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Four-center energy transfer and interaction pairs: Molecular quantum
electrodynamics
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~Received 16 October 2001; accepted 24 January 2002!

In the photophysics of complex macromolecules, resonance energy transfer is the key mechanism
for the migration of electronic excitation. As the ability to engineer specific architectures for such
molecules improves, environments for new forms of energy migration are being envisioned. Set in
this context, one of our aims in this paper is to expound a new, general way of representing complex
energy transfer systems, to obviate semantic and conceptual problems in addressing multicenter
interactions. The theory of four-center energy transfer is developed within this framework, through
the application of molecular quantum electrodynamics. A variety of mechanisms is identified by
which four-center energy transfer may proceed, and a recently developed diagrammatic technique is
employed to calculate relevant quantum amplitudes. Symmetry considerations are addressed, and
key features of the ensuing rate equations are discussed with regard to their potential exploitation in
novel photoactive devices. ©2002 American Institute of Physics.@DOI: 10.1063/1.1461820#
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I. INTRODUCTION

In recent years the increasingly sophisticated design
synthesis of multi-chromophore macromolecules has led
the need for a better understanding of the interplay betw
their electronic and optical properties. The need is keene
the area of nanoscale photoactive materials, ranging f
dendrimers to multiporphyrin macromolecules. The most
vanced of these multichromophore systems hold consi
able technological promise for biomimetic ener
conversion.1 Indeed, skilled synthetic manipulation of nano
cale environments has produced molecules that prove v
able for modelling the photophysical processes of photo
trapping and migration within the native photosynthetic u
~PSU!. It is the movement of energy within such macromo
ecules that concerns us in this work—particularly with
gard to their behavior at high levels of input radiation.

To rationalize recent developments in the transfer
electronic excitation in multichromophore array science i
helpful to look briefly at the development of this subje
area. The photophysical mechanism underlying resona
energy transfer~RET!, the fundamental hopping proces
whereby excitation localized at one chromophore migrate
another, is well understood in both theory and practic2

Early studies focused on bichromophore molecules,3,4 the
component chromophores being either chemica
identical5,6 or different.7 The critical effect of bridging spe
cies interposed between the two units was so
appreciated.8,9 As structural linkages, such bridges can im
part either rigidity or flexibility, and numerous studies ha
been undertaken on each variety—see, for example, Refs
and 11. More recent investigations have centered on
modeling and analysis of multichromophore arrays12,13 as a
focus of synthetic effort towards an efficient mimic of th

a!Electronic mail: robert.jenkins@uea.ac.uk
b!Electronic mail: d.l.andrews@uea.ac.uk; fax:144 ~0! 1603 592014.
6710021-9606/2002/116(15)/6713/12/$19.00

Downloaded 07 Jul 2010 to 139.222.114.178. Redistribution subject to AI
d
to
en
in
m
-
r-

lu-
ic
t

-

f
s

ce

to
.

y

n

10
e

PSU.14–16 Utilizing fluorescence resonance ener
transfer,17,18 spectroscopic techniques applied to a variety
the above systems have given information such as tran
rates, interchromophore separations19,20 and the orientations
of transition dipoles.21 Recent work has identified such sy
tems as possible components in molecular logic gates.22

The onset of dendrimer chemistry in the 1990’s open
further avenues of investigation. Dendrimeric macrom
ecules can be viewed as multibranched systems of inter
nected chromophores, conceptually akin to multiporphy
arrays. Physically they comprise photoactive dendrons wh
trap energy and channel it, via energy transfer hops, towa
a central core. As such they are ideal for modeling lig
harvesting proteins,23,24 since direct parallels can be draw
with the roles of chlorophyll and the reaction center in t
PSU. In dendrimeric macromolecules, both the central c
and branch chromophores may be manipulated to displa
variety of optical and architectural properties.25,26 It is the
exploitation of these traits that stimulates the pursuit of
cently proposed high-intensity phenomena such as th
center energy transfer~3CET, vide infra!, with encouraging
results already published.27,28

This paper is set out as follows: First we describe RET
terms of a new concept, the interaction-pair. The techniqu
extended to more complex three-center systems. In the
mainder of the paper we focus on the process of four-ce
energy transfer~4CET!. A variety of mechanisms and permu
tations by which 4CET may occur are described using ter
nology previously developed for the three-center ana
~3CET!. By application of a new technique involving stat
sequence diagrams, the quantum amplitudes of 4CET
calculated. We conclude this work with a discussion on
symmetry aspects of systems which may display 4CET
havior, and suggestions for their implementation.
3 © 2002 American Institute of Physics
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II. INTERACTION-PAIRS: RESONANCE ENERGY
TRANSFER

A majority of energy migration processes in the syste
described above occur between electronically distinct ch
mophores separated beyond wavefunction overlap, and
fully explicable in terms of resonance energy transfer;29 in
regions where wavefunction interaction is strong, transfe
mediated by a direct exchange mechanism.30,31 The essence
of RET may be illustrated by the nonchemical equation;

Aa1B0 ——→
RET

A01Bb, ~2.1!

which describes the transfer of excitation between a p
excited donor species A and a ground state acceptor B,
electronic states denoted by superscripts~Greek characters
indicate an electronic excited state, 0 the ground state!. A
pictorial representation of RET in a stylized dendrimeric s
tem is shown in Fig. 1. Note that the excitation is localized
a single branch; for the purposes of this illustration we
sume that there is negligible excitonic coupling betwe
branches, and we concentrate upon simple energy tran
between one branch and the core. In the past, RET was
ceived as proceeding by one of two mechanisms: in
short-range~tens of angstro¨ms! a radiationless mechanism
formulated by Fo¨rster,32 obeying an inverse sixth power de
pendence on inter-species displacement; in the long-ra
~beyond hundreds of angstro¨ms! a radiative emission-captur
mechanism displaying the well-known inverse squ
dependence.33 Both pathways have since been shown to
asymptotic limits of a unified theory, which also identifies
intermediate influence with an inverse quartic pow
dependence.34

In the unified theory of resonance energy transfer
coupling of donor and acceptor transitions is mediated by
propagation of a virtual photon. This cannot be detec
without an intervention that completely changes the natur
the process; in this respect the photon plays a similar rol
the virtual electronic states involved in scatteri
processes.35 The virtual photon formalism entails summatio
over all possible wave vectors and polarizations, just a
virtual molecular state invokes summation over all possi
energy levels. At short donor–acceptor separations~those
within the normal Fo¨rster limits! the photon can be consid
ered purely virtual, but as the pair separates it takes on
increasingly real character until~in the regime of radiative

FIG. 1. Idealized dendrimeric system with three-fold symmetry showing
essential photophysics of RET. The molecule is made up of three ‘‘d
drons’’ attached to a trap. Excitation is shown by black shading. An ini
laser pulse excites a dendron~or a chromophore therein!; energy is then
transferred to the core via RET.
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transfer! virtual traits become indiscernible. In the unifie
theory this behavior is seamlessly accommodated int
single, all-encompassing formalism.

