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Abstract1

Procedural Knowledge Space Theory (PKST) integrates Knowledge Space Theory and2

Problem Space Theory to model human problem-solving. This study extends PKST3

to competitive, two-player games and presents the first empirical application of ho-4

momorphisms to derive abstract representations of complex problem spaces. Using5

Tic-Tac-Toe and its numerical variant Pick-15 as test cases, the study demonstrates6

how PKST can model complex competitive scenarios effectively. An empirical study7

involving 148 participants validated these PKST extensions by analyzing their perfor-8

mance on Pick-15 tasks. Problem and knowledge spaces were derived at multiple levels9

of abstraction and tested using the Markov Solution Process Model. Results indicated10

that abstract representations provided a better fit for participants with prior experience11

in Tic-Tac-Toe, suggesting that expertise promotes the use of generalizable strategies.12

This work provides a rigorous proof of concept for applying homomorphisms to test13

theoretical predictions on problem-solving tasks. By linking abstract representations,14

like tactics, to problem-solving performance, the proposed methodology offers a con-15

crete approach to evaluating cognitive theories of problem solving and decison-making.16

These findings highlight the potential of PKST to model broader cognitive phenomena17

in interactive contexts. The study emphasizes the practical utility and flexibility of18

PKST for formalizing and empirically testing hypotheses, extending its relevance to19

diverse domains of cognitive science.20

Keynotes: Procedural Knowledge Space Theory, Problem-Solving, Competitive Games,21

Cognitive Modelling22
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Translational Abstract23

This study builds on an existing way of modeling how people think through problems,24

called Procedural Knowledge Space Theory, and extends its application to describe25

how people make decisions when competing against someone else. To explore this,26

the researchers used two simple games: Tic-Tac-Toe and a numerical variant called27

Pick-15. They created different versions of the “problem spaces” that players navigate,28

ranging from detailed to more simplified representations. A total of 148 participants29

played Pick-15, and their performance was analyzed to determine which version of the30

problem space best matched their actual behavior.31

The results showed that for players who already knew how to play Tic-Tac-Toe, the32

more abstract model provided a better explanation of their behavior. This suggests33

that experienced players rely on broader, more generalizable strategies that transfer34

across similar games. The study demonstrates that this approach can connect high-35

level ideas, such as tactics, to measurable behavior. In other words, it offers a practical36

way to test theories about how people solve problems and make decisions, even in37

competitive, interactive settings.38

Overall, the findings indicate that the extended theory can help researchers under-39

stand a wider range of human thinking and may be useful for studying decision-making40

in domains beyond games.41
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1 Introduction42

Board games offer powerful tools for examining human cognition, acting as microcosms43

of broader cognitive research. These games provide controlled environments to study44

key cognitive processes such as perception, memory, and problem-solving, with findings45

often extrapolated to other domains of human expertise (see e.g., Gobet, Retschitzki,46

& de Voogt, 2004). The structured nature of board games allows researchers to rig-47

orously test and refine cognitive theories, providing a rich yet manageable context for48

exploration. From early studies on chess, exemplified by the seminal works of De Groot49

(1978) and Chase and Simon (1973), board game research has uncovered fundamental50

concepts like selective search, progressive deepening, and the critical role of pattern51

recognition in problem-solving.52

In recent years, Procedural Knowledge Space Theory (PKST; Stefanutti, 2019) has53

emerged as a novel framework that bridges Knowledge Space Theory (KST; Doignon54

& Falmagne, 1999) and Problem Space Theory (PST; Newell & Simon, 1972). PKST55

combines KST ability to formally assess individual performances with PST aim to56

describe problem spaces in a well-defined manner. PKST combine both these tools57

to understand human problem-solving and cognition, while also providing a formal58

framework for assessing cognitive abilities (Brancaccio, de Chiusole, & Stefanutti, 2023;59

de Chiusole et al., 2024). This formal grounding also makes PKST particularly suitable60

for tasks commonly used in modern neuroscience that rely on an underlying problem61

space (e.g., Schuck & Niv, 2019), which are typically not embedded within a coherent62

theoretical framework or associated with a well-defined latent structure.63

Building on these foundations, Brancaccio and Stefanutti (2024) proposed a math-64

ematical framework for linking multiple representations of a problem space through a65
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pair of homomorphisms. These mappings enable the connection of alternative repre-66

sentations of the same problem space, allowing for empirical testing against data and67

comparison with each other. This innovative approach opens new avenues for studying68

problem-solving processes and the cognitive structures underlying them.69

In this study, the theoretical concepts introduced by Brancaccio and Stefanutti70

(2024) are applied for the first time to human data. To show the utility of PKST and71

problem space homomorphisms, the classical board game Tic-Tac-Toe is used as a test72

case. Moreover, this study represents the first application of PKST to a setting with73

multiple problem solvers competing against each other to reach opposite goals.74

Successful applications of the theory to single–problem-solver puzzles include the75

Tower of London test (Brancaccio et al., 2026; Stefanutti, de Chiusole, & Brancaccio,76

2021), the Tower of Hanoi (Brancaccio & Stefanutti, 2024), the bucket-of-water puzzle77

(Stefanutti, 2019), and maze problems (Stefanutti & Brancaccio, 2025). Extending78

PKST from single–problem-solver puzzles to multi-players, competitive games required79

specific adaptations and generalizations of the framework. Tic-Tac-Toe offers an ideal80

starting point for testing, being simultaneously well-structured, sufficiently complex,81

and completely solved and well-studied. For these reasons, Tic-Tac-Toe and its variants82

are often used as model systems for testing a theory or a methodology (e.g., Newell &83

Simon, 1972; Van Opheusden et al., 2023; Watson, Arnold, & Tanenhaus, 2008) and84

as a model for cognitive development in young children (e.g., Crowley & Siegler, 1993;85

DeVries & Fernie, 1990).86

The significance of the approach presented in this article extends beyond Tic-Tac-87

Toe. Board games, as controlled environments, provide a stepping stone for under-88

standing complex, real-world problem-solving scenarios in an interactive context. In89

this article, problem-space homomorphisms are used to create alternative models based90
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on the set of rules postulated by Newell and Simon (1972) and expanded by Crowley and91

Siegler (1993) within a production-system framework. The positive results obtained92

from applying PKST and problem-space homomorphisms demonstrate the potential93

of this approach and support further, more complex applications, offering a rigorous94

methodology for exploring and testing theoretical frameworks in human problem solv-95

ing.96

The manuscript is organized as follows. Foundational concepts related to PKST,97

which are necessary for understanding the manuscript, are presented in Section 2.98

Section 3 introduces the problem space for two players competing against each other99

and discusses the application of the Minimax algorithm to PKST. Section 4 introduces100

the tic-tac-toe problem space and the derived goal and knowledge spaces used in the101

subsequent analyses. Section 5 presents a simulation study comparing these alternative102

representations under controlled conditions. Section 6 presents an empirical application103

in which the theoretical innovations are applied to data collected from a “Tic-Tac-Toe-104

like” game. Finally, Section 7 provides a general discussion to conclude the paper.105

2 Background106

This section introduces the core concepts of Procedural Knowledge Space Theory. All107

concepts introduced in this section are formally defined in the following subsections.108

PKST provides a framework for describing how individuals solve problems by linking109

the structure of a task to the procedures available to the problem solver (i.e., the110

sequences of actions they can apply to the task). It conceptualizes problem solving111

as the process of moving through a set of possible situations by applying sequences of112

actions. Within this perspective, a “problem space” represents the set of all possible113
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situations in a task together with the actions that connect them, while a solution114

corresponds to a sequence of actions leading from an initial situation to a goal.115

A central distinction in PKST concerns the difference between the structure of116

the task and the abilities of the individual. Although the problem space specifies all117

possible ways a problem can be solved, individuals typically have access to only a subset118

of these possibilities, or also none of them. This subset, referred to as a “competence119

state”, can be interpreted as the set of procedures that an individual is able to execute.120

Observable performance depends on these procedures: individuals may reach the same121

solution through different sequences of actions or may fail due to missing intermediate122

steps. To capture this, PKST introduces the notion of a “knowledge state”, defined123

as the set of problems that an individual can solve, thereby linking latent procedural124

resources to observable outcomes.125

A further key aspect of the framework is the role of abstraction in human problem126

solving. Rather than operating on fully detailed representations, individuals often rely127

on simplified representations that reduce complexity by ignoring irrelevant distinctions.128

In PKST, such simplifications are formalized through homomorphisms, which map a129

detailed problem space onto a more abstract one while preserving its essential struc-130

ture. These mappings can be interpreted psychologically as the use of strategies or131

higher-level representations that group together equivalent situations. Taken together,132

these concepts provide a framework for generating testable hypotheses about behavior,133

including predictions about individual differences and the use of abstract strategies.134
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2.1 Procedural Knowledge Space Theory135

The concept of a problem space, first introduced by Newell and Simon (1972), has136

been extensively utilized in understanding human problem-solving. Recently a math-137

ematical connection to Knowledge Space Theory (Doignon & Falmagne, 1999), has138

been established in Stefanutti (2019). The resulting theoretical framework is called139

Procedural Knowledge Space Theory. This section aims to present the main ideas of140

