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Abstract

A careful exposition of Zilber’s quasiminimal excellent classes and
their categoricity is given, leading to two new results: the L, ,,(Q)-
definability assumption may be dropped, and each class is determined
by its model of dimension Ng.

Boris Zilber developed quasiminimal excellent classes in [Zil05] in order
to prove that his conjectural description of complex exponentiation was un-
countably categorical, that is, it has exactly one model of each uncountable
cardinality. This article gives a simplified and careful exposition of quasi-
minimal excellent classes, and of the categoricity proof. This more careful
exposition has led to two new results. We say that a quasiminimal excellent
class is degenerate iff either it has only finite dimensional models, or it is a
proper subclass of another quasiminimal excellent class. These are essentially
uninteresting cases (at least in the context for which quasiminimal excellent
classes were invented). In [Zil05], the proof of the existence of arbitrarily
large models depended on the class being definable by an L, ,(Q)-sentence
of a specific form (and on having an infinite-dimensional model). @ is the
quantifier “there exist uncountably many”. The question of whether this
could be generalized to any L, ., (@Q)-sentence was posed. Here we show that
every nondegenerate quasiminimal excellent class is definable by an L, ,,(Q)-
sentence of the specific form given, hence is uncountably categorical. Further-
more, any quasiminimal excellent class with an infinite-dimensional model
extends uniquely to a nondegenerate class, and hence a quasiminimal excel-
lent class may be produced in a “bootstrap” fashion from its unique model
of dimension Ng.
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This article sprang from many lively and productive discussions I had
with John Baldwin. The account of quasiminimal excellent classes in [Bal07]
was rewritten in conjunction with this article, and incorporates many of the
ideas given here. Some of the differences between this account of the cate-
goricity proof and Boris Zilber’s are due to John Baldwin, in particular the
construction of the isomorphism in theorem as the union of the maps fx,
and the introduction of the Shelah-style statement of excellence in lemma|3.2

1 The Definition

The languages L we consider are the same as those considered in first-order
model theory, with relation symbols and function symbols (each of finite
arity) and constant symbols. We assume for convenience that the languages
are one-sorted, although in fact multi-sorted languages would not give any
greater generality in the context of this paper.

Given L-structures H and H', a partial embedding f : H — H' consists
of L-substructures X C H and X’ C H' and an L-isomorphism X = X’  also
called f. X is called the preimage and X' is called the image of f. If X, X’
are subsets of H, H' respectively, and f : X — X' is a bijective function,
then there is at most one way to extend f to an L-isomorphism between the
substructures of H and H' generated by X and X’. If this extension of f
exists we also say that f is a partial embedding. Note that there is a partial
embedding with preimage X and image X' precisely when X and X’ have
the same quantifier-free L-type.

The central notion in the definition of a quasiminimal excellent class is
that of a pregeometry, and we refer the reader unfamiliar with this concept
to [Mar02, p289] or to most other books on model theory or stability theory.

Definition 1.1. A quasiminimal excellent class is a class C of pairs (H, cly)
such that H is an L-structure (for a given language L) and cly is a function

PH % pH (where PH is the power set of H), satisfying axioms 0, I, II,
and III.

0: Closure under isomorphism
Suppose that (H,cly) and (H' cly/) are L-structures equipped with
functions on their powersets, that (H,cly) € C, and that there is an
L-isomorphism f : H = H’ such that for every y € H and X C H we
have y € cly(X) iff f(y) € el (f(X)). Then (H’',cly/) € C.

I: Pregeometry and its relationship to L



[.1 For each (H,cly) € C, cly is a pregeometry on H, satisfying the
countable closure property (CCP): the closure of any finite set is
countable.

1.2 If (H,clyg) € C and X C H, then cly(X) equipped with the
restriction of cly is in C.

1.3 If (H,cly), (H',clg) € C, X C H, y € cly(X),and f: H—~ H'
is a partial embedding with X U {y} C preim(f), then f(y) €
el (f(X)).

II: Ry-homogeneity over countable models
Let (H,clg),(H',clp) € C, let G C H and G’ C H’ be countable
closed subsets or the empty set, and let g : G — G’ be an isomorphism.

II.1 If x € H and 2/ € H’, independent from G and G’ respectively,
then g U {(z,2')} is a partial embedding.

I1.2 If gU f: H — H'is a partial embedding, f has finite preimage X,
and y € clg(XUG), then thereis y € H' such that gU fU{(y,v')}
is a partial embedding.

A crown in H is a subset C' C H such that there is an independent subset B
of H (independent with respect to the pregeometry cly) and finitely many
subsets By, ..., B, of B such that C' = (J_, clg B,. A partial embedding
f: H — H'is said to be closed iff for every closed set X in the preimage of
f, the image f(X) is closed in H'.

III: Quasiminimal excellence
Let H,H' € C, let C be a countable crown in H, and let g : H — H’
be a closed partial embedding with preimage C'. For any finite subset
X of cly(C), there is a finite subset Cy of C' such that if f: H — H’
has preimage X and f U g[¢, is a partial embedding then f U g is also
a partial embedding. We say that the quantifier-free type of X over C'
is determined over Cy.

