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Abstract We construct, for any symplectic, unitary or special orthogonal group over
a locally compact nonarchimedean local field of odd residual characteristic, a type for
each Bernstein component of the category of smooth representations, using Bushnell-
Kutzko’s theory of covers. Moreover, for a component corresponding to a cuspidal
representation of a maximal Levi subgroup, we prove that the Hecke algebra is either
abelian, or a generic Hecke algebra on an infinite dihedral group, with parameters
which are, at least in principle, computable via results of Lusztig. In an appendix,
we make a correction to the proof of a result of the second author: that every irre-
ducible cuspidal representation of a classical group as considered here is irreducibly
compactly-induced from a type.

Mathematics Subject Classification (2000) 22E50

1 Introduction

The study of the irreducible smooth (complex) representations of p-adic groups G
has seen much progress over the last fifty years, inspired especially by the (local)
Langlands programme. A basic approach, due to Harish—Chandra, is: first classify
all the irreducible representations which do not arise as quotients of representations
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parabolically induced from representations of a proper Levi subgroup (these are called
cuspidal); then classify all quotients of representations parabolically induced from a
cuspidal representation of a Levi subgroup. Because parabolic induction does not
preserve irreducibility, and because its reducibility is related to the poles and zeros of
L-functions, in following this approach it is both necessary and interesting to study
the full (abelian) category of smooth representations SR(G).

A fundamental general result, for G a connected reductive p-adic group, is the
Bernstein decomposition [1], which splits PR(G) into blocks (indecomposable abelian
summands) R*(G). These are indexed by (equivalence classes of) pairs s = [M, t]g,
with M a Levi subgroup of G and 7 a cuspidal irreducible representation of M, while the
irreducible objects in R°(G) are precisely the irreducible quotients of the parabolically
induced representations IndI\GA,Pr X, for P any parabolic subgroup with Levi factor M,
and x any character (1-dimensional representation) of M trivial on every compact
subgroup (an unramified character).

Bushnell and Kutzko [11] give a strategy for understanding any block R°(G):
one seeks to construct a pair (J, 1) (called an s-type), consisting of a compact open
subgroup J of G and an irreducible (smooth) representation A of J, which characterizes
the block in the sense that the irreducible objects in 2R%(G) are exactly the irreducible
representations 7w of G such that Homj(rr, A) # 0. (We say that 7 contains X.) Then
the block JR%(G) is equivalent to the category of modules over the spherical Hecke
algebra 77 (G, 1) = Endg(c—Indf’)»), so we are reduced to computing .77 (G, 1) and
its modules. Moreover, Bushnell-Kutzko’s theory of covers, which we recall below,
gives a technique for trying to construct types (and their Hecke algebras) for general M
from those in the cuspidal case (that is, when M = G).

This programme has been carried out in its entirety for the groups GLy [9,12] and
its inner forms [25,26], SLy [10,16,17], and, when the residual characteristic p is
odd, U(2, 1) [3] and Sp,4 [2,4]. It has also been completed for an arbitrary connected
reductive group for level zero blocks, that is, for [M, t]g where t contains the trivial
representation of the pro-p-radical of some parahoric subgroup [23,24]. For inner
forms of GLy, the Hecke algebras which arise are all tensor products of generic
Hecke algebras of type A; for SLy one gets a similar algebra tensored with the group
algebra of a finite group, but twisted by a cocycle.

In this paper, we largely complete the programme for an arbitrary classical group G
when the residual characteristic is odd. More precisely, let F, be a locally compact
nonarchimedean local field with residue field of odd cardinality ¢g,, and let G be the
group of rational points of a symplectic, special orthogonal or unitary group defined
over F,. Our first main result is:

Theorem 1.1 Let M be a Levi subgroup of G, let t be a cuspidal irreducible repre-
sentation of M, and put s = [M, tlg. There is an s-type (J, 1) which is, moreover, a
cover of the s\-type (J N M, A|J N M).

At present, we are only able to determine the Hecke algebra in the case of a maximal
proper Levi subgroup (though see the comments below for some implications in other
cases); it turns out that the Hecke algebras which arise are as for the group Sp, (F) [4],
although there are more possibilities for the parameters. We also remark that this case
of a maximal Levi subgroup is the most interesting in terms of implications on poles
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and zeros of L-functions; in particular, it is possible to use the results here to compute
explicitly the cuspidal representations in an L-packet.

Theorem 1.2 In the situation of Theorem 1.1, suppose moreover that M is a maxi-
mal proper Levi subgroup of G and write Ng(sm) for the set of g € G such that g
normalizes M and 8t is equivalent to T x, for some unramified character x of M.

(1) If Ng(sm) = M then the Hecke algebra (G, L) is abelian, isomorphic
toC [X +1 ]

(i1) IfNG(sm) # M then the Hecke algebra 72 (G, L) is a generic Hecke algebra on
an infinite dihedral group; that is, it is generated by Ty, Ty, each invertible and
supported on a single double coset, with relations

(Ti —gi)(Ti + 1) =0,

for some integer q; € q?.

Moreover, in Sect. 6, we give arecipe which reduces the calculation of the parameters g;
in this Hecke algebra to the computation of a certain quadratic character (which is
sometimes known to be trivial) and of the parameters in two finite Hecke algebras,
which are computable through the work of Lusztig [20]. We explore certain cases of
this further in work in progress, though we emphasise that the computation of the
quadratic character appears, in general, to be a very subtle matter: see the work of
Blondel [6] for more on this.

We also remark that, for symplectic groups, the propagation results of Blondel [5]
together with our Theorem 1.2 now give the Hecke algebra when M ~ GL,(F)* x
Sp,n (F) and T = T®° ® 19. Whether the results there and here could be pushed to
give a description of the Hecke algebra in the general case is not clear.

We now describe the proofs so we suppose we are in the situation of Theo-
rem 1.1. The class s = [M, t]g determines a (cuspidal) class sy = [M, t]v for M,
which gives us a block 2™ (M) of the category of smooth representations of M.
An sy-type (Jm, Am) was constructed by the second author in [29] (though we take
the opportunity here to correct some inaccuracies in the proof of [29, Theorem 7.14]—
see the Appendix). We say that a pair (J, 1) is decomposed over (Jp, Anm) if, for any
parabolic subgroup P = MU with Levi factor M,

(1) J has an Iwahori decomposition with respect to (M, P) and J " M = Jy; and
(ii) X restricts to Ay on Jy, and to a multiple of the trivial representation on J N U.

If a further technical condition on the Hecke algebra 7°(J, A) is satisfied (it contains
an invertible element supported only on the double coset of a strongly positive element
of the centre of M) then (J, 1) is a cover of (Jm, Am), in which case it is also an s-type.
Moreover, one gets an embedding of Hecke algebras 77 (M, Ay) < (G, 1) and, in
certain circumstances, one can also deduce the rank (and other structure) of 7 (G, 1)
as an 77 (M, Ap)-module.

To construct a cover, we do not in fact start with the type (Jp, Am) but rather
construct (J, A) directly, then observing that it is a cover of its restriction to M, which
is indeed an sy-type. To this end, the starting point is a result of Dat [14], building on
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work of the second author in [28]. In the latter paper, so-called semisimple characters
of certain compact open subgroups of G were constructed, generalizing constructions
of Bushnell and Kutzko [9]. These come in families indexed by a semisimple element 3
of the Lie algebra of G and a lattice sequence A, which can be interpreted as a point
in the building of the centralizer Gg of 8 via [8].

Dat proved that, given s = [M, t]g as above, there is a self-dual semisimple char-
acter 0 of a compact open subgroup H' of G such that (H', 6) is a decomposed pair
over (H' MM, 0|31 ~p) and 7 contains 6 |51y There is considerable flexibility here; in
particular, the associated lattice sequence A may be chosen so that the parahoric sub-
group it defines in Gg (that is, the stabilizer of the point it defines in the building) also
has an Iwahori decomposition with respect to any parabolic subgroup with Levi fac-
tor M. (Indeed, this is generically the case.) The element f also has a Levi subgroup L
attached to it (the minimal Levi subgroup containing Gg) and we have M C L.

Our first task is to extend the constructions of [28,29] to the self-dual case, in
particular the notion of (standard) B-extension k and its realization as an induced
representation Indip kp, for P a parabolic subgroup with Levi component M. The main
property here is that the representation kv := kpljpnm of Jm := Jp N M is a (stan-
dard) B-extension in M, in the sense of [29], with extra compatibility properties coming
from conjugation in L; indeed, it is ensuring these compatibilities which would make
it difficult to start with a type in M and build a cover from it.

Now our cuspidal representation T of M contains a representation of Jy; of the
form Ay = «Mm ® pMm, for pv the inflation of a cuspidal representation of the
(possibly disconnected) finite reductive quotient Jy /JI{,I, and (Jm, AMm) is an s-type.
Since Jp /JII, ~ Im /Jl{/[, we can also form the representation Ap = kp ® pm and the
claim is then that (Jp, Ap) is a cover of (Jyp, An). There is a small but important sub-
tlety here: it is in fact the inverse image J}; of the connected component of Jy;/J 1]\,1 that
we work with, along with a representation A, = kv ® pl‘\’/l contained in Ay, and we
prove that (J3, AD) is a cover of (J§;, Ay;). That (Jp, Ap) is also a cover follows from
a result of Morris: this phenomenon already arises for level zero representations.

The proof uses transitivity of covers, showing that (J§, A3) is a cover of (J3 N M/,
Aplygnmr) for a chain of Levi subgroups M’ ending with M. The first step is with M" =
L, which is straightforward by consideration of intertwining; indeed, the embedding
of Hecke algebras in this case is an isomorphism. This reduces us to the case L = G,
which is the case of a skew semisimple character considered in [29], and the rest of
the argument is essentially contained there. By intertwining arguments, we reduce to
the case in which there is no proper Levi subgroup of G containing the normalizer
of py| 19 Finally, we pull off the remaining blocks of M one at a time; that is, we go in

steps with M’ = GL, (F) x G” a maximal proper Levi subgroup of G containing M =
GL, (F) x M?, with M a Levi subgroup of the classical group G°. (In the case of even
special orthogonal groups we must sometimes remove blocks in pairs.)

The final step is achieved by producing Hecke algebraembeddings J#(¥;, py xi) =
(G, Ap), fori =0, 1, where &; is a finite reductive group having JK/[/JIIVI as a maxi-
mal proper Levi subgroup, and x; is a quadratic character. Each of these finite Hecke
algebras is two-dimensional, generated by an element 7; which is supported on a
single double-coset and satisfies a quadratic relation. It is a power of the product of
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the images of 7; in 7 (G, A?,) which gives the required invertible element of the Hecke
algebra.

