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Abstract

The flow induced by a finite disc rotating near horizontal ground is considered, including the effects of an underbody. This
paper concentrates on determining the shape of the free layer beyond the rim of the disc which is horizontal in the absence of
the underbody and ground but forced to deform to ensure that conditions across the layer are satisfied when the underbody or
ground is added. The far-field behaviour, the inviscid flow produced by a nominally infinite disc near the ground and the global
solution for small ground clearances are considered analytically, and the full problem is posed as an integral problem. This is then
solved numerically and analytically. Results are presented for various heights of the disc above the ground and for discs with an
axisymmetric underbody present. A universal form is found for the farfield shape (which is controlled by entrainment into the free
layer) but both the underbody and the ground effects are found to increase very significantly for reduced clearances.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

The flow produced by a finite rotating disc immersed in fluid, with or without an underbody, under the influence
of horizontal ground beneath, is the present concern. As well as intrinsic interest in the problem and subsequent
methodology there is practical interest also, mostly in terms of rotor flows. For numerous rotor blade and similar
motions flight characteristics during hovering or near-hovering conditions are significant for take off and landing
close to the ground or a floating platform. See for example Bramwell [1], Seddon [2], Newman [3] and Conlisk [4].

Global features. In the many interesting computational as well as other studies of rotor blade flows a common
approach is to concentrate on the complex local motions possible near a helicopter blade for instance, such as with tip
vortices and blade-vortex interaction. Our approach is to start more simply in order to increase understanding of the
total flow structure, especially given that the typical Reynolds number Re is usually medium to large in the practical
context. Thus the model adopted here is aimed at shedding light on global effects. The direct application to helicopter
blade flows may be limited but a global picture of the flow in this context can then emerge.
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On motivation and issues. The current theoretical research, then, is on the modelling of basic effects due to an
underbody and to the presence of ground effect on the air flow induced by a horizontal disc with vertical axis of
symmetry. As hinted already, the flow in reality is complex, three-dimensional, unsteady and probably turbulent for
the most part. On the other hand, comparatively little research of a theoretical nature appears to have been done
on the fundamental flow mechanics involved in the present body-to-ground interactions on a global scale, although
contributions on various related more local aspects including internal flow interactions have been made by Zbrozek [5],
Widnall and Barrows [6], Lighthill [7], Newman [8], Tuck and Bentwich [9], Jones [10] and Jones and Smith [11].
Accordingly, it seems sensible to tackle first the inviscid, incompressible range of steady laminar motions, in our case
with axisymmetry.

To emphasise, the major issues concern the following: the precise farfield behaviour; the overall influence of an
underbody beneath the disc; the effects produced at the ground by the presence of the body, and vice-versa; exactly
how those effects change with closeness to the ground; and the corresponding global flowfield responses. Results or
improved models regarding these issues will provide first steps towards better understanding of the complete fluid
dynamics inherent in the complex motions that are encountered in practice, answering questions such as how well an
inviscid model captures the main physics involved.

Disc-ground interaction. As a first step towards understanding the ground effect on a general rotating blade system,
the finite horizontal circular disc is taken to be rotating with a uniform angular velocity at a constant distance above
horizontal ground. This is of interest not just because it has a broad similarity to the general rotor system but also as
it has some more direct connections. Specifically, the far field response of any slender bounded rotor system is the
same as for the disc (Smith and Timoshin [12]) since any azimuthal dependence erodes away with increasing distance
from the rotor axis. So the responses here are relevant to a system with genuine blades and wakes present, c.f. the
actuator disc approximation (Glauert [13]). Another limit of particular relevance is that of a rotor with many blades.
In this case (again see Smith and Timoshin [12]) the flow is found to have a two-tiered structure consisting of a fast
varying inner tier incorporating the local blade-wake interactions and a slowly varying outer tier containing mean
Von Karman flow, where the viscous Von Karman flow is the well-known solution for an infinite rotating disc in free
space. Therefore from outside the boundary layer we effectively see the same solution in both the many-blade and the
present configurations.

For a finite disc rotating with uniform velocity in free space the flow response is well known. The disc acts as a
centrifugal pump, pulling fluid vertically into the disc boundary layer and throwing it out radially in a thin entraining
layer. For a disc near the ground the viscous boundary layer part of the calculation is the same as in the free case;
the viscous layer on the disc still pulls in the same amount of fluid and creates a thin layer beyond its rim. However,
consideration of the outer inviscid flow clearly shows that, due to the influence of the ground, the free layer shape can
no longer remain flat without violating the required pressure and entrainment conditions across the wake.

Our aim therefore is to investigate what influence the presence of the ground has on the shape of the free layer/wake
produced by a finite rotating disc with or without an underbody.

The radial and vertical velocities are given by U(r, z) and V (r, z) respectively, and Re is the non-dimensional
Reynolds number based on Ω , the angular velocity, R, the disc radius, and ν the kinematic viscosity of the fluid. We
assume Re = ΩR2/ν � 1.