The reader may like to have some examples in mind.
Examples 1.2. The following are quasiminimal excellent classes.

1. Any strongly minimal theory in a countable language such that the
algebraic closure of the empty set is infinite, with algebraic closure.
(These are elementary classes.)



2. The class of all L-structures where L is the empty language (so L-
structures are just sets), with cly(X) = X. (This is an elementary
class but not a complete theory, since to satisfy axiom 1.2 we include
the finite models.)

3. ACFy, with a predicate Z and the axiom Z(z) +— \/, o,z = n, with
algebraic closure (an L, ,-class).

4. The theory consisting just of one equivalence relation, all of whose
blocks have size Ny, the closure of a subset X being the union of the
blocks meeting X (an L(Q)-class).

5. Take L to be the language with just two unary relation symbols, B and
R, and consider the class Cg of L-structures in which every element lies
in exactly one of the sets B and R, and R has size Xy. Define clf on
H e Cpbycl(X)=(XNB)UR.

6. The motivating example: Zilber’s exponential field, and the related ex-
amples of “covers of the multiplicative group” and “raising to powers”.

Axiom [.3 says that the pregeometry is determined entirely by the L-
structure. Indeed, if f : H — H’ is a partial embedding then so is its
inverse, f~!: H — H, so 1.3 can be strengthened to y € cly(X) iff f(y) €
cly (f(X)). In particular, if X and X’ have the same quantifier-free L-
type, then the restriction of the pregeometries to them is the same. Since
the pregeometry is determined by the language, from now on we write just
H € C rather than (H,cly) € C. Note however that in specifying the class
C we do have to specify the pregeometry, because there may be more than
one option. For example, in example [1.2]5 above, we could also define a
pregeometry clft(X) = (XNR)UB on each H € C. Then both pregeometries
satisfy axiom 1.3, although to form a quasiminimal excellent class with cl®
we would need to choose a different class of L-structures where B was fixed
and R varied.

For any H € C, the pregeometry cly gives a notion of an independent
subset of H, and the dimension of H is defined to be the (well-defined)
cardinality of a maximal independent subset of H. Similarly, the dimension
of a subset X C H is defined to be the cardinality of a maximal independent
subset of X. The restriction of clg to X depends only on the quantifier-free
type of X, as above, so it follows that the dimension of X only depends on
its quantifier-free type, and not on how it is embedded into H.

Definition 1.3. We consider a class C satisfying axioms 0 and I as a category
by taking the closed embeddings, that is, those L-embeddings H < H’ such
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that the image of H is closed in H'. Write H < H' if the inclusion H C H’'
is a closed embedding.

Example[I.2]4 above is the simplest in which not all submodels are closed
submodels. The notion of a closed L-embedding also preserves the closure
operator.

Lemma 1.4. If H H' € C with H C H' and X is any subset of H then
cly(X) =l (X) N H. Furthermore, if H < H' then cly(X) = cly/(X). In
particular, a closed embedding is a closed partial embedding (with respect to
the definitions above).

Proof. The first statement is axiom 1.3 applied to the inclusion map H — H'.
For the second statement, since X C H we have cly/(X) C cly(H) = H,
and so cly/ (X) N H = cly/(X). O

Axioms II and III are stated in rather technical terms, and are best un-
derstood by following through the subsequent proofs where they are used. A
crown is a finite union of closed sets in a particular configuration, sometimes
known as an independent n-system or independent n-cube. The excellence
axiom amounts to the existence and uniqueness of amalgams of crowns. I
have introduced the terminology crown which is shorter than the alterna-
tives, does not contain the awkward parameter n, and which I think is a
better description of the concept. Zilber has also used special subset. The
terminology of a type being determined over a set is preferred to Zilber’s
original defined over a set, which conflicts with a different usage in stability
theory.

The definition of a quasiminimal excellent class given here differs from
Zilber’s in the following ways. The pregeometry is included as data rather
than its existence being postulated as an axiom. This avoids ambiguity where
there may be more than one pregeometry to choose from, as in example[1.2}5
above. The exchange and CCP axioms for the pregeometry are included in
the definition. Early versions of Zilber’s axiomatization omitted exchange,
but he later realized it was necessary. In the original definition, only the
models with CCP were of interest (indeed only they were quasiminimal),
but for technical reasons CCP was not included as an axiom. The techni-
cal reasons are avoided by considering a quasiminimal excellent class as a
category with closed embeddings (which are also introduced here). Axiom
[.3 was listed among the homogeneity axioms rather than the pregeometry
axioms in [Zil05], and is here made precise. Axiom II is now Ry-homogeneity
over countable, closed submodels, not all submodels. II.1 is weakened to
consider only singletons, not independent tuples of arbitrary length. The ex-
cellence axiom III is stated only for countable crowns. These weakenings of



the axioms to countable models and the corresponding strengthening of the
categoricity theorem are the main reason why the new results of this paper
can be proved.

