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PRIMESIN SEQUENCESASSOCIATED TO POLYNOMIALS
(AFTERLEHMER)

MANFRED EINSIEDLER, GRAHAM EVEREST AND THOMAS WARD

Abstract

In a paper of 1933, D.H. Lehmer continued Pierce’s study
of integral sequencesassociatedto polynomials,generalizingthe
Mersennesequence.He developeddivisibility criteria, and sug-
gestedthat prime apparitionin thesesequences– or in closelyre-
latedsequences– would bedenserif thepolynomialswerecloseto
cyclotomic,usinganaturalmeasureof closeness.

We review briefly some of the main developments since
Lehmer’spaper, andreporton furthercomputationalwork on these
sequences.In particular, we useMossinghoff ’s collectionof poly-
nomials with smallestknown measureto assembleevidencefor
thedistribution of primesin thesesequencespredictedby standard
heuristicarguments.

The calculations lend weight to standardconjecturesabout
Mersenneprimes,andthe useof polynomialswith small measure
permitsmuchlargernumbersof primesto begeneratedthanin the
Mersennecase.

1. Introduction
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over thecomplex numbers.Following Pierce[19] andLehmer[12], definea sequenceof
integersby
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is theclassicalMersennesequence.
PierceandLehmerstudiedthepossiblefactorsof

 ! 
#��
, andLehmerin particularused

theseresultsto computelargeprimes.For ourpurposes,thedetailedargumentsconcerning
possiblefactorsarenot relevant,but threekey observationsby Lehmerare:
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is closeto
)
, then
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maybeexpectedto beprimeoften;

3. primefactorsof
 !

satisfy(essentially)linearcongruences.
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Primesin sequencesassociatedto polynomials(afterLehmer)

It is clearfrom Kronecker’s lemmathat I@J/K�LNMPO if andonly if K is cyclotomic.Lehmer
madean extensive searchfor non-cyclotomic polynomialswith measurecloseto O , and
his exampleof degree10 (referredto below as KRQ ) with I@J/K�LSMTOVUWOYX7Z[U�U�U is still the
closestknown. Healsomadetheprescientremarkthatfor non-cyclotomicpolynomials,a
zeroon theunit circle ‘contributesan oscillatingfactor which, althoughit nevervanishes
or becomesinfinite, cannotbe estimatedreadily’ andwent on to use I@J/K�L asa natural
measureof growth in thiscasealso(cf. theconvergence(3), discoveredlater).

Many subsequentauthorshaveshednew light onvariousaspectsof thesequenceJW\9]^J#K�L_L
andtheassociatedgrowth rate I@J/K�L . Mahler[15] pointedout thatJensen’s formulagives
theintegral form

` J/K�L�M,acbRd[I@J/K�L(M Q
e acbRdgf&K�J#hjijk6l�mnL#f do

for the measure,which is now called the (logarithmic) Mahler measureof K . A huge
amountof work hasgoneinto attemptsto resolve Lehmer’s problem: aretherepolyno-
mials with arbitrarily small positive logarithmicmeasure?For an overview of this circle
of resultsfrom a theoreticalperspective, see[2] and[8]. The view of polynomialswith
small measureasbeingsmall perturbationsof cyclotomic onesis explored in [17]. For
recentresultson computationsof Mahlermeasuresandtheir connectionswith otherparts
of mathematics,see[4], [7], [14] and[16].

To eachpolynomial of the form (1) thereis an associatedendomorphismp�q of ther
-torus,given by the naturalactionof the companionmatrix of K . If no zeroof K is a

root of unity, thenp+q is anergodictransformationwith respectto Lebesguemeasure,and\ ] J/K�L is thenumberof pointsof periods underp+q . Expansivenessof p+q asatopological
dynamicalsystemcorrespondsto Lehmer’s condition that fct l f�uMvO for wxMvOVy�U�U�U7y r .
Finally, thetopologicalentropy of p q is equalto ` J#K�L . This links arithmeticpropertiesof
thesequenceto dynamicalpropertiesof thecorrespondingtoralendomorphism– see[13].
Accordingly, wecall thepolynomial K expansiveif fct l f+uM�O for wzM�OVy�U�U�U7y r , ergodicif not l is a rootof unity, andquasihyperbolicif it is ergodicbut notexpansive.