The non-dimensionalised flow geometry (see Fig. 1) is that of an impermeable disc of radius unity rotating at an
O(1) height h above the ground. This generates a thin entraining viscous layer on the disc and continuing beyond the
disc rim. The unknown shape of this curve is described as C. The entrainment velocity into the lower side of the layer
is denoted by Re−1/2v−

e (s) and into the upper side is Re−1/2v+
e (s) where s is the distance along C from the axis of the

disc. The unit normal n̂ to the curve and disc is chosen so that n̂ · ẑ > 0 where ẑ is a unit vector along the z-axis. The
disc can itself be attached to an arbitrary stationary axisymmetric body (modelling the body under a rotor system),
which of course affects the whole motion, a case which is taken up later in the paper; the combined boundary of the
body and the disc is then denoted by H and n̂ describes the normal to the layer, disc and body.

The ratio H/R. The assumed thin viscous layers on the underbody and on the ground are neglected here; in practice
there can be significant boundary layers on both. The regime of interest here is for moderate values of h/R. For small
values (O(Re−1/2) or less) of this ratio the entire flow field is rotational rather than having distinct O(Re−1/2) boundary
layers being formed on the ground and the disc separated by an irrotational core. In this situation our assumption of
an irrotational core becomes invalid as the entire core will be rotational. The flow might be partly rotational even for
ground clearances larger than the above boundary layer thickness, depending on the large-distance conditions such
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Fig. 1. The flow geometry: a finite horizontal disc rotating at a constant distance h above horizontal ground, together with an arbitrary fixed body
shape H .

as in cases of radial inflow or wakes as well as the possible occurrence of separation or the presence of turbulent
flow for instance. The order of magnitude for the extent of any such rotational parts of the flow field has not yet been
determined by theory. Overall the relevance of the present model clearly requires the ratio h/R to be sufficiently high.
Indeed, Owen and Rogers [14] demonstrate that for a small h/R ratio (= 0.1) the central core rotates as a solid body
with constant, rather than negligible, vorticity. As h/R becomes large the symmetric case is recovered with the flows
on the two sides of the disc becoming similar. Altogether the current approach assumes that h/R is large enough with
respect to Re−1/2 or other relevant boundary layer thickness that the core remains inviscid but small enough that the
flow field beneath the disc is significantly changed.

Important role of entrainment velocity. Including entrainment requirements is essential because they affect the
global motion significantly in the far field, in line with the present emphasis on modelling the global features, although
there are in addition pressure requirements. The latter tend to be more substantial closer to the rim of the disc, as in
the Smith [15] study of the trailing edge interaction there, and so here a composite approach is eventually adopted to
include both requirements. The approach is likely to model well the realistic case of turbulent layers also.

In Section 2 below we set out the problem and examine two limits of interest: namely that of the large r response
of the layer shape and the flow induced by a nominally infinite disc near the ground. Given this starting point we
then turn, in Section 3, to the full problem of determining the complete layer shape from the disc rim to the far field.
An integral equation is derived which leads to a minimisation problem being posed to calculate the required shape.
Results are presented for various h values, first for the disc with no body shape present and secondly for the case
with a body shape beneath to investigate what influence this has on the shape of the viscous shear layer. The influence
of the magnitude of the pressure jump across the layer is also examined. The case of small h is then considered in
Section 3.3 and the layer shape is shown to have infinite curvature at the disc rim, a property which compares well
with the results from the integral equation calculations. Finally, further comments are presented in Section 4.

2. The problem

2.1. Governing equations

As the inviscid flow of interest here is driven at first by matching with the entrainment velocities into the boundary
layer we expand the velocities and pressure as

[U,V,P ](r, z) = [0,0,p∞] + [
εu, εv, ε2p

] + · · · , (1)

where ε = Re−1/2. Substituting these into the axisymmetric Navier–Stokes equations along with the assumption that
Re � 1 leaves us with the axisymmetric Euler equations for u,v and p:

∂u

∂r
+ u

r
+ ∂v

∂z
= 0, (2)
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u
∂u

∂r
+ v

∂u

∂z
= −∂p

∂r
, (3)

u
∂v

∂r
+ v

∂v

∂z
= −∂p

∂z
. (4)

We assume initially that the flow is irrotational and by the principle of conservation of vorticity it will then remain so
for all time. This is thought to be a physically valid assumption except for when the aspect ratio becomes small when
rotational effects will dominate the entire gap between disc and wall; we refer here also to the comments in Section 1.
It is therefore possible to pose the full problem in terms of the velocity potential Φ where u = ∂Φ/∂r and v = ∂Φ/∂z.
The velocity potential, continuous through all space outside of the body H , satisfies

∇2Φ = ∂2Φ

∂r
+ 1

r

∂Φ

∂r
+ ∂2Φ

∂z2
= 0 in r � 0, z � 0, (5)

with

∂Φ

∂z
= 0 on z = 0, r � 0, (6)

