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Resonance energy transfer: The unified theory revisited
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(Received 4 March 2003; accepted 14 April 2D03

Resonance energy transfdRET) is the principal mechanism for the intermolecular or
intramolecular redistribution of electronic energy following molecular excitation. In terms of
fundamental quantum interactions, the process is properly described in terms of a virtual photon
transit between the pre-excited donor and a lower enéugually ground-stajeacceptor. The
detailed quantum amplitude for RET is calculated by molecular quantum electrodynamical
techniques with the observable, the transfer rate, derieedpplication of the Fermi golden rule.

In the treatment reported here, recently devised state-sequence techniques and a novel calculational
protocol is applied to RET and shown to circumvent problems associated with the usual method.
The second-rank tensor describing virtual photon behavior evolves from a Green’s function solution
to the Helmholtz equation, and special functions are employed to realize the coupling tensor. The
method is used to derive a new result for energy transfer systems sensitive to both magnetic- and
electric-dipole transitions. The ensuing result is compared to that of pure electric-dipole—
electric-dipole coupling and is analyzed with regard to acceptable transfer separations. Systems are
proposed where the electric-dipole—magnetic-dipole term is the leading contribution to the overall
rate. © 2003 American Institute of PhysicgDOI: 10.1063/1.1579677

I. INTRODUCTION energy hopping dynamics in several such systems designed
N to mimic biological antenna complex&$.1°This area repre-

In numerous photosensitive systems, resonance energynts a benchmark for research into systems exhibiting RET,
transfer(RET) mediates a redistribution of electronic energy anq already a striking success has been reported in the cre-
following UVivisible excitation. Fundamentally the same ation of a complete artificial photosystéfhat a lower level
mechanism effects the migration of excitation energy fromst mojecular complexity, relatively simple bichromophore,
pre-excited donors to suitable acceptors across a host @fynor—acceptor molecules provide environments within
these chemically different systems—in which the constituyyhich energy migration is readily observed; such molecules
ents may comprise individual molecules, ions or chro-paye peen the subject of a number of reviéws? Notable
mophore sites in biomolecular and other macromolecular a%3mongst more complex, multichromophore systems are
semblies. RET is a key phenomenon observed in ”at“r%lyclodextrinéoﬂand other, multiporphyrin array-24Den-
light-harvesting complexes, accounting for energy hoppingGyiimers also feature prominently in recent research; these
betweler; chlorophyll molecules in the photosynthetic unityighy pranched macromolecules comprise chromophores
(PSU™™—and thereby representing an essential componer,iaq in fractal or other highly symmetric geometfand
of life chemistry. In such complex, naturally occurring sys- o interest has focused upon energy transfer from their
tems, it has become possible to determine the detailed M@y qritic constituents to photoactive cofé®endrimers dis-

lecular structures. For example, studies on bacterial photomay a variety of photophysical effects resulting from in-
systems have elucidated the structures for reaction centers ﬂﬂamolecular resonance energy transfer, including photo-

Rhodopseudomonas$Rps) viridis,® the peripheral light- isomerizatior?”28 light-harvesting®2° and directed energy

harvesting complex oRps acidophila”® and the Fenna— ansfer or funneling® The high symmetry of many such
Matthews—Olson protein complex in the green sulphur bacy, iichromophore arrays offers new investigative routes and

terium Prosthecochloris aestuarfi In the case of higher ocent research has demonstrated preferential channeling in-
plants and algae there have also been notable SUCCESSRHyving exciton stated

in determining the light-harvesting complexes and chloro-
, 012 - :
phyll arrangement in Photosystent’r.'* These investiga- fer is most acute in connection with photosynthesis and en-

tions, amongst others, are proving useful for Vivo  grqy harvesting, this by no means circumscribes other appli-

investigations—and also for the informed development of.,tions For example, the popularly termed “spectroscopic
detailed molecular models for photobiology.

Iels _ ruler” (fluorescence resonance energy transfer, FRET,
The structural elucidation of key components in many\hich delivers information on intramolecular distances

photosynthetic systems has been timely for the developmenf,seoq on application of the basic equations of RET, is now

of synthetic light-harvesting analogues. Modern pulsed lasefq tinely used as an adjunct in protein structure determina-
techniques have afforded a detailed characterization of thg,, RET is also observed in such diverse materials as levi-

tated microdroplets® lanthanide-doped lattice§ conjugated
dElectronic mail: d.l.andrews@uea.ac.uk polymer chain¥ and both interlayer and intralayer transfer

Although scrutiny of the role of resonance energy trans-
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in Langmuir—Blodgett(LB) films*®~%2—and it has recently technique. It is also shown that it is unnecessary to fully

been linked with vibrational energy redistribution in water. restrict the results by classical arguments and that a single

A wealth of diverse information can be ascertained fromequation can accommodate both mathematical and experi-

analysis of such processes; in LB-films alone, their study hamental rigors. In Sec. 1V, the new method is applied to RET

afforded new insights into interlayer structufé$®modified  engaging both magnetic and electric transition dipoles. Simi-

transfer dynamics in restricted geometri8> and both lar problems to those noted in Sec. lll are identified and a

substraté®*” and micellar/surfactant effect&. Against the means found for their circumvention. Finally, in Sec. V, the

backdrop of intense research and development it is timely toverall rate of energy transfer including both magnetic and

revisit the theory which describes this fundamental pairwiseelectric effects is analyzed. Each term is examined and situ-

(donor—acceptgrinteraction. ations are discussed where electric—magnetic coupling pro-
Over subnanometer distances, donor—acceptor energgdes the leading rate contribution.

