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We model the formation and evolution of wrinkles
in a floating elastic sheet under uniaxial compres-
sion. This is a canonical set-up in the study of wrin-
kling, and while its static equilibrium configuration
is well characterized, its dynamics are not. Here, we
focus on modelling the transition from early-time,
inertia-dominated wrinkle growth to late-time gravity-
moderated equilibrium. For an initially flat sheet, an
initial disturbance will first grow at the shortest avail-
able wavelengths, because this requires the least ki-
netic energy, but will subsequently transition to a
longer preferred wavelength that minimizes poten-
tial energy. We observe that the evolving wave pat-
tern must be a spectrum, as opposed to a fundamen-
tal wrinkle mode whose wavelength evolves in time.
Our results demonstrate that changes in the domi-
nant wrinkle wavelength are coupled to a decay in
the compressive force, which is to be expected from
equilibrium theory. As part of this study, we found
that the system must have a dissipation mechanism
in order to evolve into an equilibrium steady state.
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The dominant wrinkle wavelength and compressive force appear to be independent of the
level of dissipation, although it does influence the shape of the wrinkle wave packet, with the
spectrum narrowing as dissipation increases.

1. Introduction

Wrinkles occur in a plethora of real-world scenarios, both naturally and through human engi-
neering. In the natural world, examples include gyrification of the human brain during fetal de-
velopment [1-3], growth-induced buckling of epithelial cell layers [4-6] and the formation and
expansion of biofilms [7-9]. In engineering, wrinkles can be used to redirect light [10,11], mod-
ify surface properties [12] or facilitate flexibility in electronic components [13]; these wrinkles
can be formed by, for example, compressing a sheet that is attached to a substrate. In all cases,
wrinkles form because they are an energy-efficient mechanism for a material to accommodate ex-
cess length or area, and the wrinkle formation occurs at an emergent wavelength that balances
the competing forces within a given system. In particular, the bending stiffness of the sheet it-
self resists high-curvature (short-wavelength, small-amplitude) configurations, while substrate
stiffness, tension and curvature along wrinkles, and confining walls, all resist large-displacement
(long-wavelength, large-amplitude) configurations. More complex patterns can also be generated
through biaxial confinement; for example, the shrinking associated with curing or drying [14] and
the stresses induced by forcing a naturally curved surface to be flat [15] can both lead to visually
striking multi-directional wrinkles.

The competing effects that determine wrinkle patterns offer routes for controlling pattern se-
lection. For example, decreasing the stiffness of the sheet and increasing substrate stiffness will
both act to decrease the characteristic size of the wrinkles, while modifying applied forces gives
opportunities for tuning the wrinkle pattern in a given sheet-substrate system [16-18]. The general
rule for wrinkle wavelength selection is neatly summarized in the literature [16-18] as

. D*\ /4

A_m(ﬁ) (1.1)
in equilibrium, where D* is the bending stiffness of the material and K* is a resisting stiffness,
which is equal to density x gravity if the substrate is a hydrostatic fluid, and can be adapted for
more complicated scenarios. Allowing for dynamics introduces an additional layer of questions:
how does a wrinkled configuration evolve to its equilibrium state, and what are the factors that
control this evolution? Experimental investigations have pointed to viscous dissipation, substrate
inertia and sheet inertia as additional factors that can affect how wrinkles evolve towards their
final state [14,19,20]. Processes like polymer curing motivate studies where wrinkling is dynamic
owing to a viscous substrate [14]. For example, compression of a thin elastic sheet on a lubricated
layer can be described mathematically and yields wrinkles whose wavelength grows slowly in

time t* according to [21]
g\
i o (_) , (12)
log t*

while for an elastic sheet on a viscous half-space, Draux ef al. [22] suggest
¥ (F)13, (1.3)

with a possibility of a logarithmic correction as in equation (1.2). Practically, a tri-layer system
composed of a pre-stretched elastic base, a viscous layer and a thin elastic sheet gives a route for
probing viscosity-mediated wrinkling experimentally [23]. When the pre-stretch in the base elastic
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layer is released, liquid in the viscous layer is pulled inwards, which in turn drags the thin layer
on top inwards, inducing wrinkles whose development must displace the viscous fluid further.
Wrinkle localization and ridge formation can also occur [24,25].

While the scenarios mentioned in the paragraph above are viscosity-dominated, in other sce-
narios, the dynamics of wrinkle formation over a fluid are affected by inertia. Indentation of a
floating sheet is one example of a system where this can be studied. Indentation of the sheet cen-
tre induces hoop stresses that in turn drive the formation of spoke-like wrinkles; for quasi-static
indentation, the wavelength of these wrinkles decreases as the indentation increases [26-28]. At
high indentation speeds, the inertia of the fluid delays the formation of large-wavelength wrin-
kles, and so at early times, the wrinkle wavelength grows from vanishingly small, with a trend
close to [19,29]

2 o (Y2 (1.4)

again with a (possibly logarithmic) deviation associated with inextensibility. Energetically, this
trend comes from a balance between bending and kinetic energy: the bending energy per unit
length of sheet scales with (D*/2)(w*)*/(A*)* for bending stiffness D* and amplitude w*, while
the kinetic energy per unit length of sheet scales with (p* /2)(w* /t*)*A*, where p* is density and
the factor 1* comes from integrating the fluid over the disturbed depth. However, modelling the
dynamics beyond very early times is complicated by a variety of factors associated with the sheet
shape and size as well as geometric and material nonlinearities; we attempt to elucidate some of
these factors in this paper.

If the dynamics of the substrate is removed, then dynamic effects can come from the sheet itself,
for example, from the inertia of the wrinkling elastic material. One way of studying this experi-
mentally is to indent or contract an elastic sheet in free fall [20,30-33]. This opens an additional
angle for wrinkles to behave dynamically—here, in the absence of a substrate, the inertia of the
sheet itself dominates at early time, again leading to the generation of initally fine wrinkles which
subsequently coarsen.

In this paper, we consider wrinkling of an elastic beam floating on a liquid substrate, account-
ing for both inertia and viscosity, with the goal of resolving the wrinkle evolution from initiation to
equilibrium. We avoid the problems encountered previously for indentation of a circular sheet by
moving to a more theoretically convenient scenario: a beam (or infinitely wide sheet) compressed
uniaxially by prescribed displacement of its ends. This paper is organized as follows. In §2, we out-
line the mathematical model and present the various parameter regimes applicable to this study.
In §3, we non-dimensionalize the problem before exploiting the parameter regime in order to de-
rive a relatively simple mathematical description of a beam subject to hydrodynamic, hydrostatic
and viscous forces. A solution of this reduced problem is then sought by performing a model de-
composition by Fourier transform in space, which yields a system of evolution equations for the
amplitudes of different wrinkling modes with different wrinkle wavelengths. This facilitates a
quantification of the length, kinetic energy and potential energy associated with each mode. The
evolution equations are coupled via a length constraint, forming a differential algebraic system
which requires a careful numerical approach, as outlined in §4. We present numerical solutions
and interpret our findings in §5 and draw conclusions in §6.