∂Φ

∂n
= 0 on H, (7)

∂Φ

∂n
= −v+

e (s) on ABD+, (8)

∂Φ

∂n
= v−

e (s) on ABD−. (9)

These conditions are respectively the inviscid tangential flow condition on the ground, on the body, and the entrainment
into the boundary layer along either side of the disc and the free layer or wake. In the full problem there may be some
inner-outer interaction, causing the entrainment velocities v±

e to depend upon the layer shape Z(r) but we are going
to model the entrainment velocities as known and the boundary layer flow to be independent of the shape of the
viscous shear layer. We also have a relation on the pressures at the wake. The required pressure jump across the layer
is modelled by

p+ − p− = [p] = −A(r)
Z′′(r)

(1 + (Z′(r))2)3/2
, (10)

where the function A(r) is determined from the viscous shear layer. This model is based upon Papageorgiou and
Smith [16] and is an attempt to introduce a pressure jump into the problem. Roughly A(r) ≈ ū2δ where ū is the radial
velocity in the viscous layer and δ is the viscous layer thickness. Typically ū decays as 1/r while δ grows as r , in
the laminar regime. Hence we assume A(r) = α/r (cf. (11) below) where α is a constant, assumed known from the
boundary layer flow. We will consider solutions for a variety of magnitudes of α.

For a rotating disc in the absence of ground effect the entrainment velocities are given by

v+
e = v−

e =
{

γ on AB,

γ/r on C,
(11)

where γ is a constant. The first relation in (11) comes from the Von Karman solution and the second is from Smith
and Timoshin [12] who show that the decay in entrainment of fluid into the viscous layer varies essentially as 1/r .
In more detail, the entrainment velocities vary smoothly, with a small region over the disc rim smoothly connecting
the entrainment from the constant velocities along the disc to the inverse-distance decay in the layer beyond the rim.
As this region is very local it is taken not to have an impact on the global solution. Again the choice of the positive
constant γ is unimportant in the current model and is, for convenience, set as γ = 1/2.

2.2. The far field response

From the far field the disc and the ground can be viewed as effectively coincident, leaving two distinct regions: one
above and one below the entrainment layer which is assumed to asymptote to a straight line through the origin of an
unknown slope (given by an angle α). The far-field problem to be solved, in terms of the velocity potential Φ , but in
spherical coordinates (s, θ), is given by (5) subject to
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Fig. 2. The far-field problem.

∂Φ

∂θ
= 0 when θ = 0, (12)

∂Φ

∂θ
= 0 when θ = π

2
, (13)

∂Φ

∂θ
= ±γ when θ = α∓, (14)

which are a symmetry condition, the no-penetration ground condition and the requirement of entrainment velocities
into the layer, respectively (see Fig. 2). The angle α is the inclination of the layer to the vertical and is to be determined.
We also require the pressure to be continuous across the layer as the curvature is zero here. Solving these equations
yields the velocity potential Φ as

Φ =
{−A1[ln(s sin θ) − 1

2 ln( 1−cos θ
1+cos θ

)] if θ < α,

−A2 ln(s sin θ) if θ > α
(15)

and Stokes’s streamfunction Ψ as

Ψ =
{

A1s[cos θ − 1] if θ < α,

A2s cos θ if θ > α
(16)

respectively, where A1,A2 are constants adjusted to satisfy the entrainment condition (14). The deflection angle α is
now determined from applying Bernoulli’s theorem along the layer. This gives the requirement that ( ∂Φ

∂s
)2 + ( 1

s
∂Φ
∂θ

)2

needs, in order to give pressure continuity across the layer, to be the same on either side, i.e. at θ = α±. Applying this
it becomes apparent that this can only be satisfied for

α = π

3
. (17)

These solutions form the far-field solution for any bounded rotating blade system in the proximity of the ground. It
holds for the rotating disc considered here but, to repeat, it also holds when there are genuine blades and wakes present
as in a rotor blade system, because the azimuthal dependence erodes away as r increases, leaving the same far-field
form regardless of the initial rotor set-up.

2.3. Flow induced by an ‘infinite’ disc rotating above the ground

We temporarily consider an unbounded rotating disc near the ground, or strictly disc of large radius. This is of
interest as it is gives an idea of what is happening beneath a finite disc near to the ground and is useful in the small
h analysis near the disc rim considered in Section 3.3. Above the disc we have the Von Karman solution with fluid
constantly flowing in axially. However, beneath the disc the no penetration condition at the ground prevents this from
happening; so what form does the flow take there? For further clarification and to avoid any contradiction, we remark
that the disc radius while large compared with the ground clearance is supposed to be much less than that at which
viscous and other rotational effects can enter play. This is in line with comments in Section 1.
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We have to solve the Euler equations in the region between the disc and the ground subject to no penetration on the
ground and constant entrainment into the layer on the disc. We consider r � 1 and, assuming v is independent of r at
large distances, we write

v(r, z) = v̄(z), (18)

which, along with the Euler equations, imply the forms

u(r, z) = rū(z),

p(r, z) = r2p̄ + p0(z),
(19)

where p̄ is a constant. Substituting these into the Euler equations reduces them to