Finally, theconvergenceobservedby Lehmerin theexpansivecasedoesnot extendto
thequasihyperboliccase(see[6], [8, Theorem2.16]),but themorerobustconvergence

Os a�bYd{\ ] J/K�L�|^} ` J/K�L (3)

extendsto the quasihyperboliccaseby Gelfond’s Diophantineresults(see[9] and[13]).
Somemeasureof the Diophantinesubtletyinvolved in (3) may be seenin the sequence
correspondingto K Q (definedbelow): \9]NJ/K Q L behavesasymptoticallylike J~OVUWOYXnZ(UcU�UWL ] but\ ] J/KRQ�LzM�O for valuesof s aslargeas74.Thesedramaticallysmallvaluesfor relatively
largevaluesof s arereflectedin thegraphsbelow by theirregularearlybehaviour.

2. Arithmeticof \9]
The polynomial (1) is said to be reciprocalif �N�RK�J���� Q L�M�K�J���L . Boyd [1], [3] and

Mossinghoff [16] have carriedout extensive calculationsof Mahlermeasures;from [16]
we usethe list of the 100 irreduciblepolynomialswith smallestknown positive Mahler
measure.Theseareall reciprocal(a beautifulresultof Smyth[21] shows that if K is non-
reciprocaland K�J���L#K�J_OYL�uM�� , then ` J#K�L[� ` J�����|���|�ORLzM0��U �Y�	O�U�U�U ), andareknown
to divide polynomialswith coefficientsin ����y���O6� . If K is a reciprocalpolynomial,then
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Primesin sequencesassociatedto polynomials(afterLehmer)

�9�^�/���#�������#���
is aperfectsquarefor � odd,by thefollowing argument.If � is azeroof

�
,

let ���0� � � � and �¡ <��� � �£¢¤��¥ � � . Then�"�N�#��� �§¦c¨ª©{«n¬ � � �®�¯ � ¦
�§¦c¨ª©{«n¬ � � �¯ � ¨ª©�«7¬ � ¯ ¢°��¢°±�±�±R¢¤� � ¥ � � ¦
� �����/���{² ¦&¨�©�«7¬ � ��³ � ¥ �µ´ «~¶ � ¨ª©{«n¬ � � ¥ ³ � ¥ ��´ «~¶ ¢°±�±�±�¢°��³ � ¥ �µ´ «~¶ � ¦&±

Now ·��@��¥ ³ � ¥ ��´ «_¶ ¢¤±�±�±R¢°� ³ � ¥ �µ´ «~¶ is anintegralelementof �¡  , so

¨ª©�«7¬ � · � � ¨�©[¸¹«7¬ � · � ¶
is a square.Accordingly, defineº �N�/��� by º �N�/��� ¶ � �9�N�/���#�������#��� for odd �*» ¯ .

Primevaluesof º �N�/��� mayarisefor compositevaluesof � , andsuchvaluesarecalled
anomalous. In theexpansivecaseit is clearthattheanomalousprimesarefinite in number,
andthis remainssoin thequasihyperboliccasefor a deeperreason.

Proposition 1. If
�

is anergodicpolynomial,thenthereareonlyfinitelymanyanomalous
primesin thesequence

� º �N�/���_� (or
���9�^�/���#�������#���_�

in thenon-reciprocalcase).

Proof. First notice that the sequenceis multiplicative. Write ¼ �½¼ �/��� � «~¶ for the
squareroot of the Mahlermeasureof

�
and º � for º � �/��� (a similar argumentholdsfor�W� � �#���/��� � �/���_�

in thenon-reciprocalcase).By Baker’s theorem(see[8] for references),
thereareconstants¾g¿�ÀÁ¿�Â,Ã�Ä with

¾g¼ � Ã*º � ÃÅÀS¼ � � �zÆÇ±
It followsthatonly finitely many � canhave º � � ¯

.
Now ananomalousprimeoccurswhenº�È � is primewith É£¿/�°Ã ¯ . If ºzÈ and º � are

both
¯

thenÉ and� areboundedby thepreviousparagraph.On theotherhand,

ºzÈ ��� º�ÈÊÃÅÀÁ¼ È � � ¾ � ÉË� � ÆÌ¼ È �§Í9¼ � ³ È ¥ ��´ ��� ÉË� � ÆÌ±
If theleft-hand-sideis

¯
, thenthereis anupperboundof theformÎ ¢�Ï �WÐ�ÑYÒ ��¢ ÐcÑRÒ É �

for � � É �¯ �
, whichboundsboth É and� .