The axioms all refer to partial embeddings, and imply that the language
L is rich enough to have a form of quantifier elimination (see proposition [3.5)).
This is a minor convenience, but is not necessary. In examples, this quantifier
elimination must usually be obtained by first expanding the language. It
would perhaps be better to define a quasiminimal excellent class to be any
class C' of L'-structures for which there is an expansion by definitions to a
language L, such that the resulting class C satisfies the given axioms.

In section [4] I introduce additional axioms IV on unions of chains and the
existence of an infinite-dimensional model. The subsequent analysis shows
that adding these axioms rules out exactly the degenerate cases, hence it
would be natural and would do no harm to add them to the definition of
a quasiminimal excellent class, but that convention is not adopted in this

paper.

2 Uniqueness of models up to dimension ¥

We first show that the main theorem about quasiminimal excellent classes
holds for models up to size N, without assuming the excellence axiom. Thus
if one’s interest is only in structures of size 2% such as expansions of the
complex field, and one is prepared to assume the continuum hypothesis,
then one can prove categoricity results without reference to excellence.

Theorem 2.1. Let C be a class satisfying axioms 0, I and 11, and let H, H' €
C with dim H < Ny. Let G C H be empty or closed and countable, and let
fo: G — H' be a closed embedding (or the empty map if G is empty). Let B
be a basis of H over G and suppose 1g : H — H' is an injective partial map
with preimage B and image an independent set over Im fy. Then v 1= foUyg
extends to a closed map zﬂ H — H'.

In particular, if Im) spans H' then 1[1 s an isomorphism.

Proof. Well-order B as (by)a<, for some ordinal @ < wy. For each ordinal
v<p,let G, =clg(GU{by |\ <v}). In particular, Gy = G. Inductively,
we construct closed maps f, : G, — H' such that

® Y[g,C [, and

o If 1 <1y then f,, C f,.
At limit ordinals, take unions. For a successor v = A + 1, we construct f, as
U,en fn where the h,, are partial embeddings constructed inductively by the

back and forth method, such that hg = {(bx, (b))}, and for each n,
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e preim(h,) is finite,
e h, C h,y, and

e h, U f, is a partial embedding.

Both G, and G/, := clg/(fA(G) U (by)) are countable, so list their ele-
ments in chains of length w.

By axiom II.1, hy U f) is a partial embedding. For odd n, let a be the
least element of GG, \ preim h,,_;. By axiom II.2, there is b € G/, such that,
taking h,, := h,—1 U{(a,b)}, h, U fy is a partial embedding.

For even n > 2, repeat the process going back rather than forth. Then
fv is a embedding defined on all of G, with image all of G/, hence it is a
closed embedding. It extends f\ and ¥[g, by construction.

Take ¢ = U, . [r. This is a closed embedding as required. ]

Corollary 2.2 (Uniqueness of models up to 8y). Models of a quasiminimal
excellent class of dimension less than or equal to Ry are determined up to
isomorphism by their dimension. There is at most one model of cardinality
N;. ]

A small modification of the proof explains why axiom II is called W,-
homogeneity over countable models.

Proposition 2.3. Let C be a class satisfying axioms 0, I and II, let H € C,
let G C H be empty or countable and closed, and let Z,1y be n-tuples from H
with the same quantifier-free type over G. Then there is an automorphism
o € Aut(H/G) such that o(z) = y.

Proof. Write the tuple z as by, ...,b,,a1,...,a, where the b; are independent
over G and each q; lies in cly(Gby,...,b,), and correspondingly write y as
vi,...,b,,d, ..., al,. Byaxiom L3 and the discussion after examples[.2] the
pregeometry is determined by the quantifier-free L-type, and hence b}, ... ¥,
are independent over G, and each a) lies in cly(Gb,,...,b,). Extend b and
b to bases of H over G, and let 15 be a bijection between the bases which
sends b; to U} for i = 1,...,n. Let fy be the identity map on G. Then follow
the proof of theorem [2.1] except that in the construction of f, for v < n,

start by sending a; to a for each i such that a; € cly(Gby,...,b,). O

Note that the construction in the proof of theorem cannot be carried
out for H of dimension greater than N;, because we only have Xg-homogeneity
over models, not N;-homogeneity over models. (In addition, we have only
assumed homogeneity over countable models, but we show later that is not an
issue, whereas most examples are actually not N;-homogeneous over models.)



3 Uniqueness of large models

Lemma 3.1. Let M be a set, let cl be a pregeometry on M and let B be an
independent subset of M. Let X, Y C B. Then cl(X)Ncl(Y)=cl(X NY).

Proof. 1t is convenient to use a notational shorthand. For subsets X,Y,
and elements z,y, we write cl(XY) to mean cl(X UY), cl(Xx) to mean
c(X U{z}), and cl(X — z) to mean cl(X \ {z}).

