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For any differential field hF ; +, ·, Di of characteristic zero and for any semiabelian variety S
defined over the field of constants C, one defines the exponential differential equation of S to
be lDLS (x) = lDS (y), where lDS : S(F ) → LS(F ), lDLS : LS(F ) → LLS(F ) ∼
= LS(F ) are
logarithmic derivative maps; here LS is the tangent space at the identity of S. The equation
defines a differential algebraic subgroup ΓS = {(x, y) ∈ LS × S | lDLS (x) = lDS (y)} of T S ∼
=
LS × S. In particular, the usual exponential map satisfies the exponential differential equation for
Gm .
Given a collection S of semiabelian varieties defined over a fixed countable field C0 of characteristic zero, we denote by LS the field language augmented by relation symbols for the field of
constants C and for each solution set ΓS , S ∈ S (of appropriate arity to be interpreted as a subset of T S), and by constant symbols for each element of C0 . Let TS be the complete first-order
LS -theory of the reduct hF ; +, ·, C, (ΓS )S∈S , (bc)c∈C0 i, in the case where hF ; +, ·, Di is a differentially closed field whose constant field C contains the fixed countable field C0 . The main goal
of this very interesting and well-written paper is to provide an axiomatization of the first-order
theory TS .
The author proves that such a theory TS also arises from a category-theoretic version of
Hrushovski’s amalgamation with predimension technique. In particular, he obtains a pregeometry with its associated notion of dimension, and the definition of the rotund subvarieties of the
tangent bundles T S which are basic ingredients in axiomatization. The axioms for TS consist of a
description of the algebraic structure of the solution sets ΓS for S ∈ S together with necessary and
sufficient conditions for a system of equations to have solutions. The necessary conditions generalize Ax’s differential fields version of Schanuel’s conjecture [J. Ax, Ann. of Math. (2) 93 (1971),
252–268; MR0277482 (43 #3215)] to semiabelian varieties, while the sufficient conditions generalize work of C. Crampin for the multiplicative group [“Reducts of differentially closed fields to
fields with a relation for exponentiation”, D.Phil. thesis, Univ. Oxford, Oxford, 2006]. The author
also obtains a purely algebraic result, the “Weak CIT”, for semiabelian varieties, which concerns
the intersections of algebraic subgroups with algebraic varieties.
Much of the work of the paper under review was done as part of the author’s D.Phil. thesis [“The
theory of exponential differential equations”, Univ. Oxford, Oxford, 2006], under the supervision
of Boris Zilber.
Reviewed by Ş. A. Basarab
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8. Droste, M., Göbel, R.: A categorical theorem on universal objects and its application in abelian
group theory and computer science. Contemp. Math. 131(Part 3), 49–74 (1992) MR1175872
(93g:18003)
9. Eisenbud, D.: Commutative algebra. Graduate Texts in Mathematics, vol. 150. Springer, New
York (1995) MR1322960 (97a:13001)
10. Hodges, W.: Model theory. Encyclopedia of Mathematics and its Applications, vol. 42. Cambridge University Press, Cambridge (1993) MR1221741 (94e:03002)
11. Hrushovski, E.: Strongly minimal expansions of algebraically closed fields. Israel J. Math.
79(2–3), 129–151 (1992) MR1248909 (95c:03078)
12. Hrushovski, E.: A new strongly minimal set. Ann. Pure Appl. Logic 62(2), 147–166 (1993)
MR1226304 (94d:03064)
13. Kirby, J.: A Schanuel condition for Weierstrass equations. J. Symb. Log. 70(2), 631–638, 1023
(2005) MR2140050 (2006c:12010a)
14. Kirby, J.: The theory of exponential differential equations. DPhil Thesis, University of Oxford
(2006)
15. Marker, D.: Manin kernels. In: Connections between model theory and algebraic and analytic
geometry. Quad. Math., vol. 6, pp. 1–21. Department of Mathematics, Seconda Univ. Napoli,
Caserta (2000) MR1930680 (2003g:12009)
16. Marker, D.: Model theory: an introduction. Graduate texts in Mathematics, vol. 217. Springer,
New York (2002) MR1924282 (2003e:03060)
17. Pierce, D.: Differential forms in the model theory of differential fields. J. Symb. Log. 68(3),
923–945 (2003) MR2000487 (2004h:03080)
18. Pillay, A.: Model theory of algebraically closed fields. In: Model theory and algebraic geometry.
Lecture Notes in Mathematics, vol. 1696, pp. 61–84. Springer, Berlin (1998) MR1678602
(2000f:12008)
19. Rosenlicht, M.: A note on derivations and differentials on algebraic varieties. Port. Math. 16,
43–55 (1957) MR0099992 (20 #6428)

20. Serre, J.-P.: Algebraic groups and class fields. Graduate texts in mathematics, vol. 117. Springer,
New York (1988) MR0918564 (88i:14041)
21. Shafarevich, I.R.: Basic algebraic geometry, vol. 1. Springer, Berlin (1994) MR0366917 (51
#3163)
22. Zilber, B.: Exponential sums equations and the Schanuel conjecture. J. Lond. Math. Soc. (2)
65(1), 27–44 (2002) MR1875133 (2002m:11104)
23. Zilber, B.: Bi-coloured fields on the complex numbers. J. Symb. Log. 69(4), 1171–1186 (2004)
MR2135661 (2006e:03047)
24. Zilber, B.: Pseudo-exponentiation on algebraically closed fields of characteristic zero. Ann.
Pure Appl. Log. 132(1), 67–95 (2005) MR2102856 (2006a:03051)
Note: This list reflects references listed in the original paper as accurately as possible with no
attempt to correct errors.

c Copyright American Mathematical Society 2011

