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Abstract

In this thesis we study wave stability in the context of three theories of thermoelas-
ticity: temperature-rate-dependent thermoelasticity TRDTE which was formulated
by Green and Lindsay [21]; temperature-rate-dependent thermoelasticity with gener-
alized thermoelasticity, which we label TRDTE + GTE (1), formulated by Chan-
drasekharaiah and Keshavan [23]; and an alternative theory of temperature-rate-
dependent thermoelasticity with generalized thermoelasticity, labelled TRDTE +
GTE (2), formulated by Ignaczak [25]. Both anisotropic and isotropic thermoelas-
tic materials are under consideration in this thesis. We are concerned with three
cases: unconstrained; the usual deformation-temperature constraint; and the alter-
native deformation-temperature constraint. We find that in all these cases wave sta-
bility /instability is affected by the occurrence of the relaxation times oy and oy in

TRDTE, and ag, a; and 7 in TRDTE + GTE (1) and TRDTE + GTE (2).
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Chapter 1

Introduction

Truesdell and Noll [1] placed the theory of purely mechanical constraints on a firm
theoretical basis by postulating that the stress is constitutively determined only to
within a reaction stress that does no work in any motion satisfying the constraint.
By contrast, there is still disagreement on the general theory of thermomechanical
constraints as a restriction on the allowable values of the deformation, temperature
and temperature gradient. In the thermomechanical case, Green et al. [2] supposed
that the stress, entropy and heat flux led to zero entropy production in any process
satisfying the thermomechanical constraint. Further work to extend this theory has
been undertaken by Gurtin and Podio Guidugli [3]. A similar method was investi-
gated by Andreussi and Podio Guidugli [4], differing only slightly from that of [2,3],
by making the additional assumption of zero energy production by the constraint,

although this was criticised by Bertram and Haupt [5] as being very restrictive.

Casey and Krishanaswamy [6] developed an alternative type of theory for deformation-
temperature constraints. They obtained expressions for the stress and entropy in the
constrained material by considering a related family of unconstrained thermoelastic
materials, which itself was obtained by extending the domain of definition of the

Helmholtz free energy in a differentiable manner, away from the constraint manifold.

A linearized theory of plane wave propagation in thermoelastic materials was devel-

oped by Chadwick [7,8], and he established that four wave modes are possible in



each direction. Scott [9] proved that each of these modes is stable under quite mild
assumptions. We define a stable wave as a wave whose amplitude remains bounded in
the direction of propagation. For an isothermal or isentropic elastic material we recall
that three stable waves may propagate in each direction and that only two stable
waves propagate if a purely mechanical constraint operates , see Chadwick et al. [10].
Thus the presence of a constraint removes one mode of propagation but maintains the
stability of the system. On physical grounds, this result is to be expected. Consider an
initial value problem in an unbounded elastic material. The presence of a constraint
implies a connection amongst the initial data thus reducing by one the number of
the independent pieces of initial data that must be specified. This, in turn, means
that one less mode is required in a Fourier synthesis of the general solution of the
initial value problem in a constrained material. Since the solution of the initial value
problem is expected to be stable this implies all the modes should be stable as well.
Given theses outcomes it is at least plausible, therefore, to expect these features of
mode-suppression and stability-retention to carry over to the case of an elastic heat

conductor that is thermomechanically constrained.

A natural choice of thermomechanical constraint would be one that connects deforma-
tion to temperature. This would appear to be well motivated, as physically materials
as diverse as vulcanized rubbers and water are considered to be incompressible at uni-
form temperature, and theoretically there has been a lot of study in the deformation-
temperature case. For example, Trapp [11] has examined thermomechanical exten-
sions to inextensibility and incompressibility, whilst Amendola [12] has examined the
deformation-temperature constraint more generally. Manacorda [13,14], and indepen-
dently Beevers [15], have used an approach akin to that of Green et al. [2], to consider
the propagation of longitudinal waves in an isotropic thermoelastic material that is
thermomechanically constrained to be incompressible at uniform temperature. They
found, however, that one of the waves is necessarily unstable. More generally, Chad-
wick and Scott [16] confirmed this conclusion for a fully anisotropic material suffering
an arbitrary deformation-temperature constraint, showing that of the four waves that
propagate at least one is unstable. These results lead us to the conclusion that the

deformation-temperature constraint is unsatisfactory, as no modes are suppressed or



stability maintained when we apply this condition. Scott [17] overcame this problem
by postulating a new kind of constraint, which links the deformation with the entropy
rather than with temperature. Alts [18] also examined the theory of deformation-
temperature constraints but suggested that the undesirable effects of instability may

be circumvented by assuming that the constraint only holds approximately.

Chandrasekharaiah [19] presented a broad review of the literature concerned with
generalized thermoelasticity theories, including a brief account of the theory of heat
conduction with second sound. Miiller [20] was the first to introduce the idea of
formulating a thermoelasticity theory with second sound. Second sound in heat con-
duction results from any modification of classical thermoelasticity which renders it
hyperbolic rather than parabolic, so that a diffusive mode is changed into a propa-
gating wave mode; this is the same as hyperbolic heat conduction. By considering
general constitutive relations for the entropy flux and entropy source, and by making
use of a generalized entropy inequality, he developed a precise nonlinear theory of
thermoelasticity, which included temperature rate among the constitutive variables

and consequently accepted second sound.

Green and Lindsay [21] formulated their own theory of thermoelasticity with second
sound which was similar to Miiller’s. Their theory was clearer and easier to work
with than Miiller’s and is based on an entropy production inequality proposed by
Green and Laws [22]. A noteworthy feature of the Green and Lindsay theory is that
it retains the classical Fourier law if the material has a centre of symmetry at each
point. In the present work we follow Green and Lindsay theory, which we refer to as

temperature-rate-dependent-thermoelasticity theory (TRDTE).

Chandrasekharaiah and Keshavan [23] introduced their own theory by combining the
field equations of classical thermoelasticity (CTE) and the two models of generalized
thermoelasticity. These models are Lord and Shulman theory [24] (GTE) and Green
and Lindsay theory [21] (TRDTE). Their method was formed independently of an al-
ternative way to combine TRDTE and GTE which had been given by Ignaczak [25] ten
years earlier. Ignaczak formulated this theory in order to encourage further research

into this field as there were few exact solutions to the dynamical thermoelasticity



equations at the time.

The classical Fourier’s heat conduction law for anisotropic materials is
¢ = —kij0 ;. (1.1)

and the symmetry of k;;, i.e.

kij — kﬂ, (12)

is part of the infrastructure of TRDTE theory. In generalized thermoelasticity the
heat flux vector ¢(x,t) satisfies the following equation, see [19, (4.1)]

¢ + 74 = —ki;0 5, (1.3)

in which ¢;(x, t) are the components of the heat flux vector q and 6(x, t) is the temper-
ature increment, both of which are functions of particle position x and time ¢. The
superposed dot denotes the time derivative and ( ); denotes the spatial derivative
J( )/0x;. The quantities k;; are the components of the thermal conductivity tensor
k. In this equation the constant 7 > 0 is a relaxation time, which has been used in the
system of field equations of temperature-rate-dependent thermoelasticity (TRDTE)
combining the generalized thermoelasticity (GTE) theory of Chandrasakharaiah and
Keshavan [23] with that of Ignaczak [25]. It is clear that when 7 = 0, equation (1.3)
reduces to equation (1.1). The theory derived from the hyperbolic heat conduction
equation (1.1) is referred to as Green and Lindsay theory [21]. Straughan [26] has
given an excellent account of many theories involving hyperbolic heat conduction; i.e.

the propagation of heat waves.

The present work compares the results of the three cases (i) unconstrained, (ii) usual
form of deformation-temperature constraint and (iii) alternative form of deformation-
temperature constraint, in the context of previous theories of thermoelasticity in sep-
arate chapters. Analysis for each theory is performed along the following lines. Solu-
tions of the linearized field equation are sought in the form of plane harmonic waves
and the secular equation is found. Low- and high frequency expansions are performed
and stability /instability established. In each chapter we considered anisotropic and

isotropic thermoelastic materials in two different sections. The linearized equations
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for the isotropic case are derived from those given for an anisotropic material [17] by
employing convenient isotropic forms and values for the various material constants

and tensor components that occur.

In Chapter 2 the theory of temperature-rate-dependent thermoelasticity TRDTE is
considered. An unconstrained isotropic thermoelastic material analysis shows that
two stable longitudinal waves may propagate in each direction. Through an isotropic
thermoelastic material, which is constrained by the usual form of the deformation
temperature constraint, one being stable and the other unstable. As frequency varies,
these modes occupy parts of a rectangular hyperbola in the complex plane of squared
wave speeds. We found mostly similar results when the isotropic thermoelastic mate-
rials were constrained by the alternative form of deformation-temperature constraint.
By contrast, when the material is anisotropic and unconstrained we found that four
finite stable waves propagated in each direction. We encountered difficulty when the
material was anisotropic and constrained by both constraints of the usual and alterna-
tive forms of deformation-temperature. This is because we could not determine what
signs various quantities had in the secular equation and so could not determine how
the various eigenvalues interlaced. This forced us to consider a special case which is

incompressibility at uniform temperature together with thermal isotropy.

In Chapters 3 and 4 the theories of combining temperature-rate-dependent thermoe-
lasticity TRDTE and generalized thermoelasticity GTE due to Chandrasekharaiah
and Keshavan (model 1) and Ignaczak (model 2), respectively, are employed. To do
this the field equations are linearized about a uniform equilibrium state and the form
of Fourier’s law (1.3) is employed which leads to hyperbolic field equations, which is
often referred to as the modified or generalized Fourier law, from which the standard
law (1.1) is recovered by putting 7 = 0 (where 7 is the relaxation time). Derivations
and analysis performed in Chapters 3 and 4 mirror those performed in Chapter 2.
For the unconstrained and isotropic cases in both theories we found that two finite
longitudinal waves propagate in each direction, one being stable and the other un-
stable in the context of TRDTE+GTE (1) and both being unstable in the context
of TRDTE+GTE (2). When the material is anisotropic there are up to four stable

waves in both theories, three waves being finite and their stability /instability depend-
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ing upon the values of the relaxation times 7,y and «;, with one mode tending
to infinity and being stable in model 1 and unstable in model 2. For an isotropic
thermoelastic material which is constrained by the usual or the alternative forms of
deformation-temperature constraints in TRDTE+GTE (1) we find that two longi-
tudinal waves may propagate, one being stable and the other unstable, and both
finite. But in TRDTE+GTE (2) two longitudinal waves may propagate which are
both unstable and finite in the high frequency limit. By contrast, when thermoelas-
tic materials are anisotropic we find that four finite waves may propagate with two
of them being unstable in the high frequency case. For the other two waves their

stability /instability depend on the values of the constants.

Throughout each of these chapters derivations and anlysis have been repeated to make
each chapter more self-contained and to improve readability. Many graphical results

are presented in each chapter to illustrate various points of the theory.
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Chapter 2

Temperature-rate-dependent

thermoelasticity (TRDTE)

Introduction

In this chapter we consider temperature-rate-dependent thermoelasticity, which was
formulated by Green and Lindsay [21]. The materials under consideration here are
anisotropic, and isotropic, which are either unconstrained or constrained by the usual,
or alternative, deformation-temperature constraints. The linearized field equations
have been given in each case. The stability and instability of waves is affected by the

presence of ag and a;.

2.1 Unconstrained anisotropic TRDTE

2.1.1 Basic equations

We consider a thermoelastic body which possesses a spatially uniform, time-independent,
stress-free equilibrium state free of heat flux. For a body with such an equilibrium
state the equations of momentum and energy balance in the absence of body force

and heat supply, linearized about this equilibrium state, are
Cijjg =P Ui, — G = plo, (2.1)

13



respectively, see [8]; where 0;; and ¢; are the components of the Cauchy stress tensor
and the heat flux vector, respectively. The particle displacement vector u(x,t), and
the entropy increment ¢(x,t) are functions of particle position x and time ¢. The
constant equilibrium values of the density and absolute temperature are denoted by p
and 7', respectively. The notation ( ) ; denotes the spatial partial derivative J( )/0x;
and the superposed dot denotes the time partial derivative.

The stress, entropy increment and heat flux system of equations is given by Chan-

drasekharaiah [19, (5.11)-(5.13)]

. 0
Oij = Cijlilk,1 — Bij <1 + Oé1a>9,

0
¢ =p ' Byui; + T_lc(l + 040§>9 —(pT) " el i, (2.2)

qi = —ki;f ; — Ci97

in which oy, ay and ¢; are new material constants, where a; > ap > 0 are relaxation
parameters, the isothermal elasticity tensor components at constant equilibrium are
Cijil, the temperature components of stress are [3;;, the specific heat at constant de-
formation is ¢, k;; are the uniform equilibrium components of the conductivity tensor,
and 0(x,t) is the temperature excess above the equilibrium temperature 7. Green
and Lindsay [21] show that a; > ag > 0 is a requirement of the second law of ther-
modynamics and they observe that if the body has a centre of symmetry at each
point then we may take ¢; = 0; we now make this assumption in common with most
work on TRDTE. In order to deduce the field equations of TRDTE for an anisotropic
material we need to insert (2.1) into (2.2). In detail, firstly by differentiating (2.2);
with respect to x; we get

. 0
Tij.j = Cijhati,1; — DBij (1 + a1§>9,j. (2.2a)

Differentiating (2.2), with respect to ¢t we get

: ) _ 0\ -
o= pflﬁij i ;+T 10(1 + Oéoa>9- (2.2b)

Multiplying both sides of (2.2b) by pT" we obtain

: ‘ o -

14



and differentiating (2.2)3; with respect to z; gives
Qi = k0 5. (2.2d)

Inserting (2.1); into (2.2a), and from (2.2c) and (2.2d) with the aid of (2.1); we get
the field equations of TRDTE in the form

Cijrun, 1 — Bij (0 + anf) ; = pi,

o (2.3)

ki;0 ij — TBiji;, ; = pc(6 + o).
These equations form a complete system of field equations for linear TRDTE for a
homogeneous and anisotropic material and provide four constant-coefficient, linear
partial differential equations for the four unknown functions u; and 6, see [19, (5.17)—
(5.18)]. By setting ay = ap = 0, we recover the field equations of linear classical
thermoelasticity (CTE) theory for homogeneous and anisotropic solids, see [30, (2.8a)—
(2.8b)].

2.1.2 The secular equation

We are concerned with solutions of equations (2.3) in the form of plane harmonic

waves

{u;, 0} ={U;,©} exp {iw(sn-x —1t)}, (2.4)

where w is the angular frequency and n is the unit wave normal vector in the direction
of the propagation, both of which are real constants. The amplitudes {U;,©} and
slowness s are in general complex constants. The wave slowness s is the reciprocal
of the (complex) wave speed v: s = 1/v. We can derive the propagation conditions

by inserting (2.4) into (2.3). Firstly, we note the derivatives

Up,1j = —(ws)QnijkeX, (0 + Ozl@')J = twsn;(l —iway)OeX, i; = —w?UseX,
0., = —(ws)’nm;0eX, i, ; = wisn;UieX, (04 ag 0) = —iw(l — iwag)OeX, (2.4a)
where the phase factor y is defined by

X = iw(sn-x —t).

15



Substitute the derivatives (2.4a) into (2.3) and cancel the exponential factor eX to

give the linear algebraic equations
(Cijraming — p s2 0u) Uy + Bijnjwts™ (1 — iway)O© = 0,
(2.5)
TsBin;U; + (kiynin; —iw (1 — iwag)cps™2)O = 0.

We now introduce the isothermal and isentropic acoustic tensors and scalar thermal

conductivity, respectively,
Qi; = Gyuning, Qi = Cymnang, k= kynin;. (2.6)
The isentropic elastic modulus is connected to the isothermal elastic modulus by
Cijkl = Cijrl + p—cﬁijﬁkl,
see [8, (14)]. We can rewrite (2.5) with aid of (2.6) as follows

(Qij — p3725ik>Uk + ﬂijnjw’ls’li(l — iwal)@ =0,

(2.7)
Ts 1 Bin;U; + (k —iw™ (1 — iwa,)cps™)O = 0.
Rewrite this equation in matrix form to get
Qu — ps~2 Q1o Q13 i(1 —iway)w™s™ Biyn; Uy
Qxn Qa2 — ps? Qa3 i(1 —iwon)w s Bamy Uz| 0
Qs Qs Qs3 — ps™2  i(1 — iwan)w ™ s™! Byym; Us
| Ts™'puymn; Ts ' Bymn;  Ts™'Byn; k—iw (1 —iway)eps™| | ©
These equations have non-zero solutions if and only if the determinant vanishes:
Qu — ps~? Q12 Q13 i(1 — iwon )w ™ s™! By,
Qn Qa2 — ps~? Qa3 i(1 —dwan)w™'s™ Bymy | 0 (2.8)
Qs1 Qs Qs — ps™? i(1 —iwan)w™'s™ Byn;
Ts'0yn; Ts'PBon; Ts'Psmn; k—iw (1 —iwa,)cps

This determinant may be written in the following form giving a version of the secular
equation

Q—wl ab

Q _0

2.9
5bT ga! ( )

Y

16



where

w=ps 2 b = Bin;, a=i(l—iqw)w s B=Ts ' and y = k—iw ™ (1—iwag)cw.

(2.10)
We can rewrite (2.9) as

—wl ab + 0
Q-wl —abs0 |, (2.11)
Bbl 5+ (41 4 9)

D

in which, so far, § is an arbitrary quantity. Using properties of determinants to expand

by the fourth column we have

Q-wl ab Q wl 0

D :
BbT —5 615 S )

The first determinant written in full is

Qn —w le Q13 aby
QQI Qm —w Q23 aby
C~231 C~232 C~233 —w abs
Bbl 5b2 ﬁbg —0

To simplify this determinant, remove ab from the fourth column by taking

row 1— (615) row 4,
row 2— (025) row 4,
row 3— ((ig’) row 4.
We obtain
~ abl ~ CYbl ~ abl
(Qu —w) — (— )Bbl Q2 — (— )ﬁbz Qi3 — (— )/353 0
| - (“b%@bl (@ —w) - (ab2)ﬂb2 Qs - <“”2>5b3 0
L=
On - (“b3>ﬁb1 O - (“b?’)ﬁbQ (G — ) - <“bf”>ﬁbg 0
6b1 5b2 51)3 -0
Expanding D; by the fourth column leads to
Dy = ~ddet {(Q -~ w1) + Tﬂb @b}, (2.12)

17



and we may determine a relationship between Q and Q from, see [27, (2.10)],
A ~ T
Q=Q+Eb®b. (2.13)

In order to force D; to be defined in terms of Q in equation (2.12) we compare with

equation (2.13) to obtain

T &
— = 04_6’ (2.14)
pe )

which fixes the value of §. Substituting (2.10)34 into (2.14) we get

§ =i(1 —iway)w tew. (2.15)

Thus, the first determinant is given by

Dy = —i(1 — iway )w ™ ew det{Q — w1}. (2.16)

The second determinant of (2.11) is

(Q11 — w) Q12 Q13 0
QQI (sz - w) C~223 0 ~
Dy = - - 5 = +90)det{Q —wl}. (2.17
’ Q31 Q32 (Q33 —w) 0 (% ) e { N } ( )
Bbl 662 ﬁbs 71 + 0

So, after inserting (2.10)5 and (2.15) into (2.17), the second determinant may be

written as
Dy = [k —iw™ (1 — iwag)cw + i(1 — iwor )w ™ ew] det{Q — w1}. (2.18)
Therefore, the determinant D = Dy + Dy becomes
D = —i(1 — iway )w we det{Q — w1}
+ (k —iw (1 — iwap)cw + i(1 — iwar )w ™ we) det{Q — wl}. (2.19)
Dividing D by (—i(1 — iwa;)w™c), the secular equation (2.9) becomes

w det {Q — wl}

—1 B
+ A= way) Z—ijozl) (k —iw (1 — iwag)cw + i(1 — iway )w™'ew) det {Q — w1} = 0.

(2.20)

18



On simplifying this equation we get

(a1 — ap)w + iwc 'k

wdet {Q — w1} + | det {Q — w1} =0. (2.21)

1 —iway

This is the secular equation for unconstrained anisotropic TRDTE and has not pre-

viously appeared in the literature.

Putting oy = ayp = 0 we recover the secular equation of unconstrained anisotropic

material in classical thermoelasticity, see [30, (2.17)].

In terms of v, a constant with the physical dimensions of stress, introduced in order
to non-dimensionalize the equations, we define the frequency w* = ~yc¢/k. This leads
to the following non-dimensional forms for the frequency w, relaxation times g and
a1, squared wave speed w, and the isentropic and isothermal acoustic tensors Q and

Q, respectively:
W= w/wt, ay =", o, = awt, W =wyt, Q' =Qy 7 Q'=Qy . (2.22)

By inserting these non-dimensional quantities (2.22) into (2.21) we obtain the dimen-
sionless secular equation

iw{l +w(o —ap)}
1 —way

wdet {wl — Q} + det {wl — Q} =0, (2.23)

where we have dropped the dashes for convenience. Equation (2.23) is a quartic in the
squared wave speed w with coefficients depending on the frequency w. The roots w(w)
of (2.23) represent the possible modes of wave propagation which form four branches
in the complex w-plane as is shown later in the graphical results. For a wave mode

to be linearly stable requires the condition of stability for 0 < w < oo, which is
Im w(w) <0, (2.24)

see [9, (18)]. So for positive w, stable branches w(w) are those which lie in the lower half
of the complex w-plane. Each branch of the secular equation is examined in detail,
with low and high frequency expansions being performed, and stability/instability

proved for the entire frequency range.
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2.1.3 Stability considerations

We recall that Q and Q are the isentropic and isothermal acoustic tensors, respec-
tively. The quantities ¢;,7 = 1,2, 3, denote the eigenvalues of Q, with ¢;,2 = 1,2, 3,
denoting the eigenvalues of Q. The interlacing property

0<q@ <G <q<g<qg<dgs, (2.25)

was demonstrated in [9]. The inequality ¢; > 0 follows from the positive definiteness of
Q, see [9]. Now we can rewrite the secular equation (2.21) in terms of the eigenvalues,
g; and ¢;,1 = 1,2, 3 as follows

iw{l +w(ay — )}
1 —way

w(w—cﬁ)(w—ciz)(w—cjg)Jr( ) (w—q1)(w—q2)(w—ds) = 0. (2.26)

The secular equation (2.26) can also be written as

Flw) + (iw{l + w(a; — CVOH’) G(w) = 0. (2.27)

1 —way

where
3

Fw)=w[](w-4q), Gw)= H(w — ). (2.28)

i=1
Low frequency expansions

When w = 0, the roots of the secular equation (2.27) are the zeros of F(w), namely,
w=¢q;, 1=0,1,2,3, defining ¢, = 0.

Taylor expansions of the roots of the secular equation take the form
wiw) = G; + Y _di(—iw)",  i=0,1,2,3. (2.29)
i=1

We can identify the first coefficient dgi), i =0,1,2,3, by substituting (2.29) into (2.27),
to get ~
i . G(q) .
d = {1+ G(n —ao)}A(—qA), i=0,1,2,3. (2.30)
E(4:)

When i =1,

dgl) ={1+a@i(1 — o)} 2 > 0. (2.:31)
3
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Thus,

wy = ¢ — iw{1+ G (ay — o)} = @) O(w?). (2.32)

Similarly, when ¢ = 2, 3, we get

. . G(g
wy = Go — iw{l + go(a; — ) } = (¢2) + O(w?),

wgqu—iW{l—f—ng(O[l—Ozo)} = ( 3 +O(w2)

F'(gs)
When i = 0,
4" = Db (2.33)
419293
so that, )
W = —iw CA;(O) + O(w?). (2.34)
F(0)

It is clear that the condition of stability (2.24), namely, Im w; < 0, i = 0,1,2,3, is
confirmed for each branch. Therefore, there are four stable waves in the low frequency
limit.

High frequency expansions

When w — o0, the roots of the secular equation (2.27) are given by the zeros of H(w)
where

H(w) := w(w—dl)(w—%)(w—dz)—ail{Hw(On—ao)}(w—dl)(w—dz)(w—ds)- (2.35)

It is clear that H(w) is a quartic in w, so there are four zeros. The zeros of H(w)
are denoted by ¢, ¢2, @3, 4. In order to find these zeros we need to examine the sign

changes of H(w). By using the inequalities (2.25) and the relationship (2.35) we find
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(2.36)

G3) = —ag {1+ gs(ar — o) Hds — G1)(ds — 42)(ds — G3) < 0,
00) = oo > 0.
The inequalities (2.36) may be used to determine the positions of the zeros of H(w),

so that ¢, is between 0 and §;, ¢ is between ¢; and s, g3 is between ¢, and ¢3 and gy

is between ¢3 and co. Therefore, they interlace according to
0<a <G <@ <@<@E<@e<@$<§<q¢<< (2.37)

Using (2.28) we rewrite the definition (2.35) as

A 1 ~
F(w) = H(w) + a_{l + w(a; — ap) }G(w). (2.38)
1
The secular equation (2.27) can be written as
A —Iw ~

By subtracting (2.38) from (2.39) in order to eliminate F'(w), we obtain the secular
equation in the form
H(w) + <i + L) {1+ w(y — ap) }G(w) =0. (2.40)
a1 —woy
Define a quartic polynomial

h(w) = (v — q1)(w — §2)(w — g3)(w — qa),

which must be a scalar multiple of H(w) because both have the same four zeros. By

comparing coefficients of w* we see that

H(w) := — h(w). (2.41)



Inserting (2.41) into (2.40) we obtain the secular equation in the form
ao(1 — iwan ) h(w) + {1 + w(a; — ag)}G(w) = 0. (2.42)

Taylor expansions of the roots of the secular equation in the high frequency limit take
the form

wi(w) =g+ Y dV(iwa),  i=1,2,3,4. (2.43)

ﬁMg

=1
By substituting (2.43) into (2.42), we get the coefficients of (iwa;) ™

dy’ = o5 {1+ Gi(o1 — 00)}G(@) /B (@), i =0,1,2,3.

When i = 1, for example,

(@1 — @)@ — @) (@ — q3)

) _ 1 g1 — Q) g 7= N = ~ N~ 5
di” = ag {1+ )}(Q1—CI2)(Q1—Q3)(Q1—CI4)

> 0. (2.44)

Positivity of dgl) is guaranteed by the interlacing properties (2.37). Thus,
wi(w) = @ —i(onw) og {1+ @(on — a0)}G(@) /B (@) + Ow™).  (2.45)
Similarly, when ¢ = 2, 3,4, we obtain
wa(w) = @2 — i(enw) g {1 + G2(n — 0)YG (@) /W (32) + O(w ™),

wi(w) = gs — i(0w) o {1+ gs(1 — o) }G () /W (@3) + O(w™?),
wi(w) = G — i(eaw) og {1 + Galar — a) G (@) /M (@) + O(w™?).

Since dgi) >0, i = 1,2,3,4, the stability condition (2.24) is satisfied, so that there

are four stable waves in the high frequency limit.

Stability for all frequencies

We have shown that all four branches are stable in the low and high frequency limits.
In order to prove the stability of each one throughout the entire frequency range
0 < w < o0, we must prove that a branch may cut the real axis only at the low and
high frequency limits. If this were not true we would be able to solve the secular
equation (2.27) for real w and some w in the range 0 < w < co. Rearrange (2.27) into

the form -
w _ —F(w)
1 —iwar {14 w(a; —ao)}G(w)

(2.46)
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For real w the right-hand side of (2.46) is real and so cannot be equal to the (neces-
sarily) complex left-hand side for any w in the range 0 < w < oco. Thus, all branches

are stable for all frequencies 0 < w < oo.

Numerical results

Figure 2.1 shows an example for different values of a; and aq such that ay > a9 > 0,
demonstrating the effect of a; and «g increasing. In each sub-figure we select the same
values of ¢;,7 = 1,2,3, and ¢;,7 = 1,2,3. The low frequency limits are marked with a
x and the high frequency limits with a o in the first sub-figure, which corresponds to
classical thermoelasticity, and with e in the others which correspond to temperature-
rate-dependent-thermoelasticity (TRDTE). It is clear that all branches lie in the lower
complex w-plane and so satisfy the stability condition (2.24).

As we see in Figure 2.1, part (a) represents classical thermoelasticity (CTE) and all
branches are stable but three of them are finite and one an infinite branch of w(w)
by which we mean a branch such that w — oo as w — oo. However, the other
parts (b)—(f) for temperature-rate-dependent-thermoelasticity (TRDTE), show that
the existence of relaxation times g and «; maintains stability and makes all branches

finite.

In Figure 2.2, in which oy = 0 and a; > 0, we see that the four branches are always
stable, but three of them are finite and one is infinite, i.e. w — 00, as w — oco. This is
because for ag = 0, H(w) defined by (2.35) becomes cubic in w, rather than quartic,
so the the fourth root h, changes character from a finite positive real value to a large

negative imaginary value.
Putting a; = ap > 0 in Figure 2.3, we get four stable finite branches for all frequencies.

The low frequency branch starting from the origin and the high frequency branch
ending at infinity in the w-plane are named diffusive modes. On the other hand,
other branches that begin and end close to the real axis, are named elastic modes, see

Chadwick [7].
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Figure 2.1: The four branches of the secular equation for unconstrained anisotropic
thermelastic material for temperature-rate-dependent thermoelasticity theory. For

each part, g1 = 0.75, o = 1.75, 3 = 2.75, 1 = 1, o = 2, 43 = 3.
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Figure 2.2: The four branches of the secular equation for unconstrained anisotropic
thermelastic material for temperature-rate-dependent thermoelasticity theory. For

each part, g = 0.75, go = 1.75, g3 = 2.75, g1 = 1, G = 2, 43 = 3.
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Figure 2.3: The four branches of the secular equation for unconstrained anisotropic
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2.2 Unconstrained isotropic TRDTE

2.2.1 The field equations

The system of field equations of linear TRDTE for a homogeneous and anisotropic

materials is (2.3)
Cipttin 1 — B (0 4 1) ; = piis,
. . (2.47)
kij0; — T Bt j = pe(0 + aoh).
We have defined all symbols earlier in Section 2.1.1. For an isotropic thermoelastic

body the components ¢;;x;, 5;; and k;; take the simple forms
Cijkl = A 0550k + [t (0in0j1 + 0adji), PBij = Bdij, kij = kdyj, (2.48)

in which A and /i are the isothermal Lamé constants and d;; denote the components
of the unit tensor, [ is the scalar temperature coefficient of stress and k is the scalar
thermal conductivity. Inserting (2.48) into (2.47) gives the field equations for an

isotropic material:

(NGijOr + (00 + Gubin) Yun,1j — BOi;(0 + aab), ; = piis, a0
k6530, 55 — TB6i;1,; = pe(f + o).

Equations (2.49) may written as

A+ ) a5 + fis, 35 — B0 + ) i = piiy,
S (2.50)
k07 i Tﬁﬂ%j = pc(0 + Oé()e).

2.2.2 The secular equation
Now we seek solutions of (2.50) in the form of harmonic plane waves
{u;, 0} = {U;, 0} exp {iw(sn-x —t)}, (2.51)

where w is the angular frequency and n is the unit wave normal vector to the direction

of the propagation, both of which are real constants. The amplitudes {U;,©} and
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slowness s are in general complex constants. Inserting (2.51) into (2.50) leads to the

propagation conditions. Firstly, the derivatives are

uj i = —(ws)?nin;UseX, (04 ar6), s = iwsn;(1 — iway )OeX, iy = —w?UseX,

0 i = —(ws)*nmn;OeX, 1, ; = wsn,;UjeX, (0 + a 0) = —iw(1 — iwag)OeX,

)

where

X = iw(sn-x —t).