transfer commonly displays a rate characterized by a nega-

tive exponential dependence on the pair separation. Attribl—I THEORY

uted to anelectron exchangevolving wave function over- '

lap, this mechanism was first formulated by Dexter in the  The fundamental process of RET, in a donor—acceptor

1950s to account for the phenomenon of sensitizednteraction-pair AB may be represented by the simple

luminescencé’ In its connection with special cases of elec- nonchemical equation;

tronically associated multichromophore systems the ex- RET

change mechanism has more recently been the subject of A“+B%——— A%+ BA. 2.9

much discussion by Scholes, Ghiggino and CO'WOFR%@- Here, superscripts denote donor and acceptor states, greek
Our concern is with energy transfer between electronicallyetters indicating the relevant electronic excited states and 0
|ndependent donor—accep'For moieties, beyond significan,q ground state. Equatiof2.1) does not depict a conven-
wave function overlap. Until the late 1980s, when a resuryjong| chemical reaction ananly illustrates electronic states
gence of interest culminated in a fresh development Ofyefore and after RET. In the unified theory description, the
theory, such RET was widely considered to proceed by ongqypjing of donor and acceptor transitions is mediated by the
of two distinct mechanisms. In the short-rangenoscale  ropagation of a virtual photon. These messenger particles
separation regimea radiationlesstransfer mechanism exhib-  cannot be directly detected:; in this respect the virtual photon
iting an inverse sixth power distance dependence was dgissumes a role similar to that of virtual electronic states in-
duced by the eponymousbrster.” In the long-range(pair  yqlved in scattering process&The virtual photon formula-
separations exceeding optical wavelengtheadiative, pho- o entails summation over all possible wave-vectors and
ton emission-capture process yielding the familiar inversgojarizations, just as virtual molecular states invoke a sum-
square law was thought to operftethe latter mechanism mation over energy levels. At relatively small interaction-
attested by the reabsorption of photons in optically thickpajr separationéthose within normal Ester limit§ photon
samples.’ In a unified theoryformulated by Andrews and time of flight is short and a large uncertainty in the system
co-workers in a series of works ®® the radiationless and energy is present. However, as the interaction-pair separate
radiative mechanisms were identified as the short- and longhis uncertainty is reduced, effectively imposing on the vir-
range asymptotes of a single mechanism. Based on quantuijal photon an increasingly real character uitilthe regime
electrodynamics (QED), and following ground-breaking of radiative transfervirtual traits become indiscernible. In
quantum mechanical work by Avefyand Gomberoff and principle even seemingly pure radiative photons retain some
Power’* the unified theory establishes energy transfer as irtual character associated with time-energy uncertainty. “In
process mediated by the propagatiorvifual photons op-  a sense every photon is virtual, being emitted and then
tical quanta whose character becomes progressively “realsooner or later being absorbeff'In the unified theory this
and energy conserving as their propagation dista@r®  behavior is seamlessly accommodated into a single, very
hence lifetimg increases. simple but all-encompassing rate equation.

It is the main purpose of this work to explore difficulties .
and alternative calculational strategies in the quantum treato—" Molecular QED formalism
ment, and to extend the theory by full inclusion of magnetic-  Recent developments in the tools of molecular quantum
dipole interactions. The analysis begins in Section Il with aelectrodynamics have led to a more accurate depiction of
synopsis of the development behind RET theory and its forvirtual photon behavior. No process involving virtual states
mulation in the framework of molecular QED; RET is then can adequately be represented using energy level diagrams,
reappraised from a contemporary viewpoint utilizing a re-as is well known. However the time-ordered diagrams con-
cently formulated state-sequence technique. By developingentionally adopted for such purposes, constructed from
the quantum amplitude in terms of a Green’s function, it isworld-line segments and departure/arrival conjunctions, fail
shown how different approaches to the ensuing calculationto meaningfully represent the virtual photon coupling of an
can lead to divergences in the final results. In Sec. Il thanteraction-pair. The messenger has indefinite wave-vector,
standard residue theorem and boundary condition approadbr example, and in this alone the pictorial representation is
to the Green's function calculation is presented and deconincorrect. Moreover the associated machinery becomes enor-
structed. A new method is then introduced and shown tanously cumbersome when applied to more complex, intri-
obviate significant problems related to the residue theorersately coupled energy pooling systefi#\ very recently de-
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energy ofiry), Errkn, comprises a sum of radiation and matter
/0 energies—the latter a sum of contributions from all partici-
pant speciesEfm. Using the notation of2.2) the isoener-
k
getic initial and final states, now denoted ) and|r3)
® O ce respectively, can be written as
Ir&y=|AB%0(p,\)) 2.3
O¢o and
r3)=|A°B%0(p,\)). 24

FIG. 1. State-sequence diagram for resonance energy transfer, Aasor ) o
represented by the circle on the left of each bBxhe circle on the right.  Note that the photon occupation number of the radiation state

Shaded circles show a ground state species in the excited state; other circigs zero; the virtual photon with integration-variable wave-

represent a specieg; depicts a virtual photon. vector p and polarization\ is not present in the initial or
final system-states since both are of effectively infinite life-
time and thus have no energy uncertainty. Given El%t

veloped hyperspace description of molecular QED_pgA, EB jndE 1=EA+EB the important energy identity
: . @ 0 r 0 B
circumvents these and other problems—not only in connec- 2

tion with energy transfer and gssociateq multiphoton pro- EQOZEEO:ﬁck (2.5
cesses but also nonlinear optics—and it is this approach
which is adopted hereaftét. follows, where Ack is the total transferred energy and