2ū + v̄′ = 0, (20)

ū2 + vū′ = −2p̄, (21)

v̄v̄′ = −p′
0, (22)

subject to v̄(h) = γ, v̄(0) = 0, where γ is the constant entrainment into the discs boundary layer and ′ denotes differ-
entiation with respect to z. Integrating (22) immediately yields p0 = − 1

2 v̄2. Differentiating (21), substituting for v̄′
from (20) and solving the resulting differential equation yields the simple form for the velocities and pressure as

u = −γ r

2h
, v = γ z

h
, p = − r2γ 2

8h2
− γ 2z2

2h2
, (23)

assuming a zero vorticity condition u′ = 0. So this determines the flow between an infinite disc and the ground, or
the flow beneath a disc close to the ground but away from the disc rim. See also Debuchy et al. [17] who consider a
similar limit for two infinite co-rotating discs at small h.

3. Determining the layer shape

3.1. An integral equation for the layer shape

We now seek to derive an integral formulation of the global problem in order to find the layer shape between the
disc rim and the far-field form determined above. Let G(r, r0, z, z0) be the Green’s function satisfying

∇2G = δ(z − z0)δ(r − r0)/r0, (24)

so that G is the velocity potential at (r, z) due to a ring source of total strength 2π at (r0, z0). Two forms for G are

G(r, r0, z, z0) = 1

4

∞∫
0

J0(kr0)J0(kr) e(−k|z−z0|) dk = 2

πR1
K

(
2
√

rr0

R1

)
, (25)

where K is the complete elliptic integral of the first kind and R2
1 = (r + r0)

2 + (z − z0)
2. The first of these is from

Morse and Fechbach [18] who derive it from the streamfunction for a ring source and the second is from an integral
relation given in Gradstein and Ryzhik [19]. The Green’s function thus has a single logarithmic singularity when
simultaneously r = r0 
= 0 and z = z0. The second form listed in (25) is the most useful for our purposes. Let C be
described as z = Z(r).

Now consider the source velocity potential

ΦS(r, z) = −
∫
C

r0
[
v−
e (s0) + v+

e (s0)
]
G

(
r, r0, z,Z(r0)

)
ds0

−
∫
C

r0
[
v−
e (s0) + v+

e (s0)
]
G

(
r, r0, z,−Z(r0)

)
ds0. (26)

The first integral gives a distribution of ring sources of total strength −2πr0(v
−
e + v+

e ) per unit distance along C and
the second the image of these ring sources in the plane z = 0. This form for ΦS satisfies the governing equation, the



Aut
ho

r's
   

pe
rs

on
al

   
co

py

R. Purvis et al. / European Journal of Mechanics B/Fluids 25 (2006) 923–938 929

ground condition and gives pressure continuity across the layer. The jump in ∂ΦS/∂n in crossing from z > Z(r) to
z < Z(r) is now[

∂ΦS

∂n
(s)

]
C

= −[
v−
e (s) + v+

e (s)
]
, (27)

with ΦS and its derivatives continuous away from C.
In order to allow for a pressure jump across the layer as in (10) we also introduce a sheet of ring vortices along the

layer. This, given the correct strength of vortices, keeps the normal velocity into the layer unchanged while introducing
a jump in the tangential velocity and therefore p. So we also need to determine Φv , the potential due to this series of
ring vortices with unknown strength to give the necessary jump in u. In order to achieve this we introduce

r±(n) = (r, z) ± n̂η, (28)

so that r+, r− are displaced normally off the sheet by a small distance η, where (r, z) is the point at which we are
trying to find ∂φv/∂n. We then have

(
∂Φv

∂r
,
∂Φv

∂z

)
= 1

2
lim

η→0+

∞∫
1

V R(r0)
(
G1

(
r+, r0,Z(r0)

) + G1

(
r−, r0,Z(r0)

))
dr0

+ 1

2
lim

η→0+

∞∫
1

V R(r0)
(
G1

(
r+, r0,Z(−r0)

) + G1

(
r−, r0,Z(−r0)

))
dr0, (29)

where V R(r) is the strength of the vortex rings required in order to satisfy (10) and can be determined for a given Z(r),
the second integral gives the effect of the image system and G1 is discussed below. The streamfunction for a single
vortex ring is given by Lamb [20] as

ψ(r, z, r0, z0) = (rr0)
1/2

{(
2

k
− k

)
K(k) − 2

k
E(k)

}
, (30)

where

k = (r − r0)
2 + (z − z0)

2

(r + r0)2 + (z − z0)2
(31)

and K(k) and E(k) are the complete elliptic functions of the first and second kind respectively. Using this, G1 can be
constructed as

