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On finite permutation groups with the same orbits on
unordered sets

By

JOHANNES SIEMONS and ASCHER WAGNER

1. Introduction. A permutation group G acting on a set 22 induces a permutation group
on the unordered sets of k distinct points. If H is another permutation group on Q we shall
write H % G if H and G have the same orbits on the unordered sets of k points. Bercov
and Hobby [2] have shown that for infinite groups H E e implies H 2 Gifl <k In 9
we have shown that this result is also true for finite groups, with the obviously necessary
condition that k < 1|Q|. In [9] it is also shown that for finite groups H G implies that
H and G are either both primitive or both imprimitive with the same blocks of imprimi-
tivity.

If H and G have the same orbits on all subsets of 2 we shall say that H and G are orbit
equivalent and write H = G. Orbit equivalence for groups acting on quite arbitrary Q has
been considered by Betten [3]; the main results concern intransitive groups. In this paper
we shall be concerned only with orbit equivalence for finite groups. In this case, of course,
H ~ G if, and only if, H % G for all k.

Suppose that H & G and that L is a permutation group on a set 4. Then the direct
products H x L and G x L, acting naturally on Q U 4, are orbit equivalent and intransi-
tive. Also, if L is transitive on A the wreath products H L L and G U L, acting naturally
on the direct sum of | 4| copies of , are orbit equivalent and imprimitive. This suggests
that the basic situation to investigate is when G, hence also H, is primitive on Q.

Without loss of generality we may assume that H < G since H ~ G implies
H ~ {H, G). Our main result is the following theorem.

Theorem A. Let K be a finite primitive permutation group on a set Q. Let H < K and
H = K. Suppose there exists a prime r dividing the order of K but not the order of H. Then
only the following possibilities exist:

H K 12| r 2-sets 3-sets 4-sets
M) A, S, 3 2
(1) Cs Do 5 2 5;5
(iii) A,.(5 s 5 3 10
(iv) A,(8) r'4,(8) 8 3 28 56 14; 56
(v) A, (8) 23\ PSL;(2) 8 3 28 56 14; 56
(vi) PGL,(8) AgyorS, 9 5 36 34 126
(vid) Pr'L,(8) AgorS, 9 5 36 84 126
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The notation is explained in Section 2. The last three columns of the table give the orbit
lengths. The proof of Theorem A is elementary.

In Section 6 we prove a rather stronger version of Theorem A. This, however, makes
use of the classification of 3-transitive groups.

Henceforth in this paper the symbols K, H and r shall always have the meaning given
to them in Theorem A. Also n shall denote |Q2].

Since all orbits of H on subsets of Q have length prime to r it follows that given any
A < Q there exists a Sylow r-subgroup of K leaving 4 fixed as a set. This property is
implicitly used throughout the proof.

2. Notation and results needed later. We consider a finite set Q consisting of elements
called points. Upper case Greek letters shall denote subsets of Q and lower case Greek
letters shall denote points of Q. A set of k distinct points of 2 shall be called a k-set. The
collection of all k-sets in £ shall be denoted by 2. §? and A® denote respectively the
symmetric and the alternating group on Q.

If G is a group of permutations on £ we denote by G, the subgroup of G fixing 4
pointwise and by G, the subgroup of G fixing 4 as a set. We shall also say that G,
stabilizes A and that G, fixes A. If G is transitive on Q™ we shall say that G is k-
homogeneous.

If G is an intransitive group on  and I' is a union of orbits of G then G denotes the
homomorphic image of G obtained as a permutation group by restricting G to I

In this paper all groups are permutation groups. Most of the groups which occur
have a natural representation, e.g. M, is the 4-transitive group on 11 points. When a
group occurs we shall only mention its representation if it is other than the natural
one.

C, and D,, denote respectively the cyclic group of order n and the dihedral group of
order 2 n. Their natural representation is considered to be the transitive one on n points.
23\ PSL,(2) denotes the split extension of C,x C,x C, by PSL,(2) and its natural
representation for us is as a 3-transitive group on 8 points. The one dimensional linear
and semilinear affine groups over F, shall be denoted by A4, (q) and I'4, (q) respectively
and their natural representation is on the affine line with ¢ points. The rest of the notation
is quite standard.

