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A quantum electrodynamical theory of three-center energy transfer
for upconversion and downconversion in rare earth doped materials
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Three-center energy transfer affords the basic mechanism for a variety of multiphoton processes
identified within materials doped with rare earths. Addressing the theory using quantum
electrodynamics, general results are obtained for systems in which the fundamental photophysics
engages three ions. Distinct cooperative and accretive mechanistic pathways are identified and the
theory is formulated to elicit their role and features in energy transfer phenomena of pooling
upconversion, sensitization, and downconversion or quantum cutting. It is shown that although the
two mechanisms play significant roles in pooling and cutting, only the accretive mechanism is
responsible for sensitization processes. Both mechanisms are shown to invoke Raman selection
rules, which govern transitions of the mediator ions in the accretive mechanisms and transitions of
the acceptor ions in the cooperative mechanisms. The local, microscopic level results are used to
gauge the lattice response, encompassing concentration and structural effects. Attention is drawn to
a general implication of implementing a multipolar description for the optical properties of doped
solid-state ionic materials. @001 American Institute of PhysidDOI: 10.1063/1.1323958

I. INTRODUCTION research concerns the identification of features in the theory

h | £ oh hvsics it h K underlying such effects as fall under the umbrella term of
From the early days of photophysics it has been known,,.,nversion(in which low-frequency photoexcitation en-

that the electronic energy of an excited donor species cagrgy is converted to a higher frequencften designed as a
migrate to a nearby acceptor without a requirement for WaV§asis for laser emissioH. Through the necessary involve-
function overlap. The process, generally known as resonanGge s of three ions rather than twithe donor and acceptor in
energy transfefRET), was first shown by Fster to be a ¢ onventional RET, this process shares common theoretical
Coulombic interaction with a distance dependence followin round withsensitizationwhere a dopant assists the convey-
an inverse sixth power law, over separations in the order cg’gnce of excitation between donor and acceptor, and also

tens of An_gs'gr_cms. quay Foster energy transfer is a topic guantum cuttingdegenerate downconversjpomvhich is for-
of great significance in a large variety of photophysical sys-

) . : ) mally the time-inverse of upconversion. All of these phe-
tems, for example occupying a crucial role in the delivery of

o ) ) " “’nomena are commonly studied in materials doped with rare
excitation energy to the reaction center in photosynttesis. edarths

As the distance between donors and acceptors is increase In this paper, development of the general theory allows a

RhET acqwrels_ an w;creazlnglyhra(jlap\ije_ e_m|55|;)n-ab_sorptlogonsistem treatment of all the above processes, allowing elu-
character, ultimately under the jurisdiction of an INVErSeq;yaiion of their common features and highlighting of their

square law—a feature which exerts a significant effect oy, ,yamental differences. The following section establishes
fluorescence within optically thick samples, through the 1+, jgenity for the singular role in each process of the third

ahbs.orpuon |°f emlttefd”photoﬁsBoth th;se. ﬁrocehsses ‘_";_mfjion with respect to the two other participants. In each case
thelr mfterp aly a(rjeb uAy den\(;gmplllass_e within 4 tb € lli'm '®0the processes of initial donor excitation and subsequent ac-
theory formulated by Andrewsfollowing ground-breaking ceptor fluorescence, entailing conventional and physically

quantum-r7r1e|chan|§:al wrcl)rk t|>y Ayearlgnd also by Gongn?Aroff separable mechanisms, are outside the scope of our discus-
and Power alongside the classical treatment by Kuhat sion. Section Ill contains a detailed formulation of the gen-

cﬁstancesl shorter than thefrEte_r rgglm_e, 'nZ'dbe wave f“r:'C' eral mechanisms for three-center energy transfer, and the ap-
tion overlap, energy transier is dominated by an exchang§jication of these mechanisms to lanthanide-doped systems

mechanism due to Dextér. is elucidated in Sec. IV. In Sec. V the implications of sym-

Itis widely acknowledged that resonance energy transfef, o selection rules are considered: finally, a quantification
plays a highly important role in the photophysics of rare ¢ atice distributional factors is presented in Sec. V.
earth or lanthanide (L) doped crystalgalso glasses and

vitroceramic$. The relative positioning of the lanthanide en-

ergy levels generally affords excellent opportunities for the; pERSPECTIVE ON THREE-CENTER ENERGY
design of materials to invoke not only conventional RET, buttrRANSFER

also higher order effect®-*?One of the main thrusts of our

A. Backdrop
dFax: +44(0) 1603 592014. Electronic mail: david.andrews@physics.org A variety of ph_o_tophysical processes involving the rare
DElectronic mail: robert.jenkins@uea.ac.uk earths were initially proposed by Dextér and
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FIG. 2. Energy level diagrams for sensitizatiga} accretive,(b) coopera-
2 1 2 tive (defunct in this case, see text
A B C
transfer of energy from two excited dono(d* and B)
C) promotes an acceptd€) to a state with approximately twice
FIG. 1. Energy level diagrams for three-center energy pool@gcoopera- the _energy of the |n|t|§1I excitation, a Process commonly but
tive mechanism(b) accretive mechanism. not invariably categorized agpconversionTwo-photon up-

conversion has been identified in the literature under many
aliases: (i) two-photon APTE® (Addition de Photons par
Bloembergel? in the 1950’s, suggesting the deployment of Transferts d’Energiewhereby isolated iongusually YB'*)
RET to relay excitation between lanthanide ions in variousransfer their energy one photon at a tifwla RET) to an
media. In practice, it was with the development of laser techamenable acceptor, mediated by conveniently spaced accep-
nology in the 1960’s that the predicted higher-order effectsor energy levels. This process is also knowrseguentiabr
were experimentally observed. Alongside such technologicadtepwise upconversion; (i) cooperative sensitization
advancements, pioneering work by Brown and Sh&ficst
realized infrared(IR) quantum counter actioflRQC) in
physical systems containing Pr Dy*", EF", and Ho™". 1
The IRQC system involved thepconversiorof IR photons
to the visible via their “addition,” facilitated by the excited
energy levels of each rare earth. It was here too that one of | ——— —
the first instances of theensitizationof rare earth ions was _—>
accredited. Esterowitet all’ considered a system contain- D
ing two different ionic species, wherein pump IR photons
were absorbed by a sensitizer 3bion (the donoy which,
following a degree of internal relaxation, transferred its ex-
citation to a H3" ion (the acceptor utilizing RET. In order @
to yield the observed fluorescence the acceptor was required
to be either in an excited state, or to be subsequently excited
by a second pump. AuZ&lhas conveniently and succinctly 1
summarized the energetic intricacies of one-, two-, and three-
body photophysical processes for the lanthanides. As the

present work is primarily concerned with three-body interac- 2 \ 2

tions, we identify and represent three such categdnike
infra) of ABC systems, following Auzel, in Figs. 1-3. —_—