In the hyperspace representation, every process is firﬁfm(rg,),:Efm— Efrﬂq),. Returning to Fig. 1, the lower route,

. f P . k k
categorized in terms of the number of matter-radiation intery,here virtual photon creation occurs/Atproduces a virtual

actions it entails; RET is described by the state-sequencgsiem-state characterized by a state-sequence box represent-
diagram of Fig. I(see Ref. 55 for a full gxplanatlmnTrgcmg ing the ket|r})=|A%B%1(p,\)) and energyE,1=EA+ES

the lower pathway; the virtual photofits presence in the - oot

system symbolized by) is created af and annihilated &B. +_ﬁcp. Similarly th.e. upper path, where virtual photon cre-
The upper path depicts the case wheris created aB and ation occurzs aB, Shc[:;.ts the state-sequence box regres%ntmg
annihilated afA (see figure legendas is also consistent with the ket [r})=|A"B"1(p,A)) and energyEri=Ea+EB

the time-energy uncertainty basis for conventional time or-+#%Cp.

derings. As both paths lead to the same final, isoenergetic AS the total number of matter-radiation interactions in
state, calculation of the full RET quantum amplitude requireRET is 2, the quantum amplitudé}y;, is calculated from
their summation. Even though the lower pathway contributhe second term of an expansion in time-dependent perturba-

tion becomes overwhelmingly dominant as interaction-paittion theory. Explicitly

separation increases, the upper pathway can never be entirely 2 <r1|H» e (T, |r1)
discounted. In this respect, to envisage the virtual photon .= > 217 7intl7 1737 117 7inti” 0 (2.6)
only departing fromA and arriving atB sanctions an unjus- m=1 Er(l)— Erfln

tified semantic prejudice—as it excludes the latter mecha- . _ o .

nism. As RET is essentially the relocation of electronic ex-Which introduces the interaction Hamiltoniah,, given by
citation energy within an interaction-pairpoth time

orderings shown in Fig. 1lare involved. Although itisnotour  Hp=—gy'> m(é)- d*(Ry) (2.7
concern here, the causality of energy transfer is also of con- ¢

siderable mteresf_f while other ongoing work is affording i, the electric-dipole approximation. Present in expression
a detailed quantification of the relative contributions of each(2.7) are two operators; the electric-dipole moment operator

path to the overall rate resuft ‘y(g) operating on molecular stat¢g L“) and the transverse

In Fig. 1 all states are represented by system-state box e?ectric field displacement operath(Rg) operating on

which exemplify products of matter and radiation states. A}radrm> The latter, evaluated for the position 8f(R,), is
general statér,') may be represented as K ’ _ &
usually written as the mode expansion

Ire) =TT 1¢W)rad ) =Imaty)lracis)=|matirady),

gohcCp
2

1
Y, )2{6”(p)a‘”(p)é”f

2.2 dl(Rf):i% (

where k is the number of steps across the state-sequence = 00 CipR
diagram, andm is a state labéi® The state of(2.2) follows —eM(p)a’™( p)e P T, 2.9
the detailed notation introduced in Ref. 65 and is used hergheree™ (p) is the polarization vector of a virtual photah
in this elementary case to introduce concepts which prove t;ith wave-vectorp and polarization\, €M (p) being its
greatly simplify calculations involved in higher-order cases.complex conjugatea®™ (p) anda™®)(p) respectively are an-
The matter constituent a2.2) entails a product of the rel- pihjlation and creation operators fé andV is an arbitrary
evant electronic stateSk of all participating specie§. The  quantization volume. The vacuum form d'f(Rg) used for
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present purposes does not directly engage media effects, M?Q(A)MﬁO(B)

their inclusion here obscuring the key emergent issues. fic= 28’ fp(éij—f)if)j)

Nonetheless it should be noted that extensive effort has been 0

undertaken to develop a theory encompassing the electronic ePR iR g3

effects of any intervening mediufi-"2 A straightforward X k—p Ry p](27r)3' (2.19

prescriptive approach to the modification required by this
formulation is described elsewhéfeand may easily be ap- Converting this integral to spherical coordinates,

plied to the results obtained below. d®p= p?dpdQ and with
Recognizing the states and energies introduced earlier, 1
for electric-dipole—electric-dipolde—e) resonance ener a o Fip _ *ip-
transferM{;® IO(2 6 becomeS'IO wee ¥ | Pibe® RdQ__ZViij e PRda, (2.19
I ’ . ’
oo (r3[HidrD)(rilHidrg) a change of variables allowg.15 to be expressed as
fi =
(E;1i—E;1) O0a(A)  BO(B) 2m 1 [
(13l Hind ) (rE Hindr3) 4o oo
, (2.9 PR a-ipR
(B=Er2) e T 4 dicoshyd 217
k—p " “k=p p d(cosf)d . .

where the first and second terms embody the upper and ) ) ) )
lower paths of Fig. 1, respectively. By the application of Eqs.Pérforming the angular integration gives

(2.5), (2.7), and(2.8), on (2.9, MiOa(A),upO(B)
fe=—— 5 (~V?;+WV)G(KR), (218
M= (2e0V) 1Y pa™(p)efM(p) 2meo
PA introducing the Green’s functio®(k,R) defined by
pl P pfo®eirR ) 0a(A) | B0 g ip-R = sinpR( 1 1
k—p * “k—p : G(k,R)ch R (k_p+_k_p]dp. (2.19