G1(r, z, r0, z0) =
(

∂ψ

∂z
,−∂ψ

∂r

)
(r, z, r0, z0). (32)

We now have everything we need to calculate ∂Φv/∂n, where

∂Φv

∂n
= ∂Φv

∂z
− Z′(r)∂Φv

∂r
, (33)

if we can calculate the integrals on the right-hand side of (29).
This holds for the layer but as yet we have taken no account of the disc (and possible body underneath). Let the

normal velocity induced on H by the presence of ΦS and Φv be

uS
n(μ) = ∂ΦS

∂n

∣∣∣∣
H

+∂Φv

∂n

∣∣∣∣
H

, (34)

where μ is some convenient coordinate describing the surface H . Now define the body velocity potential ΦH as the
half-space potential that, when added to the source-induced flow on H , gives the required entrainment velocities there,
i.e. satisfying

∇2ΦH = 0, (35)
∂ΦH

∂z
= 0 on z = 0, r � 0, (36)

∂ΦH

∂n
= −uS

n(μ) − v±
e (μ) on H, (37)
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where v±
e (ν) is non-zero only on the disc AB . This linear external Neumann problem can be solved straightforwardly

by any convenient method.
The total potential

Φ = ΦH + ΦS + Φv, (38)

then satisfies the governing equation (5), the no penetration conditions (6), (7) and the pressure condition (10). To
satisfy the remaining entrainment conditions on the normal velocities at C it is sufficient to add to the jump condi-
tion (27) the requirement that the difference of the entrainment velocities on each side of C is v−

e − v+
e , and so fixing

the correct entrainment on either side of the layer. Thus we introduce

Δ(r) = 1

2

(
∂Φ

∂n

∣∣∣∣
C−

+∂Φ

∂n

∣∣∣∣
C+

)

= ∂ΦH

∂n

∣∣∣∣
C

− −
∫
C

r0
[
v−
e (s0) + v+

e (s0)
]∂G

∂n

(
r, r0, z,Z(r0)

)
ds0

−
∫
C

r0
[
v−
e (s0) + v+

e (s0)
]∂G

∂n

(
r, r0, z,−Z(r0)

)
ds0 + 1

2

(
∂Φv

∂n

∣∣∣∣
C−

+∂Φv

∂n

∣∣∣∣
C+

)
, (39)

where the first integral is a Cauchy principal value. The necessary conditions are satisfied provided

Δ(r) = 1

2

(
v−
e − v+

e

)
(r) for all r � 1. (40)

Together (39) and (40) give a singular integral equation determining Z(r) and thus the shape of the layer cross-
section C.

3.2. The numerical solution of the integral equation

The solution of the integral equation (39), coupled with (40), for Δ(r) is now a numerical task. Before being able
to determine Δ(r) we need to describe Z(r) through some form of parameterisation. We also need an efficient method
of obtaining ΦH and we need to evaluate the integrals on the right-hand side of (29). There are many possible ways
of doing these but the methods presented here are thought to be sensible and appear to work well.

As C is expected to be very smooth it seems most efficient to use a Tchebyshev expansion to describe Z(r) since the
coefficients of the higher terms will decay exponentially fast, leading to an efficient representation of the layer shape.
Further, it is convenient to map the region 1 � r < ∞ onto a finite region. To increase the resolution at the edge B (see
Fig. 1) where Z′(r) changes most rapidly it is convenient to map this point to −1. Also to avoid unnecessarily high
resolution at infinity where Z′(r) changes most slowly it is convenient to map this to 0. The mapping used depends
on the value of h. For most h values the mapping

ξ = −1/r (−1 � ξ � 0) (41)

is used. However, as will be seen, for h � 1 it is more useful to use the mapping

ξ = −1/r2 (−1 � ξ � 0). (42)

Whichever is used, we then describe Z′(r), the fundamental quantity in (39), as

Z′(r) = f (ξ) =
∞∑

n=0

anTn(ξ), (43)

where Tn is the nth Tchebyshev polynomial

Tn(ξ) = cos
(
n cos−1 ξ

)
. (44)

Since f (ξ) is a polynomial, Z(r) can be obtained readily from Z′(r) by an analytic integration.



Aut
ho

r's
   

pe
rs

on
al

   
co

py

R. Purvis et al. / European Journal of Mechanics B/Fluids 25 (2006) 923–938 931

In order to immediately satisfy the far field and disc rim conditions Z′(∞) = 1/
√

3 and Z′(0) = 0, we impose the
requirements that f (−1) = 0 and f (0) = 1/

√
3 and so (43) gives

a0 = 1√
3

−
∞∑

n=2

anTn(0), a1 = a0 +
∞∑

n=2

anTn(−1). (45)

The undetermined coefficients are thus a2, a3, a4, . . . , as a0 and a1 are determined from the linear relations above.
The chosen method for determining the body potential ΦH is an axisymmetric panel method. See Hess and

Smith [21] for a detailed discussion of the method and Hess [22] for a more recent review; we will give a brief
overview here. The disc, and if present the body, is described as a series of source panels. The profile curve (i.e.
at θ = 0 say) is approximated by a series of J line segments. These segments, when rotated through 2π radians,
describe the entire body. Each of these line segments then describes a line of ring sources with constant, but as yet
undetermined, strength σi , where i is a typical panel. The centre point of each line segment is called the control point.