B. Pooling processes c B A

The pooling of excitation energy from a number of do-
nors at a single acceptor is a process identifié@bfeler vari- )

ous guisepin rare _earth photophysics; the essential energetr|g. 3. Energy level diagrams for quantum cutting) cooperative,(b)
ics are shown in Fig. 1. Here we focus on the case where thacretive.
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whereby the same net effect as two-photon APTE is’Fs—°l,, allowing access toF,, °S, degenerate manifolds
achieved but there is no suitable energy level to accomman a second, excited Hb ion—the ensuing relaxation result-
date the initial transfer step. This process can be thought dhg in green emission. Similarly the role of Ybin mediat-
as two concurrent RET processes accommodated by the migxg excitation transfer between two identical, excited rare
diation of a virtual level within the acceptor. This process isearth ions, has been expounded fot'P# and also Th" in
also known agooperative upconversion vitroceramics containing Géand Te®® This sensitization of
Miyakawa and Dexté? compared and contrasted the ions has again been investigated by Jouart and f#wy the
probabilities of the APTE and cooperative mechanisms oEr*: “Fg,—*S,-, emission bridged by TAi. Very re-
energy pooling in systems where the energy of emitted phoeently a system was reported by Qefial>® involving not
tons was approximately double that of an incident beamtwo but three different dopants. The highly complex photo-
Building upon early work by Ovsyakin and Feofifdwvith physics proposed involves initial excitation of tRelg,,
BaF, co-doped crystals, it was shown that two donorYb “Fs, level of N&®" via pumping at 800 nm, relaxation of this
ions (pre-excited using a-1 um microwave beam, invisible state then facilitating the familiar ¥0: 2F,,— 2Fs, transi-
to Tm®") undergoing’F+,,— 2F s, transitions could simulta- tion. Subsequent sensitized upconversion populatesSQhe
neously transfer their excitation, via the cooperative sensitistate of TH*, through which visible emission at 490 nm is
zation mechanism, to a T ion. This induced the emergent.
Tm®*:3H— G, transition(approximately twice the energy
of Yb*":?F7;,—?Fs),), yielding a subsequent visible fluores- p_pegenerate downconversion
cence. Reappraisal of the same system in the 1990’s within a )
LiYF, substrate by Hubeet al?? led to the postulation of Some of the m_ost recent processes to be observe_d in the
similar effects(along with APTH. area of rare earth ion energy _transfe_r involve the reahzgtlon
Further observations using co-doped alkaline metal rar&f syst;rams postulated back in the infancy of the subject.
earth fluorides were reported by Seelbinder and Wrght, pexterl suggested systems that could exhibit quantum
identifying energy pooling from two Y& ions to TH* and yields greater than unlty. '_rhe mechanism comprised S|_mul—
there resulting ifHg— 5D, excitation. The process was also {2neous t.ransfer of excitation to two acceptors from a single
observed in Yb/Er co-doped barium-thorium fluoride glasse§lonor, with each transfer carrying approximately half the
by Yeh et al,?* and in KYh, sEu, (WO,), by Streket al2>  €nergy of excitation of the donor, as illustrated in Fig. 3. The
The transfer dynamics of the former systéatongside others initial _excr[atlon, usually due to the abso_rpt_lon of a V|o_let
containing Yb/Er and also Pr/Thvere the subject of work _ultraV|oIet (VUV_) photon, leads to the_em|SS|on of two vis-
subsequently undertaken by Chua and TaRheising the ible photons. First proposed as the inverse of cooperative
Judd—Ofelt formalisn?”'2 they considered an extension of UPconversion, the quantum _opt|cal natl_Jre of the phenqmenon
the previously formulated, nonradiative mechanisms to relas more recently earned it the sobriqae@ntum cutting
gimes where radiative transfer is the dominant protagonist.2nd has been reported n the visible region le Wedghl,
Three-body energy pooling is by no means limited toPOth from Gd* in LiYF,™ and Ed” in LiGdF,.*" A more
systems containing more than one species of rare earth ioROMPlex analogue in LiGdfhas also been observed where
Occurrence of the process has been identifleee et al? cutting |s4f2acmtated by G# with emission from bgth =g .
and Lezamaet al®% in systems involving three P ions and Tﬁ* E_arly e_xamples of the process operating outside
previously excited to théD, level, with simultaneous en- the visible, '”VOl‘Qgg P}+_ and T”i:* were reported by
ergy transfer from two of them resulting in the transition S0mmerdjinket al.™ and Piperet al.™ respectively.
!D,—1s, at the third. An identical isoionic process has been
suggestedJouart and Marj}) as an explanation for both E. Distinction from competing processes

green and red emissions from™Erin fluorite-type crystals. The nature of most lanthanide-doped systems lends itself

to an extensive range of complex photophysical behavior, so
that for unambiguous identification of the processes of inter-
Here we identify systems where a rare earth ion exhibit®st here it is important to identify and dispel the possibility
similar properties to the bridging species frequently encounef other interactions that might result in similar excitation—
tered in the transfer dynamics of multichromophorerelaxation within the lattice. First, with three-center energy
arrays>2~3*In this process, as shown in Fig. 2, the excitationpooling, the means of instigation along with the observable
of a donor ion (A) engages with a bridging speciéB), of the procesgprior illumination followed by the detection
with the resultant deposition of a modified energy at an acef short-wavelength fluorescence from the acceppaten-
ceptor (C). The acceptor may or may not be in an excitedtially implicates other competing effects. The most obvious
state to begin with. Once again, the label “upconversion” isculprits for alternative mechanisms would be direct two-
common for such observations, but here it is terreedsiti-  photon excitation of the acceptor or two-photon excitation of
zationto distinguish it from the pooling processes describeda single donor followed by excitation transfer to the
in the previous section. acceptof® However, by suitable choice of wavelengths for
The usuabridgein sensitization is the Y& ion, whose  both donor and acceptor, away from regions amenable to
2F,;,—°Fs), transition serves to induce novel photophysicaltwo-photon effects, we can safely assume little or no direct
effects in a variety of donor-acceptor pairs. Zhaetgal®®  multi-excitation localized at any single ion within the lattice.
identified its role in mediating red emission from Ho  Second, with sensitization processes, simple RET from the