PKST.141

A problem space is a description that defines the various discrete states of a problem142

and the deterministic operations that can be performed to navigate between these143

states. In this context, we define a set of operations, denoted as Ω, which are the144

actions one can take to solve problems. A sequence of these operations can be thought145

of as a string, where each operation corresponds to an action taken in the problem-146

solving process. The set of all finite-length strings of operations is denoted by Ω∗,147

and ϵ represents the empty sequence in Ω∗. In the context of the problem space, the148

empty string ϵ corresponds to the absence of any action. In addition, any two strings of149

operations π, σ belonging to Ω∗ can be concatenated to form another operation sequence150

πσ, which also belongs to Ω∗, reflecting the closure of Ω∗ under concatenation. Thus,151

Ω∗ is a monoid under the operation of concatenation of strings.152

There exist two equivalent definitions of a problem space. The former, named153

“functional definition” was provided in Stefanutti (2019), whereas the latter, named154

“relational definition” was suggested by Brancaccio and Stefanutti (2024). The rela-155

tional definition is used in this article because it provides the basis for the notion of156

problem space homomorphism.157

The mathematical definition of a problem space is as follows. Let P = (S,Ω, R)158
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be a triple, where S is a finite set of problem states, Ω is a finite set of operations,159

and R is a set of triples (a, π, b) where a and b belong to S whereas π is any sequence160

of operations in Ω. The elements in R are interpreted as sequences of operations161

connecting two problem states together. Consider moreover the following five Axioms:162

(PS1) identity : the triple (a, ϵ, a) belongs to the relation R for all problem states a in163

S. In other words, doing nothing does not change the inital state.164

(PS2) uniqueness : for all problem states a and all possible sequences of operations π,165

if there are problem states b, c such that both (a, π, b), (a, π, c) belong to R then166

b and c must be the same state. In other words, the final state associated with167

a given initial state and a given sequence of operations must be unique.168

(PS3) completeness : for all problem states a and all possible sequences of operations169

π, there exists a problem state b such that (a, π, b) belongs to R.170

(PS4) transitivity : for any three problem states a, b, c and any two sequences of oper-171

ations π and σ, if both (a, π, b), (b, σ, c) are in R then also (a, πσ, c) must be in172

R. In other words, if the final state of a given path equals the initial state of173

another path, then the two can be joint together through that state giving rise174

to a longer path.175

(PS5) decomposition: for any two problem states a, b and any two sequences of opera-176

tions π and σ, if (a, πσ, b) is in R then there exists a c belonging to S such that177

it is possible to split it into two separate subpaths (a, π, c) and (c, σ, b), both178

belonging to R.179

Then P is a problem space if it satisfies Axioms PS1, PS2, PS3 and PS4 (Brancaccio180

& Stefanutti, 2024).181
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The triple P is called an incomplete problem space whenever Axiom PS3 is replaced182

by Axiom PS5. Indeed, it should be observed that in a problem space, the condition in183

PS5 follows from Axioms PS1 to PS4, therefore it needs not be included in the set of184

axioms. Thus, in a problem space all conditions from PS1 to PS5 hold true, whereas185

in an incomplete problem space Axiom PS3 does not hold. This axiom has to do with186

the distinction between effective and ineffective sequences of operations. It states that,187

given any “initial” problem state s, any arbitrary sequence of operations can be applied188

to that state, yielding as a result some problem state in S. Eventually, the result is s189

itself if the sequence of operations is ineffective at that state. In an incomplete problem190

space, where PS3 does not hold, it might be possible that, for some problem state s191

the application of some sequence π of operations is undefined. This precisely happens192

whenever the sequence is ineffective at that state.193

Indeed, the difference between a problem space and an incomplete problem space194

is more technical than substantial, as it only pertains to how ineffective sequences of195

operations are represented. As a matter of fact, any problem space can be transformed,196

without loss of information, into an incomplete problem space, by just removing all197

of the ineffective triples (x, π, x), with π ̸= ϵ, from the set R. On the other side, any198

incomplete problem space can always be transformed into a complete one, by adding199

the pair (x, π, x) for each sequence π that is ineffective at problem state x. Because200

there is no loss of information in the transformation, and because incomplete problem201

spaces are more easily handled, the types of problem spaces considered in this article202

are all incomplete.203

The reduction R◦ of a problem space (S,Ω, R) is a simplified version of the full204

set of relationships between states. It focuses only on the most direct connections,205

removing any indirect steps between states that can be reached through a sequence of206
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operations. In other words, R◦ contains only those transitions (a, π, b) where π is a207

single operation.208

Additionally, a problem space can be graphically represented by a directed graph209

(digraph). The digraph of a problem space (S,Ω, R) provides a way to visualize the210

relationships between problem states and operations. In this graph, the collection of211

problem states S represents node of the graph, and the reduction R◦ represents the212

edges or connections between these states.213

Within PKST, a problem is a pair (s, t), where s is the initial state of the problem,214

t is the goal state and there exists a sequence of operations that leads from s to t. The215

set Q denotes all possible problems within the problem space. A solution path for the216

problem (s, t) is any sequence of operations that successfully moves from the initial217

state s to the goal state t. Notably, multiple solution paths may exist for the same218

problem, as different sequences can lead to the same outcome. For instance, consider219

the problem of traveling from home to work. The initial state is home, and the goal220

state is the workplace. In the problem space, which in this case is the city where both221

home and workplace are located, several alternative routes (e.g., taking the highway or222

traveling through the city center) serve as solution paths for reaching work from home.223

In the context of a problem space, some solution paths can be related to others in a224

way that reflects their structure. We say that one solution path (s, π, t) is a subpath of225

another solution path (a, σ, b) when we can express the longer path (a, σ, b) by joining226

the shorter path (s, π, t) with other paths. Formally, (s, π, t) is a subpath of (a, σ, b) if227

there are two operations α and β such that (a, α, s), (t, β, b), and σ = απβ.228

To illustrate this with the previous example, the route from home to the work-229

place can be divided into two segments: i) going from home to the bus station, and230

ii) traveling from the bus station to the workplace. Both segments i) and ii) are sub-231
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paths of the overall route connecting home to the workplace. In fact, joining these232

segments together reconstructs the entire path. In PKST, the problem solving ability233

of an individual is represented by the competence state, which is a set C of solution234

paths. Psychologically, a competence state can be interpreted as the latent set of pro-235

cedures that an individual is able to execute within a given problem space. This set236

is such that, if (c, σ, d) is a subpath of (a, π, b), and this last belongs to C then also237

(c, σ, d) belongs to C. This property follows from the assumption that if a person238

can solve a problem through a given solution path, then they will be able to solve239

all the subproblems that can be encountered along that path. This assumption is240

consistent with classical theories of human problem solving, in which complex proce-241

dures are described as sequences of operators transforming one state into another, and242

successful execution of a procedure presupposes the availability of the intermediate243

operators composing it (Newell & Simon, 1972). Similarly, in cognitive architectures244

such as ACT-R (Anderson, 2014), procedural knowledge is represented through pro-245

duction rules, where solving a task requires the sequential application of elementary246

rules whose composition gives rise to more complex procedures and eventually skills247

(Anderson, 1982). The collection of all possible competence states forms the compe-248

tence space. In psychological terms, the competence space represents the set of all249

procedurally possible individual profiles under the assumptions of the model, that is,250

all possible combinations of executable procedures consistent with the problem space.251

Another fundamental notion in PKST is that of a knowledge state K, which is the set252

of problems that can be solved using the solution paths available in that competence253

state. Thus, while competence states describe latent procedural resources, knowledge254

states describe their observable consequences at the behavioral level, namely which255

problems an individual can successfully solve. Two individuals may therefore share256
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the same knowledge state while differing in competence state if they solve the same257

problems through different procedures. Conversely, differences in competence states258

may generate differences in knowledge states when some procedures allow access to ad-259

ditional problems. This relationship is foundational for understanding how knowledge260

can be structured in the context of problem-solving. Indeed, this distinction makes261

it possible to separate observable performance from the underlying procedural organi-262

zation that generates it, providing a formal basis for psychological hypotheses about263

individual differences in problem solving strategies, learning trajectories, or expertise264

development.265

The collection of all possible knowledge states is called a knowledge space K ⊆ 2Q.266

A particular type of problem space that provides a structured framework for eval-267

uating progress and identifying errors is referred to as a “goal space” (Stefanutti et268

al., 2021). In a goal space, each step in the problem-solving process is classified as269

either “correct-so-far” or “incorrect.” This classification helps determine whether a270

given solution path leads to a goal or to a mistake. A goal space is defined as a spe-271

cific type of problem space, defined by the 5-tuple (Sg,Ωg, f, g, Rg). It incorporates272

two distinct states: the failure state f , which represents an incorrect response, and273

the goal state g, which represents the correct solution to the problem. A goal space274

follows two essential properties. First, once either the failure state or the goal state275

is reached, any further actions become ineffective, meaning that the problem-solving276

process terminates at these states. Second, the goal state g must be accessible from277

any state in Sg except the failure state. In other words, for any starting state that is278

not the failure state, there must exist a possible sequence of moves that will eventually279

lead to the goal. Several procedures have been proposed to transform a problem space280

into a corresponding goal space. A straightforward approach consists of mapping all281
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paths that do not terminate in a goal state to a designated failure state (Stefanutti &282