(2.10 Various methods may be employed to resdi2e 9, and the

In the new notatiom(r?)'rkm@):(g(rkm)'|ﬂ(§)|§f?) is a tran- fpllowing section reappra_\ise:_; thg traditiomedm_tour integ_ra-
sition dipole moment aniR=Rz—R, the intermolecular t|on? methodology, hlghllgh_tlng its shprtcomlngs Qnd intro-
separation vector. Also the convention of summation oveflucing a new method offering a solution to associated prob-
repeated Cartesian indices is implemented. lems. o

The wave-vector and polarization summations which [t is well known thatG(k,R) satisfies the Helmholtz
need to be implemented i2.10 can be achieved following €duation
the techniques of Craig and Thirunamachandfaxtending — (V24 k)G, = 8(R), (2.20

the boundaries of the quantization volume we recognize that h Gk h link
each lattice point im-space represents a realizaplwector ~ WhereGk=G(k,R) and, as such, represents a link between

and the wave-vector sum may be converted to an integral gaassical and quantum thinking on wave propagaff’ddpon ,
Voo first inspection, the Helmholtz equation delivers harmonic,

R-dependent solutions to the wave equation with the virtual
1 d3p photon wave-vectop adopting the role of the Helmholtz
v > = f (2m)° (2.1) Fourier variable. However this conclusion relies upon the
P limVo—ee & conceit of imposing the outgoing-wav&ommerfeld radia-
The polarization sum is tackled by using the sum rule tion) boundary condition which ensures that the solution rep-
resents a physically realizable source, i.e., from initial con-
lialja=ij (2.12 ditions effectively localized in a finite region of spaeln
wherel;, is the cosine of the angle between an axis in thePoth classical and semiclassical descriptions, envisaging a
|ab0rat0ry frame(denoted by roman |etter$nd one in an WaVefront emanating from the donor Of'fel’S a Conceptua”y
independent framégreek letters Choosing the orthogonal Pleasing view of RET. In QED however it is only the lower
frame Sete(l)(p), e(z)(p) and p as the independent frame path of F|g 1(repl’esenting Only one Component of the quan-

gives tum amplitude that fits this model; it does not represent the
(1) fd) @) =f2) . behavior of the upper path. In the following it is shown that
e (p)e;(p) +e”(p)ej”’(p) + PiPk= dij , (213 enforcing the Sommerfeld condition imposes a superfluous

so that the polarization sum can be expressed as constraint and limitation on the QED form of the result.

; ei(x)(p)glfx)(p) =8 Pib; - (2.14 Ill. ANALYSIS OF THE RET GREEN'S FUNCTION

We now present a juxtaposition of methods for solving
Implementing(2.11) and(2.14), M{;® is rewritten as Eqg. (2.19. Previously tackled by use of the residue theorem
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Imp in which the dipole—dipole interaction is cast in terms of an
intermolecular transfer tensoW;;(k,R). Explicitly this
T — index-symmetric, fully retarded tensor is
C - - elkR _ o
P4 > Vij(k,R)= ~{(1-ikR)(8;—3RR))
C,/ > ~ |~ [ megR
o o~ ‘\.‘/ o ‘\‘ 22 A A
7 p=-k /‘\‘ p=+k 3 Rep —k R(5|J_R|RJ)}, (34)
Cy e b
C25 > i encompassing radiationless and radiative limits as its short-

and long-range asymptotes, respectively. In the short-range
_ . . . 73 .

FIG. 2. Contours available for solution of the Green’s function. All here are(near zong this coupllng tensor, dlsplays ar d|§ta"nce

anticlockwise and closed in the upper imaginary plane. dependence, though the terms linear and quadrat®iim-

creasingly modify the behavior aR increases. The term

“near-zone” in practice indicates intermolecular distances

below R~100 A (i.e., small compared to the characteristic

and proving considerably problematic, here we introduce %ptical distance& 1) where the radiationless limit of energy

new method based on the use of special functions whicly, qfer gominates. AR increases, retardation effects be-
satisfactorily deals with the emergent issues.

come more prominent and in the long-range limikR(
>1), Eq.(3.4) is dominated by th&® ! term, bringing the
_ ] radiative mechanism to the fore. These are key features of
A. Contour integration method the unified theory.

The solution of the Green’s functiof2.19, which ex- The transfer tensoW;(k,R) can be decomposed into
hibits poles atp= =Kk, is traditionally performed using the real and imaginary parts so that
residue theorem. The choice of contour has been the subject
of much discussiofvide infra). Conventionally two obvious Vii(k,R)=ojj +iT; . (3.9
choices present themselvéb:to integrate using semicircles ) o
closed to infinity in the upper or lower complex planes, seel e real part, derived fror,, is given by
Fig. 2; (i) alternatively to shift the poles infinitesimally up or L
down and integrate along the real axis. Initial investigations o7 = (47&oR%) ~*{(coskR+kRsinkR)(8;; —3RR;)
by Craig and Thirunamachandr&hperformed the integra-
tion on an anticlockwise conto@, closed in the upper com-
plex plane. This identified the principal value as

—k2R2 coskR(8; —RiR))}. (3.6

This is the result reported by Craig and Thirunamachandran
m COSkR which holds for the near-zone regirffeThe imaginary part