Thisprecludesº�È � �,ºzÈ for all but finitely many É and� .

Recallthat � is thefield definedby thechosenirreduciblepolynomial
�

, andletÓ © � classnumberof �ÕÔÖ � � thenumberof realembeddingsof �.ÔÖ ¶ � half thenumberof complex embeddingsof �.Ô× © � thenumberof unit rootsin �.ÔØ © � theregulatorof �ÕÔÙ © � thediscriminantof
� Ô

Ú © � Û�Ü7Ý � ÛVÞ � Üàß Ó © Ø ©× © ¦ Ù © ¦ ±
DefineasusualtheDedekindzeta-functionfor � byá © �/â6� � ã

¯
¨ª©�«7¬ �#äY�Få ¿ (4)
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Primesin sequencesassociatedto polynomials(afterLehmer)

where æ runsthroughtheidealsof çÌè , with Laurentexpansionat éëê§ì givenbyí èïî#é6ð	ê ñ èéÇò*ì óõô è ó°ö�ö�ö (5)

andEulerproductform

í è"î#éVð�ê ÷ ìÌò ìø è�ù7ú îFû�ðµü
ý�þ

(6)

where û runsthroughtheprimeidealsof ç è . Finally, thereis thenumber-field analogue
of Merten’s theorem(see[10], [11] or [20]).

Proposition 2.

ÿ�������� ÷	��
� ò������ ìÌò ìø è�ù7ú îBû<ð ê�������������� óõôõó ����� ñ è ó çSî_ì�����������ð
where û runs throughthe prime idealsof ç è , and

ô ê�� ö  "!�!�ö�ö�ö is the classicalEuler
constant.

3. Heuristicarguments

TheMersennenumbers#%$Ëê'& $ òÅì arewell-known, and38 valuesof ( areknown
for which #)$ is prime.An elegantprobabilisticargumentdueto Wagstaff [22] givesthe
following expecteddistribution of prime valuesof #%$ . If ( þ+* (�, * ö�ö�ö are the primesfor
which #%$�- is prime,then ./�0����� , ����� , #)$�- is conjecturedto convergeto a constant.This
is a consequenceof the simple linear congruencessatisfiedby factorsof #%$ (from the
Euler-Fermattheorem),andMerten’s theorem.

In theLehmercase,essentiallythesameargumentmaybeapplied,but thearithmetic
of the sequenceandthe analyticpropertiesof the correspondingzetafunction aremore
involved.Thecalculationsdescribedbelow givethefollowing results.

1. Thereis compellingnumericalevidenceto suggestthat

.�����������213$�- ò0465�7 (7)

for somepositive limit 587 as .94;: , where( þ * ( , * ö�ö�ö is the sequenceof prime
indicesfor which 1 $ - is prime.

2. A naivenumber-field analogueof Wagstaff ’sheuristicssuggeststhat 5 7 is givenby< 7 ê ,>=@?A � 7 � , which is compatiblewith thenumericalevidence.

3. The more subtlequantity B 7 ê &C+D �/EF îHG�ð (respectively
&C+D �F îHG�ð in the non-reciprocal

case)is sometimescloserto the observed 5�7 , thoughwe do not have a heuristic
rationalefor this,andthecalculationof

ô è E (or
ô è ) itself presentsconsiderabledif-

ficultiesfor extensionsof largedegree.

4. Thediscrepancy betweentheobservedvalueof 5 7 andeitherof theheuristiccon-
stantsis substantialenoughto suggestthatmoresubtlearithmeticphenomenaareat
work.

To explain the heuristicargument,we follow essentiallyCaldwell’s expositionof the
Wagstaff heuristics(availableon the WWW ‘Prime Pages’– see[5]). Assumethat I is
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prime.If J is a primeidealin KML withN L2O@PRQ J/S N L�O+PRQUTWVYX[Z S
then

N L�O+P�Q J/S�\ Z mod ] . It followsthattheprobabilityof ^ V QH_ S beingprimeis increased
by the ratio

N L�O+P3Q J/SU` Q N L�O+P�Q J/S XaZ S for eachprime ideal J of KbL with prime normN L�O+P3Q J/S2cd] . Thesete f8g�f is anidealof K L with
N L�O+PRQ f S8c%h�i

hasasymptoticallyj/Lkh members,of which h3`0l�m�n�h areprimeidealswith primenorm.It
follows thattheprobabilitythatanintegral ideal f is aprimeidealwith primenormin KbL
is Z ` Q jLol�m�n N L�O+PRQ f S	S .