C. Sensitization processes
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donor to acceptor could, in principle, readily account for thetion of each of them with the vacuum radiation field. This
subsequent luminescence. However, in practice the relevaprinciple underpins all QED calculations of resonance en-
fluorescence emission is not observed in systems where theggy transfer—whether in a simple system involving a single
bridge (invariably a species different to both donor and ac-donor and acceptor, or in more intricate systems as here.
cepto) is not present as a dopant, thus supporting its role aEach energy release and uptake transition entails the creation
presented here. Similar remarks can be made concernirand annihilation(respectively, owice versa of one virtual
guantum cutting, where in the cases of interest, absence ghoton, the propagation of which is subject to an interplay of
the supporting ions can extinguish the effect—which couldquantum uncertainty and retarded causafityhe role of the
otherwise have been considered to involve the optically exvirtual photons is to convey the electromagnetic coupling.

cited ions alone. Since the virtual photons are not observed, calculations
based on this protocol require summation of their properties
IIl. QED FORMALISM over all electromagnetic modes. The application of this QED

The three-body energy transfer processes Olescribe@ethod ensures results that are properly causal, and correctly

above have not escaped theoretical treatments. For exampPéa}t'Sfy t!me-reversal symmetry. . .
both Fong and Diestl&tand Kushid&’ have considered sys- At simplest, energy transfer processes can be depicted in
tems comprising three interacting dipoles in the context ofms of V'”_“?" photons propggatmg vaclg r!eglectlng
cooperative up-conversiofpooling in Ln3* doped crystals any electronic influence of the intervening medium. Such an

or glasses. In this paper the various processes described zﬁppr?ach tcan,Bhowever, fl;ahad_ to Inaccurate IV aluei_f(r)]r the
the previous section are for the first time the subject of dranster rates. Because of the inverse square law which gov-

fundamental treatment using quantum electrodynamicgrns _Io.r?g—ran.ge. pehavior, such an approach "."ISO admits the
(QED).*3**Previously we have delineated the general framepossmnlty of infinite donor decay rates, associated with the

work for a QED theory of three-center energy pooling, with possibility of coupling to all remote accept_c?’?s‘.l’o obviate
particular regard to its role in complex molecular these problems the influence of the medium should where

system$2-52 One facet of these initial investigations has practicable be included in the calculations from the outset,

been the identification of two competing pathways for pool-thrlfuq[?] adresii_ngof thde_ virt:al phc:jtonhs involvted. Spe_cifi-
ing: (i) A cooperativemechanism, whereby donor excita- cally, the resulting medium-dressed photons, terpeldri-

tions are directly and concertedly delivered to the accepto?onfq‘ are quanta of a dynamical subsystem comprising the
radiation field(empty at the start of each procgsmd the

embracing both APTE and cooperative upconvensioin . )
( g perative upconversieif) normal modes of the mediufi>® To identify the role of

an accretivemechanism involving the transient acquisition h h polariton in th . int " b id
by one donor of both excitation energies, through couplingeacd sulc po anhqn :;1 t'e vgnhouds tl)n (?trac |9nsf 0 be COI’]S’[I )
with an intermediate virtual state. Here, we develop the fun>Ted DElow, each IS distinguished by 11S pair of wave vector

damental theory for application to crystalline materials, withand polarization labels as followtp, A) and (’,1") signify

the full detail of the accretive mechanism being presentet?o,l,a“,fons exchanged by C with A and B, respectively, and
explicitly for the first time p”,\") denotes a polariton exchanged between A and B.

Before proceeding further, some comment should be The full Hamiltonian for such a three-center energy

made concerning the chosen deployment of quantum electrcﬁ)—OOIing system can be adequ_ately described by partitioning
dynamical principles for the development of theory in the|nto subsystems, one containing the operators for the three

present context. The application to lanthanide-doped mater|O"S parn_upatlng n f[he ||]:1tert?]ct|on, anddt_h € Oth%r. subsy;ttehm
als requires the representation of energy transfer betwee € remaining operators for the surrounding medium and the

optical centers which are host or guest ions embedded in tH diation field(which together comprise theplariton bat).

lattice. Each energy release and uptake transition involve uch a Hamiltonian can be written as

energy levels quified l_ay the local crystal field, and each IS H=Hy+V, (3.2
commonly described with reference to multipolar selection

rules.(In this paper we shall limit discussion to the common With

case of electric dipole transitions, our formalism nonetheless

being readily adaptable to other cagethough the salient Ho=Hpamt Hgml, (3.2
transitions occur within ionic species, the unit cell or local §=ABC

environment where each ion is located has overall electrical

neutrality; as a result, utilization of the multipolar Hamil- V= 2 ﬁw (3.3
tonian effects an exact cancellation of all longitudit@bu- §=ABC

lombic) couplings, as has been shown elsewfi&ré.In nd

other words there is néongitudinal coupling between the

optical centers. It also worth remarking that in the counter- : :

part semiclassical theory there is no formal basis for estab- Hbati=Hradt &;BC (HuotHige)- (3.4
lishing the gauge transformations which properly lead to o

multipolar development In the above equation$,.q is the second-quantized radia-

An important implication follows. In multipolar quan- tion field Hamiltonian and, for each molecule anol and
tum electrodynamics, representation of the electromagnetitl ﬁ“ are the corresponding molecular and molecule-field cou-
coupling between distinct optical centers entails the interacpling Hamiltonians, respectively. For distances beyond wave
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function overlap, and for the transitions to be considered, it