Now substitute these derivatives into (2.50) and cancel the exponential factor eX to

get linear algebraic equations. Firstly, from (2.50); we find that
(X + ) (—(ws))nim,; Uy + i(—(ws)?nin,U;) — Bliwsn;(1 — iwa,)0) = p(—w?)U;.
Dividing this equation by (—(ws)?) we get
(A )ning + (i — ps~)6,)U; + i (ws) " ni(1 — iway )© = 0. (2.52)
From (2.50),, after inserting the derivatives, we find that

k(—(ws)*nin;©) — TPw?sn;U; = pe(—iw(1l — iwag))O.
Dividing this equation by (—w) we obtain

TBwsn;Uj + (ws*k —ipc(1 — iwag))O = 0. (2.53)

Eliminate © between equations (2.52) and (2.53) by writing equation (2.53) as

=T Bwsn;U;
= ) 2.54
© ws?k —ipc(1 — iway) (2:54)
Inserting (2.54) into (2.52) we get
N7 ~ , _ ) —TBwsn,;U;
{(/\ + ,u)nmj + (,u - w)él]} Uj—f-Zﬁ((US) 17%(1—2(,«)0[1) o2 zpc(l j_ ;wao) = O,

(2.55)

where



On rearranging equation (2.55), we obtain

wBT(1 — iway)nn,

pe(w(l —iwag) + iw(k/c

) } U; =0. (2.56)

{(/1 —w)6;; + (A + fi)ngm; +

So that there exist non-zero amplitudes U; satisfying (2.52) and (2.53) if and only if

(2.56a)

det{(ﬂ—w)1+(5\+ﬂ)n®n+ wBT (1 — iwa)n ®n }:0

pe(w(l —iwag) + iw(k/c))
Non-dimensionalizing (2.56a), by inserting the following dimensionless quantities

)W e,

w=wy T, N=M" =y W= =, e = T o = aqwt, o) = agw
w* pey
(2.57)
gives the following secular equation
5 . Tw'y(epeyT 1) (1 —iw'a})
det { (\y+ 71 'y —w'y)1 ! }=o.
et YNy n@n+ (y —w'y)1+ pe(w'y(1 —iw'af) + iw’w*(k:/c))n®n
(2.58)
Simplifying this equation gives
det { (7~ w) L+ (A +ji+ < wil = iway) men} =0 (2.59)
e —w = :
a a w(l — iwag) + iw ’

where we have dropped the dashes for convenience. In direct notation 1 denotes the
unit tensor, n the wave normal vector and ® the dyadic product of vectors. We quote

the standard identity
det(A + ca®a) = det A + aa- A*¥a, (2.60)

in which «,a and A are arbitrary and adj denotes the adjugate. Equation (2.60) is
derived from the following property, see [30, p. 48],

det(aA + BB) = a®det A + @°B tr(A*B) 4 af? tr(AB™¥) + fdet B.  (2.61)

Putting @ =1, f = a, B =a®a, so that det B = 0 and B*¥ = 0, into this equation
gives
det(A +aa®a) = detA + atr(A™a®a)
= detA 4 aa- A*a,
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Applying (2.60) to (2.59), we get the secular equation in the form

w(l —iway)

det {(7i—w)1} + (A+ i+ Jn-{(i - w1} n=0. (262)

w(l — iwag) + iw

In this equation we can write

det{( —w)1} = (i —w)’, (2.63)
and
n - (7 — w)1}*n = (7 — w)® (2.64)
So we can rewrite (2.62) in the following form:

(= w)? + [t ) o)

(1 — iwag) + iw} (7= w)” = 0. (2.65)

Factorising (2.65) we get

(7= w)?| (i = w) + A+ i) + =

(2.66)

N w(l —iway)
(1 —iwag) + iw} -

After expanding and rearranging the part within square brackets of equation (2.66)

we obtain

(i —w)*{w?(1 —iwag) — w[(1 — iwap) (A +2f1) + (1 — iway) —iw] —iw(A+24)} = 0.
(2.67)

This is the secular equation for unconstrained isotropic TRDTE and has not previ-

ously appeared in the literature.

The repeated root w = fi of (2.67) corresponds to two transverse elastic waves that
are not affected by thermal effects and are neither dispersive nor attenuated. We need

not discuss these any further. The remaining quadratic factor of (2.67) is
w(1 — iwag) — w[(1 — iwag) (X + 271) + e(1 — iway) — iw] — iw(\ + 2f1) = 0. (2.68)

This equation gives two roots that correspond to two attenuating and dispersive lon-

gitudinal waves. They can be scaled by using

N =2+ A
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But we already know that

So from the last two relations we find that
2+ A =1. (2.69)

Substituting (2.69) into (2.68) we get the final form of the secular equation for un-
constrained isotropic TRDTE:

w?(1 — iwag) — w[(1 — iwag) + e(1 — iway) — iw] — iw = 0. (2.70)

The roots of the quadratic equation (2.70) are given by

1
Wy = m [zl + [21? + 4iw(1 — iwao)]%} , (2.71)
where
2z = (1 —iwap) + (1 — iway) — iw. (2.72)

If we put ag = a3 = 0, we recover the case of the classical thermoelasticity of an

unconstrained isotropic material, see [29, (2.15)].

The roots (2.71) can be plotted for varying values of €, the measure of the degree of
thermoelastic coupling, as shown in Figures 2.4 and 2.5. In the uncoupled case, when

e = 0, the roots of (2.70) reduce to

—iw

wy =1, wy= (2.73)

(1 —iwag)’
where w; represents an unattenuated, non-dispersive longitudinal wave (a purely elas-
tic mode) and w, represents a diffusive mode. In all the plots of Figures 2.4 and 2.5,
Im w < 0, which is the condition for linear stability. So in the unconstrained isotropic
TRDTE theory case both longitudinal modes are stable.

For € > 0, we investigate the nature of the modes at high and low frequencies.

Low frequency expansions

From (2.71) with small w, we find that

1

—_ 2 4 diw(1 —i 2 2.74
20— i) 21+ [217 + diw(1 —iwag)]2 |, (2.74)

wyp =
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where

7 = [(1 — iwag) + (1 — iwal)]2 — 2iw[(1 — iwap) + (1 — iway)] — w?.

After expanding (2.74) and rearranging we get

1
2(1 — dway)

[((1 —dwag) +e(1 — iwal))2 + Ziw((l —iwap) —e(1 — iwal)) — w2]

wy = {[(1 —iwap) + (1 — iway) — iw]+

ol
—

Now factorising the terms within the second square brackets by
(1 — iwag) + (1 — iway))?

we obtain,

1

17501 —iwag)

{[(1 —iwap) + (1 — iwan) — iw] + [(1 — iwag) + (1 — iway )]

[1 2iw((1 —iwag) — (1 — zwa1 ]1/2 }
(1 —dwag) + (1 —iway))

Using the binomial expansion we get

1

m{ [(1 —iwap) + e(1 —iway ) — iw] + [(1 —iwag) +e(1 — iwal)]

] +O(w2)}.

w1 =

iw((1 —iwag) —e(l — iway))
(1 — iwag) + (1 — iway))?

1+

Expanding the equation we obtain

w, = 1 ){2[(1—iwa0)+5(1—iwa1)] iw [1_ (1 —idwag) — (1 — iwal)] }+ O(w?).

2(1 — iwayg (1 —iwap) + e(1 — iway)
Rearranging the last equation to get

1- @'wozl) [ iwe(l —iway)
1 —dwag (1 —iwag)? + e(1 —dway) (1 — iwag)

wi=1+e( | + 06,

which may be expanded further for small w to obtain

1
w1:1+€—iw€{a1—ao+?}+O(w2), (275)
Similarly, we can get ws to be
1
Wo = m [21 — [212 -+ 42&)(1 - iwao)]%} s (276)
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and expanding for small w gives

B —w
14

wo + O(w?). (2.77)

Equation (2.75) is an elastic mode and equation (2.77) a diffusive mode (marked x
on Figures 2.4 and 2.5 for w = 0).

High frequency expansions
The roots of the secular equation (2.70) in the high frequency limit, as w — oo, may
obtained by dividing (2.70) by iw:

L/ 1 1 1
w <,——0z0>—w[,——0z0+5(,——a1)—1]—1:0.
iw iw iw

1
Now let 1w — o0, i.e. — — 0. The above secular equation becomes, for large w,
iw

agw® — [14+ag + arejw +1 = 0.
Define
H(w) = agw® — [14 ag + aye]w + 1.

Now we need to determine the position of the zeros of H(w)

H(0)=1>0,

H(l) = —me <0,

(2.77a)
H(l+¢)=—c— (a1 —ag)e — (a; — ag)e® < 0,

H(o0) = o0 > 0.
So we have in the high frequency limit, real roots h; and hy of H(w) = 0 satisfying

O0<h <1<l+e<hy. (2.77b)

They satisfy the following quadratic polynomial

h(w) = (w — hy)(w — hy),

and we must have

H(w) = agh(w).
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Collect terms in iw in (2.70) together:

w? —w(l+¢) —iw|agw? — (1 +ag + are)w + 1| = 0.

The above secular equation may be written as
w? — w(1+ ¢€) — iwag(w — hy)(w — hy) = 0. (2.77¢)
For w sufficiently large the roots of (2.77¢) may written as

- A . B
w1 = hl + — and Wy = hg + —. (278)
iw iw
Substituting (2.78) into (2.77c) gives
hy(hy — (1 ha(he — (1
aMl—0+9) g po el —(+e)
Q) (hl - hg) Qo (h2 - hl)

the fact that A and B are positive coming from the inequalities (2.77b). It follows

>0, (2.79)

that both branches are stable in the high frequency limit.

Both branches are stable at both low and high frequencies and so an argument sim-
ilar to the one involving equation (2.46) shows that both branches are stable for all

frequencies.

Numerical results
In each of Figures 2.4 and 2.5 there is a x at zero and 1+¢, marking the low frequency

limits and the high frequency limits are marked with a o.

In Figure 2.4 there are two finite branches. For low frequencies the branch beginning
at the origin is diffusive for all values of ¢ and both branches are elastic for high

frequencies. It can be seen that the two branches intersect for € = 0.63, approximately.

In Figure 2.5 we see one finite branch and one infinite branch. This is because ag = 0
which leads to H(w) being linear in w rather than quadratic so that the second high
frequency root becomes infinite. The situation is similar to that in Figure 2.2 for the
anisotropic case. We see that for ¢ = 0 the left hand branch is diffusive for both low
and high frequencies and the right hand branch is elastic for all frequencies; for € > 0
the left hand branch is diffusive for low frequencies but elastic for high frequencies and
the right hand branch is elastic for low frequencies but diffusive for high frequencies.

The cross over point is at € = 1 in part (d). This is described by Chadwick [7].

35



0 g 0 —>l<
\
-1 -1
2 2
E E
_3 -3
-4 -4
(a)e=0 (b) e=0.5
Re w Re w
0 1 2 3 4 0 1 2 3 4
TR T
-1 -1 I
2 2
E E
_3 -3
-4 -4
(c) e=0.6 (d) e=0.63
Re w Re w
0 1 2 3 4 0 1 2 3 4
T T
-1 ) -1
2 2
E E
-3 -3
-4 -4
(e) e=0.65 (f) e=0.9

Figure 2.4: The longitudinal squared wave speeds of unconstrained isotropic TRDTE
theory. For each part, ag = 0.1, oy = 0.2.
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2.3 Constrained anisotropic TRDTE

2.3.1 Usual deformation-temperature constraints

We suppose that an elastic heat conductor B possesses an equilibrium configuration
B, and is subject to a thermomechanical constraint connecting the deformation and

temperature of the form
f(F, T+0)=0, with f(F.,T)=0, (2.80)

where f is a dimensionless scalar function and F, and 6 denote the deformation
gradient and the temperature increment in B, with uniform absolute temperature T,
respectively. The following equation is obtained by linearising the constraint (2.80),
see [16]

Nyt — a = 0, (2.81)

where N is a dimensionless symmetric constraint tensor.

Basic equations

We might assume that the stress, entropy increment and heat flux, are given by
analogy with the constrained classical case; see [30, (3.4)],

~ 0 .
Oij = Cijkl Ukl — 51']' (1 + ()41&)9 —+ Nz‘jn,

0
¢=p By wij+ T710<1 + Oéoa)e +p~ o, (2.82)

g = —ki; 0 ;.

)

Most of the quantities appearing in (2.82) have been defined earlier; the new func-
tion 7(x,t) is such that ﬁN is a reaction stress and p~'ad is a reaction entropy, see
Chadwick and Scott [16]. We shall now derive the secular equation. From (2.82); and
(2.1); we see that

Cijratik, i; — Bij (05 + n63) + Nigip j = pis. (2.83)
From (2.82)3 and (2.1), we obtain
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Differentiating (2.82)s with respect to time after multiplying by pT’, and then inserting
into (2.84), gives

Tﬁqpup’q + pc(@ + Oéoé) + TOé’f] — kijﬁﬂ-j =0. (285)

The secular equation
Now we seek to find the solutions of (2.81), (2.83) and (2.85) in the form of plane
harmonic waves

{u;,0,7} = {U;,©, H} exp {iw(sn-x —t)}, (2.86)

similarly to (2.4) in the unconstrained case. We insert (2.86) into (2.83), (2.84) and
(2.85). We found all the derivatives uy;, 0, i;,0,;; and u;; previously and now just
observe that

0, = w’sn;0eX, 7,; = (iwsn;)HeX, 6= —iwOeX,
0 = —w?OeX, f] = —jwHeX, Up.qg = wsngUpeX,
where the phase factor is given once more by
X = iw(sn-x —t).

Substituting all these derivatives into (2.83),(2.84) and (2.85). Firstly, (2.83) becomes

Ciju(—w?s?nn; ) Uy — Bij(iwsn; + ayw?sn; )0 + Nyj(iwsn) H = p(—w?)U;.  (2.87)
Dividing all terms by (—w?s?) we get
Cijramun; Uy + ﬂijnji(ws)_l(l —iway)O — Nijnji(ws)_lff = ps 2U;. (2.88)
This equation can be rewritten as

(Qix — ps20) Uy, +i(ws) ™" (1 — iway )O — @f]] =0, (2.89)

in which we define sz = Cijun;ny, by = Bin;, ¢ = ]\Nfijnj. This equation is different
from Chadwick and Scott [16, (4.2);] because of the presence of ay. When «y = 0 this
equation reverts to [16, (4.2)1], the equation of the constrained anisotropic classical

case. Equation (2.85) becomes
T Byp(w?sng)U, + pe(—iw + ap(—w?))O + Ta(—iwH) — kij(—w?s*nn;)© = 0. (2.90)
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After dividing by w and rearranging the equation we get
wsTh,U, —iaTH + (ws’k — ipc(1 — iwag))O = 0, (2.91)

where we define k = k;;n;n;. The above equation reduces to [16, (4.2);] when o = 0,

the classical case. Finally, equation (2.81) becomes
iwsc,U, —a® =0, (2.92)

which is similar to its classical counterpart [16, (4.2)s]. We must eliminate © and H

between equations (2.89), (2.91) and (2.92). So, we need to rewrite (2.92) as
0 = a tiwsc,U,. (2.93)
Substituting (2.93) into (2.91) gives
H = —ia 'wsb,U, + (*T) 'wsé,U, (ws*k — ipc(1 — iway)). (2.94)
Inserting (2.93) and (2.94) into (2.89), then rearranging the equation, gives

{Qip — @ (bi6y(1 — iwan) + Eby) — (*T) " (pe(l — iwag) + iws’k):c,
— ps 20, }U, = 0. (2.95)
Rearranging this equation we get
{Qip — a7 (bi&y +Eiby) — (*T) 7 (pe+iws?k)ééy + (*T) ™ peiwanéic, +a tiwar b,
— ps 20 tU, =0
The non-zero amplitudes satisfy (2.89), (2.91) and (2.92) if and only if
det {Q —a Hb®e+e®b) — (a*T) (pc+ iws’k)e ® € + (*T) ! pciwage @ €
+a liwab ® € — psT?1} = 0. (2.96)

By defining
P=Q-oalboét+eab) - L-iwe, (2.97)

we may rewrite (2.96) as

det {(f’ —wl)+ Zw:élb ® € — Oj—w(szk — pcag)e @ ¢} =0, (2.98)



where
2

w = ps
Equation (2.98) may be rewritten as
det {(f’ —wl) + iw(jélb — CEZLT(SQI{: — pcozo)é] ® 6} = 0. (2.99)
Using the standard identity (2.60)
det{A +aa®a} = det A + aa- A*Va, (2.100)
and taking . .
a= m;lb — %(3214; — pcag)€ and a = ¢,

equation (2.99) may be rewritten as

k(P — 1)+ 02 2 (0

(2 - pcao) a] (P — wl)™ig = 0. (2.101)
This is the secular equation for anisotropic TRDTE which is constrained by the uasual

deformation temperature constraint and has not previously appeared in the literature.

We can rewrite (2.97) in terms of the isentropic acoustic tensor by using the definition
(2.13)
~ ~ T pc pe
P=Q-—(b+¢)w (bt Le). 2.102
Q pc + aTc @bt aTc ( )
To rewrite (2.101) in a more clear form, we non-dimensionalize by introducing =,

which has the dimensions of stress, and the frequency w* = ~c¢/k. We define the

non-dimensional quantities, see [27, (2.12)],

- . T
w/:7_1w7 W,: ia P/:'y_lP, O/:O{T, C/: ﬁ, é,: (66)_%67 BQZb‘b,
w* Y
Tb-b ~ ~ A .
of =o', af =o', == 0Py )t @ =57Q @ =570
pey

(2.103)

In terms of these non-dimensionalizations we can rewrite (2.13) as, see [26, (2.14)],

A ~

Q=Q +sbab. (2.103a)

41



The dimensionless form of (2.102) is

ﬁ’::Q’—(ahy+5ejegeﬁbﬂ+5a), (2.104)
in which for o # 0 we have defined
_ d2(c-@)2
Gi= (2.105)

This is the ratio of the relative importance of the mechanical and thermal parts of the
constraint because ¢ — 0 provides a purely thermal constraint (¢ — 0) and & — oo
provides a purely mechanical constraint (o’ — 0). Now the secular equation (2.101)

can be written in terms of non-dimensional quantities as
det (w'l — P') — i [a}e26b — (1/w' — a))6&] - (w'1 - P')" & =0.  (2.106)
Rearranging this equation and dropping the dashes for convenience
wdet (wl — 15) — W [waleéb — (1 = apu)ae] - (wl — ls)adj(: = 0. (2.107)
This equation is quartic in w.
Stability
P is a symmetric tensor and so has real eigenvalues which can be ordered so as
p1 < po < Ps. (2.107a)

In terms of Q with aid of the definition (2.104) for P we get the inequalities, see [27,
(2.19)],
P1 <G <p2<Ga<ps3<dgs (2.107Db)

where g;, i = 1,2,3, denote the eigenvalues of Q defined by (2.13). With §; denoting

the eigenvalues of Q, the interlacing property
<@ <@<@p<@p<g (2.107c)

was proved in [9]. From (2.107a) and (2.107b) we can deduce that the signs of p, and
ps are positive because ¢; > 0 but p; could be positive or negative. Equation (2.107)

may be rewritten as

w det (wl—ls) —iw&{waleé [b- (wl—ls)adjé} —5(1—apw) [6- (wl—ls)adjf:} } =0.
(2.108)
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In equation (2.108) we need to group the terms in w together:

w det (wl — f’) — iw&{w[alséb + 04056] . (wl — f’)adjé —0cC- (wl — f’)adjé} = 0.
(2.109)

Now from (2.109) we see that the zeros of
&- (w1 —P)"e (2.109a)

are important. This expression is quadratic in w and has zeros w = Wy, Wy, satisfying

the following inequalities, see [27, (2.23)],
1 < Wi < pa < Wy < Ps. (2.109b)
But consider the following expression in (2.109)
[alaéb + ozo&é} . (wl — f’)adjé.

In the coordinate system based on P, in which

50 0
P=|0 5 0 |,
0 0 ps

we have

J(w) = [aleéb + 040&6] . (wl — f’)adjé = [aleébl + 040661}61(111 — po)(w — p3)+

[0115%192 + 0405'52} 52(11} — ﬁl)(w — ]33) + [0116%[)3 + Oéoa'ég} 63(10 — ﬁl)(w —ﬁg)

Now, in order to examine the sign changes of J(w), we must look at, for example, the
sign of
~ 1 N~ s -
J(p1) = (ue2by + g ci)ér(pr — pa) (1 — Ps3)-
We do not know the signs of b; and ¢;; they might have opposite signs. Due to the
occurrence of b with ¢ in J(w), the sign changes would be difficult to determine. So

we need to deal with a special case and choose the constraint of incompressibility

at uniform temperature because for this constraint we shall see that both b and c
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are parallel to n. For incompressibility at uniform temperature the deformation-

temperature constraint is, see [16, (3.3)],
Uj5 — af = 0. (2110)

In this special case N is defined as

So ¢ might be written as

él' = (5ijnj =Ny

and so

c=In=n. (2.110a)

Consider the special case when 8 is isotropic (even if the material is otherwise anisotropic),

so that
Bij = Bdij,
which we shall call thermal isotropy. Then
b =fn = pIn = fn (2.110b)
and in component notation b might be written as
From the dimensionless quantities (2.103) we find that
b’ = (b-b) zb,

so that
b'b:bi'biZBHi'ﬁniZBZ-

Then
b =(%)tb=p4"fn=n
Dropping dashes for convenience leads to

b =n.
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Then

J(w) =

[alaéb + 0406(:] . (wl — 15)adj~

Y

adj

n,

= [aleén + ozo6n} . (wl — ]_5)

[041»5% + Ozgcﬂn . (wl — f’)adjn.
Thus, (2.103a) may be written in a more simplified form as

Q=Q+en®n,

clear form; from equation (2.97)

(2.110c¢)
where we have dropped the dashes for convenience. This will simplify P to a more

P=Q-a'(fn®n+pAn®@n)— %n@n,
-~ P=Q-(20 '8+ )nen (2.111)

o?T
The dimensionless form of (2.111) may be written as

PP=Q-5(2+6)n®n or P=Q—{(e2+5)’—c}n®n, (2.112)
dropping the dashes, where & here is defined by

~\1
n-n
&:cz( )2

N

C/
?.
Now the secular equation (2.109) might be written in non-dimensionlised form as

wdet(wl — P) — iw&{w(aleé +apo)n - (wl — f’)adjn —on - (wl — f))adjn} =0.
Rearranging this equation gives another version of the secular equation:

wdet(wl — 15) — iw&[w(alg% + 0405) _ 6]n ) (wl ls)adjn -0

= (2.113)
P24 has eigenvalues fofis, Pspi, P12, enabling us to rewrite the secular equation (2.113)
in terms of py, pa, P3 as
. . . . 1 o -
w(w — pr)(w — Po)(w — P3) — iwd [w(are? + aps) — 7]
{ni(w = p2)(w — ps) + ny(w — pr)(w — Ps) + n3(w — pr)(w — p2) } =0

(2.114)
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The quadratic part within braces has the same zeros as the expression (2.109a),

namely, Wi, i = 1,2. Let us define the quadratic part to be
h(w) = ni(w — p2)(w — P3) + nj(w — pi)(w — P3) + n5(w — pi)(w — pa).
Now we need to examine the sign changes of h(w):

h(0) = %]52]33 + n%ﬁlﬁ:’, + n§ﬁ1]52 > 0,

h ni(p1 — p2)(pr — P3) > 0,

Y41

(
(1)
(P2)
(Ps) =
(

D‘

( —p3)(P2 — p1) <0,

h(ps) = n3(Ps — p1)(ps — P2) > 0,

h

00) =00 > 0.

From these inequalities we may determine the positions of the zeros of h(w), so that
Wl is between p; and p, and Wg is between p, and p3. Therefore, we get the same
inequalities as (2.109b):

Pr < Wi < P < Wa < ps.
Then the secular equation (2.114) can be rewritten as

F(w) — iwd [w(ee? + agd) — 3]G (w) = 0, (2.115)

where
3

F(w):wn(w—ﬁi), é(w):H(w—Wi). (2.116)

i=1 i=1
Putting oy = a9 = 0 in the secular equation (2.115) we will get the secular equation

of anisotropic material that is constrained by deformation temperature constraint in

classical thermoelasticity, see [30, (3.6)].

Low frequency expansions
When w = 0, the roots of the secular equation (2.115) w;,i = 0, 1,2, 3, are the zeros
of F(w) : w = p;,i = 0,1,2,3, defining f, = 0. Taylor expansions of the roots of the

secular equation (2.115) take the form
w) =pi+ Yy dP(—iw)",  i=0,1,2,3. (2.117)
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We can get the branches w;,i = 0, 1,2, 3, by inserting (2.117) into (2.115). Firstly,
when 1 =0,n =1

wo(w) = po + d\¥(—iw) + O(w?). (2.118)
Substituting (2.118) into (2.115) we get

_6_2 I/T/I WQ

4 = .
]51]52]33

1 =

(2.119)

The sign of d§°’ depends on the sign of p;. Now by inserting (2.119) into (2.118) we

get .
. . G(0) 5
Wo(w) = two—=——= 4 O(w"). 2.120
o) = iwr i+ 0) 2120
It is clear that from (2.119) that if p; > 0 then d§°’ < 0, thus Im wp(w) > 0, and so
wo(w) is unstable. But if p; < 0 then dgo) > 0 and wy(w) is stable.

The exceptional case p; = 0 will be dealt with later. It represents a cross over for the

branch wy(w) between instability for p; > 0 and stability for p; < 0.
When i =1,n =1, we get

wi (W) = pr + dP(—iw) + O(W?). (2.121)
By inserting (2.121) into the secular equation (2.115) we get

(1 — W) (pr — Wa)
p1(P1 — P2)(P1 — P3)

A" = —5 [pr(are? + agd) — 7]

(2.122)

The sign of dgl) depends on the signs of []51(0416% + o) — 6} and p;.
So, if p; < 0 then dgl) < 0, thus w;(w) is unstable.
Stability is satisfied if dgl) > 0, and dgl) is positive if

0<p < 10 —.
(04155 +0600')

Substituting (2.122) into (2.121) we get, for all values of py,

(P1)
'(P1)

()

+ O(w?). (2.123)

w (W) = Py + iwd [pr(are? + agd) — 6]

sl

The exceptional case p; = 0 is considered later.
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Similarly, when ¢ = 2,3 and n = 1, we find that
wa(w) = Pa + dP (—iw) + O(w?). (2.123a)

ws(w) = Ps + di¥ (—iw) + O(w?). (2.123D)
By substituting (2.123a) and (2.123b) into (2.115) we get, respectively,

(}52 - WI)(ﬁQ - W2)

P2(P2 — P1) (P2 — P3)’
(Ps — Wi) (B3 — Wh)

P3(Ps — P1)(Ps — Pa2)

d® = =6 [pa(ie? + ag5) — 7] (2.124)

4 = 6 [ps(ie? + agd) — 7] (2.125)

Again, stability is satisfied when d?) and df’) are positive, so that means when
[]32(0./15% + ap6) — &] and []53((1/15% + apd) — G| are negative, respectively. It is clear
that these signs are unaffected by p; being positive, negative or zero. Substituting

(2.124) and (2.125) into (2.123a) and (2.123b), respectively, we get

o)

(P2)

wa(w) = Po + iUJ6[ﬁ2(Oé1€% + ad) — 7] () + O(w?).
w3(w) = p3 + iw&[ﬁg(aleé + ap6) — 7] ?/((];i)) + O(w?).

If []51((115% + ap6) — 6] > 0 then it follows that [ﬁi(alsé + apd) — 6] > 0, for
1 = 2,3, and so the instability of w; forces the instability of wy and ws. Conversely, if
[]53(0416% + ap6) — G| < 0 then it follows that [ﬁi(algé + apd) — 6] <0, fori = 1,2,
and so the stability of ws forces the stability of w; and wy. This is illustrated in

Figures 2.6 and 2.7.

High frequency expansions
The roots of the secular equation (2.115) when w — oo are given by three finite roots

~ ~ ~ o

wy = Wi, wy = Wy and ws = W3 = —————, and one infinite root. Now for w
1€2 + Qo

sufficiently large power series expansions take the following form

wi(w) = Wi+ Y _di (—iw)™™,  i=1,2,3. (2.126)
=1

For stability we require d¥ < 0,7=1,2,3.
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When ¢ =1,n =1 we get
wi(w) = Wy + dP (—iw) D + O(w™?). (2.127)
Substituting (2.127) into (2.115) we get

1) _ _V?l(WIN_ ]512(‘;[/1 - ﬁQ)(Wl — D3) .
5’(W1 — WQ) [Wl(()éléf% + Oéo&) — 5’}

(2.128)
The sign of dgl) depends on the sign of [Wl (0418% + ap6) — 6] and it is unaffected by
the sign of p;. Stability is satisfied when

[Wi(ane? + apd) — 6] < 0.

Therefore, if [Wl(oqs% + apd) — 6] > 0 then dgl) > 0 and w;(w) is unstable. Insert
(2.128) into (2.127) to obtain

-1 F(Wl)

wi (W) = Wi +idwe [Wi(aue? + apd) — & — L L OoWw™). 2.129
1) = Wit ifws (st +ao0) 0]} Z s+ 0W™). (2120)
When ¢ =2,n =1 we get

wa(w) = Wa + dP (—iw) D + O(w™?). (2.130)

Substituting (2.130) into (2.115) we get

d(2) — ’V_I/’I‘;/z(WQN_ ﬁlz(WQ _1?52)(% _ﬁ?) . (2131)
O'(WQ — Wl) [Wg(aléﬁ + OéoO') — 0'}
Again, d?) is negative when Wg(oq&t% + ) — 7 is negative and either p; is negative
or positive. Insert (2.131) into (2.130) to get
-1 F(Wg)
G'(Ws)

ws(w) = Wa + i{w&[WQ(alg% + ag5) — 5] } +O(w™). (2.132)

wy(w) is stable when

WQ(OK1€%+O[05')_&<O = W2< I .
(04185 + OZO&)
Whent=3,n=1

ws(w) = Wi + d¥ (—iw) D + O(w™?), (2.133)
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in which, as before,

Wy= —2 (2.133a)
(CY1€§ + a06)
Substituting (2.133) into the secular equation (2.115) we obtain
—F(Ws)
G(ne? + ) G(Ws)

3
4P =

the sign of which is not easy to determine. We can determine the sign of df” in two
special cases, firstly, as ¢ — 0, a purely thermal constraint, and secondly, as ¢ — oo,
a purely mechanical constraint. When ¢ — 0, then df”) — 00, SO
—Ws(Ws — pr)(Ws — po) (W5 — fs)
G(onez + agd) (W — W) (Ws — Wh)
Simplifying (2.134) with aid of (2.133a) leads to
a (W = pu)(Ws — f2) (Ws — s)
1= 1 PP R -
(04155 + &00')2(W3 — Wl)(Wg — WQ)

4 = (2.134)

As G — 0,W5 — 0, so
d(3) . b1P2ps3
1 = T 1o
(01162)2W1W2
It is clear that if p; > 0, ws is unstable. But if p; < 0, w3 becomes stable.

As & — 0o, Wy — ag!, then dg?’) — 0 and higher powers of (—iw)~! are needed in the

expansion (2.133).

The fourth root, which is large if w is large, may be written as
wy(w) = (iw)A+ B+ O(w™). (2.135)
Inserting (2.135) into the secular equation (2.115) we get
(z’wA—l—B)(iwA+B—g§1)(z’wA—l—B—ﬁg)(z’wA+B—ﬁ3)—iw&{ [(iwA+ B)(on2? +05)—6]
(iwA + B~ Wi)(iwA + B~ Wy) } = 0. (2.136)
Multiplying this equation by (iw)™* we get
(A + Biw) ™) (A+ (B = pr)(iw) ) (A+ (B = pa) (i) ) (A + (B = ps) (i) )

_5{ [(A+B(iw) ™) (e +agd) —6 (iw) "] (A+(B—W1) (iw) ) (A+(B—W2)(iw)‘1)} =0.
(2.137)

50



For large w we obtain

A4 — 5’A3(041€% + 0405') = 0,
so that
A=0,0,0,5(q1£2 + apF). (2.138)

The three zero roots correspond to the roots already found. Expand (2.137):
AP{ A+ [(B=ps) (i) +(B=p2) (i) (B ) (i) '+ Blicw) '] } = A% { (A+ (i)~

(alg%+a05)—5(iw>_1+(B_W2>(0415%+a0&)(iw)_l—i_(B_Wl)(a1€%+a05—)(iw)_l} =0
(2.139)

Cancel A%, A # 0, to give

A{A+[(B—p3)(iw) " +(B—ps) (iw) '+ (B—p1) (iw) '+ B(iw) '] } = { (A+ B(iw)
(ale%+ao6)—&(iw)‘1+(B—Wz)(ale%+ao&)(iw)—1+(B—W1>(ale%+ao5)(zw)—l} =0.
(2.140)

The coefficient of (iw)™! must vanish:
A[4B — (jy + o + Pis)] — 6(ene? + agd){3B — (Wi + W)} + &2 = 0. (2.141)

Using (2.138), to give A we can find B:

S ~ ~ o
B =pi+ps+ps — (Wi + Wa) — T —. (2.142)
(()é1€2 + OéoO')
Thus,
wy(w) = iw&(alsé + apd) + p1 + P2 + P — (W1 + Wg) — - c — +O(w™).
(06165 + 0600')
(2.143)

The stability condition is not satisfied here: Im w4(w) > 0, so wy(w) is unstable.

From the secular equation (2.115), and previous arguments, we see that a branch
cannot change from stable to unstable, or vice versa, for intermediate frequencies

0 < w < oo. This is borne out by Figures 2.6-2.8.
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The exceptional case p, = 0.

When p; = 0 the secular equation (2.115), with the aid of (2.116), becomes
w?(w — Po)(w — P3) — iws [w(alsé + apo) — &] (w— Wl)(w — Wg) =0.

For low frequencies we try the balance w = A(—iw)™ and substitute into this secular

equation in order to determine n. We find that n = 1/2 and then w is given by

These two branches begin at the origin and have arguments —7/4 and 37 /4 in the

complex w plane. This can be seen in Figure 2.8.

Numerical results
In Figure 2.6 we have taken p; > 0. The branch wy(w) beginning at the origin is
unstable in each part of the Figure. All the other branches begin to the right of this

branch. If oy and «; are small enough then
. 1 - :
pi(aiez +apo) —a <0, for i=1,2,3,

and

Wiloane? + ) —6 <0, for i=1,2

and so all the branches w;(w), i = 1,2, 3, are stable. This can be seen in the first
subfigures of Figure 2.6 where ag and «; are small. As ag and «; increase, first ws(w)
becomes unstable, see part (d), and as they increase further other branches become

unstable.

In Figure 2.7 we have taken p; < 0. The branch w;(w) beginning at w = p; is unstable
in each part of the Figure. All the other branches begin to the right of this branch.
The branch wy(w) begins at the origin and is stable in each part of the Figure. As in

Figure 2.6, increasing ap and «; leads to increasing instability.

