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PRIMESIN SEQUENCESASSOCIA'ED TO POLYNOMIALS
(AFTERLEHMER)

MANFRED EINSIEDLER, GRAHAM EVEREST AND THOMAS WARD

Abstract

In a paperof 1933, D.H. Lehmer continued Pierces study
of integral sequencegssociatedo polynomials,generalizingthe
MersennesequenceHe developeddivisibility criteria, and sug-
gestedhat prime apparitionin thesesequences or in closelyre-
latedsequences would bedenseiif the polynomialswerecloseto
cyclotomic,usinga naturalmeasuref closeness.

We review briefly some of the main developmentssince
Lehmers paperandreporton furthercomputationalvork on these
sequencedn particular we useMossinghof’s collectionof poly-
nomials with smallestknown measureto assembleavidence for
the distribution of primesin thesesequencepredictedby standard
heuristicarguments.

The calculationslend weight to standardconjecturesabout
Mersenneprimes,andthe useof polynomialswith small measure
permitsmuchlargernumbersof primesto be generatedhanin the
Mersennecase.

1. Introduction
Let f € Z[z] beamonicpolynomialwith factorization
f@)=(@@-a)...(z —aq) 1)

over the complex numbersFollowing Pierce[19] andLehmer[12], definea sequencef
integersby

d
An(f) =] lag —11. )
i=1

For example,if f(z) = z — 2, thenA,(f) = 2™ — 1 is theclassicaMersennesequence.
Pierceand Lehmerstudiedthe possiblefactorsof A, (f), andLehmerin particularused
theseresultsto computdargeprimes.For our purposesthedetailedargumentsoncerning
possiblefactorsarenotrelevant,but threekey obserationsby Lehmerare:

1 if oy # Lfori=1,....dthenA, (f)/An—1(f) = M(f) = 1; ;51 loul;
2. if M(f)iscloseto1, thenA, (f) maybeexpectedo be primeoften;
3. primefactorsof A,, satisfy(essentially)inearcongruences.
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Primesin sequenceassociatedo polynomialgafter Lehmer)

It is clearfrom Kronecler'slemmathat M (f) = 1 if andonly if f is cyclotomic.Lehmer
madean extensive searchfor non-g/clotomic polynomialswith measurecloseto 1, and
his exampleof degree 10 (referredto below as f1) with M(f) = 1.176... is still the
closestknown. He alsomadethe prescientemarkthatfor non-g/clotomicpolynomialsa
zeroontheunit circle ‘contributesan oscillatingfactor which, althoughit nevervanishes
or becomesnfinite, cannotbe estimatedreadily’ andwenton to use M (f) asa natural
measuref growth in this casealso(cf. thecorvergenceg3), discoreredlater).

Many subsequerguthorshave shedhew light onvariousaspect®f thesequencéA,, (f))
andtheassociatedrowth rate M (f). Mahler[15] pointedout thatJensers formulagives
theintegral form

1
m(f) = log M(f) = / log | (e27i%)|

for the measurewhich is now called the (logarithmic) Mahler measureof f. A huge
amountof work hasgoneinto attemptsto resohe Lehmers problem aretherepolyno-
mials with arbitrarily small positive logarithmicmeasureTor an overview of this circle
of resultsfrom a theoreticalperspectie, see[2] and[8]. The view of polynomialswith
small measureas being small perturbationf cyclotomic onesis exploredin [17]. For
recentresultson computation®f Mahler measuregsndtheir connectionsvith otherparts
of mathematicssee[4], [7], [14] and[16].

To eachpolynomial of the form (1) thereis an associatec&endomorphisnil’y of the
d-torus, given by the naturalaction of the companionmatrix of f. If no zeroof f is a
root of unity, thenT’ is anergodictransformatiorwith respecto Lebesguaneasureand
A, (f) is thenumberof pointsof periodn underl’s. Expansvenesf 1’y asatopological
dynamicalsystemcorrespondso Lehmers conditionthat |a;| # 1 fori = 1,...,d.
Finally, thetopologicalentrogy of 7 is equalto m( f). Thislinks arithmeticpropertiesof
thesequencéo dynamicalpropertieof thecorrespondingoralendomorphism- seg[13].
Accordingly, we call thepolynomial f expansveif |a;| # 1fori =1,...,d, emodicif no
«; is arootof unity, andquasihyperbolidf it is ergodicbut not expansve.