(o}
(e
is valid to use the electric dipole approximation in which the L
latter operator is defined b
Hi=— €0 (9 d"(Ry), (3.5 os.
. . . . ®
with u(§) being the electric dipole moment operator dgd of° 2::0 g’z’
the position vector for species As discussed elsewhere, the :
electric displacement field operatat, (R;), can be cast in o° TS géso
terms of a mode expansion either in the usual vacuum for- 0,
mulation or as modified by the influence of the surrounding 2,,0 T o
medium in a host or solvent “bath®*%! For precision we 9. o
utilize the latter expansion for the polariton-mediated ex- °
change, explicitly featuring local field and other refractive e ®
corrections and given by
o]
eoh@™ui™\ Y2 (n(m)24 2 o °
dRy=iS T 5, ) ) i .
m .’10 o::e O".
. . [
X [N (p)PpmaePRe—EN(p)Py &7 PRE]. .
[oI) $,0
(3.6 : PAY o) g .
Expression3.6) embraces a summation over modes for vir- T 3¢-e/
tual polaritons characterized by a wave-vegippolarization o9,
A\ and an additional indexy, indicating branches of polar- vy 5
iton dispersion(as appropriate for excitation propagation oe2 o*
within a dispersive mediujnMoreover,e represents the po-
lariton polarization unit vectofe being its complex conju- ; o
gate, P and P are polariton annihilation and creation Bose
operators, respectively, and, is the quantization volume. 5
Also, 0 °
n(m)En(wgm) of: 3¢,o’
0¢:
is the refractive index of the molecular medium and
.‘1 ]
_ . (X
v("”:c[d[wn(w)]} 1 _dwg“) o 0
9 dow e oM dp o 9*.
p .¢’0 [+
is the group velocity, both quantities deriving from the po- ° o9, 5
lariton frequencywﬁ,m)=cp/ n(wém)). o o’ ot
It is known that there are three distinct pathways for the
energy pooling form of three-center energy transférbut by

the link between them is not immediately apparent. When
the full three-center transfer system is cast in a recently deFIG. 4. Complete box diagram for three-body energy pooling. The top and
vised dlagrammatlc form embracmg the complete set c)pottom sections represent accretive pathways, the middle section coopera-
tive pathways.
Feynman diagrant®, the inherent interconnection between
all three mechanistic paths becomes obvi@ee Fig. 4. By
their nature, each of the contributing pathways entails four
distinct polariton interactions, a paicreation and annihila-
tion) for each energy transfer. Since the interaction operator
is linear in the polariton creation and annihilation operators
the probability amplitude omatrix elementMy;, for any
such four-event process is described by the fourth-order ter
in the time-dependent perturbation expansion

atesr™, [rT), and|rT"), m being a label to differentiate

states of different polariton occupancy, @Rdepresenting a

Valid path, i.e., one of the routes through Fig(vide infra).
general the system statds), have energ¥, and take the
m |n)=|A,;B,;Cy)|0on), with the subscripts on A, B,

and C pertaining to ionic states and onexcited states of

o "o the bath accessible through one operation of the polariton
EH T H P [ H r ™M H o r 2 : .
M=, (ra[Hind |35>< 3E| mé| 2 >é d | Emt| E)( / [Himro) creation operator on the bath ground-state ve@orin Fig.
P (B =B (B~ Brp) (B Errf) 37 % asinallsuch diagrams, initial and final system states are

represented by boxes on the far left and far right, respec-
where the initial and final system states, here for internatively. For generality we impose the initial and final condi-
consistency labeledrg) and |r}), are bridged by virtual tions |r3)=|A;;B;;C)|0) and |r)=]|A,;B,;C,)|0). The

Downloaded 07 Jul 2010 to 139.222.114.178. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



1094 J. Chem. Phys., Vol. 114, No. 3, 15 January 2001 D. L. Andrews and R. D. Jenkins

only constraint is that each ion initially resides in state 1, In order to compute contributions to E.7) it is nec-
finally progressing to state 2. The physical distinction be-essary to consider each pathwayndividually. With a focus
tween the processes of upconversion, sensitization, angh accretive pathways, the box diagram for energy being
downconversion will emerge later when energetic and statgccrued at Bthe mechanism here termed “acdlis shown
constraints are imposed dn}) and |r}). The intervening in Fig. 5—itself a component of Fig. éhe uppermost sys-
columns in the diagram represent a set of intermediate Syan) ‘e note in passing that both accretive mechanism dia-
tem statesry’, r3' , andr’ from left to right connected by  grams are, by symmetry, identical in form—the counterpart
links which can be thought of as valid operationsHby; on {5 the mechanism currently under scrutifiye., where en-

a preceding state. Within this diagram there are three specifié;rgy is accrued at A, termed “acc?’is obtained by ex-
regions(top, middle, and bottoinwith each region compris- changing B-A in the key box and implementing’ —p

ing twenty-four routes from|r3) to |r3). Each route is . . .
. : . - \{vhere necessary. It is calculationally expedient to number
equivalent to one time-ordering as rendered by a traditiona

Feynman diagram. Collectively each set of twenty-foureaCh set of intermediate states, for example, the first set is
' 1 4 _

routes is indicative of an individual three-center energy mi-abeledry tory from top to bottom hencen=1.... 4.Imple-

gration mechanism. The central regiepresenting the co- mentatlor? of a previously expoundgd methodoﬁ?gylows

operative mechanisnentails ionic states identical to those in computation of all twenty-four contributions to taecl ma-

both accretive pathway&op and bottoy but the system trix element,M§*". For example, the “first” router g—r3

states differ in the polariton mode occupancy. —r3—r3—r3, results in an expression given by

ho Mo

( ﬁwg/?)vgm)

2 eoCVOn(m)

(n<m>)2+2)4
3

M(D—
l m ZEOCVOI’](m)

21(A)  21(C), 2b(B) , bi(Byxtl” " ip” R"—=fl’ K —ip’-R’
My ( )M| ( )Mk ( ):“j ( )éif )(p”)e} )(p")e'p RE(k )(p')el( )(p’)e L

X%E

— - = (3.9
pp" 1 (Efy—T1")(Efy+ ES,) (Efp+ ER,—117)

Here we introduce the notatid®, = E}—Ej for ion energy  pjaccl P2V (] = 0l R aZ1B (+ ofyt 08, 7 ol
differences, andII"") for the energy of a polariton
hcp!’™; for the transition dipolesp™(9=(x|u(®|y), and X Vig(n] = 0% 0F] R uf. (3.99
the interionic separation vectors are denoted By=Rc
—Rg andR"=Rg—R, . Equation(3.9) is to be understood Here, the principle of energy conservation leads to the iden-
as effecting implied summation over repeated Cartesiafity Ef,+ED,=E5,, where Ep,=fiw}, and ES=fiw,. In
(subscript indices. Furthermore, here and in the following, (3-98 and the following the energies are replaced by fre-
resonance features are properly accommodated in the mat§t/€ncies to assuage complications arising from presenting
elements by the tildes placed over particular energy denomit€ modulus of wave vectors in the arguments. Proceeding
nator contributions. Two types of resonance modification®y Similar means we determine the matrix element for the
need to be applied. The first reflects the finite lifetime oface2 accretive mechanism as
each virtual statej, through which an iorF progresses, phe-
nomenologically implemented by a modification of the cor-
responding energyE{,=E{ +il';. This has the effect of
giving the state a Lorentzian profil€, representing its half
width at half maximum(HWHM) linewidth. The constancy
of sign for this first form of damping is determined by prin-
ciples of time-reversal symmetf¥.Second, imaginary in-
finitesimals have to be added to the polariton energies to
circumvent spurious singularities in effecting the sum over
polariton wave vectors. Thus we writH(-"V=11(") +is
with s— +0.58°