We shall have frequent occasion to use the following elementary and old results. Proofs
of the first two may be found for example in [7], and of the third, slightly differently
formulated, in [5 p. 68]. The fourth is proved in a similar manner to the third.

Result 2.1. Let C and D be permutation groups on a set £ and let y and 0 be two points
of Q and p a given prime. If C and D both have order a power of p and have as their only
fixed point y and S respectively, then y and & belong to the same orbit of (C, D>.

Result 2.2, Let G be a permutation group on a set 2 of n points; let p be a given prime
and k a given integer with 1 < k < n. If for every subset I' of Q with |I'| = k, there exists
a subgroup C of G which has order a power of p and which fixes the points of I and no
further points, then G is k-transitive on Q.
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Result 2.3. Let G be a permutation group on a set Q. Let 2 be a subset of Q and let
'={y,,...,yand A= {3,...,0,} be subsets of X. Suppose there exists an x in G with
yi =0, 1i=1,...,s If 2 isthe set of all points stabilized by a Sylow p-subgroup S of Gy,
then there exists a y € Ng(S) & Gy withyl =6,i=1,...,5.

Result 2.4. Let G be a permutation group on a set L and let S be a Sylow p-subgroup of G.
Let I and A be unions of S-orbits and suppose there exists an x in G with I’ = A. Then
there exists a y in Ng(S) with I'V = A.

3. The fixed points of Sylow r-subgroups. Let G be a permutation group on Q and let
2 < Q,0e X and a € Q. We shall say that o is X-linked to o if there exists an element in
G stabilizing 2 — {¢} and mapping a onto ¢. In particular every point of ¥ is X-linked
to itself.

Lemma 3.1. Let S be a Sylow r-subgroup of K and let X be the set of points stabilized
by S. Then |X| =2 r — 1 and every point of Q — X is X-linked to at least r — 1 points
of 2.

Proof That |X| = r — 1 follows from the fact that a r-subgroup fixing a (r — 1)-set
stabilizes it.

Letoaxe Q — X andlet 4 = 2 U {a}. Let §’ be a Sylow r-subgroup fixing 4. Suppose S’
fixes . Then §' fixes X and, since S and S’ have equally many fixed points, S’ cannot be
the identity on Z. However Ky, = K 5)/K 5, hence the order of K, cannot contain r as
a factor. Consequently S’ does not fix «. Hence §’ contains a permutation x which
permutes cyclically the ordered set {«, ¢, g,,...,06,_,} Where 6, 6,,...,0,_, € 2. Then
S;=x"'Sx' has as its set of fixed points ;=4 —{o;}, i=1,2,...,r — 1. Now
2 n X, =4 —{a 0,} and it follows from Result 2.1 that {S, S;) maps « onto ¢;i.e. « and
g; are Z-linked.

Lemma 3.2. Let S be a Sylow r-subgroup of K and let X be the set of points stabilized
by S. Suppose some point o€ Q — X is X-linked to at least two points of X. Then

(i) K, contains a transposition.
(il) If K, is primitive then Ky = S§”.
(i) If K is imprimitive with minimal blocks of imprimitivity I, ..., II,, then K,
contains the direct product 8"t x -+ x 8™,

Proof Suppose o is 2-linked to ,,0,€ 2. Let 4 = X — {5, 0,}. From the defini-
tion of 2-linked it follows easily that there exists an x € K which stabilizes A4 and maps
o, onto a,. It follows from Result 2.3 that there exists a y € K5, stabilizing 4 and mapping
¢, onto ¢,. Consequently y is a transposition on 2, proving (i). By a well-known theorem
(e.g. Wielandt [10, Theorem 13.3]) (ii) follows and (iii) is a corollary of (ii).

Lemma 3.3. A Sylow r-subgroup of K fixes exactly r — 1 points. Also K is
(r — V)-transitive on Q.