Finally, the corvergenceobseredby Lehmerin the expansve casedoesnot extendto
thequasihyperbolicase(seg[6], [8, Theorem2.16]), but the morerobustcorvergence

~log An(f) — m(f) ©)

extendsto the quasihyperbolicaseby Gelfonds Diophantineresults(see[9] and[13]).
Somemeasuref the Diophantinesubtletyinvolvedin (3) may be seenin the sequence
correspondingo f; (definedbelow): A,,(f1) behaesasymptoticallylike (1.176...)™ but
Ay, (f1) = 1 for valuesof n aslargeas74. Thesedramaticallysmallvaluesfor relatively
largevaluesof n arereflectedn the graphsbelow by theirregularearly behaiour.

2. Arithmeticof A,

The polynomial (1) is saidto be reciprocalif z¢f(z~') = f(x). Boyd [1], [3] and
Mossinghof [16] have carriedout extensie calculationsof Mahler measuresfrom [16]
we usethe list of the 100 irreduciblepolynomialswith smallestknown positve Mahler
measureTheseareall reciprocal(a beautifulresultof Smyth[21] shavs thatif f is non-
reciprocaland f(0) f(1) # 0, thenm(f) > m(z® —z — 1) = 0.281...), andareknown
to divide polynomialswith coeficientsin {0,+1}. If f is areciprocalpolynomial,then
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AL (f)/A1(f) is aperfectsquarefor n odd, by thefollowing agumentlf « is azeroof f,
let K = Q(a) andK’ = Q(a + o 1). Then

An(f) = [Ng/q(a™ —1)|
= |[Ng/gle — 1)Ng ol +a+...+a" 1)
= Aq(f) x |J\7K/@(Ot("71)/2)NK/Q(of(”'*l)/2 Fo a2y

Now & = o~ (»=1/2 4 4+ a(»=1)/2 js anintegral elemenif K’, so

Nijo(6) = (Nirjg(€))?

is asquareAccordingly, definel’,, (f) by ' (f)? = A, (f)/A1(f) for oddn > 1.

Primevaluesof I, (f) mayarisefor compositevaluesof n, andsuchvaluesarecalled
anomalousin theexpansve caset is clearthattheanomalougrimesarefinite in number
andthis remainssoin the quasihyperbolicasefor adeepereason.

Proposition 1. If f is anergodicpolynomial thenthere are only finitely manyanomalous
primesin thesequencél',,(f)) (or (A, (f)/A1(f)) in thenon-recipocal case).

Proof. First notice that the sequencés multiplicative. Write M = M (f)'/? for the

squareroot of the Mahler measureof f andT,, for T',,(f) (a similar agumentholdsfor

(A, (f)/A1(f)) in thenon-reciprocatase) By Baker's theorem(see[8] for references),
thereareconstantsd, B, C' > 0 with

AM™ > T, > BM"/n®.

It followsthatonly finitely mary n canhaveT’,, = 1.
Now ananomalougprimeoccurswhenl’,,,,, is primewith m,n > 1. If I, andI’,, are
both1 thenm andn areboundedy the previousparagraphOn the otherhand,

Cin /T > BM™" /A(mn)C M™ = DM™™=V /(mn)©.
If theleft-hand-sides 1, thenthereis anupperboundof theform
E+ F(logn + logm)

for n(m — 1), whichboundsbothm andn.
Thisprecluded’,,,,, = I',,, for all but finitely mary m andn. O

Recallthat K is thefield definedby the choserirreduciblepolynomial f, andlet

hx = classnumberof K;
r1 = thenumberof realembeddingsf K;

ro = half thenumberof complex embeddingsf K;
wg = thenumberof unit rootsin K;
Ry = theregulatorof K;
dx = thediscriminantof f;
2" (2m)"2 h Rk
P = —————F——.

WK |dK|

Defineasusualthe Dedekindzeta-functiorfor K by
1
(k(8)=) =5 4)
; Nk /o(q)®
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whereq runsthroughtheidealsof Ox, with Laurentexpansionats = 1 givenby
CK(5)2%+71{+--- (5)
andEulerproductform

1 —1

U [ (— ©
(=) 1;[ Nk/o(p)®

wherep runsthroughthe primeidealsof Ox. Finally, thereis the numberfield analogue

of Mertenstheorem(see[10], [11] or [20]).