The potential φ1 at a point (r, z) due to a ring source of unit strength and radius a lying in the plane z = b is given
by

φ1 = 4aK(k1)

[(r + a)2 + (z − b)2]1/2
, k2

1 = 4ar

(r + a)2 + (z − b)2
, (46)

and K is the complete elliptic function. The potential, φik induced at a given control point i due to a different line
segment k can then be calculated by simply integrating the relevant equation from (46) along the line segment k. The
segment i also induces a potential at its own control point. This is somewhat less straight forward as the integrals
are singular and must be considered as principal values. The problem is addressed in Hess and Smith [21] where the
authors develop a series expansion near to the singular point, which effectively carries out the integrals as principal
values, and integrates as before away from the singular point. Using this technique to calculate φii , we are in a position
to determine the potential and velocities induced at each control point due to the presence of the entire representation
of the body. The relevant quantities are given by

φi =
J∑

k=1

σkφ
ik. (47)

We can now apply this to our problem (35)–(37). Firstly, in order to satisfy (36) we introduce an image of the
body in the plane z = 0 where the original line segment and its image both have the same strength σi . Then we need
to determine values of σi such that (37) is satisfied at each control point. This is relatively simple as the required
velocities (37), evaluated at each control point, combined with (47) give a set of J linear, algebraic equations for the
undetermined σi . When solved the σi and source panels give a representation of φH . Calculation of ∂ΦH /∂n on the
layer C in (39) can be carried out using these calculated panel strengths and (46).

To evaluate the contribution to Δ(r) in Eq. (39) of Φv we need to evaluate the integrals in (29). In order to do so
we make use of the integral formula derived in Bernardinis and Moore [23]. They, in a method akin to that of Hess
and Smith [21] for the singularity in the panel method, derive a series expansion for G1 near the singularity before
attempting integration. The integration of this local expansion effectively becomes a straight forward principal value
integral which can be calculated analytically and then usual numerical integration elsewhere enables the integrals to
be approximated. This method is shown by Bernardinis and Moore [23] to be accurate away from the symmetry line
r = 0 but for r close to zero there is a great loss of accuracy. However, this loss should not be a problem in the current
regime as we only need to apply the integral formula for r � 1. The strengths of the vortex rings V R(r) are determined
for a given layer shape Z(r) by the pressure requirement (10).

Now for any given Z(r), Δ(r) can be calculated and so we are in a position to set up an iteration to determine the
required layer shape. The iteration is posed as a minimisation of the integral

I =
∞∫

1

[
Δ(r) − 1

2

(
v−
e − v+

e

)
(r)

]2

w(r)dr, (48)

where w(r) is a weighting function, chosen here to be a sum of delta functions δ(ri), corresponding to a least squares
minimisation over the collocation points {ri}. These are distributed in a similar manner to the mapping (41) or (42),
with more points near to the disc rim than in the far field.
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Fig. 3. The expected exponential decay of the Tchebyshev coefficients for the case h = 5.

For a given set of coefficients, a2, . . . , aN , the value of I can be determined straightforwardly:

(1) First calculate a0 and a1 from (45) to satisfy the far field and disc rim conditions on the layer shape.
(2) Using the current Z(r) guess, determine the induced velocities at the control points of the panel representation of

the body from (37).
(3) With the required control point velocities known, we can solve the necessary linear system to calculate each of

the panel strengths σi fixing the body potential ΦH .
(4) It is now possible to calculate Δ(r) from (39), and hence the value of I can be determined for (48).
(5) Check convergence, then either have a new guess at a2, . . . , aN and return to item (1) or finish.

The new guess at a2, . . . , aN required in item (5) is made using the NAG library routine E04FYF which uses a
combined Gauss–Newton and modified Newton algorithm. One advantage of the panel method discussed earlier is
that the solution of the algebraic equations for σi (item (3) above) is in effect only done once throughout the entire
minimisation. The only change at each iteration is the required velocities at the control points so inverting the whole
system of Eqs. (47) is only carried out once for each body shape and height. As far as carrying out the integrals in (39)
is concerned we truncate them at some point r∞ � 1 and then, assuming the far-field form from 2.2, carry out the
integrals beyond this point analytically while numerically determining them for 1 < r < r∞. The value of r∞ used
was r∞ = 100 and this was varied to ensure that there was no sensitivity in the solutions to our choice.