2. Mathematical model

(a) Problem description

We consider a long, thin and linearly elastic beam of length 2L*, which in its base-state configura-
tion (see figure 1a) is flat and lies on the surface of a hydrostatic fluid occupying a semi-infinite do-
main (x*,z*) € (=L*, L*) X (-0, 0). We denote the beam properties as Young’s modulus E*, Poisson
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Hydrodynamic response

Figure 1. (a) The base-state configuration of an elastic beam, which at time t* = 0 is subject to a prescribed end-to-end
displacement of size A*, buckles the beam out-of-plane, displacing the underlying viscous fluid leading to (b) a highly wrinkled
beam configuration, induced by viscous and inertial restoring forces. As time evolves, the wrinkles coarsen, eventually leading
to (c) the late-time steady state for which hydrostatic restoring forces overcome visco-inertial forces and combine to balance
bending effects.

ratio v, thickness /i* and bending stiffness D* = E*h*3/12(1 — v?), and we denote the fluid proper-
ties as density p* and dynamic viscosity u*. In its base-state configuration, the beam is located at
z* = 0 and occupies the domain x* € (—L*, L*). We consider the case in which both endpoints of the
beam are instantaneously displaced inwards by an amount A*. In response, the beam buckles with
out-of-plane displacement w*, which in turn excites an unsteady viscous flow in the underlying
fluid. The precise asymptotic regime under consideration, as well as the dimensional equations
governing both the fluid flow and the beam’s displacements, is presented in the following two
sections.

(b) The asymptotic regime

We consider an asymptotic regime in which the beam’s characteristic displacement amplitude W*
is small when compared with the characteristic axial length scale #*, which will later be chosen
as the emergent late-time steady-state wrinkle wavelength. Hence, we define the wrinkle aspect
ratio

W=
f*

€ =

< 1 (2.1)

Our next task is to quantify the relative importance of linear inertial effects, nonlinear inertial ef-
fects and viscous effects. In this work, we assume that linear inertial effects are important, but also
that the effects associated with nonlinear inertia may be neglected and that viscous effects are weak
but non-negligible. The importance of nonlinear versus linear inertial effects is quantified by the
parameter ¢ < 1. For viscous effects, in this problem, a naive Reynolds number Re = p*V*¢* / u*
(with V* defined to be the characteristic magnitude of the fluid velocity) quantifies the impor-
tance of nonlinear inertial effects relative to viscous effects, so it is helpful to introduce a time scale
T* = W*/V* and define a modified Reynolds number Re/e, which quantifies linear inertial effects
relative to viscous effects. That is, the overall importance of viscous effects is measured by

3 ”*V*/f*z B W ”* B i
K="V T = 7 prve ~ Re

2.2)
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Our regime choice then corresponds to the distinguished limit in which y — 0 as ¢,Re — 0, or
alternatively

e<u<xkl. (2.3)

In the model development below, we extract a leading-order description in the limit € — 0, and
then afterwards, consider the size of ;4 and develop a description that can include terms up to
O(p). The scenario u = 0, when there are no viscous effects, then just corresponds to the single
limit e — 0.

(c) Fluid mechanics

The fluid velocity v* and hydrodynamic pressure p* are governed by the Navier-Stokes equations
in the fluid bulk, with a dynamic boundary condition at the interface that equates stresses in the
fluid with those in the beam. For the regime ¢ <« u <« 1 specified in §2b, we follow the work of Dias
et al. [34] to simplify the fluid-mechanical governing equations by resolving the fluid velocity in
terms of scalar and vector potentials ¢* and y* = y*j via a Helmholtz decomposition

v = V' + VX (y')) = <a¢* _o > i+ <a¢* W ) k. (2.4)

ox* az* az* ox*

where (i,f,k) are the usual Cartesian unit vectors. Using this decomposition, it is shown in
appendix A.2 that mass and momentum conservation are described by

. Loy
Ve2g* =0 and Wyt = p* ayt/* , (2.5)
respectively, while continuity of normal stress at the fluid—-beam interface is described by
N Ay N o
p E+pgw +2u <y+az*0x* =05, at z" = w", (2.6)

where o3, is the component of stress in the sheet oriented out of the plane, which at z* = w* is
equal to the pressure exerted on the beam by the fluid, and

azd)* aZW* al[/*
2u” - +p* =03,, t =w", 2.7
H <dz*6x* aZ*Z ot* 612 a z w ( )

s

1, is the tangential shear at the fluid-beam interface.
Finally, it is shown that the continuity of normal velocities at the fluid-beam interface gives rise
to the kinematic condition

for the tangential stress component, where &

ap*  oy*  gw* dp* oyt ow*
oz T ox | or <6x* oz ) PRl @8)

Our model also requires prescription of boundary and initial conditions. We impose an infinite-
depth condition

0p*
az*

s

-0, as z' - — (2.9)

on the fluid velocity. We assume that the beam length is sufficiently large that finite-length bound-
ary effects may be ignored, rendering the x*-axis effectively infinite. Formally, the required con-
dition is then that the fluid velocity remains bounded in the far field. We postpone discussion of
the initial conditions to §4b.
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(d) Beam mechanics

Turning our attention to the beam mechanics, under the small-strain assumption, the out-of-plane
displacement and axial tension in the beam are governed by the Féppl-von Karmén equations:

oF*

== =0, (2.10)
L 0w . 02w* .
W - ax*Z = —(722, (211)

where F* = F*(t*) is the thickness-integrated time-dependent axial stress. In principle, there is an
additional contribution, ¢7,, to the right-hand side of equation (2.10) arising owing to viscous shear
effects at the fluid—beam interface from equation (2.7). However, on comparing scales (see §3a),
we find that the relative importance of these shear effects is O(eu) and so they are negligible in
this framework. In addition, we have assumed here that the beam is in stress equilibrium, which
requires beam inertia be negligible. This is valid provided that the mass per unit thickness of the
beam is small when compared with the mass per unit wavelength of the fluid [35].

Eliminating the out-of-plane stress component o7, between equations (2.6) and (2.11) yields

op* otw*
- +D* -
p ot* (73(*4

(2.12)

2. 09% az s 62 *
x*

0z*2  0z*0x*

at z* = w*. Equation (2.12) is to be appended to the governing equation (2.5) for the fluid flow in
the bulk as a dynamic boundary condition that captures the fluid-structure interaction.

The final governing equation, which may be interpreted as a closure condition for the time-
dependent eigenvalue, F*, is given by

1[5 w2
= dx* = 2A*, 2.1
2 /L* (ax*> X (2.13)

Equation (2.13) is a geometrically nonlinear length constraint on the beam that normalizes the
out-of-plane displacement, w*, by ensuring that it absorbs all of the excess length available for
wrinkling induced by the end-to-end displacement, and is valid provided |F*|/(E*h*) <« A*/L*.

3. Mathematical analysis

(@) Scalings and non-dimensionalization

In this section, we discuss variable scalings and present the non-dimensionalization of
equations (2.5)—(2.13). We begin by using equation (2.5) to motivate the introduction of a common
horizontal and vertical length scale (x* ~ z*), denoted ¢*. Balancing the restoring force owing to
bending with hydrostatic/buoyancy restoring forces in equation (2.12) motivates the choice

L\ 1/4
/= < D > . @3.1)

On this length scale, the terms in equation (2.12) associated with axial bending and tension-
curvature balance when the scale for the tension is chosen to be

F* ~ /D pg*. (3.2)

The scales (equations (3.1) and (3.2)), which form the basis of our choice of non-dimensionalization
of equations (2.5)—(2.13), are classical results in static tension-field theory (e.g. [17,35,36]). Thus, we
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scale

* * * * * * * f*w*
w' =W, (x*,z%) =7 (x,2), (9" v = T (@, ny),
p'=p'gWp, =T, F* = 4/D*p*g*F, (3.3)

where the scale for the out-of-plane displacement W* = ¢£*4/A*/L* has been chosen on exami-
nation of equation (2.13), and where the explicit time scale T* = 1/#*/g* has been obtained by
balancing linear fluid inertia with hydrostatic forces in equation (2.12). Our choice of scaling for
y* in equation (3.3) comes from analysing the tangential stress condition, equation (2.7), which
suggests that it is natural to take y* ~ eRe~1¢p* = ug*.