Suppose that B is an independent subset and X,Y C B. By monotonic-
ity, (X NY) Ccl(X) and (X NY) Ccl(Y), soc(XNY) C cl(X)Nel(Y).

Now suppose z € cl(X) Ncl(Y) \ cl(X NY). By finite character, there
are Xo Cqn X and Yy Cgy Y osuch that z € cl(Xo) Nel(Yp) N cl(X NY). By
exchange, there is © € Xy \ 'Y such that cl(Xy) = cl(Xoz — x). Similarly,
there is y € Yy \ X such that cl(Yy) = cl(Yoz — y). Hence

C = cl(XoYy) = cl(XoYoz — 2 — y)

but Xy U Y is an independent set and so dimC' = | X, U Y|, and yet C is
generated by a set of size | XU Yy| — 1, which is a contradiction. Hence no
such z exists, and cl(X) Ncl(Y) = cl(X NY) as required. O

We translate Zilber’s excellence criterion (which can be proved directly
in examples) to a Shelah-style criterion.

Lemma 3.2 (Excellence — Shelah style). Let C be a quasiminimal excellent
class, let H,H' € C and let C C H be a countable crown. Then every closed
partial embedding f : H — H' with preimage C' extends to a closed embedding
ficp(C)— H'.

Proof. Let C' = cly(C) and let C" = clg:(f(C)). They are both countable,
so choose an ordering of each of length w.
Inductively we construct partial embeddings f,, : H — H' for n € N such
that for each n:
e preim(f,) is finite,
L fn g fn+1> and
e f,U f is a partial embedding.
Take fo = 0. We construct the f, for n > 0 via the back and forth method,
going forth for odd n and back for even n.
For odd n, let a be the least element of C' \ preim(f,_;). Then the set
preim(f,,_1) U {a} is a finite subset of C, so by axiom III (excellence) and

the finite character of the pregeometry there is a finite subset Cy of C' such
that the quantifier-free type of preim(f,_1) U {a} over C' is determined over



Co and a € cly(Cy). Let g, = fn_1U fle,- By induction, f, ;U f is a partial
embedding, so g, is a partial embedding. By axiom II.2 (Rg-homogeneity),
there is b € H' such that f, := ¢g,U{(a,b)} is a partial embedding. Since the
type of preim(f,,) over C'is determined over Cy, f,,Uf is a partial embedding,
as required.

For even n, note that f(C') is a crown in H' because f is a closed partial
embedding. Also note that the inverse of a partial embedding is a partial
embedding. Hence we can perform the same process as for odd steps, revers-
ing the roles of H and H’, to find f,, whose image contains the least element
of C’ not in the image of f,_;.

Let f = U,en fn- Then f is an embedding extending f, defined on all of
C, whose image is all of C". Hence f is a closed embedding. O

We can now improve theorem [2.1] by removing the cardinality restriction.

Theorem 3.3. Let C be a quasiminimal excellent class, and let H,H' € C.
Let G C H be empty or closed and let fo : G — H' be a closed embedding.
Let B be a basis of H over G and suppose g : H — H' is an injective
partial map with preimage B and image an independent set over Im fo. Then
V= foUyp extends to a closed embedding v:H— H.

In particular, if Im) spans H' then 1[1 s an isomorphism.

Proof. If dim H is finite then we are done by theorem 2.1 so we assume
dim H is infinite. If G is empty or finite dimensional then we may extend
G to a closed subset of dimension Ry, using theorem [2.1 We first prove the
theorem assuming that dimG = Ry. The case where dimG > ¥y will be
discussed afterwards.

For each finite subset X Cg, B, we will construct a closed embedding
fx :clg(GX) — H' such that

e whenever Y C X, we have fy C fx, and

* fxIx=1vlx.
We construct the fx by well-founded induction on the partial order of finite
subsets of B. Take fy := fo.

Suppose that X Cgq, B, X # (), and we already have fy for all proper
subsets Y of X. Let gx = Uycy fr- Using lemma [3.1, we see that if
z € preim( fy,) Npreim( fy,) for Y1, Yo € X then z € preim(fy,ny,), and so by
the inductive hypothesis fy,(x) = fy,(x). Hence gx is a well-defined partial
function. We must show that gy is a partial embedding.

Say X = {x1,...,2,}, and for i = 1,...,n let ¥; = X ~ {z;}. Let
Cr = U, cly(GY;) and let by, = UL, fv,. So gx = ha.

We prove by induction on k that hj is a partial embedding. The £ =1
case is immediate. For the induction step, take tuples a € Cy_1 and b €

9



cly(GYy). We construct an automorphism of a submodel of H" which has
the effect of moving the parameters a inside cly (GYy). Let A Cg, G such that
a,b € clg(AX), and let Gy = clg(A). Let z € G \ Gy, let Hy = clg(GoX2),
and let H) = clg/ (¢ (GoXz)). By theorem there is an automorphism o
of Hy, fixing cly(GoYy) and swapping xj and z.