GkR)=-—¢ BD s revealed by the use &,,

Note that using clockwise conto@; closed in the lower B g A
complex plane yields an identical result. Takinc%g\?e radiative  7ii = (4meoR”) " {(sinkR—kRcoskR) (6 — 3RiR;)

limit (kR>1) of (3.1), reveals an unverifiable oscil- 12R2 o _ PP

lation in the rate. Subsequent work by Andrews and Sher- KR SINKR(8; —RiRj)}- 3.7
borne investigated the merits of all four possible integrationhe addition of(3.7) to (3.6) through(3.5) extends the result
contours illustrated in Fig. 2 Closure ofC; andC, in the  to all post-overlap distances. Note that Ref. 58 displays an
upper complex plane gives further solutions which are comincorrect form of(3.7). -

plex conjugates of each other. The now generally accepted Work by Andrews and Juzelas® added credence to

result, as chosen in Ref. 58, is that associated ®ith the choice of contour above, deriving an identical result
through inclusion of imaginary addenda in the form of the
G(k,R)=— zeikR (3.2) interaction Hamiltonian(2.7). The addenda effectively shift
1 R L .

the poles away from the real axis so that a closed integration

which satisfies the outgoing wave conditi¢though note ~ contour along the real axis nt_acessarily encloses a_pole in
that results from botiC; andC, equally give correct behay- €ither the upper or lower imaginary plane. By choosing the
ior of the observable, which goes as the modulus squared &nticlockwise, upper plane semicircle3.2) arises. Math-

the quantum amplitude resulEquation(3.2) is the Green's  €matically, however, there is no justificatioanly adoption
function associated with a classical outgoing waveOf the outgoing wave conditionto preclude a clockwise
disturbanceé? semicircle which encloses the lower plane pole. In this re-

Completion of the vector calculus i2.18 on (3.2 re-  SPect, all results ultimately derived from the residue theorem

sults in an expression for the complete RET quantum amp”[eflect essentially classical ideas. This issue will be fully ad-
tude expressible as dressed in the following section where the quantum electro-

dynamical description of RET is rewritten, properly account-
e—e_ Oa(A) BO(B) . . .
M5 "= i OV (KGR p (3.3  ing for its key quantum mechanical effects.
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B. New method

An alternative method for solving the integral (.19

Resonance energy transfer 2269

Si(X) +si(—x)=—r.

(3.19

Similarly, the cosine integral is also expressible in series

entails a substitution expressing the result in terms of specighrm as
functions. This technique avoids the use of contour integra-

tion in the complex plane which, as seen above, not only .
: Lo Ci

produces multiple answers but also has drawbacks in higher-

order problems involving more than one virtual photon

(where it can initially yield integrands without even

symmetry.2° As the new method can be applied to any inte-
grand arising from a state-sequence diagram path, it proves a Ci(—x=*i0)—Ci(x)=In(—1)=*xim,

more durable alternative.
The Green’s functior{2.19 can be expressed as a sum
of two integrals with the limitp=[0,]

» sinpR o
G(k’R):fo R(k—p)dm—jo

Making the substitutions= pR—kR in the first integral and
s=pR+kR in the second gives
ds) .

1 ( Joc Sin(kRH)dH
—kR
(3.9

sinpR

R(—k—p) 9P

(3.9

G(kR)= J:Rsm(—kRJrs)

R t

(_1)aX2a
m |argx|$7-r, X<,

(3.1

(X)=y+Inx+ >,
a=1

wherey is Euler’s constant, indicating tHae?

(3.17

where the infinite summations andconveniently cancel and
the logarithm of a negative real number is taken as the
Cauchy principal value. Inserting Eq8.15 and(3.17) into
(3.13 yields
a .

G(k,R)=—Ee*'kR, (3.18
which embraces the accepted resul{2®) and also its com-
plex conjugate, discarded in previous analyses.

The crux of this is that the outgoing wave approximation

represents an untenable prejudice towards results of classical
form—a device widely used by previous authors to bring a

Expansion of the numerators enables the integrands to R@iantum model into line. The structure (f.4) shows that

written solely as a function of the dummy variables, thus

©

sinka
—kR

) * COSS * sins
—sm(kR)f —ds+cos(kR)f —ds).
kR S KR S

©

G(k,R)=—

cost sint
R Tdt+coska —dt

_kr

(3.10

These integrals are expressible in terms of the cosine integr

Ci(x) and the shifted sine integral g). These special func-

the product of the donor transition moment and the interac-
tion tensor, u?*™V;;(k,R), suggests a classical outgoing
wave-vector field—though it is equally legitimate to regard
the quantum amplitude as cast in terms of a product of the
interaction tensor with the acceptor transition moment,
Vi (k,R) uf°® . However,u?*™V;;(k,R) represents a field
which only approaches a transverse nature with respdgt to
in the long rangeKR>1). In any other separation regime—
gnd especially in the near-zonkR<1), the field has com-
ponents both transverse and longitudinal, as defined with re-

tions, oscillatory with convergent amplitude, are definegSPect toR. One needs to recall that the virtual photon field

ad182
% COosu
Ci(X): —f Tdu, (31])
and
* sinu
Si(X): —f Tdu (3.12)

Note that ax— o, Ci(x)=si(x)—0. Substituting3.11) and
(3.12 into Eq. (3.10 gives the requisite Green’s function
expressed as

sinkR )
G(k,R)=— T[ Ci(kR)—Ci(—kR)]

oskR )
+ R [si(kR)+si(—kR)]. (3.13
Noting that the shifted sine integral has the serie
expansiof!
T > (_l)aX2a+l
S0==5+2 Garnizarn: K== (14

it follows that

(2.9 is precisely transverse with respect to the propagation
vector p—serving to emphasize that those photons are not
confined to propagate directly from to B.