The dimensionless parameter x4 quantifying the effect of viscosity relative to inertia can now
be cast in terms of experimentally relevant parameters as

*

H=——7F—T7 H n 3 < 1, (34)
(p*)5 (@) (D*)8

while € = \/A*/L* « 1 is satisfied provided that the imposed fractional end-to-end displacement

is small.

(b) Model reduction and dimensionless system of governing equations

We now substitute the non-dimensionalization equation (3.3) into the system (2.5)—(2.13) and sim-
plify the resulting dimensionless system by retaining terms that are leading order with respect
to the small parameter €. We preserve weak dissipative effects by retaining contributions that are
first order with respect to 4 <« 1. The dimensionless governing equations to be solved in the fluid
domain are
2 2 oy
Vi =0, uVi = — on  (x,2) € (-L,L)x (-,0), (3.5)
where L = L*/¢*, and we anticipate taking the limit L — co below. Equations (3.5) are to be solved
subject to the far-field boundary condition

%

3 0, as Z — —o00, (3.6)

together with the requirement that the fluid velocity remains bounded at the beam’s endpoints
|x| = L. At the linearized fluid—beam interface, we have the leading-order kinematic condition

ow_ob v

—_— = = U. 7
oF "oz Mo A z=0 (37)
The normal stress condition, equation (2.6), is now
op  o*w 0w ¢
—+——-F)— +w+2u— =0, t =0, 3.8
of Tom TO5g twt2ugs a2 (38)

and we interpret it as a Foppl-von Kédrman equation with hydrodynamic pressure and viscous
damping. The tangential stress condition, equation (2.7), can in principle be used to infer the shear
exerted on the sheet by the fluid, but this shear does not affect the dynamics at leading order and
so is not investigated further here.

The amplitude of w is set by the geometric constraint

%E(%’)z dx=2L. (3.9)
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Note that in steady state, there is no fluid velocity, and equation (3.8) reduces to

dw 0w

i Fﬁ +w =0, (3.10)
which is the Féppl-von Karman equation for a beam with unit bending stiffness, on a substrate
with unit restoring stiffness, subjected to an axial tension F. It is well-known that equation (3.10)
has solutions of the form e* with k € R for compressive forces F < -2, and that the solution
k =1 with F = —2 minimizes the sum of bending and substrate energies subject to the constraint
equation (3.9) [17,18].

(c) Modal decomposition

By linearity in the governing equations (3.5)—(3.8), it is natural to seek a solution by Fourier trans-
form in x so that a separable solution takes the form:

D2, ) = \/Z / L £k, petele g, (3.11)
7 J o |kl
L * 1 ikx |m|z

w(x,z,t) =1/ = —gq(k, He™e™= dk, (3.12)
w J_o 1k

w(x, ) = \/% / wa(k, He* dk, (3.13)

where k € R is the wrinkle wavenumber and m = m(k). The inclusion of the prefactors within the
integrands of equations (3.11) and (3.12) are motivated by the kinematic condition equation (3.7),
and the geometric prefactors in each of equations (3.11)—(3.13) have been included for convenience
when substituting the transforms into the length constraint equation (3.9). We note at this stage
that while the beam’s dimensionless length L is finite, it shall here and henceforth be taken as suffi-
ciently large that finite-length effects at the beams endpoints may be ignored, effectively rendering
the beam infinite.

Substituting the transforms (3.11)-(3.13) into the mass-conservation equations (3.5) and the
kinematic condition equation (3.7), we find that 4, f and g are related by

P
a—f = u(Im? -K) gty  and % = k. t) + ug(k, D). (3.14)

Similarly, the Féppl-von Kérman equation (3.8) gives
—<——/4—>+(k4+Fk2+1)a+2,u|k|(%—/4g>=0, (3.15)

where we have used the result equation (3.14) to eliminate f. Finally, noting that u dg/dt = O(u*) by
equation (3.14) and eliminating all terms at this order, the governing equation (3.15) for a simplifies
to

1 0% da
—=— +2ulk| = + (K* + FK + 1) a = 0. 3.16
i o7 ulkl=; ( )a (3.16)
Equation (3.16) is a second-order partial differential equation governing the amplitude, a(k, t), of
the beam’s out-of-plane displacements as a function of the wavenumber and time, as well as the
axial tension, F, as a function of time. The closure condition enabling the determination of F at each
moment in time is obtained by substituting equation (3.13) into the length constraint equation (3.9),
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and is found to be
1, 0
/ SRlal?dk =1, (3.17)

where |a|> = aa with a denoting the complex conjugate of a. Equations (3.16) and (3.17) together
with suitable initial conditions are investigated numerically below.

(d) Energetic considerations and steady states

Before equipping the system equations (3.16) and (3.17) with initial conditions and solving nu-
merically, we first investigate the system’s energetics to motivate the expected outcomes. In the
absence of beam inertia, the only source of kinetic energy comes from the underlying fluid. By
contrast, the system’s potential energy has contributions from both the bending moment in the
beam and the weight of the underlying fluid. The total dimensionless energy can be decom-
posed as E = Ey;, + E ., where the components E,;, and E
equation (3.13) as

pots pot are written in terms of the spectrum

Ein® =/ Ein dk and Eq o) =/ Epor dk, (3.18)
respectively, and
1 oa 2 1 4 2
. = _— = — 1 .1
Eink, ) 2k | ot and Enorlkst) > (k*+1) |a| (3.19)

are the respective kinetic and potential energy densities, respectively, which, along with their
global counterparts, have been scaled with a factor L?/x for convenience. These expressions can
be derived from physical quantities or inferred from equations (3.16) and (3.17) (see appendix B,
for details).

Differentiating the total energy E in time and making use of the governing equation (3.16), its
complex conjugate, and the time-derivative of equation (3.17), yields

dE ®
dE_ouf Kk
L u[mu

Comparing equations (3.18) and (3.20), we see that the total energy is positive and non-increasing.
If u = 0, the total energy will remain at its initial value. If 4 # 0, then, by application of the mono-
tone convergence theorem, it will decrease to some other positive constant. In the latter case (dis-
sipative, u # 0), dE/dt decays to zero and so too must the integrand on the right-hand side of
equation (3.20); this requires that da/dt — 0 and so the system eventually reaches a steady state.