In theMersennecase,theresultingproductis estimatedusingMerten’s theorem;here
we useProposition2 instead.Thediscussionabove suggeststhat theprobability ^ V QH_ S is
primeis approximately

prq Q ]0Srs t j0uRvL]2w QH_ S x8yz�{�|�}	~�� V
N L�O+P3Q JSQ N L�O+P3Q J/S X�Z S

s t j0uRvL]2w QH_ S QU�+� j L l�m�n�]���K Q	Z `@]WS�S��
Sotheexpectednumberof (non-anomalous)primevaluesof ^ V QU_ S with ]oc)h is givenby
(] runningthroughtherationalprimes)

V �/�
prq Q ]0S"s t j u�vLw QU_ S V ��

Z]%� x8yz�{�|�}	~�� V
N L�O+PRQ JSN L�O+P3Q J/S X[Z

� t � �w QU_ S V �/�
l�m�n�]]

� t � �w QH_ S l�m�n�h��
Notice that in theMersennecase,thesumis takenover all � , weightedaccordingto the
probabilitythat � is prime;summinginsteadover primes] without weightingaswe have
doneheregivesthesameestimate.

Writing � v�� ��� � ����� for thesequenceof indicesfor which ^3��� is prime,thissuggeststhat
the numberof prime valuesof ^ � � with �3��c�h is approximately �@�>�� | q ~ l�m�n�h�� It follows
that l�m�n�l�m�n�^����� � w QH_ St � � � (8)

Notice that the effect of any further congruenceconditionson possiblefactorsof ^ � QU_ S
will beto asymptoticallyincreasethenumberof primesappearingin thesequence,sothe
relationship ��q�� t � �w QH_ S (9)

between(7) and (8) is expected.However, the resultsshown in Table 2 do not give a
consistentinequality:if anything they suggestthereverse(seeSection6).
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In thecaseof non-reciprocalpolynomials,the factor2 (which camefrom the fact that�3�
is logarithmicallyhalf of   � ) needsto beremoved,sofor non-reciprocal¡ theletters¢�£
, ¤ £ , ¥ £ will beusedfor theanalogousquantitiesalso.
Threequestionswerethereforeexaminednumerically. Firstly, is the sequenceassoci-

atedto a polynomialwith smallMahlermeasurevery rich in primes?Secondly, do calcu-
lationssuggestthedistribution (7) for primeapparitionin thesesequenceswith somelim-
iting constant?Thirdly, doesthe‘limiting constant’observedlendsupportto theheuristic
argument?

Theresultsare– unsurprisingly– mixed.Thefirstquestioncanbeansweredwith anem-
phatic‘yes’: in ashortsearchonmodestequipmentsequenceshavebeenfoundcontaining
over onehundredprimes.Thesecondis answeredwith anequivocal‘yes’: theanalogous
plotsfor thepolynomialsof smallmeasuredo look linear(detailsof thestatisticalmethod
usedaregivenbelow). Thethird questionprobablyrequiresa deeperunderstandingof the
arithmeticof

���
, but the numbersagreefairly well. In particular, the numberof primes

founddoesdecreaseastheMahlermeasureincreases.
In light of this, it wouldbeof interestto find areformulationof theMersenneheuristics

in which ¦ appearsnot via Merten’s Theorembut asthesecondcoefficientof theLaurent
expansionof theRiemannzetafunctionat §�¨ª© .

A featureof this work is that theuseof polynomialswith very smallheightgivessig-
nificantdataon Mersenne-likeproblemswithout thedifficulty of testingexcessively large
numbersfor primality.Theideaof usingpolynomialswith smallmeasurein thiswaycomes
directly from Lehmer’spaper.

4. Descriptionof thecalculations

Given a candidatepolynomial ¡ with small Mahler measure,the prime valuesof «
for which

�3�0¬ ¡� is prime up to somelimit werecomputed.Compositevaluesof « for
which

���W¬ ¡� is primegiveriseto theanomalousprimes.Primality testingwasfor pseudo-
primality to tenrandomlychosenbases:in particular, thelackof ananalogueof theLucas-
Lehmertestmeanstheprimality testusedis ageneralone.Thus,in thispaper, primevalues
of
� �

or   �"®  o¯ areprobableprimes.All thecalculationsweredoneusingPARI-GP, see
[18] for moredetails.