The idea is to compare hy on H, with the composite embedding 7 =
o'~ fy,o, where ¢’ is the automorphism of H} which “corresponds” to o. To
have a notion of what “corresponds” means, we must choose a suitable iso-
morphism between Hy and H{. Fortunately, the condition of being “suitable”
is weaker than the compatibility condition we are trying to prove!

Let e be a closed embedding e : cly(GX) — H' extending hx_; U ¢ [x.
For k = 2, such an e exists because X = Y; U {x1}, so hy U {(z1,¢(z1)}
extends to some e by theorem . For k > 3, Cy_1 is a crown whose closure
is clg(GX), so hy extends to some e by lemma Let o/ = ece™!, and let
T=0"fy0=eo"te ! fy, 0.

Write Yj;, for Y; NY}. The tuple a € Ui:ll cly (GoYs), so

k-1 k—1
o(a) € U cly(GoYirz) C U cly (GYy) C preim(hy_q).

i=1 i=1
By hypothesis, fy, agrees with fy, on cly(GYj), hence fy, agrees with hy_;
on Uf;ll cly(GYik). Also e and hy both extend hy_q, so

7(a) = ec e fy, o(a) = hk_la_lh,;llhk_la(a) = hix_1(a) = hy(a).

The tuple b € clg(GoYs), so it is fixed by o. The embeddings fy, and e
preserve the closure, so e fy, (b) is fixed by o' So

T(b) = eUileilfka'(b) = 6671fyk (b) = fyk (b) = hk(b)
Thus for any quantifier-free formula R,
H E R(a,b) < H' | R(7(a),7(b)) < H' | R(hi(a), hy(D)).

This holds for any tuples a, b (for a suitable choice of 7) and so hy, is a partial
embedding. In particular, gx = h,, is a partial embedding. It is a union of
finitely many closed partial embeddings, hence is a closed partial embedding.

By lemma , gx extends to a closed embedding fx : clg(GX) — H'.
Thus, by induction, we have compatible embeddings fx for every X Cg,
B. Let zﬂ = ngﬁn 5 fx, a closed embedding. By the finite character of

the closure, H = (Jyc. pclu(GX). Hence ¢ is a total map on H. That
completes the proof in the case where dim G < Nj.
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If dim G > Ny, let G’ be a closed subset of G of dimension Ry, and let B;
be a basis of G over G’. Inductively construct embeddings fx as before, with
G’ in place of G and B U B; in place of B, except that for X Cg, B; take
fx = folay @ x). Then the map @Z} obtained will extend 1) as required. O

Corollary 3.4 (Uniqueness of models). Models of a quasiminimal excellent
class are determined up to isomorphism by their dimension. There is at most
one model of any uncountable cardinality. O

A small modification of the proof of theorem [3.3] similar to the case of
proposition gives the following full homogeneity and quantifier elimina-
tion statements.

Proposition 3.5. Let C be a quasiminimal excellent class.
e Any model in C is Ny-homogeneous over the empty set and over every
closed submodel.

o The Galois types of finite tuples over the empty set and over closed
submodels are equal to the quantifier-free L-types. [

4 Existence of models

The axioms for a quasiminimal excellent class do not imply that any mod-
els exist at all. If there is a model of dimension x, then for any cardinal
A < k there is a model of dimension A, by axiom [.2. Hence the models
of a quasiminimal excellent class are indexed by some initial segment of the
class of cardinals. There is nothing in the axioms to say that we cannot have
a proper initial segment — indeed any initial segment of any quasiminimal
excellent class is also a quasiminimal excellent class. There are also quasi-
minimal excellent classes with only models of finite dimension. To exclude
these degenerate cases, we consider additional axioms. We will see that they
exclude only these degenerate cases.

Definition 4.1. For an ordinal A, a chain of L-structures of length \ consists
of L-structures (M),),<x and for each y < v < A, an embedding f,, : M, —
M, such that if p <v < p < Athen f,,0 f,, = fu.,, and f,, is the identity
on M,. Equivalently, it is a functor from the ordinal A considered as an
ordered set (and hence as a category) into the category of L-structures and
L-embeddings. By the union of the chain we mean its colimit. In the case
when the f,, are inclusion maps of substructures, this union is the actual
union of the underlying sets.

IV: Chains
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IV.1 The category C has unions of chains of all ordinal lengths. That is,
suppose (H,),<x is a chain of models of C with closed embeddings.
Let H be the union of the chain as an L-structure, and for X C H,
define cly(X) = U, ., clu, (X N H,). Then (H,cly) € C.

IV.2 C contains an infinite dimensional model.

It is easy to show that a quasiminimal excellent class which satisfies ax-
iom IV.1 (unions of chains) is an abstract elementary class with Lowenheim
cardinal at most 8y. We have no further use for abstract elementary classes
in this paper, so refer the reader to [BalO7] for the definition and the ideas
around it.

By the countable closure property, the cardinality of an infinite-dimensional
model of a quasiminimal excellent class is equal to its dimension. Thus there
is at most one model of each uncountable cardinality. We say that a class
is uncountably categorical iff there is exactly one model of each uncountable
cardinality.