In Figure 2.8 we illustrate the exceptional case p; = 0. Now two branches emanate
from the origin, namely, wo(w) and w; (w), one stable and the other unstable, one with
argument —m /4 and the other with argument 37 /4. The same increasing instability

with increasing g and «a; is observed.
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Figure 2.6: The longitudinal squared wave speeds of constrained anisotropic TRDTE
theory. For each part, py =1, o = 2,p3 =3, W, = 1.5, Wo = 25,6 =1, = 1.
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2.3.2 Alternative form of deformation-temperature constraint

In this section we are concerned with using an alternative thermomechanical constraint

relating deformation to temperature as shown in the following formula

Nypgttq — (0 + apf) = 0. (2.144)
To explain the choice of the new form (2.144) of the deformation-temperature con-
straint we follow Scott [31]. We must first consider the justification of the form of con-
straint (2.81) in classical thermoelasticity. In classical thermoelasticity the Helmholtz
free energy 1 (e;;,0) acts as a potential for the stress and entropy:

o Oy

= g Y 2.144
U_] paezj (b 80 ( a)

see, for example, [30, (2.6)]. To account for the constraint, a quantity

P_lﬁ(Npqup,q — ab),

see [8], where 77 is a Lagrange multiplier, is added to 1 and then the differentiations
in (2.144a) give the additional constraint stress 7N and the additional constraint
entropy p~'af occurring in (2.82). In their theory of temperature rate dependent
thermoelasticity Green and Lindsay [21] introduce a second temperature function
01(0, (9) which plays an important role in entropy production (and is denoted by ¢
in [21]). They show that (2.144a) must be replaced by

o o op 106,
7 =5 0= a0

Sy paty (2.144D)
06/ 06

see [21, Equations (3.15); and (3.6), respectively]. We shall replace the constraint
(2.81) of the classical theory by

Ny g — by =0, (2.144c¢)

in which the usual temperature # has been replaced by the second temperature 6;.

We adopt the linearised form [21, (4.4)] of 6;:

01 = 0 + ab, (2.144d)
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so that (2.144) is obtained immediately. To account for the new constraint, a quantity

p~ i (Npgup s —ab), where 7] is again a Lagrange multiplier, is added to ¢ and then the
differentiations (2.144b), together with the linearisation (2.144d), give the additional
constraint stress ﬁN and the additional constraint entropy p~taij exactly as occurred

in (2.82).

It follows that the other field equations of the anisotropic case (2.83) and (2.85) also

hold in the present case:

CijkiUi, 1 — Bij (0 j + alé,j> + Nijﬁ,j = pii;,
. ) _ (2.145)
Tﬁpqup,q + pC(9 + 0609) + TOéﬁ — kijevij = 0.

The secular equation
Now we follow the same steps as in Section 2.3.1 to get the secular equation. Firstly,
we look for solutions of equations (2.144) and (2.145) in the form of the plane harmonic

waves (2.86) by inserting (2.86) into (2.144) and (2.145) to get
(Qir — ps~205) Uy, + i(ws) ™ [bi(l —iway )0 — 51'1{[] =0,
wsTb,U, — iaTH + (ws*k — ipc(1l — iwag))O = 0, (2.146)
iwsepU, — a1l — iwag)O = 0,

where Npgn, = &,, Bijn; = bi, kijn; = k. We note that equations (2.146); , are similar

to (2.89) and (2.91). We must now eliminate © and H between (2.146). Firstly, we
write equation (2.146)3; with © as subject:

wscyU,

o= (2.147)

Substituting (2.147) into (2.146), we get

H = —ia " wsb,U, + (&*T) 11 — iway) wsé,U, (ws2k‘ —ipe(l — iwa0)>. (2.148)
Inserting (2.147) and (2.148) into (2.146); we obtain

{(Qip — ps 26,) —a (1 —dwag) <bi5p(1 —iway) + éby(1 — iwa0)>

—i(@*T) (1 — iwag) N wsk — ipe(l — iwag))éiép}Up = 0. (2.149)
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Expanding this equation we get

{Qip —a (1 —iwag) " H(bie, +Eby) — (@®T) M1 —iwap) ™ (pc(l —iwap) +iw32k> ¢iCyp

+iwa ™ (1 — iwap) (a1 bié, + apdiby) — ps’25ip}Up =0. (2.150)

Rearranging this equation we get

{Qip — ps 205, — (1 — dwag) ™ [oz_l(b,ﬁp + éb,) + (onT)_lpcéiép]

+ dw(1 — dwag) [a‘l(albiép + apéib,) — (@®T) ' (s%k — pcao)épél} }Up = 0.

The non-zero amplitudes U, satisfy (2.146) if and only if

det {Q —wl — (1 —dwag) ™ [ofl(b RE+e®b)+ (a*T) 'pce @ 6]

+ dw(1 — dwag) [ofl(alb ® ¢+ apé @ b) — (a*T) ' (s*k — pcag)e ® 6} } =

(2.151)
On defining
S=Q-(1-iwag) alboé+cob) + Lewd, 2.152
a?T
with aid of (2.152) equation (2.151) may be written as
~ iw ap - o _ (8*k — peap) . -

From definitions (2.110a) and (2.110b) we can rewrite equation (2.152) as

S=Q— (1 —iwap)™" [204_16 + pc/aQT} n® n. (2.154)
To non-dimensionlise (2.154) we need to use the dimensionless quantities (2.103), so

equation (2.154) becomes after dropping dashes for convenience

S=Q—(1—iway)'d [25% + 5]1& ®n, (2.155)

where

& =c?/a. (2.155a)

The dimensionless form of the secular equation (2.153), after dropping dashes, is

det{(é—w1)+ w [55%(aoe®b+a1b®e)—&2(w—1—a0)6®6]} = 0. (2.156)

1 —way
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By using the definition (2.155), and the fact that for incompressibility at uniform

temperature with thermal isotropy we have

b=c=n

: (2.157)

equation (2.156) may be rewritten as

det {(S—wl)—{— ad [651/2(a0n®n+a1n®n)—62(w’1—040)n®n} } =0. (2.158)

1 —wayg
On simplification the secular equation becomes

- _Z;‘:uao [&51/2(040 +ay) — & (w !t — Oéo)} nQE n} =0. (2.159)

det {(g —wl) +

By using the standard identity (2.60), equation (2.159) can be written as

det(S —w1) + — [651/2(a0+a1)—52(w*1—a0)]n~(é—w1)adjn:0. (2.160)

1 —iway
Multiplying by w, equation (2.160) becomes

Wo adj

wdet(wl — §) — [ws%(ao o) —6(1— wao)} n-(wl—8)"n=0. (2.161)

1 —way
We need to group the terms in w together to obtain

wdet(wl —S) — tadid

T [w(s%(ao +ay) + o) — &] n-(wl—8)*'n=0 (2162)

Now we need the secular equation (2.162) written in terms of P defined by (2.112),.
The first term of (2.162) is

Ly = wdet(wl — S). (2.162a)

With aid of the definition (2.155), we may rewrite (2.162a) as

~ 1 ]_ 1
L) = wdet {wl —~Q+ (26e2 +5°)n®@n + <— 1+ —) (2&55 +52)n®n}.
1 —way
By simplifying L; becomes
Ly =wdet {wl - B+ 20 (25¢% + 5% n@n}. (2.162b)
1 —way

By using the standard identity (2.60), (2.162b) may written as

Ly = wdet(wl — P) + ——22 (953 + 5%)n - (wl — P)*n (2.162¢)

1 —way
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The last factor of the secular equation (2.162) is termed
Ly=n-(wl—8)"n. (2.162d)

The expression (2.162d) may be written in terms of P similarly to (2.162a) as

1waoy

- 1 adj
Ly=n- <w1 —-P+ < ) (26e2 +6°)n® n> n. (2.162¢)

1 —wayg

By using [30, (A2)], we may rewrite (2.162¢) as
Ly=n- (wl —P)n. (2.162f)

By substituting (2.162c) and (2.162f) into the secular equation (2.162) we obtain

wdet(wl — P) + %(2&5% +5)n - (wl — la)adjn
- 0
- [w(g%(ao +ap) +Gag) — &} n-(wl—P)*'n=0(2.163)
1 —iway

Rearranging (2.163) gives

wdet(wl—P)+ tadid [wao(%%_i_&)—w(g%ao—i—g%al—i—&ao)—i—&]n-(wl—f’)adjn = 0.

(2.164)

1 —way

Simplifying (2.164) we get

~ Wo

wdet(wl — P) + [wg%(ao — )+ 5] n-(wl—P)n=0 (2165)

1 —iway
Since o > ay, it is better to rewrite (2.165) as
wo

adj

wdet(wl — P) — [weé(al —ap) — &]n (wl — f’) n = 0. (2.166)

1 —way

This is the secular equation for anisotropic TRDTE which is constrained by the al-
ternative deformation temperature constraint and has not previously appeared in the

literature.

We already know that P has three real eigenvalues §;,7 = 1,2,3. Equation (2.166)
written in terms of these eigenvalues is

Wo

ww — F1)(w — fa)(w — fis) — [we%(al ~ag) — 5]

1 —iway

{ni(w — pa)(w — p3) + n3(w — p1)(w — P3) + n3(w — p1)(w — p2)} = 0. (2.167)
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Similarly to (2.114), the quadratic part within braces has two zeros W, and W5 which
satisfy

]51 < Wl < ]32 < WQ < ]53. (2167&)
In a more simplified form the secular equation (2.167) is written as

F“”"Iiggig wet (an — ag) — | G(w) = 0, (2.168)
in which F(w) and G(w) are defined earlier in (2.116).

Similar to equation (2.115), by putting oy = ag = 0 we will recover the secular
equation of anisotropic material which is constrained by deformation temperature

constraint in classical thermoelasticity, see [30, (3.6)].

Low frequency expansions
When w = 0, the roots of the secular equation (2.168) are the zeros of F'(w), namely,
i, ¢ =0,1,2,3, defining py = 0. When w — 0, the roots of the secular equation may

obtained by using Taylor expansions
wi(w) = p; + id@(—iw)("% i=1,2,3. (2.169)
i=1
When i =0,n =1, we get
wolw) = Po + d\”(—iw) + O(w?). (2.170)

Inserting (2.170) into (2.168) we get

&QM

P1P2P3

4V = (2.171)

The sign of d§0) depends on the sign of p;.

If p; < 0 then d§°) > 0 and so wp(w) is stable. But if p; > 0 then dgo) < 0 and wy(w)

is unstable. The exceptional case p; = 0 is considered later.

Substituting (2.171) into (2.170) we obtain

2 Wl VVZ

+ O(w?).
pP1p2ps3

wo(w) = iwd
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When i =1,n =1, we get
w(w) = Py + dP(—iw) + O(w?) (2.172)
and inserting (2.172) into (2.168) gives

(ﬁl - Wl)(ﬁl B WQ)
]31 (]51 - 152)@31 - 133) '

d" = =5 (pre?(ay — ap) — 5) (2.173)
The sign of dgl) depends on the sign of []516%(051 —ap) — | and py. If p; < O then
dgl) < 0, so that w;(w) is unstable. On the other hand, w;(w) is stable when dgl) > 0,

and dgl) is positive only if
o
0<p < — .
e2(o — Oé())

The exceptional case p; = 0 is considered later.

Substituting (2.173) into (2.172) we get

1
wy (w) = Pr + iwd (pre? (o — ) — 7) =—— + O(w?)
( )F/<p1)
Similarly, when : = 2,3, n = 1, we get
wa(w) = P + dP (—iw) + O(w?), (2.174)
ws(w) = ps + d¥ (—iw) + O(w?). (2.175)

Insert (2.174) and (2.175) into (2.168) to get

(B2 — W1) (P2 — W)

P2(Pa — 1) (P2 — P3)’
(Fs — W) (Fs — Wa)

P3(Ps — 1) (D3 — P2)

dg2) = —&(ﬁ2€%(a1 - Oé()) - 5')

(2.176)

dgg) = —5(ﬁ3€%(041 - Oé()) — 6')

(2.177)

The signs of d\ and d{¥’ depend on the signs of [fre?(a; — ag) — 6] and
[ﬁgi‘:%((ll — ap) — 7], respectively, and are not affected by the sign of p;. Stability is
satisfied if dgz) and df’) are positive, and they are positive when

5 < o

b2 )
6%(041 — O[0>
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and
~ o
p3 <

?

ez (g — o)
respectively. However, if d§2) and d§3) are negative, then ws(w) and ws(w) are unstable.

Inserting (2.176) and (2.177) into (2.174) and (2.175), respectively, we get
(P2)
F'(pa)
(Ps)
'(Ds)

Summarising, if ﬁie%(al —ap) — 6 < 0 for any i = 1,2,3 then the corresponding

o

wy(w) = pa + iw&(ﬁﬁ%(al —ap) — 0) + O(w?),

o

w3 (w) :2534-2'005(]535%(% —ag) — ) +0(W?).

Bl

branch w;(w) is stable. Conversely, if this quantity is positive the corresponding
branch is unstable. The situation is like that described at the end of the low-frequency
subsection of Section 2.3.1 involving instead the quantity ﬁi(algé + o) — .

High frequency expansions

When w — oo, the secular equation (2.168) becomes

H(w) := F(w) + — (we"2(ay — ag) — &) G (w) = 0. (2.178)

Qg
H(w) is a quartic in w, so there are four roots. The zeros of H(w) are denoted by
hi, ha, ks, ha. In order to find these zeros we need to examine the sign changes of H (w).
By using equation (2.178) and inequalties (2.167a) we find that
(—o0) =00 >0,
(O) = —045152W1WQ < 0,
H(p1) = ag o (prie¥?(on — ap) — &) (p1 — W) (b1 — Wa),
(Wh) = WI(Wl —ﬁl)(Wl —152)(W1 —p3) >0,
] ) (2.179)

(B2) = g "6 (pac?/? (1 — cg) — 6) (o — W1) (B2 — W),
H(Wa) = Wa(Wa — p1) (W — po) (W — fi3) <0,
H(ps) = ag 6 (pae"/?* (o1 — ag) — &) (B3 — Wh) (B3 — Wa),

H(o0) =00 > 0.
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From the inequalities (2.179), the zeros h;,i = 1,2,3,4, of H(w) interlace according
to

Bl <0< }_ZQ < Wl < B3 < WQ < B4. (2180)

Equation (2.178) may be written as
F(w) = H(w) — ag o (we oy — ag) — 6)@(11}). (2.181)

The secular equation (2.168) can be written as

Flw) = %(welﬂ(al — ap) — 7)G(w). (2.182)

By subtracting (2.182) from (2.181) we get the secular equation in the form

H(w) — (4 Yo (we(0n — ) — ) Gu) = 0. (2.183)

a1 —iway
Define a quartic polynomial

h(w) = (w — hy)(w — hy)(w — h3)(w — hy), (2.184)

which must be a scalar multiple of H(w) because both have the same four roots. By

comparing coefficients of w* we find that
H(w) = h(w). (2.185)
Insert (2.185) into (2.183) we get
(1 — iwag)h(w) — 6(w51/2(041 —ap) — 6)@’(10) =0, (2.186)

an alternative form of the secular equation. Now, Taylor expansions of the roots of

the secular equation (2.186) in the high frequency limit take the form

wi(w) = hi + Y _dD (—iwag) ™, i =1,2,3,4, (2.187)
n=1

so that d) < 0 implies stability. When ¢ = 1,n = 1, it may be shown that

wi(w) = 7y 4+ d (—iwag) ™! + O(w™?). (2.188)
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Substituting (2.188) into (2.186), and with aid of (2.180), we get

1 - hy — W1)(hy — Wh)
4" = 055 (he?(ay — ag) — _(1— !
1 0 ( ! ( ! 0) ) (hl — hg)(hl — hg)(hl — h4)

as hy < 0. So, the first branch is

T . 10 /7 ~
U)l(CU) = hl +w 1@(}“81/2(@1 — Oéo) — (7)
0

(Y
>

(h1) .
o +0(w™?), (2.189)

>
>

which is clearly unstable because Im w;(w) > 0.
Similarly, when ¢ = 2,n = 1 we obtain

(hy — Wh)(he — W5)
(ha = h1)(ha = hs)(ha — hs)

d§2) = 040’15(5251/2(041 — ap) — ~)

We see that sign of d\”) depends on the sign of [hae'/2(ay — ag) — 6). If d'* > 0 then

wy(w) is unstable, it is stable if df) < 0, and de) is negative if
BgEl/Q(Oél — 010) —0 <0,

i.e.
- o
hy < —81/2(Ozl — Oéo).

Thus, we note that

_ 5 -
Wy (w) = hy +iw™ 1= (hee'? (g — ) — ) —=—= + O(w ™2
2(w) = hy a3< 28 /(o — ap) )h’(hz) (w™)
Similarly, when ¢ = 3,4 and n = 1
_ 5o L G(h _
w3(w) = hg +iw™! 2(h381/2(@1—a1)—0') 7,(73) +O(w™?)
0 h(hfs‘)
and ws(w) is stable when
hy < o
5T 2 (0 — )
Also, .
- L O - . G(f_l4) _
wa(w) = hy + 1w = (hae'? (0 — ap) — &) —== + O(w ™2
s(w) = hy ag( 48 "% (a1 — ap) )h’(h4) (™)

and so wy(w) is stable when



Summarising, the stability of each branch is determined by the sign of

hie'?(oq — ag) — 5, i=1,2,3,4,

stable if negative, unstable if positive.
As before, the branches cannot change their stability for intermediate frequencies.

The exceptional case p, = 0.
When p; = 0 the situation is as at the end of Section 2.3.1 and we have two branches
beginning at the origin with arguments —7/4 and 37/4 in the complex w plane, see

Figure 2.10.

Numerical results
Figure 2.9 illustrates the case p; > 0. The branch wy(w) beginning at the origin is

always unstable in each part of the Figure. If oy and a; are small enough then

piet?(ar —ag) — 6 <0, for i=1,23,

hiel/z(al —ap)—6 <0, for i=123,

and so all the branches w;(w), i = 1,2, 3, are stable. This is clear in the first subfigures
(a)—(c) of Figure 2.9 where o and oy are small. As ag and «; increase, first ws(w)
becomes unstable, see part (d), and as they increase further other branches become

unstable.

Figure 2.10 illustrates the exceptional case p; = 0 and we see two branches beginning
at the origin, one stable with argument —m/4, the other unstable with argument
—3m/4. As with Figure 2.9, more branches become unstable as ag and «; increase.

The branch wg(w) begins at the origin and is stable in each part of the Figures.

Figure 2.11 illustrates the case p; < 0. The left hand branch is always unstable and,
as with Figures 2.9 and 2.10, more branches become unstable as ay and «; increase.
As with Figure 2.10, the branch wg(w) begins at the origin and is stable in each part
of the Figure.
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Figure 2.9: The longitudinal squared wave speeds of constrained anisotropic TRDTE
theory. For each part, py =1, o = 2,p3 =3, W, = 1.5, Wo = 25,56 =1, = 1.
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Figure 2.10: The longitudinal squared wave speeds of constrained anisotropic TRDTE
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2.4 Constrained isotropic TRDTE

2.4.1 Usual form of deformation-temperature constraints

The field equations for TRDTE of constrained anisotropic thermoelastic materials are

(2.83) and (2.85) with the form of deformation-temperature constraint (2.81)
Cijiati,1; — B (07 + Ozléjj) + Nijﬁj = Py,
T Byptty.q + pc(0 + agf) + Tavi) — kys0,5; = 0, (2.190)
Nijum —af =0.

For a material which is isotropic and incompressible at uniform temperature we use

the following forms, see [27, (2.2)],

Cijkl = 5\5ij5kl + (601 + 0udik), Bij = Bdij, kij = kdij, Nij = N(Sij- (2.191)

With aid of (2.191) equations (2.190) may be written as

A\ + g + i j; — B(O + nb) s + Nij; = piis,
k6 — TP ; — T = pe(f + aoh), (2.192)
N u;; —ab = 0.

The secular equation

Now we are looking for solutions of (2.192) in the form of plane harmonic waves (2.86).

Similarly to Section 2.2.1, by substituting (2.86) into (2.192) to get the following

system of algebraic equations

(i — ps~2)6i; + (A + i)nin,|U; + iB(ws) " 'ni(1 — iwa)© — iNn,(ws) " H = 0,
TBwsn;U; + (ws*k — ipe(1 — iwag))O© — iaTH = 0,

Nn,»iwsUi —a® =0.

(2.193)

Eliminate © and H between equations (2.193). Firstly, from (2.193)3 we can write ©
as follows ~

O = w (2.194)
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Substituting (2.194) into (2.193), we get

wsNn;
o?T

H = —ia™ " Bwsn,U; + ( )(w32k —ipc(l — iway))U;. (2.195)

Inserting (2.194) and (2.195) into (2.193);, we get

~ 3 ~ . _ . Z(JJSNTMUZ
(i —w)dij + A+ p)ninj] U, +iB(ws) 'ni(1 — iway) <T)
wsNn;

T

— iN(ws)"'n, [ —ia ! Bwsn;Uj + (ws?k —ipc(1 — iwao))Ui] = 0.

After simplifying and rearranging the equation we obtain
{(/1 —w)d;j + [(5\ +ji—a 'BN(1+(1- iwal)))

— (p(;]\;2> <(1 — iwag) + %)}ninj}Uj =0, (2.196)

which gives in direct notation the secular equation

det {([L —w)l + [(X +ji—a 'BN(2 - iwal))

_ (p;i\;) <(1 _ iwa) + %)}n@) n} =0. (2.197)

Non-dimensionalize this equation by applying the dimensionless quantities (2.57) and

further dimensionless quantities

o =aTl, ¢ =pcl/vy, w =~c/k,

to get
det {([/ —w')1 + [(;\' + i — (EEC/ZM—II/QN(Q — iw'a'l))
_ (c;if) (1 iw'af) - %";)}n @n} =0 (2198)

Now by using the standard identity (2.60), and dropping the dashes for convenience,

we get the secular equation as follows

(w—ji)? [w2 —w <1+(5C)1/2Na_1(2—@'wa1) —CN2a_2(1 —iwa0)> +ich2a_2] =0.
(2.199)
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This is the secular equation for isotropic TRDTE which is constrained by the uasual

deformation temperature constraint and has not previously appeared in the literature.

The repeated root w = [i represents two purely elastic transverse waves, and longitu-

dinal waves are represented by the two roots of the following quadratic equation
*w? — w(a2 — (e0)"2aN(2 — iway) — eN?(1 — iwa0)> +iweN?=0.  (2.200)

Equation (2.200) may be written as

w? — w(l —e26(2 —iwoy) — 6%(1 — iwa0)> +iwd? = 0, (2.201)
where e
N
g=""" (2.202)
«

which satisfies 0 < & < 0o because N # 0 and o # 0. The ratio & is a measure of the
relative importance of the mechanical and thermal parts of the constraint (2.193)3
because 6 — 0 represents a purely isothermal constraint and ¢ — oo represents a
purely mechanical constraint. Equation (2.201) is the final form which represents
the squared wave speeds of purely longitudinal waves propagating in an isotropic
thermoelastic material that is incompressible at uniform temperature. In this equation
there are two parameters € and ¢ which affect the behaviour of the roots of this

equation. Now we want to examine stability in the special cases ¢ = 0 and ¢ — o0.

Case 1: The isothermal constraint (N = 0, # 0)
Putting N = 0 into equation (2.200) gives the quadratic equation with roots

w1 = O, Wy = 1 (2203)

in which (2.203); is a spurious root and (2.203), is the elastic equation. Both roots
satisfy Im w(w) < 0 and are therefore stable. With N = 0, (2.193)5 implies 6 = 0, so
that (2.193); gives the equation for isotropic isothermal elasticity and (2.193), solves
for 7.
Case 2: The purely mechanical constraint (N # 0, = 0)
Inserting o = 0 into equation (2.200) reduces it to the single branch

w=-—— (2.204)

1 —iwag

72



Equation (2.204) is purely diffusive for small w and, although a purely mechanical
constraint is not physically realistic, also satisfies the stability criterion Im w(w) < 0.
In this case putting a = 0 into (2.193)3 leads to absolute incompressibility, a purely

mechanical constraint where no volume changes are possible.

In the general case, in which neither N nor « is equal to zero, it is convenient to go

back to equation (2.201). The roots of (2.201) are

N[

wis = A+ [212 - z’wa—ﬂ , (2.205)
where
1 1/2 ~ - ~2 ~
A= 5[1—5 (2 —iway) — 6 (1—zwa0)},
1
-2 [1 Fe— (Y24 6) + iwd (s + alsl/z)} . (2.206)

For fixed € > 0, as & increases from 0 to co, Re A decreases from % to —0o. Re A

becomes 0 for a critical value of & given by
Ge = (1+)/2 =2, (2.207)
In the special case where & = 6., so Re A = 0 in (2.205), we get

w = H(—iwd?)2 + O(w),

= +(e756.2w)z + O(w),

So,
w=+e"iwid, + Ow). (2.208)

This equation (2.208) is similar to its counterpart in the classical thermoelasticity,

see [29, (3.19)].

Low frequency expansions

When w = 0, the roots of the secular equation (2.201) are
wy =1—2Y%6 - 52, wy, =0. (2.208a)
Now we are looking for the roots of the secular equation (2.201) as w — 0.
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The first root is
wy =1 — 2626 — 5% + A(iw) + O(w?), (2.208b)

inserting (2.208b) into the secular equation (2.201) to find A, we get

5.2

_ o~ 1/2 ~
A=56(a1e" + apo) — [ ocies — 2

Then,

o
1—2¢125 — 52

] + O(w?).

wy =1 — 226 — 5% +iwd | (a1e'/? + aps) —

The second roots may be written as
wy = B(iw) + O(w?), (2.208c)

inserting (2.202c) into the secular equation (2.201) to find B, we obtain

62

B = .
1 —2e26 — 52

Thus, L
wo

1— 2125 — 52

+ O(w?).

Wo =

If & > 6, we find that Im w;(w) > 0 then w; is unstable, and Im wy(w) < 0, so wy is
stable, but if & < &. we cannot tell the sign of Im w;(w) because it depends on the
relative values of the quantities occurring, but it is clear Im wq(w) > 0, thus wy(w) is
unstable. If ¢ = 6, the analysis is not valid because the denominator will be zero, so

the roots of the secular equation in this case are (2.208).

High frequency expansions

1
In the high frequency as w — oo, so — — 0. The secular equation (2.201) may be
w

written as
(D)t —w] (D) =% [(2) ~ ] = [(-0) —ao] } 467 =0, (22084)

1
The secular equation (2.208d) at — = 0 becomes
iw

—wé& (e + Gag) + 6% = 0.
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The roots now are

o
W, = —————, Wy —+ OO.
e2aq + Goy’

1
Now we are looking at the roots as — — 0. The roots in this case may be written as
w

o

w, = + A(iw) ™ 4+ O(w™?), (2.208¢)

ey + day
and

wy = B(iw) + C + O(w™). (2.208f)

Firstly, inserting (2.208e) into the secular equation (2.208d) to find A we get

1 o
A= { —1—21/2~—~2}.
(e'2aq + da)? Lel2ay + Gayg ( ee -5

So, the first root becomes
B & iw! [ G
N 51/2061 —|—5'Oé0 (51/2061 +5'Oéo)2

(1 o125 =2 —2
S, T 5o (1—2e7“5 U)]—i—O(w ).

If & < ., we cannot tell about the sign of Im wy(w), and if & > &, we find that Im
wy(w) < 0 so wy is stable. But if & = ., the analysis is not valid and we can get the

roots of this special case as (2.208).

Similarly, substituting (2.208f) into (2.208d) to find B and C' we get
B =5(c"?ay + day),

and

o
C=(1-2Y% - - ——

( 0-0) ey + day
Thus, the second root may be written as

g

wy = iwe (e %0q 4+ Gag) + (1 — 2625 — 52) +O(w™?).

© e2q4 + Gay
It is clear that Im ws(w) > 0, thus wy is unstable in the high frequency limit.

Now we consider the two former special cases.

Case 1: The isothermal constraint viewed as the limit ¢ — 0
From (2.205)

w _1 1— 1/2~ 92— _52(1—i :l:l 1— 1/2 ~ 9_j —52(1—i 2_4_ ~9 1/2
12 =5 /%6 (2—iwan ) —a*(1—iway) 5 e (2—iway ) —a*(1—iway) iwo
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After expanding and using the binomial expansion we obtain the first root

wy =1 —e?6(2 —iway) — 52(1 — iwag) — iwd® + O(6%). (2.209)
Rewrite (2.209) as

wy =1 —2eY%6 — 52 +iws (e + ags — 7) + 0(63), (2.209a)

and the second root as

wy = iws* + O(6%). (2.210)

Equation (2.209a) represents an unstable branch, for & small enough, starting from

the point (putting w = 0 in equation (2.209) )

w=1-2e35 — %
and equation (2.210) describes an unstable branch starting from the origin. Also
equation (2.209) is similar to its counterpart in classical thermoelasticity [29, (3.21)].
Case 2: The purely mechanical constraint viewed as the limit ¢ — oo
When 6 — o0, meaning i is small, from (2.205) after expanding and using the
binomial expansion, we obt(;in

i 121 (2 —dwan) L
wi= e [ —(1_iw&0)]+0(a ). (2.211)

| )
wy = 1—25(2—iwar) — 52(1 — iwag) + —— [1—51/2&1(—“““) +O(572).

(1 —iwayp) (1 —iwayp) (2212)

Putting ay = a3 = 0 in equations (2.211) and (2.212) we will return to classical

thermoelasticity [29, (3.22)].

Numerical results

In Figure 2.12 we use ¢ = 1,9 = 0.1 and a; = 0.2, and w is plotted for a range
of values of . We have two longitudinal waves one is finite and the other tends to
infinity. There is x at zero and 1 —2¢'/2¢ — 62 marking the low frequency limits, and
o indicating the high frequency limits. If & < &. both branches are unstable one of

/25 =2

them starting from the origin and the other starting from the point 1 —2¢"/76 — 67, see

subfigures (a)-(c). If 6 > &. one branch only maintains the instability and starting
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2 and the other becomes stable and emanating from the origin,

from 1 — 226 — &
see subfigures (e) and (f). In the special case when & = &, the branches become

a connected line passing through the origin at angle —m/4 to the real axis, see the

subfigure (d).

Varying the parameters oy, oy and € while changing the magnitude of w does not

have any substantive influence on the stability.
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(a) 6=0.15, (b) #=0.25,

3 3
2
1 1
2 2
£ 0 £ 0 S
-1 -1
-2 -2
-3 -3
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Re w Re w
(¢) 6=0.35. (d) o=0.
2 10
1 5
2 . 2
EO g 0
-1 -5
-2 -10
-1 -0.5 0 0.5 1 -5 0 5
Re w Re w
(e) 6=35. (f) 6=50.
30 50
20
10 \\
-10
-20
-30 -50
-10 -5 0 5 10 -20 -10 0 10 20

Re w Re w

Figure 2.12: The longitudinal squared wave speeds of isotropic thermelastic mate-
rial for Temperature-rate-dependent thermoelasticity theory with incompressibility
at uniform temperature. For each part (¢ = 1,9 = 0.1,y = 0.2), (a)d = 0.15,

(b)6 = 0.25., ()5 = 0.35,, (d)5 = 6., (€)F = 36, (f)F = 5de.
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2.4.2 Alternative form of deformation-temperature constraints

In this section we will use equations (2.192);, and the alternative form of defor-
mation temperature constraint (2.144), to get the field equations for the alternative
deformation-temperature constraint TRDTE theory for the isotropic case:
(A + )5 + fii g — B0+ anb) s + Nij; = piiy,
kO ;i — TBu;; — aTr = pe(f + Ozoé), (2.213)
Nug; — a6 + agf) = 0.
The secular equation
Now we are looking for solutions in the form of plane harmonic waves (2.86), by

inserting (2.86) into (2.213) to get the system of algebraic equations

(i — ps~2)0i; + (A + )nin | U; + if(ws) " 'ns (1 — iwar)O — iNn,(ws) " H = 0,
TBwsn;U; + (ws*k — ipe(1 — iwag))O© — iaTH = 0,

NnjiwsU; — a(l —iway)© = 0.
(2.214)
Eliminate © and H between (2.214), similarly to the previous sections. From (2.214)s

we can rewrite © as follows

wsNn,U,
o= (2.215)
a(l —iwayg)
Substituting (2.215) into (2.214),, we get
- . wsNn; , ,
H = —ia~" Bwsn;U; + (oﬂT(l — iZuao))(WSZk —ipc(l —iway))U;. (2.216)

Inserting (2.215) and (2.216) into (2.214),, we get

w16 4 Ot e | U 18 (ws) (1 — e (205N Y
(r—w)di; + (N + u)nm]] U; +if(ws)  ni(1 —iwoy) (a(l — iwao))
wsNn;

a?T(1 — iwayg)

iN(ws) 'n; [ — o Bwsn;Uj +

(ws?k —ipc(1l — iwao))Ui] = 0.

(2.217)
After simplifying and rearranging the equation we obtain
- T R 1 —wa
(G wpiy + [f o o g (1 LI
1 —wap

(ot ) (=00 + ) s =0, 2o
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which gives in direct notation the secular equation

det {(,EL —w)l + [S\—kﬂ — alﬁff/'(l + %@ZZ[;)_
() (1o + o) 0w

Non-dimensionalize this equation by applying the dimensionless quantities (2.57) to

get

o (- [ (v - B (1 ) (N

oA A,
1 — 'y w' o

- !

((1 —iwal) + %)} ne n} —0. (2.220)

Now by using the standard identity (2.60), dropping the dashes for convenience, we

get the secular equation as follows

B 1 . 5 . NQ
(w — ﬁ)Q[QQwQ — w<a2 — (ec)l/zaN<1 + ﬂ) - CN2> + L} = 0.
1 —iwap

(2.221)

1 —iwap

This is the secular equation for isotropic TRDTE which is constrained by the alter-
native deformation temperature constraint and has not previously appeared in the

literature.