In the case that M is maximal and Ng(sm) # M, the same argument allows
one to describe the Hecke algebra of the cover completely: the images of the two
embeddings together generate .77’ (G, Ap) and there are no further relations by support
considerations. Again, there are some additional complications arising from the fact
that the finite groups ¢; (which are the reductive quotients of non-connected para-
horic subgroups in Gg) need not be connected; some care is needed in dealing with
these.

Finally we summarize the contents of the various sections. The basic objects
involved in the construction are recalled in Sect. 2, while Sect. 3 extends the vari-
ous constructions from the skew case in [29] to the case of a self-dual semisimple
character. In Sect. 4 we recall the construction of types in the cuspidal case, before
constructing the cover and proving Theorem 1.1 in Sect. 5. Finally, the computation
of the Hecke algebra is given in Sect. 6. In the appendix we make the necessary
corrections to the proof of [29, Theorem 7.14].

2 Notation and preliminaries

Let F be a nonarchimedean locally compact field of odd residual characteristic. Let
X+ A denote a (possibly trivial) galois involution on F with fixed field F,. For K a
finite extension of F,, we denote by Ok its ring of integers, by px the maximal ideal of
Ok, by kx its residue field and by gk the cardinality of kx. We also denote by e(K/F,)
and f(K/F,) the ramification index and residue class degree of K/F, respectively,
and put eg = (—1)¢F/Fo+1,

We fix wF a uniformizer of F such that wg = eroF, and put @, = w;(F/ F°),
a uniformizer of F,. We also fix 1,, a character of the additive group of F, with
conductor pg,; then we put g = ¥, o trg/g,, a character of the additive group of F
with conductor pr. We also denote by f — f the involution induced on the polynomial
ring F[X].

For u a real number, we denote by [u] the smallest integer which is greater than or
equal to u, and by |u«] the greatest integer which is smaller than or equal to u, that is,
its integer part.

All representations considered here are smooth and complex.

The material of this section is essentially a summary of necessary definitions and
basic results. More details can be found in [9,28].

2.1 Lete = %1 and let V be a finite-dimensional F-vector space equipped with a
nondegenerate ¢-hermitian form 4: thus

M, w) = h(Av, w) = eh(w, Av), v,weV, LeF.

Put A = Endgr(V), an F-split simple central F-algebra equipped with the adjoint
anti-involution a > a defined by
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h(av, w) = h(v, aw), v,w € V;

this anti-involution coincides with the galois involution on the naturally embedded
copy of Fin A.

2.2 Set G = Autg(V) and let o be the involution givenby g > g~ !, for g € G.
We also have an action of o on the Lie algebra A given by a — —a, fora € A. We
put X = {1, o}, where 1 acts as the identity on both Gand A.

Put Gt =G> = {g € G : h(gv, gw) = h(v, w) for all v, w € V}, the Fo-points
of a unitary, symplectic or orthogonal group G* over F,. Let G be the F,-points of
the connected component G of G™, so that G = G except in the orthogonal case.
Put A_ = A%, the Lie algebra of G. In general, for S a subset of A, we will write S_
orS™ for SNA_, and, forHa subgroup of G, we will write H for HN G.

IfF = F,,e = +1,dimp V = 2and i isisotropic, then G >~ SO(1, 1)(F) >~ GL(F)
so is well-understood. Consequently, we exclude this case. In particular, the centre
of GV is the naturally embedded copy of F! := {% € F: A1 = 1}, which is compact.

2.3 An Og-lattice sequence on V is a map
A 7 — {Of — lattices in V}

which is decreasing (thatis, A(k) 2 A(k+ 1) for all k € Z) and such that there exists
a positive integer ¢ = e(A|Of) satisfying A(k + e) = ppA(k), for all k € Z. This
integer is called the Op-period of A.If A(k) 2 A(k+1) forall k € Z, then the lattice
sequence A is said to be strict. If dimy, A(k)/A(k + 1) is independent of k, we say
that the lattice sequence is regular.

Associated with an Op-lattice sequence A on V, we have an Op-lattice sequence
on A defined by

k= PBr(A)={aceA:aAl) S A +k), icZ}, kel

The lattice A(A) = Po(A) is a hereditary Og-order in A, and P(A) = P (A) is
its Jacobson radical; these two lattices depend only on the set {A(k) : k € Z}.

We denote by R(A) the G-normalizer of A: that is, the subgroup of G made of all
elements g for which there is an integer n € Z such that g(A(k)) = A(k + n) for all
k € Z. Given g € K(A), such an integer is unique: it is denoted v 4 (g) and called the
A-valuation of g. This defines a group homomorphism v from £(A) to Z. Its kernel,
denoted P(A), is the group of invertible elements of 2A(A). We set Po(A) = P(A)
and, fork > 1, we set Py (A) = 1 + Pr(A).

2.4 Given A an Og-lattice sequence, the affine class of A is the set of all Op-lattice
sequences on V of the form:

alA+b:k— A([(k —b)/al),
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witha,b € Z and a > 1. The Og-period of a A + b is a times the period e(A|Op) of
A. Note that

PBrlaA +b) = Breja)(A)

so that changing A in its affine class only changes P (A) in its affine class, indeed
only by a scale in the indices; similarly, Py (A) is only changed by a scale in the indices,
while R(a A + b) = R(A).

2.5 We call an O-lattice sequence A self-dual if there exists d € Z, such that
{fv eV :h@, Ak)) C pr} = A(d — k) for all k € Z. By changing a self-dual
Op-lattice sequence in its affine class, we may and do normalize all self-dual lattice
sequences so that d = 1 and e(A|Or) is even.

For A a self-dual lattice sequence, the Og-lattices 3x(A) are stable under the
involution o (on A). Similarly, the groups Py are fixed by o (on G) and we put
Pt = Pt(A) = PN G™, a compact open subgroup of G, and P = P(A) = PT NG.
We have a filtration of P(A) by normal subgroups Py = P¢(A) = PF = P, NG, for
k > 0. We also have, for k > 0, a bijection I3, (A) — Py given by the Cayley map
x> (L4351 - %)_1, which is equivariant under conjugation by P.

The quotient group ¢4 = P/P; is (the group of rational points of) a reductive
group over the finite field k r,. However, it is not, in general, connected. We denote by
P° = P°(A) the inverse image in P of (the group of rational points of) the connected
component ¢° of ¢&; then P° is a parahoric subgroup of G.

2.6 A stratum in A is a quadruple [A, n, m, 8] made of an Op-lattice sequence A
on V, two integers m, n such that 0 < m < n, and an element 8 € P_,(A). Two
strata [A, n, m, B;], fori = 1,2, in A are said to be equivalent if B> — B1 € B_,, (A).
A stratum [A, n,m, B] is called null if it is equivalent to [A, n, m, 0], that is, if
B € PB-m(A).

A stratum [A, n, m, B] is called self-dual if A is self-dual and 8 € A_. (Note that
this notion has been called skew in previous papers; here we reserve the term skew for
a more precise situation—see Sect. 3.)

Forn > m > % > 0, an equivalence class of strata corresponds to a character of

P, +1(A), by
[A,n,m, Bl (g : x > Ypotra/p(B(x — 1),  forx € Pyy1(A)),

while an equivalence class of self-dual strata corresponds to a character of P,,,11(A),
by

[Asnom, BT Vg = Vgl
A null stratum corresponds to the trivial character.
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2.7 For[A,n,m, B] astratum in A, we set

y = y(,B, A) — w]l:/gﬁe/g’

where ¢ = ¢(A|Or) and g = ged(n, e). The characteristic polynomial of y + 1 (A)
(considered as an element of A(A)/P1(A)) is called the characteristic polynomial
pg(X) € kg[X] of the stratum [A, n, m, B]. The stratum [A, n, m, B] is said to be
split if g (X) has (at least) two distinct irreducible factors.

If [A, n, m, B] is self-dual then we have y = egy, where eg = ag/g(—l)e/g, and
thus g (X) = @g(epX). We say that the stratum is G-split if ¢ (X) has an irreducible
factor ¥ (X) such that ¥ (X), E(sﬁ X)) are coprime.

2.8 Let E be a finite extension of F contained in A. An O-lattice sequence A on
V is said to be E-pure if it is normalized by E*, in which case it is also an Og-lattice
sequence. Denote by B = Endg(V) the centralizer of E in A and by A, the lattice
sequence A considered as an Og-lattice sequence.

2.9 Givenastratum[A, n, m, B]in A, we denote by E the F-algebra generated by 8.
This stratum is said to be pure if E is a field, if A is E-pure and if v, (8) = —n. Given
a pure stratum [A, n, m, B8], we denote by B the centralizer of E in A. For k € Z, we
set:

(B, A) = {x € AA) | fx —xp € Pr(A)}.

The smallestinteger k > v 4 (B) such that ng41(8, A) is contained inA(A)NB+P(A)
is called the critical exponent of the stratum [A, n, m, 8], denoted ko (B, A).

The stratum [A, n, m, 8] is said to be simple if it is pure and if we also have
m < —ko(B, A).

Given n > 0 and A an Op-lattice sequence, there is another stratum which plays a
very similar role to simple strata, namely the zero stratum [A, n, n, 0]. (Note that this
was called a null stratum in [28,29].)

2.10 Let [A,n,m, B] be a stratum in A and suppose we have a decomposition
V = @, V' into F-subspaces. Let A’ be the lattice sequence on V' given by A’ (k) =
A(k)NV' and put f; = e ge’, where e’ is the projection onto V' with kernel @ ;; V/.
We use the block notation AV = Homg(V/, V?).

We say that V = @, V' is a splitting for [A, n, m, B if A(k) = @, A’ (k), for
allk € Z,and B =, Bi-

Suppose V = @, V' and V = @ ;; W/ are two decompositions of V. We say
that @;; V' is a refinement of @ ;.; W/ (or @ ;¢; W is a coarsening of @,;; V')
if, for each i € I, there exists j € J such that Vi C Wi,

2.11 A stratum [A, n, m, B] in A is called semisim_ple if either it is a zero stratum
or B € Pi1_,(A) and there is a splitting V = €, ; V' for the stratum such that

iel
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@) fori eI, [A, qi, m, Bi] is a simple or zero stratum in A’ where qgi = mif
Bi =0, gi = —v i (B;) otherwise; and

(ii) fori, j € I,i # j, the stratum (Al @ AT, q,m, B; + B;] is not equivalent to a
simple or zero stratum, with ¢ = max{g;, g,}.

In this case, the splitting is uniquely determined (up to ordering) by the stratum and
we put %5 = P; A’ We put E = F[B] = @, Ei, where E; = F[B;]. We will
sometimes write “A is an Og-lattice sequence” to mean that A = @, ; A’ and each
Al is an Of;,-lattice sequence on V.