Theorem 4.2 (Existence of models). Let C be a quasiminimal excellent class
satisfying axiom IV. Then for every cardinal k there is a unique H € C of
dimension k. In particular, C is uncountably categorical. Conversely, any
uncountably categorical quasiminimal excellent class satisfies axiom IV.

Proof. We have already proved the uniqueness of models of each cardinal
dimension, and it remains to prove their existence. By induction on ordinals
A we construct the initial segment of length A of a chain (M) con in C where
each M, has a chosen basis indexed by p, and the inclusion maps M, — M,
of the chain extend the inclusion maps p < v of the ordinals (identified with
the chosen bases). Here ON is the ordered class of ordinals.

By axiom IV.2, there is M € C with dim M = k, for some infinite cardinal
k. Choose an ordering of a basis of M of length the initial ordinal « of size
k. Taking the closures of the initial segments of this basis gives the chain
(M) <a in C.

There are two cases for the inductive step. If A is a successor ordinal
A = v + 1 then the model M, has dimension |A|, so we take M, = M,. We
choose a new ordering of length A for the basis, and, using theorem [3.3] we
choose a closed embedding M, — M, extending the inclusion of bases.

If A is a limit ordinal then by induction we have a chain (M,),<\ in C.
By axiom IV.1, the union of this chain lies in C, and the inclusion maps of
the M, into the limit are closed. It has a basis indexed by A, so we take it
as M,. That proves one direction of the theorem.

For the converse, suppose C is uncountably categorical, and (H,),<, is a
chain in C. Let k be a cardinal which is an upper bound for the dimensions
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of the H,, and for |\|, and let a be the initial ordinal of k. Then the model
M, in C of dimension x can be written as the union of a chain (M,),<q, as
above. The chain (H,),<, is isomorphic to a subchain of (M,),<q (possibly
with repeats), so its union is naturally a closed subset of M,. Hence the
union lies in C. Thus C satisfies IV.1. Axiom IV.2 is immediate. O

5 Definability

This section is mainly about the definability of a quasiminimal excellent
class, but we first give a result about definable sets within a class. The
motivation for the word quasiminimal is that every definable set is countable
or cocountable.

Lemma 5.1 (Quasiminimality). Let C be a quasiminimal excellent class, and
let HeC.
e [f X C H and a,b € H ~\ clg(X) then there is 0 € Aut(H/X) such
that o(a) = b.

o Fuvery subset of H which is definable with countably many param-
eters in any logic respecting L-automorphisms (for example Ly, or
Ly, »(Q)) is either countable or cocountable.

Proof. The first part is immediate from theorem For the second part, let
S C H be definable from a countable parameter set A. Then H \ clg(A) is

a single orbit of Aut(H/A), and is cocountable, and either S does not meet
H ~ clg(A) or S contains H \ clg(A). O

There is no assumption that the language L should be countable, but in
fact we may assume that it is.

Proposition 5.2. Let C be a quasiminimal excellent class, in a language
L. Then there is a countable sublanguage L° of L such that the class C° of
reducts to LY of models in C is also a quasiminimal excellent class, and the
reduct map C — C° is an isomorphism of categories.

Proof. Let M be a countable model, G a closed submodel of M or ), and
a,b be n-tuples from M, and suppose the quantifier-free types qftp(a/G)
and qftp(b/G) are different. Then there is a symbol from the signature of L
which witnesses this. Up to isomorphism, there are only countably many such
tuples (M, G, a,b). Hence there is a countable sublanguage L° of L which
witnesses all such differences of quantifier-free types. By induction using N,-
homogeneity over models, partial L’-embeddings and partial L-embeddings
of countable models coincide.

13



The language L is finitary (that is, every symbol has finite arity), so a
map between two models is an L-embedding precisely when its restriction to
every finitely generated substructure is an L-embedding. By the countable
closure property, an embedding is closed precisely when its restriction to
every countable submodel is closed. Hence partial (and total) closed L°-
embeddings and closed L-embeddings of any models coincide. In particular,
quantifier-free L-types coincide with quantifier-free L-types. Hence for each
relation symbol R of L, there is an quantifier-free L’-formula 0z (Z) such
that for any M € C, M = (VZ)[R(Z) <> 0r(Z)]. This gives a unique way of
expanding a model in C° to a model in C, which in turn gives an inverse to
the reduct map. O

Lemma 5.3 (L,, ,-definability of the pregeometry). Let C be a quasimini-
mal excellent class. For each n € N there is a quantifier-free L, ,-formula
(T, Y1, -+, Yn) such that for each H € C and each a,by,...,b, € H, we
have

a € cly(b) iff H = ma(a,b).