The repeated root w = [i represents two purely elastic transverse waves, and longitu-

dinal waves are represented by the roots of the following quadratic equation

B 1 . 5 . NQ
o?w? — w<a2 — (sc)l/zozN<1 + ﬂ) — cN2> e (2.222)
1 —way 1 — iwayg
By dividing by o? we get
VAN o 1 N2 weN?
w? — w(l _ (e0) (1 + ’L.woz1> < > L wel _o (2.223)
a 1 —iwayg a? a?(1 — iwayg)
We can rewrite equation (2.223) as
1 _ . . ~2
w? + w<62 + 51/25<1 + ﬂ) - 1) TR (2.224)
1 —iwag (1 — iway)

This equation may be written as

w?(1 — iwag) — w [(1 —iwag) — Y% (2 —iw(og + ao)> — 51 —iwag) | + iws? = 0.

(2.224a)
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where & is defined earlier in (2.202). Returning to the special cases that were discussed
in Section 2.4.1 (N = 0,a # 0) and (N # 0,a = 0), we will get the same equations
(2.203) and (2.204) respectively. In examining the more general case in which neither
N nor « is equal to zero, it is convenient to go back to equation (2.224). The roots

of (2.224) are
~2

: 1
wig= A+ [AZ - W—U] ’ (2.225)
’ 1 —way
where
~ 1 1—1
A=2 [1 . 61/25'<1 + —Z,Wl) - &2] . (2.226)
2 1 —wayg

Similarly to Section 2.4.1 for fixed € > 0 and fixed w = 0, as ¢ increases from 0 to oo,
Re A decreases from % to —oo,

1 2
[1 _ 51/25<1 + M) _ 52]

Re A =
¢ 1+ w?ad

DN | —

Putting w = 0, we get

1
ReA:§[1—251/2&—&2].

Re A becomes 0 at w = 0 for a critical value of & given by
G = (14¢)V/2 = /2, (2.227)
In the special case where & = d,, (2.225) gives

w = +(—iwd?)? + O(w),

So,
w=+e Wi, + Ow). (2.228)

Equation (2.228) is similar to its counterpart (2.208) in Section 2.4.1.

Low frequency expansions

In the low frequency at w = 0 the secular equation (2.224) becomes

w? —w(l —2eY25 — %) =0,
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so the roots of this equation are
wy =1— 226 — 6%, wy=0.
Now the roots of the secular equation (2.224) when w — 0 may be written as
wy =1 — 226 — 5% 4+ A(iw) + O(w?). (2.228a)

wy = B(iw) + C 4+ O(w?). (2.228b)

In order to get A we need to insert (2.228a) into (2.224), so we get

~ o
A= 0[51/2(a1 —ap) — [ —2e1/25 — 52].

Thus, the first root is
o
1—2e1/%5 — 67

w1, = 1-— 251/25' — 5'2 + iwo |:€1/2(Oé1 — Oéo) —

| +06).

To get the second root we need firstly to find B, by substituting (2.228b) into (2.224),

SO
5’2

B =
1—2e125 — 5%’

thus,
2

Wo
1 —2el/26 — 52

It is clear that if 6 > &, we find that w; is unstable and wy is stable, if 6 < 6, we

+ O(w?).

Wa

cannot tell about the sign of Im w;(w) because it depends on the relative values of
the quantities occurring, while Im wq(w) > 0 thus wy is unstable. But if & = . the
analysis is not valid and we can get the roots of the secular equation in the special

case as (2.228).

High frequency expansions
The secular equation (2.224a) after dividing by iw may written as
1 1 2 o
2, 4+ _ L _12.7 4 o ~2} ~2 _
€ =0. (2.228
w (iw ap) w{(iw ap) U[iw (o1 + )] — + oo+ o ( c)

1

In the high frequency limits as w — oo we find that — — 0, so the secular equation
w

(2.228¢) becomes
agw? — w [ao — 25 (a1 + ap) — ao&z} —52=0.
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Define

H(w) = apw? —w|ag — 25 (o + ap) — a062] — 52

To determine the positions of zeros of H(w) we need to examine the sign changes
H(—o0) =00 >0,
H(0) = —d% <0, (2.228d)
H(oo) =00 > 0.

So we have in the high frequency limit, real roots h; and hy of H(w) = 0 satisfying

—00 < hy <0< hy < o0, (2.228¢)

They satisfy the following quadratic polynomial

h(w) = (w — hy)(w — hy), (2.228f)

and we must have

H(w) = aph(w).

Collect terms in iw in (2.224a) together:
w? —w(1—2e"26 —6%) —iw |agw? —w(ag —e?5 (g +ag) —apd?) — 52| = 0. (2.228¢)
With aid of(2.228f) equation (2.228g) may be written as
w? — w(l — 225 — %) — iwag(w — hy)(w — hy) = 0. (2.228h)
When w — oo the roots written as
wy = hy + A(iw) ™+ O(w™?), wy = hy + B(iw) ' + O(w™?). (2.228i)

To get A and B we need to insert (2.2281) into (2.228h), we find that

711(]_7,1 - (]_ - 261/25' - 5’2))

A= _ ,
@o(hl - h2)

and _
hao(hy — (1 — 226 — 6?))

B = = -
Ofo(hg — hl)
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Thus, the roots are

hi(hy — (1 — 226 — 6?))
040<Bl - BQ)

wy = hy — iw’l{ } +O(w™?),

and -
ho(he — (1 — 225 — 62))
Oéo(ilz — Bl)

If 6 < &., we find that Im w;(w) > 0 thus w; is unstable but we cannot tell about the

wy = hy — iw’l{ } +O(w™?).

sign of Im wsy(w) because it depends on the sign of the relative values of the quantities
occurring. If & > 6, we cannot tell about the sign of Im w; (w) but Im ws(w) < 0 thus
wy is stable . If 6 = &., the analysis is not valid and we get the roots of the secular

equation in the special case as (2.228).
Now we consider the two former special cases.

Case 1: The isothermal constraint viewed as the limit ¢ — 0

Equation (2.225) may be written as

1 1—i | 1 - 2
Wi = 5(1 . 51/25<1 n ﬂ) . &2) + 5{(1 —51/25(1 v ﬂ) . 52)

1 —wayg 1 —way
4iwc? }1/2
1 — iway ‘
After expanding and using the binomial expansion we get
1 _ . . ~2
wy=1— 51/2&(1 + ﬂ) 52 T oY), (2.229)
1 —way 1 —iwayg
)
two
= ——— + 0. 2.230
w2 1—iwa0+ (") ( )

Equation (2.229) represents a stable branch starting from the point (putting w = 0 in
equation (2.229) )
w=1-¢25 — 52,

and equation (2.230) describes an unstable branch starting from the origin.

Case 2: The purely mechanical constraint viewed as the limit ¢ — oo
1

When 6 — 0o means — is small, from (2.224), after expanding and using the binomial
o

expansion, we obtain

p .
wy = L@ 2 (1 + ﬂ)) +O(572). (2.231)
1 —tway 1 —way
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1 . 1

wy = 1—51/26(1+ﬂ) —&2+Z—°,”<1—51/25—1<1+ﬂ>> +O@E2).
1 —way 1 —way 1 —way

(2.232)

Putting ap = a3 = 0 in equations (2.231) and (2.232) we will recover the roots of
the secular equation in the low and high frequencies in the classical thermoelastcity,

see [29, (3.21)~(3.22)].

Numerical results

In each of Figures 2.14 and 2.15 we use oy = 0.01 and «; = 0.02 and we choose € =0
in Figure 2.14 and ¢ = 1 in Figure 2.15. In both of them we have two longitudinal
waves one stable and the other unstable and both finite. The low frequency limits

are indicated by a x and the high frequency limits are indicated by a o. If 6 < &,

1/2 2

the stable branch starting from the point 1 — 2¢'/“6 — ¢°, and the unstable branch
begining at the origin, see sub-figures (a) and (b). But this situation is reversed if
g > G, as shown in sub-figures (d)—(f). In the special case when 6 = &, the branches
become a connected line passing through the origin at angle —7/4 to the real axis,

see sub-figure (c).

Varying the parameters a;, o while changing the magnitude of w does not have any

substantive influence on the stability.
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(a) 6=0.15, (b) 6=0.65,
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Figure 2.13: The longitudinal squared wave speeds of isotropic thermelastic mate-
rial for temperature-rate-dependent thermoelasticity theory with incompressibility at
uniform temperature (alternative form). For each part (¢ = 0, a9 = 0.01, a; = 0.02),

()5 = 0.15,, (b)F = 0.66, (c)& = ., (d)& = 1.35., ()6 = 26, (f)& = 106..
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(b) 6=0.65,

-5 0 5
Re w

(d) 6=1.35.

10

20

(a) 6=0.15,
0.5 5
z 0 z
g 0 0 g 0
-0.5 -5
-2 -1 0 1 2 -10
Re w
(¢) 6=6.
5 10
5
= =
g 0 [\\] g O
-5
-5 -10
-20 -10 0 10 20 -20
Re w
(e) =25,
5 20
m' 10
= 2
g 0 g O
\] -10
-5 -20
-50 0 50 -200
Re w

-100 0 100

Re w

200

Figure 2.14: The longitudinal squared wave speeds of isotropic thermelastic mate-

rial for temperature-rate-dependent thermoelasticity theory with incompressibility at

uniform temperature. For each part (¢ = 1,a9 = 0.01,aq = 0.02), (a)o = 0.1,

(b)& = 0.66., ()6 = b, (d)F = 1.36., (e)F = 25, (f)& = 105..
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Chapter 3

Temperature-rate-dependent
thermoelasticity with generalized

thermoelasticity: model 1.

Introduction

Chandrasekharaiah and Keshavan [23] combined the field equations of classical ther-
moelasticity (CTE) and two alternative models of non-classical thermoelasticity, one
of the models being Lord and Shulman’s theory (GTE), see [24], and the other being
Green and Lindsay’s theory (TRDTE), see [21]. We shall indicate their theory by the
abbreviation TRDTE+GTE (1). In this chapter we consider the anisotropic material
and isotropic material separately. Each is either unconstrained or subject to the usual,
or an alternative, deformation-temperature constraint. The linearized field equations
have been given in each case. We run parallel to Chapter 2 although the analysis
here has to include the relaxation time 7. We find that wave stability /instability is

affected by the presence of the relaxation times, namely, ag, a; and 7.
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3.1 TUnconstrained anisotropic TRDTE+4+GTE (1)

3.1.1 The secular equation
The systems of equations for TRDTE and GTE can be written as follows [23, (2.3)]
. 0 .
CijkiUk, j1 — Bij (1 + o @)9,]' = pu;,
0 ) 0\ ;
k:ij@,ij — (1 =+ TOE>Tﬁijui,j = pC<1 + aga)e.
Putting 79 = 0 with oy > ay > 0 gives TRDTE, and putting a; = 0 with ag = 79 > 0,

(3.1)

gives GTE. We need to use the form of plane harmonic waves,
{u;, 0} = {U;, 0} exp {iw(sn-x —t)}, (3.2)

similarly to Section 2.1 in the previous chapter. Substitute (3.2) into (3.1), by inserting

the following derivatives into (3.1),
ug, 1 = —(ws)?n;mUgeX,
(04 a16) ; = iwsnj(1 — iway)OeX, iy = Uy(—w?)eX,

0 ;; = —(ws)?nin;OeX, 1, ; = wsn;UeX,

iy, j = —iwdsn;UieX, 0= —iwOeX, = —w?QeX, |

where

X = iw(sn-x —t).

Then cancelling all exponential factors, we obtain the propagation conditions. Firstly

(3.1); becomes
5ijkl(—w252)njnlUk — Bi;(i(1 — iway )wsn,; )O = — pw?U;. (3.4)
Rearranging the equation after dividing by (—w?s?) we get
(Cijming — ps 20Uy + Biymj(ws) li(1 — iway)O = 0. (3.5)
This equation is the same as (2.5); of TRDTE. Now equation (3.1)s, becomes
kij(—w?s®)nin © — T B (w?sn;U; + 1o(—iw?)sn;Us) = pe(—iw® + ap(—w?)O). (3.6)
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Rearranging the equation after dividing by (—w?s?), we obtain
Ts™'B8in;(1 — iwo)Us + (kynim; — iw (1 — iwag)cps )0 = 0. (3.7)

We have defined earlier that the isothermal acoustic tensor and thermal conductivity
scalar are given by
Qij = Ejraning, k= kinin,.
So, equations (3.5) and (3.7) can be written as
(Qi; — ps~20)Ur + Bijnj(ws) (1 — iayw)© = 0,

(3.8)
Ts™Bin;(1 —iwr)U; + (k — iw™ (1 — icpw)cps2)O = 0.

In matrix form, similarly to equations (2.7), on taking
Bin; =b;, and B=Ts (1 —iw),
equations (3.8) may be written as
-Qn —ps? Q12 C?13 i(1 —dwon )w sy Uy
Qn Qo2 — ps 2 Qo3 i(1 — iwar )w™ s by | U2

(31 Qs Qss — ps2 (1 —dway )w s s Us
Bby Bby Bbs k—iw (1 — iwag)cps ™2 S

These equations have non-zero solutions if and only if

Q1 — ps? Q12 Q13 i(1 —dway )w™ s
Qa1 Qoo — ps2 Qa3 i(1 —iway)w s7ib,
Qa1 Q2 Qss —ps 2 i(1 —iwoy)w s by
By Bby Bbs k—iw (1 — iwag)cps ™2

This determinant may be written as

Q—wl ab
BbT | (39

D

w=ps? a=il —icqw)w st v =k —iw (1 —iway)cw, B = Ts (1 — iwTy).

(3.10)
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We can rewrite this determinant as

Q—wl ab+0
Bbl =5+ (41 4 9)

D

Y

in which so far ¢ is an arbitrary quantity. Using properties of determinants to expand

by the fourth column we have

Q—wl ab| [Q—wl 0
p= |- wl abl 1Q-w . (3.11)
i1 L 161 S )
The first determinant is
Qn —w le le aby
Qzl @22 —w C?23 aby
Dl = - - - .
Q31 Q32 Q33 —w abs
ﬁbl ﬁbz 563 —0
Remove ab from the fourth column by taking
ab;
row 1— <—_(5> row 4,
row 2— (O(_bg) row 4
-5 ’
row 3— (a_b;»,) row 4
s :
So, we obtain
. ab, - aby ~ aby
(Qu —w) — (__5)/3171 Q12 — (__5)552 Q13 — (__5)553 0
. ab ~ ab ~ ab
D, — Qa1 — (_—g)ﬁlh (Q22 —w) — (_—g)ﬂbz Qa3 — (_—(;)553 0
1= - _ _
~ ab ~ ab ~ ab
Q31 — (_—S)Bbl Q32 — (_—53)552 (Qss —w) — (_—5)5173 0

Bb Bbs b3 —0
Expanding D; by the fourth column gives
Dy = —§det{(Q — wl) + %ﬁb ® b}, (3.12)

now we may use the relationship between Q and Q, (2.13) and (2.14), to define Dy
in terms of Q, with the aid of (3.10)2,4 we get the value of ¢

§ = i(1 —iway) (1 — iwmy)w ew. (3.13)
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Inserting (3.13) into (3.12), shows that the first determinant is given by
Dy = —i(1 — iway)(1 — iwr)w ™ ew det{Q — w1} (3.14)

The second determinant of (3.11) is

(Q11 — w) Q12 Q13 0
Qn (Qaz — w) Qa3 0 ~
Dy=1| ¢ ’ ) — (1 +6)det{Q — wl}. (3.15
’ Q31 Q32 (Q33 — w) 0 Orroydert i B
ﬁbl 6172 ﬁbs 71 + 0

So, after inserting (3.10)3 and (3.13) into (3.15) the second determinant may be written

as
Dy = [(k —iw™ (1 — iwag)ew) + i(1 — iway ) (1 — iwr)w ™ ew] det{Q — wl}. (3.16)
Simplifying this equation we get
Dy = [k + cw((ay — ag) + 1o(1 — iway))] det{Q — wl}. (3.17)
Thus

D = —i(1 — iway)(1 — iwr)w Lew det{Q — w1}
+ [k + cw((oq — ag) + 7o(1 — iwan))] det{Q — wl}. (3.18)

Dividing D by [—i(1 — iway ) (1 — iwT)w ™ c] we get the secular equation

iwe k4 cw((on — ap) + 7o(1 — iway )]

(1 — iway)(1 —iwTy)

wdet{Q — w1} + { } det{Q — w1} = 0.

(3.19)

This is the secular equation for unconstrained anisotropic TRDTE+GTE (1) and has

not previously appeared in the literature.

To non-dimensionlize this equation, we have to use the dimensionless quantities (2.103)

with the further non-dimensional quantity

T = Tow™. (3.20)
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For a more convenient form we drop the dashes, so the secular equation may be written
as

iw([l +w((ar — ap) + 7(1 —iway))]
(1 —iwaq)(1 —iwT)

wdet{wl—Q}—i—{ }det{wl—Q} = 0. (3.21)

The secular equation can be written in terms of ¢; the eigenvalues of Q, and ¢;, the
eigenvalues of Q, where 2 =1,2,3 as

iw{l + wl(ar — ag) + 7(1 — iwan )]} }
(1 —iwaq ) (1 — iwT)

(o= @)~ i) - @) + §
(w—q)(w —G2)(w—Gs) =0. (3.22)

Rewrite equation (3.22) in a simple form
F(w) + {

We have defined F(w) and G(w) earlier in (2.28).

iw{l 4+ wl(a; — ap) + 7(1 —iway)]}
(1 —iwan ) (1 — iwT)

} G(w) = 0. (3.23)

For 7 = 0 (3.23) reduces at (2.27), as expected. In the GTE limit, where a; = 0
and ag = 7 > 0, the secular equation (3.23) reduces to the anisotropic GTE secular

equation, see Scott [32, (4)].

Low frequency expansions
When w = 0, the roots of the secular equation (3.23) are the zeros of F(w) : w =
Gi, 1 = 0,1,2,3, defining, go = 0. Taylor expansions of the roots of the secular

equation (3.23) take the form
wi(w) = ¢ + f:dg’)(—m)", i=0,1,2,3. (3.24)
i=1
The first branch, when ¢ = 0, is
wo(w) = do + di ¥ (—iw) + O(w?). (3.25)

By substituting (3.25) into (3.23), we obtain

4V = Db (3.26)
0123
Insert (3.26) into (3.25), we get
G(0
wo(w) = —iw—= © + O(w?). (3.27)

F(0)
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This wave is stable according to the stability criterion (2.24). When i = 1, equation
(3.24) becomes

w (W) = G1 + dM (—iw) + O(w?). (3.28)
Insert (3.28) into (3.23) we get

((jl - ql)((jl - ib)(dl - q~3)

d = {1+ (a1 —ap+7 VAN S YA\ >0, 3.29
' t 1o ’ )} ¢1(¢1 — G2)(41 — G3) ( )
because of the interlacing (2.25) and the fact that a3 > ap. Thus,
o . G(q
wy =¢ —iw{l+¢(a; —ag+7)} F’<(q})) + O(w?). (3.30)
01

It is clear that Im w; (w) < 0, which means the condition of stability (2.24) is satisfied,

so this mode is stable. Similarly, when ¢ = 2,3 we find that
Wy = qAQ — ZCL){l + (jQ(Oél — Qg + T)}G<QQ)/FI(QQ) + O(CL)Z). (331)

wy = s — iw{l + Gs(aq — ap +7)}G(d3) /EF'(G5) + O(w?). (3.32)

These two equations also represent stable waves. So there are four stable waves in the

low frequency limit.

High frequency expansions

The roots of the secular equation (3.23) in the high frequency limit w — oo, may be
obtained by taking (iw)™' — 0. By putting w = Z, SO fw = :—Cl The secular equation
(3.23) becomes

: (i)~ H{1 + wl(on — ag) + (L + (iQ)""a)]}

F - i ey @ cW=l 68
We can write (3.33) in the following form
F(w) + KG(w) =0, (3.34)

where
— (1)1 + w[(ar — ap) + 7(1 + (i) an)]}
(L4 (@)~ o) (L + (iQ)~'7) '

Multiplying numerator and denominator of K by (i¢)? we get

_ —i¢+wiflar — ap + 7(1 + (iQ) " )]}
(i +aq)(iC+71) '

K =

K (3.35)
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Simplifying,
S 5o = —ti¢+wlig(en —ag +7) + au]}
T ar(l+i¢/an)(1+ /7

(3.36)

At ¢ =0, (3.36) becomes,
K = —w. (3.37)

So with aid of (3.37) the secular equation (3.34) evaluated at ( =0, is
H(w) = w(w = q)(w = g)(w = §s) —w(w = @) (w = g)(w = g3) = 0. (3.38)

This equation is not a quartic in w as the w* terms cancel out. It is a cubic equation
in w with one root w = 0 denoted by ¢; = 0 and the other roots denoted by ¢, and
g3 with ¢ < g3. Now we want to examine the sign changes of H(w). By using (3.38)
and the interlacing (2.25) we find that

=
=}
fhary
SN—

I
(=}
fary
—~
X
i

|
[N
iy
S~—
—~
0
fry

|
>
V)
SN—
—~
=}
i

|
K>
w
S~—
=

(3.39)

g
I

—o0 < 0,
the last following because the coefficient of w® in H(w) is
(@ +G@+d3— a1 — G2 —gs) <O0.
From (3.39), it is easy to see that the zeros of H(w), are such that the root g, is

between ¢; and ¢ and g3 is between ¢ and ¢3. It is clear that the zeros ¢ < g3 of

H(w) are real and interlace according to
0<H<Q<B<@<@<3i<i<is (3.40)

Define a cubic polynomial

hw) = w(w — @) (w — g3), (3.41)
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which must be a scalar multiple of H(w) because both have same three roots:
Hw)=—(G+ ¢+ 4 — ¢ — G — §3)h(w). (3.42)

Now looking for roots when ¢ — 0, so we can rewrite (3.35) as follows

_ i B S VAS 2
K= {w o [1 +w(en — ap + r)} } (1 al) (1 T) 1O, (343)
After expanding and simplifying we obtain
__ (L _ wao 2
K= {w+@§(a17_ (M)}JFO(Q ). (3.44)
The secular equation (3.34) might written as
. iC 3
Fw) — <w F (1o aow))a(w) —0. (3.45)
By using (3.38) and (3.42) with (3.45) we get
h(w) + —2 (1 — agw)G(w) = 0, (3.46)
dOll’T

in which

d=q@+@+qG—0—0@— 3.
Based on (2.25) we find that d > 0. It is clear that equation (3.46) is a quartic
equation in w provided that ¢ > 0, so there are four roots w;, where i = 1,2, 3,4.

Power series expansions of the roots of the secular equation in the high frequency

limit take the form
wi(¢) = G + id,(f) (iQ)",  i=1,2,3,4. (3.47)
n=1
The first coefficient, when ¢ = 1, is
wi(¢) = @ +di”(i¢) + O(C?). (3.48)
Substituting (3.48) into (3.46), with ¢, = 0 and ¢ — 0, we get

I\ 14263
aM = ( ) . 4
! dont/ G203 >0 (3.49)
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Inserting (3.49) into (3.48) we get

d;i) GO, o). (3.50)

w© = (325) 7o)

In order to write (3.50) in terms of w, substituting ¢ by (w)™!, we obtain

w

: ) GO O(w™2). (3.51)

wi(w) = (dole ' (0)

Clearly, Im w;(w) > 0, thus w; is unstable.

When i = 2, (3.47) becomes
w(¢) = @+ dy”(i¢) + O(C?). (3.52)

Inserting (3.52) into (3.46) we get

4 — —(1 ~ a0g)(@ — 41)(@2 — @)(@ — )

3.53
danTqa(q2 — G3) (3.53)
Substituting (3.53) into (3.52) we get
_ ic(1 - 040@2)) G(a) 2
= Gy — - + O . 3.54
@)= &= (S ) g O (3.54)
The sign of de) depends on the sign of (1 — apga). If (1 — ap@e) is negative, which
means
1-— Odo(jg < 0, = 1< 040(72, = q_2 > 1/040,
or

ag > 1/,
then de) < 0, so that ws(() is stable.

Rewrite (3.54) in terms of w

+O(w™?). (3.55)

iw (1 — Oéoq_2)> ?(@2)
dOélT h/((jg)

So the stability of wq(w) is satisfied when o > 1/Gs or go > 1/ay.

wa(w) = o — (

Similarly when ¢ = 3, we find that

4P — —(1 — 033)(q3 — ¢1)(@3 — G2)(q3 — G3)

, 3.56
dorTq3(qs — 2) (3:56)
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So, 3
iw (1 — aoQ3)) g(@:’,)
dOélT h/(q_;g)

Again, the stability of ws(w) is satisfied when ag > 1/¢3 or gz > 1/ay .

L OW™). (3.57)

wy(w) = g3 — (

The fourth root, which is large when ( is small, can be written as
wy = B(i¢) ™+ A+ O0(Q), (3.58)
where A and B are constants. By substituting (3.58) into (3.46) we get
{4+ BGO ™ HA= @+ BO) T HA- G+ BQ) "+ -~ {1 — aoA — a0 B(i¢) )
{A= @+ B HA= @+ B(i() " HA -G+ B(i¢) '} = 0. (3.59)
Multiply by (i¢)? to obtain
(AGQ) + BH(A — @(i0) + BH(A = ®)(0) + B} + 7 —{(1 — a0A)(i€) — a0}
{(A—=q)(i¢) + BH(A = ¢2)(i¢) + BH{ (A — ¢5)(i¢) + B} = 0. (3.60)

Putting ¢ = 0, we get

1

B? —)B*=0
+ dOélT( Oé()) ’
= BY(1- -2 pB)=o.

dOélT

Then we obtain
d
B=0,0,0, 217 (3.61)
Qo

Expanding and simplifying (3.60), ignoring high powers of (i¢),

A(iQ)B* + (A — @) (iQ)B* + (A — @) (i) B* + B* + (1 — apA)(i¢) B®

delT
+(A—)(i¢)(—apB) B*+(A—q) (i¢) (—ag B) B*4+(A—G3) (i¢) (—anB) B*—ayB*| = 0.
(3.62)

Coefficients of ¢ are

1
AB*+(A—@)B*+(A—q3)B*+
dCYlT

[]_—O./()A—OZ()(A—(_[Nl)—Oéo(A—QNQ)—OZQ (A—q~3)]B3 = 0.
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Cancel B? as B # 0 to get

3A—G — G5+ 1—ay(4A—G — G —¢3)|B=0.

doqt
By using (3.61)4, we obtain
1 N 5 - _ _
A:a—+91+92+613—Q2—Q3- (3.63)
0

Substituting A and B into (3.58) and write it in terms of w we obtain

doq T

1 . . -
wy(w) = [Oz_o Tttt — G- Q3} - M( o ) +O0(w™). (3.64)

Im wy(w) < 0, thus wy is stable.

We note that now branches can change their stability nature for intermediate frequen-
cies, as is illustrated in Figures 3.1-3.4. This is because (3.23) cannot be rearranged

to have w on one side and iw on the other, as in (2.46).

Numerical results

In each of Figures 3.1-3.4 we used the same values of ¢; and ¢;, i = 1, 2, 3, and various
choices for 7, except that in Figure 3.4 we made 7 a constant. In Figures 3.1 and
3.2, where oy > a9 > 0 and a; > oy = 0, respectively, we have three unstable waves
and one stable. In Figure 3.3, ay = ay > 0, which gives three stable waves and one
unstable. In Figure 3.4 we fixed 7 and «; and made different choices for oy and we
found that: in sub-figures (a) and (b), with ap = 0.1 and 0.3, respectively, there are
three unstable waves and one stable; in sub-figure (c), with ag = 0.5, there are two
stable waves and two unstable; in sub-figures (d)—(f), with ag = 1, 1.5, 2, sequentially,
there are three stable waves and one unstable. Therefore, increasing «q affects wave

stability.
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Figure 3.1: The four branches of the secular equation for unconstrained anisotropic
thermelastic material for Chandrasakharaiah and Keshavan’s theory. For each part,

ap=0.1, a1 = 0.2, G = 0.75, Go = 1.75, G3 = 2.75, 1 = 1, G = 2, G5 = 3.
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Figure 3.2: The four branches of the secular equation for unconstrained anisotropic
thermelastic material for Chandrasekharaiah and Keshavan’s theory. For each part,

Oy = O, ] = 27 qvl = 075, Cb = 175, (:]vg = 275, le = ]_7 (jg = 2, (jg = 3.
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Figure 3.3: The four branches of the secular equation for unconstrained anisotropic
thermelastic material for Chandrasekharaiah and Keshavan’s theory. For each part,

ag=0a;=1,q =075, G =175 ¢G=275,q¢=1,¢ =2,¢ =3.
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Figure 3.4: The four branches of the secular equation for unconstrained anisotropic
thermelastic material for Chandrasekharaiah and Keshavan’s theory. For each part,

T = ]_,Oél = 37 ql = 075, (72 = 175, qvg = 275, le = ]_, (jg = 2, (jg = 3
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3.2 Unconstrained isotropic TRDTE+GTE (1)

Applying equation (2.48) to (3.1) gives the field equations of isotropic unconstrained
thermoelasticity:

(A + i) uyq5 + frug ;5 — B0+ alé),i = pi;,
(3.65)

0 . .
ki — (1 + Ta)Tﬁ’dj,j = pc(6 + agh).

3.2.1 The secular equation

Similarly to Section 2.2 we seek solutions of (3.65) in the form of plane harmonic
waves (3.2). Insert (3.2) into (3.65) and cancel the exponential factors. From (3.65),
we find that

[N+ @)nin + (= ps™2)05]U; + iB(ws) " ni(1 — iwan)© = 0. (3.66)
It is similar to (2.52). From (3.65)s we find that
k(—(ws)*nin©®) — Thw?sn;i(1 — iwt)U; = pe(—iw) (1 — iway)O.
Dividing this equation by (—w) then rearranging we get
TBws(1 — iwr)n;U; + (kws® —ipc(1 — iwag))O© = 0. (3.67)

To eliminate © between (3.66) and (3.67), we need to rewrite (3.67) as

—Tws(1 — iwt)Pn;U;
ws?k —ipc(l —iwag)

O = (3.68)

Inserting (3.68) into (3.66) we obtain

iB3*T(1 — iwaq) (1 — z'LuT)nmj) U, = 0.

\ Y, . . Y, — _2 .. PR—
<()\ + )ning + (i = ps )5”> U ( ws?k —ipce(1 — iwag)

Rearranging the equation we get

wTﬁQ(l — iwal)(l — iwr)nmj } U: =0 (369)

{(,1 —w)di; + (A + [@)nin; + pe(w(1 — iwag) + iwk/c)
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where w = ps—2. Using the dimensionless quantities (2.57) we get the non-dimensional

form of (3.69) as follows

_ 5 ., ew (1 —ial) (1 —iw'T)
det{(u’—w’)l—l— |:>\/+,U/+ w’(l—iw/lag)—l—iw’ n®n, =0. (3.70)

Again, using the standard identity (2.60), dropping the dashes for convenience, we
get

(w—p)* {w? (1—iwag)—w|(1—iwag ) (A+2/1) +& (1—iway ) (1—iwT)—iw] —iw(2+1)} = 0.
(3.71)

This is the secular equation for unconstrained isotropic TRDTE+GTE (1) and has

not previously appeared in the literature.

The repeated root w = fi of (3.71) corresponds to two transverse waves. The quadratic

factor of (3.71) is
w?(1 — iwag) — w[(1 — iwag) + &(1 — iway ) (1 — iwT) — iw] — iw = 0. (3.72)
where

A+ 20 =1.

In the GTE limit, where a; = 0 and oy = 7 > 0, the secular equation (3.72) reduces
to the isotropic GTE secular equation, see Leslie and Scott [33, (2.14)]. For 7 = 0
(3.72) reduces to (2.70), as expected.

The roots of this quadratic equation (3.72) are given by
1

Wi2 = m[zjg + (222 + 4@&](1 — iwao))%]. (373)
in which,
29 = (1 —iwayg) + (1 — iway ) (1 — iwT) — iw. (3.74)
This first root is
1 . . 1
wy, = m[Zg + (Z% + 4@&)(1 — Z(,UC(()))Q], (375)

where

25 = ((1—iwag) +e(1—iway ) (1 —iwT))? — 2iwe(1 —iwa; ) (1 —iwT) — 2iw(1 —iwag) —w?.
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The roots (3.73) can be plotted for varying values of €, the measure of the degree of
thermoelastic coupling, as shown in Figure 3.5. In the uncoupled case, when € = 0,
the roots of (3.73) reduce to

—iWw
wy =1, 1wy =

0= iwag)’ (3.75a)

where w; represents an unattenuated, non-dispersive longitudinal wave (a purely elas-

tic mode) and wq represents a diffusive mode.
Now we investigate the nature of the modes at high and low frequencies for £ > 0.

Low frequency expansions

For w = 0 the roots of (3.73) are
wy=1+¢, wy=0.
The roots of the secular equation (3.72) as w — 0 may written as
w; = (1 +¢)+ A(iw) + O(w?), wy = B(iw) + O(w?). (3.76)

By inserting (3.76) into (3.72) we get

A= —¢glay —ag+T7+ ],

1+e¢

and

Now the roots are
. 1 2
wy = (1+€)—zw5[041—040+7+1—+8]+0(w ).
and ‘
. —lw
1+
It is clear that Im w; < 0, and Im ws < 0, so w; and wy are stable in the low frequency

+ O(w?).

%

limits.