In the discussion of the migration of electronic excit
tion, imprecise usage of language is rife. The problems
often difficult to circumvent, as the simplicity of~2.1! fails to
convey the subtlety of the mechanism it describes. Re
nance energy transfer is accommodated by the creation
annihilation of a virtual photon and fundamentally entails
interaction of the~vacuum! radiation field with both A and B.
The dictates of the time–energy uncertainty princip
coupled with the short photon propagation time, preclude
physically intuitive assumption that the photon creation o
curs at A first. Consequently it is necessary to recognize
transfer pathways whose quantum amplitudes must
summed to properly formulate the unified RET descriptio
These transfer pathways can be represented by a s
sequence diagram as shown in Fig. 2. Tracing the lo
pathway; the virtual photon is created at the donor A a
annihilated at the acceptor B. The upper path depicts
opposite case where the virtual photon is created at B
annihilated at A~see the figure legend!. As both paths lead to
the same final state, the theory of RET requires a summa
of the corresponding quantum amplitudes. Even though
former amplitude associated with the lower pathway b
comes dominant as the donor–acceptor separation incre
the latter upper pathway can never be entirely discounted
this respect, to envisage the photon carrying the excita
‘‘departing’’ from A and ‘‘arriving’’ at B sanctions an unjus-
tified semantic prejudice—as it excludes the latter mec
nism. Moreover when the intricacy of transfer systems
creases~by the inclusion of more donors and/or accepto
vide infra!, although we still seek a description of theoverall
transfer, it ceases to be correct to ascribe a precise direc
ality to energy propagationduring the process, both due t
its ultrafast nature and also the accessing of virtual molec
states. Overall transfer generally proceeds by a variety
pathways, the totality of the effect being described by a s
of the corresponding quantum amplitudes.

To circumvent the semantic imprecision identifie
above, we introduce the concept of aninteraction-pair.
Trivially for resonance energy transfer itself, the interactio
pair is defined by the two species which exchange a virt
photon in the terms laid out above. The interaction-pair

e
-

l

FIG. 2. State sequence diagram for RET. Donor A and acceptor B
represented by circles on the left and right of each box, respectively. Exc
state species are shaded black, ground state species are unshaded. Th
ence of a virtual photon is indicated byf.
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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6715J. Chem. Phys., Vol. 116, No. 15, 15 April 2002 Four-center energy transfer
written and ordered as AB. As neither A nor B accesses
tual molecular states during RET, it is correct to say th
overall, energy is transferredfrom A to B. However by rep-
resenting the process as AB we recognizeboth the time-
orderings involved in the virtual photon exchange enabl
the transfer shown in Fig. 2. To this end we anticipate a
obviate problems which otherwise arise in complex ene
transfer systems.

A. Three-center energy transfer „3CET…

Interaction-pair notation proves its value in more co
plex, higher order energy transfer processes. Three-ce
~twin-donor! energy transfer, the subject of a number of
cent theoretical works,36-43 is described in a similar manne
to ~2.1! by the nonchemical equation;

Aa1Bb1C0 ——→
3CET

A01B01Cg. ~2.2!

The basic photophysics of 3CET are illustrated in Fig.
Again we neglect excitonic delocalization, an assumption
revisit in the Discussion, Sec. V. The twin-donor process
known to proceedvia an amalgam of three mechanism
First, a cooperativemechanism36 may be described as th
resultant of the two interaction-pairs AC BC. As before, n
tation here indicates that electronic excitation energy is tra
ferred between initially excited donors A and B and the
ceptor C by two virtual photon couplings; one between A a
C, the other between B and C. However both transfers oc
concertedly, not in a stepwise manner. The experimenta
irresolvable simultaneity is manifest in the dual registrat
of chromophore species C within AC BC, indicating that t
acceptor plays a pivotal role in both interaction-pairs. T
number of interactions a species is subject to is equal to
number of appearances each species makes in the w
interaction-pair description. If this number exceeds one,
chromophore necessarily accesses virtual electronic state
the case of C above, its dual appearance denotes a
photon acceptor transition. Furthermore its positioning as
second species in both pairs AC and BC indicates that
interaction has the symmetry character of two-photon
sorption. This is borne out by the quantum amplitude for
cooperative mechanism exhibiting a dependence on
second-rank tensor describing the behavior of C.37

In addition to the cooperative mechanism, three-cen
energy transfer may also proceed by twoaccretive
mechanisms,38,39denoted by the interaction-pairs AB BC an
BA AC, respectively. Here B~in the former! and A ~in the
latter! act as bridging species facilitating the overall 3CE
process given in~2.2!. The dual presence of B in the forme
and A in the latter, indicates a two-photon interaction for

FIG. 3. Idealized dendrimeric system showing the essential photophysi
3CET.
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and A, respectively. Unlike the cooperative mechanism,
species common to both interaction-pairs appear secon
one and first in the other. In AB BC for example, B is pos
tioned second in AB and first in BC, such configurations a
indicative of the role of B in a scattering-type interactio
Full details of the ensuing quantum electrodynamical cal
lations are presented elsewhere.36-40,42 Recently, general
three-center transfer theory has been adapted to accoun
the effect of a large, nearby static dipole on the rate
RET.44

B. Four-center energy transfer „4CET…

Our main focus in this paper is four-center energy tra
fer. Again in the style of a nonchemical equation, the 4C
interaction may be expressed as

Aa1Bb1Cg1D0 ——→
4CET

A01B01C01Dd, ~2.3!

with a cartoon of the process shown in Fig. 4. As in the c
of three-center energy transfer described in Sec. II A,
single mechanism adequately describes the overall en
transfer between the four interacting chromophores. Ind
the various couplings which facilitate the interaction give
pathways which can be partitioned into four categories~see
below!. Figure 5 illustrates exemplars of pertine
interaction-pair sets for each 4CET category.42 Due to the
multitude of processes and pathways involved, 4CET off
the examplepar excellenceto illustrate and exploit the
interaction-pair concept.