After performing the necessary vector calculus a new,
complete, form for the coupling tensor is given by

+ikR

Vi (k,R)= {(1*ikR)(8;;—3RR))

47reyR3
—k2R%(5; - RiR))}. (3.19

Commonly the negative sign is taken(119, however both
choices of sign are perfectly acceptable. It follows from
(3.19 that its imaginary part

7 = (4meR®) ~H{ F (sinkR—kRcoskR) (8 — 3RR))
(3.20

displays the ambiguity in sign, whereas the real part of

+k?R?sinkR(8;;— RiR))},

%/ﬁ(k,R) is identical to that given in3.6). In passing we

also note that the near-zone behaviof&f.9 mirrors that of
Coulomb’s law for an instantaneous interaction between
transition electric dipoles, i.e., following 3. The ambigu-
ities in the quantitiesu{*™V;; (k,R) and V;; (k,R)u{°®
signify thatVﬁ(k,R) describes both incoming and outgoing
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waves—accommodating both state sequentiese order-
ings) as a correct quantum description should. It is important L o 1
not to lose sight of the fact thatif(k,R) is part of a quan-
tum amplitude, a convenient construct but not a measurable

So long as the observable offers an accurate model of exper;
mental data, then ambiguity at the quantum amplitude leve
is perfectly acceptable. This point is discussed further in

Sec. V.

IV. ENERGY TRANSFER INVOLVING “NQeOK- ’
MAGNETIC-DIPOLE INTERACTIONS

The above discussion has focused on cases where tifG. 3. Modified version of Fig. 1, solid and dotted lines depict electric and
transitions of both donor and acceptor moieties are electrichagnetic interactions, respectively.
dipole in character. However, magnetic-dipole interactions
also need to be addressed. Their effect, usually observed only
indirectly in interactions involving chiral species such as op-  Applying similar methods to those employed in the pre-
tical rotation® circular dichroisr® and circular differential ~ceding section, the cross-term paths, which comprise a mix-
scatterin§® is weak, and energy transfer processes are usuure of solid and dotted lines, are quantified by the quantum
ally dominated by electric-dipole contributions. Here we de-amplitudes M§"+M{~®; we have two terms, the first
velop the theory behind these interactions in light of thewhere electric-dipole interactions occur at the donor and
advances of Sec. Ill, and we offer circumstances where sudmagnetic at the acceptor, and a second illustrating the con-

interaction may dominate. verse. Explicitly
To examine the effects of magnetic-dipole interactions in )
resonance energy transfer we expand the interaction Hamil- e-m \m-e_ —ik R{ 1,0%(A) 1 80(B)
o - . ) fi fi = eikRidu m;
tonian introduced in E¢2.6) to include terms accommodat 2meC
ing couplings of the donor and acceptor transitions with both OulA)  BO(B
electric and magnetic fields. Equatié®7) is now +mP P fO®LG (k,R), 4.3

. i where the transition magnetic moment is given by
Hint:_§:2AB {eg p(&) - d (R)+m(&) bR}, (4D ) KO = (£ |m(£)| &%) and a new Green’s function,

_ - o G'(k,R) is
which exhibits both the magnetic-dipole operato¢¢) and
the magnetic field operatd(R,). The latter operator may = 1 p?cospR psinpR
. : G'(kR)= - dp
again be expressed as a mode expansion{2d), 0 k2—p? R R2
L (4.4
i ik \2 R o » o
b(R) =i, 5oV {bM(p)a®™(p)ePRe The derivation of(4.3) utilizes a new polarization sum cast
PA 1480 in terms ofgj;,, the third-rank, antisymmetric Levi—Civita
—bM(p)at™( p)elPRe}, (4.2) tensor,
()\) . . . . . . " A .
where b (p) Is the polarization ve_ctor in the dlre_ctlon of > eM(PbM(p)=gPe( 8 —BiP)=eikPx, (4.5
the magnetic field vector artf™)(p) its complex conjugate. A
The incorporation of magnetic interactions intdy,; in- as follows from b™(p)=pxeM(p) and &jaPii=Px p
creases the number of contributions to the quantum amph—:0 Also the identity
tude of RET. Alongside the pure electric-dipole—electric-
dipole effect quantified by Eq(3.3), both electric-dipole— 1 (. “ip-R _.[cospR sinpR] .
magnetic-dipole é—m) and magnetic-dipole—magnetic- Ef e " dO =i pR - p?R? Ry (4.6)

dipole (m—m) couplings are included.
A slight modification of Fig. 1 accommodates the inclu- is used. Again, as in Sec. ll, there are different methods of

sion of magnetic-dipole interactions. Previously, connectiongesolving the Green’s functiot#.4). Craig and Thirunama-

between system-states indicated an application ofHhe chandran used an integration contour identical to their solu-

given by (2.7), which only accounted for electric-dipole in- tion of (2.19, offering™

teractions. Here each interconnection must also entertain a -

magnetic-dipole interaction. As such the solid line paths in  G’(k,R)= ﬁ(kRCOSkR"‘ k?’R?sinkR) 4.7

Fig. 3 represent the electric dipole coupling and the dotted

line paths the magnetic counterpart. Contributions involvingwhich delivers the imaginary part of the total, all-space so-

magnetic-dipole transitions both in the donor and the accepution. This result was also derived in comprehensive RET

tor give negligible amplitude contributions and so can bework by Scholeset al, which also included quadrupolar

discarded. As a result the cross-terms are the leading correeffects® Each of the integration contours enumerated by An-

tions accounting for magnetic-dipole influence. drews and Sherborne can in fact be used to s@h#; how-