From the evolution equation (3.16), the only possible steady states are those where a has iso-
lated peaks at the roots of k* + Fk* + 1 = 0, and such real roots exist if F < —2. From the static lit-
erature [17,18], minimizing the potential energy density with respect to k, subject to the length
constraint equation (3.17), yields

2
dk <0. (3.20)

aa
ot

k=1, with F=-2, (3.21)

as expected. It is natural to wonder whether a system initiated close to a different steady state (i.e.
with F < —2 and a peak at k* # 1) might stay close to that steady state. From a physical standpoint,
any perturbation that excites modes that do not satisfy k* + Fk* + 1 = 0 will induce velocities and
hence dissipation, driving it towards equation (3.21) provided u # 0.

More generally, from a mathematical viewpoint, we can ask if any steady state with F < -2 is
a local minimizer of total energy. To answer this question, we study the energetic stability of the
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system by calling on variational calculus. Following classical theory, one formulates the appropri-
ate energy functional (with constraints), before computing first variations to obtain the governing
Euler-Lagrange equations. Second variations are then computed in order to assess the stability of
equilibria [37-39]. We introduce a generalized energy functional

E[a,b]:%/ [%|b|2+(k4+1)|u|2+Fk2|a|2] dk, (3.22)

where b = da/dt and the final term can be interpreted as imposing the length constraint or quan-
tifying work done on the beam ends. For a perturbation [6a, 6b], the first variation of the energy
is

oF = % / [%(baé +b6b) + (K + FK* +1) (a7 + E&a)] dk, (3.23)
and the second variation is
2E = %/ [”1{—||5b|2+ (kK + FI® +1) |5a|2] dk. (3.24)

For any permitted steady state, the first variation is zero, and the sign of the second variation gives
the stability. This means that a steady state can be achieved with a single, static peak in a at the
(real) value of k that satisfies k* + Fk? + 1 = 0, and so can be achieved for any F < —2. A stable steady
state is then one for which 62E > 0 for any perturbation, and is only satisfied if k* + Fk> + 1 > 0 for
all k. This means that there is only one stable steady state, the one at F = —2.

Finally, we note that in the absence of dissipation (1 = 0), the total energy is conserved and the
K¥=1F=-2 equilibrium outlined above cannot typically be reached. Despite this, we find in §5
that spectrally integrated (or ensemble-averaged) energies do appear to equilibrate at late time.

4. Numerical analysis

(@) Numerical method

Reintroducing b(k, t) = da/ot, the problem equations (3.16) and (3.17) can be restated as finding a
solution set 4, b, F to the system

da

9 _ 4.1

o b, (4.1)

ob 2 4 2

=5 = ~2ukb = |kl (K + FK* +1) a, (42)
0=1 —/ %k2|a|2dk, (4.3)

given a set of initial conditions a(k,0), b(k,0) and F(0). Owing to the integral constraint
equation (4.3), which will become an algebraic constraint upon numerical discretization, equa-
tions (4.1)—(4.3) form what is canonically referred to as a system of differential-algebraic equations
(DAESs) [40-42]. DAEs are typically classified by a so-called ‘differentiation index’, defined to be
the minimum number of times the algebraic constraint equation (4.3) is to be differentiated in
order to recast the problem in terms of an explicit first-order system [43].

Systems of DAEs with a single algebraic constraint with a differentiation index of n > 1 must,
for consistency, satisfy n — 1 additional constraints obtained by differentiating the algebraic con-
straint n — 1 times [42]. The index of the system equations (4.1)—(4.3) is three, and hence, we ob-
tain two additional constraints upon computing the first and second derivatives of equation (4.3),
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namely,

/_ e (a5+5b) dk=0 (4.4)

0

and
/ K [16F2 = 1kl (K + 2 + 1) laf? = pa® (ab+ab )| de = 0. (4.5)
The final constraint, equation (4.5), can be rearranged to yield an expression for F, given as

G [|b|2 — k] (K4 + 1) |al? — uk? (a5+5b)] dk
P _ 46
= K[kl dk (4.6)

Differentiating equation (4.6) once in time and combining the result with equations (4.1) and
(4.2) yields an explicit first-order system for (a, b, F); this verifies that the differentiation index of
equations (4.1)—(4.3) is three.

By the inverse Fourier transform of equation (3.13), one can show that a(k, t) = a(—k, t), and
hence, by symmetry, we restrict the solution domain to k > 0. By defining the weighted inner
product

(e = [ R a7
the length constraint and its first derivative are restated as
(a.a) =1 (4.8)
and
R [(a,b)2] =0, 4.9)

respectively, where R denotes the real part. Equation (4.6) for F obtained from the second deriva-
tive of the length constraint is then

_(b=2uk?a,b) — (K +K)a,a).
- (K3a, a);2 '

F

(4.10)

Equations (4.8) and (4.9) provide a geometric interpretation of the solution space. Solutions for a
must lie on the surface of the unit sphere in the space of functions satisfying the inner product
equation (4.7), while the corresponding velocity b must be orthogonal to a (i.e. tangent to the unit
sphere).

To proceed numerically, the restricted wavenumber domain is truncated beyond some k = k4,
so we define the subdomain k € [0, k41, which is discretized using a mesh of N ordered collocation
points k; fori = 0,1,...,N — 1, such that

O0=ky <k <...<ky=k,q (4.11)

Writing a;(t) = a(k;, t) and b;(t) = b(k;, t), the discrete form of the evolution equations (4.1) and (4.2)
are given by

da;

iy, 412
dt 1° ( )
db, , .

5 = "2k - Ikl (k! +FiZ +1) a;, (4.13)
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where F is calculated by applying the trapezoidal rule to equation (4.10). These equations are used
to integrate the system forward in time using an eighth-order Runge-Kutta method via SciPy’s
implementation of the DOP853 algorithm. After each integration step, the solution for 4 is renor-
malized to enforce equation (4.8), before the Gram-Schmidt process is used to subtract any com-
ponent of b tangential to a in order to ensure equation (4.9), where the inner products are once
again evaluated by the trapezoidal rule.

(b) Initial conditions

When equipping equations (4.1)—(4.3) with a set of initial conditions, care must be taken to en-
sure that any choice is consistent not only with the length constraint equation (4.3), but also the
additional constraints equations (4.4) and (4.5) arising from its first and second derivatives.

To obtain a consistent set of initial conditions, an initial profile for a(k, 0) is chosen, with an am-
plitude that has been normalized so that the constraint equation (4.3) is satisfied. In general, the
initial velocity b(k, t) must then be prescribed so that equation (4.4) is satisfied subject to the choice
of a(k, 0). In our simulations, we found that taking b(k, 0) # 0 did not yield qualitatively different
results to the case b(k,0) = 0. In the latter case, it is noted that the constraint equation (4.4) is satis-
fied for any a(k, 0), which simplifies the numerical method. Therefore, we proceed by presenting
results with b(k,0) = 0 used in all of our numerical simulations. A discussion of alternative ini-
tial conditions—including those with b(k, 0) # 0—may be found in appendix C. Having specified
a(k,0) and b(k, 0), a corresponding initial value F(0) for the axial tension must then be calculated
using equation (4.6), which in turn ensures that the final constraint, equation (4.5), will also be
satisfied.