Brancaccio, 2025).283

A problem solution process in a goal space is a random variable whose realizations284

are sequences of problem states (s0, s1, . . . , sm) that are taken by problem solver. It285

is assumed that all states encountered during this process are observable. Thus, in286

evaluating a problem solution, we consider the entire sequence of states as correct if287

the final state is the goal state sm = g. On the other hand, whenever the final state is288

the failure state sm = f the solution process is considered incorrect.289

To illustrate the theoretical explanation with a concrete case, consider the ad hoc290

example of a river-crossing puzzle, called Cops and Prisoner (e.g., Ishay & Lee, 2025).291

The setup is as follows: n cops and n prisoners are on the left side of a river and must292

all cross to the right side. A single boat is available, with capacity for at most two293

people at a time. The boat cannot cross empty and must always carry at least one294

passenger. The main constraint is that, on either bank, if the number of prisoners295

exceeds the number of cops, the prisoners escape and the attempt fails. The goal is to296

transfer all 2n individuals safely to the opposite bank.297

The problem can be represented as a problem space in which each problem state298

is a triple (c, p, r). Here, c ∈ {0, 1, . . . , n} and p ∈ {0, 1, . . . , n} denote the number of299

cops and prisoners on the left bank, respectively, while r ∈ {L,R} indicates the current300

position of the boat. For illustration, the case n = 2 (two cops and two prisoners) is301

discussed below.302

The problem space for the Cops and Prisoners puzzle is defined asPcp = (Scp,Ωcp, Rcp).303

The set of problem states Scp consists of the 12 valid combinations of (c, p, r), where c304

and p range from 0 to 2, and r ∈ {L,R} indicates the position of the boat. Although305

the full cross-product of values yields 3 × 3 × 2 = 18 possible states, only 12 are ad-306
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missible once the puzzle’s constraints are enforced. In particular, most states in which307

the number of prisoners exceeds the number of cops on either bank are excluded. For308

simplicity of notation, each state will be denoted as cpr without any parenthesis or309

commas. For example, the initial state of the puzzle, (2, 2, L), where all four individ-310

uals are on the left bank, is written as 22L, while the final state, (0, 0, R), where all311

four individuals are on the right bank, is written as 00R. The operation correspond to312

all legal boat moves: moving one cop (→C) or two cops (→CC) from left to right, or in313

the opposite direction (←C , ←CC); moving one prisoner (→P ) or two prisoners (→PP )314

from left to right, or in the opposite direction (←P ,←PP ); and moving one cop and one315

prisoner together (→CP ) from left to right, or in the opposite direction (←CP ). Thus,316

the set of operation is Ωcp = {→C ,←C ,→CC ,←CC ,→P ,←P ,→PP ,←PP ,→CP ,←CP}.317
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22L

11R 02R20R 21R12R

21L 12L

01R 10R

11L02L

00R

Figure 1: Digraph of the Cops and Prisoners problem space. Cyclic connections are

represented using bidirectional arrows, while self-connections are omitted for clarity.

Configurations in which the puzzle is lost are depicted in red.

Figure 1 displays the digraph of the problem space, with the operations omitted318

for readability. The ternary relation Rcp can be directly derived from the digraph. It319

should be noted, however, that the current representation includes cyclic paths, such320

as moving two cops from left to right and then immediately back to the left (e.g.,321

(22L,→CC←CC , 22L)), but excludes ineffective moves, such as attempting to move the322

boat from left to right when it is already on the right side (e.g., (21R,→C , 21R)).323
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The three states highlighted in red in Figure 1 correspond to configurations in which324

the number of prisoners on one bank exceeds the number of cops, and the puzzle is325

therefore failed.326

To define the goal space, we specified 00R as the goal state, identified all states in327

which the number of prisoners exceeded the number of cops as failure states, and ex-328

cluded cyclic paths. While distinguishing between goal and failure states is necessary,329

the exclusion of cyclic paths is arbitrary but reasonable in this application. For exam-330

ple, it would be implausible to regard as a valid solution a sequence in which a prisoner331

repeatedly moves from left to right and then back again (e.g., (22L,→P←P , 22L))332

before eventually completing the puzzle.333
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22L

11R20R

21L

f

01R

11L02L

00R

Figure 2: Digraph of the goal space derived for the Cops and Prisoners example.

The resulting goal space, shown in Figure 2, contains nine problem states, including334

both the goal (in green in the figure) and the failure states (in red in the figure). From335

this goal space, seven distinct problems can be derived, namely336

Qcp = {(22L, 00R), (20R, 00R), (11R, 00R), (21L, 00R), (01R, 00R), (11L, 00R), (02L, 00R)}.

Consider two subsets of solution paths in this goal space: C1 = {(01R,←C→CP337

, 00R), (01R,←C , 11L), (11L,→CP , 00R), (02L,→PP , 00R)} and C2 = {(01R,←C→CP338

, 00R), (02L,→PP , 00R)}. The subset C1 is a competence state, since the paths (01R,←C339

, 11L), and (11L,→CP , 00R) are all subpaths of (01R,←C→CP , 00R), and all three be-340
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long to C1. Conversely, C2 does not constitute a competence state, since it does not341

include all subpaths of (01R,←C→CP , 00R); in particular, (11L,→CP , 00R) /∈ C2.342

The subset of problems in Qcp that are solved through solution paths contained343

in C1 are {(01R, 00R), (11L, 00R), (02L, 00R)}. Specifically, (01R, 00R) is solved via344

the path (01R,←C→CP , 00R), (11L, 00R) via (11L,→CP , 00R), and (02L, 00R) via345

(02L,→PP , 00R). It should be noted that although (01R,←C , 11L) belongs to C1, it346

does not solve any problem in Qcp, since all problems in a goal space must terminate347

at the goal state. Thus, although the path belongs to the competence state, it is not348

represented as a problem in the knowledge state derived from it.349

Applying the same rationale to all possible competence states yields the complete350

knowledge space for this example:351

{{22L, 20R, 11R, 21L, 01R, 11L, 02L}, {22L, 11R, 21L, 01R, 11L, 02L},

{22L, 20R, 21L, 01R, 11L, 02L}, {22L, 20R, 11R, 21L, 01R, 02L}, {22L, 20R, 11R, 21L, 01R, 11L},

{20R, 11R, 21L, 01R, 11L, 02L}, {22L, 11R, 21L, 01R, 02L}, {22L, 11R, 21L, 01R, 11L},

{22L, 20R, 21L, 01R, 11L}, {22L, 20R, 21L, 01R, 02L}, {11R, 21L, 01R, 11L, 02L},

{20R, 21L, 01R, 11L, 02L}, {20R, 11R, 21L, 01R, 02L}, {20R, 11R, 21L, 01R, 11L},

{11R, 21L, 01R, 02L}, {11R, 21L, 01R, 11L}, {20R, 21L, 01R, 11L}, {20R, 21L, 01R, 02L},

{21L, 01R, 11L, 02L}, {21L, 01R, 11L}, {21L, 01R, 02L},

{01R, 11L, 02L}, {01R, 11L}, {01R, 02L}, {11L, 02L}, {11L},

{02L}, ∅}

For clarity of exposition, the problems in the knowledge state are represented us-352

ing only their initial state, since the goal state is constant (g = 00R). For instance, state353
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{01R, 02L} in the above knowledge space corresponds to state {(01R, 00R), (02L, 00R)}354

when using the extensive notation.355

2.2 Problem Spaces homomorphism356

This section presents a summary of the theoretical results from Brancaccio and Ste-357

fanutti (2024). Problem spaces are formal structures that represent the possible solu-358

tions to a given problem or a set of problems. When dealing with complex or large359

problem spaces, the number of problem states, problems, and solution paths increases360

rapidly. As result, it is unlikely that humans mentally replicate the entire, detailed361

problem space as-is. For instance, in the Cops and Prisoners example presented at362

the end of Section 2.1, it is reasonable to assume that, when humans confront this363

puzzle, they may not distinguish between operations that move from left to right and364

those that move from right to left. In such cases, problem solvers are likely to rely365

on simplified mental representations that omit details unnecessary for reaching a solu-366

tion. This simplification typically exploits recurring structural patterns that reduce the367

complexity of the problem space, such as symmetries. Consequently, problem states368

and operations can be abstracted into a more general strategy that leverages these369

inherent symmetries. For example, in the Cops and Prisoners puzzle, the operations370