By following recognized techniques whose application
to conventional RET is described in detail elsewHérthe
summation of all twenty-fouaccl contributions, including
the one given by3.8), leads to the totahccl matrix ele-

me_m' This, after extensive algebralc man'pUIa“on' can b@IG.S. Box diagram showing accretive three-body energy transfer mediated
written as by ion B.
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ME%= w2 BV (n] = 0 R aft M (£ 0l 03, T o) the refractive index of the medium, approaches 1, reduc-
A 5 . ing the effect of the Lorentz premultiplier to unity. In any
XVi(n| = 0= 0f) R uf'?, (3.9b  real dispersive medium, however, the imaginary part of the

refractive index elicits a real exponential decay component
from within the phase factor. Furthermore, it is in £g§.11)
that the power of the unified theory is apparent, as the result

introducingR=Rc— R4 . Finally we recast the matrix ele-
ment for the cooperative pathw&yin general terms as

M §9°P= M$1<A>Vij(n|iw/le,R)affC)(Iw’fz,Iw?z) is applicable to all post-overlap distances. The short-range
B o . 2UE) (nwr<1) and long-ranger(wr>1) limits lead tor ~2 and
XVig(n| = ,R)ui. (399 -1 gistance dependence in the coupling itfelfid hence,

It is worth noting that thet signs are chosen with respect to r® andr‘z in the transfer rate which goes as the square of
the direction of flow of energy within the system, accommo-the matrix element Note, however, that in the results of Eq.
dating upconversion and downconversion by a simple choic&3-9 there are two resonance coupling tensors which, though
of sign (vide infra). each of the form 0f3.11), e_xh|b|t different interionic vect_or
The results 0f3.9) are concise and contain two second- &'guments. For example, in res®93 we observe an in-
rank tensors, whose properties we now delineate. The geneferse cubic dependence on both of the relative displacements

alized two-photon interaction tensa#?X@(w,,w,), has a R’ andR”. Each result3.99—(3.99 is controlled by two of
form given by the three interionic distances quantiti@sR’, andR".%?

2 1
2O 10 L

T |(Eyrho) (BEytho,) IV. APPLICATIONS

(3.10 . . -
In this section we demonstrate how the several distinct
Within the accretive mechanisms of Eq8.99 and (3.9b,  classes of rare earth interactions described in Sec. Il can be
the two-photon interaction tensor is of the same nonsymmeidescribed by the general pooling theory delineated in Sec.
ric form as the tensor which supports all forms of eIectroniC|||, and how the Cooperative and accretive pathways figure in
Raman scatteringsee Sec. V for a discussion of the corre- the various processes. The processes are readily distin-
sponding selection rulesConversely, for the cooperative guished by the nature of the initial and final states; the main

pathway of Eqs(3.99 and(3.10 presents a result which has mechanisms and sources of experimental data are presented
the index-symmetric form of ésingle-beamtwo-photon in-  jn Table I.

teraction tensor. The cooperative mechanism has a distinct )
advantage over a conventional two-photon absorption at th@: UPconversion
acceptor. The photon flux needed to doubly excite a single  Although its nomenclature correctly suggests that the co-
molecule may be of a similar order to that required to exciteoperative mechanism is the major contributor to upconver-
two donors sufficiently close to the acceptor to initiate thesion processes(cooperative sensitizationas previously
cooperative mechanism, but the relative longevity of singlyexpounded? the accretive mechanism nonetheless plays an
(compared to doub)yexcited sites proves to be a deciding auxiliary role whose importance is primarily determined by
factor. The different roles of this tensor reflect the differentthe relative positions of the ions involvélAssuming that A
ways for energy transfer to be effected. The scatteringlikeand B begin in excited states and each progresses to its
behavior in accretive mechanisms owes its origin to the exground statgindicated by 0, thereby promoting C from its
citation at either donor being passed on to the acceptor, viaground state to an excited state, we set the form of the energy
second donor as a mediator to the process, whereas the ddentity asEf,+ ES, =% wf,+ 2 w?,. By imposing these con-
operative mechanism may be thought of as simplestraints in(3.9 we recover previously calculated resufls.
mediation-free, dual interaction at C. Explicitly, these are

In Eqg. (3.9 we also identify the second-rank, index-
symmetric, retarded resonance electric dipole-electric dipole M PoP= M?HA)Vij(”w/i\z’R)aizgc)(_w?Z'_w?Z)

20(8) , L1(8)
i i

2 _ _
a”l(f)( +wWq,+ (,()2) =

coupling tensorV(nw,r). Its general form, which fully ac- XVu(NwB, R’ 04B) 41
commodates effects of the intervening transfer medium, is k(o3 ROA, (4.13
given by for the cooperative pathway, alongside
2 2 Ai(n/c)w 0 my 0
Vi(nw,r)= R 1—iEwr M?iCCl:,U«i l(A)Vij(n"’/fer )ajkuB)(w{i\z-i-w?z,—w/i\z)
" ' n?l 3 477'60I’g c A B\ pry,, 200
. XVi(n(wpt 1), RN ui™ ", (4.1b
n
X (8 —3fiF;)— (Ewr) (6ij —fifj)] , M?icczz ,u?l(B)Vij(nw?z,R”)aJ%(l(A)(w{i\z-i- w?z, — w?z)
(313 X Vig(n(wiy+ o), R) uf*, (4.10

where w relates to the effective transferral frequency of anfor the accretive, the total matrix element being the sum of
energyhw, andr is the relative displacement vector of the all three. In the present formulation, the electronic influence
connected transition electric dipoles. The behavior of Eqof the host is fully accommodated within the results with due
(3.11 necessarily approaches that of the vacuum case whaeverence to equatiof8.11).
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TABLE I. Table of transitions between lanthanide dopant ions in crystal field environs: i-energy pooling, ii-two
photon APTE, iii-sensitization, iv-quantum cutting.