In the numerical results presented below, we prescribe a static initial wrinkle amplitude, 4, in
the form of a rectangle that spans a finite range of wavenumbers. Specifically,

_ k—a k+a _
ak,0)=A [rect (_Zﬂ > + rect ( 2 >] and b(k,0) =0, (4.14)

where A% = 3/[28(* + 3a?)] and 0 < § < « are parameters that characterize the width and centre
of the rectangle. This choice corresponds to the physical (dimensionless) initial profile

w(x,0) = Ap L cos(ax) sinc <&> . (4.15)
T T

5. Numerical observations
(a) Spectral profiles

We solve the governing equations presented in §3c via the numerical procedure outlined in §4a and
present solutions as a function of wavenumber and time for the initial conditions equation (4.14)
(see figure 2). The quantity |ka(k, t)|> measures the length accommodated by each wavenumber
k as a function of time, and therefore, we made the decision to scale amplitudes a with a factor
of k before plotting. The wave packet initially spreads in k-space, transferring length to lower
values of k (longer wavelengths). In the absence of dissipation (¢ = 0), a broad spectrum of modes
remains excited at late times (figure 2a), while when dissipation is present (4 # 0) (figure 2c,e), the
wave packet narrows at a rate that increases with increasing u and the peak moves towards k = 1.
Eventually, the dissipative solutions converge to the late-time steady-state equilibrium k =1, as
predicted from the energetic arguments made in §3d. In tandem, the compressive force decays
to its steady-state value F = -2 (see figure 3a). Interestingly, we observe decay to F = -2 even
when u = 0, despite the fact that the steady-state wrinkle profile associated with this force cannot
actually be achieved in the absence of dissipation (see figure 3a).
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Figure 2. Numerical solutions to the mode amplitude equations (4.1)—(4.3), for rectangular initial data in the form of
equation (4.14) with @ = 50and § = 49.5. (a),(c),(e): contour plot of ka(k, t), the length accommodated across wavenum-
bers k as a function of time t. (b),(d),(f): ka as a function of k at timest = 0,10~4,10~2 and 1. The dissipation coefficient g is
set to {0, 0.005, 0.05} ordered top to bottom.

For the solutions presented in figure 2, the domain was truncated at k4 = 100 with N = 120000
points. However, the profiles for ka become increasingly oscillatory in k as time increases (a physi-
cal explanation for this is given in §5b), and so continuing to later time in figure 3 required higher
resolution. Motivated by the narrowing wave packet in figure 2d,f and the procedure used in [29],
integration was paused at t = 10 and the solution was interpolated onto a shorter k-domain with
a finer mesh before restarting integration (with new values k, 4 =6 for u =0.05, k4 =20 for
u =0.005 and again N = 120000). For u = 0, truncating the k-domain was problematic owing to
the persistence of amplitudes at large k-values (see figure 2b), and the numerics diverged beyond
t=1

Further examining figure 2, we observe that, although the spectral profiles exhibit significant
variability across different values of y, the peak in ka appears to follow a similar trajectory. We
investigate this further by defining a dominant wavenumber

Kaom(®) = argmax (latk, b)), 5.1)
k>0

which is plotted in figure 3b as a function of time: this dominant wavenumber appears to be ap-
proximately independent of u. The early-time dynamics align loosely with the +2/° trend sug-
gested by O’Kiely et al. [29] for a regime dominated by inertia and bending, but deviate slightly
owing to the nonlinear inextensibility constraint, equation (4.3), as expected. Beyond early time,
buoyancy becomes significant, wrinkle growth and coarsening are slowed and k. (t) then de-
cays towards its equilibrium value kg,,,, = 1, which emerges from a balance between bending and
buoyancy.
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Figure 3. (a) The magnitude of the compressive force, —F(t), (b) the dominant wavenumber ky,,, and (c)—(e) the mo-
ments ., fori = 1, 2, 3, for rectangular initial data in the form of equation (4.14) with @ = 50 and = 49.5.In (b), line
segments of gradient —2/5 and —1/3 are included for a comparison with the t=2/> and t~'/3 power-law predictions sug-
gested by Draux et al. [22] and O'Kiely et al. [29], respectively. For the case p# = 0, numerical convergence could not be main-
tained beyond t = 1, as evidenced by the emergence of noise in the plot for F and subsequent truncation of the integration
procedure.

(b) Wavenumber distribution metrics

While the dominant wavenumber equation (5.1) provides a useful metric for analysing wrinkle
dynamics, it fails to take into account the non-negligible contributions from the remaining Fourier
modes. For this reason, in this section, we introduce alternative (statistical) metrics that may be
used to further analyse the numerical results presented above by considering the central moments
(namely, the mean, variance and skewness) that arise through treating our solution spectra as
density functions associated with the length allocated to each wrinkling mode. That is, we define
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nth-order raw moments
K"y = / k" P(k, t) dk, (5.2)
0

where P(k, t) = k?|a(k, t)|* denotes the length accommodated by a wavenumber k with amplitude a,
and [;° P(k,t) dk = 1 by the length constraint equation (3.9), so that P takes the form of a standard
probability density distribution. The mean, variance and (non-normalized) skewness can then be
defined as

A=, =((k-®)) and a0 =((k-®)). (53)

The energy-minimizing equilibrium profile in which only k = 1 is excited corresponds to ./#; =1,
My= M5 =0.

Unlike the dominant wavenumber, the mean value .#; evolves differently for different values
of the dissipation coefficient u (see figure 3c). For u = 0, the mean does not converge to /%, =1
even at later times. This is consistent with the late-time spread observed in figure 2a,b. For s = 0.05,
the largest dissipation considered here, once the early-time transients have passed, the mean .Z,
appears to track the peak kg, closely; this is consistent with the narrow focusing observed in
figure 2e,f. Solutions corresponding to the intermediate value y = 0.005 (plotted in figure 2c,d)
show that the value of .#; does evolve towards .#; = 1, but does so more slowly than kg, (#).

Similar to the mean, the variance, .Z,(t), also exhibits significant variability with respect to
changes in the dissipation parameter, u (see figure 3d). Specifically, when u =0, the variance
plateaus to a constant (non-zero) value, whereas when u # 0, the variance approaches zero at late
times, at a rate that increases with an increase in the dissipation coefficient. For a uniform initial
condition, there is a bias in potential energy towards higher wavenumbers (as is confirmed by
equation (B4)) owing to the fact that high-frequency wrinkles store more bending energy, which
scales with the square of the wrinkle curvature. Minimizing the potential energy therefore re-
lies upon transferring potential energy from higher-to-lower wavenumbers, which by the length
constraint modifies the amplitude of each mode over time, and hence populates the modes with
kinetic energy. When populated with kinetic energy, inertial effects then provide a mechanism for
the broadening of the wave packet, as observed in figure 3d, before dissipative effects overcome
inertia leading to narrowing again.