Let B = Bg denote the A-centralizer of f, so that B = ¢P; | B;, where B; is
the centralizer of B; in A’ We wrlte Gt = B, G = Autg (V') and, put GE =
BX =GN GE, so that L,g = Hlel G' is a Levi subgroup of G and GE =

Hi el GEI. C L,g. Each GEi is (the group of F,-points of) the restriction of scalars to
F, of a general linear group over E;, provided E; /F is separable; in any case, (~}Ei is
isomorphic to some GL,;; (E;). We also write Ly (Ap,) = Pr(A) N B, for k € Z,
which gives the filtration induced on B by thinking of A as an Og-lattice sequence,
and Py(Ap,) = Pr(A) NB, fork > 0.

2.12 Let[A, n,m, B] be a semisimple stratum in A. The affine class of the stratum
[A, n, m, B] is the set of all (semisimple) strata of the form

(A" n',m', B,

where A’ = aA + b is in the affine class of A, n’ = an and m’ is any integer such
that |m'/a| = m.

In the course of the paper, there will be several objects associated to a semisimple
stratum [ A, n, m, B], in particular semisimple characters (see Sect. 3). By a straight-
forward induction (cf. [7, Lemma 2.2]), these objects depend only on the affine class
of the stratum.

3 Self-dual semisimple characters

In this section we recall the notion of self-dual semisimple strata and characters from
[14], generalizing the skew semisimple case from [28]. We also develop the theory of
B-extensions in the self-dual situation. The results here are the expected generalizations
of the results in the skew case from [28,29]. Moreover, most of the proofs follow by
taking fixed points under the involution o so are essentially identical to those in the
skew case; we will only give details when new phenomena arise.

Self-dual semisimple strata
3.1 Let[A,n,m, B]beasemisimple stratum and denote by V = @, V! the asso-
ciated splitting and use all the notations introduced in Sect. 2. If V;(X) € F[X]

de_notes the minimum polynomial of B; then, by [28, Remark 3.2(iii)], we have
Vi = ker ¥; (B).

@ Springer



M. Miyauchi, S. Stevens

If [A, n, m, B] is also self-dual then, for each i € I, there is a umque j=o@) el
such that ﬂl = —fB;. Moreover, U (X) = W, (i) (—X), whence (vt @I#G(l) Vi,
Then, using the usual block notation in A, the action of the involution ~ on A is such
that Al = Ao (@)

Wesetlyp = {i €I | o(i) =i} and choose a set of representatives I for the orbits
of o in I\Ip. Then we will write I_ = o (I;) sothat I =1_ U Iy U I (disjoint union)
and

V= @(V" ® VD) @ @ Vi,

iely i€l

It will sometimes be useful to place on ordering on I, in which case we will write
I. ={1,....l1}and put o(i) = —i € I_, fori € I;; in this case we will write
VO =P, cly Vi so that V = @5:—1 Vi, which we call the self-dual decomposition
associated to [A, n, m, B]. We will also put g = eO,BeO, where €° is the projection
onto V with kernel @ 0 Vi,

3.2 Let [A,n,m, B] be a self-dual semisimple stratum and V = EBL?, Vi as
above, with VO = @Picr, V' We put G' = Autp(V?), L; =I'._,G)NG* and
Lg = L; NG, which is a Levi subgroup of G. We have Lg = GO x Hi:l G', where G°
is the unitary, symplectic or special orthogonal group fixing the nondegenerate form
hlVoxVQ; -

Put Gg = B*, the centralizer of $, as in Sect. 2. We put G = Gg NG and
Gg = GE N G, so that Gg C Lg. Fori € Iy, the involution on F extends to each E;
and we write E; , for the subfield of fixed points; it is a subfield of index 2 except in
the case E; = F = F,, (so that g; = 0).

We have Gg = Gg, x Hle GE,. and Gg, = [], c1, GF;» Where, for i € Iy, each
Gg; is the group of points of a unitary, symplectic or special orthogonal group over
Ei . (For each i € Ip, there is a nondegenerate E; /E; , ¢-hermitian form f; on A\
such that the notions of lattice duality for Og;-lattices in Vi given by hlyi,yi and by
fi coincide; then Gg; is the group determined by this form.)

For k > 0, we write Pr(A@y) = Pr(A) NGg = ﬁk(AoE) N G and denote by
P°(A@g) the inverse image in P(A@,) = Po(Ag) of the connected component of
the reductive quotient P(A ;) /P1(A@y).

3.3  The following two results are straightforward generalizations of results
from [28].

Lemma 3.1 (cf. [28, Proposition 3.4]) Let[A, n, 0, B be a self-dual semisimple stra-
tum in A, with associated splitting V. = @, V'. For 0 < m < n, there is a self-dual
semisimple stratum [A, n, m, y] equivalent to [A,n, m, ﬂ] such that y € £ ; in

particular, its associated splitting is a coarsening of @; c; V'

Let [A, n,m, B] be a self-dual semisimple stratum in A and, for i € I U I, let
si : A" — B; be a tame corestriction relative to E; /F (see [9, §1.3] for the definition);
fori € Ip we may and do assume s; commutes with the involution.
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Lemma 3.2 (cf. [28, Lemma 3.5]) Let [A, n,m, B1 be a self-dual semisimple stratum
in A, with associated splitting V = P, V' Fori e 1, Uly, letb; € P_,, (A)NA" be
such that [A’OE_ ,m,m — 1, s;(b;)] is equivalent to a semisimple stratum, and assume

that b; € A_ fori € lo. Put by = —b_;, fori € 1_, and b = >, b;. Then
[A, n,m—1, B+ Db]is equivalent to a self-dual semisimple stratum, whose associated

splitting is a refinement of @; ¢ Vi,

The point of these lemmas is that now all objects associated to a self-dual semi-
simple stratum may be defined inductively with all intermediate strata also self-dual
semisimple. In particular, all the objects will be stable under the involution o.

3.4 A self-dual sen_lisimple stratum [A, n, m, B] is called skew if its associated
splitting V = @, ; V' is orthogonal; equivalently, in the notation above, if I = Ip.

Lemma 3.3 Let [A,n,0, B'] be a self-dual semisimple stratum in A and suppose
that [A, n, m, B'] is equivalent to a self-dual semisimple stratum [A, n, m, B] with
B e ZLy. Write V=, Vi for the splitting associated to [A, n, m, B], which is a
coarsening of that for [A, n, 0, B'].

(i) Foreachi € 14 Uly, the derived stratum [A’bE ,m,m—1,5; (,Blf — Bi)] is either

null or equivalent to a semisimple stratum.

(ii) Suppose 0 < m < n is minimal such that [A, n, m, B'] is equivalent to a skew
semisimple stratum. Then [A, n, m, 8] is skew and there is ani € 1 = lo such that
the derived stratum [AIOE,. ,m,m—1,s; (ﬁi/ — Bi)] is G-split.

Proof

(i) Write V = @jel’ V/ for the splitting associated to [A,n,0, #’] and e/ for
the associated idempotents; then, for each j € T, there is a unique index
i € I such that V/' C V'. Now, applying [9, Theorem 2.4.1] to the sim-
ple stratum [A/, n, m, e/ Be’] and the pure stratum [A/, n, m, e/ B'e/], we see
that [A] ,m, m j (sl (/3 ,31)) /] is either null or equivalent to a sim-

ple stratum The result follows since any direct sum of simple or null strata is
equivalent to a semisimple stratum.
(i) If [A’OE_ ,m,m — 1,s; (ﬂi/ — Bi)] is not G-split then it is skew; thus, if

no [A’IOE. ,m,m—1,s; (,Bi’ — Bi)] is G-split then, by [28, Lemma 3.5], the stra-

tum [A, n,m — 1, '] is equivalent to a skew semisimple stratum, contradicting
the minimality of m. O

Self-dual semisimple characters and Heisenberg extensions
3.5 Let[A,n,0, B]beasemisimple stratum in A. Associated to this we have certain
ordersfj H(B, A) andJ J(B, A)in A (see [28, §3.2]), along with compact groups

with filtration

H=H@B, A) =9nP), H'=H'(B, A)=HNP,(A), forn>1,
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and similarly for J. For each m > 0 there is also a set C(A, m, B) of semisimple
characters of the group gt (see [28, Definition 3.13]) with nice properties, some
of which we recall in Lemma 3.4 below.

Recall that, given a representation p of a subgroup K of Gand g € G, the g-
intertwining space of p is

L (p) = L(p | K) = Homg e (0, 4 0),

where £p is the representation of 8K = glﬁig’1 given by ep(gkg™") = p(k), and
the G-intertwining of p is

I5(0) = Ig(0 | K) = {g € G : I, (p) # {0}

Lemma 3.4 ([28, Theorem 3.22, Corollary 3.25]) Let 6 € C(A,O0, B). Then

(i) the intertwining of 8 is given by I (@) = J'GgJ';

(i) there is a umque irreducible representation 0 of J J' which contains 6; more-
over, I (1) = J GEJ].

3.6 Now suppose [A, n, 0, B] is a self-dual semisimple stratum and retain the nota-
tion of the previous paragraph. The associated orders and groups are invariant under
the action of the involution o and we putH = HNG etc., as usual. The set C_ (A, m, B)
of self-dual semisimple characters is the set of restrictions to H” ! of the semisimple
characters 0 € C(A, m, ﬂ)z ; this can also be described in terms of the Glauber-
man correspondence (cf. [28, §3.6]). The next lemma now follows exactly as in [28,
Proposition 3.27, Proposition 3.31].

Lemma 3.5 Let6 € C_(A, 0, B). Then

(i) the intertwining of 0 is given by Ig(0) = JGgll;

(ii) there is a unique irreducible representation 1 of J U which contains 0; moreover,
if0 =0y, for0 € C(A, 0, B)* and 7 is the corresponding representation of ',
then n is the Glauberman transfer of 1.

Transfer

377 Let[A,n,0,B] and [A',n’,0, B] be semisimple strata in A. Then (see [28,
Proposition 3.26]) there is a canonical bijection (called the transfer)

Ta,ap: €A, 0, B) — €A, 0, B)

such that, for 6 € €(A, 0, B), the character 0 = TA N 5(0) is the unique semisimple
character in C(A’, 0, B) such that Gg N I ©,0") %= (ZJ Indeed, Gg € I (9 o' ).

If the semisimple strata are self-dual then the bijection 74 4/, g commutes with the
involution (cf. [28, Proposition 3.32]) so induces a bijection 74 4,5 : C_(A,0, B) —
C_(A,0,B).

Since, by Lemma 3.5, for each 8 € C_(A, 0, 8) there is a unique Heisenberg
extension 7, we will also write 74 4 g(n) for the Heisenberg extension n’ of the
semi-simple character 6’ := 4 4/ g(0).