Proof. By proposition [5.2] we may assume the language is countable. For
each n € N, let M,, be the model of dimension n (if it exists, and the model
of maximum dimension if it does not). For each n, every quantifier-free n-
type is realised in the closure of its realization, hence in M, hence there
are only countably many quantifier-free n-types over (). The types are given
by quantifier-free L, ,-formulas, say (5;(y));en. By the same argument, for
each j and b of type Bj, there are only countably many 1-types over b of
elements in the closure of b, and their types are also given by quantifier-free
L, o-formulas, say (vi;(z,b))ien. So the formula

Tz, ) = \/ (5]'(?4) A \/’Yij(il?ay))

jeN €N

works for M,,,,. If H € C and a,by,...,b, € H, then either there is a closed
embedding H — M, 1, or there is a closed embedding M, — H whose
image contains a,by,...,b,. In each case, H |= m,(a,b) iff M, = m.(a,b)
since L-embeddings preserve quantifier-free L, ,-formulas, and a € cly (b)

iff a € clyy, ., (b) by lemma [1.4 Hence the same formulas m, work for every

HelC. O

Lemma 5.4. Let C be a quasiminimal excellent class, let f : M — N be a
closed embedding in C and suppose that dim M > Ry. Then f is an Ly, .-
embedding.
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Proof. We prove by induction on formulas that for any L,, ,-formula 6(z)
and any a € M, we have M | 6(a) < N [ 6(a).

f is an L-embedding, so atomic formulas are preserved.

The cases 6(Z) = )\, 0:(Z) and 6(Z) = —0y(Z) are immediate.

If 0(z) = Jyp(y, T) then the left to right case is immediate. Suppose
N = Jyp(y,a). Then for some b € N, N = ¢(b,a). If b € M then
we are done. Suppose b ¢ M. Since cl(a) is finite dimensional, we
can choose ¢ € M ~\ cl(a). The point b is independent from M, so by
lemma there is an automorphism of N fixing cl(a) and swapping b
and c¢. So N = ¢(c,a) and, by the inductive hypothesis, M | ¢(c,a).
Hence M = Jyp(y,a).

Hence f is an L, ,-embedding as required. O]

It is easy to extend the proof to show that if dim M > N; then f is an
Ly, »(Q)-embedding.

Theorem 5.5. Let C be a quasiminimal excellent class in a countable lan-
gquage, with an infinite dimensional model. For each n < w, let M, be the
model of dimension n, and let o,, be its Scott sentence. Let

Y= [\/ o—n] A [/\(Vy1...,yn)ﬁ(Qx)Wn(x,yl,-.wyn)

nLw neN

where Q is the quantifier “there exist uncountably many”. Then Mod(X) is
an uncountably categorical quasiminimal excellent class containing C. Fur-
thermore, if C satisfies axiom IV then C = Mod(X).

Proof. We check axioms I-—IV for Mod(X). The statement that the 7, define
a pregeometry can be axiomatized as an L, ,-sentence, and it is true in each
M, hence it follows from each o,,. The countable closure property is explicit
in Y, hence axiom I.1 holds. Axiom 1.3 holds because the pregeometry is
defined by the quantifier-free L, ,-formulas m,. From these axioms we get
the notion of dimension for each model of 3, and we also get the notion of a
closed embedding.

For each uncountable cardinal k, let D, = {N X |dim N < k}. Ax-
ioms 1.1 and 1.3 hold for each D,, as well.

Axioms IT and IIT are statements about the countable models. Any count-
able model of ¥ must be one of the M, for n < w, since Scott sentences are
No-categorical. Thus the countable models of ¥ are just the countable models
of C. Hence Mod(X) and each D,; satisfy II and III. The infinite-dimensional
model M, lies in Mod(X) and each D, so IV.2 holds. It remains to prove
axioms 1.2 and IV.1. We prove two related families of statements:
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1) D, satisfies 1.2 and hence is a quasiminimal excellent class.

2,) If H = X and N is a closed subset of H with dim N = & then
NEX.

We must prove statement 2 for all x, and statement 1 for uncountable k.
First we prove statement 2 for countable x. For n € N, let xy,...,z, be
variables not occuring in o,, and let o) (x1,...,x,) be the L, ,-formula
obtained from o, by recursively replacing all quantified subformulas of the
form Fy[e(y)] by Jy[mn(y,x1...,2) A @(y)], for any subformula ¢(y) (and
similarly for universal quantifiers). Let Indep,(z1,...,x,) be the formula
Ny “mi—1(z, 1, ..., x;—1). Then Indep, (z1,...,,) says that the z; are cl-
independent, and o, (z1, ..., x,) says that the closure of the z; is a model of
0,. Thus for each m < w, and each n € N,

om b (Voq, ..., x,)[Indep,, (21, ..., 2,) = ol (21, ..., 2,)].

Hence if N is finite dimensional, it is a model of .

Now suppose dim N = Xy. Let (b,),<, be a basis for N, and let N,, =
clg({b, |n < m}) for each m < w. Then N is the union of the chain (N,,)m<w
and, by the above, N,,, & M,,. The union of the chain (M,, )<, is M., hence
N = M, In particular, N = X. Thus 2, holds for all countable x.