For thefirst two polynomialsin theMossinghoff list,

¡�¯ ¬�° W¨ ° ¯²±´³ °"µ´¶o°r·Y¶o°r¸Y¶¹°"º´¶¹°"»´¶o°r¼ ³ ° ³ ©
and

¡+½ ¬¾° r¨ ° ¯�¿ ³ ° ¯ · ³ ° ¯ ¸ ³ ° ¯ º ¶�° ¯ ½ ¶À° ¯�¯ ¶�° ¯�± ¶�° µ ¶�° ¿ ¶À° · ¶�° ¸ ³ ° ¼ ³ ° ½2³ ° ³ ©�Á
thecalculationswereperformedfor « upto Â�Ã�ÃÁ	Ã�Ã�Ã . For eachof theremainingpolynomi-
als ¡ ¼ Á�ÄÅÄ�ÄÅÁ�¡ » ± , rangingin degreefrom ©+Ã to Æ�Â , thecalculationswereperformedfor « up
to Æ�Ã�Á	Ã�Ã�Ã . Thefull list of polynomialsis in thepaper[16]. In orderto gainmoreinsight
into how muchof theprimebehaviour is governedsimplyby thefield arithmetic,thesame
calculationwasalsocarriedout for the“negative” polynomials,¡�ÇÈ ¬�° r¨'¡ È ¬	¶�°  .

Theconstant¦/ÉkÊ (resp.¦/É in thenon-reciprocalcase)hasalsobeencomputedin some
cases,thoughthis requiresextensive calculationitself. The methodadoptedis to usethe
Laurentexpansion(5) andestimate¦/É Ê ¨ÌË�Í�ÎÐÏÒÑ ¯�Ó ¬�¬ § ¶ ©�HÔ�É Ê ¬ §� ¶ÖÕ É Ê  (with × replac-
ing ×�Ø in thenon-reciprocalcase)usingGP’s ability to computevaluesof theDedekind
zetafunctionsfor numberfieldsof smalldegree.
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TheempiricalconstantÙ�Ú is foundusinga least-squareslinearregression.

5. Results

We presentseveral graphsof Û�Ü�Ý�Û�Ü�Ý�Þ�ß�àâáUã�ä againstå , which indicatethe asymptotic
linearity. Oneachgraph,thenumberon theabscissais thetotalnumberof non-anomalous
primesfound for that polynomial.In eachcasethe valuesof æ Ú , ç Ú and Ù Ú aregiven.
The graphshave beenchosenfrom the (small) sampleof polynomialsfor which èé (orè/ékê ) canbecomputed.As mentionedabove, thenon-reciprocalpolynomialsdo not have
thefactor2 in theexpressionsfor ç and æ . Thenumericalconstantshave beenrounded
to threedecimalplaces.

Table1 givessomedatafor theMersennecase,somesimplenon-reciprocalpolynomi-
als,andfor thoseã�ë�ì for which æ couldbecomputed(thepolynomial ã+í , of degree18, is
includedherefor brevity despitethe fact thatwe have beenunableto computeæ�ÚHî ). For
the non-reciprocals,the growth rateis muchhigherby Smyth’s result,andso the calcu-
lationsarelimited. In additionto theMersennecaseandsomepolynomialsfrom [16] for
which æ couldbefound,somenon-reciprocalpolynomialsof smallheighthavebeencho-
sen.Thesenon-reciprocalpolynomialsarethosewith smallestMahlermeasurein the list
of irreduciblenon-cyclotomicfactorsof trinomialswith smallestknown Mahlermeasures
– we thankDavid Boyd for providing this list of trinomials.Table1 is thusa mixedbag
of polynomialsselectedon thebasisof having smallmeasurefor polynomialsof a certain
shape,or for beingof relatively smalldegree.Table1 records

1. thepolynomial ã ;

2. theMahlermeasureïaáUã�ä ;
3. therangesearched,ðòñ)ó�ñ[ô ;

4. thenumberõ of non-anomalousprimesfound;

5. theempiricalconstantÙ Ú foundusingleast-squares;

6. theheuristicconstantç Ú ;
7. theheuristicconstantæ Ú .