Proposition 2.

1
Z —log <1_N7()> =loglogxz + v+ log px + O(1/ log x)
Nk/o(p)<z K/Q\P

wheee p runsthroughthe primeidealsof Ok, and~y = 0.577... is the classicalEuler
constant.

3. Heuristicarguments

The Mersennenumbersii,, = 2™ — 1 arewell-known, and38 valuesof n areknown
for which M, is prime.An elegantprobabilisticargumentdueto Wagstaf [22] givesthe
following expecteddistribution of prime valuesof M,,. If ny,no, ... arethe primesfor
which M,,; is prime,then;j/ log, log, M, is conjecturedo corvergeto a constantThis
is a consequencef the simplelinear congruencesatisfiedby factorsof M,, (from the
EulerFermatheorem)andMerten'stheorem.

In the Lehmercase essentiallythe sameargumentmay be applied,but the arithmetic
of the sequencandthe analytic propertiesof the correspondingetafunction aremore
involved.Thecalculationgdescribedelow give thefollowing results.

1. Thereis compellingnumericalevidenceto suggesthat
J

_ E 7
loglogI'y,, T )

for somepositive limit £y asj — oo, whereny, na, ... is the sequencef prime
indicesfor whichT';,; is prime.

2. A navenumberfield analogueof Wagstaf's heuristicssuggestshat I is givenby
Wy = % whichis compatiblewith the numericalevidence.

2eTK’ 2eTx

3. The more subtle quantity Cy = W (respectiely —

case)is sometimescloserto the obsened £, thoughwe do not have a heuristic

rationalefor this,andthe calculationof vk (or vx) itself presentgonsiderablelif-

ficultiesfor extensionof largedegree.

4. Thediscrepany betweerthe obseredvalueof E; andeitherof the heuristiccon-
stantds substantiabnoughto suggesthatmoresubtlearithmeticphenomenareat
work.

To explain the heuristicargument,we follow essentiallyCaldwell's expositionof the
Wagstaf heuristics(available on the WWW ‘Prime Pages’— see[5]). Assumethatp is

in the non-reciprocal
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prime.If p isaprimeidealin O with

Nk o(p) | Nxjgla? — 1)

thenNg (p) = 1 modp. It followsthattheprobabilityof I', ( f) beingprimeis increased
by the ratio N /q(9)/(Nk/g(p) — 1) for eachprimeideal p of O with prime norm
Nk o(p) < p. Theset

{t | visanidealof O with Nk /q(r) < =}

hasasymptoticallyp x z memberspf which z/ log = areprimeidealswith primenorm. |t
follows thatthe probabilitythatanintegralidealr is aprimeidealwith primenormin Ok
is1/(pr log Nk g(t)).

In the Mersennecase the resultingproductis estimatedusingMerten's theorem;here
we useProposition2 instead.The discussiorabove suggestshatthe probabilityI', ( f) is
primeis approximately

Py(p) = (;,ZI((;)) H)gp <#ﬁ§p)1))

Nk /o(p

(206 (o om
= (pm(f)>( px logp + O(1/p)).

Sotheexpectechumberof (non-anomaloug)rimevaluesof I', (f) with p < z is givenby
(p runningthroughthe rationalprimes)

_ 2 1 _Ni/alp)
2P0 =0T 2 :Hmcwmml)

p<z Pz Ng/op
2e” Z logp
m(f) \=z P

~ (%) log .

Notice thatin the Mersennecase the sumis taken over all n, weightedaccordingto the
probabilitythatn is prime; summinginsteadover primesp without weightingaswe have
doneheregivesthe sameestimate.

Writing n1, na, . . . for thesequencef indicesfor which T, ; is prime,this suggestshat
the numberof prime valuesof I',,; with n; < zis approximatelyn%%}) log z. It follows
that

logloanj . m(f). ®)
J 2e7

Notice thatthe effect of ary further congruenceconditionson possiblefactorsof T'y,(f)
will beto asymptoticallyincreasgéhe numberof primesappearingn the sequencesothe
relationship
2e7
Ef >
T2 m(f)
between(7) and (8) is expected.However, the resultsshavn in Table 2 do not give a
consistentnequality:if anything they suggesthereverse(seeSectionb).

