorphism θZ of Z(F ) taking z̄ to w̄. Let
Z0 be a countable elementary substructure of Z(F ) containing z̄. Let F00 be
the partial E-subfield of F with D(F00 ) spanned by Z0 ∪ c̄, and let M00 be
¯ Then θZ ↾Z0
the partial E-subfield of F with D(M00 ) spanned by θZ (Z0 ) ∪ d.
extends to an isomorphism θ00 : F00 ∼
=✲ M00 . Hence, by Theorem 4.4, there is
¯ Now ā is a Q-linear combination
an automorphism θ of F taking z̄ ∪ c̄ to w̄ ∪ d.
¯ so θ(ā) = b̄. Quantifier
of z̄ ∪ c̄ and b̄ is the same linear combination from w̄ ∪ d,
elimination follows.
(3) This follows from (2) and its proof.
(4) First build a model F1 such that Z(F1 ) = R1 , by a standard inductive construction such as given in the proof of [Kir13, Theorem 6.2]. (The hypotheses
of that theorem include countability of R1 , but the countability is only used for
the uniqueness part of the theorem which we do not need.) Then apply Corollary 3.6 and build another model F2 extending F1 ∪ R2 by the same process.
We have F1 ≺p F2 by construction, and, by (3), if θR is elementary then θ will
be elementary.

Part (2) can be rephrased as B being near-model complete except for quantification over Z. By [Kir13, Theorem 7.6], it is not model complete after adding
predicates for definable subsets of Z, so this is best possible.
Using (3) and (4), and the non-model completeness of Th(Z; +, ·), we can find
F, M ∈ ECF with F ≺p M but Z(F ) 64 Z(M ). Hence there is a non-model
completeness of B arising directly from the non-model completeness of Z, and hence
completely different from that given by the proof in [Kir13]. This second proof
fits better with the only non-model completeness proofs known for Cexp [Mar06,
Proposition 1.1], which do use the integers in an essential way.
7. Other kernels
′

Axiom 2 c, the complete theory of hZ; +, ·i, is not used anywhere in this paper
except in the proof of Theorem 5.4 to show that Z(F ) ∼
= Z(M ) where F and M are
both special models of the same cardinality. The only property used there is that
the theory is complete. From axioms 1, 2′ a, and 2′ b, we can deduce that Z is an
integral domain such that hZ; +i is elementarily equivalent to hZ; +i, but that is all
that is used. So we could replace 2′ c by the complete theory of any other integral
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domain whose additive group is a model of ThhZ; +i, and the same conclusions
would hold. It would be very interesting to know if there is such a ring with a
decidable theory, since together with recursive bounds for all the cases of CIT it
would give a decidable complete theory of ELA-fields.
Axioms 2′ a and 2′ b, that the kernel is a cyclic Z-module and is transcendental
over Z, are also not used much in the proof. The whole of axiom 2′ could be
replaced by the complete theory of hF ; +, ·, Ki, where F is an algebraically closed
field and K is any subgroup of Ga (F ) which is a model of Presburger arithmetic,
and which is then taken to be the kernel.
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