The typical number N of Tchebyshev polynomials required varies with h but is generally between 20 and 24 to
give aN ≈ √

E, where E is the least squares error. The expected exponential decay of the coefficients ai can be seen
clearly as in Fig. 3. The method was also applied without setting a0, a1 (i.e. minimising over all N + 1 Tchebyshev
coefficients) to check the far-field and near disc conditions were satisfied even when they were not initially forced.
Although the minimisation took longer to converge, the results were identical.

The results are shown in Fig. 4 for a disc with no body shape beneath it and with no pressure jump (α = 0). It can
be seen clearly that as h decreases the deflection of the layer is increased. The far-field response can also be seen to
emerge as r increases. As h is reduced further the layer shape, rather than monotonically tending towards the 30◦ far
field angle, overshoots it and tends to the far field form from above. This arises from the layer shape having infinite
curvature at the disc rim as is shown in the next section. Again it should be noted here that for the small h values in
Fig. 4 the assumption of an inviscid core is no longer physical.

Also shown, in Fig. 5, is an example of the disc with a body shape beneath it. The shape used was that of a sphere
joined to the disc by a short stem. The results show that the presence of a small sphere makes a limited difference to
the layer shape, particularly for anything but small h. For a large sphere, the layer shape is deflected up further than
usual, effectively bringing the ground nearer.

The physically more relevant case is the one with a pressure jump and results are presented in Figs. 6–9 for a
variety of heights and values of α. Several aspects, when compared to the α = 0 results are apparent. The far field
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Fig. 4. Layer shapes beyond a rotating disc at various distances h from the ground. h takes the values (from bottom to top) 5,4,3,2.5,2,1.5,1,

0.75,0.1.

Fig. 5. Comparison of the layer shapes for a disc at a height h = 1 with and without a spherical body shape. The body shape is shown and has
a radius of 0.4. The solid line is the layer shape with the body present.

Fig. 6. Comparison between the layer shapes for the pressure jump case (solid line) and the no pressure jump case (dotted line) for h = 2 with
α = 1.
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Fig. 7. Comparison between the layer shapes for the pressure jump case (solid line) and the no pressure jump case (dotted line) for h = 0.3 with
α = 1.

Fig. 8. Comparison between the layer shapes for the pressure jump case (solid line) and the no pressure jump case (dotted line) for h = 0.1 with
α = 1. Note the similarity in the linear layer shape for the pressure jump case here and for h = 0.3 case in Fig. 7.

result is seen to be still holding for large r , giving the slope π/6 of Section 2.2. The same trends again appear with the
deflection of the layer shape increasing as h decreases. The new results generally lie beneath the original ones, and
the larger the designated value of α the less the overall deflection. For small h values we no longer have the abrupt
change in the layer shape at the disc rim and we also no longer see the overshooting of the far field solution. It seems
clear that for large α the right-hand side of (10) dominates, requiring Z′′(r) to be zero to leading order and hence Z(r)

to be linear in r . The tying together of the two main slopes, zero at the disc and π/6 in the far-field, should thus be of
future interest, given the near-linear results for the wake shape in the computations.

3.3. Small h

As can be seen from the numerical results the deflection of the layer shape becomes quite severe near the disc rim
for h � 1. To examine why the flow solution behaves in this manner and as a check on the numerical solution we
now turn to the limit of small h. We consider an O(h) by O(h) region around the disc rim by writing z = h + hẑ,
r = 1 + hr̂ , Z(r) = hZ0(r̂) + h2Z1(r̂) + · · · and, in view of the infinite disc results from 2.3, expand the velocities
and pressure as(

u+, v+,p+) = (
u+

0 + · · · , v+
0 + · · · ,p+

0 + · · ·), (49)

(
u−, v−,p−) =

(
u−

−1

h
+ u−

0 + · · · , v−
0 + · · · , p−

−2

h2
+ p−

−1

h
+ · · ·

)
(50)
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Fig. 9. Comparison between the layer shapes for h = 5 and varying the value of A from α = 0, the uppermost solid line, through α = 0.1 and α = 1
to α = 10 the lowest line.

above and beneath the disc and layer respectively. We then need to solve the Euler equations subject to

v− = 0 when ẑ = −1, (51)

v− = c when ẑ = 0, r̂ < 0, (52)

v− − Z′
1(r̂)u

− = c when ẑ = 0, r̂ > 0, (53)

p+ = p− on ẑ = Z(r), (54)

(u−, v−,p−) → infinite disc solution as r̂ → −∞, (55)

which are the no penetration condition on the ground, constant entrainment into the disc boundary layer, the known
normal entrainment into the layer, pressure continuity across the layer. The final condition (55) actually emerges as
part of the solution. Substituting the velocity expansions into the Euler equations and applying the relevant conditions
yields the leading order terms beneath the system immediately as, u−

−1 = −c/2,p−
−2 = −c2/8,Z0(r̂) = 0. In order to

maintain pressure continuity it is necessary to add an O(1/h2) constant to p+ to match with this region.
The next order equations yield Laplace’s equation for v−

0 and p−
−1 subject to

v−
0 = 0 on ẑ = −1, (56)

v−
0 = c on ẑ = 0, r̂ < 0, (57)

v−
0 = c

(
1 − Z′

1

2

)
on ẑ = 0, r̂ > 0, (58)

p−
−1 = 0 on ẑ = 0, r̂ > 0, (59)

where the fourth of these conditions is necessary as p−
−1 is not a constant and is too large to be matched by the flow

solution above the layer.
To solve this problem we map the region into the complex z̄-plane using the mapping z̄ = eπz̃+iπ , where z̃ = r̂ + iẑ.