©)
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In the caseof non-reciprocapolynomials the factor2 (which camefrom the factthat
I',, is logarithmicallyhalf of A,,) needgo beremoved,sofor non-reciprocalf theletters
E¢, Wy, Cr will beusedfor theanalogougjuantitiesalso.

Threequestionsverethereforeexaminednumerically Firstly, is the sequenc@ssoci-
atedto a polynomialwith smallMahlermeasureseryrich in primes?Secondlydo calcu-
lationssuggesthedistribution (7) for prime apparitionin thesesequencewith somelim-
iting constant?hirdly, doesthe ‘limiting constant'obsenedlend supportto the heuristic
argument?

Theresultsare—unsurprisingly-mixed.Thefirst questiorcanbeanswereavith anem-
phatic'yes’: in ashortsearctbon modesequipmensequencebave beenfoundcontaining
over onehundredprimes.The seconds answeredvith anequivocal‘yes’: theanalogous
plotsfor the polynomialsof smallmeasurelo look linear (detailsof the statisticalmethod
usedaregivenbelaw). Thethird questionprobablyrequiresa deepeunderstandingf the
arithmeticof T',,, but the numbersagreefairly well. In particular the numberof primes
founddoesdecreasasthe Mahlermeasuréncreases.

In light of this, it would be of interestto find a reformulationof the Mersennéheuristics
in which~y appearsot via Mertens Theorembut asthe secondcoeficient of the Laurent
expansiorof the Riemanrzetafunctionats = 1.

A featureof this work is thatthe useof polynomialswith very smallheightgivessig-
nificantdataon Mersenne-lile problemswithout the difficulty of testingexcessiely large
numberdor primality. Theideaof usingpolynomialswith smallmeasurén thisway comes
directly from Lehmers paper

4. Descriptionof the calculations

Given a candidatepolynomial f with small Mahler measurethe prime valuesof n
for which T,,(f) is prime up to somelimit were computed.Compositevaluesof n for
which T, (f) is primegiveriseto theanomalougrimes.Primality testingwasfor pseudo-
primality to tenrandomlychoserbasesin particular thelack of ananalogueof theLucas-
Lehmertestmeangheprimality testuseds agenerabne.Thus,in thispaperprimevalues
of T',, or A,,/A; areprobableprimes.All the calculationsveredoneusingPARI-GP, see
[18] for moredetails.

For thefirst two polynomialsin the Mossinghof list,

) =242 —2" —a2b —2® ' — 234241
and
Folr) = S 42l T4 210 4 p15 12 gl 1000 g8 T 6 0302 g

thecalculationsvereperformedor n upto 200, 000. For eachof theremainingpolynomi-
als fs, ..., fio, rangingin degreefrom 10 to 52, thecalculationsvereperformedor n up
to 50, 000. Thefull list of polynomialsis in the paper[16]. In orderto gain moreinsight
into how muchof the primebehaiour is governedsimply by thefield arithmetic thesame
calculationwasalsocarriedout for the “negative” polynomials,f; (z) = f;(—z).

Theconstantyx- (resp-yx in thenon-reciprocatasehasalsobeencomputedn some
casesthoughthis requiresextensive calculationitself. The methodadopteds to usethe
Laurentexpansion5) andestimateyx: = lim,_,+((s —1)Cx(s) — px) (with K replac-
ing K’ in the non-reciprocatase)using GP’s ability to computevaluesof the Dedekind
zetafunctionsfor numberfieldsof smalldegree.
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Theempiricalconstantt; is foundusingaleast-squareinearregression.

5. Results

We presentseveral graphsof loglogI',, (f) againstj, which indicatethe asymptotic
linearity. Oneachgraph thenumberontheabscissas thetotal numberof non-anomalous
primesfound for that polynomial.In eachcasethe valuesof C¢, W, and E; aregiven.
The graphshave beenchosenfrom the (small) sampleof polynomialsfor which vx (or
vk) canbe computed As mentionedabore, the non-reciprocapolynomialsdo not have
thefactor2 in the expressiondor W andC'. The numericalconstanthave beenrounded
to threedecimalplaces.