Proof. In view of Result 2.2, the second assertion of the lemma follows immediately
from the first assertion. We shall now prove the first assertion.
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LetX = {o,,..., 0.} be the set of points fixed by the Sylow r-subgroup S of K. We shall
assume throughout that s > r — 1 since otherwise there is nothing to prove. As was noted
in the proof of Lemma 3.1 K, does not contain any elements of order r.

We must now distinguish between cases.

The case r > 2. By Result 2.3 Kfz) is transitive and in view of Lemmas 3.1 and 3.2
we reach a contradiction if K, is primitive or imprimitive and minimal blocks of
imprimitivity have length = r.

The blocks clearly have length at least r — 1 hence they have length » — 1 and it follows
that each point of Q — X is Z-linked to exactly r — 1 points of X all in the same block.
Denote the blocks by I, ..., II, and let A; be the set of all points of & which are 2-linked
to all points of IT;. The A,,i=1,...,t, are a partition of Q.

We claim that if x € K|y _;;, where o € II;, then x maps 4, onto itself. Suppose x maps
o onto f§ where a € A; and f e A; + A;. Let y be an element of K;;_,,, mapping ¢ onto
o Then yx € K5_,y; and maps ¢ onto f. Consequently § € A; which is a contradiction,
establishing our claim.

Since K is primitive on Q there exists an x € K and an «, f € A, such that «a*e A,
and f*éA,. Let o,,0,¢Il; and choose an x; € Kjy_,,; such that x; maps «
onto ¢;. Now choose an x, €Kiy, such that x, maps o™ onto ¢,. Then
y = (x4 x5) "1 x(x; x,) maps ¢, onto o,. Let y = f**2 and § = f**2. Then y* = 4. Also
yeAd, and 6 ¢ A,.

Suppose r > 3. Let 05 € I1;. Conjugating y by a suitable element in Ky _,.,; we obtain
an element z which maps ¢; onto g, and ¢, onto an element outside A, . Now conjugating
z by a suitable clement in Ky, , where o; ¢ II;, we obtain an element w which maps
o, onto g, and ¢, onto o;. By Result 2.3 there exists an element in K 5, having the same
action on 64, 0,, 3, 6;. This violates the imprimitivity of K,

Finally suppose r = 3. Suppose 1 = ¢% ¢ A,. Conjugating y by a suitable element in
Ky (o> Where o; ¢ I1;, we obtain an element v: o5 — 0, — ;. This leads to a contradic-
tion as in the previous case. We now suppose 4 € A4,. Consider a Sylow r-subgroup S’
fixing 2 U {y}. From the argument used in the proofs of Lemmas 3.1 and 3.3 it is seen
that there is an element ¢ of order 3 in §’ permuting cyclically {s,, 0, y}. We may suppose
thatcio;, -0, >y —0o,. Thenu =y lcy:d —»a, - A — 5. Conjugating u by a suitable
element in K;y_, \; we reach the situation considered at the beginning of this paragraph.
This was seen to lead to a contradiction.

The case r = 2. If some point of @ — X is Z-linked to two points of Z, then Kg,
contains a transposition contrary to our assumption. Consequently every point of  — X
is Z-linked to exactly one point of X. Let A, be the set of all points of Q which are X-linked
to g, i=1,...,s As in the previous case the A, are a partition; also every element of
K5 (g maps 4; onto itself.

Let N be the subgroup of K generated by all involutions in K. Since N <t K and K is
primitive on Q, N is transitive on Q. Consequently some involution, say y, interchanges
a point a € A, with a point f e A; + A,.

Choose an x; € Ky, such that x; maps o onto ;. Let f™ e A,. Then 4, + 4,.
Choose an x, € Kj5_(,,; such that x, maps ™ onto o,. Then (x;x,)” " y(x;x,) inter-
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changes ; and o). By Result 2.3 there exists an element in K, also interchanging ¢, and
o,. Consequently K, contains an element of order 2, which is a contradiction.
This completes the proof of the lemma.