High frequency expansions
1

In the high frequency w — oo, i.e. — — 0. So to get the roots of the secular equation
w

(3.72) in the high frequency we need first to divide (3.72) by (iw)? as

()l e eren) =0 om
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1
Putting — = 0, equation (3.77) becomes
iw
waqTe = 0.

The roots are

wy =0, wy — oo. (3.78)

1
Now we are looking for the roots as — — 0, so the roots may be written as
w

w; = A(iw) ™'+ O(w™?), ws = B(iw) +C + O(w™). (3.79)

After Substituting (3.79) into (3.77) we obtain

L g™ czi[

eonT’ I ot o

aqTE

A:

+e(ar +7) + (a0 + 1)]. (3.80)

Now roots become

—jw! iwayTe 1 [cm'a

+ O((JJ_Q), Wy =

EQT (7)) (7)) (7))

wy = +e(ar +7)+ (ap+1)] + Ow™).

It can be seen that Im w;(w) < 0, so w; is stable in the high frequency and Im

wy(w) > 0 thus ws is unstable in the high frequency.

Numerical results

We can plot the roots (3.73) for different values of ¢, the measure of the degree of
thermoelastic coupling. When ¢ = 0, the uncoupled case, as shown in Figure 3.5(a),
equation (3.75a) is satisfied, and one branch is stable and the other degenerates to
single point. When ¢ > 0 there is always one stable branch tending to infinity and an
unstable branch ending at the origin as illustrated in the other sub-figures. It is clear
from Figure 3.5 that w; is elastic and wy is diffusive in character when ¢ = 0 as we
see in (a), but in the other parts (b)—(f) w; remains elastic and is accordingly marked
with both x in the low frequency and o in the high frequency. But wy propagates
with the dimensionless squared wave speed 1 + ¢ which marked x when w — 0 in
each part of Figure 3.5, but as w — 00, w, is diffusive. Both branches are stable in
the low frequency but in the high frequency one remains stable but the other becomes

unstable.

Varying the parameters a;, oy and 7 while changing the magnitude of w does not

have any substantive influence on the stability.
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Figure 3.5: The longitudinal squared wave speeds of unconstrained isotropic TRDTE
+ GTE (1). For each part, ag = 0.1, oy = 0.2, 7 = 0.1.
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3.3 Constrained anisotropic TRDTE+GTE (1)

3.3.1 Usual form of deformation-temperature constraint

The field equations of combined temperature-rate-dependent thermoelasticity and
generalized thermoelasticity for a deformation-temperature constrained anisotropic

material are

. 0 g .
Cijkit,ij — Dij <1 + alg)@j + 1, Nig = piis,

kij0 i — (1 + T%)Tﬁijum‘ = pc(l + 040%)9 + Tan, (3.81)

Nty g — ) = 0.

Equation (3.81); is similar to (2.83), equation (3.81), by analogy to (2.85) and (3.81)3

is the same constraint (2.81).

The secular equation
Similarly to Section 2.3.1 we find solutions for (3.81) in the form of plane harmonic
waves of equation (2.86). We have already found most of the derivatives in (3.81),

now we just need to find the rest as in the following
il = —iw®sn;U;, i) = —iwH.
Substituting all derivatives into (3.81); we get
(Qir — ps~ 20Uy, + i(ws) "1 [bi(1 — iway)© — & H] = 0. (3.82)

This equation is similar to (2.89). From (3.81)y, after inserting derivatives, we find

that

ki (—(ws)*ning)O—T By (w?sn;Ui+7(—iwsn)Us) = pe(—iwO+ap(—w?)O)+Ta(—iwH).
Rearranging the equation after dividing by (—w) we obtain

wsTh,(1 — iwr)U, — iaTH + (ws’k — ipc(1 — iwag))© = 0. (3.83)

After substituting the derivatives into (3.81); we will have the same equation (2.92)

iwscpU, —a® = 0. (3.84)
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In order to eliminate © and H between equations (3.82), (3.83) and (3.84), we have
to rewrite (3.84) as
O = a liwsc,U,. (3.85)

On substituting (3.85) into (3.83) it is readily established that
H = (®T)'ws(ws*k — ipec(l — iwag))é,U, — iwsa by (1 — iwr)U,. (3.86)
Inserting (3.85) and (3.86) into (3.82) we obtain

{Qip — a (biéy(1 — iway) + Eby(1 — iwT)) — (a*T) " Hiws*k + pe(1 — iwag))éé,
— ps20,}U, = 0. (3.87)

By expanding this equation, we get

{Qip — a7 (bie, + Eiby) — (@2T) " (iws®k + pe(1 — iwag))éé, + a~tiw(abié, + Téby)
— ps*26ip}Up =0.

The non-zero amplitudes U, satisfy (3.82), (3.83) and (3.84) if and only if

det{Q—a Y (b®e+e®@b)— (a?T) (pc)e ® & — (a*T) " (iws?k — iwagpc)e @ &
+a tiwlab®E+T¢®@b] — ps?1} = 0. (3.88)

By defining

P=Q-a'(bec+teab)— (a*T)(pc)é®¢, (3.89)

we may rewrite (3.88) in terms of P as
det{(P — wl) + Z(ab® e+ ¢ @ b) — (a*T) Liw(s?k — agpe)e @ &} = 0. (3.90)
a

Similarly to as seen Section 2.3.1, the secular equation (3.90) may be written in terms

of definitions (2.110a) and (2.110b) as
det{(P —wl) + %(alﬁn ®@n+78n®@n) — (*T) iw(s’k — appc)n@n} = 0. (3.91)
By simplification this equation becomes
det{(P — wl) + %}B(al +7) — (&®T) iw(s*k — appc)In @ n = 0. (3.92)
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By using the standard identity (2.60) we get

det(P — wl) + iw [a ' B(ar +7) — (&®T) ' (s*k — agpc) | m - (P —w1)*¥n = 0. (3.93)

This is the secular equation for anisotropic TRDTE+GTE (1) which is constrained
by the uasual deformation temperature constraint and has not previously appeared

in the literature.

The tensor P might be written in terms of the isentropic tensor as follows

~ ~ T pc pe
P=Q—-—(b+— b+ —c¢). .94
Q- b+ Ze)@ b+ Iro (394)

To non-dimensionalise (3.94) using the dimensionless quantities (2.103), we will get
the same equation as (2.104). Now the secular equation (3.93) can be written in terms

of non-dimensional quantities as
- 1 ~ .
det(P' — w'l) + iw'G[e2 () + 7') — 5(— —ap)n- (P —w'1)¥n=0.  (3.95)
This equation may be written in a clearer form as

wdet(wl — P) — iwd [weé(al +7)—6(1 —wag)|n- (wl — P)*¥n=0. (3.96)

Now we need to group terms in w together

N

wdet(wl — P) — iwd [w(ez(ay +7) + apd) — |n - (wl — P)*¥n = 0. (3.97)

This equation may be written in more simplified form as

F(w) — iwg[w(e? (ay + 1) + apd) — 5] G(w) = 0, (3.98)

where F'(w) and G(w) are defined earlier in (2.116). On putting 7 = 0 in (3.98) we
get the corresponding secular equation (2.115) of TRDTE, as expected.

Low frequency expansions

Again, similar to the previous sections when w = 0 the roots of the secular equation
are the zeros of F(w) : p;,i = 0,1,2,3, defining jjo = 0. Taylor expansions take the
form

wi(w) = pi+ Y _dP (—iw)",  i=0,1,2,3. (3.99)
n=1
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When ¢ =0,n =1,
wolw) = Po + d\”(—iw) + O(w?). (3.100)

By substituting (3.100) into (3.98) we get
dV = 5212 (3.101)

The sign of d§°) depends on the sign of p;. Stability is satisfied when d§°) > 0 and
d§°) is positive if p; is negative. But if p; > 0 then dgo) < 0 thus wy(w) is unstable.
Inserting (3.101) into (3.100) we obtain

» G(0)
'(0)

wo(w) = iwa

+ O(w?). (3.102)

sl

The exceptional case p; = 0 will be dealt with later. It represents a cross over for the

branch wy(w) between instability for p; > 0 and stability for p; < 0.
Wheni=1n=1

wi(w) = pr + diY (—iw) + O(w?). (3.103)
By substituting (3.103) into (3.98) we get

1 o . ~ 1 (p1 — Wl D1 — WQ
d§ ) _O‘[pl (52(041 +7) + aoa) - U} 1(3]1)(]51 _ﬁzgz(?ﬁl —]53;

. (3.104)

The sign of dgl) depends on the sign of [p (8%(041 +7) + apd) — G| and py, stability
being satisfied if dgl) > 0, and dgl) is positive if

g

0<p < — —.
e2(oq +7) + ago

If p; < 0 then dgl) < 0, thus w;(w) is unstable. Thus,

w (W) = Py + iwd [pr (e2 (o +7) + ) — 6] gg) + O(w?). (3.105)
Similarly, when i = 2,3, n = 1, we obtain

wa(w) = Pa + d? (—iw) + O(w?), (3.105a)

ws(w) = P + dP (—iw) + O(w?). (3.105b)
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Substituting (3.105a) and (3.105b) into (3.98) we get
Wz

=
AP = —5[ps(c2 (o0 + 7) + F) — 5] = (s — W) (P ~2> (3.105d)

D3 (ps — P1)(Ps — P2)

The signs of d§2) and d§3) depend only on the sign of p, (85(041 +7) + apd) — & and
D3 (5%(041 +7) + ao&) — g, respectively; the sign of p; does not affect things here.
Stability is satisfied if de) and dg?’) are positive. So that is obtained if

g

ﬁ2< 1 JUE)
e2(oq +7) + ago

and

g

ﬁS < 1 R
ez(ag +7) + apo
respectively. Insert (3.105¢) and (3.105d) into (3.105a) and (3.105b) we get

(P2)

()

ws(w) = Py + iwd [Pa(e2 (n + 7) + ) — 6] + O(w?), (3.106)

/

sk
— —

=i

2)
~3)
F'(p?))

Summarising, if the quantity p; [5%(041 + 7) + apd] — & is negative for any i = 1,2, 3,

RGN

ws(w) = Ps + iwd [Ps (e2 (o + 7) + ) — 6] O(w?). (3.107)

then the corresponding branch w;(w) is stable. Conversely, if this quantity is positive

the corresponding branch is unstable.

High frequency expansions
The roots of the secular equation (3.98) in the high frequency case are given by the
zeros of
[w(ez(ay +7) + ad) — 3]G (w) = 0.
So there are four roots, three of them are finite

g

w1 :Wl,UJQ:Wg and w3:W3 =

1 o
e2(oq +7) + apo

and one is infinite. Power series expansions take the form

wiw) = Wi+ Y di(—iw)™,  i=1,23. (3.108)
n=1
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When ¢ = 1,n = 1, we obtain
wy (w) = Wi + dP (—iw) ™" + O(w™2). (3.109)

Substituting (3.109) into (3.98) we obtain

(W =)W = po) Vi =)
5'[W1 (6%(0[1 + T) + 0605') — 5'} (Wl — WQ)

dV = (3.110)

The sign of dgl) depends only on the sign of W, (aé(oq +7) + apd) — 6; the sign of

does not affect things here. Stability is satisfied if dgl) < 0, and dgl) is negative if

~ o

Wy >

- —.
ez(ay +7) + apd
Thus,

= iwilﬁ(Wl) w*Q
wl(w) _Wl+ 5‘[W1(8%(041+7')+0z05')—5‘}@’(W1) +O( ) (3111>

Similarly, when ¢ = 2,n = 1, we get

() — T iw  F(Ws) -2
2( ) W2+ 5’[W2(8%(a1+7')+0(05') —&}é/(Wg) +O< ) (3112)

wy(w) is stable if

~ o

Wy >

- -,
e2(ag +7) + apo
When i =3,n=1

ws(w) = Wi + d¥ (—iw) ™" + O(w™?), (3.113)

where

~ o

Wy =

ei(ay 4+ 7) 4+ s
By substituting (3.113) into (3.98) we get
4 = —FO) (3.114)
0(5 (1 +7)+ aga)G(W3)

NI

then,
—Ws(Ws — p)(Ws — o) (Ws —ps)
5’(&%(@1 + T) + Oéoa') (Wg — W1)<W3 — Wz)

4 = (3.115)
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By simplifying we get

—(Ws — p1) (W3 — o) (W5 — p3)

4P = — EECYASAL TN « V—
(22 (o + 7) + agd)* (Ws — W) (W5 — W)

(3.116)

The sign of df’) may be determined in two special cases; one as ¢ — 0, a purely
thermal constraint, and the other as & — o0, a purely mechanical constraint. So, as

& — 0, Wy — 0, then
(3) _ P1D2D3
(Eé(al + T))2W1W2
Thus, it is clear that ws(w) is stable if p; < 0, but if p; > 0 we find that ws(w) is

unstable. On the other hand, as & — oo we find that W5 — o' and df’) — 0, and

high powers are needed in the expansion (3.113).

The fourth root may be written as
wy(w) = iwA; + By + O(w™). (3.117)
Substituting (3.117) into (3.98) we get
(iwA; + By)(iwA; + By — py)(iwA; + By — p2)(iwA; + By — ps)
—iw&{ [(iwAs + By)(2? (a1 +7) +05) — ] (iwA; + By — W1 (iwA; + By — Wg)} —0.

(3.118)

4

Multiplying this equation by (iw)~* we get

(Al +Bl (Z'w)il) (Al + (Bl —ﬁl)(iw)fl) <A1 + (B1 _]52)(1&))71) (Al + (Bl —ﬁ3)<iW)7l)
= 5{ (A1 + Bi(iw) ™) (e} 0 + 7) + a05) = &(iew) ] (A1 + (By = W)(iw) ™)

(Av+ (B = Wa)(iw) ™) } = 0. (3.119)
For large w we obtain
AL — 5 A3 (2 (ay + 7) + ) = 0.

So

M=

A =0,0,0,6(e2(ay 4+ 7) + apo). (3.120)
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The three zero roots correspond to the roots already found. Expanding (3.119):

A AL+ [(By = p3)(iw) ™" + (By = pa)(iw) ™ + (B — 1) (iw) ™ + By (iw) '] }
— A2 {(Ay + By(iw) ) (e% (a1 + ) + ag6) — 5(iw) " + (By — Wa)(ane? + ) (iw)
4 (By — Wi)(amet + aoa—>(¢w)fl} —0. (3.121)

Cancel A2, A, #0,

A{ A+ [(Br = p3)(iw) ™ + (Bi = po) (iw) ™ + (Bi — p(iw) ™ + Ba(iw) '] }
+6{(A + By (iw) e (o1 + 7) + apd) — & (iw) " + (By — Wa)(o1e? + apd) (iw) "
4 (By — W) (aue? + @05)(@)*1} (3.122)

Coefficients of (iw)~! are

Ay [ABy — (By + o + P3)] + 6(e2(an + 1) + d) {3By — (W + Wh)} — &2 = 0.

(3.123)
Using (3.116) we get By:
- ~ ~ o
By = (p1 + D2 +p3) — (Wi + W) — — —.
e2(ay +7) + a0
Inserting A; and By into (3.117), thus
: 1 U PP o _
wy(w) = twd (€2 (a1+7)+0od ) +(Pr+P2+P3) — (Wi+Wa) —— —+O0(w™).
e2(oq +7) + apo
(3.124)

It is clear that wy(w) is unstable because Im w4(w) > 0.

Summarising, if the quantity W; [6%(oz1 +7) 4+ apd| — & is positive for any i = 1,2, then
the corresponding branch w;(w),i = 1,2, is stable in the high frequency. Conversely,
if this quantity is negative the corresponding branch is unstable. The branch ws(w) is

stable if p; < 0, unstable if p; > 0 when 6 — 0. The branch wy(w) always unstable.

From the secular equation (3.98), and previous arguments, we see that a branch cannot
change from stable to unstable, or vice versa, for intermediate frequencies 0 < w < oo.

This is borne out by Figures 3.6-3.8.
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The exceptional case p; = 0.

When p; = 0 the secular equation (3.98), with the aid of (2.116), becomes
w?(w — Po)(w — P3) — iwd [w(eé(al +7) + apd) — & (w — Wi)(w — Wa) = 0.

For low frequencies we try the balance w = A(—iw)™ and substitute into this secular

equation in order to determine n. We find that n = 1/2 and then w is given by

These two branches begin at the origin and have arguments —7/4 and 37 /4 in the

complex w plane. This can be seen in Figure 3.8.

Numerical results
In Figure 3.6 we have taken p; > 0. The branch wy(w) beginning at the origin is
unstable in each part of the Figure. All the other branches begin to the right of this

branch. If oy and «; are small enough then

N|=

pi(ez(ag +7)+ o) —6 <0, for i=1,23,

and so all the branches w;(w), i = 1,2, 3, are stable in the low frequency. This can
be seen in the first subfigure (a) of Figure 3.6 where ag and «; are small. As ay and
oy increase, first ws(w) becomes unstable, see part (b), and as they increase further

other branches become unstable.

In Figure 3.7 we have taken p; < 0. The branch w; (w) beginning at w = p; is unstable
in each part of the Figure. All the other branches begin to the right of this branch. As
in Figure 3.6, increasing oy and a4 leads to increasing instability but wgy(w) maintains

the stability in each part of the Figure.

In Figure 3.8 we illustrate the exceptional case p; = 0. Now two branches emanate
from the origin, namely, wy(w) and w;(w), one stable and the other unstable, one with
argument —m /4 and the other with argument 37 /4. The same increasing instability
with increasing g and «q is observed. As in the Figure 3.7 the branch wg(w) maintains

the stability in each part of the Figure.
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Figure 3.6: The longitudinal squared wave speeds of constrained anisotropic
TRDTE+GTE (1). For each part, p; = 1, s = 2,p5 = 3, W, = 1.5, W, = 2.5,5 =
l,e=17=0.1
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Figure 3.7: The longitudinal squared wave speeds of constrained anisotropic

TRDTE+GTE (1). For each part, p; = —1, ps = 2,5 = 3, Wy = 1.5, Wy = 2.5,5 =
le=17=0.1
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Figure 3.8: The longitudinal squared wave speeds of constrained anisotropic
TRDTE+GTE (1). For each part, p; = 0, s = 2,p5 = 3, W, = 1.5, W, = 2.5,5 =
l,e=17=0.1
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3.3.2 Alternative form of deformation-temperature constraints

In this section we will use equations (3.81); 5 and (2.144),

G, i — Bij (0,5 + cn ;) + Nyl; = pis,
Fisis — Thpa 1+ T%ﬁp,q — pel + agf) — Tas = 0, (3.125)
Npgtpq — (0 + apf) = 0.

The secular equation

Now we follow the same steps as Section 2.3.2 to get the secular equation. Firstly,

looking for solution for equations (3.125) in the form of the plane harmonic waves

(2.86) by inserting (2.86) into (3.125), we get the same equations we had before:
(3.82), (3.83) and (2.146),,

(G — p528)Uy + i(ws) A [br(1 — iwen)© — &H] = 0,
wsTby(1 = iwr)Uy = iaTH + (ws*h = ipe(1 = iwag))® =0, (3.126)
iwsé,Up — a(l —iway)O =0,

where N,,n, = &, Bin; = b;, kiyn; = k. Eliminate © and H between (3.126). From

(3.126)5 we find that
wscpU,

0= (3.127)

a(l —iwag)
By substituting (3.127) into (3.126), we get

H = —ia 'wsb,(1 — iwr)U, + (&*T) (1 — iway) wsé,U, (stk —ipc(l — iwa0)>.
(3.128)
Insert (3.127) and (3.128) into (3.126); we obtain

{(Qip—ps’Q(Sip) —a H(1—iwag) ™! (biép(l—iwa1)+5ibp(1—iw040) (1—iw7)) —i(a®T)™?

(1 — iwag) (ws?k — ipe(l — iwag))éiép}Up —0. (3.129)
Expanding this equation we get

{Qip — Oé_l(l — iWOéo)_l (bzép + &J)p) — iW(Oélbiép + (Oéo + T)éibp — iu)OéOTéibp)]

—i(a®*T) (1 — dwag) " Hws?k — ipc — pewag )iy — p3_2(5ip}Up =0. (3.130)
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Rearranging this equation we get
{Qip — (1 — dwag) ™ [a‘l(biép + ¢;b,) + (042T)_1pcéi6p} +iw(1 — dwag) ™!
[oz_l (albiép—i—(040+T)Eibp—@'woz076ibp> — (ozzT)_l(st—pcozo)épéi} —p5_25,»p}Up = 0.
The non-zero amplitudes U, satisfy (3.126) if and only if
det {Q — (1 — dwag) ™ [a‘l(b ®E+E®@b) + (a*T) ' pce ® 6} +
iw(1—iwag) ™! [oz_l(a1b®6+(a0+7—iwa07)6®b)—(onT)_l(SQk—pcao)E(X)é} —wl} = 0.
(3.131)
By defining

S = Q - (1 — iwap)! [ofl(b ®E+¢®b) + pTCTe ® a} (3.132)
a
equation (3.131) may be written as

~ iw o, . [0+ T —iwagT\ - (s°k — peag) - _ 1\
det {(S—w1)+m [Eb®c+< o >C®b_a2—TC®C] } = 0.

(3.133)
Now we need to rewrite (3.132) in terms of the definitions (2.110a) and (2.110b) we
will get the same equation as (2.154). The dimensionless form of (3.132) will be similar
to (2.155). Also in terms of the definitions (2.110a) and (2.110b) the secular equation
(3.133) may be written as

det {(S—wl)—l—% [a‘lﬂ(a1+ao+7(1—iwao)) —%] n®n} = 0.
(3.134)

By using the standard identity (2.60), equation (3.134) may be rewritten as

det(g—wl)—I—i—g [a‘lﬁ(al—i—aoqLT(l—iwag)) —M} n-(S—w1)*¥n = 0.

(1 —dway) a?T
(3.135)

To non-dimensionalise this equation we use the dimensionless quantities (2.103), to
get

det(g—wl)+% [&?% (a1+ap+7(1—iwag)) =6 (w ™ —ap) | n-(S—w1)*¥n = 0.

(3.136)
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This equation may be written as

wdet(wl — S) — wo ] [w (5% (041 +ap+7(1— iwao)) + 0406) — 6]

(1 —dway

n-(wl—S)*n=0. (3.137)

Now we want to rewrite the secular equation in terms of P, defined by (2.112). We
can see that the first term and the last term of equation (3.137) are similar to those
of (2.162). Thus the secular equation (3.137) is now written as

TWoHoW

Zu]& 1 ) ~ R -
- [w (52 (o1 4+ ap + 7(1 — iwayg)) + aoa> — o':|n (w1l — P)™in = 0.
(1 —iwayp)

(3.138)
Simplifying this equation we get

w det(wl—P)— wa ) [weé <(0z1—040)+7'(1—iwa0)> —5} n-(wl—P)*¥n = 0.

(1 —iwayg
(3.139)

This is the secular equation for anisotropic TRDTE+GTE (1) which is constrained by
the alternative deformation temperature constraint and has not previously appeared

in the literature.
We want to write equation (3.139) in terms of the eigenvalues p, po, p3 as

w(w —p1)(w — po)(w — p3) — (1#;%) [weé ((al —ap) +7(1 — iwa0)> — &]

[ (w — Pa) (w — P3) + 13 (w — pr)(w — P3) + nj(w — pr)(w — f2)] = 0. (3.140)

Similarly to (2.167), the quadratic part within square brackets has zeros at w = W;
where ¢ = 1, 2, for which

Pr < Wi < pa < Wa < s, (3.140a)
so that equation (3.140) may be written as

Flw) — w5)@§«m—%mwu—m%g—ﬂmmzq (3.141)

(1 —iwayg
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where F(w) and G(w) are defined earlier in (2.116).

Low frequency expansions

When w — 0 the roots of the secular equation (3.141) are the zeros of F(w) : f;,i =

0,1,2,3, defining py = 0. Taylor expansions in this case take the form
wi(w) = P + id,@(—z’w)”, i=0,1,2,3.
n=1
When i = 0,n =1 we get
wolw) = po + d\”(—iw) + O(w?).

Substituting (3.143) into (3.141) we obtain

—5’2 Wl WZ

4 = .
ﬁlﬁﬂi’i

1=

(3.142)

(3.143)

(3.144)

The sign of d§°) depends on the sign of p;. Stability is satisfied when d§°) > 0, and

d§°) is positive if p; is negative, so if p; > 0 then wy(w) is unstable.

Substituting (3.144) into (3.143) to get

The exceptional case py will be dealt with later.
When i =1,n =1 we get

wi(w) =p1 + dgl)(—z’w) + O(w?).
Substituting (3.146) into (3.141) we obtain

(1 — W) (b1 — Wa)
P1(P1 — Pa)(Pr — P3)

dgl) =—0 []515% (a1 — g+ 7') — 5]

(3.145)

(3.146)

(3.147)

The sign of dgl) depends on the sign of []3155 (ozl —ag+ 7') — 5] and p;. From (3.146)

it is clear that stability is satisfied if dgl) > 0, and dgl) is positive if p; > 0 and

o=

]518 (O[l—()é0+7)—5'<0,

o

= p1 < T .
ez(a; — g+ 7)
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Again, from (3.147) if p; < 0, we find that dgl) < 0 then wy(w) is unstable. The

exceptional case pg is considered later.

Substituting (3.147) into (3.146) we get

/CEI

P 4 o). (3.148)

w(w) = p1+Zu}O'|:1€2(Oél—Oéo+T)—0'i| )

T

Similarly, when ¢« = 2,3 we obtain
wa(w) = Pa + diP (—iw) + O(w?), (3.149)

ws(w) = ps + d¥ (—iw) + O(w?). (3.150)

Substituting (3.149) and (3.150) into (3.141) we obtain

dgz) = —5[1528% (041 — o+ T) — 5] Fa(a — 152(522 Wz;; (3.151)
8 = [ g 7) o] S INB Ty

The sign of de) and dg3) depend only on the sign of []326% (al —ap + 7') — &] and
[]536% (ozl — oo+ 7‘) — Er]; respectively, and the sign of p; here does not affect things.
It is clear that stability is satisfied if dgz) and df” are positive and this obtained by

o

ﬁ2< 1 9
e2(og — g+ 7)

and
o

]53< 1 ;
e2(og — g+ 7)

respectively.

By inserting (3.151) and (3.152) into (3.149) and (3.150) respectively, to get

wy(w) = Py + iwd []325% (a1 — ap+7) — 0} ?((ZZ)) 1O, (3.153)
w3(w) = ps + iwa []535% (1 —ap+7) — } 7 ((pz)) + O(w?). (3.154)

Summarising, branches w;(w), i = 1,2, 3 are stable if the quantity pic? (o —ap+71)—

is negative. Conversely, these branches become unstable if this quantity is positive.
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High frequency expansions

In order to get the roots of the secular equation (3.141) in the high frequency limits
1

w — 00, we need to take w™' — 0. By putting w = E, the secular equation (3.141)

becomes

Fw) + m [wg% ((al —ag) (1 — z§—1a0)> - &]é(w) —0,  (3.155)

Multiplying equation (3.155) by ¢ we get

~ o

CF(w) + ) [wg% ((a1 —ap+T)C — z’wg%aof)) - 5} G(w)=0.  (3.156)

(ZC + op
Rearranging this equation as

~ o

G G

Put ¢ = 0 to obtain

(NI

[C (wez(an — g +7) —6) — iaowaéT} G(w) = 0. (3.157)
—igwe2TG(w) = 0. (3.158)
So if & # 0, the roots are w; = Wl, Wy = WQ, ws = 0 and the last one wy; — 00.

Now look at ( — 0, so the roots of the secular equation (3.141) become

wy = Wy + AC + O(¢?), (3.158a)
wy = Wy + BC + 0(¢?). (3.158b)

w3 = CC+ O(¢?). (3.158¢)
wy = D¢+ E+ 0(C). (3.158d)

In order to get these roots we need to find A, B,C, D, E.

Firstly by substituting (3.158a) into (3.157), we get

4= MW = p1) (W1 — o) (Wh — s)
icWiezT(Wy — Wh) ’
thus, the first root is
. ¢\ F(W) )
wy =W, = ( —=— ) ===+ 0({).
== (e @ o)



Similarly, we can find that

B —

Wa (W — pr) (Wa — o) (W — fs)
ZO’WQ&“%T(WQ Wl)

so the second root becomes

i ) F(Wy) n

=W, — ( @’(Wz) o(¢?).

6W28%T
Baced on the inequalities (3.140a) we find that A < 0 and B < 0, and are not affected
by the sign of p;, so Im w;(¢) > 0 and Im wy(¢) > 0, thus w;(¢) and we(¢) are
unstable in the high frequency.

Now inserting (3.158¢) into (3.157) we get
C =0,0,0,i5e"?ay%(on — ap + 7).
So, the third root may be written as
ws = i(Ge'/? o (a1 —ag+ 1)+ 0O(¢?).
The sign of imaginary part is positive, so ws is unstable in the high frequency.
Finally, substituting (3.158d) into (3.157) gives
D =0,0,0,i5e"/?

and
E = (p1+ pa + p3) — (Wi + Wa) — dag e (g — ap).
Thus, the fourth root becomes
wy = iC 62T 4 (pr + Pa + P3) — (W + Wa) — Gag e (aq — ag) + O(C).
The stability condition is not satisfied here because Im w4(¢) > 0, so wy is unstable

in the high frequency.

It is clear that from Figures 3.9-3.11 branches can change their stability nature for
intermediate frequencies. This is because we cannot rearrange (3.141) to have the
real part in one side and the imaginary part on the other, as in equations (2.46) and

(3.22).
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The exceptional case py = 0.
When p; = 0 the situation is as at the end of Section 3.3.1 and we have two branches

beginning at the origin with arguments —m/4 and 37/4 in the complex w plane, see

Figure 3.10.

Numerical results
In Figure 3.9 we have taken p; > 0. The branch wy(w) beginning at the origin is
unstable in each part of the Figure. All the other branches begin to the right of this

branch. If oy and a; are small enough then

N |=

piez(ag —ap+7)—6 <0, for i=1,23,

and so all the branches w;(w), i = 1,2, 3, are stable in the low frequency. This can be
seen in the first subfigures (a)—(c) of Figure 3.9 where oy and «; are small. As o and
oy increase, first ws(w) becomes unstable, see part (d), and as they increase further

other branches become unstable.

In Figure 3.10 we illustrate the exceptional case p; = 0. Now two branches emanate
from the origin, namely, wq(w) and w; (w), one stable and the other unstable, one with
argument —m /4 and the other with argument 37 /4. The same increasing instability
with increasing gy and «; is observed except wy(w) retains its stability throughout

the entire frequency range in each part of the Figure.

In Figure 3.11 we have taken p; < 0. The branch w;(w) beginning at w = p; is
unstable in each part of the Figure. All the other branches begin to the right of
this branch. The branch wg(w) begins at the origin and is stable in each part of the
Figure. Asin Figures 3.9 and 3.10, increasing ag and «; leads to increasing instability.
As in the Figure 3.10 th e branch wy(w) maintains its stability in the low and high

frequencies in each part of the Figure.
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Figure 3.9: The longitudinal squared wave speeds of constrained anisotropic
TRDTE+GTE (1). =1, P =2,p3 =3, W), = 1.5,Wp = 25,6 =

l,e=17=0.1

For each part, p;
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Figure 3.10: The longitudinal squared wave speeds of constrained anisotropic
TRDTE+GTE (1). For each part, p; = 0, o = 2,p5 = 3, W, = 1.5, W, = 2.5,5 =

le=17=0.1
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Figure 3.11: The longitudinal squared wave speeds of constrained anisotropic
TRDTE+GTE (1). For each part, p; = —1, pp = 2,5 = 3, Wy = 1.5, Wy = 2.5,5 =
l,e=17=0.1
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3.4 Constrained isotropic TRDTE+GTE (1)

3.4.1 Usual form of deformation-temperature constraint

The field equations for TRDTE+GTE (1) of constrained anisotropic thermoelastic
materials are (3.81). Then applying (2.191) to (3.81) we will get the field equations
of constrained isotropic TRDTE+GTE (1) as

(A + )i + fiui j; — B+ nb) ; + Nij; = pi,

k6 3 — TPt + Tili ;) — T = pe(f + aob), (3.159)

N u;; — ol =0.

N = NT. (3.159a)

The secular equation
Similarly to Section 2.4.1 we are seeking for solutions of (3.159) in the form of plane
harmonic waves (2.86). Insert (2.86) into (3.159) with aid of (3.159a) to get the

following system of algebraic equations

(i — ps=2)6i; + (A + i)nin,|U; + iB(ws) " 'ni(1 — iwar)O — iNn,(ws) " H = 0,
TBwsni(1 — iwr)U; + (ws?k — ipe(l — iwag))O — iaTH = 0,

NnjiwsU; — a®© = 0.
(3.160)

It is required to eliminate © and H between (3.160). Firstly, from (3.160)3; we can

write it with subject © as follows

wsNniUi
o = W (3.161)
a
Substituting (3.161) into (3.160), we get
wsNn;
a?T

Inserting (3.161) and (3.162) into (3.160),, we get

H = —ia 'Bwsn(1 — iwr)U; + ( )(stk —ipc(l —iway))U;. (3.162)

3 iwsNn.Us
[(’& — w)oy + (A + ﬂ)nmﬂ'] U; + if(ws) "'ni(1 — iway) (M) _
wsNn,
o?T

iN(ws) ', [ —ia ! Bwsn;(1 — iwT)U; +

(ws*k —ipc(1 — iwao))Uj] =0.
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After simplifying and rearranging the equation we obtain

{(/1 —w)dy; + [(5\ + i — a—lﬁj\?[(l —iway) + (1 — WT)D_

(p:2]¥> (1 = iwao) + %)}nn]}@ —0, (3.163)

which gives in direct notation the secular equation

det {(7—w)1+ [(A+i— 0 BR[(1 = iwan) + (1 iwr)] ) -

(p;N;) (1= iwa) + %)} n@nf=0. (3164

Non-dimensionalize this equation by applying the dimensionless quantities (2.57) and

further dimensionless quantities
o =aT, ¢ =pcl/y, w =~c/k,
to get
B / 1/2N
det {([/ W)+ [(X - @C# (1 —iw'a)) + (1 - z'm)]> - (

-

(1= iwtap) + Zwi,ﬂ n@nf=0. (3.165)

C’N2>

04/2

Now by using the standard identity (2.60), and dropping dashes for convenience, we

get the secular equation as follows
(w — f1)? [wQ — w<1 — (e0)2Na™ (1 — iwan) + (1 — iwT)] — eN?a™2(1 — iwa0)>
+z’wcf\72a*2] —0. (3.166)
This is the secular equation for isotropic TRDTE+GTE (1) which is constrained by

the uasual deformation temperature constraint and has not previously appeared in

the literature.