@ Springer



Semisimple types for p-adic classical groups

3.8  Now suppose [A,n,0, 8] and [A’,n’,0, B] are self-dual semisimple strata
with the additional property that %4(A@,) C Ql(A/oE). Let 6 € C_(A, 0, B), denote
by 1 the Heisenberg representation given by Lemma 3.5, and put 6’ = 174 4 g(6)
and n' = 14 4 p(n). We form the group J) | = Pi(Agy)J' (B, A'). As in [29,
Propositions 3.7, 3.12, Corollary 3.11] (see also [6, Proposition 1.2]), we have:

Proposition 3.6 There is a unique irreducible representation nx s of J k 4 such that

() ﬂA,A’|Jl(ﬁ,A/) =1, and

(ii) for any self-dual semisimple stratum [A”, n”, 0, B] such that A(Ao,) = Ql(A’é)E)
and A(A") € A(A"), we have that n s a» and T4 a7 g(n) induce equivalent irre-

ducible representations of P1(A").

The intertwining of na ' is given by

. 1 ifgell GLIL
dim (na.0) = |+ 78I nCETna
’ 0 otherwise.
Moreover, if U(A o) is aminimal self-dual Og-order contained in QL(A’OE) thenna a
is the unique extension of n to Jk v Which is intertwined by all of Gg.

Standard B-extensions

3.9 We continue with the notation of the previous paragraph so 6 € C_(A, 0, B)
and 7 is the Heisenberg representation, while 8’, n’ are their transfers to the self-dual
semisimple stratum [A”, 1, 0, B], withA(A ) S QI(A/OE). We form the groups J* =

J(B, A)NG™' and T5 4 =PHA)I (B, A).

Lemma 3.7 ([29, Lemma 4.3]) In this situation, there is a canonical bijection B 4
from the set of extensions k of  to IV to the set of extensions k' of n’ to Jj’ A

IfAA) CUAA) then k' = B 4 p(k) is the unique extension of n' such that «, k'
induce equivalent irreducible representations of PT (A og)P1(A).

3.10 For [A, n, 0, B] a self-dual semisimple stratum, we define a related self-dual
Og-lattice sequence 24 as follows. Recall that we have the decomposition V. =
P,V andI =1_UlpUI . Fori €I,r € Zands =0, 1, we put

p]’EiAi(O) ifi ely,
L@ +s) = 1ph AlGs) i € 1o,
pg, AN ifi el

Then My := P, zm’A is a self-dual Og-lattice sequence on V with the property
that (M 4) N Bg is a maximal self-dual Og-order in Bg.
Now we can define the notion of a standard B-extension.
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Definition 3.8 ([29, Definition 4.5]) Let [A, n, 0, 8] be a self-dual semisimple stra-
tum, let & € C_(A, 0, B) and let n be the Heisenberg representation containing 6.

(i) Suppose (A ) is a maximal self-dual Og-order in B. Then a representation «
of JT is called a (standard) B-extension of n if, for A™ any self-dual Og-lattice
sequence such that Ql(AgE) is a minimal self-dual Og-order contained in 2A(A ),
it is an extension of the representation n4m 4 of Proposition 3.6.

(i) In general, a representation « of J* is called a standard B-extension of n if there
is a B-extension ko of non = 74 9m, () such that B 4 gn, (k) = ngﬂjz _ In

this case we say that «gy is compatible with k.

We will often say that « is a standard 8 -extension of 6, since 1 is determined by 6.
We will also say that the restriction to J (respectively J°) of a standard B-extension «
is a standard B-extension of 0 to J (respectively J°).

We also remark that -extensions of a semisimple character 0 e C(A, 0, B) for G
may be defined in the same way. This generalizes the construction for simple characters
and strict lattice sequences in [9, §5.2].

Iwahori decompositions

3.11 Let [A, n,0, B8] be a semisimple stratum in A with associated splitting V =
P,V andletV = @'}1:1 W be a decomposition into subspaces which is properly
subordinate to [A, n, 0 B] in the sense of [29, De_ﬁnition 5.1]: that is, each W; N A
is an E;-subspace of V! and W; = @), (W, N V'), we have

i€l

m
A(r) = Pae) W), forallr € Z,
j=1

and, for each r € Z and i € I, there is at most one j such that
(A NW;NV) 2 (A +1)NW; NV,

Denote by M the Levi subgroup of G which is the stabilizer of the decomposi-
tionV = @ 1 W; and let P be any parabolic subgroup with Levi component M and

unipotent rad1ca1 U. . B
By [29, Proposition 5.2], the groups J, J !'and H'! have Iwahori decompositions with
respect to (M, P) and we put

HL =H'0'n0), IL=H'0'NP), and Tz=H'TNP).
For 6 € C(A, 0, B) we define the character 0~ of H~ by
O5(hj) =6(h), forheH', jeT' nU.
This is well-defined.
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Lemma 3.9 ([29, Corollary 5.7,~Lemma 5.8]) Let 0 C(A, 0, B) and let 7] be the
corresponding representation of J'. Then

(1) the intertwining ofgls is given by I (55) = T%GET%
(ii) there is a unique irreducible representation np of TI% which contains éis; more-

over, I5(p) = AJ%GET]% and 1 ~ Ind%) np.

3.12 Now suppose [A,n,0, 8] is a self-dual semisimple stratum and V =
P W is a properly subordinate self-dual decomposition, that is, the orthogonal

j=—m
complement of W ; is @, #—j Wi, foreach j. (We allow the possibility that Wo = {0}.)
We use the notation of the previous paragraph and put M = Ed N G, a Levi subgroup
of G, and, choosing P to be a o -stable parabolic subgroup of G, putP = PNG = MU,
a parabolic subgroup of G. Then H' has an Iwahori decomposition with respect

to (M, P), while H~ is stable under the involution, and we put Hl H~ NG =
H! (J1 NnU). Slmllarly, we have J}, Jp and Ji, as well as J3 = H! (J° N P).
For 6 € C_(A, 0, B8), define the character 6p of Hll, by

Op(hj) =6(h), forheH', jel' nU;

thus, if 6 = §|H1 for some § € C(A, 0, ,3)2, then 6p = 9~§|H}1). Exactly as in [29,
Lemma 5.12], we get:

Lemma 3.10 Let 6 € C_(A,0, B) and let n be the corresponding representation
of I'. Then

(1) the intertwining of 0p is given by Ig(6p) = JPGEJP,

(ii) there is a unique irreducible representation np of Jp ! which contains 0p; moreover,

ifo = 9|H1 for@ € C(A,0, B)¥ and 1 is the correspondmg representation ole
then np is the Glauberman transfer of 7jg;

(iii) with np as in (ii), we have n =~ Indﬁ) np and

1 ifg € I3GLI},
0 otherwise.

dim I (p) = {

3.13  We continue with the notation of the previous paragraph. Let « be a standard
B-extension of 7 to J*. We form the natural representation xp of Ip + on the space

of J N U-fixed vectors in «; then «p is an extension of np and Ind’ +Kp ~ k. Similar
results apply to the restriction of «p to Jp and to Jp.

We can also make the same construction for a S-extension k¥ of a semisimple
character 6 for G, thus obtaining a representation k3 of J3.

3.14  Suppose [A, n, 0, B] is a self-dual semisimple stratum, with associated Levi

subgroup L = Lg as in paragraph 3.2, which we identify with G* x []'_, G'. Note that
the associated decomposition V = @f‘:—l V! is properly subordinate to the stratum.
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Let Q be a parabolic subgroup of G with Levi component L. We write Hi = Hé NL =

H' NL; then H! = H!(By, Ag) x H£=l H(B:, A;). Similarly we have J! , etc.
For 6 € C_(A, 0, B) a semisimple character we put 6, = 0|H1L. Then 6, is of the

form 6y ® ®f:1 gi, with 6y a skew semisimple character in C_(Ag, 0, Bo), and 5, a
simple character in C(A;, 0, 28;).

By a standard B-extension of 61, we mean a representation 1, of J]J: (orJp,J})of the
foan KL = k0® ®f-:1 ki, with kg a standard By-extension of 0y and k; a 28;-extension
of 9,‘ .

3.15 We continue with notation of the previous paragraph.

Let V = @;-":_m W be another self-dual decomposition properly subordinate
to [A,n,0, 8] and M the Levi subgroup of G stabilizing the decomposition. We
suppose also that M € L and let P = MU C Q be a parabolic subgroup of G with
Levi component M. Then P N L = M(U N L) is a parabolic subgroup of L with Levi
component M.

Letf € C_(A, 0, B) be a semisimple character and let x be a standard S-extension
to J. We form the representation «p of Jp as above, and also the representation k¢
of Jo. Note that, since M C L, we have Jp C Jq, and kp can be viewed as the natural
representation on the J N U-fixed vectors in «q.

We also have Jo "L = JNL, since Gg € L, and we can consider the natural
representation of Jp N L on the J N L N U-fixed vectors in «q|jnr. This is natu-
rally isomorphic to the restriction «p|y,nr.. We will need the following compatibility
result.

Proposition 3.11 In the situation above, the restriction kp|jnL takes the form /cl’,nL,
where k' := kQlynL is a standard B-extension of 6, to Ji, = J N L.

Proof We need to check that k' := kq|jnL is a standard B-extension. If A(Awg) 1s
a maximal self-dual order in B (in which case L = M) then this follows from [29,
Proposition 6.3].

For the general case, denote by gy the unique B-extension of Jop = J(B, N 4)
compatible with «; then kgyn gy, NL is a (standard) B-extension by the previous case,
and «q|jnL is compatible with ko glyg, nL, bY [6, Proposition 1.17]. Thus k' is indeed
a standard B-extension.

4 Cuspidal types

In this section we recall the notions of cuspidal types from [9,29], correcting along
the way a mistake in the definition in [29] pointed out by Laure Blasco and Corinne
Blondel.

4.1 _We recall from [9] the definition of a simple type and of a maximal simple type
for G; we call the latter a cuspidal type. The generalizations to the case of lattice
sequences come from [26].

@ Springer



Semisimple types for p-adic classical groups

Definition 4.1 A simple type for Gisa pair (J, %), where T = J(B, A) for some simple
stratum [ A, n, 0, 8] such that

° F(A@E)/ﬁl (A@g) = GL s (kg)®, for some positive integers f, e,

and . = K ® 7, for X a S-extension of some simple character 6 € C(A,0,B) and T
the inflation of an irreducible cuspidal representation 7 r ¢of T/T' ~ GL r(kg).

A cuspidal type for Gisa simple type for which P(A ©g) 1s @ maximal parahoric
subgroup of GE, that is, ¢ = 1 in the notation above.

Every irreducible cuspidal representation 7 of G contains a cuspidal type {d, X)
Then 7 is irreducibly compactly induced from a representation of EXT containing x
and the cuspidal type J,nisalG, 7 1g-type.