For descriptive purposes, Fig. 5~a! can be identified as a
purely cooperative~coop! mechanism akin to that seen i
three-center energy transfer. The figure depicts the only
of interaction-pairs yielding acoopmechanism. Specifically
these are AD, BD, and CD with the overall mechanism w
ten as AD BD CD. Here the notation indicates that the qu
tum amplitude for thecoop mechanism invokes a three
photon interaction tensor for species D. It is thecoop
mechanism that clearly shows the role of D as a trap, wh
excitation is exclusively deposited from the donors. Figu
5~b! depicts one of six accretive/cooperative~acc/coop!

ofFIG. 4. Idealized dendrimeric system showing the essential photophysic
4CET.

FIG. 5. A depiction of showing interaction-pairs~connected by dotted lines!
involved in exemplars of 4CET. The general system comprises the do
ABC ~anticlockwise from the top! with acceptor D in the center. Categorie
are ~a! coop, ~b! acc/coop, ~c! coop/acc, ~d! acc.
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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mechanisms, designated as such since energy moves
accretive manner between~in this case! interaction-pairs BC
and CD, species C adopting the bridging role; concurren
the pairs AD and CD can be conveniently viewed as a co
erative component. Five furtheracc/coopmechanisms may
be documented by permuting the two donors in the accre
element interaction-pairs. Continuing, Fig. 5~c! exemplifies
one of three cooperative/accretive~coop/acc! mechanisms
BA CA AD; here BA and CA can be viewed as a cooperat
constituent with the AD interaction-pair providing the acce
tor excitation. The second and thirdcoop/accmechanisms
involve permutation of the species paired with D. Fina
Fig. 5~d! signifies a purely accretive~acc! mechanism. Here
the illustration shows the interaction-pairs BC CA AD, wi
the other five pathways involving permutation of all thr
donors. A comprehensive list of categories, mechanisms
interaction-pairs is given in Table I.

III. THEORY OF 4CET

When developing a theory to describe energy trans
mechanisms amenable to multichromophore arrays,
more specifically dendrimers, it is sensible to utilize t
framework of molecular quantum electrodynami
~MQED!.45 Quantum electrodynamics affords a descripti
of the interaction of light and matter in which both a
treated quantum mechanically.46,47 It is, of course, one of the
most successful models in modern physics,48 and full quan-
tization of the system constituents distinguishes QED fr
both fully classical and semiclassical theories. The mess
ger particle of electromagnetic interactions in QED is t
photon, a concept with no analog in semiclassical the
Phenomena such as spontaneous emission, the Lamb s49

and the Casimir effect50–52 can only be satisfactorily ex
plained by QED.53

In dealing with systems comprising slow-movin
charges~such as molecules and atoms! the nonrelativistic,
noncovariant form of quantum electrodynamics
sufficient.54–56Working in the Coulomb gauge proves adva
tageous as its representation of a purely transverse ele

TABLE I. Explicit categories, mechanisms and interaction-pair sets
4CET. Superscripts denote pictorial representation of mechanism in Fi

Category Mechanism Interaction-pairs

coop 14a AD BD CD
acc/coop 14b AD BC CD

2 AD CB BC
3 BD AC CD
4 BD CA AD
5 CD AB BD
6 CD BA AD

coop/acc 14c BA CA AD
2 AB CB BD
3 AC BC CD

acc 14d AB BC CD
2 CB BA AD
3 AC CB BD
4 CA AB BD
5 BC CA AD
6 BA AC CD
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field aids the adoption of a multipolar formalism, casting
interactions in terms of the exchange of purely transve
photons.57 In the present application, the electric-dipole a
proximation is made as molecular dimensions are smal
comparison with the wave length of the transferred exc
tion, and all salient transitions are electric-dipole allowed
is relatively straightforward to accommodate magnetic
poles, electric quadrupoles and higher order effects of b
kinds,45 but for our purposes the electric-dipole approxim
tion is sufficient.

The transition amplitudeMFI for a system progressing
from an initial stateuI & to a final stateuF& can be described
by a time-dependent perturbation theory series expressib

MFI5^FuTuI &. ~3.1!

In Eq. ~3.1!, T represents the transition operator, explicit
cast as the following expansion in the interaction Ham
tonianH int :

T5H int1H int(
R1

uR1&^R1u
EI2ER1

H int

1H int(
R1

uR1^R1u
EI2ER1

H int(
R2

uR2&^R2u
EI2ER2

H int1... . ~3.2!

Here uRm& represent virtual states summed over a comp
basis set and denominator termsEN denote the unperturbe
energy of system stateuN&. In the Coulomb gauge, the quan
tum electrodynamical interaction Hamiltonian45 is a linear
sum of the interaction HamiltoniansH int

j for all neutral, elec-
tronically distinct speciesj in the system. Thus

H int5(
j

H int
j . ~3.3!

The coupling of each interaction-pair entails twoH int
j opera-

tions, so that even order terms,n52q in ~3.2!, represent a
(q11)-center energy transfer system. Thus we look to
sixth order term in~3.2! for four-center energy transfer with
j5A,B,C,D. In the electric-dipole approximation,

H int
j 52e0

21m~j!•d'~r j!, ~3.4!

where m(j) is the electric-dipole moment operator asso
ated withj andd'(r j) is the electric displacement field op
erator at position vectorr j . Each system stateuN& comprises
matter and radiation parts and is written in full as

uN&5umolN&uradN&[umolN ;radN&. ~3.5!