To gain further insight, we consider the evolution equation (3.16) through the lens of a damped
harmonic oscillator and treat the compressive force F < —2 as though it were fixed, with 4 <« 1,
which yields approximate analytical solutions:

atk, ) = Ae ™t cos (t K10+ FI2 + 1)) , (5.4)

from which we can deduce that each wrinkle mode oscillates in time at a frequency that increases
with both k| and the distance from the roots k? of k* + Fk? + 1 = 0, which we interpret as quasi-
steady ‘preferred” wavenumbers. The oscillations in time transform to vertical velocities in phys-
ical space and are penalized by the viscous dissipation term 2uda/dt in equation (3.16), which
again increases with |k| and the distance from the quasi-steady wavenumbers and is also propor-
tional to . In agreement with our numerical results, equation (5.4) suggests that the peak ky,,,
evolves in tandem with the compressive force F(t), which is plotted in figure 3a and decays to-
wards F = -2 as ky,,,, = 1, as expected. Viscous damping focuses the wrinkle spectrum around
this peak; this explains the trends for .#; for u # 0 in figure 3c and also suggests that—following
initial transients—the variance .#, should decay in time at a rate that depends on 4, as observed in
figure 3d. Equation (5.4) also helps to inform the dynamics of the skewness (plotted in figure 3e),
where we see that the focusing of the wave packet should be asymmetric about ky,,,, with large-k
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Figure 4. (a),(c),(e): potential energy density contours. (b),(d),(f): energy density at chosen times. The dissipation values u
are {0, 0.005, 0.05} top to bottom. Rectangular initial data are in the form of equation (4.14) with @ = 50 and # = 49.5.

modes dissipating more strongly, so that a positive skew grows over a time scale that is faster for
smaller 4 and subsequently decays as the spectrum converges on the equilibrium configuration.

(c) Energy

We plot the potential and kinetic energy distributions in figures 4 and 5, respectively; these
correspond to the spectra illustrated in figure 2. The initial potential energy distribution has
a monotonic k* + 1 shape in the excited k-range, but it develops rapidly into a wave-train (a
wave packet with approximately uniform-in-k envelope height) for all dissipation values, while
the corresponding kinetic energy, which is zero initially, rapidly develops a local peak. As time
evolves, the potential energy profile broadens as lower modes are populated with potential en-
ergy, and the kinetic energy increases from zero everywhere; if the system has dissipation, it
later decreases back towards zero everywhere. Energy is continuously transferred between ki-
netic and potential until at late time when the potential energy is concentrated around the equi-
librium solution k = 1. As expected from figure 2, both the potential and kinetic energy pro-
files become increasingly oscillatory in k as time increases, and the oscillations are wider at
smaller k.

The position of the peak in potential energy moves gradually and is independent of dissipa-
tion, consistent with the amplitude peak kg, in figure 3b. Nonetheless, the profile is influenced
somewhat by dissipation: in the absence of dissipation, some potential energy remains around
the position of the initial peak, while increasing the dissipation parameter from zero narrows
the peak of the profile, consistent with the trend in .#, illustrated in figure 3d. In the case of
kinetic energy, the position of the peak as a function of time depends strongly on the dissipation
parameter. When u = 0.05, the peak in kinetic energy closely tracks the peak in the potential
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Figure 5. (a),(c),(e): kinetic energy density contours. (b),(d), (f): energy density at chosen times. The dissipation values y are
{0,0.005, 0.05} top to bottom. Rectanqular initial data are in the form of equation (4.14) with @ = 50and § = 49.5.

energy, because modes away from this peak are dissipated strongly. However, as u decreases, the
movement of the peak in kinetic energy is delayed, and when p = 0, it remains close to the initial
peak. x We seek some additional insight by plotting total energies in figure 6; that is, by integrating
the energy distributions from figures 4 and 5 in k. For the purpose of these plots, we measure
potential as an excess above the value of 2 that corresponds to the energy-minimizing steady
state. From figure 6, it is clear that the systems considered in our numerical simulations all start
with no kinetic energy (as imposed by the initial conditions) and some potential energy. We
observe that excess potential is transferred into kinetic energy until equipartition is reached, with
or without dissipation. With dissipation, this corresponds to complete removal of both kinetic
and excess potential energy, while in the absence of dissipation, this corresponds to equal sharing
of the initial (spectrally averaged) excess between potential and kinetic forms. The energy transfer
occurs concurrently with the drop in compressive force F and the transfer of energy and length
from high-to-low wavenumbers. For a non-static initial condition, the initial kinetic energy would
of course be non-zero, but we anticipate that the broad dynamics would be analogous: global
transfer of kinetic and potential energy towards an equipartition, and dissipative loss towards
the energy minimum. A preliminary study is presented in appendix C.

For the case u =0, the dynamics remain fully conservative, and individual Fourier modes
exhibit oscillatory exchange between kinetic and potential energy, analogous to harmonic mo-
tion (see equation (5.4) and figures 4 and 5). When considering spectrally integrated (or
ensemble-averaged) quantities, an increase in kinetic energy from its initial value is accompa-
nied by a corresponding decrease in potential energy (figure 6). This should not be interpreted
as a monotonic transfer at the level of individual modes, but rather as a redistribution across
wavenumbers. In particular, different k-modes oscillate with distinct frequencies and phases,
and the resulting phase mixing suppresses coherent oscillations in integrated quantities. In this
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Figure 6. Excess potential, kinetic and total energies as a function of time, where the excess potential is measured relative

to the minimum potential of 2 in steady state. The dissipation values used for 4 are {0, 0.005, 0.05} top to bottom (a)—(c).
Rectangular initial data are in the form of equation (4.14) with @ = 50and § = 49.5.

sense, the observed increase in kinetic energy corresponds to a net transfer of spectral weight
towards modes closer to k =1, even though the underlying dynamics remains oscillatory and
non-dissipative at the level of each mode.

6. Conclusions

When the ends of a thin elastic sheet are pushed together, the elastic sheet typically buckles
out of plane, accommodating its end-to-end displacement while preserving its arclength. It is
well-known that for small strains, the resulting buckling pattern takes a sinusoidal form, with
a wavelength determined by a competition between bending stiffness, which resists curvature,
and restoring stiffnesses, which resist displacement. Examples of resistive stiffnesses include the
buoyancy or elastic stiffness of a liquid or soft solid substrate, inertia and elastic contributions
from the sheet itself associated with transverse tension or curvature. In particular, when the resis-
tive stiffness is due to buoyancy, wrinkles have an equilibrium wavelength controlled by density
and gravity [16-18], while when the resistive stiffness is due to inertia, wrinkle wavelengths in-
crease inexorably in time [19,29]. In reality, these correspond to early- and late-time limits, and
inertia will eventually give way to buoyancy; this is the research gap addressed by this work.
Here, we have presented a study of wrinkles in a uniaxially compressed floating sheet, evolv-
ing from an initial out-of-plane perturbation, through early-time inertia-dominated growth, to
late-time gravity-controlled equilibrium. During model development, we find that dissipation is
required for the system to reach the expected late-time gravity-dominated equilibrium, and we
also find that the governing equations can only be satisfied by a spectrum of wrinkle modes—a
single mode with an evolving wavelength is not permitted mathematically. With these findings
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to hand, we consider an infinitely long sheet on an infinite low-viscosity bath and decompose the
wrinkle profile in the thin elastic sheet into Fourier modes, whose amplitudes evolve in time under
the combined action of compression, inertia and gravity, and are coupled by a geometrically non-
linear length constraint. Upon numerical solution of the amplitude equations, our model captures
simultaneous coarsening of the wrinkles and collapse of the compressive stress in the system: the
peak of the wrinkle spectrum shifts as wrinkles of different wavelengths grow and decay. At late
time, the system reaches an energetically favourable steady state at a single buoyancy-selected
wavenumber, provided that there is a mechanism for excess energy to be dissipated from the sys-
tem. Our model therefore provides a bridge between the early-time and steady-state solutions
presented in [16-19] and [29].