The repeated root w = [i represents two purely elastic transverse waves, and longitu-

dinal waves are represented by roots of the following quadratic equation
o?w?—w (aQ—(sc)l/zaN[(1—iwa1)~|—(1—iw7)] —CNQ(l—iwa0)>+ich2 =0. (3.167)
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Equation (3.167) may be written as
w? — w(l — 25 [(1 — iwan) + (1 — iwr)] — 5%(1 — iwag)) Fiws?=0. (3.168)
The secular equation (3.168) may be written as
w? — w{l — 252 —iw(an + 7)) —6*(1 - iwao)} + iwd? = 0. (3.168a)

where & is defined earlier in (2.202). In this equation there are two parameters,
¢ and o, which affect the behaviour of the roots of this equation. Returning to
the special cases that are discussed in Section 2.4.1, namely, (N = 0,a # 0) and
(N # 0,a = 0), we find that the solutions of (3.168a) reduces to equations (2.204)
and (2.205), respectively. But in general, with neither N nor « is equal to zero, it is

convenient to go back to equation (3.168). The roots of (3.168) are

N|=

wis = A+ [AQ - z’wﬂ , (3.169)

where

A= %[1 — 26 [(1 — iway) + (1 — iwr)] — 52(1 — iwao)]. (3.170)

This equation may be written as

~ 1
A= 5 [1 — 2125 — 5% 4 iw&(al/Q(al +7)+ a052)}.

For fixed € > 0, as & increases from 0 to co, Re A decreases from % to —0o. Re A

becomes 0 at w = 0 for a critical value of ¢ given by
Ge = (1+)/2 — /2, (3.171)
In the special case where & = 6., so Re A = 0 in (3.169), we get
w = +e'Tw?5, + O(w), (3.171a)

and this is similar to its counterpart (2.208) in TRDTE.

Low frequency expansions

The roots of the secular equation (3.168a) in the low frequency limit when w = 0 are
wy =1—2e2 52 wy = 0.
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But as w — 0 the roots of the secular equation take the form
wy =1 — 2% — 5% + A(iw) + O(w?), wy = B(iw) + O(w?). (3.171b)

Inserting (3.171b) into (3.168a) we get

~9 =2
T~ _1)2 _ g — 7
A=c[ao +e" (a1 +7)] | — 2:1/%5 _ 52 and B 1 — 2:1/25 — 52

Thus the roots become

o
1—2:1%5 — 52

wy =1—2Y%6 — 6% + iw&{ao& +e2 (o 4 71) -

}+0@,

and
iwa?
1 —2el/26 — 52

If & < &., we cannot tell about the sign of Im w; (w) because it depends on the relative

+ O(w?).

Wa

values of the quantities occurring but it is clear that Im wy(w) > 0 so ws is unstable.
If 6 > 6., Im w;(w) > 0 so w; is unstable and Im wy(w) < 0 so ws is stable. If 6 = 4.
the analysis is not valid and will return to the roots of the secular equation in the

special case (3.171a).

High frequency expansions
In the high frequency limits as w — oo, (iw)~! — 0. The secular equation (3.168a)

after dividing by iw becomes

w?(iw) ™t — w{(iw)_l — 225 (iw) 7t 4 V%6 (ay + 1) — 72 (iw) Tt + 62a0} +62=0.

(3.171c)
The roots of the secular equation (3.168a) in the high frequency may obtained by
putting (iw)™! = 0 and we get

g

wy, = —, and w,; — 0.
T2 4 1) + G ?

Now the roots of the secular equation (3.171¢) as (iw)~* — 0 are given by

a N1 o o .
el/2(ay + 7) + o +A@w) +O0W™), and wy = B(iw) +C + O(w ™).
(3.171d)

w1 =

By substituting (3.171d) into (3.171c) we obtain
1 o

A= [
(eV2(ay + 7) + o )? Lel2(ay + 7) + o

— (1 —2Y%6 — 5%,
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&
(eV2(cy +7) +0ag)

B=25(Y* (a1 4+ 1)+ 6ag), and C =1—2%6 - 5% —

Thus the roots become

o jw™!

el2(on +7)+ s (€Y2(ay +7) + g )?
o
el2(ay +7) + o

w1 =

— (1 =226 —6%)| + O(w™?). (3.171e)

If 6 < 7., we cannot tell about the sign of Im w; (w) because it depends on the relative
values of the quantities occurring, but if 6 > &., Im w;(w) < 0 so w; is stable. If

o = 7. we find that Im w;(w) < 0, thus w; is stable.

g

=212 ~ _ 1/2~  ~2
wy = iwd (e (an +7) +6ag) +1—2¢26 -G (e2(o1 + 7) + )

+O0(w™)

(3.171f)

It is clear that Im ws(w) > 0, so wq is unstable in the high frequency.
Now we consider the two previous special cases.

Case 1: The isothermal constraint viewed as the limit ¢ — 0

Expanding (3.169) we obtain

1
Wy = 5(1 — e 26((1 — iway) + (1 —iwr)) — 52(1 — iwao)>j:

%{ (1 — 25 ((1 = iway) + (1 —iwr)) — 52(1 — iwa0)>2 — 4iw&2}

1/2

After expanding and using the binomial expansion we get
wy =1 —e26((1 —iwen) + (1 — iwr)) — 62(1 — iwag) — iwd* + 0(6%).  (3.172)
Rearrange this equation as
wy = 12626 — 5% +iws ["%(ay + 7) + s — 5] + O(5%),
wy = iwd? + O(6%). (3.173)

Equation (3.173) is similar to its counterpart (2.210) in Section 2.4.1.

Case 2: The purely mechanical constraint viewed as the limit 6 — oo

When 6 — oo means — is small, from (3.169), after expanding and factorising by

o
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d4(1 — iway), then using the binomial expansion, we obtain

wy = % 1 gl/25-1 (- w()fq_) ZZSO)_ iuﬂ'))] +0(572). (3.174)
wy =1 — &6 ((1 — iwan) + (1 — iwr)) - 52(1 — iway) +,m
[1 IRV (e 2(«:1061_) ;;;10)— wn))] | 0(G72). (3.175)

Putting ap = oy = 0 and 7 = 0 in equations (3.119)—(3.175) returns us to classical

thermoelasticity.

Numerical results

In each of Figures 3.12 and 3.13 we use € = 1, but in Figure 3.12 we choose ag = 0.01
and a; = 0.02, and in Figure 3.13 ag = 0.1 and a; = 0.2 , and w is plotted for a range
of values of 6. We have two longitudinal waves one is stable and finite and the other
is unstable and tends to infinity. The low frequency limits are marked by a x and
the high frequency limits are marked by a o. The unstable branch starting from the
origin and the stable branch starting from 1 — 225 — 52, when & < &, see subfigures
(a)—(c). But as ¢ > &, the situation is reversed, see subfigures (e) and (f). In the
special case when ¢ = G, the branches become a connected line passing through the
origin at angle —7/4 to the real axis, see the subfigure (d). It is clear that increasing

of ap and «y does not change branches stability nature.

Varying the parameters 7 and € while changing the magnitude of w does not have any

substantive influence on the stability.
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(a) 6=0.15, (b) 5=0.55,
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Figure 3.12: The longitudinal squared wave speeds of isotropic thermelastic material
for TRDTE+GTE(1) theory with incompressibility at uniform temperature. For each
part (¢ = 1,9 = 0.01,; = 0.02,7 = 0.1), (a)d = 0.16,, (b)d = 0.56., (¢) = a7,
(d)o = 26, (e)d = 35, (f)o = 5.
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(a) 5=0.35, (b) 5=0.75,
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z S z
g0 g 0 0
-5 -5
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Re w Re w
(¢c) 6=6, (d) 6=25.
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Figure 3.13: The longitudinal squared wave speeds of isotropic thermelastic material
for TRDTE+GTE theory with incompressibility at uniform temperature. For each
part (¢ = 1,9 = 0.1,04 = 0.2,7 = 0.1), (a)d = 0.36., (b)o = 0.76., (¢)o = &,
(d)o = 26, (e)d = 36, (f)o = 104,
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3.4.2 Alternative form of deformation-temperature constraint

In this section we will use equations (3.159); » and the alternative form of deformation
temperature constraint (2.144), to get the field equations of TRDTE + GTE (1) for

an isotropic material incompressible at fixed temperature

5 _ 0 < - "
(A + f)uyig + fiug j; — ﬁ(l +ay E>91 + N1 = piis,

k0 ;; — Tﬁ<1 + T%)ﬂi’i —aTi = pc(l + 040%)9, (3.176)

]\N/um- — 04(0 + Oé()é) =0.
The secular equation
Now we are looking for solutions in the form of plane harmonic waves (2.86), by
inserting (2.86) into (3.176) with aid (3.159a) we get the system of algebraic equations
(i — ps~2)6;; + (N + i)nin,|Us 4 i8(ws) " 'n; (1 — iway )© — iNnj(ws) " H = 0,
TBwsni(1 — iwr)U; + [ws?k — ipc(l — iwag)]© — iaTH = 0,
NnjiwsU; — a(l —iway)© = 0.
(3.177)
Eliminate © and H between (3.177), similarly to (3.160). From (3.177)3 we can write
O as follows _
@ — s niti (3.178)

a(l —iwayg)
Substituting (3.178) into (3.177)2, we get

waniUi )

H = —ia ' (1 — iwr)wsn;U; + [stk —ipc(l — iwao)} <a2T(1 i)

(3.179)
Inserting © and H into (3.177); we get after simplifying

- v IR i 1 —iway
{(u —w)d;; + [)\ +0— o 1ﬁN((l —iwT) + 1——icu()z())]_
pcN?
a?T(1 —iway

) [(1 — iwag) + %]nn]}U — 0. (3.180)

This gives in direct notation the secular equation

det{(,&—w)l + P\+ﬂ— of%N((l —wT) + ﬂ)—

pcN?
a?T (1 —iway)

1 —iway
_ wk
[(1 —iwag) + E} ne n} — 0. (3.181)
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Non-dimensionalize this equation by applying the dimensionless quantities (2.57) to

get

(50/)1/2
o
/

¢ N? : w
- a2(1 — iw'a) [(1 —iw'og) + U}n/ ® n’} =0. (3.182)

1-— iw’o/1>

det {([L’ —w) 1+ | N+ - N((l —iw'T') +

— i o
1 — 'y

Now by using the standard identity (2.60), dropping the dashes for convenience, we
get the secular equation as follows
1- iwoa] +c]\72} _ iwc.N2 } _o.

1 —wayg

(3.183)

(w—ﬂ)Q{OzQwQ—w[aQ—(ec)l/QaN (1—iwT)+ T

This is the secular equation for isotropic TRDTE+GTE (1) which is constrained by
the alternative deformation temperature constraint and has not previously appeared

in the literature.

The repeated root w = fi represents two purely elastic transverse waves. The longi-

tudinal waves are roots of the following quadratic equation

5 1 g 5 . Nz
o*w? — w{a2 - (50)1/20zN[(1 —wT) + ﬂ} - CN2} e (3.184)
1 —way 1 —way
By dividing by o? we get
) (ec)'/? - [ , 1— z’w&l} CNQ} iwceN?

- 1———N|(1 - — =0. (3.185

v w{ a (1 —iwr) + 1 — dway o? + a?(1 — iwayg) ( )
We can rewrite equation (3.185) as

2 1/2~ . 1 —iwoy 9 iwa?
w —w{l—a 0[(1—2w7’)+—,]—0}+—,20, (3.186)
1 —way 1 —way

where G is defined earlier in (2.202). Equation (3.186) is the final form which represents
the squared wave speeds of purely longitudinal waves propagating in an isotropic
thermoelastic material that is incompressible at uniform temperature. Again going

back to the special cases that are discussed in Section 2.4.1, (N = 0, # 0) and

(N # 0,a = 0), we will get the same results and analysis. In examining the more
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general case in which neither N nor « is equal to zero, it is convenient to go back to
equation (3.186). The roots of (3.186) are

2

o, 1
wis = A+ [A2 . &] ’ (3.187)
1 —wayg
where
- 1 11—
A= 5{1—61/26[(1—iw7)+1+;zﬂ -2}, (3.188)
Equation (3.188) may be written as
1 1/2~ =2 e'%5 2 L 1/2~ a1 + Qg
A:§{1—€ 25— 5 —m(l—kmaow )+zw€ / O'|:T+m:|}.

For fixed € > 0, as & increases from 0 to oo, Re A at w = 0 decreases from % to —oo.

Re A becomes 0 at w = 0 for a critical value of & given by
Ge = (1+)/2 —el/2, (3.189)
In the special case where & = 6., so Re A =0 at w = 0 in (3.187), we get

w = i( — iw&f)é + O(w),

So,
w=+e Twis, + O(w). (3.190)

Low frequency expansions

The roots of the secular equation (3.186) in the low frequency limits at w = 0 are

wy =1—2:26 - 5% and wy, = 0.

While the roots at w — 0 may be written as
wy =1 — 226 — 5% + A(iw) + O(w?), and wy = B(iw) + O(w?). (3.190a)

Substituting (3.190a) into (3.186) we get

A= —ag+7)— o , and B = o .
1 —2e1/26 — 52 1— 2126 — 52
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Thus, the roots become

o
1— 21725 — 52

wy =1 - 2125 — 52 4 iw&{sl/Q&(al — g+ T) —

}+ 00,

and
2

Wwo
1 —2el/26 — 52

If 6 < &. we cannot tell about the sign of Im w; (w) because it depends on the relative

+ O(w?).

Wo =

values of the quantities occurring, but it is clear that Im wy(w) > 0, so wy is unstable.
If & > &, the sign of Im w;(w) is positive so w; is unstable and the sign of Im ws(w)
is negative, so ws is stable. If ¢ = . the analysis is not valid and we can return in
this case to (3.190).

High frequency expansions

In the high frequency as w — 0o, (w)™' — 0. The secular equation (3.186) may be

written as

w?(1 — dwog)—
w{ (1= iwag) 25 [(1—iwr)(1 = iwag) + (1 - iwar)] = 7(1 — iwag) | +iws® = 0.
(3.190D)

After dividing by (iw)? we get

w? [(iw)_z — (iw) o] — w{ [(iw)_2 — (iw) ] —

e'26 [2(iw) 7 — (iw) Ny +ap +7) + Tag) — 5[ (iw) % — (iw) " ag ] } + (iw)~'6% =

(3.190c)
Putting (iw)™' = 0 into (3.190c) to get the roots of the secular equation as
w; =0, and wy — o0.
As (iw)™! — 0 the roots may written as
w; = A(iw) '+ O(w™?), and wy = B(iw) + C + O(w™). (3.190d)

Inserting (3.190d) into (3.190c) we obtain

5 1
= ﬁ, B = 51/267, and C = Oé_o [51/26(oz0 +aq) — a0(52 — 1)},

A
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so the roots become
o1~
w o
—2
w1, = 1/2— + O(Cd ),
e QT

50[81/25(@0 —+ Oq) + 060(5'2 — 1)} + O(W_1>-

Wy = iwe'?5T —
It is clear that Im w;(w) > 0 and Im wy(w) > 0, so wy and wy are unstable in the
high frequency limits.
Now we consider the two special cases.

Case 1: The isothermal constraint viewed as the limit ¢ — 0

From (3.187)

1 1 —wa
— {11 —iwn) + |~ 5
w1 2 2{ e (1 —iwt) + T a
1 1 —iwa 2 4iwe? 1/2
-0 + F2) - -y
2{[ = (( ZwT)—i_l—iwaO 7 1 —wayg
After expanding and using the binomial expansion we get
1 —iwa iwo?
:1—1/2~[1—' —1]—"2—— o(* 3.191
wq e/ | (1 —iwT) + 1 iwoel ~ 7 T 1= iway +0(67), ( )
Wo' L o@? (3.192)
Wy = ———— o°). :
21— Wy

Equation (3.191) at w = 0 represents a stable branch starting from the point

)
w=1-—2e20 —0",

and equation (3.192) describes an unstable branch starting from the origin.

Case 2: The purely mechanical constraint viewed as the limit ¢ — oo

When & — 0o means — is small, from (3.187), after expanding and using the binomial
o

expansion, we obtain
—Ww 1 —iway

wy {1 — !5 [(1 —iwT) + ] } +0(572). (3.193)

1 —iway 1 —iway

wy = 1—%5 [(1—iw7)+ﬂ} —52+L{1—€1/25_1 [(1—iWT)+ﬂ}}
1 —iway 1 —iway 1 —1wayg

+0(57%). (3.194)
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Putting ap = a3 = 0 in equations (3.193) and (3.194) we will recover roots of the
secular equation in the low and high frequencies in the classical thermoelastcity, see

27, (3.21)-(3.22)].

Numerical results

Figure 3.14 illustrates two longitudinal waves both beginning at the origin one ending
at the origin and the other tending to infinity. One of them is stable in the low
frequency and unstable in the high frequency and the other branch maintains the

instability in the low and high frequency.

Varying the parameters ag, oy, 7 and € while changing the magnitude of w does not

have any substantive influence on the stability.
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(a) 5=0.55, (b) 5=0.65,
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Figure 3.14: The longitudinal squared wave speeds of isotropic thermelastic material
for TRDTE+GTE(1) theory with incompressibility at uniform temperature. All plots
with same frequencies. For each part (¢ = 1,09 = 0.01,aq = 0.02,7 = 0.1), (a)d =

0.16,, (b)d = 0.36., (¢)& = &, (d)F = 26, (¢)6 = 36., (f)& = 55..
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Chapter 4

Temperature-rate-dependent
thermoelasticity with generalized

thermoelasticity: model 2.

Introduction

We are concerned in this chapter with the theory of temperature-rate-dependent ther-
moelasticity combined with generalized thermoelasticity, due to Ignaczak [25]. We
shall indicate this theory by the abbreviation TRDTE+GTE (2). Anisotropic and
isotropic thermoelastic materials are considered separately, which are either uncon-
strained, or constrained by the usual, or the alternative, deformation-temperature
constraint. The linearized field equations are given in each case. We will follow the
same structure and analysis as we did in the previous chapters. Again, the stability

and instability of waves are affected by the values of the relaxation times ag, o and 7.
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4.1 Unconstrained anisotropic TRDTE+4+GTE (2)

4.1.1 Basic equations

The basic equations for a homogeneous anisotropic linear thermelastic solids can be

described by the following field equations, in the context of Ignaczak’s theory, see [25],

. 0 )
Oij = Cijkitks — Bij (1 + o a)ea

¢ =p'Bimi;+ T‘lc(l + 0402>9,

ot
<1 + T%)qi = —ki;0 5,

in which ¢; is heat flux and ¢ is entropy. The balance laws are

7

Oijj = P, — Gii = pT'o.

4.1.2 The secular equation

(4.1)

(4.2)

In order to get the field equations we have to insert (4.2) into (4.1), similarly to (2.2).

Firstly, from (4.1); and (4.2); we get

. . 0
pli; = CijiaUp,1; — Bij (1 + E)e,j-

Differentiating (4.1)s with respect to time we find that

. B ) B o\ -
¢:p I,Bijui7j—|—T 16(1—%0&0&)&.

Multiplying all terms of (4.4) by pT', we obtain

: ' N -
pTé = Tyt + pe(1 + s, ).

Substituting this equation into the balance law (4.2),, we get

o\ -
—Gii = T'Bijlij + PC<1 + 040&>9-

Differentiating (4.1)3 with respect to x; we get

(1 + T%)Qi,i = —ki0i;.
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Multiplying (4.5) by (— (1 + T%)), we obtain

0 0 . 0 AW
After expanding the right hand side of (4.7) and inserting (4.6) into (4.7) we obtain
k;ijﬁjij = Tﬁ%] (ui,j -+ T?I,.LZ‘J‘) + pC(@ + (O./O + 7')9 + Oé()T'é'). (48)

Hence equations (4.3) and (4.8) represent the field equations of TRDTE and GTE,
model 2. Now to get the propagation condition we need to obtain the solution of
(4.3) and (4.8) in the form of plane harmonic waves, similar to (2.3). Then all expo-
nential factors are dropped to obtain the propagation conditions. By using the same

derivatives as in (2.4a) and the further derivative
0 = (—iw)’e.
Inserting the derivatives into (4.3) we get
Ciji(—ws*nn;Uy) — iwsBin; (1 — iway)O = p(—w?U;).
Let us write U; = 0;1Uy, Bijn; = b;, for convenience, to get
Eijkl(—w%znmj + pw? 04, ) Uy, — iwsb;(1 — iway ) = 0.
Dividing by (—w?s?) we obtain
(Cijrmun; — ps 20Uy + i(ws) 1bi(1 — iway)O = 0. (4.9)
Now substituting the derivatives into (4.8) we get
kij(—w?s?)nin© = TBij[w?sn;Ui+7(—iw?sn; ) U +pe|—iw+(—w?) (g +7) +Tagiw?] ©.
Rearranging the equation after dividing by (—w?s?), we get
TBin;s (1 —iwr)U; — (iw™ 'we(l — iwr) (1 — iwag) — kijning)© = 0. (4.10)
Equations (4.9) and (4.10) may be written as

(Qij —wl) + bj(ws) (1 — iway)O = 0,
(4.11)
This™' (1 — iwr)U; + (k — iw™" (1 —iwT)(1 — iwag)we)© = 0,
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where
Qij = Cijning, by = Byn;, k= kynn;.

Similar to previous sections, equations (4.11) may be written in matrix form as

_Qn —w  Qu Qi ab Ui
Qo Qun—w Qs  aby | Ve
Qs1 Q32 Qs —w aby Us
Bby Bby Bbs Yo S)

where

B=Ts 11 —iwr), v2=k—iw (1 —iwr)(l —iwa,)cw, a=i(ws) (1 —iwa).
(4.12)

The determinant of this equation is

Qu —w Q12 Q13 aby
Qo Qo2 —w Q2 by
Q31 Q2 Qs —w abs
Bby Bbs Sb3 V2

Similarly to (2.7), this determinant may be written as follows

Q—wl ab+0
pbl =6+ (2 +9)

D

in which so far ¢ is an arbitrary quantity. Using properties of determinants to expand

by the fourth column we have

Q-wl ab . Q-—wl O

D .
615 — 615 S )

The first determinant is

Qu —w Q12 Q13 aby
Qo1 Qoo — w Q2 aby
Qs Qs Qs —w  abs .
Bby Bbs Bbs —0

Dy
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Similarly to the previous sections, remove ab from the fourth column by taking

row 1—(a—b51) row 4
row 2—(%) row 4
row 3—(01—%)’) row 4
to obtain
- ab ~ ab ~ ab
(Qn - w) - (_—(;)51)1 Q12 — (_—(;)ﬁlb Q13 — (_—(;)553 0
- ab ~ ab ~ ab
D — Qa1 — (_—52)551 (Q22 —w) — (_—(?)552 Qa3 — (_—52)553 0
1= - _ _
~ ab ~ ab ~ ab
Q31 — (_—g)ﬁbl (32 — (_—(?)552 (Q33 —w) — (_—5)553 0
6b1 5b2 553 —(5
and so
~ dﬁ
Dy = —3det{(Q —wl) + —(b@b)}.
From the definitions (2.13) and (4.12) we can get the value of § as follows
§ = dicww (1 — iway) (1 — iwT). (4.13)
Thus, the first determinant becomes
Dy = —iw tew(1 — iwen ) (1 — iwr) det{Q — w1}. (4.14)
The second determinant is
(Qu — w) Q12 Q13 0
) Doy — W ) 0 ~
D,—| @ (@zmw) Om = (75 + ) det{Q — wl}. (4.15)
Q31 (32 (Q33 —w) 0
Bby by Bbs Yo + 0

Since v, is given in (4.12), the second determinant becomes

Dy = [(k —iw™ ew(1 — iwag) (1 — iwr) + iw ™ ew(l — iway ) (1 — iwr)] det{Q — w1}

After simplifying we get
Dy = [k + we(l — iwt)(aq — )] det{Q — wl},
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and so,

= —iw lew(1—iwon ) (1—iwt) det{ Q—w1 }+(k+cw(1—iwt) (a;—ap) ) det{Q—w1}.
(4.16)

Dividing by (—iw™'c(1 —iwa;)(1 — iwT)), we get the secular equation

iwke™ 4+ iww (1 — iwT) (o — ap)

(1 — iwan) (1 — iwr) det{Q— w1} =0. (4.17)

wdet{Q — w1} +

This is the secular equation for unconstrained anisotropic TRDTE+GTE (2) and has

not previously appeared in the literature.

To non-dimensionlize this equation we need to use the dimensionless quantities (2.103)

and (3.20), then we find that

iw(l4+ w(l —iwt)(ag — ap))
(1 —iwaq)(1 —iwT)

wdet{Q — w1} + { 1 det{Q — w1} = 0. (4.18)

The notations Q', Q, w',w’, an’, ag’, 7' have been replaced by Q, Q, w,w, a1, ag, T for
convenience. Equation (4.18) may be written as

iw(l +w(l —iwT)(a; — )
(1 —iwaq)(1 —iwT)

w<w—al><w—a2><w—a3>+[ ] (0—0) (w0—o) (w—ai) = 0,

(4.19)
in which
0<G <@ <@p<@p<g<g, and o> a. (4.20)
We can rewrite (4.19) as follows
. iw(l4+w(l —iwr)(ag —ag)) ] ~
F G =0 4.21
(w) + { (1 —iway) (1 — iwT) (w) =0, (421)
in which,
3 ) 3
F(w) = wH(w —4i), Gw)= H(w = Gi)-
i=1 i=1

On putting 7 = 0 in (4.21) we get the corresponding secular equation (2.27) of
TRDTE, as expected.

Low frequency expansions

When w = 0, the roots of the secular equation (4.21) are the zeros of F(w) : w =
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Gi,i = 0,1,2,3. Defining §o = 0, Taylor expansions of the roots of equation (4.21)
take the form o
wiw) =G+ »_di(—iw)",  i=0,1,2,3. (4.22)
i=1

The first coefficient, when ¢ = 0, is
wo = Go + d\”(—iw) + O(w?). (4.23)

Inserting (4.23) into (4.21) we obtain

40 = NB2B (4.24)
419293
SO B
. G(0) 2
Wy = —W—= + O(w?). 4.25
o= i+ O (4.25)
It is clear that Im wy < 0, so wy is stable.
Now, when ¢ = 1,
w = G + d\ (—iw) + O(W?). (4.26)
Inserting (4.26) into (4.21), and using (4.20) we get
4 = {1+ Gu(as — ag)p D@ =BG —&) 4.27
' t o ) G1(q1 — G2)(q1 — d3) ( )
Thus, B
A A~ _ (Cﬁ) 2
w; = ¢ —iw{l+ ¢1(ag —ap)} + O(w?). (4.28)

F'(qy)
Obviously the stability condition is satisfied because Im w; < 0, so it is stable. Simi-

larly, when ¢ = 2,3 we find that

wy = o — w1l + Ga(a1 — 040)}]5, + O(w?), (4.29)

ws = g3 — iw{l+ gs(ar — @0)}?((?)) +0(w?). (4.30)

These two equations represent two stable waves as well. So there are four stable waves

in the low frequency limit.
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High frequency expansions

When iw — oo, then (iw)~! — 0. From the secular equation (4.21) we find that

w(w — q1)(w — go)(w — G3) + k(w — @) (w — §@2)(w — ¢3) =0, (4.31)
e (14 w(1 = iwr)(on — ay)
(T +w(l —iwT) (g — ag
" [ (1 —iwaq)(1 — iwT) } (4:32)
We can rewrite k as
. [(iw)_l + w((iw)™ = 7)(ay — OéO))}
((1w) = = an)((iw) =" = 7) '
Put ¢ =1/w, so (—i¢) = 1/iw. Now rewrite ~ in terms of (,
_ {(—iC) + w((—i¢) — 7)(u — Oéo)}
((=iQ) —a)((=iQ) —=7) |
As w — 00, — 0, so k becomes
. Mw. (4.33)
Inserting (4.33) into (4.31), we obtain
(a1 — ao)

w(w = qu)(w = g2)(w = Gs) — w(w = q)(w = ¢)(w—gs) =0.  (4.34)

(631
The roots of the secular equation (4.31), when w — oo, are given by the zeros of H (w)

(Oél — Oéo)

H(w) = F(w) —w o

Gi(w), (4.35)

where F(w) and G(w) are defined earlier in (2.28) . Equation (4.35) is a quartic in
w, so there are four roots. So that ¢, = 0,1,2,3. §o = w = 0 is a root, the other

roots are ¢; < o < gs3. Now, we have to examine the sign changes of H(w), using the
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inequalities (4.20), and equation (4.31), we obtain

H(0)=0,
H(q1) = (i — @) (1 — @2) (@ — g3) <0,
H(q) = —(ala;la())@(@ — ) — @) (@ — d3) <0,
H(q2) = ¢2(G2 — 41)(G2 — 42)(G2 — g3) > 0,
(on — ao) (4.36)
H(g) = —a—lfb((b —q1)(G2 — G2)(G2 — 43) > 0,

H(qs) = ¢3(g3 — 41)(G3 — 42)(q3 — g3) <0,

~ a;p — Qo). ,. ~ N - R -
H(§s) = —(la—l(])%(% —¢1)(G35 — ¢2)(¢s — 43) <0,

H(oo) =00 > 0.

It is obvious from (4.36), that the locations of zeros of H(w) satisfy: ¢ is between ¢
and ¢o, @2 is between ¢, and g3 and ¢3 is between ¢3 and oo. The roots ¢;,7 = 1,2, 3,

therefore satisfy the following inequalities
0<a << <@<@p<@<q§@<qg<gs (4.37)
On defining the real quartic polynomial

h(w) = w(w — q)(w — @) (w — gs),

h(w) must be a scalar multiple of H(w) because both have the same four roots, thus

H(w) := (@y_z(w). (4.38)
(€3]
. I N1
Now look for roots when w — oo, from (4.32), putting w = c = iw = —(i¢)~', so,

(1)~ (1 + w(l + (i€)~'7) (01 — )
(i0)~2((i€) + an)((i€) + 7) '

Multiplying numerator and denominator of x by (i¢)? we get

(i1 +w(l + (i) ') (a1 — )
142
)+

aq

KR =

ap7(1+
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After expanding and simplifying we get

K= —w(l — Z—[l’) - Of—ng —wr(l — ag/a1)} (4.39)

and so (4.21) may be written as
F(w) + k(w, w)G(w) = 0. (4.40)
Inserting (4.39) into (4.40) we get

(ﬁ(w) —w(l— %)é(w)) = wr(1 = agfan)}G(w) = 0. (4.41)

(03] a1 T

But from (4.35) and (4.38), equation (4.41) may be written as

h(w) — £{1 —wr (1 — ag/ay)}G(w) = 0. (4.42)

aoT

Taylor expansions of the roots of (4.42) take the form
wi(Q) =g+ Yy _dPEQ)",  i=1,234. (4.43)
n=1
The first coefficient, when ¢ = 0, is
wo(¢) = @ + i’ (i) + O(¢?). (4.44)
Substituting (4.44) into (4.42), taking go = 0 and ¢ — 0, we get
1\ Génd
4 = (—) D2 ), (4.45)
Q0T 7 419243
Inserting (4.45) into (4.44) we get

G(0)
h'(0)

6= ()

QoT

+0(¢?). (4.46)

As we see here, Im wy > 0, so wy is unstable. Now when ¢ = 1,n = 1, (4.43) becomes
wi(Q) = @ + i (i) + 0(¢?). (4.47)
Again, inserting (4.47) into (4.44) we get

w_ 1L (1 — ooy (@1 — @)@ — @) (@ — G3)
di’ = T <1 (1l — g/ 1)) (@ — )0 — 3) > 0. (4.48)
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Substituting (4.48) into (4.47) we get
?(%)
W(q)

The stability condition depends on 7; if 7 is very large then the condition is satisfied

wi(¢) = q + %(1 —qu7(l— 040/041)>

+0(¢?). (4.49)

here, so w; is stable, but if 7 is very small then w; is unstable.

Similarly, when ¢ = 2 and 3, we find that

() = @+ (1= rll —anfo)) GO, (@50
ws(C) = s + Of—OgT (1 ~ (1 — ao/a1>) hng; O (4.51)

Again, these branches could be stable when 7 is very large, and unstable if 7 is very
small. We conclude that

w;, is stable for 1 — ¢;7(1 — ap/a1) <0, fori=1,2,3.
We can say that

1
wy, stable for, 7> = —————,
' ' C]1(1 —1040/041)
w stable for, 7T>mH=————,
? ? Q2(1 —1040/041)

w3 stable for, 7> 713 = m.
Now
T > T > Ty > 73, all three branches are stable.
71 > T > Ty > T3, ¢ is unstable but, ¢, g3 are stable.
T > Ty >T >T3, (1,2, are unstable but, ¢ is stable.