Table1 givessomedatafor the Mersennecase somesimplenon-reciprocapolynomi-
als,andfor thosef-. ; for which C' couldbe computedthe polynomial f>, of degreel8, is
includedherefor brevity despitethe factthatwe have beenunableto computeCy, ). For
the non-reciprocalsthe growth rateis muchhigherby Smyth’s result,and so the calcu-
lationsarelimited. In additionto the Mersennecaseandsomepolynomialsfrom [16] for
which C couldbefound,somenon-reciprocapolynomialsof smallheighthave beencho-
sen.Thesenon-reciprocapolynomialsarethosewith smallestMahlermeasurén thelist
of irreduciblenon-g/clotomicfactorsof trinomialswith smallesikknown Mahlermeasures
— we thankDavid Boyd for providing this list of trinomials. Table 1 is thusa mixed bag
of polynomialsselectedn the basisof having smallmeasurdor polynomialsof a certain
shapeopr for beingof relatively smalldegree.Tablel records

1. thepolynomialf;

theMahlermeasureV/(f);

therangesearched] < n < R;

thenumberN of non-anomalouprimesfound;
theempiricalconstantt; foundusingleast-squares;
theheuristicconstanii’y,

7. theheuristicconstantC'.

The polynomialsin Tablel1 arearrangedn orderof increasingMahlermeasure.
Table2 summariseshebulk of ourresults It lists thefollowing quantities:

thenumber; of thepolynomialin thelist from [16];
theMahlermeasure (f;°);

N(f;"), thenumberof non-anomalouprimevaluesof I',,(f;°);
E i theleast-squaresstimate;

ok wN

P w DN

5. Wiz, thevaluecomputedusingthe heuristicargumentabove.

J

The polynomialsareagainarrangedn orderof increasingMahlermeasure.

6. Openproblems

Severalproblemsaresuggestethy this work, of whichthemostpressingseento bethe
following. Whatis behindthe examplesin which E is smallerthanW;? Cana heuristic
argumentbe found that predictsE; with the samelevel of accurag asthatseenin the
Mersennecase?n particular significantdifferencedetweent(f;) andE(f; ) in Table2

7
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suggesthatmoreaccuraténeuristicanustinvolve the polynomialitself, andcannotdepend
only onthearithmeticof thefield definedby the polynomial.
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9.7

208
Figure 1. Graphof loglogI',,,;(f1) againstj for n < 200, 000;
Ep = 25.719, Wy, = 21.949,Cy, = 24.767.

9.6

182
Figure 2: Graphof loglogI',, (f2) againstj for n < 200,000,
Ey, = 21.852, Wy, = 20.640.
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8.4

137
Figure 3: Graphof loglogI',; (f10) againstj for n < 50,000,
Ep,, = 18.507, Wy,, = 18.191,Cy,, = 18.844.

8.5

140
Figure 4: Graphof loglog 'y, (f26) againstj for n < 50,000,
Ef,y = 19.384, Wy, = 17.364,C,, = 18.782.



Primesin sequenceassociatedo polynomialgafter Lehmer)

8.5

128
Figure 5: Graphof loglog Ty, (f33) againstj for n < 50,000,
Ey,, = 18.984, Wy,, = 17.187,C,, = 17.869.

8.5

47
Figure 6: Graphof loglogT'y,, (z* —  — 1) againstj for n <
20,000; Ef = 6.807, Wy = 6.334,Cy = 6.398.
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8.6

49
Figure7: Graphof loglog ', (z° — z* 4+ 2* — = 4 1) againstj for
n < 20,000,E; = 6.128, W; = 5.939,C = 5.930.

8.7

50
Figure8: Graphof loglog 'y, (z® — #° + 2* — z* + 1) againstj
forn < 20,000;E¢ = 6.519, W; = 5.793,C¢ = 5.942.

12



Primesin sequenceassociatedo polynomialgafter Lehmer)