The following proposition can be extracted from the results in [9, §§7-8] (see
also [25, Proposition 5.15, Corollaire 5.20]).

Proposition 4.2 Let [A, n, 0, B] be a simple stratum, 6 €CA,0, B) a simple char-
acter, and K a B-extension. Let T be (the inflation to J of) an irreducible represen-
tation of P(AOE /P](AOE) Suppose a cuspidal representation 7w of G contains 6
and k ® T. Then P(A ) is a maximal parahoric subgroup ofGE, and T is cuspidal;
thatis, J,K ® T) is a cuspidal type.

4.2  Now we recall from [29] the (corrected) definition of a maximal simple type
for G, which we again call a cuspidal type. Recall that we have assumed that G is not
itself a split two-dimensional special orthogonal group; thus its centre is compact.

Definition 4.3 A cuspidal type for G is a pair (J, 1), where J = J(8, A) for some
skew semisimple stratum [A, n, 0, B] such that

e Gg has compact centre and
e P°(A(,) a maximal parahoric subgroup of Gg,

and A = k ® 1, for k a B-extension and 7 the inflation of an irreducible cuspidal
representation of J/J! ~ P(A og)/P1(A@).

By [29, Theorem 7.14], whose proof is corrected in the appendix, every irreducible
cuspidal representation of G contains a cuspidal type. Moreover, the proof in the
appendix shows that we have the following analogue of Proposition 4.2.

Proposition 4.4 Let [A, n, 0, B] be a skew semisimple stratum, 6 € C_(A,0, B) a
semisimple character, and k a standard B-extension. Let T be (the inflation to J of) an
irreducible representation of P(A o) /P1(Awy). Suppose a cuspidal representation w
of G contains 6 and k @ t. Then Gg has compact centre, P°(Awy) is a maximal
parahoric subgroup of Gg, and t is cuspidal; that is, (J, k ® T) is a cuspidal type.

5 Semisimple types

In this section we will prove Theorem 1.1 of the introduction, explaining how to
construct a type for each Bernstein component, via the theory of covers.
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5.1 We suppose given a Levi subgroup M of G, which is the stabilizer of the self-dual
decomposition

V=W_,& - &Wy; (%)

thus, putting C~}j = Autg(W;) and Gy = Autg(W()NG, we have M = Gq x H;f’zl (~}j.
Let t be a cuspidal irreducible representation of M, which we write 7 = 79 ® ®'/'.1:1 ;.

Also let .# denote the stabilizer of the decomposition () in A; thus .Z_ is the Lie
algebra of M. For —m < j < m, we denote by e; the idempotent given by projection
onto W ;.

For each j > 0, let [Aj,n;,0, ;] be a simple stratum in A; and let ; in
C(4;, 0, B;) be such that T; contains 51-; let also [Ag, ng, 0, Bo] be a skew semisimple
stratum in Ag and let 6y € C_( Ao, 0, Bp) be such that ty contains 6.

Proposition 5.1 ([14, Proposition 8.4]) There are a self-dual semisimple stratum
[A,n,0, Bl with B € ., and a self-dual semisimple character 6 of H' = HL(B, A)
such that:

(i) The decomposition (x) is properly subol'dinate to[A,n, 0, Bl;
(i) H'(B, A) nM = H!(Bo, Ag) x [T H'(B;, Aj); and

(iii) 9|H‘(ﬂ,A)ﬂM =00 ® ®;'n:1 5]

Proof (ii) and (iii) are given by [ 14, Proposition 8.4], and (i) by the comments follow-
ing its statement.

For j # 0, we note that (iii) implies that 51 is a simple character for the sim-
ple stratum [Aj,n;,0,2e;Be;]; likewise, 6y is a skew semisimple character for
[Ao, no, 0, egBep]. Thus we may, and do, assume that B; = 2e;Be;, for j > 0,
and By = epBep. Similarly, we may and do assume that the lattice sequence A; is
equal to ANW;.

Remark 5.2 The property in Proposition 5.1 that [A, n, 0, B8] is semisimple is strictly
stronger than the property that each stratum [Aj,n;, 0, e;Be;] is (semi)simple. In
general, the direct sum of (semi)simple strata need not be semisimple.

Let V = @52_1 Vi be the self-dual decomposition associated to the stratum
[A,n,0, 8] and let L = Lg be the G-stabilizer of this decomposition. Since § € .#,
this is a coarsening of the decomposition (x): that is, each Vi is a sum of certain W,
with Wy € VY, so that L © M.

We will abbreviate H! = H' (8, A), and similarly J', J°, J. By Proposition 5.1(i),
all these groups have Iwahori decompositions with respect to (M, P), for any par-
abolic subgroup P = MU with Levi component M; thus we may form the groups
H}, J5, I8, Jp as in Sect. 3.

Write Gg for the centralizer of § in G, so Gg € L. We note that, by Proposi-
tions 4.2 and 4.4, the group J° N Gg N M is a maximal parahoric subgroup of Gg N M.
In particular, the decomposition (x) is exactly subordinate to [A, n, 0, ], in the lan-
guage of [29, Definition 6.5]. (In fact, the definition of exactly subordinate in loc. cit.
should have required that P°(A ;) "M be a maximal parahoric subgroup of Gg N M.)
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Let n be the unique irreducible representation of J! containing 6, and choose a
standard B-extension k of 8. Denote by kp the natural representation of Jp on the
(J N U)-fixed vectors in «, by np its restriction to J }1,, and by 6p the character of Hll,
which extends 6 and is trivial on J' N U.

Since the decomposition (x) is exactly subordinate to [A, n, 0, 8], by [29, Propo-
sition 6.3] the restriction kM = kp|jnm is a standard B-extension of nm = nplji v
which is itself the unique irreducible representation of J' \M containing Oy = 61 s
this means that kv = ko ® ®7’:1 Kk, where k; is a j-extension containing 9~J and ko
is a standard Bp-extension containing 6.

Since t contains 6y, it also contains 1y, and hence some representation of J° N M
of the form A, = kM ® pyyp, with pgy the inflation to J° N M of an irreducible
representation of the connected reductive group P°(Ag,)/P1(A@,). Moreover, by
Propositions 4.2 and 4.4, the representation py; is necessarily cuspidal. We write
oM = ,00®®j | Pj» where p; is a cuspidal representation ofP(A, Ok, )/P1 (A Ok, ),
for j > 1, and pg is a cuspidal representation of P°(A, O, )/P1(Ap, OEO)

Now we have an isomorphism J3 /J1 ~ (J°NM)/(J' NM) so we can also regard ,oM
as arepresentation of JJ by 1nﬂat10n Thus we can form the representation A} = kp®py
of J3. The main result is then:

Theorem 5.3 The pair (J3, AD) is a cover of J3 N M, A3)).

Remark 5.4 Certainly, the pair (J§, A3) is a decomposed pair above (J§ N M, A3)),
in the sense of [11, Definition 6.1]. Moreover, putting A° = Indigkl% =Kk @AYy
P

(with A3, regarded as a representation of J° trivial on J 1, we have a support-preserving
isomorphism

(G, 13) ~ H(G, 1°),

as in [29, Lemma 6.1]. In particular, the condition on the Hecke algebra which needs
to be checked to prove that (Jp, Ap) is a cover is independent of the choice of parabolic
subgroup P with Levi component M. Thus we can, and will, change our choice of P
where necessary.

The proof of Theorem 5.3 will occupy the next few paragraphs. Let us see how this
implies Theorem 1.1 of the introduction.

Proof of Theorem 1.1 Since T contains A, it contains some irreducible representa-
tion Ay of JN'M = Jp N M which contains A,; more precisely, we can write Ayp =
kM ® pm, with oy the inflation of an irreducible representation of P(A ) /P1(Awg)
which contains ,0,‘\’/[. Thus (Jp N M, Am) is a cuspidal type in M, which is an [M, 7]m-
type.

We put Ap = kp @ pm, S0 that Ap|jnm = Am. Then certainly (Jp, Ap) is a decom-
posed pair above (Jp N M, Ay), while (J3, A) is a cover of (J§ N M, A3,), by Theo-
rem 5.3. Thus, by [23, Lemma 3.9], (Jp, Ap) is also a cover of (Jp N M, Ay ). Since
Jp MM, Apm) is an [M, t]m-type, we conclude from [11, Theorem 8.3] that (Jp, Ap)
is an [M, t]g-type. Since the pair (M, t) was arbitrary, we have a type for every
Bernstein component.
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5.2 Theproof of Theorem 5.3 proceeds by transitivity of covers [ 11, Proposition 8.5].
Putting A7 = Ap|jony. the first step is to show:

Lemma 5.5 The pair (I3, A3) is a cover of J NL, A ). Moreover, there is a support-
preserving Hecke algebra isomorphism

(G, 23) ~ A (L, 1D).

Proof Since (J§, Ap) is a decomposed pair above (JE "M, Ay) and M C L C G, itis
certainly also a decomposed pair above (Jp N L, AD).

Now the support of the Hecke algebra .#°(G, Ap) is the intertwining of A7, which is
contained in the intertwining of 8p. By Lemma 3.10(i), this intertwining is JpGgJp C
JRLI3. The result now follows from [11, Theorem 7.2].

5.3 Lemma 5.5 reduces us to proving that (Jp N L, A7) is a cover of (Jp N M, A3p).
By Proposition 3.11, we have A} = kp~; ® pyy, Where k” = kqljonr is a standard
p-extension of 6|1y , and we think of pg; as a representation of (Jf, N L) / (J }1, N L) ~
(°NM) / (J1 N M). The first step is to describe xp; , whence A?, more carefully.

Recall that V = @ﬁ:—l V' is the self-dual decomposition associated to the semi-
simple stratum [A, n, 0, 8], and that, for each i, we have Vi = @jel,- W;, for
some subset J; of {—m, ..., m}. Writing ¢ for the projection onto V’ as usual,
and A' = ANV, the stratum [A*, n;, 0, e’ Be'] is

e skew semisimple, fori = 0,
e simple, fori # 0,

where n; = —v (el fel) = —v i (e’ Be').

We write L = G® x [['_,; G/, where G' = Autg(V'). We have Oy, =
0) ® ®, ! 91 , where 6, is a skew semisimple character in C_ (A%, 0, eBe%), and 5;
is a simple character in C(A’, 0, 2¢' Be'). Then the standard B-extension «’ takes
the form «’ =~/<(’) ® ®§:1 i/, for k, a standard e BeV-extension of 6p- and k] a 2el Bei-
extension of ;.

Since M € L, we have PN L = PO x ]_[521 P!, with P! a parabolic subgroup
of G'. We put p) = ,08~® & csy. j=0Pj» and p; = @ c;. P, for i > 0. Then we
put A§ = k), ® pg, and 1} =k ® p., fori > 0.