While the use of a spectrum is consistent with previous early-time analysis [29], we go beyond
this previous analysis in a number of ways: (i) extension beyond early time to include late-time
equilibration, (ii) inclusion of dissipation to facilitate this equilibration, (iii) tracking of energy in
the system, and (iv) consideration of more than one way of quantifying an effective wavenumber
for the system. For point (iv), we changed from tracking the peak of a(k, t) (cf. [29]) to tracking the
peak of ka(k, t); the former choice is natural for thinking about visual appearance, while the latter
allows for consideration of the length allocated to each mode. The observation of broad wrinkling
spectra then motivated the introduction of an alternative metric k4 ,, = (k), the average value of k
in the spectrum a. We view this not as a replacement for tracking the peak but rather as a context-
appropriate supplement.

Dissipation was included in the model in the form of a small-but-finite viscous contribution
from the bath of liquid that the sheet floats on. Here, we adapted an existing analysis of surface
waves in a fluid, invoking a Helmholtz decomposition to resolve the flow in the underlying fluid
bath and hence derive a viscous drag on the sheet which acts in opposition to its vertical veloc-
ity. We found that viscous dissipation narrows the spectrum of excited wrinkling modes: each
mode oscillates with a frequency that increases with distance from the spectrum’s peak, and so
modes in the tail of the amplitude distribution are affected disproportionately by drag. It is there-
fore surprising that our results also suggest that both the position of the peak of the spectrum
and the compressive force in the sheet evolve along a path that is independent of the strength
of dissipation. We hope this intriguing finding will stimulate further study of dynamic wrinkle
coarsening.

Focusing on energy, we observed that evolution of the wrinkle spectrum is closely tied to the
transfer of energy, as expected. This transfer occurs both between potential and kinetic energy and
between modes. Any initial amplitude that is not a narrow peak at k = 1 has an excess potential
energy, which induces motion and transfer to kinetic energy. With dissipation, this kinetic energy is
continually removed and therefore so is excess potential until the steady state is reached. Without
dissipation, the initial excess energy is shared between kinetic and potential and so a steady state
is never reached.

The modelling in this paper was motivated by a thought experiment in which a floating elastic
sheet is compressed uniaxially. We now consider restrictions on the applicability of our model
to a real-world experimental realization. We initiate the buckling as an out-of-plane disturbance
that obeys an inextensibility constraint, equation (2.13). In reality, this inextensibility constraint
is only valid after a very-early-time window when the compressive force is sufficiently large to
initiate centreline shortening that is comparable to the length absorbed by out-of-plane wrinkling.
For a 100nm thick sheet of polystyrene, floating on water and compressed with 1% strain, this
would occur when the residual stress F computed here is of order 10°. A second concern might be
that, at very early time, viscous effects could dominate at very short length scales. However, the
shrinking of length scales is counterbalanced by the fact that velocities grow very large at early
times, and so if the inequality (2.3) holds, then viscous effects will remain small even at early
time, although the model will break down once time is so short that the application of the end-to-
end displacement can no longer be considered instantaneous. Finally, if the imposed end-to-end
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Figure 7. (a): heat map of wrinkle profiles in space (vertical axis), evolving in time (horizontal axis). (b): wrinkle profiles in
space at chosen times. The dissipation value used for £ is 0.05. Rectangular initial data are in the form of equation (4.14) with
a =50and § = 49.5.

displacement is too large, then the system will transform from regular sinusoidal wrinkles to folds
via a secondary instability. For quasi-static wrinkling, this can certainly be avoided by ensuring
that the fractional end-shortening A*/L* is below (A*/L*)* [44]. For dynamic wrinkling, it remains
an open question whether a sheet might initially attempt to fold at very early times, before forming
short-wavelength regular wrinkles that coarsen in line with the theory presented here, although
inertia would certainly oppose such early-time folding.

Finally, we can reconstruct the wrinkle profile in physical space from the amplitude a(k, t). We
do this in figure 7, which shows the spatial wrinkles and their evolution through time. The re-
sults nicely demonstrate the effects discussed in terms of energy and modes, above. In particular,
initially fine-scale, localized wrinkles coarsen throughout the dynamics to the equilibrium config-
uration with dimensionless wavenumber 1 (wavelength 27), and this coarsening is supplemented
by an amplitude increase to maintain the arclength of the sheet centreline, as expected.
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Appendix A. Derivation of the fluid-mechanical equations
A.1. Governing equations

The fluid flow is governed by the Navier-Stokes equations, which in the absence of nonlinear fluid
inertia are given by

V*.o* =0, (A1)

where v* = v}i + v}k is the fluid velocity field, #* is the time, p* is the hydrodynamic pressure, p* is
the fluid density, * is the dynamic viscosity, g* is the force owing to gravity and V* is the spatially
two-dimensional gradient operator.
There are two boundary conditions to be imposed at the interface between the beam and the
fluid. The first is the usual kinematic condition
. OwW* « Ow*

vl = Fr +0x§, at z" = w". (A3)

The second condition enforces stress continuity at the fluid-beam interface, and is given by
(=p'I +2u*e*) -n=c* - n, at ' =w", (A4)

where I, is the 2 X 2 identity matrix, e* is the rate-of-strain tensor, ¢* is the Cauchy stress tensor
of the sheet and 7 is the unit normal, which by convention is positive when oriented outwards
relative to the fluid.

The small-amplitude displacement regime considered here means that the unit normal points
predominantly in the k direction and hence the normal and tangential components of the stress
balance (A4) are given by

£

—p*+ 2;4*# =05, at zZf=w", (A5)
and
* 00; av: * % *
U g_k ﬁ :()'12, at z =w. (A6)

We discuss far-field boundary and initial conditions on the fluid velocity in the main body of the
paper.
A.2. Potential flow

We now resolve the fluid velocity field into irrotational and solenoidal parts using the Helmholtz
decomposition: [34]

v*:V*¢*+V*xy/*=<a¢ _ 2 >i+<a¢ + )k, (A7)

oax* az* az* ax*

where y = y*j. Substituting equation (A7) into equation (A1), it follows that ¢* satisfies Laplace’s
equation

V2t = 0. (A8)
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Similarly, on substituting equation (A7) into equation (A 2) and making use of equation (A8), we
obtain the following pair of equations:

o <6x* az*>_ o M oz (V "’) (A9)

a (o¢"  oy* ap* 0 ( <2
: + =L = (V) - g A10
or ( PR oz Mo \V ¥V )TreE (A10)
By differentiating equation (A9) in z* and equation (A 10) in x*, subtracting and then integrating,
one can deduce that y* satisfies
a 3
ot
where it is noted that by virtue of having integrated in two spatial dimensions, one has the freedom
to apply a time and/or spatially linear gauge transformation to y*, with a corresponding transfor-
mation also required to be imposed on the velocity potential ¢* for consistency with equation (A7).
Since the resultant fluid velocity v* is invariant to any gauge transformation of this form, we pro-
ceed by taking equation (A 11) in isolation. We also note that it is unsurprising that y* satisfies the
diffusion equation, with the diffusion coefficient equal to the kinematic viscosity.
By considering equation (A 10), making use of equation (A 11) and then integrating, it is found
that

09"
ot*

p — _p* _ p*g*z*’ (Alz)

where the arbitrary constant has been absorbed into the potential ¢*. In terms of the potentials ¢*
and y*, the kinematic equation is given by

d¢ oy _ Jw " o _ oy ow , at 7*¥ = w*. (A13)
0z* = ox* ot* ox*  0z* ) ox*

Using equation (A 11), the tangential component of the stress condition, equation (A 6), is given by

0z*0x*  9z*?