71 > Ty > 73 > 7, all three branches are unstable.

Numerical results

Figure 4.1 illustrates that, the stability condition depends on values of 7, a; and
ap, demonstrating the effect of 7 increasing. When 7 is very small but not zero the
branches become unstable. If 7 is very big there are three stable waves but one mode

be always unstable in high frequncy limit.

In each sub-figure we select the same values of ¢;,2 = 1,2,3, and ¢;,7 = 1,2,3. Low
frequency limits are marked with a x and high frequency limits with e. It is clear

that all branches lie in the lower complex w-plane and only the first subfigure (a)
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shows that all branches satisfy the stability condition (2.24) and it is corresponding
to subfigure (b) of Figure 2.1 inTRDTE. .

Re w Re w
0 1 2 3 4 0 1 2 3 4
o R ANaW
AV RV ) VARV AR
z -1 z -1
E E
_2 -2
-3 -3
(a)t=0 (b)t=0.1
Re w Re w
0 1 2 3 4 0 1 2 3 4
Boorg
z -1 z -1
E E
_2 -2
-3 -3
(c)t=0.3 (d)t=0.8
Re w Re w
05 0 1 2 3 4 05 0 1 2 3 4
0 —)l(\ gV X U 0 O X X
E \j E \]
E E
-0.5 -0.5
-1 -1
(e)t=1.2 flt=2

Figure 4.1: The four branches of the secular equation for unconstrained anisotropic
thermelastic material for TRDTE + GTE (2). For each part, oy = 0.1, oy = 0.2,
(jl = 17 QQ = 27 63 = 3a (jl = 0757 C_?Z = 175a (_?3 = 2.75.
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4.2 Unconstrained isotropic TRDTE+GTE (2)

In order to get the field equations of an isotropic unconstrained thermoelastic material
in the context of Ignaczak’s theory we should follow the same steps as in Sections 2.2
and 3.2. Thus, the field equations are

(A + )wjaj + fug g — B0 + ai0) ; = piiy,

92 . (4.52)

0. 0
ka,ii — Tﬂ(l + T&)”“ — pC(l + (Oé() + T)a + 0407_@)8 = 0.

4.2.1 The secular equation

Now we are seeking the solutions of (4.52) in the form of plane harmonic waves (3.2)

and follow the same steps in the previous chapters to obtain

(N @yning + (i — ps—2)0:;)U; + iB(ws) " 'ny(1 — iwa, )© = 0,

(4.53
TBwsn;(1 — iwr)U; + (kws? —ipc(l — iwag) (1 — iwT))© = 0. )

Eliminating © between (4.53) we get

N T wT %1 — iway) (1 — iwT)nn;
— W) + (X . j o
{(N w)di; + A+ fmang + pe(w(l —iw(ag + 7) — wiaT) + iwk/c) Ui=0,

(4.54)
so that there exist non-zero amplitudes satisfying (4.54) if and only if

e (R e e v | LR B

(4.55)

Using the dimensionless quantities (2.57) to non-dimensionlize (4.55) we get

B <, ew'(1 —iw'a)) (1 —iw'r’)
det 4 (' —w)1+ (N + i ! = 0.
¢ {(M w') +( T +w’(l—iw’(a6+7’)—w’2a67")+iw’ nen
(4.56)

Using again the standard identity (2.60), dropping the dashes for convenience, we get

(w — ) [w?(1 — iwag) (1 — iwr) — w(l — iwag) (1 — iwr) (X + 21)+
e(1 —iway) (1 — iwr) — iw] — (A + 20)iw = 0. (4.57)

This is the secular equation for unconstrained isotropic TRDTE+GTE (2) and has

not previously appeared in the literature.
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Since (5\ +2/1) = 1, the longitudinal waves are represented by the following quadratic

equation,

w?(1 — iwag) (1 — iwt) — w[(1 — iwag) (1 — iwT)+

e(1 —iwaq)(1 —iwT) —iw] —iw = 0. (4.58)

On putting 7 = 0 in (4.58) we get the corresponding secular equation (2.70) of
TRDTE, as expected. This equation may be written as

9 1 —iway w w
1 —iwayg (1 —iwag) (1 — iwT) (1 —iwag) (1 — iwT)
with roots
et (Gt di )} (4.59)
Wio = =42% z .
R YT (1 —iwag) (1 —iwr) )
where
1 —iway w
= te(lTiem) @
1 — iwayg K1
and

k1 = (1 —iwap)(1 —iwT).

In Figure 4.2 the roots (4.59) are plotted in the complex w—plane for various values

of € > 0. In the uncoupled case, when € = 0, the roots become

wi =1, wy= _TM (4.60)
1

see sub-figure 4.2 (a). Equation (4.60); corresponds to the unattenuated, non-dispersive
longitudinal wave and is called an elastic mode. Equation (4.60)s corresponds to the

pure diffusion equation and is called a diffusive mode.

Low frequency expansions

Now returning to the general case when ¢ > 0 for low frequencies at w = 0 the roots
(4.59) become
w; =14+¢, wy=0. (4.60a)

But as w — 0, the roots may be written as

w; = (14 ¢) + A(iw) + Ow?), wy = B(iw) + O(w?). (4.60Db)
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Inserting (4.60b) into (4.58) we get

-1

A=— — — d B= .

elon a0—|—1+ |, an 1Tz

Thus, the roots become
1+ & — iwe] bt ]+ O(w?) (4.61)
wy = € —iwelag —ap + —— w .
1 1 0 1+€ )
—iw

= O(w?). 4.62
wa 11z + O(w?) ( )

Both branches are stable in the low frequency limits.

High frequency expansions

1

In the high frequencies as w — oo, w™' — 0 The secular equation (4.58) may be

written as

w?[1 —iw(ap + 7) + (iw)*aoT]

2

—w[(1 —iw(ag +7) + (iw)’aor) + (1 — iw(ap + 7) + (iw)’a17) — iw] — iw = 0.

(4.60c¢)

After dividing by (iw)? equation (4.60c) becomes

w?[(iw) ™2 — (iw) a4+ 7) + agT]

—w{ [(iw)_Q—(iw)_l (a0+7)+a07] +e [(iw)_2—iw(a0—|—7)+a1ﬂ —(iw) ™ } —(iw)™t =0.

(4.60d)
Putting (iw)™' = 0 into (4.60d) we get
w?(eot) — w(aT +eay7) =0,
and the roots are
wy =1+ 5%, and wy = 0. (4.60¢)

Qo
Now we need to get the roots of the secular equation as (iw)~' — 0. The roots may

be written in the following forms

w; =14+ 5% + A(iw) P+ O(w™), and wy = B(iw) ™' + O(w™?). (4.60f)
0
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Substituting (4.60f) into (4.60d) we obtain

9 Qp 1
A=— —ay— — |+ —--—,
ol o1 = a0 57] T(ap + eay)
and
-1
B = .
T(ap + eay)
Thus, the roots are
o _1{ € Qo 1 } 9
=14+e—— —lag—ag— — |+ ——— O 4.63
wy +€a0 iw o lon — ag 57] + (o0 + con) +O(w™), (4.63)

and

+O(w™). (4.64)

We cannot tell about the sign of Im w;(w) because it depends on the relative values

of the quantities occurring. But it is clear that Im wq(w) > 0, so ws is unstable.

Numerical results

It can be seen that in each part of Figure 4.2 for ¢ > 0 the roots (4.60a) are elastic in
character and stable for low frequency and are marked x in each part of the figure.
In the high frequency limit, (4.60e) are also elastic but unstable and are marked o in

each part of the figure .

Varying the parameters oy, ag and 7 while changing the magnitude of w does not have

any substantive influence on the stability.
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Figure 4.2: The longitudinal squared wave speeds of unconstrained isotropic TRDTE
+ GTE (2). For each part, ag = 0.1, ag = 0.2, 7 = 0.5.
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4.3 Constrained anisotropic TRDTE+GTE (2)

4.3.1 Usual form of deformation-temperature constraint

Similarly to Sections 2.3.1 and 3.3.1, the linearized form of the constraint connecting

the deformation and the temperature takes the form

Ny, — afd = 0. (4.65)
The constitutive equations for a deformation-temperature constrained material are

N 0 -
0ij = Cijritks — Dij (1 + §>9 + 1Nij, (.66

0 .
¢ = p'Biui; + T’lc<1 + oz()a)@ +ptam.

In order to get the field equations, arguing similarly to (2.82), we find that on inserting
(4.66), into the balance equations (4.2);, we get

. 0 S .
CijkiUk,lj — ﬁij <1 + ala)é’,j + Nijn,j = PU;. (467)
Equation (4.67) is similar to (2.83). From the modified Fourier law (4.1)3 and (4.2)s,
we obtain
0
(1 + T&)Qi,i = —Fkij0,ij- (4.68)

Differentiate (4.66)s with respect to time after multiplying by pT to get

. . N - .
pT'¢d = TBju; j + pc(l + aoa)Q + Tan.

0
Inserting into (4.2)s after multiplying by <1 + 7'&), we get

(1 + T@) Qi = —[TBij(t;; +7i; ;) + pc(@+ (g +7)0 + o7 ) +Ta(+717)]. (4.69)

Substituting (4.68) into (4.69) we obtain
T Bpq(tpq + Tiip,q) + Pdé + (a0 + 7)0 +apTh) + Ta(ﬁ + 7'77) — kpgblpg = 0. (4.70)

The secular equation

Now we are looking for the solutions of (4.65), (4.67) and (4.70) by substituting them
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in the same form of plane harmonic waves (2.86). We already have most of derivatives

in (2.4a), and now just observe that
Uy o = wisn U eX, i, = —iw’sn,U.eX, O = iw’0OeX, 5= —wW2HeX
P,q qUp€™, Upq = ) = y M= )

where

X = iw(sn-x —t).
Inserting all the derivatives into (4.65), (4.67) and (4.70) we get
Eijri(—(ws))nmn;Uy, — Bij(iwsn; (1 — iwa,)O) + Nij (iwsnd:I) = p(—wU;.  (4.71)
Dividing by (—(ws)?), we get
Cigrmun; Uy, + Bingi(ws) " (1 — iway )0 — i(ws) ' Ny H = ps~U;. (4.72)
Rearranging the equation we obtain

Qi — ps~ 26U + i(ws) " bi(1 — iwan)© — & H] = 0. (4.73)
This equation is similar to (2.89) in TRDTE and (3.82) in TRDTE + GTE, model 1.
Equation (4.70), after inserting the derivatives, becomes
T Bpgl(WPsngUy) + T(—iw?sng,Uy)] + pe(—iw + (ap + 7)(—w?) + a7 (iw?)) O+
To(—iw + 7(—w?))H — k;j(iws)*nm;© = 0.
Rearranging the equation after dividing by w we obtain
wsTh,(1—iwt)U,—iTa(l—iwr) H+(ws’k—ipc(1—i(ap+7)w—aorw?))O = 0, (4.74)

where k and b, have been mentioned earlier in the previous theories. By putting 7 = 0
in this equation we will get the same equation (2.91) as in TRDTE. Equation (4.65),

after inserting derivatives, becomes
wwsc,U, —a® =0, (4.75)

where ¢, is defined formerly in TRDTE (for the anisotropic constrained case). We
now eliminate © and H between equations (4.73), (4.74) and (4.75). Equation (4.75)
may be rewritten as

O = a liwsc,U,. (4.76)
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Inserting (4.76) into (4.74), we get

H = —iwsa~b,U, + (ws’k —ipc(1 —i(ag + 7w — aprw?)) (a*T) "1 (1 — iwr) "Lwsé,U,.
(4.77)
Substituting (4.76) and (4.77) into (4.73) gives

(sz — ps_25,~k)Uk + i(ws)_l[bi(l — iwozl)(ofliwsépUp) — @[—z’wsoz_lprp—F

(ws?k —ipec(l —i(ag + T)w — agrw?®) (a?*T) (1 — iwT) 'wsé,U,] = 0.
Rearranging this equation, we get

{Qip — a7 (16 (1 —iway) + Eby) — (T) " (iws®k + pe(1 —i(ag + T)w — apTw?))é6,
— ps %6;,) YU, = 0. (4.78)

The non-zero amplitudes satisfy (4.73), (4.74) and (4.75) if and only if

det{Q —a ' (b®E+E@b) — (?T) L (pc + iws’k)E @ &+
a tiwayb ® € +i(a*T) pew((ap + 7) — iwapT)E® € — ps 21} = 0. (4.79)

Defining

P=Q-alb®c+eab)— (®T) (p)E®E, (4.80)

we can rewrite (4.79) in terms of the tensor P as

det {(f’ —wl)+a tiwab®e — O;—UJT(SQk — pc((og+7) —iwapT))E® E} =0. (4.81)

Equation (4.81) may be rewritten as
w

det{(P — wl) 4 [a " tiwayb — m(s% — pc((ap + 7) —iwapT))[c @€} = 0. (4.82)

Using the standard identity (2.60), we get
w

det(f’—wl)+[a’1iwa1b—OC2—T($2k—pc((040+T)—iwagT))]E-(f’—wl)adjE =0. (4.83)

Now we need to rewrite P in terms of definitions (2.110a) and (2.110b) to get the

same equation (2.111) as before. In dimensionless form, if we use the dimensionless

quantities (2.103) and (3.20) then we will obtain the same equation (2.112) as before.
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Also, the secular equation (4.83) may be written in terms of definitions (2.110a) and
(2.110b) as
1w

- L
det(P —wl) + [oz iwaq B — T

(82143 — pc((ao+7) — iwa(ﬂ'))] n-(P—wl)n=0.
(4.84)
This is the secular equation for anisotropic TRDTE+GTE (2) which is constrained

by the usual deformation temperature constraint and has not previously appeared in

the literature.

Now, the dimensionless form of the secular equation (4.84) is
w det(wl —P) —iws [w (5%041 +6 (ap+7(1 —iwao))> - 5] n-(wl—P)*n =0, (4.85)

dropping the dashes for convenience. We will follow exactly the same steps as in
Sections 2.3.1 and 3.3.1 of the usual deformation temperature constraint, to get the

final form of the secular equation here as

F(w) — iwé [w <5éoz1 +6(ap+7(1— iwao))> - 5] G(w) =0, (4.86)
where F(w) and G(w) are defined earlier in (2.116). On putting 7 = 0 in (4.86) we
get the corresponding secular equation (2.115) of TRDTE, as expected.

Low frequency expansions
This is similar to the previous sections concerning the low frequency limits. When
w — 0, the roots of the secular equation (4.86) are the zeros of F(w) = p;, where

1=0,1,2,3, defining py = 0. Taylor expansions take the form

wi(w) = pi+ Y _dP(—iw)",  i=0,1,2,3. (4.87)
n=1
When i =0,n=1
wo(w) = fo + di” (—iw) + O(w?), (4.88)

Substituting (4.88) into (4.86) we get

~92 W1W2
O ———.

0
4" = 52—
b1p2p3

(4.89)
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The sign of dﬁo) depends on the sign of p;. If p; > 0 then d§°) < 0, thus wo(w) is
unstable. But stability is satisfied if dgo) > 0 and this obtained if p; < 0. As before,

p1 = 0 is a special case.

Substituting (4.89) into (4.88) gives

= iwd®=—— + O(w?). 4.90
wo(w) = iwa 1(0) (w?) (4.90)

When i = 1,n = 1 we obtain
wy(w) = Py + dY(—iw) + O(w?). (4.91)

Substituting (4.91) into (4.86) we get

(1 — W) (1 — Wa)
p1(pr — P2)(P1 — P3)

F []51 <g%a1 + (0 + ¢)> - 5] (4.92)

The sign of dgl) depends on the signs of [}51 (5%(11 +d(ap+ 7')) — cr] and p;. Stability
is satisfied if dgl) > 0, and dgl) is positive if

Qe

0<p <

séal +6(oz0 —1—7).

Inserting (4.92) into (4.91) gives

N . 1 G(h) 2
wi(w) =P +iwd |prle2a; + (g + 7)) — 0| =——= + O(w?). (4.93)
(e ra(an+n)) -5 00
Similarly, when ¢ = 2,3, n = 1, we obtain
wa(w) = pr + dP (—iw) + O(w?), (4.94)
ws(w) = pr + d¥ (—iw) + O(w?). (4.95)

Substituting (4.94) and (4.95) into (4.86) respectively we get

W1) (P2 — Wa)

dg2) S— []32 <5%o¢1 + 6 (a0 + 7')> — 0]1(3 ? 5 a5 (4.96)
@ = 5 [ps(ebar + 5(a0+ 7)) — 5] g = fv;)l??;;j%;. (4.97)
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The signs of d?) and d§3) depend on the signs of
[252 (E%Oél + (g + T)) — (ﬂ and []53 (séal + (g + ’7')) — 6},
respectively. The sign of p; does not matter here. Stability is satisfied if dgz) and d§3)

are positive and this is obtained if

ﬁ2< 1 )

and

ﬁ3 < 1 - )
e2qq + J(ao +7’)

respectively. However, if de) and df’) are negative, then wy(w) and w3(w) are unstable.

) G(p
wa(w) = Pa + w6 [151 (55041 +6 (o + 7')) - a—] F/((];)) +O(w?). (4.98)
2
It is clear that, wy(w) is stable if,
N o
D2 < 1 - .
e2a1 + 6 (g +7)
We have
; G(p
ws(w) = P + iwd [;33 (eaal + 5 (a0 + ¢)> - 5] FI((Z;‘“’)) +O(w?). (4.99)
3

Clearly, ws(w) is stable if,

g

55041 + 6(&0 —I—T)'

D3 <
Summarising, branches w;(w), = 1,2, 3, are stable if the quantity
]54&%0&1 + 5'(0[0 + T)] -0

is negative. Conversely, these branches become unstable if this quantity is positive.

High frequency expansions
When w — oo, the roots of the secular equation in the high frequency limit are
obtained by putting w = (! and taking ¢ — 0. So, the secular equation may be

written in terms of ( as
Flw) —iC 16 [w (E%al + (a0 +7(1 - iC‘lao))> - &} Gi(w) = 0. (4.100)
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Multiplying by ¢? we get

CF(w) — i(F [w (5%a1 +o(an +7) — z’gflaoéT) - &} Gi(w) = 0. (4.101)
Rearranging this equation gives

CF(w) — & [z’C <w (55041 +6(a+71)) — &) + U)&OéoT:| G(w) = 0. (4.102)

Putting ¢ = 0 we obtain

wé oG (w) = 0.

For ¢ > 0,9 > 0 and 7 > 0 then the roots are
w = 07 Wl; WQv

and the fourth one tends to infinity. Now look for the roots of the secular equation

as ( — 0, so the roots may be written as

wi(C) = As¢, (4.102a)

wy(¢) = Wi + By, (4.102D)
ws(¢) = Wa + Dag, (4.102¢)
wy(C) = Dy(™" + By + FC. (4.102d)

We may get the roots of the secular equation in the high frequency limit, as ¢ — 0, by
finding the constants As, B3, C, Do, Fa, by substituting into (4.102). Firstly, inserting
(4.102a) into (4.102) we get

(A = P1)(AsC = o) (AsC — ) — 5[ iC (AsC (2 + (a0 +7)) = 7)
+ Aggaaof] (AsC — W) (AsC — W) = 0.
The coefficients of ¢ are
—52(—i + Asaor) Wi W, = 0.

Thus, for 6 > 0, W; > 0 and Ws > 0, find that



Substituting As into (4.102a) to get

w(Q) =~ 1 0(e2).

aoT

It is clear that the stability condition is not satisfied because Im w;(¢) > 0.

Inserting (4.102b) into (4.102) we get

C(Wh + BsQ) (W1 — pr + Bs¢) (Wi — Pz + BsC) (Wi — ps + Bs()
5 [i(((VVmLB?)C) (e%a1+6(ao+r))—6>+(W1+Bsé)6aof] B3((W1+Bs(—W) = 0.
Cancelling ¢, this equation becomes

C(Wy + BsC)(Wr = pr + BsC)(Wh — pa + BsQ) (Wi — s + BsC)
iy [z'g ((W1+ng) (e7a1+6 (o +7)) —5—) +(W, +33§)6aor} Bs(Wi+Bs(—Ws) = 0.
Now putting ¢ = 0 we get

—i& [ — WiGTani] Bs(Wy — Wh) = 0.
We find that
Bs = 0.

So we need to rewrite to (4.102b) as

U)Q(C) = Wl + B3< + CQC2,

and B3 = 0, so wy, becomes

wy(C) = Wi + Col. (4.102¢)
Now we want to find Cy by substituting (4.102e) into (4.102) to get
(W + Co¢?) (W = Py + CoC®) (Wi — o + CoC?) (Wi — fis + Ca(?)
—0 [lC((Wl+CQC2) (€%Oé1—|—5' (Oéo+T)>—5'> +(W1—|—C’2§2)6a07'] CQ€2(W1+CQ§2—W2) =0.
Cancel ¢? to get
(W1 + Co)(Wh = fr + CoC®) (Wi = + CoC®) (Wh = s + Co?)
—0 [@C((W1+C'2C2) (€%Oz1+5' (O£0+T))—5'> +<W1+CQC2)5'(){()T] 02(W1+02C2_W2) = 0.

(4.102f)
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Putting ¢ = 0 we obtain

Wi (W1 — p1) (Wi — pa) (Wi — ps)
627'a0W1 (Wl - WQ) ‘

Cy = (4.102g)

It is clear that Cy is real so we need to extend (4.102¢) to include a term in (>:
ws(C) = Wi + Co¢® + Cs¢P. (4.102h)

Now we need to find C5 by inserting (4.102h) into (4.102), and obtain

—ng [W1(€1/2041 + 5'((1/0 + 7')) — 5']

Wioayt

Cs =

With the aid of (4.102g) the second root becomes

- C2F(Wh) {1 B iQ(Wl [0+ (a0 +7)] — G

@UQ(O:W1+W >}+O(C4)-

W16&07'
Similarly for ws, by inserting (4.102c) into (4.102) we obtain

D, = WalWe = po)(Wa — o) (Wa — ) (4.1021)
a2 ragWe(Wy — Wh)

It is clear that Dy is real, so we need to rewrite (4.102c) as
w3(¢) = Wa + Da¢® + D3¢, (4.102j)

Again, substituting (4.102j) into (4.102) we get

—iDy [WQ<€1/2041 + (g +7)) — (ﬂ

D3 - ~
WQO’O(()T

With the aid of (4.102i) the third root is written as

- C2F(Ws) {1 —i (WQ [e20; +6(ag+7)] — &

ws(C):W2+m >}+O(<4)-

Wg(}ozm'
Finally, the fourth root may obtained by substituting (4.102d) into (4.102) to get
(D3¢ + Ep) (D3¢ + By — pr) (D3¢ 4 By — o) (D3 + Bz — )
_G [i(((Dgc* + By)(e2an + 6 (ap+7)) — 6) + (D3¢ + By)daor

(D3¢ + By — Wi)(Ds¢ ! + B2 — Wa) = 0.
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Multiplying by ¢? we obtain

P2)C] [Ds + (B2 — ps)(]

(D3 + Ex¢) [Ds + (B2 — p1)¢] [Ds
oy + 6 (ao +7)) — 5—@) + (D3 + EQC)&aor}

—5[i((Ds¢ + Bu) e
[Ds + (By — Wh)(] [Ds + (B2 — Wa)¢] = 0.

Putting ¢ = 0 we get

—&52aotDi = 0.
Since o > 0, a9 > 0 and for 7 > 0 we find that
D3 = 0.
So, now we need to find Fy and F' in equation (4.102d). Substituting
wy = By + F¢
into (4.102) we get
C*(Bz + FQ)(Ez + FC — p1)(Ea + FC — p2) (Ea + FC — ps)

__5PC<(E2+aFC)@éoq—k&(a0+wﬁ)——5)—%(E2+—FCﬁhmT

(By + F¢ — W1)(By + F¢ — W) = 0.
The constants terms must vanish to find Es, thus
—52E2a07'(E2 — Wl)(E’Q — WQ) = O,

SO

EZ = 07 Wla WZ-

The last two values correspond to the first two branches we already found. If we
substitute Ey = 0 into the secular equation (4.102) to get F' we will find that F' = Aj
similar to the first branch. However, there must be a root tending to infinity as

w — 00, i.e. ( — 0. Therefore, suppose that the fourth root may be written as

wy = D", some n > 0. (4.102k)
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Substituting (4.102k) into (4.102) gives

Dic2in _ p? [z (&(gl%l + &(ap + 7)) Ds¢ 7 — 52&*2") + DB&QaOT(?m] —0.
Multiplying by ¢*":

Dic? — p? [z (6(51/20z1 + G (ag + 7)) DaC — 5—2gl+2“) n Dg&zaoTC”} — 0. (4.102])

If we take n = 1 we get D3 = 0, exactly as before. The only meaningful balance of

terms seems to be between the first and last terms:
D3¢* — D352aor(" = 0. (4.102m)
So we must take n = 2, leading to roots
D5 =10,0,0,5%T.
With n = 2, (4.1021) becomes
DIC? = DE[i(#(c"2aq + G(ag + 7)) DsC* = 5C°) + Dyiagr(?| =0,

We can ignore the (3 and ¢° terms as they are smaller than ¢? as ¢ — 0. This then
gives (4.102m) with n = 2. There might now be a non-zero term proportional to (!,

so to get this term we need to rewrite the fourth root as
wy = D3¢ 24 Dyt where D3 = 62aqr. (4.102n)
Insert (4.102n) into (4.102) to get
Dy =io [51/2041 +(ap + 7')]
Now the fourth branch becomes
wy = a2 +i6 [ + 6(ap + )]+ O(1),

with Im w4 > 0, corresponding to instability.

Numerical results

In Figure 4.3 we have taken p; > 0. The branch wy(w) beginning at the origin is
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unstable in the low and high frequencies in each part of the Figure. All the other

branches begin to the right of this branch. If ay and a; are small enough then
piletan +d(ap+7)] -5 <0, for i=1,2,3,

and

Wile?ay + 6(ag+7)] — 6 >0, fori=1,2.

and so all the branches w;(w), i = 1,2, 3, are stable in the low and high frequencies
except ws(w) is unstable in the high frequency. This can be seen in the first subfigure
(a) of Figure 4.3 where ag and «; are small. As ag and «; increase, first wy(w)

becomes unstable, see part (c), and as they increase further w;(w) becomes unstable.

In Figure 4.4 we have taken p; < 0. The branch w;(w) beginning at w = p; is unstable
in each part of the Figure. All the other branches begin to the right of this branch.
The branch wg(w) begins at the origin and is stable in each part of the Figure in the
low frequency but is unstable in the high frequency with increasing of ay and ;. As

in Figure 4.3, increasing oy and a; leads to increasing instability for other branches.

In Figure 4.5 we illustrate the exceptional case p; = 0. Now two branches emanate
from the origin, namely, wy(w) and w;(w), one unstable and the other stable in the
low frequency but in the high frequency wy(w) maintains the instability and w;(w)
becomes also unstable, one with argument —m/4 and the other with argument 37 /4.

The same increasing instability with increasing ag and oy is observed.
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(e) oy = 0.15, 0L1=0.7 () o, = 0.2, oc1=0.8

Figure 4.3:
TRDTE+GTE(2) theory. For each part, p1 = 1, o = 2,p3 = 3, Wy = 1.5, W, =
25,6 =1,¢c=1.

The longitudinal squared wave speeds of constrained anisotropic
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Figure 4.4:
TRDTE+GTE(2) theory. For each part, p;
25,6 =1,6=1.
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Figure 4.5:
TRDTE+GTE(2) theory. For each part, p1 = 0, o = 2,3 = 3, Wy = 1.5, W, =
25,6 =1,¢c=1.

The longitudinal squared wave speeds of constrained anisotropic
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4.3.2 Alternative form of deformation temperature constraint

In this section we will use equations (4.67), (4.70) and (2.144),
Cijrtun, jt — Big (0.5 + on 3) + Nijiij = pis,
kg8 pa — T Bpq <1 - T%)dm — pc( + (ag +7)0 4 g7 ) — Ta(f + 71) = 0,
Npqtip,g — (0 + apfl) = 0.
(4.103)
Now we follow the same steps of Section 2.3.2 and 3.3.2 to get the secular equation.
Firstly, looking for solution for equations (4.103) in the form of the plane harmonic

waves (2.86) by inserting (2.86) into (4.103) and we will get the same equations we
had before (4.73), (4.74) and (2.146)3

(Qlk - p5_26ik:)Uk + i(CUS)_l [bl(l — iwal)@ — 51}?] = 07
wsThy(1 — iwr)U, — iaT(1 — iwr)H + (ws?k — ipc(1 —i(ag + 7)w — aprw?)® = 0,

iwsé,U, — a(l —iway)O =0,
(4.104)

where Nyyng, = &, Bijn; = bi, kynpn, = k. Eliminate © and H between (4.104).

From (4.104)3 we find that
wscpU,

o= (4.105)

a(l —iwag)

Substituting (4.105) into (4.104), we get
wscpUy,

(@2T)(1 — iwap) (1 — dwT

H = —ia 'wsb,U, + ) (stk‘ —ipc(l—i(ag+ 7w — a07w2)> :

(4.106)
Inserting (4.105) and (4.106) into (4.104); we obtain
{( Qi = ps726) = a7 (1 = iwag) " (bicy (1 — iwwar) + Gy (1 — iwa))
—i(?T) (1 —iwag) (1 —dwr) N ws?k —ipe(1 —i(ag +T)w — aoer))éiép}Up =0.
(4.107)
Expanding this equation we get
{Qip - O[_l(]_ — iwao)_l (bzép + 6pr) - iw(albiép + Oéoéibp>
—i(oz2T)_1(1—iwa0)_1(1—iw7)_1(w32k—ipc—pc(a0+7)w+ia0w27,oc)6iép—ps_25ip}Up = 0.
(4.108)
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Rearranging this equation we get
{Qip—oz_l(l—iwao)_l(biép—i—éibp)—(oz2T)_1(1—iwa0)_1(1—iw7)_1pcéiép+iw(1—iwozo)_l
[a‘l(albiép—l—agéibp—(aZT)_l(1—2’w7')_1(82k—pc(ag—i-T)%—inozopc)épéi} —w5ip}Up = 0.
The non-zero amplitudes satisfy (4.104) if and only if
det {Q —a (1 —iwag) H(b®E+e®b) — (*T) (1 —iwag) ' (1 —iwT) ' pce @ &+

iw(1—iwag) ™" [a‘l (ab®e+age@b—(a?T) ™ (1—iwr) ™ (32k—pc(oao—|—7)+z'wa07pc)(~:®6]

- wl} = 0. (4.109)

By defining
S ~ . _ _ - o~ C -~
Sl ::Q—<1—Z(JJ040) 1[06 l(b®C+C®b)+mC®({| (4110)
equation (4.109) may be written as
~ iw ar, . Q. (s?k — pc(ap + 7) + iwagTpe) -
det { (81 -wi)+———— | Db+ Legb- |} =0
et (S1—w )+(1 —iwag) L a wer o ce a?T(1 — iwr) cee
(4.111)
In terms of definitions (2.110a) and (2.110b) S; may be written as
§,:=Q—(1—iwa )*1[2a*15+L}n®n (4.112)
v 0 a?T(1 —iwT) ' '
In dimensionless form Sl becomes
S;:=Q — (1 - iwag) 15 [25% (1 — zm)*l] n®n. (4.113)
Rewrite this definition as
Sy :=Q— (1 —iwag) (1 —iwr) 5 [25%(1 —iwT) + 6’] nn. (4.114)

The secular equation (4.111) can be written in terms of definitions (2.110a) and

(2.110b) as

W

[oflﬂ(ozl—l—ao)— (s?k — pe(ag + 1) + iwaOTﬂc)]n@n} o

det {<Sl_w1)+ a?T (1 — iwr)

(= fe) (4.115)
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By using the standard identity (2.60), the secular equation becomes

(s*k — pclap + T) + iwagTpc)
a?T(1 —iwT)

n-(S; —wl)*¥n=0. (4.116)

det(él —wl) + e a By + ag) —

(1 — iway)

The non-dimensional form of the secular equation (4.116) is

wdet(wl —81)— —27 [ wed (a1 +ag)— (1 —iwr) " (1-w(ao+7(1-iwac)))|

(1 —iwayp)

n-(wl—S)*n =0 (4.117)
Now the first term of (4.117) may be written as

M, = wdet(wl — S;) = w det {wl ~Q+5(2¢7 +6)n®n

.1
1 2iwoTe?

(1 —iwap)(1 — iwT)

—|—(—1+ )6(25%+6)n®n— n®n}.

(1 —iwap)(1 — iwT)
After simplifying we get

Wo

M, :wdet{(wl—ls)—l— [ozg(l—iwf)(%%—|—6)+&T}n®n}.

(1 —iwap)(1 —iwT)
Using the standard identity (2.60) we obtain

M, = wdet(wl—P)+ o [ao(l—in)(Qeé+5)+6T}n-(w1—13)adjn.

(1 —dwap)(1 — iwT)

The last term of (4.117) may be written as

~ . - wWo
My=n-(wl-S1)*n=n- ((wl —-P)+ (1 —iwag)(1 — iwT)

[ (1 — iwr) (267 +6) + 6T|n® n) adjn.
By using [28, (A2)] we get
M, =n - (wl —P)*n.
By substituting M; and M, into the secular equation (4.116) we get

wdet(wl —P) + ki

(1= iwag) (1 — iw7) [ (1 — in)(Qgé +6)+0o7|n- (wl — P)edin
_% wsé(a1+a0)—5(1—iwr)—1 (1—w(a0+7(1—iwa0)>>} n-(wl—f’)adjn —0.