Now Jp NL = J3 x Hl \J5i (with the obvious notation) and we have
KpAp, = I(O po ® ® _1 K 5 In particular, we also get A} =~ Aopo ® ® - -~

Finally, we write M0 MNGYand M| = M N G’, for i > 0, so that M =
M? x Hi:l M. Then, in order to prove that (J3 N L, A7) is a cover of (J° N M, A3,)
we need to show:

° (Jp()’ 5
i / ~ .
o (5, i,Pi) is a cover of (J5: N M, A g |Jﬁi Anii), fori > 0.

po) is a cover of (J3 N M, A0 pol1onmo): and

The latter is given by [26, Proposition 8.1]: since the underlying stratum is simple,
it is a homogeneous semisimple type, in the sense of [12,26]. On the other hand, the
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former is the case of a skew semisimple stratum; that is, we have reduced the proof
of Theorem 5.3 to the case L = G, and we are in the situation of [29, §7]. Indeed it
is possible to extract the proof that we get a cover here from the results in loc. cit.,
which we will do in the following paragraphs.

5.4 We are now in the situation of Theorem 5.3 in the special case L = G, so
that[A, n, 0, B]is askew semisimple stratum. In [29, §6.3], an involution o is defined
onG; j» for j > 0, coming from the composition of the involution o on G and a Weyl
group element which exchanges W ; with W_;. By [29, Lemma 6.9, Corollary 6.10],
the group T (Bj, Aj) is stable under thlS 1nV01ut10n andk; ~kjoo0j.

Recallthatwehave oy =05 ® ® _, pj.For j > Oweputp j=pjooj.
We suppose first that there is an mdex k > 0 such that py % p—r. We put

Ji={-m=j=m|pjx=p}, Jo={jlxj ¢}, J={-jlJje}

and set Y/ = @jef,- W;, fori = —1,0,1. We have V = Y laoyY' e Y!, since
Ok % p—k. Let M’ be the Levi subgroup of G stabilizing this decomposition and
let P’ = MU’ be a parabolic subgroup containing P. (Note that one may need to change
the choice of the parabolic subgroup P in order to achieve this.) We have M’ = G° x G,
where G° = AutpY? N G and Gl = AutpY!, and write M = M° x M! also.

By [29, Proposition 7.10] and its proof we have:

Lemma 5.6 The pair (J3, Ap) is a cover of J3 NM', A3 |J°mM/) and there is a support-
preserving isomorphism of Hecke algebras 7 (G, A3) ~ S (M', A} |J°nM’)

Now we have J; "M’ = (J§ N G% x dpn G!) and, as in the previous paragraph,
we need to prove:
e (J8NG°, Aplrengo) is a cover of (J§ N MO, Aplygnmo); and
e (JpN G!, kgljgﬁ@) is a cover of (Jp N M!, kgljgmgl]).
Again as in the previous paragraph, the latter is a cover by [26, Proposition 6.7]; it is
a simple type. The former is again the case of a skew semisimple stratum, but with

fewer indices j such that p; % p_;. In particular, by repeating the process in this
paragraph, we can reduce to the case where p; >~ p_;, for all j.

5.5 We suppose now that Gg does not have compact centre. This implies that G is
a special orthogonal group, that Sy = 0 for a unique k > 0, and that dimg Wy = 1.
In this case set Y! = Wy, Y-l = W_g, and Y0 = Gaj#:tk W;, let M’ be the Levi
subgroup stabilizing the decomposition V.= Y~ ! @ YO @ Y!, and let P’ = M'U
be a parabolic subgroup containing P. (Again, this may require the choice of P to
be changed.) We have Gg € M’ and, by [29, Corollary 6.16], Ig(25) S JRM'J. In
particular we get:

Lemma 5.7 The pair (J§, Ap) is a cover of J3 NM', A3 |J°ﬂM’) and there is a support-
preserving isomorphism of Hecke algebras 7 (G, A}) >~ S (M, A3 |JonM/)

As in previous paragraphs, this reduces us to the case where Gg has compact centre.

@ Springer



M. Miyauchi, S. Stevens

5.6 We have finally reduced to the case where p; ~ p_;, for all j and Gg has
compact centre; this is exactly the situation of [29, §7.2.2]. Moreover, by changing P
if necessary, we may assume the parabolic subgroup is the same one as in loc. cit.
In [29, §7.2.2], two auxiliary Og-lattice sequences ;, t = 0, 1, are defined, along
with Weyl group elements s; € P(9, ), which we describe below, along with some
auxiliary elements. We have Gg = Hielo Gg; and we will write Iy = {1,...,[}, to
match the notation of [29, §7.2.2]; then W < V¢ with 1 < ¢ < [ maximal such
that V¢ contains some W), and B; # 0 fori > 1.

We put WO = vf N Wy and denote by A“? the Og,-lattice sequence
ANWED Let pPA E P(Ag;;z)) be an element of order at most 2 such that the quo-

tient P(A(él‘go)) / P°(Agl’30)) (which has order 1 or 2) is generated by the image of p 4.
74 0
Then also P(A‘f‘)E ) /P°(Af‘)E ) is generated by the image of p,. We split into cases.
€ €

(i) Suppose either that Gg, is not an orthogonal group, or that dimg, W, is even.
Then s¢, 51 are the elements denoted s, 577 respectively in loc. cit.. Note that p 4
commutes with both s¢ and s7.

In this situation, it is straightforward to check, using the definitions of the elements

in [29, §6.2], that s; € P°(9M; o) unless E;/E; , is ramified, m is odd (som = 1)

and ¢ = (—1)". Moreover, if 5; & P°(9M, ¢,) then either pas; € P°(M, o)

or else P°(M,; 9,) = P°(Ag,). in which case P! o )/Py(M! ©p) has the

form O(1, 1)(kg,) x ¢, for ¢4 some product of connected ﬁnite reductive groups,

while P(A%E) /P1 (A@E) has the form SO(1, 1)(kg,) x 9.

(ii) If Gg, is (special) orthogonal (so that E; = F and ¢ = +1) and dimg W,, is
odd, the choice of P and the property that p; ~ p_;, for all j, mean that £ = 1
and dimg W = 1, for all k£ > 0, and there are two cases.

(a) IfGl'E"l NAutg(Wo) # 1,thenP°(A@,)/P1(A@,) > GL1(kp) x93 x 9 x9°,
where each ¢° is a special orthogonal group over kg (one of which may
be trivial) and ¢° is some product of connected finite reductive groups.
If ¢° is non-trivial, then there is an element p; € PH(ATON\P(ALO)
such that p,2 = 1, which commutes with both s,,, s% , and whose image
in P+(AOE)/P1(AOE) >~ GL(kp) X 9% x 4 x ¥ lies in the orthogonal
group %; (whose connected component is ¢°). If ¢° is trivial, we put p; =
p1—¢; in any case, po, p1 commute. Moreover, we can assume that p, =
pop1-

If exactly one of po, pi normalizes the representation py;, viewed as a rep-
resentation of P°(A«y) trivial on Py (A, ), then we set p to be this element;
if both or neither normalize, then we arbitrarily choose p to be one of them.
Then s9, 51 are the elements ps,,, ps% respectively, which lie in Gg.
Note that s, € P°(9; ;) precisely when ¢ is non-trivial and p = p,.If 4°
is trivial, then P°(M; ;) /P1(IMN; op) = SO, 1)(kp) x 9, x 9G°.

(b) Otherwise, sg, s1 are the elements denoted s;;Su—1, Sy, 5;,_; Tespectively
in [29, §7.2.2]. Note that in this case m > 2, since Gg, has compact centre
so we cannot have Gg; >~ SO(1, 1)(F).
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In all cases but case (ii)(b), we set Y! = W,,,, Y- ! = W_,, and Y° = Zj#im W
in the exceptional case we set Y! = W,, W, 1, Y ' =W_,, ®W;_, and Y =
2 j2emm—1 W . Denote by M’ the Levi subgroup stabilizing the decomposition V =
Y '@ Y’® Y!, and let P = M'U’ be a parabolic subgroup containing P. We deal
with an easy case first.

Lemma 5.8 Suppose we are in case (ii)(a) and neither po nor py normalizes pyy. Then
the pair (J3, 1) is a cover of (J3 N M, )\ghgnM’) and there is a support-preserving
isomorphism of Hecke algebras 7€ (G, A9) ~ (M, Af)hgﬂM/).

Proof By [29, Corollary 6.16], we have Ig(A3) € JpM'I}, and the result follows as
usual, as in Lemma 5.5.

Now suppose we are not in the case of Lemma 5.8. For t = 0, 1, denote by «; a
B-extension of 1 compatible with some standard S-extension of J°(8, ;). By [29,
Corollary 6.13], we have

0
Kt =~ Ind;gKP ® Xt

for some self-dual character x;. We write p = p3, ® Xt_l, which is still a self-
dual cuspidal representation. Moreover, by [29, (7.3)], there is a support-preserving
injective algebra map

where p; is being regarded as a cuspidal representation of P(Ap;). By [22,
Theorem 7.12], there is an invertible element in J2°(P(9; o), p) with support
P(A@.)s:P(A@,), and we denote by T; its image in (G, A3).

By [29, Lemmas 7.11,7.12], for a suitable integer e, the element (7p77)° is an
invertible element of J#’(G, Ap) supported on the double coset of a strongly (P, J)-
positive element of the centre of M. Indeed, we have:

Proposition 5.9 ([29, Proposition 7.13]) The pair (J3,Ap) is a cover of the pair
(J(l:), N M/, )\,%l]OmM/).
P

As in previous paragraphs, we have M = G° x G', where G = AutpY? nG
andG' = AutrY!, and we writt M = M? x M!'. ThenJ3NM’ = J3NG®) x JSNG!)
and we need to prove:

o (3N E}(l) A§|ngGo) is a cover of (Jp N 11/[(1) )\gh}?mMO); and
o JENG', )‘ghf,’mél) is a cover of (Jg N M, )“1%|ng1\7[1)-
Again as previously, the latter is a cover by [26, Proposition 6.7]; it is a simple type.
(In fact, except in case (ii)(b) above, we have M! = G!.)
The former is again the case of a skew semisimple stratum, but with smaller m. In

particular, by repeating the process in this paragraph, we reduce to the case m = 0, in
which case M? = G and there is nothing left to do.
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6 Hecke algebras

In this section we prove Theorem 1.2 of the introduction: that is, we describe the
Hecke algebra of a cover in the case that 7 is a cuspidal irreducible representation
of a maximal proper Levi subgroup M of G (so M is the stabilizer of a self-dual
decomposition V= W_; & Wy & W), up to the computation of some parameters.
We will also explain how, in principle, these parameters can be computed.