J. Chem. Phys., Vol. 119, No. 4, 22 July 2003 Resonance energy transfer 2271

ever employing the new special functions method expedites reTikR

an all-encompassing result by expressidg) as G'(k,R)= > (1+ikR) (4.19

G’(k,R)=1fx 1 + 1 )(pcospR_ SinpR d (associated with the use of contou@ and C,). Using
2Jo\—k=p k-p R R? (4.15, the quantum amplitude can be written as

4.9

The sine part of the integral is simplyR™1G(k,R), with its
solution given by(3.18, thus

1 *p cospR
+IkR
G'(k,R)= — = +—2R<L—dp

mBO(B) m?a(A)
M= = = — MFO‘B)]Uu(k,m

c
(4.19
which features the fully retarded electric-dipole—magnetic-

k—p dipole interaction tensor, expressed as
~p cospR U”(k R)= p|]+l19”, (4.17
+ fo —k—p dp). (4.9 echoing(3.5). As stated previously, Ref. 74 gives only the
imaginary part, explicitly
Making identical substitutions to those employed {8r9) &
allows conversion to special fu_nctlons as before; here, how = ijk _k(_ kRcoskR—k2R? sinkR), 4.18
ever, the process is not as straightforward. The Green’s func- 4meg R

tion is expressible as a sum of four integrals, thus

G’ (k, R)— e*lkR_ = F cogt+kR)dt
2R? 2R? | J kR

= coqt+kR) o
+ka —dt+f cogs—kR)ds
—kR t kR

—kR

~coss—kR) ds] (4.10

kR

whereas our method reveals an additional real part

+_ Cijk
Pij =

Ry _
— (¥ kRsinkR*=k?R? coskR). (4.19
drey RS
Adding (4.18 and (4.19 gives the total expression for
Uﬁ(k,R) as the following second-rank, antisymmetric ten-
sor:
FikR R
K
Ui (k,R)= ppt 5 (—1kR+ k’R?). (4.20
&g

with the second and fourth integrals performed as before.
However the first and third terms exhibit nonconvergent am-  To expedite the comparisons undertaken in the following
plitudes of oscillation obviating the use of special functions.section, bothU;; i (k,R) and V;; i (k,R) are cast in the same

Explicitly the first and third integrals produce

f cos(t+kR)dt+f cogs—kR)ds
R kR

=cos(kR)[ f:cost dt+ f:coss ds] , (4.11

units, as W|th/u and m/c [c has been included in other ver-
sions of the coupling tensod;; (k R) in some previous
analyse§ Also note that there |s n& 2 term in (4.20 in-
dicating that, in the near-zone limit, any electric-dipole inter-
actions will overwhelmingly dominate. Furthermo¢4.20
affords insight into why static electric- and magnetic-dipoles
do not interact; in the static limit d€=0, (4.20 is zero.

which are solved by introducing a divergent exponential

prefactor to eachg” "' ande 1”13, respectively. Using the
general formula

o a
e~ **cosbxdx= 4.1
Jo a2+ b? 412

it can be verified that
lim cos(kR)[f e*‘7|tcostdt+f e 1scoss ds}=0
y—0 0 0

(4.13

Consequently,
G’ (K, R)— SR e*kR— R{cos(kR)[Ci(kR)—Ci(—kR)]

+sin(kR)[si(— kR) + si(kR) ]} (4.14

and, noting(3.195 and (3.17), the evaluation can be com-
pleted to yield

V. RATE EQUATIONS AND DISCUSSION

An observable for the process of resonance energy trans-
fer (in this case a ratd,) is calculated by use of the Fermi
golden rule®’

2 )

F=7|Mfi| Pt (5.0
where p; is the density of acceptor final states. The overall
transfer quantum amplitudé ¢; ,

Mi=M§ S+M5"+M S+ ME™, (5.2

thus comprises a sum of the contributions from electric and
magnetic interactions.

A. Selection rules

First we note that, in order for all the terms ({5.2) to
contribute, it is necessary that the donor decay transition
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|0)—|a) is both electric-dipole and magnetic-dipole allowed. 75,

This is a criterion that is invariably satisfied wharis chiral N --—-A, R
but is not met wherA is centrosymmetric. For donor mol- N, ——B(k, R)
ecules which are neither chiral nor centrosymmetric, eacho- \\ 2

case is determined by the symmetry of the transition. Similar
remarks apply to the excitation transitig)«|0) in the ac-
ceptor moleculeB. Thus it is possible for situations to arise ¢4 -
where the selection rules dictate that only one of the compo-
nents in(5.2) is nonzero. Although purely magnetic energy
transfer is generally a negligible contributor, its quantum am-, |
plitude, the fourth term in5.2), can result in significant in-
terference terms—especially with the purely electric quan-
tum amplitude, the first terff However in the analysis 55 ' _ ' : ' _
which follows, systems will be envisaged in which this spe- 9 -8 7 -6 -5 4
cific interference is precluded. log,,(R)

FIG. 4. Log—log plot illustrating values fokSR andBSR over appropriate
] transfer distance® k=9x10f m™1.
B. Rotationally averaged rates