Here, radiation states relate only to virtual photons. On
plication of ~3.4!, m(j) operates upon the matter states e
bedded withinuN& andd'(r j) upon the radiation states. F
nally, d'(r j) is expressible as a mode expansion:

d'~r j!5 i(
k,l

S e0\ck

2V D 1/2

$e(l)~k!a(l)~k!eik•rj

2ē(l)~k!a†(l)~k!e2 ik•rj%, ~3.6!

where e(l)(k) is the polarization vector associated with
photon of wave vectork and polarizationl, ē(l)(k) being its
complex conjugate;a(l)(k) anda†(l)(k) are the photon an-
nihilation and creation operators, respectively, andV is an

r
4.
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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arbitrary quantization volume. Note that Eq.~3.6! represents
the vacuum development ofd'(r j). Extensive effort has
been undertaken to develop a theory that encompasse
electronic effects of any intervening medium.58–61The tech-
nique involvesdressingthe coupling virtual photon. As a
result the medium-dressed photons~polaritons! are quanta of
a dynamical sub-system comprising the radiation field a
the medium. The formalism is intricate and, in order
clarify the already complex calculations presented here,
vacuum expansion is adopted for both presentational
physical transparency. A straightforward prescriptive a
proach to the modification required by a polariton formu
tion is described elsewhere.62

In the calculational implementation of Eq.~3.1! using
~3.2!, each application of the interaction Hamiltonian~3.4!
can be designated anindexrunning up ton, the total number
of indices involved in any overall interaction. For example
conventional resonance energy transfern52 ~one interaction
at each member of the pair!. Indeed any interaction-pair nec
essarily entails two indices for the virtual photon creati
and annihilation events. For a calculation of the compl
quantum amplitude~3.1!, a summation over all possible in
dex permutations~commonly regarded as time-ordering!
must be undertaken. The total number of time-orderings
any mechanism, such the energy migration systems u
discussion here, isn!. For example, RET involves two~2!!
time-orderings, evident in Fig. 2. The process next highes
complexity, 3CET, entails the exchange of two virtual ph
tons yielding 4 indices and 24~4!! time-orderingsper trans-
fer mechanism. Thus 72 time-orderings are generated,
each for the single cooperative and two accret
channels.36,37,40For four-center energy transfer three virtu
photons are involved yielding 720~6!! index permutations
per mechanism. As the total number of mechanisms is
the total number of time-ordering permutations enlisted
the overall 4CET quantum amplitude is 11520. Due to
sheer number of contributions, the traditional calculatio
method of representing each index permutation by a tim
ordered diagram is inadequate when tackling such a prob

A solution to this problem is offered by a new diagram
matic technique that involves mapping the indices as
thogonal unit vectors in ann-dimensional hyperspac
~n-space!.63 In such a representation only the number ofin-
dividual indices has significance; the exact form of each
teraction has no importance. For example, photophys
processes such as Raman scattering and resonance e
transfer both occur in 2-space and prove isomorphic, as e
entails two distinct matter–radiation field interactions. T
mechanisms of four-center energy transfer involve six d
tinct indices and their permutation is represented by
6-space network~see Fig. 6!. The network is constructed b
combinatorial development of six orthogonal unit vecto
and takes the form of a six-dimensional hypercube.63 In
6-space, all the 4CET mechanisms are isomorphic with
nonlinear optical process of 6-wave mixing,64,65 where all
photons are real and there is no frequency degeneracy.

Any single mechanism of four-center energy transfer
volves a unique set of three interaction-pairs~see Table I!.
Each of the six ensuing matter–radiation field interactio
Downloaded 07 Jul 2010 to 139.222.114.178. Redistribution subject to AI
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may be mapped as an index and their permutation descr
by the 6-space network of Fig. 6. This basic structure for
the blueprint ofstate-sequence diagrams36,38,63~exemplified
by Fig. 2! which describe the quantum physics of speci
processes. From Eq.~2.2.1! the initial and final states o
4CET are

uI &[ur 0
1&5uAa,Bb,Cg,D0;0,08,09& ~3.7!

and

uF&[ur 6
1&5uA0,B0,C0,Dd;0,08,09&, ~3.8!

respectively. Equations~3.7! and ~3.8! employ the hyper-
space vertex labeling systemr k

m detailed in Ref. 62 and the
matter states follow the notation of Eq.~2.1!. Naturally, vir-
tual photons are absent from the~real! initial and final radia-
tion states. However, in order to use the same structure
the state vector of intermediate states the potential pres
of up to three virtual photons is recognized by including
08 and 09. When each of the indices which generate Fig. 6
associated with a fundamental 4CET interaction, each ve
in this figure corresponds to a 4CET system state. The de
of each such state depends on the interaction~index! permu-
tation required to access it. To construct a state-seque
diagram for a specific mechanism is now a matter of writi
down all the states accessed, ordered by their connectivit
in Fig. 6. As each 4CET mechanism comprises a different
of fundamental interactions their transposition into 6-spa
result in unique state-sequence diagrams. In turn each s
sequence diagram embodies 720 time-orderings. Quan
amplitudes given in the following sections have been o
tained by explicit identification and summation of all val
paths through these diagrams.

FIG. 6. Hyperspace network mapping the permutation of 6 unique indi
The number of stepsk and hyperspace numberh ~see Ref. 53! are the
abscissa and ordinate, respectively.
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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FIG. 7. State sequence diagram for the cooperative mechanism for 4CET. Species represented in the boxes are ABDC~clockwise from the top-left!. Notation

additional to that introduced in Fig. 2;1 and 2 represent first and second virtual matter states~ujx& and ujx8& in the main text! andfn serves as a virtual
photon label. Each of the 720 paths from left to right carries the same information content as one time-ordered diagram. Note that the connectivitydentical
to Fig. 6.
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A. Cooperative 4CET

For the mechanism ofcooperativefour-center energy
transfer, sketched in Fig. 5~a!, the blueprint of Fig. 6 is used
as a guide in construction of the state-sequence diag
shown in Fig. 7. Each of the 720 paths through Fig. 7
equivalent to a single time-ordered diagram of the conv
tional method. It is obvious that the state-sequence appro
offers substantial advantages over conventional technique
its conciseness; it also considerably expedites the quan
amplitude derivation.