As in the introduction, we write s = [M, t]g and sy = [M, 7]m and put

Ng(sm) = {g € Ng(M) : 87 is inertially equivalent to t}.

We also put Ws = Ng(sm)/M, a subgroup of the group Ng(M)/M of order 2.
We denote by (Jp, Ap) the s-type constructed in the previous section, and we put
Jm =Jp N M and Ay = Ap|jpnm, so that (Jp, Ap) is a cover of the sy-type (Jm, Am).

6.1 Before giving the proof, we give a brief explanation of the dichotomy |Ws| =
1 or 2 and of the implications of the results here.

The case |Wg| = 1 occurs precisely when the (normalized) parabolically induced
representations IndSLPr x are irreducible for all unramified characters x of M; thus,
with arithmetic applications in mind, this case is rather uninteresting.

The case [Wgs| = 2 is much more interesting. Here, if we write M = Gg X G
and T = 79 ® T] as in the previous section (so that C~}] = Autp(W)) is a general linear
group), the condition is that 7] is equivalent to an unramified twist of the Gal(F/F,)-
conjugate of its contragredient. In this case, replacing t by an unramified twist, we
can assume that 7| is equivalent to its conjugate-contragredient. Now determining
those complex s for which IndSLPro ® 71| det(-)|® is reducible is of great arithmetic

interest; in particular, if we find that there is areal s > % for which the corresponding
representation is reducible, this should imply a transfer relation between 1y and 7| via
the Langlands correspondence (namely, the Langlands parameter for 7; should appear
in that of tp, viewed via the natural embedding of the L-group of G into the L-group
of some general linear group—see [21] for more on this).

On the other hand, the theory of types and covers gives us a commutative diagram

R5(G) =— (G, Ap)-Mod

IndI\G,LPT T(rp)*

RMM) <— (M, Am)-Mod

where -Mod denotes the category of left modules, map (zp). is Hom-induction given
via an embedding tp : JZM, Av) — (G, Ap), and the horizontal arrows are
equivalences of categories. The algebra .7 (M, Ayp) is abelian, isomorphic to C[X*1].
Using this diagram, together with the embedding of Hecke algebras, one can in prin-
ciple compute those s for which IndﬁLPro ® 71| det(-)|* is reducible. For example,

if the two parameters for the Hecke algebra are qg", for i = 0,1, (so that f; may

be a half-integer if F/F, is unramified) then imaginary part of s must be a multiple
of wi/log gr. Blondel shows in [6, Proposition 3.12] that the real part of s is
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" (/1 i~ /2) ’
2t(71)
where the signs are independent and 7(7}) denotes the unramified twist number of T, :
the number of unramified characters x such that Tix ~1.
The parameters ¢’ are almost computable from results of Lusztig [20]. The problem
is the presence of the quadratic character yq of paragraph 5.6, which (at least in some
cases) must first be computed. We discuss this further in paragraph 6.5 below.

6.2 We proceed with the proof of Theorem 1.2. Suppose first that Ng (sp) = M, so
that Wy is trivial. In this case, by [13, Theorem 1.5], we have an isomorphism

H M, im) — (G, Ap).
Since 7 (M, Ayp) is isomorphic to C[X %17 the result follows.

6.3 Now suppose that Ng(sy) #= M, so that W has order 2. We note first that,
in this situation, we cannot have a support-preserving isomorphism (M, Ap) —
(G, Ap) since the induced representation Indgr ® x reduces for some unrami-
fied character x of M. This implies that we also do not have a support-preserving
isomorphism S (M, A3;) — (G, A).

We now proceed through the construction of Sect. 5 and we use all the notation from
there. Note that we must have L = G, or else we would have L = M and Lemma 5.5
would give us an isomorphism .7’ (M, A3,) — (G, Ap). Similarly, we cannot be in
the situation of paragraph 5.4 or paragraph 5.5, by Lemmas 5.6, 5.7.

Thus we are in the situation of paragraph 5.6, whose notation we adopt. Further, we
are not in the exceptional case (ii)(b), since M is a maximal Levi subgroup, nor in the
case of Lemma 5.8 since we do not have an isomorphism 2’ (M, A3;) — 72 (G, A3).
The lattice sequence 901, is just the standard lattice sequence 914 used to define the
standard B-extension k. In particular, the character x; is trivial. Moreover, as in [15,
§2.3], by changing «y if necessary, we may assume that x( is a quadratic character.

Recall the element py € P(A%’EOZ) defined in paragraph 5.6: its image generates

the quotient P(A OE{) /P°(A OE()' We define I} = P(AOE)JO’ which contains J§ with

index at most 2. We fix ¢ € {0, 1} and split according to the cases of paragraph 5.6,
which we further subdivide.

(i) Suppose either that Gg, is not an orthogonal group, or that dimg, W7 is even.

(a) Assume first that s, € P°(9)1; (o). We denote by &, the connected finite reduc-
tive group P°(M; o, )/P1(M; ), and regard the representation py; x; as the
inflation to the parabolic subgroup &; = P°(A¢@,)/P1(OM; o) of a cuspidal
representation of the Levi subgroup P°(A;)/P1(Ag). From (1), we get an
injection of Hecke algebras
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The element denoted 7} in paragraph 5.6 is the image of an invertible element 7;
in J€(%;, py; x:) which satisfies a quadratic relation. This quadratic relation is
given explicitly (in principle) by [20, Theorem 8.6]. By scaling 7; if necessary,
we may assume that the relation takes the form

(Tt —g)(T; +1) =0,

and then, by [20, Theorem 8.6], g; is a power of g, := gr,; indeed, by [18,
Theorem 4.14], it can also be described as the quotient of the dimensions of
the two irreducible components of Indf}t omXi-

. . . 3
Now we induce to Jj. Let A} be an irreducible component of Inngkg con-
P

tained in Ap. If )»l”;hlg is reducible (equivalently, if p 4 does not normalize A3;)

then A} ~ Ind;}gkf,. Then, by [9, (4.1.3)], we have a support-preserving iso-
morphism

H(G,A8) ~ (G, \S),

and we denote by 7;* the image of 7; under this isomorphism, which satisfies
the same quadratic relation.

. .. . . I3
Otherwise, )Lf,ljg is irreducible, p4 normalizes AS,, and Indlgkg has two
P
inequivalent irreducible components A; and Ap. We can identify (G, A})
and (G, Ap) as subalgebras of (G, Indigkf)), canonically since Indigkf)
is multiplicity free. Note also that (J5, A}) is a cover of (J§ N M, A§| M)
by [23, Lemma 3.9], and the same applies to Ap. Finally, since s, normalizes
both restrictions Af| J5OM and Apl J5NMs the image of 7; under the support-
preserving isomorphism

(G, 1P) = A(G, Ind}31D)
P

decomposes as T;* 4 T/, with T;* € (G, 1)) and T/ € (G, 1;) each
satisfying the same relation as 7;.

In either case, when s; € P°(9; o,,), we end with an invertible element 7;* €
(G, Ap) supported on Jis,Jp and satisfying a quadratic relation of the
required form, with computable parameter g;.

(b) Now suppose that s, ¢ P°(M; o). If po normalizes A}, and pas; €
P°(ON; ), we can replace s; by pas; and argue exactly as in the previous
case to get an element 7" € J#(G, A}) as required.

(c) Suppose now that pas; € P°(9M; ;) but ps does not normalize AY;.
We write P*(A@©,) for the group generated by p, and P°(Ag.), so
that J§ = P*(A@E)Jll,. Then, the quotient group P*(A@,)/P1(A@,) has the
form GLj(kg,) x % x ¥°, for 4, some orthogonal group over kg, and ¥°
a product of connected finite reductive groups, while P°(A@,)/P1(A@g,) =~
GL; (kg,) x 9P x 4°, where ¢ is the connected component of ¥;.
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(d)

We alsoset P* (I, o) = P* (A, )P°(M, o). ThenP* (M, o.)/P1(M, 0,) =
%1, x ¢9°, where ¢, is an orthogonal group over kg, with Levi sub-
group GL;(kg,) % %;, and P°(ON; o.)/P1(M; o) = %ﬁt x 4°, where gft,
the connected component of ¢ ;, is a special orthogonal group over kg, with
Levi subgroup GL (kg,) x ¥°.

We write the image of P*(Ag) in P*(M, op)/P1(M; o) as F; x 9°,
where 7 is a parabolic subgroup of ¢; ; with Levi component GL1 (kg,) X %;.
Similarly, we write the image of P°(A ) as &P x ¥°. We have the following
picture:

20 xgo M, g x g°

Ind l l Ind

9,X§4°T§41,,X54°

Since (the image of) ps does not normalize Ay, but does normalize

the B- extension K¢, it also does not normalize py;x; and hence pf; :=

d‘;’ox o Py X: is irreducible. Similarly, since s; ¢ P°(9; o), the induced

(40 x40
representation Ind <0 Py X: is also irreducible. On the other hand, since s,

intertwines oy X, the induced representation Ind J m pM is reducible. By
restricting back to &7, x ¢°, we see that it must reduce as a direct sum of two
inequivalent irreducible representations of the same dimension. Thus there is
an element T € J7(9; x 9°, pyy) satisfying (T)? = 1. Finally, by [29,
(7.3)], there is again a support-preserving injective algebra map

HC PN, op), pa) = (G, Ap),

and we find an invertible element 7,* € J#(G, A}) satisfying a quadratic
relation

(T = (T} + 1) =0,

and ¢; = qo = 1.

Finally, suppose that s, ¢ P°(9, ;) but p4 = 1, so that J§ = J3. The
argument here is very similar. In this case we have P(fmz,oE) /P1 (Dﬁt’@E) ~
O(1, 1) (kg,) x ¢, for some product of (possibly non-connected) finite reduc-
tive groups, and the image of s; lies in O(1, 1)(kg,). We denote by ¥; the
non-connected group O(1, 1)(kg,) x ¢°, where ¢° is the connected compo-
nent of 4. The image & of P°(A@;) in ¥4 is SO(1, 1)(kg,) x ¥°, which is
normalized by the image of s;. Since image of s, normalizes py; x;, the induced
representation Ind?ﬂr Py X: decomposes into two pieces of equal dimension and

the argument is exactly as in previous cases, with 7_}2 = 1.Thus, letting 7, = T;
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be the image of T;, again we have an invertible element 7;* € (G, )L;‘,) sat-
isfying a quadratic relation

(TF —1)(T+1)=0,

and ¢; = qg =1.
This ends the first case, so we move on to the second.

(ii) Suppose that Gg, is an orthogonal group and dimg, Wi = 1.

As in case (i) above, there are four possible situations. The details are almost
identical to those in case (i) so we omit them.