A (Transition B (Transition C (Transition Type References
Yb3* (2Fg/,—2F 1) Y3t (2F5—2F 1) Th* ("Hg—°Dy) i 18, 23, 26
Yb3* (?Fg/,—2F 1) Y03t (2F5,—2F 1) T (CHe—1G,) ii 21,22
Yb** (?F5,—2F 1) Yb* (PF 51— 2F 1) EW*(°Do—"Fo) i 25
PR (*D,—5%H,) PP (*D,—3%H,) PP (*D,—1Sy) i 29, 30
Yb3+(2F5/2H2F7/2) Yb3+(2F5/2—’2F7/2) H03+(5|8_’552:5F4) i 13,21
Yb3+(2|:5/2—>2|:7/2) Yb3+(2F5/2H2F7/2) E'3+(4|15/2—>4F7/2) i 18, 19, 21, 24, 26
Pf3+(3po—’lG4) Yb3+(2F7/2H2F7/2) Pf3+(3H4HlGA) ii 36
Er* (Y3~ 15 Tm** (®Hg—3%He) Er* (Y11~ F o) ii 31
Ho** (°Fs—°17) YB3 (F 71— 2F 1) Ho* (°16—°S,,°F,) ii 35
Tm3 (3F,—3Hy) Y3t (PF,,—2F 1) Tm3 (PHg—3H,) i 37,38
Nd3+(4F3/2%4F11/2) Yb3+(2F7/2—>2F7/2) Tb3+(5D4—>5D1) ii 39
EW*("F1—°Dy) EV*("F1—°H)) G (°G;—58S;) iv 41
Th* (°D3—"F)) ErT(*Syp— " 151) Erf(4f1%d—*S,,) v 42
PR (PH,—3P,) PP (3H,—3P,) PP (1Sy—3H,) iv 43

B. Sensitization erative mechanism is dominant and this would suggest little

Rare earth sensitization is implicated in a variety of pho_mvolvement in rare earth sensitization processes.

tophysical processes, as the dofmracceptormay relax to  C. Downconversion
(or initially be in) a state other_ than the ground state. T_he For downconversiofiguantum cuttingthe results are of
nature of each process determines that the role of the brldggz o . .

o . L =a similar form to those for energy pooling upconversion,
remains immutable, however—starting and finishing, as it . i

. different only in a reversal of the energy flow; henEé2

does, in the ground state. Here we focus on the case whereEB bl —hw Thus we obtain the results
the acceptor is in some pre-excited state 1 and the donor —12 @12m @12
relaxes to the ground statéThe case where the acceptor is ~ M{P= u?*V;; (N, R) i @ (wl,, 05)
excited from the ground state was the subject of earlier work B oy 20B)
by Craig and Thirunamachandréf.By stipulating the do- XVi(no, R ui™ ™,
nor as species A, the bridge as B and acceptor as C, notingy the cooperative pathway and
thatE2,=0, we may rewritg3.9) as

0LA A 00(B), A A
M?iCCl:Mil( )Vij(nw121R”)ajl(O( )(wlza_wlz)

(4.33

1 20A A 20B), A A_ B
M?icc—:“«io( )Vij(nwlZ'R”)ajl?( )(‘”121_‘“12_“’12)

X Vi(n(whyt o5, R ui™, (4.30

XVi(noty, R ) ui@, (4.29
acc. 20(B B my L 20(A B A B
M?icczzMiOO(B)Vij(O,Ru)a})kl(A)(O'_w:\z) i 2=,ui0( )Vij(nwlz,R )a“?( )(wlz,—wlz—wlz)
X Via(n(@y+ 05y R uf, (4.39
XVig(no'y R, (4.2b) _ _ _
for the two accretive mechanisms. Here, the interplay be-
and tween site geometry and optical selection rules will deter-
M §00P— M?l(A)Vij(nwﬁzvR)ajzlg(C)(_wlja.\zio)vkl(oR,)Ml(()O(B)é mine the dominant contributory mechanism.
4.2

In Eqs.éél.Zb) and(4.2¢0 we _identify a static dipole mom_ent V. SELECTION RULES

term, u". If the lanthanide ions themselves were considered

sphericadl* with a uniform electronic distribution they would This section focuses on the symmetry implications asso-
exhibit no permanent dipole—but even in a more distortingciated with the two-photon interaction teng8r10 in triple-
crystal field environment which substantially shifts the centelion energy transfer processes. It is clear that the tensor plays
of charge, the moment would usually be small. We, therean important role in pooling, sensitization and cutting, rep-
fore, deduce that the sensitization process is in general purehgsenting the electronic parameters involved—either where
accretive by nature, with a quantum amplitude as describethediation occurgin the case of accretive mechanignts

by expressior{4.2a, a proposition that is further expounded where maximum energy is deposited, or from whence it
in Sec. V. In any event, it may be noted that, as discussedmanategin cooperative systems for pooling and cutting,
previously®! the relative disposition of the three ions in the respectively. The following discourse is primarily con-
lattice may favor one mechanism over the other. Certairterned with identifying differences between the scattering
triad geometries impose a large bias toward the cooperativend two-photon absorption/emission analogues of the two-
mechanism, and in this cagfor sensitization we may as- photon tensor. To fully investigate the tensor it is useful to
sume negligible three-center transfer from such configuraimplement its decomposition into irreducible componénts.
tions. For example in a linear A-C-B configuration the coop-In general
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aﬁl(f)(le,Iwz)Eaij :ai<j0>+ai<j1)+ai(j2), (5.1) metric species, a combination such a‘_s{l},.2+{0} is for-
bidden; however, many crystallographic point groups afford
irreducible representations conducive to suitable transitions.
where the components £, a{), anda{? (the weight 0, A full list is shown in Table II.
1, and 2 parts of, respectivelyransform under the opera-
tions of the full rotation group S@) as a scalar, an anti-
symmetric pseudo-vector and a traceless symmetric secong— Sensitization
rank tensor, respectively. The irreducible tensors can be’
explicitly written as The process of sensitization is permitted only by the first
accretive mechanism, as shown in Sec. 1V, establishing the
o sole means for energy migration to occur from A to C. Here
@i’ = 36 gk, (5.28  the symmetry selection rules are essentially trivial, and are
reported here for completeness. The role of B is passive in
D1 the sense tha}t this ion begins qnd ends in it_s ground_state,
i = 2l —ai), (5.2D  though experiment shows that its presence is essential for
transfer to occur. The totally symmetric product of the initial
21 . and final irreducible representations of the site point group
aji”’ = 3(ajj + aji) = 36 ayk. (5.20  determines that only classes @12, 27{02}, 2*{0} are
feasible. However, the pseudo-vector term is again zero due