Disregarding this fourth term in the quantum amplitude,
we have a maximum of nine rate contributions to be ad-
dressed. First, assuming that both the donor and aCCEptﬂ{/le-‘erMm‘eF: B(k'R){|#A|2|mB|2
transitions are electric-dipole allowed, the pure electric- fi fi oc?
dipole—electric-dipole contribution is given by .
+ B2 mA 2 - 298] [ m
ME M o= [ % P PAK,R), (5.3 (5.5

d\gherelm‘)“(’*)|z|m’*|, |mAO®)|=|mB|. In a similar manner

to (5.3) these contributions are dictated by a new scalar field
dependent ok and R, the e—m excitation transfer function
B(k,R) explicitly written as

after appropriate second-rank rotational averaging metho
have been applie®f. Equation(5.3) introduces the shorthand
notation|u’*®™|=|u?|, | uP°®|=|uB|. Also present is the
e—e excitation transfer functios\(k,R) given by;
. . B(k,R)=U;j(k,R)U;(k,R)
A(k,R)=Vii(k,R)Vj (k,R) . .
=-Ujj(k,R)Uji(k,R)
=————(3+k’R?>+Kk*RY), (5.4
(4meoR%)? - (KR2+KRY). (5.6
(4meoR3)?
a scalar field characterizing tlee-e unified mechanisninote
the short-rang® ® and long-rang&® 2 dependenciesvide
infra). Importantly,A(k,R) carries no ambiguity in sign. The
new technique not only correctly describes the proper qua
tum behavior of RET but also delivers a physically unam-
biguous and observable description of the rate.
Four quantum interference terms (6.1 are the prod-
ucts M{°M§™ and M °M{~® and their complex conju-
gates. The contribution from each of these terms disappearlsnus each substitution dfuf| with [mé|/c, essentially the

as each contains eithar; (k,R)Ujj(k,R) or its complex  replacement of a dipole interaction with a magnetic one, re-
conjugate, leading to the tensor contractieng d;;Rx and  duces the overall rate contribution e-m terms by a factor
sijkﬁei ﬁzj ﬁzk, each of which is zero. That this quantum inter- of between 100 and 1000, even before taking into account
ference term is null indicates that the two types of energythe comparative forms o&(k,R) andB(k,R). For the latter
transfer €—e and e—m) described above do not mix on a comparison, however, it is interesting to measure the two
quantum level. Henceforth we may think of the rate potentransfer functions against each other over appropriate dis-
tially comprising contributions from pure—e, puree—m, tance regimes. Assuming absorption of light at 700 nm, giv-
or purem—e transfer, and this proves fruitful for the ensuing ing k=9x10° m™*, the responses ok(k,R) and B(k,R)
discussion. over distances between 1 nm and 4 are plotted in Fig. 4.

The rate contributions emerging from the electric- From Fig. 4 it can be seen that the functigki,R) and
dipole—magnetic-dipole terms, again after second-rank aveB(k,R) converge in the long-range limkR>1. Applying
aging, are given by this to (5.3) and (5.6) reveals that

In contrast to itee—e analogueB(k,R) lacks anR™~® term—
meaning that, in the near-zone where coupling is strongest,
n(—;-Iectric—magnetic interactions offer only a small correction if
e—e coupling is allowed. Comparison db.3) and (5.5
highlights major differences between the overall rate contri-
butions associated with the two mechanisms. A typical tran-
sition dipole moment is of the order of 1D, two or three
orders of magnitudes larger thamé|/c when |mé|=1ug.
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K4 Expressing the result in terms of vector triple products, in the

AR(k,R)=B"R(k,R)= (5.7  short-range the rate counterpart(f10 is as follows:

(47T80R)2,
2
where the superscript LR indicates the long-range limit. Nec-  |[M§ ™+M[~¢|2= {R-(u*xmB)
essarily, long-range inverse square law behavior emerges;
Eq. (5.7) indicates that it is only the comparative strengths of A AL B2
| u¢| and|mé|/c which are important in determining the rela- FR(MEX p7)} (512
tive significance ofe—e and e—-m (m-e) coupling in the If, for example,within each specie¢A or B) the magnetic-
wave zone. Conversely in the short-range linkiR 1) the  and electric-dipole transition moments are collinear, then, if

4772C283R4

e—e transfer function is given by the transition dipoles and intermolecular vector form an or-
thogonal triad, we automatically preclude p@ree transfer
6 leaving(5.12 as the leading term. Thus
(4meoR?) k2| 2| B2

IM§ ™+ M %)%= (Ca+Cp)%, (513

and thee—m analogue is 477283R4
2k? whereC,| uf|=|mé|/c and® is the angle betweeR and the
m- (5.9  normal to both the_;u_AmB plane atnd;rfB_mA plane. The result
(5.13 shows that it is possible to elicit a response for energy
The ratio ofASR to BSR over a short-range regime isk3/R?  transfer driven by electric—magnetic coupling where
which, between 10 A and 100 A varies from10* to ~10?  transfer is forbidden. Such geometric interaction-pair control
(again usingk=9x10° m~1). This further reinforcee—e  might, for example, be achieved in a suitably nonsymmetric
dominance for Fster-zone transfer—even before taking bichromophore system or a layered Langmuir—Blodgett film.
into account the relative magnitudes|gf| and|mé|/c. To conclude we note that, compared to the usual
electric—electric coupling mechanism, energy transfer medi-
ated by electric—magnetic coupling is extremely weak, being
As has been established above, if the donor and acceptassociated with rates several orders of magnitude smaller.
species involved in energy transfer undergo one-photon trariHowever, in systems where—e coupling is precludedei-
sitions which are both magnetic- and electric-dipole allowedther by selection rules or by geometric arrangeménis
thee—m andm-—e energy transfer mechanisms are generallypossible to envisage experiments based on ultrasensitive
of little consequence as thee-e term dominates—the other fluorescence detection that will, for the first time, enable the
terms offering, at best, a small adjustment to the overall ratelirect detection oe—m mechanisms.
for fluid media. However, ordered systems can be envisaged
in which the mutual orientation of the transfer pair itself
forbids e—e transfer, irrespective of the selection rules. ACKNOWLEDGMENTS
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