By reading the matter and radiation states from the s
tem state boxes in Fig. 7~see the legend! the pertinent infor-
mation may be extracted and deployed in the sixth or
Downloaded 07 Jul 2010 to 139.222.114.178. Redistribution subject to AI
m
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-
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perturbation term of Eq.~3.2!. The summation over virtua
states is accomplished by adding the contribution from e
path traced across Fig. 7. Calculation of the quantum am
tude forcoop four-center energy transfer~or any other type!
is a lengthy process. Concisely, the procedure involves
identification and summation of numerous partial fractio
the conversion of virtual photon wave vector sums to a thr
dimensional~3D! continuous integral, the use of tensor ca
culus to effect each polarization sum and subsequent solu
of the resulting integral by the Residue Theorem. The me
ods mirror those used in the much simpler RET process—
for example Refs. 34, 45, 48 and 62. Following this proc
dure, the quantum amplitude results in a form which may
written as
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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M f i
coop5m i

0a(A)Vi j S Ea0
A

\c
,RDADmk

0b(B)VklS Eb0
B

\c
,RDBD

3mm
0g(C)VmnS Eg0

C

\c
,RDCDb j ln

d0(D) . ~3.9!

Equation~3.9! introduces two properties of the chromopho

j. One is the transition dipole momentmjr 6
1
jr 0

1
(j), of the gen-

eral form,
at
nd

h
II

a

,
n

in

Downloaded 07 Jul 2010 to 139.222.114.178. Redistribution subject to AI
mjr 6
1
jr 0

1
(j)[^j r 6

1
um(j)uj r 0

1
&. ~3.10!

Where three radiation–matter interactions occur at a sin
species, as above at the trap D, a three-photon interac

tensorbjr 6
1
jr 0

1
(j) is also generated. The presence of such

factor was foreshown by the interaction-pairs describing
coopmechanism~AD BD CD! containing three occurrence
of D. Such tensors govern the form of any three-photon
teraction and take an explicit ‘‘hyperpolarizability’’ form ex
pressible as
b i jk
jr 6

1
jr 0

1
(j)~E(1),E(2),E(3)!5(

x,x8
H m i

jr 6
1
x8m j

x8xmk
xjr 0

1

~E
jr 0

1
x

j
1E(3)!~E

jr 0
1
x8

j
1E(2)1E(3)!

1
m i

jr 6
1
x8mk

x8xm j
xjr 0

1

~E
jr 0

1
x

j
1E(2)!~E

jr 0
1
x8

j
1E(2)1E(3)!

1
m j

jr 6
1
x8m i

x8xmk
xjr 0

1

~E
jr 0

1
x

j
1E(3)!~E1x8

j
1E(1)1E(3)!

1
m j

jr 6
1
x8mk

x8xm i
xjr 0

1

~E
jr 0

1
x

j
1E(1)!~E

jr 0
1
x8

j
1E(1)1E(3)!

1
mk

jr 6
1
x8m i

x8xm j
xjr 0

1

~E
jr 0

1
x

j
1E(2)!~E

jr 0
1
x8

j
1E(1)1E(2)!

1
mk

jr 6
1
x8m j

x8xm i
xjr 0

1

~E
jr 0

1
x

j
1E(1)!~E

jr 0
1
x8

j
1E(1)1E(2)!

J , ~3.11!
ed

-
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ng-

,

f

e is

d
, B
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f the
ecies
airs
with the species in question accessing virtual matter st
ujx& and ujx8&. Furthermore the argument on the left a
denominators on the right of~3.11! contain energy factors
cast in the energy difference notation;

E
jr 0

1
jr 6

1
j

5E
jr 0

1
j

2E
jr 6

1
j

, ~3.12!

along with energy terms specific to each relevant mec
nism,E(n), exact expressions for which are given in Table
Finally the energy conservation identity,

Ea0
A 1Eb0

B 1Eg0
C 5Ed0

D 5\ck, ~3.13!

allows proper interpretation of the energy denominator d
included in Table II.

Also introduced in Eq.~3.9! are three fully retarded
index-symmetric electric-dipole–electric-dipole interactio
pair tensors which can be written in universal form as

Vi j ~p,Rjj8!5
eipRjj8

4pe0Rjj8
3 $~12 ipRjj8!

3@d i j 23~R̂jj8! i~R̂jj8! j #2~pRjj8!
2

3@d i j 2~R̂jj8! i~R̂jj8! j #%. ~3.14!

TABLE II. Energy factors for three-photon interaction tensors involved
4CET.

E(1) E(2) E(3)

b0a(A) 2\ck Eb0
B Eg0

C

b0b(B) 2\ck Ea0
A Eg0

C

b0g(C) 2\ck Ea0
A Eb0

B

bd0(D) EA
a0 Eb0

B Eg0
C

es

a-
.

ta

-

Equation ~3.14! exhibits the physical properties associat
with transfer of energy\cp between the interaction-pairjj
with a mutual displacement vector;

Rjj85Rj2Rj8 . ~3.15!

In viewing ~3.14! as controlling the energy migration be
tween the interaction-pair, the unification in the QED theo
of resonance energy transfer is evident. The short- and lo
range limits ofVi j (p,Rjj8), whenpRjj8!1 andpRjj8@1,
respectively, accommodate both the Fo¨rster-type~Rjj8

23 de-
pendence! and radiative~Rjj8

21 dependence! transfer.32

B. Cooperative Õaccretive 4CET

Alongside the result ofcoop four-center energy transfer
the category ofcoop/accmechanisms@the interaction-pairs
BA CA AD, depicted in Fig. 5~c!# is also cast in terms o
hyperpolarizabilities exemplified by Eq.~3.11!. The three in-
teractions occur at species A, and the quantum amplitud
given by

M f i
coop/acc15m j

d0(D)Vi j S Ed0
D

\c
,RDADmk

0b(B)VklS Eb0
B

\c
,RABD

3mm
0g(C)VmnS Eg0

C

\c
,RACDb i ln

0a(A) , ~3.16!

where the exact form ofb i ln
0a(A) is given by ~3.10! in con-

junction with the information in Table II. The second an
third coop/accpathways can be generated by permuting A
and C in~3.16!. Note that such permutation entails not on
interchanging species labels but also the designations o
associated excited states, relaxation energies and intersp
vectors, paying particular heed to the sets of interaction-p
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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Downloaded 07 Jul 
TABLE III. Energy factors for two-photon interaction tensors involved in individual categories and me
nisms~Cat. Mech.!. In each case such a tensor describes the behavior of two species~M1 and M2!. Interaction-
pairs ~IP’s! are shown explicitly to emphasize that the notation echoes the tensor form~see the main text!.