Now we prove statements 1, and 2, together for uncountable s, by in-
duction. Suppose inductively that 2, holds for every A < k. Then if H € D,,
every closed subset of H has dimension less than &, so is a model of . Hence
1,. holds.

Now suppose H = ¥ and N is a closed subset of H with dim N = k.
Identifying « with its initial ordinal, let (b))a<, be a basis of N and let
N, =clg({bx | X < p}). Then N is the union of the chain (N,)y<,<x, and
by induction each N, models ¥. The chain lies in D,, which by the same
induction hypothesis satisfies I.2 and hence is a quasiminimal excellent class.
Thus by lemma , the chain is an L, ,-chain. Each N, in the chain is
infinite dimensional, thus models o, and hence N = o,,. Also N C H, and
H has the CCP, so N also has the CCP. Thus N = ¥, that is, 2, holds.
Thus, by induction, 1, and 2, hold for all uncountable k.

Thus Mod (X)) satisfies axiom 1.2, and so is a quasiminimal excellent class.
If (H)) <« is any chain in Mod(X) then either its union is finite dimensional
(and lies in Mod(X)) or the chain is eventually infinite dimensional and by
lemma is eventually an L, .-chain. In the latter case, as above, the
union H of the chain is a model of o,,. If X is a finite subset of H then
X C H, for some A\ < k, and cly(X) = cly, (X). Since Hy has the CCP, this
closure is countable. Hence H has the CCP, and so H |= ¥. Thus Mod(X)
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satisfies axiom IV.1. By theorem [4.2] Mod(X) is an uncountably categorical
quasiminimal excellent class.

If H € C then either H is finite dimensional in which case H is M, for
some n € N, or there is a closed embedding M, — H. By lemma [5.4] this
embedding is an L, ,-embedding, so H = o0,. In either case, H = X. So
C C Mod(%). Since C satisfies 1.2, it is an initial segment of Mod(3). That
is, either C = D, for some k or C satisfies IV.1 and C = Mod(X). O

Corollary 5.6. Let C be a quasiminimal excellent class with a model of
dimension Ng. Then there is a unique quasiminimal excellent class C', con-
taining C, which is uncountably categorical.

Proof. By proposition [5.2| we may assume the language is countable. Then
theorem [5.5|gives Mod(X) as one such C'. If C” is any uncountably categorical
quasiminimal excellent class containing C then by theorem it satisfies
axiom IV, so by theorem [5.5/again it is equal to Mod(X). Hence C’ is unique.

O

From this result we see that nothing would be lost by adding axiom IV to
the definition of a quasiminimal excellent class, unless perhaps there can be
interesting behaviour of finite dimensional models. Some related questions
are given at the end of this paper.

In theorem [5.5] the sentence X depends only on the model M, because
the M,, are substructures of M,,. We can extract the properties of M,, which
are needed to produce a quasiminimal excellent class.

Corollary 5.7. Let M be a countable L-structure, equipped with a pregeom-
etry cl, satisfying the following axioms.

I' (Pregeometry)
The pregeometry is quantifier-free Ly, .-definable, and dim M = R.

IT" (Ro-homogeneity over closed sets)
Let G C M be closed or empty.

IL7 If z,2" € M are each independent from G, then qftp(x/G) =
aftp(z’/G).

I1.2 Let Z, T be finite tuples from M such that qftp(Z/G) = qftp(Z'/G),
and let y € M. Then there is y' € M such that qftp(zy/G) =
aftp(z'y'/G).
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IIT" (Excellence)
If C is a crown in M and T is a finite tuple from cl(C), then there is
a finite subset Cy of C' such that for any tuple ',

aftp(z/Co) = aftp(z'/Co) = aftp(z/C) = aftp(z'/C).

Then there is a unique quasiminimal excellent class C which satisfies axiom

IV such that (M, cl) € C.

Proof. Let Cy be the class of L-structures isomorphic to a cl-closed substruc-
ture of M, equipped with the restriction of the pregometry cl. The axioms
I'—IIT" ensure that Cy is a quasiminimal excellent class, and M itself is a
model of dimension Ny, so corollary gives the unique class C. O

6 Questions

We conclude with some further questions.

1. Is there a class which satisfies axioms 0, I and II, but not III? It seems
likely that there is, but I do not believe that any examples are currently
known.

2. Does axiom III follow from lemma[3.2]? The former is Zilber’s definition
of excellence and the latter should be Shelah’s with respect to this
abstract elementary class, albeit with prime model in place of primary
model.

3. If C is a quasiminimal excellent class with models of arbitrarily large
finite dimension (and hence of all finite dimensions), there is a well-
defined L-structure M constructed as the union of all of the finite
dimensional models. Is C U {M} necessarily a quasiminimal excellent
class?

4. A similar question: can axioms II and III be weakened further so they
only cover the cases where G and C' respectively are finite-dimensional,
rather than countable?

5. What quasiminimal excellent classes are there with models only of di-
mension up to some finite n, with n > 1, which cannot be extended to
larger quasiminimal excellent classes?
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