(a) Suppose first that & is non-trivial and that p = p; normalizes pg;. In this case
s; € P°(M,; ;) and the argument proceeds exactly as in case (i)(a) to give 7,* €
(G, Ap) as required.

(b) Similarly, if ¢ is non-trivial and p, # p normalizes pg;, we can replace s;
by pas; to get the same conclusion.

(c) Now suppose ¥, is non-trivial and p, does not normalize py; (in which case
we have p; # p, since p normalizes A3,). In this case, py = pp; does not
normalize pyyx;, and we can copy the argument in case (i)(c) to obtain 7;* €
H(G, A}) such that (7;%)? = 1.

(d) Finally suppose ¢/ is trivial, in which case

P, 9,)/P1 (M 95) = SO, D(kp) x 97, x 4° =~ P°(Ao,)/P1(Awg)-
The argument is now exactly as in case (i)(d).

6.4 We continue in the situation of the previous paragraph. In all cases, we have
two elements 7;* € (G, Ap), supported on J§s,J;, which satisfy quadratic rela-
tions of the required form. The same proof as that of [4, Théoréeme 1.11] now shows
that 77 (G, Ap) is a convolution algebra on (W, {so, s1}), where W is the infinite dihe-
dral group generated by sp, s7.

Finally, we must see that the Hecke algebra 7 (G, Ap) has the same form. For this,
we revisit the argument of [23, Lemma 3.9], which was used in deducing that (Jp, Ap)
is a cover. (In fact, we will be repeating the argument in some of the cases above.) We
note that we are in a particularly simple situation here, as Jp/J§ is a product of cyclic
groups of order 2.

PutJ{; = JsNMand A, = A§| Wy Then, since the difference between J§; and Jy is
only in the blocks V withi < [, the element s; normalizes each irreducible constituent
of Ind}¥ A%,

We choose a chain of normal subgroups

J§=KOCK1C~-~CKr=Jp,

such that each quotient K; /K;_; is cyclic of order 2. We will prove, inductively on i,

that, for each irreducible constituent A; of Ind}i" Ap, there is a support-preserving Hecke
P

algebra isomorphism
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H(G,0E) ~ (G, ).

The case i = 0 is vacuous so suppose i > 1.
If Ai|k;_, isreducible then A; =~ Indg_l Mi_1, for some irreducible constituent A;_

of Ind}g“ Ap. Then, by [9, (4.1.3)], we have a support-preserving isomorphism
H(G, ri—1) = H(G, A),

and the claim follows by the inductive hypothesis.
Otherwise, A;—1 = A;|g; , is irreducible and Indgilki_ 1 has two irreducible

components A; = )\51) and )»52) , which are not equivalent. Note that (K;, )\fj )) is a

cover of (K; "M, )ij) |k;nm), for j = 1,2, by [23, Lemma 3.9]. We denote by Tti the
image of 7" under the support-preserving isomorphism

H(G. 1) = A (G, himy) = H(G. Ind¢ A1)

given by the inductive hypothesis and [9, (4.1.3)]. We can also identify each .77 (G, )\;j ))
as a subalgebra of J7(G, Indg;,l)‘i— 1), canonically since Indgilki_l is multiplic-
ity free. Then, since s; normalizes the restrictions Afj )|KI-QM, it follows that T,i =
T(l) + T(Z) with T(j) € J(G, A(j)) satisfying the same relation as 7;*. Thus we get
a support-preserving isomorphism 7 (G, A§) ~ (G, k(l)) FC(G, ).

In particular, taking A, = Ap, we deduce that (G, Ap), isomorphic to J(G, A}),
as required.

6.5 This completes the proof of Theorem 1.2. Note also that the computation
of the parameters ¢; then comes down to computing the quadratic character xo of
paragraph 6.3 and the parameters in the two finite Hecke algebras J2(%, oy x0)
and J7 (4, pl‘\’/l). As mentioned above, these parameters can be computed using work
of Lusztig [20]. Examples can be found in the work of Kutzko and Morris [19] on level
zero types for the Siegel Levi; note that, for level zero representations, the S-extensions
are just trivial representations so the character g is trivial.

For positive level representations the situation is much more subtle. There are many
cases where the character o makes no difference to the values of the parameters; that
is, we find the same reducibility points whether xg is trivial or not. However, in the
interesting cases it is crucial.

That xo can sometimes be non-trivial can already be seen when inducing from the
Siegel Levi subgroup [15]. If M = GL y (F) is viewed as the Siegel Levi subgroup of G,
which is either Sp,, (F) or SOzy+1(F), and T is a self-dual cuspidal representation

of M then IndSOZN 18 is irreducible if and only if IndszN ®F is reducible, by [27,
Theorem 6.3]. However if a skew stratum [A, n, 0, 8] used to construct a self-dual
simple character in T is such that E = F[B] is of degree N over F and E/E, is ramified,
then one can check that one gets reducibility of Indf’/lypﬂ det(-)|* either when the real
part of s is 0, or when it is :i:%, depending on whether xg is trivial or not. Thus yo
must be non-trivial for exactly one of Sp, (F) and SOy 1 (F).
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The nature of the character x( has also been examined more closely in the work of
Blondel [6], which looks at the case when L = G and Vi = W_1®Wji,forsomei € I
(that is, the simple character in 7 is “completely different” from the semisimple
character in (). The group G can also be viewed as the Siegel Levi subgroup in the
(smaller) classical group G C Autg(V') and one finds another quadratic character x(i)
here, by making the same construction. It turns out that the characters o and Xé differ
by the signature characters of certain (explicit) permutation representations (see [6,
Théoréeme 2.35]).

6.6 We finish with some remarks on the Hecke algebra of a cover in the general
case of a non-maximal Levi subgroup. Firstly, one interesting case is now resolved:
if M >~ GL, (F)* x Spyy(F) is a Levi subgroup of Spy(y ., (F) and Am takes the
form A®* ® Ao, With X self-dual cuspidal, then Blondel [5] has given a description of
the Hecke algebra, contingent on a suitable description of the Hecke algebra in the
case s = | (which was already known when N = 0). Given Theorem 1.2, Blondel’s
result can now be used in full generality.

It seems likely that the methods of [5] could equally well be applied to other classical
groups. However, it is not clear to the authors whether the methods used here and in [5]
could together be pushed to allow a description of the Hecke algebra in a completely
general case.
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Appendix A: Correction to the proof of [29, Theorem 7.14]

In this appendix, we give the correction to the proof of the main result of [29] (The-
orem 7.14), with the newly corrected definition of cuspidal type from Definition 4.3,
which we repeat here, recalling that G has compact centre:

A cuspidal type for G is a pair (J, A), where ] = J(8, A) for some skew semisimple
stratum [A, n, 0, B8] such that

e Gg has compact centre and
e P°(A@,) a maximal parahoric subgroup of Gg,

and . = k ® 1, for k a B-extension and 7 the inflation of an irreducible cuspidal
representation of J/J' ~ P(A,)/P1(A@y).

Remark A.1 We thank Laure Blasco, Corinne Blondel and Van-Dinh Ngo for pointing
out the problem with the definition in [29, Definition 6.17]. There, the two conditions
onthe stratum [A, n, 0, B]in Definition 4.3 are replaced by the (insufficient) condition
that A(A o) be a maximal self-dual Og-order in B.

Firstly, this is not enough to guarantee that P°(Agg) be a maximal parahoric
subgroup of Gg: for example, if Gg is a quasi-split ramified unitary group in 2 vari-
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ables then, for one of the two (up to conjugacy) maximal self-dual Og-orders, the
corresponding parahoric subgroup is an Iwahori subgroup, so not maximal.

Secondly, even if P°(Aw) is a maximal parahoric subgroup, it can still happen
that its normalizer in Gg is not compact: this happens precisely when Gg has a factor
isomorphic to the split torus SO(1, 1)(F), which can only happen when G is an even-
dimensional orthogonal group and p; = 0, dimg V! = 2, for some i € ly. The
condition that Gg have compact centre rules out exactly this possibility.

In particular, with the definition of cuspidal type (J, 1) given here, the proof of [29,
Proposition 6.18] is valid, and c-Ind?A is an irreducible cuspidal representation of G.

A.l1 In this paragraph we indicate the minor changes that must be made to [29,
§7.2] in order to correct the proof of the main result there [29, Theorem 7.14]: every
irreducible cuspidal representation of G contains a cuspidal type. This paragraph
should be read alongside that paper and we will make free use of notations from
there.

Suppose 7 is an irreducible representation of G and suppose that there is a
pair ([A, n, 0, B], 0), consisting of a skew semisimple stratum [ A, n, 0, 8] and a semi-
simple character 0 € C_(A, 0, ), such that 7 contains 6. Suppose moreover that, for
fixed B, we have chosen a pair for which the parahoric subgroup P°(A ) is minimal
amongst such pairs. If k is a standard S-extension then 7 also contains a representa-
tion ¥ = k®p of J°, for p anirreducible representation of J°/J! ~ P°(A 0p)/P1(A@gg).
By [29, Lemma 7.4], the minimality of P°(A ) implies that the representation p is
cuspidal.

We suppose that either the parahoric subgroup P°(Aw,) is not maximal in Gg
or Gg does not have compact centre and will find a non-zero Jacquet module. (This
assumption takes the place of hypothesis (H) in [29, §7.2].) Most of [29, §7.2] now
goes through essentially unchanged, with two small changes in the cases called (i)
and (ii) in §7.2.2 (page 350).

In case (i), the change happens when the element p cannot be chosen to nor-
malize the representation p, interpreted as a representation of P°(Ag,) trivial
on Pi(A@,). (Note that p € P+(AOE) so it does normalize the group P°(Ag;).)
In this case, N4(p) € M, where M’ is the Levi subgroup of loc. cit. (Note, however,
that this would not be the case if we were working in the non-connected group G,
rather than G.) Thus, by [29, Corollary 6.16], we have I (dJp) S JpM'JD and, as in the
proof of [29, Proposition 7.10], (J§, 9¥p) is a cover of (J§ N M/, ﬂphgmM/). (See also
Lemma 5.8.)

In case (ii), the change happens when m = 1. In this case P°(A ) is a maximal
parahoric subgroup but Gg does not have compact centre; indeed Gg, 2~ SO(1, 1)(F)
and we have Gg € M'. Asin case (i) above, we get that I (Jp) S JpM'J] and (J3, ¥p)
is a cover of (J3 N M', ¥p|jor\)-

In particular, in all casesf the representation 7 containing ¢ cannot be cuspidal and
we have proved the first two assertions of Proposition 4.4; the third assertion follows
from [29, Lemma 7.4].

In particular, since by [28, Theorem 5.1] every irreducible cuspidal representation
of G does contain a semisimple character, and hence a representation of J of the
form k ® , this also proves [29, Theorem 7.14].
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