. 02 * 02 * *a * .
2;4< ¢ "’>+ %:Qz. (A14)

Finally, eliminating the hydrodynamic pressure between equation (A12) and the normal-stress
balance, equation (A5), gives to leading order

2 gk 2. %
b + Ll )— X at z* = w*. (A15)

- — ) =0,
p p g H 02*2 0z* dx* 22

ot*

When combined with appropriate far-field fluid-velocity conditions, equations (A8), (A11) and
(A13)-(A15) constitute the fluid-mechanical governing system under consideration.

Appendix B. Energetics

In this appendix, we derive an expression for the energy budget of the system equations (3.16) and
(3.17). We begin by first taking the sum of the product between da/dt and equation (3.16), and the
product between 0a/dt and the conjugate of equation (3.16), to obtain

1 (0dao’a | odaod’a da oa 4 da_ da-\ _
m(aﬁ"‘&ﬁ)"“hﬂklﬁa-i-(k +Fk2+1> Ell-ﬁ-—ll =0. (Bl)
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Using the product rule for differentiation, equation (B 1) may be written as

oa |*

ot

1 0

2
1 9
— = = (K*+Fk*+1) =a)* =0. B2
21k ot +5 (K4 FE+1) Slal (B2)

oa
+2ulk||=—
”llat

Integrating equation (B 2) over all wavenumbers k € R, exchanging the order of time derivatives
with the integrals and rearranging, it follows that

d 1
it
where the term involving F has vanished by virtue of the integral constraint equation (3.17).
Equation (B3) is an energy budget! for the system equations (3.16) and (3.17). The left-hand
side of equation (B 3) represents the change in total energy within the system. From left to right,
the terms in the integrand represent the modal contributions to: the kinetic energy (density times
the square of velocity), the bending cost of the beam in response to the fluid and the substrate cost
(cost of moving the fluid surface against pressure).
The absence of the compressive force in equation (B 3) is a reflection that—by inextensibility—
there is no energetic penalty associated with a change in beam length. The right-hand side of equa-

tion (B 3) represents losses in energy owing to viscous dissipation. We refer to the terms within the
integrand of equation (B 3), which are given by

2

9a dk, (B3)

of

oa
ot

—00

2 ©
+%(k4+1)|a|2dk] =—2,4/ |kl

1 2
Skin(k’ t) = M

oa
of

and &k D) = % (K*+1) |al%, (B4)

as the kinetic and potential energy densities (energy per unit wavenumber). The sum of these
energy components defines the total energy density

E(k.t) = Egn(k.t) + Epgylk. 1), (B5)

The system’s total kinetic and potential energy may then be obtained by integrating over all
wavenumbers:

Ep(D) = / Eqndk,  Ep(h) = / Epdk,  E(t)= / & dk. (B6)

0o )

The energy budget, equation (B 3), can now be expressed more succinctly as

dE ©
— =2 k
d u/_mu

Hence, when y = 0, the energy of the beam is conserved, as expected; otherwise, it is non-increasing
with non-zero velocities leading to energy losses through viscous dissipation.

2

91" 4k (B7)
ot

Appendix C. Initial conditions and starting velocities

C.1. Velocity initial conditions and projection procedure

When prescribing initial conditions with non-zero velocity, additional care is required to ensure
consistency with the constraint equation (4.4), which enforces orthogonality between a(k,0) and

!Ttis noted that it is possible to arrive at the energy budget equation (B 3) by means of an alternative physical approach, in which
one can derive an energy equation for w before substituting in the Fourier decompositions, equations (3.11)—(3.13), from the
main body.

Downloaded from royalsocietypublishing.org/rspa/article-pdf/doi/10.1098/rspa.2025.0958/6170352/rspa.2025.0958.pdf

by University of Eas
on 15 October 2026

t Anglia user

edsy10Bunsygndizapos(efos

89605¢0C T8V V205 Y 0id


https://royalsocietypublishing.org/rspa

=== Hyperbolic + velocity Random + velocity Rectangular
Hyperbolic Random
104§ T T LR BN T L L |
10° B
& f
I 10k
10" 3
1074 1073 1072 10" 10°
102 F T T T =
: 5
1L
g 10 1
I 3
10° £ (b) 3
L . il . | . N | . M.
10" 10°? 1072 107! 10°

t

Figure 8. (a) The magnitude of the compressive force, —F(t), (b) the dominant wavenumber kg, for the smoothed rectan-
gle, random noise, rectangle, smoothed rectangle with appropriate velocity and noise with appropriate velocity where & = 50,
B = 49.5and u = 0.05. The chosen starting velocities correspond to approximately 0.1% of the total kinetic energy.

b(k,0) under the weighted inner product

(f,g)kz=/0 K*fg dk. (C1)

In general, a naive choice of b(k, 0) will not satisfy this condition and must therefore be corrected.
We apply an analytic Gram—Schmidt projection. Given an initial profile a(k, 0) and a raw velocity
b,aw(k, 0) (i.e. some function that is linearly independent of a(k, 0)), we define

bk, 0) = b (k,0) — L brawde o) (C2)
<(Z, ll)kz

which ensures that (a,b),. = 0, and hence that equation (4.4) is satisfied. In practice, the inner prod-
ucts are evaluated numerically using a trapezium rule on the k-grid. Following projection, the ve-
locity field in equation (C 2) can be normalized to achieve an initial kinetic energy of appropriate
amplitude while still satisfying equation (C1).

C.2. Comparing numerical results for different initial conditions

We consider the following classes of initial conditions.

1. Hyperbolic tangent (smoothed rectangle) profiles. A smoothed rectangular spectrum is
constructed using a pair of hyperbolic tangent functions,

a(k,0) « tanh(s(k — a + f)) — tanh(s(k — a — p)), (C3)
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where s controls the edge steepness. This provides a smooth approximation to the rectangular
profile equation (4.14). For the corresponding velocity field, we take a derivative with respect
to the centre parameter «, yielding a pair of localized edge contributions,

brawe(k, 0) o —s sech® (s(k — a + f)) +s sech® (s(k — a — f)), (C4)

which is then projected using equation (C 2) and rescaled so that kinetic energy is approxi-
mately 0.1% of the total energy.

2. Random initial conditions. Random spectra are generated by drawing a(k,0) indepen-
dently and uniformly from the interval [-1/2,1/2], with a(0) = 0 enforced. The resulting
profile is subsequently normalized to satisfy the length constraint equation (4.3). We also
draw b, (k,0) independently and uniformly from [-1/2,1/2, before applying the projection
step equation (C2) and renormalizing.

For the initial conditions 1 and 2 above, plus the rectangular case presented in the main body
of the paper, we simulate dynamics up to ¢t = 1.0 with « =50, g =49.5 and u = 0.05, in a broad
k domain, [0,100]. The results for kg, and —F(t) are presented in figure 8. The strong agreement
between all sets of initial conditions in figure 8 highlights that the qualitative global dynamics is
insensitive to the shape of initial spectral distribution, and insensitive to changes from rest to small
starting velocities. For larger initial velocities, there is a technical challenge associated with finding
non-zero initial velocities that are compatible with the constraints but also physically meaningful—
we do not address that challenge in this paper.
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