4. The high transitivity of K. In the previous section we have shown that K is
(r — 1)-fold tramsitive. Here we shall prove that K is (2r — 1)-fold homogeneous in
general. The number of K-orbits on Q% shall be denoted by n, (K).

Proposition 4.1. If K is a group as defined in section 1, then 1) n,(K) = n,, {(K) and
iW): If dr—2Z n, thenn, (K)=n,,,(K)=1 foralli=1,...,r — 1.

Proof. Let S be some Sylow r-subgroup of K and X the points stabilized by S. By
Lemma 3.3, the size of X is r — 1. Let A be the set of all S-orbits that have length r. If N
denotes the normalizer of S in K, then N permutes the sets in A and so A is partitioned
into N-orbits. From each such orbit we select one r-set, resulting in a collection 4, ..., 4
The proposition will now be proved in 6 steps.

S

Claim 1. n.(K) =5 = n,,_;(K).

Proof. As S fixes precisely r — 1 points, an r-element set is S-invariant if and only if
the set belongs to A. Thus A¥ = {A*|k e K, 1 € A} is the system of all r-element sets left
invariant under conjugates of S. As, by assumption, every r-element set is left invariant
by a Sylow r-subgroup, A% = Q") Therefore each K-orbit on Q" contains at least one
of the 4,, and so by Result 2.4, exactly one of the Z,. Thus n,(K) = s. Now observe that
a (2r — 1)-element set is invariant under S if and only if it is of the form 2 U A for some
Zin A. As above we conclude that n,, , (K) = s. This completes the proof of Claim 1 and
Proposition 4.1 i).

From now onward we may assume that r is at least 3, the case r = 2 is dealt with in
Proposition 1 in [4]. If 4r —2 < n, then Claim 1 and Theorem 1 in [7] implies
n(K)=mn,.,(K)="-+=n,_,(K). It remains to show that s = 1.

Claim 2. For every k <7 — 1 and every 1 in 4 the group N, acts k-fold homoge-
neously on 2.

Proof Let I be a k-subset of ¥ and consider the sets 'u A;,..., " U A, By
Result 2.4 these sets belong to different K-orbits and as there are only s = n, ., (K) orbits
on Q" ¥ (by Claim 1 and the subsequent remark), each K-orbit contains precisely one of
these sets. Suppose now that A is some other k-subset of 2, Then some gin Kmaps I U 4,
onto 4 U 4, for some i. By Result 2.4 we may assume that g belongs to N and therefore
i = 1. Thus g maps I onto 4. As this may be done independently of 4, the result follows.

We shall say that 4, and any r-element subset in the same K-orbit as A; has colour i.
The colour content of a set of size at least r is any sequence of the colours of all its
r-element subsets. Next we determine the colour contents of all (r + 1)-element subsets.
We choose « in . Then, as N, (,, is transitive on 4;, the colour contents of o U 4; is of
the form (c,, ¢;, - .., C;, i) Where ¢; is some colour depending on i, not necessarily different
from i.
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Claim 3. Every (r + 1) element set has colour content (c;,c;,...,c;, i) for some
i=1,2,...,s In particular, if an (r + 1)-elements set contains at least two sets of equal
colour, then it contains at least r sets of the same colour.

Proof In all we get s =n,,,(K) distinct colour contents of type {¢;, ¢c,,...,J) for
(r + 1)-sets. As sets in the same orbit must have the same colour content, these are already
all colour contents.

Claim 4. For any two distinct colours i and j there is an (r + 1)-element set contain-
ing i and j simultaneously. In particular, s < 3.

Proof AsKis(r — 1)-fold homogeneous, for a suitable g in K, 4; and A¢ intersect in
r — 1 points. So the union of these sets has the desired property. By Claim 3, an (r + 1)

N

element set accomodates at most two colours simultaneously, hence we have ’

sos < 3.

< sand

Claim 5. There is a monochromatic set of size r + 1. In particular, s < 2.