→C (“move one cop from left to right”) and ←C (“move one cop from right to left”)371

may be viewed as symmetric and generalized into ↔C , representing the action “move372

one cop from one bank to the other.”373

A more abstract problem space is often more plausible for human problem solvers374

with limited computational resources (Simon et al., 1990) (e.g., working memory, at-375

tention). However, these simplifications adhere to an internal logic that preserves the376
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essential relationships within the problem space, ensuring that the abstract version re-377

tains the fundamental properties of the original problem space. This alignment between378

the original and simplified spaces is captured by Brancaccio and Stefanutti (2024) in379

the concept of a “homomorphism.” The paper also provides a few examples of symme-380

tries in different problem solving contexts. A homomorphism maps a concrete, detailed381

problem space to a more abstract representation while preserving the relationships be-382

tween states and operations. Formally, a homomorphism between two problem spaces383

can be defined by a pair of mappings, denoted as (ϕ, γ):384

� ϕ maps each state in the concrete space to a corresponding state in the abstract385

space.386

� γ maps each sequence of operations in the concrete space to a sequence of oper-387

ations in the abstract space.388

Two types of homomorphisms exist, the weak and the strong ones. The formal389

derivation and comparison are in Brancaccio and Stefanutti (2024), in this article only390

weak homomorphisms are considered. The pair (ϕ, γ) is a weak homomorphism if391

every path (s, π, t) in the concrete space is represented by a path (ϕ(s), γ(π), ϕ(t)) in392

the abstract space. Moreover, the mapping γ satisfies the condition γ(π)γ(σ) = γ(πσ),393

where π and σ are sequences of operations in the concrete space.394

Both mappings, ϕ and γ, are surjective but not injective in general. This means395

that for each problem state or sequence of operations in the abstract problem space,396

there exist one or more corresponding problem states or sequences of operations in the397

concrete space. All the elements in the concrete problem space that map to the same398

element in the abstract problem space form an equivalence class within the concrete399

problem space. A special case occurs when both ϕ and γ are bijective; in this case, the400



21

mapping defines an isomorphism between the two problem spaces.401

2.3 Markov Solution Process Model402

The Markov solution process model (MSPM), developed by Stefanutti et al. (2021),403

views the problem solution process as a random sequence S0,S1, . . .Sn . . . , where each404

random variable Sn represents a state sn in the problem space. The MSPM assumes405

that the solution process is dependent on the problem solver’s latent knowledge state406

K, and that, given this knowledge state and the presented problem (s0, g), the process407

is Markovian (for a an overview see, Ethier & Kurtz, 2009). This means that in the408

sequence of states s0, s1, . . . sn . . . , the probability of a transition to state sn only de-409

pends on sn−1 and it is independent of the previous states in the sequence (memoryless410

property). This is expressed by the Markov property (the shortcut notation P (si) is411

used in place of P (Si = si) for convenience):412

P (sn|s0, s1, . . . , sn−1, (s0, g), K) = P (sn|sn−1, (s0, g), K).

The transition probability P (sn|sn−1, (s0, g), K) denotes the likelihood of transitioning413

from state sn−1 to sn under knowledge state K. The probability of an entire solution414

process (s0, s1, . . . , sm), given the knowledge state K, can then be factored as:415

P (s0, s1, . . . , sm|(s0, g), K) =
m−1∏
i=0

P (si+1|si, (s0, g), K).

Considering the probability distribution over knowledge states PK(K), the overall prob-416

ability of observing a specific solution process for problem (s0, g) is:417

P (s0, s1, . . . , sm) =
∑
K∈K

m−1∏
i=0

P (si+1|si, (s0, g), K)PK(K).

This equation defines the general framework of the MSPM. However, the number of418

parameters for transition probabilities may be large.419
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It should be noted that a transition from state si to state si+1 can only occur420

with positive probability if there is a single operation ω that transforms si into si+1.421

Therefore, P (si+1|si, (s0, g), K) > 0 only if the transition (si, ω, si+1) is an edge of the422

graph of the goal space, implying that many transition probabilities will be zero.423

Further assumptions can simplify the model. One such assumption, tested empiri-424

cally by Stefanutti et al. (2021), is the MSP1 assumption. This assumption states that425

the transition probability from state s to state t, given the knowledge state K and426

problem (s0, g), follows a simple rule:427

P (t|s, (s0, g), K) =


βst if (s0, g) ∈ K,

ηst if (s0, g) /∈ K.

Here, βst and ηst are real parameters specific to each directed edge (s, t). The transition428

probability depends on both the problem solver’s knowledge state and the initial state429

s0.430

Table 1 presents a classification of possible interpretations for all transition param-431

eters based on the relationship between the observed transition and individual mastery432

of the problem (s0, g). Columns of the table are about mastery or non-mastery of the433

problem (s0, g). Rows of the table are about the transition observed in a single step of434

the solution, which could be either correct (s, t) with t ̸= f or incorrect (s, f). As the435

table shows, a correct transition performed by an individual who masters (s0, g) is a436

careful correct βst. On the other side, a correct transition performed by an individual437

who does not master the problem is a lucky guess ηst, implying that the correct tran-438

sition was given by chance. Instead, an incorrect transition (s, f) carried out by an439

individual who masters the problem is a careless error. Finally,an incorrect transition440

carried out by an individual who does not master the problem is a non-lucky guess441
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Table 1: Classification of correct and incorrect observed transitions based on mastery

or non-mastery of a given problem.

Observed Transition Mastered (s0, g) Not mastered (s0, g)

Correct (s, t) careful correct lucky guess

Incorrect (s, f) careless error non-lucky guess

A monotonicity condition is applied to these parameters: if t ̸= f (where f rep-442

resents the failure state), then ηst (the probability of a lucky-guess) is expected to be443

smaller than βst (the probability of a careful correct). This is equivalent to saying that444

the probability of making a careless error is less than the probability of a non-lucky445

guess.446

In summary, the model consists of the the following three types of parameters: the447

knowledge state probabilities PK(K), the transition probabilities βst and ηst for each448

edge (s, ω, t) of the graph of the goal space.449

The parameters of the MSPM model can be estimated using maximum likelihood450

through the expectation-maximization (EM) algorithm. The authors have developed451

a MATLAB implementation of this procedure.452

3 The Two Players Problem Space453

In this section, the framework elaborated by Stefanutti (2019) is generalized to situa-454

tions in which two players act in the same problem space in turns. A 2-player space455

problem space is defined to be a problem space (S,Ω, R) where the set S of states456

can be partitioned into two classes S1 and S2, where S1 contains the states of the first457
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player, whereas S2 contains the states of the second player. Moreover, in every single-458

operation path (s, ω, t), the state s belongs to S1 if and only if the state t belongs to459

S2. In the sequel, a state belonging to S1 (respectively, S2) is referred to as a state460

belonging to player 1 (respectively, player 2) if it represents a configuration of the game461

in which only player 1 (respectively, player 2) can act.462

The directed graph of this multiplayer space turns out to be a type of bipartite463

directed graph (S1, S2, R
◦) where S1 and S2 are two sets of vertices and the reduction464

R◦ are the edges.465

Example 1. NIM: The players, in each step, must remove one or two coins from a466

heap of four coins. The winner is the one who picks the last coins.467
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Figure 3: Bipartite digraph of the multiplayer space of the NIM example. Gray circles

in the figure are the problem states of the first player, whereas the boxes are the ones

of the second player. The number inside each box or circle is the number of coins in

a heap in that problem state. The arcs labeled as rem1 is the operation “remove one

coin,” and the arcs labeled as rem2 is the operation “remove two coins.”

Figure 3 displays the 2-player space for the NIM example. The grey circle nodes468

represent the problem states of the first player, and the white boxes represent the469

problem states of the second player. In this example, any problem state could be470

represented as a pair (n, k), where n is the number of coins in the heap and k is the471

player who plays next (represented in the graph as “grey” or “white”).472

In a 2-player space, it is useful to define a single-operation path as turn. In par-473

ticular, a single operation (s, ω, t) is referred to as a turn for player 1 if the problem474

state s belongs to player one, otherwise it is referred to as a turn for player 2. The475
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concatenation of two turns is defined as a move. From a game perspective, a turn476

changes the player that can act in the game, whereas a move of the game is a pair of477

turns such that initial and final states belong to the same player.478

3.1 The Minimax Algorithm479

To define a goal space in a game, further considerations on the definition of “correct-480

so-far” are required. The possible outcomes in a game with two players are: the first481

player wins, the second player wins, or the game terminates in a draw. While at the482

beginning of the game, each player will try to win, as a result of the game continuation483

the “best” outcome for one or both players could be a draw or in extreme situations484

to withdraw from the game. For instance, in any game where there is a finite number485

of points to be collected by the two players, such as mancala, scrabble, and bao, there486

are game situations in which a player has collected more than half of the points early487

in the game. In such a situation, the only possible outcome would be a loss for the488

other player.489

In the Nim game displayed in Example 1, initially the best possible outcomes are490

(0, white) for player grey and (0, grey) for white. Later in the game, assuming there491

is one coin in the heap and grey moves (i.e., state (1, grey)), the “best” (and only)492

outcome for both players is (0, white), since at this point of the game this is the only493

possible outcome.494

In a two-player game, the minimax algorithm is commonly used to find the optimal495

move in a given position. The minimax algorithm helps find the optimal move, by496

working backwards from the end of the game. At each step it assumes that the first497

player is trying to maximize the chances of winning, while on the next turn the second498
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player is trying to minimize the first player’s chances of winning.499