Cat. Mech. IP’s M1 E(4) E(5) M2 E(4) E(5)

acc/coop1 AD BC CD D E0b
B 1E0g

C E0a
A C 2E0b

B 2E0g
C E0b

B

2 AD CB BD D E0b
B 1E0g

C E0a
A B 2E0b

B 2E0g
C E0g

C

3 BD AC CD D E0a
A 1E0g

C E0b
B C 2E0a

A 2E0g
C E0a

A

4 BD CA AD D E0a
A 1E0g

C E0b
B A 2E0a

A 2E0g
C E0g

C

5 CD AB BD D E0a
A 1E0b

B E0g
C B 2E0a

A 2E0b
B E0a

A

6 CD BA AD D E0a
A 1E0b

B E0g
C A 2E0a

A 2E0b
B E0b

B

acc 1 AB BC CD B 2E0a
A 2E0b

B E0a
A C Ed0

D E0g
C 2Ed0

D

2 CB BA AD B 2E0g
C 2E0b

B E0g
C A Ed0

D E0a
A 2Ed0

D

3 AC CB BD C 2E0a
A 2E0g

C E0a
A B Ed0

D E0b
B 2Ed0

D

4 CA AB BD A 2E0g
C 2E0a

A E0g
C B Ed0

D E0b
B 2Ed0

D

5 BC CA AD C 2E0b
B 2E0g

C E0b
B A Ed0

D E0a
A 2Ed0

D

6 BA AC CD A 2E0b
B 2E0a

A E0b
B C Ed0

D E0g
C 2Ed0

D
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involved in each pathway. For example the quantum am
tude for a secondcoop/accpathway, where donor B unde
goes the three-photon transition, is given by

M f i
coop/acc25m i

0a(A)VikS Ea0
A

\c
,RBADm l

d0(D)Vjl S Ed0
D

\c
,RDBD

3mm
0g(C)VmnS Eg0

C

\c
,RCBDb i jn

0b(B) . ~3.17!

In ~3.17! the relevant substitutions into the matter tens
and the energy transfer tensor arguments have been m
These account for the implications of the mechanism co
prising interaction-pairs AB CB BD.

C. Accretive 4CET

In addition to categories comprising mechanisms wh
quantum amplitudes are governed by ‘‘hyperpolarizab
ties,’’ are those dependent upon another type of tensor
mechanisms where two virtual photon interactions occu
any species behavior is described by a ‘‘polarizability.’’ Fir
take theacc mechanism~AB BC CD! depicted in Fig. 5~d!,
which yields the quantum amplitude

M f i
acc15m i

0a(A)Vi j S E0a
A

\c
,RBADa jk

0b(B)

3~2E0a
A 2E0b

B ,E0a
A !VklS E0a

A 1E0b
B

\c
,RCBD ,

3a lm
0g(C)~Ed0

D ,E0g
C 2Ed0

D !Vmn

3S Ed0
D

\c
,RDCDm i

d0(D) . ~3.18!

Equation ~3.18! features two examples of the generaliz
polarizability:

a i j
jr 6

1
jr 0

1
(j)~6E(4),6E(5)!5(

x

m i
jr 6

1
xm j

xjr 0
1

E
jr 0

1
x

j
6E(4)

1
m j

jr 6
1
xm i

xjr 0
1

E
jr 0

1
x

j
6E(5)

,

~3.19!

with the signs of energy terms in the argument and deno
nator following the convention introduced for hyperpolar
2010 to 139.222.114.178. Redistribution subject to AI
i-

s
de.
-
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,
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abilities. The further fiveacc mechanisms are generated b
permutation of A, B and C in Eq.~3.18!. All ‘‘polarizabil-
ities’’ in this category contain one positive and one negat
argument term, reflecting the nature of energy input and o
put described by the tensor. Eachacc four-center energy
transfer mechanism involves excitation movement akin
single-photon scattering processes, as opposed to two-ph
absorption or emission. For example, in Eq.~3.18! the
scattering-like polarizabilitya jk

0b(B)(2E0a
A 2E0b

B ,E0a
A ) con-

nects two interaction-pairs AB and BC, with B adopting t
role of a bridge ~as seen in bichromophore and multichr
mophore arrays!.8–11

D. Accretive Õcooperative 4CET

The final category of four-center energy transfer~acc/
coop! contains both accretive and cooperative facets, sim
to that described in Sec. III B. We recognize an analog
accretive channelling between donors occurring simu
neously with a cooperative interaction centred on the tr
henceacc/coop. Figure 5~b! ~with interaction-pairs BC CD
AD! engenders the matrix element;

M f i
acc/coop15m i

0a(A)Vi j S E0a
A

\c
,RDAD

3a jn
d0(D)~E0b

B 1E0g
C ,E0a

A !VklS E0b
B

\c
,RBCD

3a jk
0g(C)~2E0b

B 2E0g
C ,E0b

B !Vmn

3S E0b
B 1E0g

C

\c
,RDCDmk

0b(B) , ~3.20!

where a jn
d0(D)(E0b

B 1E0g
C ,E0a

A ) is a two-photon absorption
analogue of the general polarizability~3.19!. The two
interaction-pairs that are conjoined by D are AD and B
with the acceptor D clearly exhibiting its properties as a tr
A full set of polarizability denominator energies, revealin
the precise forms of two-photon interaction tensors for e
mechanism, is given in Table III.
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E. Rate of 4CET

To conclude the calculation, the rate of four-center e
ergy transferG is determined by use of the Fermi Golde
Rule:66

G5
2p

\
uM f i

4CETur f , ~3.21!

wherer f is the density of states for the acceptor, determin
by the vibronic structure of its excited state, and

M f i
4CET5M f i

coop1(
j 51

3

M f i
coop/acc j1 (

k51

6

M f i
acc/coopk

1(
l 51

6

M f i
accl , ~3.22!

with representative examples of the amplitude constitue
given by Eqs.~3.9!, ~3.16!, ~3.18!, and~3.20!. The remainder
are generated from the data in Tables II and III, yielding
full quantum amplitudeM f i

4CET. Note that the rate contain
256 individual contributions, due to the squaring in~3.21!.
Explicitly these contributions comprise 16 diagonal term
each relating to the square modulus of an individual pathw
and 240 off-diagonal terms which represent quantum in
ference between mechanisms. Pairing complex conju
terms leaves a total of 136 distinct contributions to the ra
However, by recognizing the selection rules and symme
associated with many real systems, the number of non
terms can be drastically reduced.