Proof. Let o be some point different from « in X and put A = 4,. Consider the sets
I'={a} u{e'} Ui and I, = I'\{¢'}. By definition the latter set has colour content
(c,¢,...,¢c, 1) where ¢ = ¢,. According to Claim 2, this is also the colour content of
I = I'\ {a}. Thus we have accounted for the colours of all subsets of I" that contain at
most one of « and «'. The remaining sets are I; = {a} U {a'} U A\ {f} for some f in 4.
Such a set contains I\ {f} and I,\ {f}, both of colour ¢. By Claim 3, the colour content
of Iis (¢, ¢, ..., ¢, cg) where ¢, depends only of the choice of fin 4. We shall show that
¢y = ¢ for at least some f in 4, thus producing the monochromatic set .

Assume to the contrary that ¢, # ¢ for all 8. In I} let I;\ {'} be the set of colour ¢,.
Then this set also is the only set in Ij. of colour different from c. In this way we obtain
a pairing I < I}, which contradicts the fact that |A| =7 is an odd prime. Hence
(c,¢,...,c) is the colour content of an (r + 1)-element set. This implies that s < 2.

Claim 6. s=1.

Proof Fors = 2,the only colour contents are @: (1,1,...,1,2)and (2, 2,...,2,2)or
b:(1,1,...,1,2and (1,1, ..., 1, 1). This follows from Claims 3-5. Possibility a does not
occur: according to the proof of Claim 1, we may assume that the sets {a} v 4, and
{a} U A, represent the two orbits on (r + 1)-element sets. However, their colour contents
are not of this form. To rule out possibility b, let 4 = ,\ {#} for some f in A,. Then 4,
is the only set of colour 2 containing A, for otherwise the colour content of some
(r + 1)-element set would be (2, 2, ...,). Therefore any subgroup fixing 4 setwise must fix
the point . Considering a Sylow r-subgroup of K, we conclude that the Sylow subgroup
fixes at least r point. This contradicts Lemma 3.3. Hence s = 1.

This completes the proof of Proposition 4.1.

5. Proof of Theorem A. Suppose first that 4 — 2 < n. By Proposition 4.1 K, hence also
H, is transitive on (2r — 1)-sets. From Theorem 2 in [7] it follows that H is at least
(27 — 2)-transitive, hence r divides the order of H, which contradicts the assumption.
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Suppose next that r = 7; then H is (r — 1)-transitive by Lemma 3.3 and Theorem 2 in
[7]. By Lemma 10 in [7] there is a set 4 of size r such that Hf, = A“ This contradicts
the fact that r does not divide the order of H.

It remains to consider the case that r < 5 and 47 — 2 > n. Beaumont and Peterson
[1] determined all finite permutation groups G on a set € with G~ A? and
G % A® Of the four groups with this property three meet our arithmetic condition
and they are the cases (iil), (vi) and (vii) in the table. Henceforth we shall assume
that K & A%

By Lemma 3.3 K is (r — 1)-transitive. Since n = r — 1(r) the only possibilities are that
n=2r—1 or n=73r—1. The former case is ruled out by well-known theorems of
Jordan, see Wielandt [10] Theorems 13.3 and 13.9.

Suppose r = 5. Then K is a 4-transitive group of degree 14. It follows that K contains
an 11-cycle, but this case is again ruled out by Theorem 13.9 in [10].

Suppose r = 3. The only 2-transitive groups of degree 8 not containing Ag are: A4, (8),
T'A,(8), 22\ PSL;(2), PSL,(7) and PGL,(7). The order of A4, (8) is not divisible by 3,
hence this group cannot occur here. We now consider PSL, (7) and PGL,(7). Let 4 be
a set of 4 harmonic points on the projective line over F;. The cross-ratio of these points
is —1,2, %, dependent on the order in which they are taken, and a cyclic group of order 3
applied to A permutes cyclically these three values. However, a linear transformation
leaves the cross-ratio unchanged, hence no group of order 3 in PSL, (7) or PGL,(8) can
fix A. Consequently K is neither of these two groups.