In applications where the problem space is known, like in the Nim Example, all500

possible moves in the game are explored until it reaches a terminal state (the first501

player wins, the second player wins, or the game ends in a draw). At this point, an502

evaluation function v from the set S to the set R of real numbers, assigns a value to503

the terminal state reflecting the outcome. Without loss of generality, let’s say that the504

evaluation function gave a higher value in the case of a victory of the first player and a505

lower value in the case of a victory of the second player. The algorithm backtracks from506

the terminal state propagating the evaluation through the problem space. Specifically,507

the value of any problem state si different from a terminal state is determined based508

on the evaluation of the states in its neighborhood E(si). If a state si belongs to509

the first player (i.e., the first player makes the next move), the associated value is the510

maximum value among those in its neighborhood, denoted as max v(E(si)). Conversely,511

if si belongs to the second player, the associated value is the minimum value among512

those of all the states in its neighborhood, denoted as min v(E(si)). Therefore, in the513

following, the player who selects the maximum value is referred to as the maximizing514

player, while the player who aims to minimize the maximum value for the opponent515

is referred to as the minimizing player. As a result of the minimax algorithm, we516

obtained a new problem space that is a projection of the original one, containing only517

the optimal moves. At this stage, to create a goal space, we connect all the terminal518

states to an abstract goal state, representing the end of the game. Similarly, all non-519

optimal moves are replaced with moves leading to the failure state. For example, the520

move from (2, grey) to (1, white) through operation α in Figure 3 is replaced by a move521

from (2, grey) to f through operation α in the new goal space.522

It’s important to note that a problem space obtained using the minimax algorithm523
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by backpropagation, as described in this section, is always a goal space by construction.524

Indeed, (GS1) holds trivially, and (GS2) holds because all problem states, other than525

f and g, are connected to at least one terminal state by backpropagation, and all the526

terminal states are connected to the goal state. Therefore, the goal state is connected527

to all problem states other than the failure state.528

Example 2. Resuming the Nim in Example 1 there are two possible terminal states529

in the game space: (0,white) and (0, grey), corresponding to wins for player white530

and player grey, respectively. As the first state of the game belongs to player grey,531

let’s designate grey as the maximizing player and white as the minimizing player.532

Therefore, the evaluation function for the terminal states is such that v(0, white) = 1533

and v(0, grey) = −1. Figure 4 illustrates the goal space derived from the application534

of the minimax algorithm. For each node, the value on the right represents the value535

v(s) associated with that node.536
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Figure 4: Goal space of the Nim game with a heap of four coins. The abstract goal

states obtained as a results of the minimax procedure is depicted in green.

In the figure solid lines represent the optimal moves selected by the minimax al-537

gorithm, whereas the dashed lines represent the non-optimal ones. To exemplify how538

the evaluation of a non-terminal state works let us consider problem state (2, grey).539

In it neighborhood there are two states: (0, white) and (1, white), with values 1 and540

-1 respectively. Since grey is the maximizing player, the algorithm assigns the state541

(2, grey) a value 1, which is the maximum in its neighborhood. Hence, nodes (2, grey)542

and (0, white), are connected by a solid line. Conversely, nodes (2, grey) and (1, white),543

are connected by a dashed line. Similarly, considering problem state (2, white), since544

white is the minimizing player, the algorithm assigns it a value of −1, which is the545

minimum in its neighborhood. Therefore, the relevant nodes are connected by the546
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solid line.547

Minimax algorithms are used in many fields, such as computer science, decision548

theory, game theory, statistics, and philosophy (Musah, Boah, & Seidu, 2020). The549

one presented in this work is the basic version applied for zero-sum games, in which the550

whole problem space is available. It is worth noticing that there exist more complex551

versions aimed at handling cooperative games, games of chance, and games of imperfect552

knowledge. However, those are not discussed in this article.553

4 Tic-Tac-Toe Goal Spaces554

Tic-tac-toe provides a fully specified and tractable problem space, allowing alternative555

abstract representations to be constructed and formally compared within an identi-556

cal task environment. The methods presented in this article were applied to obtain557

psychologically interpretable and computationally tractable representations of the tic-558

tac-toe problem space. The full formal construction is reported in Appendix A. Below,559

we summarize the main simplifying assumptions underlying that construction, all of560

which preserve the goal structure of the original task.561

First, problem states were treated as equivalent up to rotational and reflectional562

symmetries of the board (for details see Figure 6 in Appendix A).563

Second, an ad hoc minimax procedure (see Equation (1) in Appendix A) was applied564

to derive a goal-space representation of the tic-tac-toe problem space. Only solution565

paths leading to a win were considered correct, whereas draw outcomes were mapped to566

the failure state. This restriction allows the analysis to focus on goal-directed behavior567

while maintaining a well-defined success criterion.568

Third, individual moves were mapped onto eight tactical operations (see Table 4)569
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commonly described in the cognitive literature on human tic-tac-toe play (Newell &570

Simon, 1972; Crowley & Siegler, 1993). Problem states connected to the goal through571

identical sequences of tactical operations were therefore treated as equivalent.572

Fourth, opponent moves that do not affect an inevitable win were collapsed into a573

single operation, merging states that differ only in the final unavoidable response of574

the opponent.575

The last two abstraction steps induce two homomorphic representations of the576

same underlying problem space, denoted P1 and P2 (see Appendix A). Although both577

representations preserve optimal solution paths, they differ in structural complexity and578

in the dependency relations among problems, thereby yielding alternative hypotheses579

regarding the organization of strategic knowledge.580

Because the resulting knowledge structures remain large, each goal space was fur-581

ther partitioned into largely independent subspaces, yielding Pa
1 , Pb

1, Pa
2 , and Pb

2. Im-582

portantly, the subspaces Pb
1 and Pb

2 are isomorphic, implying that the corresponding583

knowledge spaces are structurally equivalent despite originating from different abstrac-584

tion procedures. In contrast, Pa
1 and Pa

2 retain distinct dependency structures.585

The knowledge spaces derived from these subspaces correspond to the goal and586

problem spaces examined in the following simulation and empirical studies (Sections 5587

and 6) . This construction provides a controlled setting in which competing cognitive588

representations of the same underlying problem space can be formally compared within589

an identical behavioral task . In the simulation study, this allows differences in model590

performance to be attributed exclusively to representational assumptions. In the em-591

pirical study, the same representations are then evaluated against observed patterns of592

human performance.593
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5 Simulation Study594

A simulation study was conducted to evaluate (a) parameter recovery and identifiabil-595

ity of the MSPM in the two-player game used in the empirical application presented596

in the next section, and (b) the ability of model selection criteria to discriminate be-597

tween alternative knowledge spaces derived from abstract representations of the same598

underlying problem space. The simulation establishes the methodological basis for in-599

terpreting the empirical findings. A summary of the main results is reported below.600

Complete details of the simulation study are provided in the online supplementary601

materials.602

5.1 Design603

In the simulation study, the three goal spaces derived in Section 4 were considered: Pa
1 ,604

Pa
2 , and Pb, together with their corresponding knowledge spaces Ka

1 (8,880 knowledge605

states), Ka
2 (188 knowledge states), and Kb (46 knowledge states). The goal spaces606

Pa
1 and Pa

2 constitute homomorphic representations of the same underlying problem607

space, where Pa
1 provides a more concrete description and Pa

2 a more abstract one.608

Data were generated under six conditions resulting from the crossing of three knowl-609

edge spaces (Ka
1, Ka

2, and Kb) and two error levels (low vs. high). Error levels were610

manipulated through the transition probabilities governing the model. Specifically,611

careless-error parameters (βif ) were sampled from either a random uniform distribu-612

tion in the interval (0, .1] or in the interval(0, .3], whereas non-lucky-guess parameters613

(ηif ) were sampled from either [.9, 1) (low error) or [.7, 1) (high error). Remaining tran-614

sition probabilities were randomly drawn and normalized to satisfy model constraints.615

By construction, all parameter pairs satisfied the theoretical inequality βij − ηij ≥ 0616
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for j ̸= f .617

For each condition, 500 datasets were generated, yielding 3,000 datasets overall.618

Data generation followed the standard MSPM simulation algorithm: a knowledge state619

was randomly sampled from the generating knowledge space, and for each item a solu-620

tion path was produced by sequentially applying transition probabilities until reaching621

either the goal or failure state (see also (Stefanutti et al., 2021)).622

5.2 Identifiability and Parameter Recovery623

Local identifiability was assessed using a multi-start iterative estimation procedure.624

For a dataset, the model was re-estimated from 50 distinct initial values. If parameters625

are locally identifiable, solutions with equal likelihood should coincide (up to numerical626

precision). With one exception, this condition was satisfied across all knowledge spaces:627

parameter standard deviations across equivalent solutions were less or equal to .02. A628

single parameter in Ka
1 showed a larger variability (SD = .11), indicating potential local629

non-identifiability in that specific case. No other issues arised.630

Across conditions, most transition probabilities were recovered with negligible bias.631

Bias estimates were centered at or near zero in both low- and high-error levels, demon-632

strating that the MSPM can recover generating parameters with high accuracy under633

correct model specification.634

A small number of parameters showed modest bias in the high-error condition. In635

particular, some βij parameters exhibited small negative bias, and certain ηi,g param-636

eters showed slightly increased variability. These effects were limited in magnitude637

and were not systematically replicated across error levels. One plausible explanation is638

occasional convergence to local maxima, as each simulated dataset was estimated only639
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once in the recovery analysis.640