. . . . . . to the symmetric nature of the tensor, which is of conven-
lonic transitions at sites undergoing two-photon interactiong; -, polarizability form. Thus, only classes" 202} and

are subject to site symmetry selection rules which rende§+{0} arise. as indicated in Table I
components of each irreducible part af; either zero or ' '
nonzero, such that the symmetry of each allowed transition is
characterized by its combination of allowed weights. Of
these permutations only six generally ourthree relate  VI. TRANSFER RATES
to transitions which contain representations of the totally
symmetric representation of the ionic site point group:
27012, 27{02}, 2*{0}—and another three, nontotally
symmetric product representationst {2}, 2*{1}, 27{2}.

a

For any given system the three-center energy transfer
rateI" may be determined from Fermi’s Golden Rule

Here, the notation denotes tensor rgmkth superscript in- = _7T|Mﬁ|zp (6.1)
dicating parity and braced numbers show the allowed h
weight combination. wherep is the density of final states for the acceptor &g

is the total matrix element for the process. In the downcon-
A. Pooling and cutting processes version case when there atwo acceptors, the appropriate

density of states is a convolution of the state densities for

I_n symmetry terms, th_e three—cen.ter Processes of eNer%¥ach acceptdt. In each instance of three-center energy
poollng and q.uantum cutting are equ_n_/alent, since the Se_le%ansfer the matrix eleme; is explicitly given by
tion rules which apply to any transition also apply to its
inverse.' Both processes are acqordingly addres;ed in this Mﬁ:Mﬁcc1+M?iccz+M?ioop' 6.2
subsection: For clarity the text will focus on pooling, with
the cutting analogue, if applicable, appearing in brackets. Fowhere the full cooperative and accretive matrix elements are
example, species A and B are both don@sceptorsin the  given by Eq.(3.9). An important feature and distinction be-
cooperative scheme for energy poolifguantum cutting tween the quantum amplitudes @.2) is the dependence of
There are intrinsic differences in the symmetry rules foreach on two different energy coupling tensors, the general
the cooperative and accretive pathways of pooling and cutease of which is explicitly given by Ed3.11). In the total
ting. It can be seen frortb.2b that a symmetric two-photon matrix element6.2), M?imlinvolves a direct parametric de-
absorption(emission tensor, such as that involved in the pendence on botR’ andR”, M?‘fcz depends oR andR”,
cooperative mechanism for poolitigutting), necessarily has andM{’°on R andR’. At this stage we recall that retarda-
a zero contribution from its weight 1 part irrespective of thetion effects are only significant over distances which are
transition symmetry. However, a nonsymmetric two-photoncomparatively large compared to the energy-equivalent
tensor, which features in accretive pathways, is permitted aavelength. Recognizing this permits the assumption that
full quota of irreducible components, though any weight maytransfer between physically distant ions will be obviated by
disappear on symmetry grounds. Cooperative transitions thufissipative effects—see Ed3.11) and subsequent com-
suffer a spectroscopic restriction due to nullity of the anti-ments. Calculation therefore proceeds on the general basis of
symmetric term. Further symmetry implications can arise foranr ~ 2 factor for each interionic transfer tensor.
accretive pathways as a result of the fact that A and B are  For both upconversion and downconversion &g2) in-
almost invariably chemically identical, and their transitionsvokes all three contributing pathways. Exhibiting the direct
equivalent; consequently those transitions must be allowetlinctional dependence explicitly, the rate(6f1) can be ex-
by both 2" and 1" selection rules. Clearly, in centrosym- panded to yield
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TABLE I1l. Table showing pertinent point groups with allowed transitions for three-body energy transfer

processes.
Pooling/Cutting Sensitization
Cooperative Accretive Accretive
C, A:27{02} A:17{1},2*{012 A:2*{02}
Cs A’:27{02 A’:17{1},27{012 A":17{1},2"{12} A’:27{02}
o Ag:27{02 n/a Ag:27{02}
C, A:27{02} B:2"{2} A:17{1},2{012 B:17{1},2"{12} A:27{02%}
Cs A:27{02) E:27{2} A:17{11,27012 E:17{1},2"{12 A:2+{02}
C, A:2"{02 B,E:2*{2} A:17{1},2*{012 E:1-{1},2"{12} A:2*{02}
D, A:27{02} B;,B,,B;:17{1},27{12 A:27{02
B.,B,,B3:2%{2}
Ds A;:27{02E:2%{2} Ay:17{1},27{1} E:17{1},2"{2} A,:27{02}
S, A:2"{02} B, E:2"{2} A:17{1},2*{012 E:17{1},2"{12} A:2*{02}
Ss Ag:27{02E4:2"{2} n/a Ag:27{02
Ca, A,:27{02 A;:17{1},27{012 A,:2+{02
A,,B;,B,:2"{2} B,,Bs:17{1},2"{12
Cs, A,:2%{02} E:2*{2} A;:17{1},27{02} E:17{1},27{12} A,:2+{02
Ca, A;:2+{02 A;:17{1},27{02 A;:2+{02
B.,B,,E:27{2} E:17{1},27{12
Cs, A;:2%{02 E; ,E,:2t{2} A;:17{1},27{02 E;:17{1},27{12} A;:2+{02
Ce, A;:227{02} E;,E,:27{2} A;:17{1},27{02} E;:17{1},27{12} A;:27{02}
D,y Aq:27{02 n/a Aq:2%{02}
Big.Bag.Bag:27{2}
Dan A:2+{02} E’,E":2%{2} E’:17{1},2°{2} Al:2+{02
D Ag:27{02 n/a Ag:27{02
Byg.Bag Eq:27{2}
Dsp A;:27{02 n/a A;:27{02
E,,E}:27{2}
Dgp Ag:27{02 n/a Ag:27{02}
Eiq:{12} Epy:27{2}
Dgp Ag:27{02 n/a Ag:27{02}
Eig:{12 Epq:27{2}
T A:2"{0}E, T:2%{2} T:17{1},2"{12 A:2*{0}
Th Ag:27{0} E,4,Ty:27{2} n/a Ag:27{0}
Ty Ag:27{0} Eq,T,:2%{2} T,:17{1},2{12} A,:2+{0}
o) A.:2%{0} E,T,:2"{2} Ty:17{1},2"{1} A;:24{0}
Oy, Aig:27{0} Eq,Tpq:2%{2} nla Aig:27{0}
Con Ag:27{02 By:2"{2} n/a Ag:27{02
Can A’:2%{02} E’,E":27{2} E’:17{1},2%{2} A’:2+102}
Can Ag:27{02 By ,E4:27(2} n/a Ag:27{02
Dyg A,:27{02 B:17{1},2"{2} E:2*{12} A,:2+{02
B.,B,,E:2*{2}
Dgqy Ag:27{02} E4:2%{2} n/a Ag:27{02}
D g A,:27{02} E,,E5:27{2} nla A,:27{02
Dsqy Ag:27{02 n/a Ag:27{02
Eig.Exq:27{2}
Deg A;:2{02} B, E5:27{2} n/a A;:2+{02}
C.., A;:2{02} E; Ex:27{2} A;:2H{02} E;:27{12} A;:2+{02}
D.., s*:2%{02} n/a s*:2%{02}
2mp ) ace ) quantum interference between different three-center energy
['=——{Mj (R, R[>+ [MEFAR,R" transfer pathways. For sensitization processes, we have only
one viable mechanistic pathway, and the rate is explicitly
+MFRR,R")[?
— 27T acc ! AYV4
+2 REMEY R’ R")MEAR,R") = —|MFAR".R")p. (6.9
acc. ! n [efe]0] ! !
+MFAR ,RIMFAR',R) An important feature of the diagonal elements(6f3) and
+M?‘iCCZ(R,R”)M?iOOp(R,R’))}, 6.3 the single term in6.4) is their dependence on the modulus