IV. SYMMETRY CONSIDERATIONS AND MECHANISTIC
RESTRICTIONS

In the general theory of multiphoton interactions, gro
theory is a powerful tool. The use of simple symmetry arg
ments readily permits the determination of allow
transitions—see, for example, Ref. 67. Such methods h
also proved invaluable in the analysis of multicenter trans
processes. For three-center energy transfer in ionic crys
the validity of mechanistic pathways has been tested for s
cific lattice architectures using irreducible tensor calcu
techniques.40 In the following, four-center energy transfe
systems will be shown to be equally amenable to appraisa
a similar manner. In the idealized dendrimeric structure
picted in Fig. 8, each dendron comprises a rank three B
lattice68 of chemically and electronically identical dono
units ~termed A, where A is either A, B or C of the theor
section! connected to an electronically and chemically d
tinct core species~the acceptor ‘‘trap’’ D!. Assuming that all
interconnecting bonds are equivalent and that the wh
structure is planar, species D sits in a site of local symme
described by the point groupD3h . We also assume that en
ergy transfers only from the nearest neighbor donors A wh
sit in a C2n site ~higher generation species further out in t
lattice occupyingD3h sites!.

The group theoretical technique of irreducible Cartes
tensor analysis was borne out of excited state studies in m
tiphoton spectroscopy.69–71 Tensors of ranks one, two an
three are manifest for both donor and trap species in
quantum amplitudes of 4CET systems—see Eqs.~3.9!,
Downloaded 07 Jul 2010 to 139.222.114.178. Redistribution subject to AI
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~3.16!, ~3.18!, and~3.20!. Each such tensor comprises sum
of terms transforming as products of polar vector~transition
electric dipole! components. Tensors of rank 2 and abo
may be represented in terms of sums of irreducible repre
tations. For the general two-photon interaction tensor
~3.19! we may write the decomposition:45

a i j
jr 6

1
jr 0

1
(j)~6E(4),6E(5)![a i j 5a i j

(01)1a i j
(11)1a i j

(21) ,
~4.1!

where the even-parity weight 0, 1 and 2 parts~a i j
(01) , a i j

(11) ,
and a i j

(21) , respectively! transform under the full rotation
inversion group O(3,r )72 as a scalar, an antisymmetr
pseudovector, and a traceless symmetric second-rank-te
respectively. Moreover, each term of weightj has (2j 11)
independent components.

Similarly the odd-parity three-photon interaction tens
~3.11! can be written as a sum of irreducible parts of weig
0 to 3 as73

b i jk
jr 6

1
jr 0

1
(j)~E(1),E(2),E(3)!

[b i jk5b i jk
(02)1b i jk

(1a2)1b i jk
(1b2)

1b i jk
(1c2)1b i jk

(2a2)1b i jk
(2b2)1b i jk

(32) . ~4.2!

Explicitly weight 0 transforms under the full rotation
inversion groupO(3,r ) as a fully anti-symmetric pseudo
scalar; the three weight 1 contributions as polar vectors;
two weight 2 terms as traceless, index symmetric seco
rank tensors; and the weight 3 as a traceless, fully in
symmetric third-rank polar tensor. Each multiphoton tran
tion to a state whose symmetry is referred to a given po
group can be classified as either forbidden or allowed w
regards to that symmetry. For any allowed multiphoton tra
sition, it is necessary that the response tensor must posse
least one nonzero element. The criterion for this rule to
satisfied is that the product of the irreducible representati
of the initial and final matter states of the chromophore m
be spanned by one or more components of the tensor.74

A. Implications for the acceptor

In the category ofcoop transfer the rank 3 tensor ass
ciated with the trap is totally index-symmetric, reducing
number of independent components and hence the numb

FIG. 8. Innermost structure of stylized, Bethe lattice-type dendrimer
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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contributions to~4.2!. The weight 0 and weight 2 terms con
tain full or partial contractions ofb i jk with a three-
dimensional, antisymmetric Levi-Civita epsilon tensor, an
hence vanish.67 Thus the irreducible form of~3.11! is simply
expressible as

b ( i jk )5b ( i jk )
(12)1b ( i jk )

(32) , ~4.3!

where the bracketed subscripts indicate index symmetry
b ( i jk )

(12) represents a sum of the weight 1 components in~4.2!.
As both weight 0 and weight 2 are zero forb ( i jk ) , transitions
from totally symmetric ground states to states of symme
A19 are forbidden, as extensively discussed elsewhere.67 All
other transitions are allowed, as shown in Table IV.

For the acc/coopmechanism the acceptor response
controlled by a two-photon tensor that displays no ind
symmetry, as expressed by Eq.~4.1!. Here trap transitions to
states of symmetryA19 andA29 are forbidden by the selectio
rules. Finally in both thecoop/accand acc categories the
acceptor undergoes a single photon interaction which res
in its uptake of the total excitation energy within the syste
As such, access to states of symmetryE8 and A29 are al-
lowed. Table IV shows the full irreducible representati
combinations of allowed transitions for the trap in aD3h site
for each 4CET category.

B. Implications for the donors

In the coopmechanism the donor species undergo o
single-photon transition dipole moment decay interaction
see Table V. Thus in theC2n point group only transitions
from states of symmetryA2 are precluded—in thecoopcat-
egory, it is immediately obvious that this is the only contro
ling condition. For donor species participating in four-cen
energy transfer categories other thancoop, determination of

TABLE IV. Allowed tensor weight combinations in 4CET for trap species
a D3h site. Rows correspond to excited state representations. In this n
tion, N6 denotes the tensor rank and parity followed by allowed wei
combinations in parenthesis.