Systematic patterns in variability were observed. The standard deviation of bias641

of the βij tended to increase for transitions farther from the goal state (i.e., those642

associated with more difficult problems), reflecting reduced information in later-stage643

transitions. Conversely, the standard deviation of the bias in ηij tended to be larger for644

transitions closer to the goal state. These patterns reflect expectatins concerning this645

parameters. In fact, the efficiency of the estimates of the the βij parameters decreases646

when observed correct transitions are scares in the data set, whereas the efficiency of647

the estimates of the ηij parameters decreases when observed incorrect transitions are648

scares in the data set.649

Overall, the results indicate that if the sample size is sufficiently large, under correct650

model specification, the MSPM provides largely unbiased parameter estimates with651

stable recovery properties across knowledge spaces and error levels.652

5.3 Model Selection653

To evaluate discriminability between alternative knowledge spaces, MSPMs based on654

Ka
1 and Ka

2 were fitted to data generated under each of these knowledge structures655

(conditions 1–4 in the supplementary material). Model selection performance was656

assessed using AIC and AICc.657

A clear difference emerged between the two criteria. The AIC systematically fa-658

vored the smaller model, irrespective of the true data-generating structure, leading to659

incorrect selection in half of the conditions. In contrast, the AICc consistently iden-660

tified the correct knowledge space across all replications in all four conditions. Thus,661

in this context, the small-sample correction embodied in AICc appears essential for662
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reliable model discrimination.663

6 Empirical application664

In this section, an empirical study is presented that aims to test the capability of this665

approach to obtain and compare different models of the problem space in which human666

individuals play a game. A “tic-tac-toe-like” game named pick15 (or number scrabble)667

has been chosen for this purpose. The study of the properties of Tic-tac-toe-like games668

arises in various disciplines, like for instance, mathematics (Beck, 2008), computer669

science (Luger, 2005), and psychology (Crowley & Siegler, 1993; Newell & Simon, 1972).670

Among the class of tic-tac-toe-like games, pick15 is a numerical game in which two671

players select numbers from one to nine without repetition from a three-by-three square672

grid. The first player who picks three numbers that sum to 15 wins. The numbers are673

placed in a grid, called a magic square, such that each row, column, or diagonal sums to674

fifteen, resembling the tic-tac-toe board. Pick15 was chosen for two reasons. First, the675

problem spaces of pick15 and tic-tac-toe are isomorphic to one another (Michon, 1967;676

Newell & Simon, 1972), meaning that the spatial strategies studied for tic-tac-toe map677

identically in pick15. Therefore, the construction of the underlying problem and goal678

spaces can be performed in the tic-tac-toe domain and subsequently applied to Pick 5679

empirical data. Second, while tic-tac-toe is very common in Italy, the Pick15 variant680

is relatively unknown. We considered that using standard tic-tac-toe would have been681

too easy for young adults, who already have explicit experience with the game, likely682

resulting in a ceiling effect on our set of problems.683
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6.1 Materials and participants684

The data were collected by using a ShinyR (Chang et al., 2024) implementation in685

Italian language of the 36 problems in Q1 defined in the previous section. The prob-686

lems were administered to each participant in a randomized order. After a detailed687

description of the rules, participants were given the following instruction:688

(a) solving the problem means that the participant must play the moves for both689

players;690

(b) the goal is that player 1 should win;691

(c) each move must be optimal in respect of the player who did it (i.e., each player692

must try not to lose). Moreover, an example of the optimal and non-optimal693

move was presented to the participant.694

An example of how the problem was presented to the participants is:695

The player blue plays first, and player red is supposed to win.696

4 9 2

3 5 7

8 1 6

697

For every problem, the program records each player’s move until the player made an698

error or solved the problem correctly. Then, the participants receive feedback for each699

answer. In the case of the correct answer, the feedback was “You have solved the700

problem in an optimal way”, in the case of an incorrect answer, the feedback was701
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“You made a mistake solving the problem”. In the resolution of the problem, the702

participants were asked to plan ahead and take time before performing the solution.703

Each participant performed an initial trial consisting of two problems that were not704

used in the main experimental procedure and could be solved in three moves each. After705

they completed all the problems, participants filled a questionnaire with i) personal706

information, such as gender, age, and level of schooling, and ii) if they had previous707

knowledge about this game or a similar one. In case the response to the last question708

was positive, they were asked to indicate the name of such game. The experimental709

procedure was carried out in a laboratory of Padova University. Participants were710

sitting in front of a computer screen performing the procedure by using the mouse.711

Before starting the task, the experimenter briefly explained the procedure.712

The sample consisted of 148 Italian students (74% female) recruited at the Univer-713

sity of Padova. Within the sample, the age ranged between 20 and 29 years (M=21.4;714

SD=1.75). 82% of the participants had a high school diploma, 15% had a bachelor’s715

degree, 2% had a master’s degree, and the remaining a middle school diploma. 55% of716

the participants said to have previous knowledge about similar games, and all of them717

indicate tic-tac-toe as a similar game.718

6.2 Statistical Methods719

The three knowledge spaces Ka
1, Ka

2, and Kb, derived from their respective problem720

spaces for the pick15, were empirically tested using the MSPM presented in Section721

2.3. The Pearson χ2 statistic was applied to assess the goodness-of-fit of the MSPM.722

However, the approximation to the asymptotic distribution of the χ2 statistic may be723

inaccurate when dealing with large sparse matrices. To address this, a parametric724
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bootstrap procedure (Efron, 1979) with 1,000 replications was employed to compute725

the p-value for the χ2 statistic. Furthermore, to compare the two alternative models726

derived from the pick15, the Akaike Information Criterion (AIC; Akaike, 1973) and727

the corrected Akaike Information Criterion (AICc; Hurvich & Tsai, 1989) were used as728

model selection criteria.729

Finally, although pick15 and tic-tac-toe have isomorphic problem spaces, the un-730

derlying mechanisms for solving them differ. Tic-tac-toe strategies rely on the spatial731

properties of the board, while pick15 strategies are based on arithmetic properties.732

For example, in tic-tac-toe, player X’s strategy to ‘block’ involves placing an X in a733

line where two O’s are already present. In pick15, blocking requires identifying a cell734

containing a number that, together with two numbers already chosen by the opponent,735

sums to 15.736

Given that the problems were presented in a magic square in this application, both737

the spatial and arithmetic mechanisms could be applied to solve the problems. The738

arithmetic strategies are supposed to be less intuitive and more cognitively demanding739

regarding the spatial strategy. Moreover, it is reasonable that most participants had740

previous experience with the tic-tac-toe and, hence, with spatial strategies. It is also741

reasonable that the participants who recognized strong similarity between the two742

games had both the spatial and the arithmetic strategies available. As a consequence,743

the availability of multiple solution strategies for the same problem should make it744

easier. Moreover, it may add symmetries to the problem space, which in turn may745

make equivalences between apparently different problems more explicit.746

In this application, Ka
2 is, by construction, the more abstract representation and747

is expected to provide a better fit to players who have access to both spatial and748

arithmetic strategies. In contrast, Ka
1 being a more concrete representation, is expected749
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to provide a better fit to players with only one type of strategy available. To test this750

hypothesis, the data were divided into two groups. The first, referred to as the tic-751

tac-toe group, consists of the response patterns of players who correctly recognized752

tic-tac-toe as a ’similar’ game. The second, referred to as the pick15 group, contains753

the response patterns of participants who failed to recognize the similarity with tic-754

tac-toe. The knowledge spaces presented earlier were fitted to both datasets using the755

MSPM. Based on this, the following hypothesis can be formulated:756

(H1) The knowledge space Ka
2 will provide a better fit for the tic-tac-toe757

group, while Ka
1 will fit better with the pick15 group.758

Like in the previous analysis, the goodness-of-fit of the MSPM was evaluated using759

the Pearson χ2 statistic. The p-value of the χ2 was computed through a bootstrap760

procedure with 1,000 replications. Model comparisons were made using the AICc. 1
761

6.3 Results and Discussion762

Regarding the absolute fit of the models, and considering a Type I error rate α = .10,763

knowledge spaces Ka
2 and Kb fit the data well, whereas Ka

1 does not fit the data. Table 2764

presents the fit results, where the Pearson χ2 statistic and its bootstrapped p-value are765

displayed in the second and third columns, respectively. The model selection criteria766

(i.e., AIC and AICc) are shown in the last two columns. Coherently with the absolute767

fit of the models, between Ka
1 and Ka

2 the knowledge space that minimizes both the768

AIC and AICc is Ka
2.769

1The data and code used in this study are available at

https://osf.io/6uk7w/?view only=342e9bf775e0437798abcc2c82ab5379
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Table 2: Knowledge spaces in the first column, the Pearson χ2 statistic and its boot-

strapped p-values in the second and third columns, respectively, Akaike Information

Criterion in the third column, and corrected Akaike Information Criterion in the fourth

column.