This leaves us with a half-plane problem subject to mixed boundary conditions along the x̄-axis. So we need to
find v−

0 and p−
−1, both satisfying the Cauchy–Riemann equations, and subject to

v−
0 = 0 on ȳ = 0, x̄ > 0, (60)

v−
0 = c on ȳ = 0, −1 < x̄ < 0, (61)

p−
−1 = 0 on ȳ = 0, x̄ < −1. (62)

Now consider the complex function

g(z̄) = (z̄ + 1)−1/2(p−
−1 + iv−

0

)
, (63)
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analytic in the upper-half plane ȳ > 0. Considering (63) for x̄ < 1 and x̄ > 1, using Cauchy’s integral formula to relate
real and imaginary parts of g(z̄) and applying conditions (60)–(62), we obtain the relations,

|x̄ + 1|−1/2v−
0 (x̄ < −1)

|x̄ + 1|−1/2p−
−1 (x̄ > −1)

}
= c

π

0∫
−1

dξ

(ξ + 1)1/2(ξ − x̄)
. (64)

Carrying out this integral, using the substitution ξ = θ2 − 1, and mapping back to the original plane gives the velocity
on ẑ = 0, r̂ > 0 as

v−
0 (r̂ > 0,0) = 2c

π
arctan

(
1√

eπr̂ − 1

)
, (65)

and the layer shape, from (58), as

Z1(r̂) = 2r̂ − 4

π

r̂∫
0

arctan

(
1√

eπξ − 1

)
dξ. (66)

So right at the disc rim, i.e. for r̂ � 1,

Z1(r̂) = 8

3π1/2
r̂3/2 + · · · . (67)

This has infinite curvature at the rim and explains the rapid change in the layer shape in the numerical results near the
disc. The result also indicates why the mapping x = −1/r2 in the parameterisation of the layer shape works better for
small h than the −1/r one. The other limit of interest is as r̂ → ∞. There v−

0 → 0 and the layer shape is given by

Z1(r̂) = 2r̂ + · · · . (68)

So we have just outside the disc rim region, i.e. for r̂ � 1,

Z(r) = h + h2
(

2(r − 1)

h

)
+ · · · = h

(
1 + 2(r − 1)

) + O
(
h2), (69)

which, when compared to the far field result Z(r) ∼ r/
√

3, explains the overshooting of the far field angle seen in
the numerical results. A comparison of this small h analysis and the numerical calculation is shown in Fig. 10 where
good agreement can be seen.

Fig. 10. Comparison between the small h analytical result near the disc rim (solid line) and the layer shape for h = 0.1 from the numerical
calculations.
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4. Further comments

The flow produced by an axisymmetric disc, with or without a modelled fuselage (underbody), rotating above a
horizontal ground has been considered, specifically concentrating on the distortion of the free layer shape beyond the
disc rim induced by the presence of the ground. The limiting cases of large radial distances, a nominally infinite disc
and small ground clearances have been examined, while an integral formulation of the full inviscid problem has been
applied which includes or excludes a pressure jump across the free layer. The formulation was solved numerically in all
cases, considering several magnitudes of the pressure jump as well as various values of the relative ground clearance
and the influence of an underbody. The main findings are the 30o inclination of the straight free-layer shape from the
horizontal in the far-field, the quite rapid approach radially to that inclination angle and the increasing influence found
from the presence of the underbody as the ground is approached, at least in the settings examined here.

The current approach ignores viscosity and compressibility, both of which may be important in reality. It also
ignores the possibility of inner-outer interaction, whereby the viscous layer interacts directly with the inviscid solution
rather than passively as in the current case. Inner-outer interaction yields a configuration similar to that considered by
Smith and Timoshin [24], Purvis and Smith [25] and Purvis [26] in related two-dimensional contexts but would require
computing the viscous layer coupled with the inviscid solution, with the entrainment into the layer being dependent
on the outer inviscid solution which in turn depends upon the entrainment. This certainly becomes important in the
case when the disc is replaced by a system of rotor blades as, amongst other things, the outer solution determines
where the vortices shed from the trailing edge of one blade impinge upon the leading edge of the next and therefore
can have a great influence on the solution as a whole. Another important effect is that of turbulent layers, a study of
which is undertaken by McDarby [27].
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