squared of the pertinent coupling tensors. As each such ten-

where the first three rate components are diagonal contribisor is governed by an inverse cubic dependence on both in-
tions from each pathway matrix element multiplied by itsterionic vectors, the associated rate contributions acquire an
complex conjugate. The second three components represanterse sixth power dependence on each interionic distance.
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Complications arise with the cross terms witl@3). It is no e aent 39312
longer simply a case of considering tWiadependentbut of IatEﬂce RTRTR" "= 0C,Cg Cc,, (6.6a
three(interdependentinterionic vectorsyide infra

To instigate the application of the fundamental ionic

—-6p’—3pr—3 3/2, 3/2
triad rate results to any real crystal, it is necessary to identify |at2nce RTPRTRT—0Cy Cp,Cey (6.6b
a distributional weighting factor for each of the three-center
rate component® In the following, we derive the appropri- C3m - 6mr-3 3/2~3/2
ate result for a simple cubic lattice of unit cell lengthwith ,%ce RPRTR HUC’MCBl Gy (6.69

donors or acceptors potentially occupying any site. For any ducing th ical f h | b
set of three sites within the lattice, whether they be in a Ioca|n5trg 1u<gng t_f_e nltjmer:'cil ‘?Ctm]:’ whose ¥aEue§|36roveg éo €
neighborhood or not, there is an associated probability o? -81. Specifically, the lattice factors of Ed 'ai__(cc'm‘?

finding three ions in suitable electronic states to initiate d€late_to the quantum interference ternd™Mg™,

accly pacc2 accly , coop

three-center transfer process. An ensemble response fbts; Mg ™, and My 1l\/lfi , respectively, with differences
transfer within the lattice may then be obtained by summingagain arising in their dependence on ionic concentrations.
contributions from all such combinatiorieere assuming a The fact thato is approximately half the value of; (its
random distribution within the lattige diagonal-term counterparis compensated by the factor of 2
First we consider the diagonal terms contributing&®) multiplying each off-diagonal term i(6.3). This indicates
and(6.3). The ensemble result must be tempered by accomthat the quantum interference terms have, for the case of ions
modating the number of ions A, B, and C, per unit cell whichrandomly disposed on a cubic lattice, an equal physical sig-
are residing in their initial electronic states. The quantitieshificance to the diagonal terms.
are assigned &, C,, andccl, respectively(for example,

in upconversion these concentrations relate to two exciteg||. CONCLUSION

and one ground-state spegie® conventional units, the cor- ) ) - ] )
responding concentrations per unit volume as, In this paper we have identified varying processes which
=a_3CA1, CBlza_ach and Ccl=a_30clv respectively. It fall under the umbrella term of three-center energy transfer.

o i In the field of lanthanide doped materials best suited to these
is important to note that each diagonal rate component hage s, and where various descriptors have been applied to
only two inverse §|xth power mtenomc distance factors. Al- these forms of energy transfer, we have shown that every one
though the two distances are independent of each other, we,, ho 1y interpreted in terms of accretive and/or coopera-
.must. ensure thaF any "'aﬁj where two or .three 1ons Sha”t?ve mechanisms. We have established the detailed form of
|dent_|c§1I lattice sites are d|scounte(_1. AIIowmg for all these,[he quantum electrodynamical framework which supports
restrictions, we can write the following lattice sums: these mechanisms, eliciting their role and features in the en-
ergy transfer phenomena of pooling upconversion, sensitiza-
R°R °— ﬂCAlcsICcz:laflzz ﬂCAlCBlC(Zjll tion, and downconversion of quantum cutting. It has been
(6.59 proved that, although the two mechanisms play significant
roles in pooling and cutting, only the accretive mechanism is
responsible for sensitization processes. Both mechanisms
have been shown to invoke Raman selection rules, which
(6.5p  govern transitions of the mediator ions in the accretive
mechanisms and transitions of the acceptor ions in coopera-
tive mechanisms. Finally, we have shown that in real mate-
rials, the lattice parameters associated with the various rate
(6.50 components ensure that diagonal and quantum interference
terms have broadly comparable significance in three-center
energy transfer.

lattice

—6pn—6 2 —-12_ 2
lat%eR R"~®— 3¢} Cg,Cc,a 2= 7C; Cp Co,,

' —6pr—=6 2 —-12_ 2
|atzuceR R"~6— e 3 Cc,@” 2= nCa,CE Cc,,

with a numerical factor, derived from Pythagorean sums,
taking the explicit value of 64.39. The calculation pfland
its more intricate analogue, see belowis to be described
elsewheré® The lattice weightings of Eq$6.58—(6.50 re- ACKNOWLEDGMENTS
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