K χ2 p-value AIC AICc

Ka
1 1.73× 1015 0.05 25,295 7,098

Ka
2 2.70× 1014 0.21 8,014 6,862

Kb 9.87× 103 0.80 2,267 2,367

These results show that, for the entire sample, the more abstract representation770

provides a better fit to the data. This outcome was expected, given that the partici-771

pants were university students, who are likely to possess the cognitive ability to apply772

more abstract strategies.773

Regarding the comparison between the two groups, the data from the pick15 group774

fitted all knowledge spaces. The bootstrapped p-values are 0.15 for Ka
1 with a χ2

775

statistic of 9.77× 1013 and 0.12 for Ka
2 with a χ2 statistic of 1.83× 1014. Similarly, the776

bootstrapped p-values for the tic-tac-toe group are 0.20 for Ka
1 with a χ2 statistic of777

1.62× 1014 and 0.40 for Ka
2 with a χ2 statistic of 1.40× 1014.778
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Table 3: The table displays the knowledge space in the first column and the corrected

Akaike Information Criterion for the tic-tac-toe group and the pick15 group in the

second and third columns, respectively.

K tic-tac-toe pick15

Ka
1 3,583 3,308

Ka
2 3,562 3,314

The results of the model comparison are displayed in Table 3. Consistent with779

hypothesis (H1), the larger knowledge structure Ka
1 minimizes the AICc for the pick15780

group, while the smaller structure Ka
2 minimizes it for the tic-tac-toe group.781
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Figure 5: The figure illustrates the two cumulative probability distributions based on

the knowledge state cardinalities |K|. The dashed line represents the cumulative prob-

ability distribution of the pick15 group estimates for K1
a, while the solid line represents

the cumulative probability distribution of the tic-tac-toe group estimates for K2
a.

Figure 5 displays the cumulative distribution of knowledge state probabilities as a782

function of the cardinality of the knowledge states. For both groups, the estimated783

probability distributions from the models that best fit the data were used (i.e., Ka
1784

for the pick15 group and Ka
2 for the tic-tac-toe group). The solid line represents the785

cumulative distribution for the pick15 group, and it dominates the dashed line which786

represents the cumulative distribution for the tic-tac-toe group. These results indicate787

that the knowledge states of participants in the tic-tac-toe group tend to have a higher788

cardinality, while those in the pick15 group tend to be of lower cardinality.789
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Overall, the comparisons between groups suggest that being aware of previous ex-790

perience with isomorphic games improved performance, as indicated by the cumulative791

curves. Moreover, the data seems to be consistent with the more abstract model,792

and this is in line with our hypothesis that experienced players used a more abstract793

representation of the game than beginners.794

7 General Discussion795

The present study introduces the proof of concepts of several theoretical extensions.796

Specifically, it expands the Procedural Knowledge Space Theory framework to include797

competitive games, presenting the concept of a 2-players problem space. In the 2-798

players problem space, players’ operations in the game are categorized into moves799

and turns: moves represent the individual actions performed by a single player, while800

turns represent the exchange of moves between two players. To define the optimal801

move within a two-player problem space, we introduced a method for incorporating802

the classical minimax algorithm into the PKST framework to identify optimal paths803

in such spaces. Compared to the previous application of a goal space with the Tower804

of London (Stefanutti et al., 2021), using the minimax algorithm to create the goal805

space provides a type of optimization that aligns with the competitive nature of board806

games.807

These theoretical extensions are applied in an empirical investigation of the 2-player808

problem space of the game Tic-Tac-Toe. In this context, an isomorphic variant of Tic-809

Tac-Toe, called Pick-15, was administered to a sample of 148 participants.810

This study also represents the first empirical application of the theoretical con-811

cepts of problem space homomorphism introduced in Brancaccio and Stefanutti (2024).812
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Specifically, we utilized tactical operations described in the literature (Crowley &813

Siegler, 1993; Newell & Simon, 1972) to define a homomorphism among three problem814

spaces, resulting in equivalence classes among operations and problem states. The use815

of homomorphism in this case offers several practical advantages. First, it simplifies816

the model by reducing the number of parameters, thereby decreasing its complexity.817

Second, it preserves the structural properties of the original problem space maintaining818

a link between spaces through the homomorphism itself. Lastly, homomorphic prob-819

lem spaces incorporate distinct theoretical assumptions, enabling their comparison and820

empirical testing.821

The empirical study successfully validated the problem space of Pick-15, provid-822

ing initial evidence supporting the applicability of the extended PKST framework to823

competitive two-player games. A post-hoc analysis suggests that data from the players824

who self-reported previous experience with similar games, such as Tic-Tac-Toe, fitted825

better with the more abstract representation of the problem space and demonstrated826

superior overall performance. This result indicates that the framework could poten-827

tially model experience and, eventually, expertise, as practice appear to shape different828

problem space representations.829

Few limitations are present in this study. On the theoretical side, the application830

of the Minimax algorithm to derive the Tic-Tac-Toe problem space is not yet fully831

integrated into the broader PKST framework. Nonetheless, Stefanutti and Brancaccio832

(2025) recently extended the framework by introducing the concept of an optimizing833

path space. Further theoretical work exploring the relationship between optimizing834

path spaces and the goal space derived in this study could embed this latter into the835

general theoretical framework.836

In the empirical study, prior experience with similar games was not controlled for in837
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advance and might serve as a proxy for individual characteristics beyond practice, such838

as competitiveness, visuospatial abilities, or intelligence. To better evaluate the role839

of practice and expertise, future studies should account for and control these potential840

confounding variables. In addition, each participant was asked to play both their own841

moves and those of their opponent. While this approach is standard for professional842

or amateur players studying game situations or solving problems (e.g., tsumego in the843

game of Go or puzzles in chess), it likely reduced ecological validity, particularly for844

occasional players. A more naturalistic design would not require participants to play845

their opponent’s move, for example, by introducing a computerized opponent.846

This limitation could be addressed by developing an adaptive assessment procedure847

based on problem spaces. Similar to existing adaptive procedures in Knowledge Space848

Theory, such a system could efficiently and accurately identify a player’s knowledge849

state. By leveraging information within the problem space, the adaptive system could850

analyze the entire solution path taken by the problem solver and adjust its gameplay851

as the opponent, tailoring moves to the player’s ability. This approach would result in852

a more efficient and ecological assessment process.853

This study provides a robust proof of concept for applying homomorphisms to derive854

well-defined representations of abstract and human-like task structures. The proposed855

methodology suggests that this approach can be employed to test various assumptions856

about expertise, and limitations about human performance. Theories of expertise often857

posit that experts accumulate knowledge through chunking mechanisms and develop858

strategies for generalization that might result in abstract problem spaces. For instance,859

in template theory (Gobet & Simon, 1996), experts develop abstract structures such as860

templates. Similarly, this methodology could be applied to decision-making theories.861

For example, prospect theory (Kahneman & Tversky, 1979) emphasizes the role of862
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heuristics in guiding decisions.863

The approach outlined in this manuscript can be integrated into these frameworks864

to generate specific predictions about the types of abstractions, whether templates,865

heuristics, or others, and their effects on the problem space. While in current appli-866

cations the goal space has been obtained by assuming optimal performance through867

minimax, the same methodology can be adapted to incorporate suboptimal paths. For868

example, one may restrict the problem space to paths compatible with a particular869

heuristic or impose constraints that reflect known limits in human cognition, consis-870

tent with behavioral-economic formulations of bounded rationality (Simon, 1955, 1956;871

Simon et al., 1990). These predictions can then be empirically tested and compared872

using statistical indices, offering a concrete means of evaluating theoretical models in873

specific problem-solving contexts. Such integration would further validate the utility874

of the PKST framework while deepening our understanding of the tested phenomena875

and their broader implications.876
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8 Appendix A: The Tic-Tac-Toe goal space967

Tic-tac-toe was chosen as the application domain in this study for two main rea-968

sons. First, there is extensive literature on the game’s strategies and problem space969

(Beck, 2008; Crowley & Siegler, 1993; Newell & Simon, 1972), which provides a well-970

established theoretical foundation. Second, tic-tac-toe is a simple game that allows us971

to test the proposed approach while minimizing the confounding factors that would be972

introduced by more complex domains of application.973
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The tic-tac-toe problem space Pttt = (Sttt,Ωttt, Rttt) includes all possible board con-974

figurations, where symmetric configurations obtained through rotations or reflections975

are treated as equivalent problem states. For example, the leftmost and central con-976

figurations shown in Figure 6 illustrate a rotation: one configuration can be obtained977

from the other by a 180 degree rotation. The rightmost configuration illustrates a re-978

flection of the left most configuration along the vertical axis. Considering equivalence

X X O X X

O X X O

Figure 6: Examples of equivalent problem states up to rotation and reflection.