8.2

37
Figure9: Graphof loglog ', (z° 4+ z* — 1) againstj for n <
20,000; Ef = 5.411, Wy = 5.735,Cy = 5.968.

f M(f) R| N E; Wy Cy
i 1.176 | 200,000| 208 | 25.719| 21.940| 24.767

fo 1.188 | 200,000| 182 | 21.852] 20.640
f10 1.216 50,000| 137 | 18.507| 18.184| 18.884
J=10 1.216 50,000 133 | 18.219] 18.184| 18.884
f26 1.227 50,000| 140 | 19.384| 17.358] 18.782
f-26 1.227 50,000| 145 | 21.297| 17.358] 18.782
fa3 1.230 50,000 128 | 18.984| 17.180]| 17.869
f-33 1.230 50,000| 132 | 18.083| 17.180| 17.869
©—r—1 1.325 20,000 47| 6.807| 6.334| 6.398
3 — 22 +1 1.325 20,000| 46| 5.963| 6.334| 6.398
® — 2+ 22—z +1 | 1.350 20,000 49| 6.128| 5.939| 5.930
2 +2t 22 -1 ]1.350 20,000| 51| 6.479| 5.939| 5.930
25— 25+ 2 — 22 +11]1.360 20,0001 50| 6.519| 5.793| 5.942
25+ 25 -2 —22+1 1] 1.360 20,000| 51| 7.474| 5.793| 5.942
2+ 22 -1 1.364 20,000 37| 5.411| 5.735| 5.968
r—2 2 3,021,377| 37| 2.549] 2.569| 2.569

Table1: MahlermeasureV/, numbersN of primevaluesof ', or A,, foundfor n < R,
empiricalconstant?, andtwo heuristicconstantd¥ andC for selectegolynomials.
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J| MU = M) | NG | By | W =W | BUD) | NG
1 1.1762 173 25.899 21.940 23.493 | 166
2 1.1883 151 22.482 20.640 23.420| 156
3 1.2000 137 18.912 19.535 19.724 | 133
4 1.2013 171 24.618 19.413 20.803 | 146
5 1.2026 126 19.644 19.307 22.004 | 155
6 1.2050 148 21.374 19.100 18.356 | 132
7 1.2079 128 18.211 18.854 21.109 | 144
8 1.2128 136 19.127 18.461 18.905| 136
9 1.2149 145 22.572 18.291 18.542 | 128
10 1.2163 137 18.507 18.184 18.219| 133
11 1.2183 134 19.974 18.032 19.211| 135
12 1.2188 135 18.619 17.998 19.594 | 140
13 1.2190 122 16.996 17.983 19.885| 135
14 1.2194 114 16.258 17.954 21.704 | 151
15 1.2197 137 18.941 17.934 17.399 | 130
16 1.2202 115 16.667 17.892 16.919 | 124
17 1.2234 145 20.884 17.663 19.529 | 136
18 1.2237 136 18.806 17.639 15.666 | 113
19 1.2242 133 19.967 17.603 20.437| 141
20 1.2255 145 19.655 17.517 19.093| 132
21 1.2256 143 19.681 17.509 17.947 | 124
22 1.2258 125 17.293 17.495 17.837 | 128
23 1.2260 142 20.807 17.475 19.863 | 146
24 1.2264 138 20.496 17.447 15.450| 111
25 1.2269 125 16.902 17.413 17.207 | 118
26 1.2277 140 19.384 17.358 21.297 | 145
27 1.2281 108 14.658 17.333 19.296 | 129
28 1.2294 136 19.935 17.242 14921 | 105
29 1.2295 124 17.069 17.236 19.872| 135
30 1.2300 128 17.973 17.207 18.011| 123
31 1.2302 128 18.594 17.189 17.003| 116
32 1.2302 119 16.009 17.187 17.521| 129
33 1.2303 128 18.984 17.180 18.083 | 132
34 1.2307 125 17.453 17.157 17.693| 125
35 1.2313 127 17.617 17.117 17.708 | 129
36 1.2322 121 17.901 17.059 17.297 | 122
37 1.2326 143 19.657 17.032 16.448 | 123
38 1.2326 128 17.987 17.031 18.130| 125
39 1.2336 122 17.154 16.963 17.194 | 127
40 1.2343 116 15.852 16.918 16.316 | 112

Table2: NumberN of prime valuesof (T',,), Mahlermeasurel/, empiricalconstantF,
andheuristicconstant?” for polynomialsf, ..., fao andfy ,..., f15. 7 < 50, 000.
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