It remains to show that I'4, (8) and 23\ PSL, (2) satisfy the conditions for K. We have

A, (8)<1 T4, (8) & 23\ PSL,(2).

There are seventy 4-sets in £ and these cannot be in one orbit under 2*\\ PSL, (2) since
the order of this group is not divisible by 5. We now consider A4, (8) acting on Q. A 4-set
cannot be left fixed by an element of order 7. It is easily seen that there exists a 4-set
fixed by a group of order 4 and not 8§ and that there also exists a 4-set fixed only by the
identity. Hence the former lies in an orbit of length 14 and the latter in an orbit of
length 56. Hence A4, (8) has 2 orbits on the seventy 4-sets. It follows that 2*\\ PSL,(2),
hence also I'A, (8), have these orbits on 4-sets. By a result in [9] mentioned in the
introduction it follows that the three groups are orbit equivalent. These give cases (iv) and
(v) in the table.

Finally suppose ¥ = 2. The only transitive groups of degree 5 not containing A 5 are Cs,
Do and 4, (5). The number of 2-sets is even and A, (5) is transitive on 2-sets, hence no
Sylow 2-subgroup of A, (5) fixes a 2-set. Now C,; = D, and they both have two orbits
of length 5 on 2-sets. This gives case (ii) in the table.

6. A variant of Theorem A.

Theorem B. Let K be a finite primitive permutation group on a set Q and K = A% Then
the following conditions are equivalent:

(@) Thereexists an H < K with H ~ K and there is a prime r dividing the order of K but
not the order of H.
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(b) There is a prime r such that given any A = Q there exists a Sylow r-subgroup of K
leaving A fixed as a set.
() K=D,oand |2 =5 K=TA;(8) or 2°\\PSL;(2) and |2| = 8.

[Note: the condition that K 3 A® is essential in this theorem, since otherwise, when
|Ql=mr*—1>9, 1 £m <r, the symmetric and alternating groups satisfy (b) but
not (a).]

That (a) implies (b) was noted in Section 1. That (b) implies (a) is less obvious. It follows
from the considerations of Section 5 that (c) implies {(a). It remains to show that (b) implies
(c). The proof requires the classification of 3-transitive groups, see for example [8].

In Sections 3 and 4 only (b) was used.

Suppose that » = 7. Then by Lemma 3.3 K is at least 6-transitive, hence contains the
alternating group.

Supposer < Sand 4r — 2 < n. By Proposition 4.1 Kis (2r — 1)-homogencous. If r = 3
or 5 it follows from Theorem 2 in [7] that K is (27 — 1)-transitive. If » = 5 then again K
contains the alternating group which is excluded. If » = 3 then K is 5-transitive, hence
M,, or M,,. Their degrees however are divisible by 3, hence cannot occur in this context.

Suppose r = 2. Then K is 3-homogeneous. Suppose first that K is not 3-transitive. Such
groups are listed in Kantor [6] and they all have even degree, hence cannot occur in this
context. Consequently we may assume that K is 3-transitive. Since the degree must be odd
the only cases that need to be considered are:

(i) PSL,(qg) = K< PI'Ly(q.q9=2%a>2,
(i) M,, on 11 points, or
(i) M,5 on 23 points.

Suppose (i) is the case. The number of 2-sets is even and PSL, (g) is transitive on 2-sets,
hence no Sylow 2-subgroup fixes a 2-set.

Suppose (ii) is the case. The number of 4-sets is even and M, is transitive on 4-sets,
hence no Sylow 2-subgroup fixes a 4-set.

Suppose (iii) is the case. We identify Q with the points of a 4-(23, 7, 1) design on which
M, , is the automorphism group. Let I" consist of the points of a block together with one
further point. Two 7-sets in I meet in 6 points, hence I" contains a unique block, say X.
A Sylow 2-subgroup of M, fixing I' must also fix Z, hence must fix at least one point
in X and also the point in I" — X. This contradicts the fact that a Sylow 5-subgroup of
K has only one fixed point.

There remains the case r < 5 and 4r — 2 > n. This case was dealt with in Section 5
using only condition (b).
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