979

under rotations and reflections, the total number of distinct problem states is 765.980

Of those problem states, 138 are terminal ones: 91 in which the first player (player981

1) wins, 44 in which the second player (player 2) wins, and 3 draw configurations.982

Considering player 1 as the maximizing player and player 2 as the minimizing one, at983

each terminal state is assigned a value using the following evaluation function:984

vttt(s) =


10− p(s) if player 1 won

0 if is a draw

p(s)− 10 if player 2 won

(1)

Here, p(s) represents the number of cells containing an X or an O in the game con-985

figuration represented by problem state s. The parameters p(s), may take any integer986

value from 5 to 9, and are aimed at penalizing long games. The larger the number of987

moves, the higher the value of this parameter. As a consequence, the absolute value988
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of vttt(s) monotonically decreases with the number of moves. The constant 10 ensures989

that the evaluation is always a positive number for player 1 and a negative number for990

player 2. Of course this choice of numbers is not the only possible one. Others are pos-991

sible that respects all the given constraints. The value of vttt(s) for any non-terminal992

state is obtained through the application of the backtracking mechanism discussed in993

the previous section.994

In this application, any path whose terminal configuration corresponds to a draw995

is mapped to the failure state in the goal space, and all problem states traversed996

exclusively by such paths are likewise removed or reclassified as failures. This means997

that only the paths leading to a win are considered correct , and paths leading to a draw998

are considered incorrect. This assumption is arbitrary for this application and other999

situation can suggest difference assumption a discussed in Section 3. This resulted in1000

a goal space containing 614 problem states. Such a goal space is too large to derive a1001

knowledge space using the methods presented in Stefanutti (2019).1002
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In response to these issues, other less obvious and more abstract symmetries have1003

been considered to further simplify the problem space. Abstract representations of Pttt1004

have been produced in various ways, and for each of them, the algorithm proposed by1005

Brancaccio and Stefanutti (2024) was used to test that all of them are homomorphic1006

to the concrete one. These abstract representations are described in the rest of the1007

section. As for the first abstract representation, Newell and Simon (1972) proposed a1008

set of tactical operations, that were later refined and applied by Crowley and Siegler1009

(1993) in their research.1010

Table 4 presents the eight different tactical operations applied in this study. The1011

first column lists the name of each operation, while the second column provides a1012

brief, informal definition. The definitions are given in terms of the X symbol, but they1013

hold for the O symbol. The third column describes an example, which is graphically1014

represented in the fourth column. In each diagram in the fourth column, the last1015

move played is shown in black, while the others appear in shades of grey. A formal1016

description of the operations can be found in the supplementary material.1017

These definitions allow for ambiguous situations, where two tactical operations1018

could both be considered valid candidates for the same move. For instance, the move1019

of X in the winning diagram of Table 4 satisfies the criteria for both the winning and1020

the empty-side tactics. Newell and Simon (1972), in their implementation, proposed1021

a strict weak ordering between operations to resolve such ambiguities by selecting the1022

most suitable option when two or more tactical operations can be applied to the same1023

move. Specifically, in this work the strict weak order depicted in Figure 7 is applied.1024



54

Table 4: Tactical operations lists, with informal definitions (column 2), examples (col-
umn 3), and diagrams (column 4). The last move in each diagram is black, earlier
moves are grey
Name Definition Example Diagram

win

It occurs when three Xs
are on the same line (i.e.,
row, column, or diago-
nal).

In the diagram, X play-
ing on the right side com-
plete the line and win the
game.

X O X
O X

O X

block

It occurs when symbol
occupies a line that con-
tains two of the opponent
ones.

In the diagram, O play-
ing on the top side pre-
vent X from winning by
playing in that square.

X O X

O

fork

It occurs when the sym-
bol occupies an intersec-
tion between two lines
that contains two of her
symbols and none of the
opponent’s ones.

In the diagram, X al-
ready has a symbol on
the central square and
the bottom right corners.
By playing on the top
right corner, X will win
the game in the next
move by playing the right
side or the bottom left
corner.

O X
X
O X

block
fork

It occurs when the sym-
bol occupies an intersec-
tion between two lines
that contains two of the
opponents’ symbols and
none of the player.

In the diagram, O play-
ing on the top right cor-
ner prevents X from mak-
ing a fork by playing in
that square.

O O
X

X

center
It occurs when a sym-
bol occupies the central
square

In the diagram, X play-
ing on the central square.

O
X

X

opposite
corner

It occurs when a symbol
occupies a corner square,
and in the same diagonal,
there is an opponent’s
symbol in the other cor-
ner.

In the diagram, X play-
ing on the opposite cor-
ner to O.

X
X

O

empty
corner

It occurs when a symbol
occupies a corner square.

In the diagram, X play-
ing on the right bottom
corner square.

O X
X

empty
side

It occurs when a symbol
occupies a side square.

In the diagram, X play-
ing on the left side square
just below O.

O
X X
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win block fork block fork

center

opposite

corner

empty

side

empty

corner

Figure 7: Graphical representation of the strict weak order among the tactical opera-

tions.

Figure 7 can be interpreted as follows: Given two tactics, ω1 and ω2, the operation1025

ω1 is selected over ω2 if there is a directed path connecting ω1 to ω2. For example,1026

the move depicted in the fork diagram in Table 3 will be labeled as a fork rather than1027

an opposite corner because fork is connected to opposite corner by a directed path,1028

specifically fork → block fork → opposite corner. Additionally, the operations opposite1029

corner, center, and empty side are considered incomparable with one another, as they1030

refer to different squares on the grid.1031

Therefore, to simplify the original goal space Pttt, all the operations are mapped to1032

one of the eight tactical operations presented above using the described procedure. In1033

this specific application, the function γ of the homomorphism is simply the function1034

that maps every single basic operations to a tactical operation according to the rules1035
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that are described above.1036

Next, all problem states connected to the goal state by exactly the same sequences of1037

tactical operations are considered equivalent. Formally, two problem states s1, s2 ∈ Sttt1038

are considered equivalent if, for each π ∈ Ω∗
ttt, (s1, π, g) ∈ Rttt if and only if (s2, π, g) ∈1039

Rttt. This provides a homomorphism between the concrete problem space of the tic1040

tac toe and a more abstract one based on tactics.1041

The resulting goal space P1 = (S1, f, g,Ω1, R1) contains 47 problem states. A set1042

Q1 of 36 problems requiring at least three moves was derived from P1. The procedure1043

described in Stefanutti (2019) was used to derive a knowledge space K1 from the goal1044

space P1. The derived knowledge space contains 56,421 knowledge states. A large1045

knowledge space like K1 is difficult to validate empirically, as it requires an even larger1046

sample size. To address this, P1 was split into two subspaces that minimized the1047

number of shared paths. This approach was successfully used in Stefanutti et al. (2021),1048

allowing us to test all the relationships between problems assumed in the problem1049

space while at the same time limiting the combinatorial explosion of the corresponding1050

knowledge spaces. The resulting subspaces Pa
1 and Pb

1 are displayed in Figure 8. As it1051

can be seen, they only share the final move, leading to the goal state (from 45 to g in1052

Figure 8).1053

In the Figure 8 subspace Pa
1 is depicted in black and subspace Pb

1 in blue. In the1054

figure, the goal state is labeled g, and the 45 problem states are arbitrarily labeled from1055

1 to 45; the failure state f has been omitted to simplify the figure. It should be noted1056

that all problem states except g are connected to f . Subspace Pa
1 contains 38 problem1057

states (i.e., 36 plus the goal and the failure state), while Pb
1 contains 12 problem states1058

(i.e., 10 plus the goal and the failure state). The knowledge spaces Ka
1 and Kb

1 , derived1059

from these subspaces, contain 8,880 and 46 knowledge states, respectively.1060
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Figure 8: The two goal space P1
a in black and P1

b in blue.

Further considerations of the obtained problems led to the observation that any1061

two problems differing only in the last turn are indeed equivalent. This is because,1062

regardless of the opponent’s move, a win cannot be avoided. Thus, all the last moves1063

of the opponent are mapped into a single operation, and similarly, all the last opponent1064

states are mapped into a single state, resulting in a new homomorphism (ϕ2, γ2). The1065

application of these mappings produce a new goal space P2 = (S2, f, g,Ω2, R2).1066

This last contains 21 problem states, and among all the problems that can be1067

obtained for P2, the set Q2 of all and only those that require three or more moves1068
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was considered. To facilitate comparison between the goal spaces, the same partition1069

applied to P1 was performed on P2, resulting in two distinct goal subspaces, Pa
2 and1070

Pb
2. It is important to highlight that these subspaces share several paths. The resulting1071

goal space P2 and the two subspaces are illustrated in Figure 9.1072

161 234 56 7 926 {12, 28}{13, 15, 23}

{10, 11, 14, 30, 31} 31 {8, 33}

{17, 20, 22, 27, 18, 21, 24, 29, 34, 35} {19, 25, 36}

{37, 38, 41, 43, 39, 40, 42, 44}

45

g

Figure 9: The two goal spaces P2
a in black and P2

b in blue. In the curly brackets are

the problem states in P1 that are equivalent at that node in the graph.

In Figure 9 subspace Pa
2 is depicted in black and subspace Pb

2 in blue, the goal state1073

is representaed in green. In the figure, each node is labeled with the equivalence classes1074

of problem states in P1 induced by the homomorphism ϕ2. This illustrates how several1075
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problem states become equivalent under the new homomorphism. For example, the1076

problem states 12 and 28, together with the corresponding paths leading to g in P1,1077

are considered equivalent in P2. Subspace Pa
2 contains 17 problem states (i.e., 15 plus1078

the goal and the failure state), and the knowledge space Ka
2, derived from it, has 1881079

knowledge states. The problem space Pb
2 is isomorphic to Pb

1, so it will be referred to1080

as Pb. The knowledge space derived from Pb is Kb, which is isomorphic to Kb
1 (in the1081

sense of an order isomorphism with respect to set inclusion).1082