181



By simplifying and rearranging we obtain

Wwo

VI

wdet(wl —P) — (1—iwT)(a1 —ap) —&]n- (wl— P)*din = 0.

(4.118)

(1 —iwag) (1 — iwT) [we
This is the secular equation for anisotropic TRDTE+GTE (2) which is constrained by

the alternative deformation temperature constraint and has not previously appeared

in the literature.

Now we need to rewrite equation (4.118) in terms of the eigenvalues p;,i = 1,2, 3, as

wWo

N

(1 —iwr)(ar — ag) — 7]

ww =Pl =po)w —po) — S (v

{n?(w — pa)(w — P3) + ni(w — pr)(w — P3) +ni(w — 1) (w — Pa)} = 0. (4.119)

Similarly to (3.140) the quadratic part in w within braces has zeros at w = Wy, Wh,
which satisfy

P < Wl < Py < WQ < P3. (4118&)
Equation (4.119) may written as

~ Wo

F(w) -

N

[we2 (1 — iwT)(ar — ag) — cﬂé(w) =0, (4.120)

(1 —iwap) (1 — iwT)
where F(w) and G(w) are defined earlier in (2.28). Putting 7 = 0 we get the similar
equation (2.168) in the TRDTE case.

Low frequency expansions
This is similar to the previous sections for the low-frequency limits. When w — 0 the
roots of the secular equation (4.120) are the zeros of F'(w) = p;,i = 0, 1,2, 3, defining

po = 0. Taylor expansions take the form
wi(w) = p; + id,(f)(—z'w)”, i=0,1,2,3. (4.121)
n=1
When i = 0,n = 1, the above equation may be putinto the form
wolw) = Po + d\”(—iw) + O(w?). (4.122)

Substituting (4.122) into (4.120) we get
Wi W,

dgo) _
P1P2P3

— _§52

(4.123)
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The sign of dgo) depends on p;. Stability is satisfied if d§°’ > (, and d§°) is positive if

p1 is negative. But if p; > 0 then wy(w) is unstable.

Inserting (4.123) into (4.122) to get

wo(w) = iwd? /(((()))> + O(w?). (4.124)

It is clear that Im wg(w) > 0, thus wy(w) is unstable in the low frequency region.

sl

When ¢ = 1,n = 1 we obtain
wi(w) = Py + dV(—iw) + O(w?). (4.125)

Substituting (4.125) into (4.120) we get

D 5152 (o — o) — & (1 — W) (p1 — Wa)
4 = o lpe o =) o) ) (4.126)

The sign of d\" depends on (51 (5%(041 + ag) + 6(ag + 7)) — 6] and p1. The stability
condition is satisfied if d§” > 0 and d§” is positive if

0<p < — ? .
€2 (Oél — O[())

Inserting (4.126) into (4.125) we get

wi (W) = pr + iwd [ple%(al — ) — a] TP L 0. (4.127)
F'(p1)
Similarly, when ¢ = 2,3
é ~
ws(w) = Py + iw6 [ﬁgsé(al —ag) — &] GP) o). (4.128)
F'(pa
It is clear that w, is stable if )
_ o
Pa < .
’ e2(ay — )
We have similarly
é ~
ws(w) = Ps + iwd | P32 (0 — ) — &] F/(pf”)) +O(W?). (4.129)
D3

Also, ws is stable if

Q

]53 < .
E%(O./l — Oéo)
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The sign of p; does not have any effect here.

Summarising, branches w;(w), i = 1,2,3 are stable in the low frequency regimes if
the quantity

.1 -

piez(ag —ag) — &
is negative. Conversely, these branches become unstable if this quantity is positive.
High frequency expansions
The roots of the secular equation in the high frequency limit w — oo, may be obtained

by putting w = (71, so the secular equation (4.120) is written as

i low
(1 =i tag)(1 —iC17)

Multiplying the denominator and numerator of the second term by (? we get

F(w)

[wez (1 —i¢'7)(ay — ap) — 3] G(w) = 0. (4.130)

F(w) — = iaZ;T(C —i [wéé(al — o) (¢ — i) — (] G(w) =0, (4.131)
and expanding this equation gives
- ifw - i¢5* 5 —
F(w) — mwez (a1 — ap)G(w) + € —i00)(C = ZT)G(w) =0. (4.132)

Putting ¢ = 0, we obtain

H = F(w) + iws%(al — )G (w) = 0. (4.133)
H is a quartic in w so there are four roots with one root w = 0 denoted by h; = 0,

and the other roots hs, hs and hy with hy < hs < hys. Now we want to examine the

sign changes around these roots by using equation (4.133) and inequalities (4.118a)
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we get, taking p; > 0 here,

1) = Wl(Wl —ﬁl)(Wl —252)(‘;[/1 —p3) >0,

(
(
(

H(ps) = 5 " paz? (a1 — ag) (B2 — Wh) (52 — Wa) < 0,
(Wa) = Wa(Wa — 1) (Wa — a) (Wa — s) < 0,
(B3) = Gag ' Pse? (ar — o) (Bs — WA) (s — Wa) > 0,
(

From these inequalities we may determine the positions of the zeros of H, so that

hy is between zero and p;, hs is between Wl and P, and hy is between Wg and ps.

Therefore, we get the same inequalities as (2.109b):
BQ<]31<W1<713<]52<W2<B4<}53.

Define a quartic polynomial

h(w) = w(w — hy)(w — hs)(w — hy), (4.134)

which must be a scalar multiple of H because both have the same four roots, so

rewrite (4.134) as

H(w) = h(w). (4.135)

Now looking for roots when ¢ — 0, let us rewrite (4.131) as
F(w)+ KG(w) =0, (4.136)

where

wsé(al — ag)(¢ — i) — &(]. (4.137)

Rewrite (4.137) as

K= Oi—(i_ [C(wsé(al — ) —7) — iTweé(al — ozo)] (1 + i—i)l (1 + %)1
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By using the binomial expansion we get

K=" [C(wsé(al —ag) —G) — iTw&?%(al — ao)} (1 - £> (1 — E)
aoT (&%) T
Expanding and ignoring high powers of ( we obtain
K=" [Q(weé (a1—ao)—0) —iTU)&é(Oél —ap)— (T—C>w5;(a1 —ayp) —Cwe? (o —ozo)} .
agT Qp
By simplifying we get
K="2 [C <w557a51(0z1 — ) + 5) + iTweé(al — ao)} : (4.138)
aoT
Inserting (4.138) into (4.136), the secular equation becomes
F(w) — 17 [C (wgéTo@l(al —ap) + &) + iTw&?%(al — ao)] G(w)=0.  (4.139)
aogT
By using (4.133) and (4.135), equation (4.139) may written as
h(w) — “o (wséTon_l(al —ap) + &) G(w) = 0. (4.140)
aoT

This equation is a quartic in w provided that ¢ > 0, so there are four roots w;,i =
1,2,3,4. Power series expansion of the roots of the secular equation in the high fre-

quency limit take the form
w;(€) = h; + id;‘)(—ic)”, i=1,2,3,4. (4.141)
When i =1,n =1 we get
wy (€) = hy + dV (i) + O(¢?). (4.142)

Substituting (4.142) into (4.140) we get

52\ Wi W
dV = (Z=) =2 s, 4.143
! (Oé(ﬂ') h2h3h4 = ( )
Inserting (4.143) into (4.142) we get
1 52\ G(0) )
wy () = —ZC<E> 7(0) + O(¢7), (4.144)

in which h; = 0, so it is clear that Im w;(¢) < 0, w () is stable.
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When ¢ =2,n =1 we get
_ 7 @)_; 2
wa(C) = ha +di” (—iC) + O(C).

Substituting (4.145) into (4.140) we obtain

(hy — Wh)(hy — Wa)
ha(hy — hy)(hy — ha)’

d? = <_—&> <B25%7a51(a1 — ) + 57)

aoT

The stability condition is satisfied if d?) > 0, and d(12) is positive if

- o
0<hy < ,
’ earag (ag — o)
and )
< hy < 0.
6%7'&51(@1 — ap) ?
Insert (4.146) into (4.145) to get
_ 7 . i [ S | B ~ é(}_@) 2
wi¢) = o +iC (o) (Raetrag! (o = a0) +5) a2 + O(C)
Similarly when ¢ = 3,4,n = 1 we obtain
(TN (o _\ G(ha) 2
w3(C) = h3 + ZC(O[QT) (h35 Tag (o — ap) + U) 7 (hs) + O(¢),
(TN \ G(ha) 2
w4(C) = hy + ZC(O&QT) (h4527'040 (o — o) + U) W) + O(¢%)
Also, w3(¢) and w4(() are stable if
- o
hs < ,
’ earay (ag — )
and )
- o
hy < ,
! 6%7'@61(041 — ap)
respectively.

Summarising, the stability of each branch is determined by the sign of
iLiS%TOéal<Oél —ap)—0a, i=2,34,
stable if negative, unstable if positive.
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Numerical results

In Figure 4.6 we have taken p; > 0. The branch wy(w) beginning at the origin is
unstable for low frequency and stable for high frequency in each part of the Figure.
All the other branches begin to the right of this branch. If oy and a; are small enough
all the branches w;(w), i = 1,2,3, are stable for the low frequency and unstable for
high frequency. This can be seen in the first subfigures of Figure 4.6 where oy and oy
are small. As ap and «y increase, all branches w;(w), i = 1,2, 3, become unstable in
the low and high frequencies, see subfigure (f). It is clear that wy(w) retains instability

in the low frequency and stability in the high frequency.

In Figure 4.7 we have taken p; < 0. The branch w;(w) beginning at w = p; is
unstable in the low frequency and stable in the high frequency in each part of the
Figure. All the other branches begin to the right of this branch are stable in the low
frequency and unstable in the high frequency. Although, increasing of ay and «; all
the branches w;, ¢ = 0, 2,3 maintains stability in the low frequency and instability in
the high frequency. Conversely, w;(w) maintains instability in the low frequency and

stability in the high frequency.

In Figure 4.8 we illustrate the exceptional case p; = 0. Now two branches emanate
from the origin, namely, wy(w) and w;(w), one unstable and the other stable in the
low frequency but in the high frequency the situation is reversed, one with argument
—m/4 and the other with argument 37 /4. The other branches have similar situation

as in Figure 4.7.
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4.4 Constrained isotropic TRDTE+GTE (2)

4.4.1 Usual form of deformation-temperature constraint

In this section we apply (2.191) to equations (4.67), (4.70) and the linearised form
of the deformation temperature constraint (4.65) to get the field equations of Ig-
naczak’s theory for an isotropic material incompressible with the usual deformation-

temperature constraint.

(:\ + )i + flug 5 — B0 + alé),i + Nﬁ,z’ = pi;,
k6 i — Tt s + Tikig) — pe(f + (o + 7)0 + aor §) — aT(7) + 717) = 0, (4.150)
Num —af = 0.

The secular equation
Now we are seeking solutions of (4.150) in the form of plane harmonic waves (2.86)
with aid (3.159a), exactly similar to previous sections. So, we get the following system
of algebraic equations
(i — ps=2)6i; + (N + fi)nin,|Us + iB(ws) " 'ni(1 — iway )© — iNnj(ws)  H = 0,
TBws(1 — iwr)n;U; + (ws?k — ipe(1 — iwap) (1 — iwT))O — iaT(1 — iwr)H = 0,
NnjiwsUi —a® =0.

(4.151)

We will now eliminate © and H between (4.151). From (4.151)5 we can write © as
follows ~

0 = % (4.152)

Substituting (4.152) into (4.151)s, we get

wsNn;

H=—ia! U, <—
o Posmbi 4 \ (1~ iwor)

)(ws% —ipc(l — iwag) (1 — iwT))U;.  (4.153)
Inserting (4.152) and (4.153) into (4.151);, we get

_ s
[(ﬂ —w)bi; + (A + [L)nmj] U; +iB(ws) 'ni(1 — iwa;) (%
wsNn,
a?T (1 — iwrT)

) — iN(ws) n,

[ — i~ fwsn;U; + (wsk —ipc(1 — iwag) (1 — iwr))Uj] =0.

192



After simplifying and rearranging this equation we obtain

pcN? )
a?T (1 —iwT)

((1 —iwag)(1 — iwr) + %)}nn]}Uj —0, (4.154)

{(/1 — w)d;; + [X +ji—a 'BN(2 — iway) — (

which gives in direct notation the secular equation

det {(ﬂ —w)l + [/N\ + i —a BN (2 — iway) — (%)
((1 — iwa) (1 — iwr) + %)} n® n} —0. (4.155)

Non-dimensionalize this equation by applying the dimensionless quantities (2.57) and

further dimensionless quantities
o =aT, d =pcT/y, w*=~c/k

to get

(50’)1/2N

e~ [Vt~ E N o gy - ()

a?(1 —iw'r’)
s !
((1 —iwal)(1 — iw'T!) + Zw—,ﬂ ne n} —0. (4.156)
Now by using the standard identity (2.60), dropping the dashes for convenience, we

get the secular equation as follows
(w— ﬂ)Q{wQ —w [1 — (ee)'?’Na™4(2 — iway) — eN?a7%(1 — ibd()ég):|

itve? )}:o. (4.157)

a?(1 —iwt

This is the secular equation for isotropic TRDTE+GTE (2) which is constrained by
the usual deformation temperature constraint and has not previously appeared in the

literature.

The repeated root w = [i represents two purely elastic transverse waves, and longitu-

dinal waves are represented by roots of the following quadratic equation

~ - ; N2
o*w? — w{a2 — (e0)"?aN(2 — iway) — eN?(1 — iwao)} + (1zwc—) =0. (4.158)
— wT
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Equation (4.158) may be written in dimensionless form as
29
w? — w{1 —eY25(2 —iway) — 52(1 — iwao)} T A—’) (4.159)
(1 —iwT)

This equation is rewritten as

w2(1—z‘m)—w{(1—z'm)—51/25(2—z‘wa1)(1—zm)—52(1—z‘wa0)(1—zm)}+zw&2 =0,

(4.159a)
where & is defined earlier in (2.202). On putting 7 = 0 in (4.159a) we get the
corresponding secular equation (2.201) of TRDTE, as expected.

Recall the special cases that were discussed in Section 2.4.1.

Case 1: The isothermal constraint (N = 0, # 0)

Putting N = 0 in equation (4.158) gives the quadratic equation with the same results
as (2.195):

Case 2: The purely mechanical constraint (N # 0, = 0)
Inserting o = 0 into equation (4.158) gives the single branch
—iw
= : 4.160
v (1 — twap)(1 — iwT) ( )

Equation (4.160) is purely diffusive and also satisfies the stability condition Im w < 0.
But in the general case, in which neither N nor « is equal to zero, it is convenient to

go back to equation (4.159). The roots of this equation are

_ _ iwd? 73
A+ [A2 _ —] 4161
w12 (1 —iwT) ( )
where
17 1
A=l Y25 (2 —iway) — (1 — iway) . (4.162)

This equation may be written as

_ 1r 7
A= 5 1— €26 — 6% +iwa(eY2ay + aod)|.

For fixed € > 0, as & increases from 0 to co, Re A at w = 0 decreases from % to —oo.

Re A becomes 0 at w = 0 for a critical value of & given by
Ge=(1+)/2 —el/2, (4.163)
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In the special case where & = 6., s0 Re A = 0 at w = 0 in (4.161), we get the following

form

w=+eTwis, + O(w). (4.164)

Low frequency expansions

The roots of the secular equation (4.159a) at w = 0 are
w; =1-— 2:1%5 — &2, and wy = 0.
But the roots as w — 0 take the form
wy =1 —2eY%6 — 52 + A(iw) + O(w?), and wy = B(iw) + O(w?).  (4.164a)

Inserting (4.164a) into (4.159a) we obtain the roots as

g
1—2:1%5 — 52

w o =1—2%G 52+ iw&{51/2a1 F agd —

}+0),

and
2

wWo
1 —2el/26 — 52

If ¢ > 6. then Im w; > 0, then w; is unstable, if & < 7. we cannot tell the sign of Im

+ O(w?).

Wo =

w1 (w) because it depends on the relative values of the quantities occurring. But it is
clear that if & > &., Im wy(w) < 0, so ws is stable and if & < ., Im wy(w) > 0, thus
wy is unstable. If ¢ = &, the analysis is not valid and we return to the roots in the

special case (4.164).

High frequency expansions
In the high frequency limit as w — 0o, i.e. (w)™* — 0, the secular equation (4.159a),

after dividing by (iw)?, becomes

w? [(iw)’z — (iw)’lT] —
w{ (iw) 2= (iw) =% [2(iw) 7= (iw) " (an+27) a1 7] =67 [(iw) "= (iw) " (ao+T)+apT] }

+ (iw) 1% = 0. (4.164b)
Putting (iw)~! = 0 we get the roots of the secular equation as

wy =0, and wy — o0.
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Now look for the roots as (iw)~ — 0; the roots take the form
w; = A(iw) '+ O(w™), and wy = B(iw) + C + O(w™).

Inserting (4.164c) into (4.164b) we obtain

iw e

+O0(w™?),

W= T(e2aq + Fay)

and

wy = iwd (e %01 4+ Gag) + (1 — %6 — 5%) + O(w™).

(4.164c)

It is clear that Im w;(w) > 0 and Im wy(w) > 0, so wy and wy are unstable in the

high frequency limit.

Now we consider the two previous special cases.
Case 1: The isothermal constraint viewed as the limit ¢ — 0

The roots of equation (4.161) are

1
wig =5 [1 —e'26(2 —iway) — 52(1 — iwao)} +

1 2 4iwa?
—S1—eY?5(2—1 — %1 —i ] -
5 { [ (2 —iway) — (1 — iway) 1= iwr

After expanding and using the binomial expansion we get

iwo?

m+0(5 )

wy =1 —e'26(2 —iway) — 52(1 — iwag) —

2= (1 —iwT)

Case 2: The purely mechanical constraint viewed as the limit ¢ — oo

1/2
) } . (4.164d)

(4.165)

(4.166)

1
When 6 — oo, — is small, and from (4.164d), after expanding and factorising by
o

4(1 — iway)?, then using the binomial expansion, we obtain

_ i _ g1 (2 wan)
= (1 —iwap)(1 —iwT) [1 =7 (1— iwao)] +0(6),
w

=1 —Y%5(2 —i —52(1 —i
Wy /%6 (2 —iway) — 67 (1 —iwag) + 1 iwag) (L= io7)
[1 _ U251 (2 —iway)
(1 —iwayp)
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Numerical results
Figure 4.9 illustrates two longitudinal waves one branch starting and ending at origin
and is stable in the low frequency and unstable in the high frequency. The other

2

branch starting from the point 1 — /26 — 42 and tending to infinity and it retains

the instability in the low and high frequencies.

(a) 6=0.55, (b) 6=0.85.
4 6
2
2
H H
g0 g0
-2
2
-4
-4 -6
-2 -1 0 1 2 -2 -1 0 1 2
Re w Re w
(c) 6=6. (d) 5=25,
10 30
20
5
/J 10
H H
g 0 g 0
-10
-5
-20
-10 -30
-2 -1 0 1 2 -5 0 5
Re w Re w
(e) 6=35, (f) 6=56,
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Figure 4.9: The longitudinal squared wave speeds of isotropic thermelastic material
for Ignaczak’s theory with incompressibility at uniform temperature. For each part
(e = 1,9 = 001,07 = 0.02,7 = 0.1), (a)d = 0.56., (b)g = 0.85,, (c)o = &,
(d)o = 26, (e)d = 36, (f)o = 5.
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4.4.2 Alternative form of deformation-temperature constraints

The field equations for Ignaczak’s theory, see [25], of constrained isotropic thermoe-
lastic materials are (4.150); 2 with the linearised alternative form of deformation-

temperature constraint (2.144)

A+ )5 + fii g; — B0+ ai8) s + Nij; = pii,
ki — TB(is; + iy ;) — pe(0 + (oo + 7)0 + o7 §) — T (7 + 7if) = 0, ¢ (4.169)
Num' — 05(9 + Oéoé) =0.
Now we are looking for solutions in the form of plane harmonic waves (2.86), and by
inserting (2.86) into (4.169) we get the system of algebraic equations
(i — ps™2)0;; + (N + )nin,|Us + iB(ws) " 'ni(1 — iway )© — iNn(ws) ' H = 0,
TBws(1 — iwr)nU; + (ws*k — ipe(l — iwag) (1 — iwT))O — iaT (1 — iwt)H = 0,
NnjiwsU; — a1 — iwag)© = 0.
(4.170)

We will now eliminate © and H between (4.170). From (4.170)3 we can rewrite © as

follows ~
1wsNn;U,;
a(l —iwag)
Substituting (4.171) into (4.170)3, we get

o= (4.171)

wsNn,
a?T(1 — iwT)(1 — dwayp)

H = —ia ' fwsn;U; + ( > [ws*k — ipc(1l — iwag) (1 — iwT)] Uj.
(4.172)

Inserting (4.171) and (4.172) into (4.170),, we get

iwsNn,U,

|:(ﬂ —w)di; + (A + [L)n,n]] U; + iB(ws) 'ny(1 — iway) <0z(1 ——

) — iN(ws)'n,

wsNn,;
a?T(1 — iwT)(1 — iway)

[—ia’lﬁwsnjUj—|—< ) (w52k—z’pc(1—iwa0)(1—z'w7))Uj] =0.

(4.173)

After simplifying and rearranging the equation we obtain

{108+ [ (4 100 — (o)

1 —iwayg 1 —iwT)(
. , 1wk
[(1 = iwag) (1 — iwT) + Eﬂnm]}Uj =0, (4.174)
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which gives in direct notation the secular equation

it (L ()

1 —iway 1 —iwr)(1 —iway)
[(1 = dwag) (1 — iwT) + %” n® n} =0. (4.175)

Non-dimensionalising this equation by applying the dimensionless quantities (2.57)

we get

. N(ed)'/? 1 —iw'a ¢ N?
det { (' —w/) 1+ [N~ (1 H1-( )
et (= w )L [N o +1—iw’a{) a?(1 —iw'T") (1 — iw'ay)

-

(1 iwag)(1 - iw'7") + Zwi,} n@nf=0. (4176)
Now by using the standard identity (2.60), dropping the dashes for convenience, we
get the secular equation as follows

(w—ﬁ)Q{wQ—w [1—(50)1/2041](7(1—1-1 - iwoq)_c](fz} +(a2< el ))} = 0.

1 —iway a? 1 —iwT) (1 — iwayg

(4.177)

This is the secular equation for isotropic TRDTE+GTE (2) which is constrained by
the alternative deformation temperature constraint and has not previously appeared

in the literature.

The repeated root w = [ represents two purely elastic transverse waves and the

longitudinal waves are represented by the following quadratic equation

. 1 —iwa cN?2 iwceN?
T 12 _1N(1 1)_ ] < ):0.
w “’[ (ec) e T iwae) T e 1T\ S n) (1= iwao)

(4.178)

We can rewrite equation (4.178) as

1 —waq

w? +w(5® + V%5 (1 + ) — 1) + iwd?[(1 — iwT)(1 — iwag)] ' =0, (4.179)

1 —iway
where & is defined in (2.202).

The roots of this quadratic equation we can get similarly to previous constrained
isotropic sections.

iwo?

[NIES

wLQZAj: A_Q—

(1 —dwT) (1 — iwayg) (4.180)
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where

(4.181)

1 1—i
A:§[1—sl/2&(1+ﬂ —&2}.

1 —iway
Equation (4.181) may be rewritten as

[1:1{1 c
2

1/2~

o L, . iweY?G

L ) 2 — _
1+w2a§[ + w?ap(on + ag)] — 7 +1+w2ag

(o — ao)}.

For fixed € > 0, as & increases from 0 to 0o, Re A at w = 0 decreases from % to —o0.

Re A at w = 0 becomes 0 for a critical value of & given by
Ge=(14e)/? —£/2, (4.182)

In the special case where & = ., so Re A = 0 at w = 0 in (4.180), we get the following
form

w = +eTwi5, + O(w). (4.183)

Low frequency expansions

The secular equation (4.179) after expanding may be written as

w?[1 = iw(T + ap) + (iw)*Ton] —
w{ [1 —iw(T + ao) + (iw)?Tap] — £/%5[2 — iw(ay + ag + 27) + (iw)*T (a1 + ag)]
— 51— iw(r + ap) + (iw)>Tao] } Fiws? =0. (4.182a)

In the low frequency expansions at w = 0 the roots of the secular equation (4.182a)

are

1/2 ~ 2

wy =1—2e7/6 —6*, and wy = 0.

As w — 0 the roots take the form
wy =1 —2eY%6 — 52 + A(iw) + O(w?), and wy, = B(iw) + O(w?).  (4.182b)

Inserting (4.182b) into (4.182a) we get
o
1 —2e26 — 52

wy =1 2% — 52 4 iw&{él/Q(al — ag) —

b+ 0w,
and
~2

T 12125 — 6

+ O(w?).

Wa
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If & > . Im wy(w) > 0 so w; is unstable and if & < 6. we cannot tell the sign of Im
wi(w). If & > ., Im we(w) < 0, thus wy is stable and if & < 7., Im ws(w) > 0, thus
wy is unstable. If 6 = 7. the analysis is not valid and we return to roots in the special
case (4.183).

High frequency expansions

In the high frequency limits w — oo, i.e. (w)™' — 0. Equation (4.182a), after dividing

by (iw)?, becomes

w?[(iw) ™% = (iw) " (T + ap) — T —
w{ [(iw) ™% = (iw) " (T+ o) — T | — e'?5 [2(iw) 7 = (iw) " (a1 + a0 +27) — T(a1 + )]

— 52 [(iw) 2 = (iw) " (7 + ag) — mo}} +(iw) o2 = 0. (4.182¢)
Putting (iw)~' = 0 we get

wy =1—e25(1+ ) =52 and w, = 0.
Qg
As (iw) — 0 the roots take the form
wy = 1—51/25(14—%)—62+A(iw)’1+0(w’2), and wy = B(iw)+O0(w ™). (4.182d)

&%)

Substituting (4.182d) into (4.182c) we obtain

1/2 ~ e NP S e g!/? o -2
wy = 1—e26(14+4—)—0"—iw 0’{—2(041—040)— - A }—i—O(w ),
e%) aqQ 0407'[1 —el25(1+ —) — 02}

o)

and

—lwagT { 1/2 ~ o NQ} -1
Wy (0 + 1) e2e(1+ 0) g+ 0w)

If 6 > 6. Im wy(w) < 0 and Im wy(w) > 0 so w; is stable and wy is unstable and if
7 < 6. we cannot tell the sign of Im w;(w) but it is clear that Im wy(w) < 0 so wy is

stable. If 6 = . the analysis is not valid and we return to the special case (4.183).
Recall the special cases.

Case 1: The purely thermal constraint viewed as the limit 6 — 0

We obtain

wy = iwd?[(1 — iwr) (1 — iwag)] 4+ O(6°), (4.184)
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.
wy =1— 251+ =My 52 wa2[(1 — iwr)(1 — iwag)] " + O(G%). (4.185)

1 —way

Case 2: The purely mechanical constraint viewed as the limit & — oo

We obtain
1—1 1—1
wy = 1—61/2&(1+1_—ZZ;)—62+iw[(1—iw7)(1—iwao)]1 (1—51/2&1(1+#,Z211)))+0(&2),
(4.186)
1 —wao
_ . . o —1(q _ 1/2=-1 1 2
Wy iw[(1 —iwT)(1 — iwayg)] <1 e (1+ . Z'wozo)> +0(67%). (4.187)

Numerical results
In Figure 4.10 illustrates two longitudinal waves are plotted for various values of &.

2 and ending at the point

The branch w,(w) starting from the point 1 — 2¢'/25 — &
1 —e'26(1 + a1/ag) — 6% and wso(w) starting and ending at the origin. In the low
frequency wy (w) is stable and wq(w) is unstable and the situation reversed in the high

frequency.

Varying the parameters aq, ap, ¢ and 7 while changing the magnitude of w does not

have any substantive influence on the stability.

202



(a) 6=0.35,
3
2
1
= ) <N
£ -
-1
-2
-3
-2 -1 0 1 2
Re w
(¢) 6=6.
5
2 YN
g0 N
-5
-5 0 5
Re w
(e) 6=56.
30
20
10
3 N
E
-10
-20
-30
-20 -10 0 10 20

Re w

Imw

Imw

(b) 6=0.55,

3
2
1
0 /\
N
-1
-2
-3
-5 0 5
Re w
(d) 6=35
30
20
10
0 N\,
N
-10
-20
-30
-20 -10 0 10 20
Re w
(f) e=100,
50
-50
-50 0 50
Re w

Figure 4.10: The longitudinal squared wave speeds of isotropic thermelastic material

for TRDTE+GTE (2) with incompressibility at uniform temperature. For each part

(e = 1Lap = 0.01,01 = 0.02,7 = 0.01), (a)5 = 0.35,, (b)5 = 0.56,, ()6 =
(d)& = 36, (e)F = 56, (f)& = 105..
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Chapter 5

Concluding Remarks

We have shown that on taking into account the conditions ay > a9 > 0 and 7 > 0
in unconstrained anisotropic thermoelastic materials, there are four waves which may
propagate in each direction and all of them are stable in the context of TRDTE. How-
ever, in the context of TRDTE4+GTE (1), the ad hoc theory of Chandrasekharaiah
and Keshevan [23], one mode is infinite and stable in low and high frequencies limits
but the other branches are finite, stable in the low frequency limits but unstable in
the high frequency limits, increasing 7 in this case does not affect the stability. In
the context of TRDTE+GTE (2), Ignaczak’s [25] more rational theory, all waves are
finite, stable in the low frequency limits and unstable in the high frequency limits but

three of them become stable in low and high frequencies by increasing 7.

When either the usual or the alternative deformation temperature constraint operates
in the context of any of these theories, there is always one unstable wave and one which
tends to infinity and the other branches are stable but by increasing a; and «q all of

them become unstable.

In unconstrained isotropic materials there are two longitudinal waves propagating in
each direction. Both of them are finite and stable in the context of TRDTE, but in
the context of TRDTE4+GTE (1) one mode is stable and the other is stable in the
low frequency limit but unstable in the high frequency limits, increasing ¢ in this case

does not affect the stability. In the context of TRDTE+GTE (2) both modes are
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stable in the low frequency limit and unstable in the high frequency limit but with
increasing £ one become stable in low and high frequencies and the other maintains

the stability in the low frequency limit and instability in the high frequency limit.

If the usual deformation temperature constraint operates there are two longitudinal
waves travelling in each direction; one is finite and the other tends to infinity. Both
modes are unstable but with increasing ¢ one mode maintains instability and the
other becomes stable in the context of TRDTE and TRDTE+GTE (1). But in the
context of TRDTE+GTE (2) one mode is unstable and the other is stable in the low
frequency limits and the other is unstable in the high frequency limits, increasing &

in this case does not affect the stability.

If the alternative deformation temperature constraint operates there are two longitu-
dinal waves propagating in each direction; both of them are finite but one is stable
and the other is unstable in the context of TRDTE and TRDTE+GTE (2). But in
the context of TRDTE+GTE (1) one mode is unstable and tends to infinity and the

other is finite, stable in the low frequency and unstable in the high frequency limits.

The results obtained for an anisotropic thermoelastic material of TRDTE and TRDTE
+ GTE(1) type which is constrained by the usual deformation temperature constraint
when a; and ag are small enough, see Figures 2.6 and 3.6, are quite similar to those
for an anisotropic thermoelastic GTE material which is constrained by the usual

deformation temperature constraint, see Leslie and Scott [27, Figure 1].

The results obtained for an isotropic thermoelastic TRDTE material which is uncon-
strained, see Figure 2.4, are quite similar to those for an isotropic thermoelastic GTE

material which is unconstrained, see Leslie and Scott [29, Figure 1].

Similarly, the results obtained for an anisotropic thermoelastic TRDTE material which
is constrained by the usual deformation temperature constraint, see Figure 2.6, are
similar to those for an anisotropic thermoelastic material TRDTE+GTE (1) which is

also constrained by the usual deformation temperature constraint, see Figure 3.6.

The results obtained for an anisotropic thermoelastic material of TRDTE+GTE (1)

type which is constrained by the alternative deformation temperature constraint, see
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Figure 3.9, are similar to those for an anisotropic thermoelastic material of TRDTE+GTE
(2) type which is constrained by the usual deformation temperature constraint, see

Figure 4.3.

We have found that the results obtained for isotropic thermoelastic TRDTE materials
which are constrained by the usual deformation temperature constraint, see Figure
2.12, are exactly the same as those for isotropic thermoelastic TRDTE+GTE (1)
materials which are constrained by the usual deformation temperature constraint, see

Figure 3.12 as 0 > o..

The results obtained for isotropic thermoelastic materials of TRDTE+GTE (1) type
which are constrained by the alternative deformation temperature constraint, see
Figure 3.14, are exactly the same as those for isotropic thermoelastic materials of
TRDTE+GTE (2) type which are constrained by the usual deformation temperature

constraint, see Figure 4.9 as ¢ > o..

In conclusion, we have seen that instabilities are associated with the occurrence of
the three relaxation times «g,a; and 7 even when the materials are unconstrained,
except that in the TRDTE case there is no instability. There is another reason for
these instabilities and that is the presence of a constraint of deformation-temperature

type, either the usual or the alternative form.

The undesirable effects of instabilities may possibly be circumvented by assuming
the constraints to hold only approximately or by using a new theory of deformation-

entropy constraints.
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