Thepolynomialsin Table1 arearrangedin orderof increasingMahlermeasure.
Table2 summarisesthebulk of our results.It lists thefollowing quantities:

1. thenumberå of thepolynomialin thelist from [16];

2. theMahlermeasureïaáUã ëì ä ;
3. õ%áUã ëì ä , thenumberof non-anomalousprimevaluesof Þ ß áHã ëì ä ;
4. Ù Ú�öà , theleast-squaresestimate;

5. ç Ú öà , thevaluecomputedusingtheheuristicargumentabove.

Thepolynomialsareagainarrangedin orderof increasingMahlermeasure.

6. Openproblems

Severalproblemsaresuggestedby thiswork,of whichthemostpressingseemto bethe
following. Whatis behindtheexamplesin which Ù Ú is smallerthan ç Ú ? Cana heuristic
argumentbe found that predicts Ù Ú with the samelevel of accuracy as that seenin the
Mersennecase?In particular, significantdifferencesbetweenÙÖáUã ì ä and ÙÖáUã�÷ì ä in Table2
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suggestthatmoreaccurateheuristicsmustinvolvethepolynomialitself,andcannotdepend
only on thearithmeticof thefield definedby thepolynomial.
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Figure 2: Graphof �������������������=>?� against for !#"%$�&�&('�&�&�& ;)�*,+.- $8490 @�/�$ , 7 *,+.- $�&10 <�:�& .
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    8.4

  137
Figure 3: Graphof A�B�C�A�B�C�D.E�F�GIH�JLKNM againstO for PRQTS�U(VWU�U�U ;X�Y,Z\[^]`_6a(b S�Udc , e Y,Z\[f]g_=a(bh_6i8_

, j Y,Z\[�]`_6a1b a�k�k
.

    8.5

  140
Figure 4: Graphof A�B�C�A�B�C�D E F�GIH=lnmNM againstO for PRQTS�U(VWU�U�U ;X Y�oqp ]`_6i(b r�a�k

, e Y�oqp ]g_ c b r�s�k , j Y�oqp ]`_6a1b c a�t .
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    8.5

  128
Figure 5: Graphof u�v�w�u�v�w�x.y�z�{I|=}n}N~ against� for �R�T���(�W����� ;�����q�^�`�6�(� �����

, � ���q�f�g�����h�6�8�
, � ���q���`���9� �����

.

    8.5

   47

Figure 6: Graphof u�v�w�u�v�w�x�y�z�{�� }�� � � � ~ against� for ���� �1�W����� ; �������1� � � � , � �����(� ����� , � �����(� ����� .
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    8.6

   49
Figure7: Graphof ���� ����� ¢¡.£�¤�¥3¦8§�¨�¦d©�ª«¦8¬¨®¦¯ª±°�² against³ for´¶µ±·�¸1¹W¸�¸�¸ ; º�»�¼�½1¾3° ·�¿ , ÀÁ»Â¼�Ã(¾ Ä�Å�Ä , Æ�»�¼ÇÃ1¾ Ä�Å ¸ .

    8.7

   50
Figure8: Graphof ���� ����� �¡ £ ¤�¥�¦dÈ�¨±¦8§ÉªÊ¦8ËÂ¨Ì¦d¬ÂªÍ°�² against³
for ´Îµ±·�¸(¹�¸�¸�¸ ; º�»Ï¼�½(¾ Ã8°=Ä , ÀÁ»�¼�Ã1¾3Ð=Ä�Å , Æ�»Ï¼�Ã(¾ Ä�Ñ · .
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    8.2

   37

Figure 9: Graphof Ò�Ó�Ô�Ò�Ó�Ô�Õ.ÖN×�Ø�Ù8Ú®ÛÎÙ8Ü¯ÝßÞ�à againstá for âTãä�å1æWå�å�å
; ç�è�é�ê1ë ìdÞ�Þ , íîè�é�ê(ëhï6ð�ê , ñ�è�é�ê(ë ò�ó�ô .