D3h coop acc/coop coop/acc acc

A18 32$3% 21$02% – –
A28 32$3% 21$1% – –
E8 32$13% 21$2% 12$1% 12$1%
A19 – – – –
A29 32$13% – 12$1% 12$1%
E9 32$3% 21$12% – –

TABLE V. Allowed tensor weight combinations in 4CET for donor speci
in a C2n site. For categories other thancoopboth columns must have entrie
for a decay transition to be permissible between excited states of the g
symmetry and a totally symmetric ground state.

C2n coop acc/coop coop/acc acc

A1 12$1% 12$1% 21$02% 12$1% 32$123% 12$1% 21$02%
A2 – – 21$12% – 32$023% – 21$12%
B1 12$1% 12$1% 21$12% 12$1% 32$123% 12$1% 21$12%
B2 12$1% 12$1% 21$12% 12$1% 32$123% 12$1% 21$12%
Downloaded 07 Jul 2010 to 139.222.114.178. Redistribution subject to AI
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whether a transition is allowed or not is a little more compl
astwo criteria need to be simultaneously satisfied for a tra
sition to be allowed.

In the coop/acccategory the three-photon matter tens
displays kl index symmetry, reducing the total number
independent components from 27 to 18. The associated
resentation reduces as follows:

b i (kl)5b i (kl)
(1a2)1b i (kl)

(1b2)1b i (kl)
(22)1b i (kl)

(32) . ~4.4!

As can be seen from Table V, valid donor transitions must
both 1-and 3-photon allowed; the absence of a weight ze
term in this case has little bearing on overall transition v
lidity as access to all state symmetries in theC2n point group
are still permitted. Alongside Eq.~4.4! however, the behavior
of the other two donors depends upon the single-photon t
sition dipole moment. Therefore the single-photon rules
lineated for thecoop category dominate the analysis, pr
cluding only transitions to states of symmetryA2 .

The two-photon tensors for donor species in 4CET
hibit no index symmetry, due to the difference in ener
balance associated with the salient interactions. Howeve
theacc/coopandacccategories, not only is a nonzero weig
21 combination required to be allowed but also weight 12

needs to be supported. This is due to different representa
of donor species A having to undergo both 1- and 2-pho
transitions to facilitate the energy transfer in each categ
~In a similar manner two donors undergo 1-photon tran
tions and a single donor a 3-photon transition in thecoop/acc
category.! Table V lists all pertinent allowed transition infor
mation for the donor species. In summary, even though tr
sitions fromA2 states are both 2- and 3-photon allowed th
are forbidden by all mechanisms because of the constra
of the 1-photon election rule

V. CONCLUSION

In this paper we have presented the different catego
of four-center energy transfer and the individual mechanis
which can effect such a process. The quantum amplitude
Eqs. ~3.9!, ~3.16!, ~3.17!, and ~3.19!, combined with the in-
formation in Tables II and III, allow full expression of th
physics of 4CET. Tabulated energy denominator informat
can be used in conjunction with data from spectrosco
studies to suggest new synthetic routes toward multich
mophore systems specifically designed to undergo 4C
The group theory study undertaken at the end of the pa
allows the prediction of valid transfer pathways for a
given excited state symmetry of both the donor and acce
species. In building suitably accommodating macromole
lar systems, the excited and ground state symmetries of
donors and acceptors must be taken into account in orde
secure a nonvanishing probability of energy transfer.

In the development of theory we have not explicitly e
tertained the possible effects of excitonic coupling and
delocalization of excitation between dendrimer branches
the initial state of the four-center system at the heart of t
work, all three donors are simultaneously excited and
lack of degeneracy means that the essential photophysi
correctly represented without regard to such issues. Sim
remarks apply to our previous studies of three-center ene

ta-
t
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transfer.36–40,42Coupling and delocalization do however b
come significant when the number of participant donors
ceeds the number of elementary excitations. For a triad
donors, Frenkel exciton formation is possible when one
two excitations are present; the role of such excitonic sta
on multicenter transfer is an avenue we are curren
investigating75—also see the other recent work on the ex
ton dynamics in such systems.76,77

As a means of excited state relaxation, the conce
transfer of energy from all donors to the acceptor as per
~2.3! is of course just one possibility. Indeed, 4CET m
have to compete with a variety of donor decay proces
according to the relative disposition of energy levels. To r
ognize the potential interplay of other decay routes re
that, for each four-center energy transfer path, nonene
conserving virtual excited states are accommodated by
hyperpolarizabilities and polarizabilities, Eqs.~3.11! and
~3.19!, respectively. These states are generally associ
with lifetimes which are immeasurably short, as determin
by the principle of quantum uncertainty—but when suitab
positioned in energy, such states can become significa
populated and exhibit measurable decay. With finite lifetim
for the intermediate states, stepwise rather than conce
transfer can ensue, affording opportunities for competing
laxation processes such as singlet—singlet annihilation.
example when intermediate donor excitations co-exist at
nor species@as in the accretive mechanisms of Figs. 5~b!,
5~c!, 5~d!# singlet–singlet annihilation can quench immedia
delivery of energy to the acceptor, energy levels permitti
The cooperative mechanism@Fig. 5~a!# however remains free
from such competition.

In conclusion, the above theory offers a valid framewo
amenable to the representation and quantification of b
concerted and stepwise excitation transfer in dendrimeric
multichromophore arrays. This, combined with the symme
analysis, yields a framework within which to build such sy
tems with the goal of observing the four-center energy tra
fer effect.

ACKNOWLEDGMENTS

The authors would like to thank the Engineering a
Physical Sciences Research Council for a grant to sup
this work.

1D. Kuciauskas, P. A. Liddell, S. Lin, T. E. Johnson, S. J. Weghorn, J
Lindsey, A. L. Moore, T. A. Moore, and D. Gust, J. Am. Chem. Soc.121,
8604 ~1999!.

2R. van Grondelle, J. P. Dekker, T. Gillbro, and V. Sundstro¨m, Biochim.
Biophys. Acta1187, 1 ~1994!.

3S. Speiser, J. Photochem.22, 195 ~1983!.
4M. N. Berberan-Santos and B. Valeur, J. Chem. Phys.95, 8048~1991!.
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