õ ö Ø õ à ÷ ø ç�è íîè ñ�èõ�ù
1.176 200,000 208 25.719 21.940 24.767õ

Ü 1.188 200,000 182 21.852 20.640õ�ùLú
1.216 50,000 137 18.507 18.184 18.884õ�ûüùýú
1.216 50,000 133 18.219 18.184 18.884õ

Ünþ 1.227 50,000 140 19.384 17.358 18.782õ�û
Ü�þ 1.227 50,000 145 21.297 17.358 18.782õ=ÿnÿ

1.230 50,000 128 18.984 17.180 17.869õ�û ÿ�ÿ
1.230 50,000 132 18.083 17.180 17.869

Ù
ÿ
Ý Ù Ý Þ 1.325 20,000 47 6.807 6.334 6.398

Ù
ÿ
ÝÁÙ Ü Û¶Þ 1.325 20,000 46 5.963 6.334 6.398

Ù Ú Ý Ù � ÛÁÙ Ü ÝÁÙîÛÎÞ 1.350 20,000 49 6.128 5.939 5.930
Ù Ú ÛÁÙ � Ý Ù Ü ÝÁÙ Ý Þ 1.350 20,000 51 6.479 5.939 5.930
Ù þ Ý Ù Ú ÛîÙ

ÿ
ÝÁÙ Ü ÛÎÞ 1.360 20,000 50 6.519 5.793 5.942

Ù þ ÛÁÙ Ú ÝÁÙ
ÿ
ÝÁÙ Ü ÛÎÞ 1.360 20,000 51 7.474 5.793 5.942

Ù Ú ÛîÙ Ü ÝÎÞ 1.364 20,000 37 5.411 5.735 5.968
Ù�Ý ä ä

3,021,377 37 2.549 2.569 2.569

Table1: Mahlermeasure
ö

, numbersø of primevaluesof Õ Ö or
� Ö foundfor â ã ÷ ,

empiricalconstantç , andtwo heuristicconstantsí and ñ for selectedpolynomials.
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� �����
	�����������	 � �����
	�� ����� �������� ���� �������	 � �������	 �
1 1.1762 173 25.899 21.940 23.493 166
2 1.1883 151 22.482 20.640 23.420 156
3 1.2000 137 18.912 19.535 19.724 133
4 1.2013 171 24.618 19.413 20.803 146
5 1.2026 126 19.644 19.307 22.004 155
6 1.2050 148 21.374 19.100 18.356 132
7 1.2079 128 18.211 18.854 21.109 144
8 1.2128 136 19.127 18.461 18.905 136
9 1.2149 145 22.572 18.291 18.542 128
10 1.2163 137 18.507 18.184 18.219 133
11 1.2183 134 19.974 18.032 19.211 135
12 1.2188 135 18.619 17.998 19.594 140
13 1.2190 122 16.996 17.983 19.885 135
14 1.2194 114 16.258 17.954 21.704 151
15 1.2197 137 18.941 17.934 17.399 130
16 1.2202 115 16.667 17.892 16.919 124
17 1.2234 145 20.884 17.663 19.529 136
18 1.2237 136 18.806 17.639 15.666 113
19 1.2242 133 19.967 17.603 20.437 141
20 1.2255 145 19.655 17.517 19.093 132
21 1.2256 143 19.681 17.509 17.947 124
22 1.2258 125 17.293 17.495 17.837 128
23 1.2260 142 20.807 17.475 19.863 146
24 1.2264 138 20.496 17.447 15.450 111
25 1.2269 125 16.902 17.413 17.207 118
26 1.2277 140 19.384 17.358 21.297 145
27 1.2281 108 14.658 17.333 19.296 129
28 1.2294 136 19.935 17.242 14.921 105
29 1.2295 124 17.069 17.236 19.872 135
30 1.2300 128 17.973 17.207 18.011 123
31 1.2302 128 18.594 17.189 17.003 116
32 1.2302 119 16.009 17.187 17.521 129
33 1.2303 128 18.984 17.180 18.083 132
34 1.2307 125 17.453 17.157 17.693 125
35 1.2313 127 17.617 17.117 17.708 129
36 1.2322 121 17.901 17.059 17.297 122
37 1.2326 143 19.657 17.032 16.448 123
38 1.2326 128 17.987 17.031 18.130 125
39 1.2336 122 17.154 16.963 17.194 127
40 1.2343 116 15.852 16.918 16.316 112

Table2: Number
�

of prime valuesof
�! #"$�

, Mahlermeasure
�

, empiricalconstant
�

,
andheuristicconstant

�
for polynomials

�&%('
)*)*)
'*�,+�-
and

���% '*)
)*)*'
���+�- , .0/21&3 ' 3&343 .
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