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1 | INTRODUCTION

It is not a new fact that different researchers, working on different topics and studying different phe-
nomena, end up to develop similar (or sometimes equivalent) methods for testing their hypotheses. The
work presented in this article is an example of such a kind of ‘coincidence’ that can occur in science.
Finding these analogies is important not only for following the principle of parsimony in science but
also because researchers can take advantage of the results reached in the respective fields, speeding the
process of generating new knowledge.

The two fields under examination are decision-making (see, e.g., Edwards, 1954; Fox et al., 2015)
and knowledge and skill assessment (see, e.g., Doignon & Falmagne, 1999; Falmagne & Doignon, 2011;
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Falmagne et al., 2013). The first one is aimed at studying choices, preferences and decisions of
human beings. The second field is aimed at developing methods and procedures for the efficient
assessment of knowledge and learning. In spite of the apparent differences, the two fields developed
very similar probabilistic models. The present article is aimed at displaying the analogies between
these models.

Concerning the area of decision-making, the focus of the article is on the true and error (TE) model
developed by Birnbaum and colleagues (Birnbaum, 2011; Birnbaum & Gutierrez, 2007; Birnbaum
& Quispe-Torreblanca, 2018; Birnbaum & Schmidt, 2008), which offers a distinct perspective com-
pared with traditional models used for studying preference, such as, for example, the random utility
models (e.g., McFadden, 1987; Swait & Louviere, 1993) and the Bradley-Terry-Luce model (Bradley
& Terry, 1952; Luce, 1959). Originally introduced by Birnbaum (2004), the TE model was designed
to test paradoxes and violations of normative principles observed in utility theory and related frame-
works. It was later extended to investigate various phenomena related to preference (e.g., Birnbaum &
Bahra, 2007; Birnbaum & Gutierrez, 2007).

In the field of knowledge and skill assessment, the focus is on the basic local independence model
(BLIM). The BLIM is a probabilistic model originally developed by Falmagne and Doignon (1988) for
empirically validating the so-called knowledge structures. Knowledge structures are deterministic models
of the organization of knowledge in a particular domain, that are formed by knowledge states. A knowl-
edge state is assumed to represent the ‘true knowledge’ of an individual. Other than this analogy on the
existence of a latent and discrete ‘true state’ that characterizes individuals, the TE and the BLLIM have the
commonality of modelling how error can occur in real data. When the two models were introduced for
the first time in their respective fields, these features represented a novelty. The most important novelty
was that no assumptions were made on the quantitative nature of the variables under examination, that is
preference on the one hand and knowledge on the other hand. Despite these analogies, the two models
are different in the way the amount of error is estimated from the data. Indeed, in the TE a key aspect
regards the so-called replications of the same choice problems. This means that the same choice problem is
administered to subjects two or more times. The non-coherence of the subject's choices in the compar-
isons is the basis for the computation of the error term of that comparison. In the BLIM, the item error
probabilities can be estimated from the discrepancies between data and predictions (knowledge states) of a
deterministic model (the knowledge structure) by maximum likelihood, via the expectation-maximization
algorithm (Stefanutti & Robusto, 2009) without the need of replications. Indeed, the comparison between
the theorized knowledge states and the observed response patterns is the only needed information.

Since its first publication in 1988 (Falmagne & Doignon, 1988), the BLIM has been thoroughly stud-
ied. Several theoretical and practical results were obtained that allowed for the development of methods
for estimating its parameters (Heller & Wickelmaier, 2013; Stefanutti & Robusto, 2009), for appropri-
ately dealing with missing answers (de Chiusole et al., 2015), for testing the invariance of its parameters
(de Chiusole et al., 2013), and for testing the model identifiability (Heller, 2017; Spoto et al., 2012, 2013;
Stefanutti et al., 2012, 2018; Stefanutti & Spoto, 2020). On the whole, this knowledge allows one to
handle many possible practical issues that can be encountered along the process of model estimation
and validation in real applications.

The TE models were developed by Birnbaum and his co-authors in a series of papers
(Birnbaum, 2004, 2010, 2011; Birnbaum & Bahra, 2012; Birnbaum & Gutierrez, 2007; Birnbaum &
Quispe-Torreblanca, 2018; Birnbaum & Schmidt, 2008; Birnbaum & Wan, 2020). TE analyses have
been performed on response patterns involving 1, 2, 4, 6, 8 or 10 choice problems to test the formal
properties of choice models, while the BLIM can be estimated for longer sequences of comparisons
(e.g., 20 choice problems). Thus, researchers interested in the application of TE models might take ad-
vantage of the large amount of research conducted on the BLIM over the years.

After a detailed description of the two classes of models in their respective native fields (Section 2),
the analogies between the two are formally given in Section 3. Moreover, some new results about
the identifiability of the BLIM applied to preference relations are given in Section 3.2. A discussion
(Section 4) concludes the argumentations.
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2 | BACKGROUND

The two models under investigation, namely the BLIM and the TE, are both probabilistic models. As
such, they share a number of general formal properties that it is worth providing here. They will turn
out to be useful in the subsequent sections.

Drawing upon Bamber and Van Santen (2000) and Doignon et al. (2018), to whom the reader is
referred for a complete and detailed exposition, a model is a triple (D, f, ©), where D is the parameter
domain (also called parameter space), O is the outcome space, and f: D — O is the model prediction function. The
image [ (D) = {f(0): 0 € D}is the prediction range of the model. The elements of D are the parameter points,
those of O are the outcome points, and the elements in f(D) are the predicted points. The model (D, f, O) is
probabilisticif every point in O is a probability distribution on the same set of elementary events, or some
family of probability distributions.

The probabilistic model is said to be festable if the prediction range is a strict subset of the outcome
space. That is, every predicted point belongs to the outcome space, however not all outcome points are
predicted by the model, for otherwise the model would not be falsifiable (hence, not testable). Thus, a
model such that /(D) = O is not testable.

To exemplify the previous concepts, consider a simple probabilistic model, represented by the bino-
mial distribution for a fixed number # of trials. The parameter domain is the simplex

Dbinom = {(p’q) € Rz:p3q > 0’p+q = 1}

Any point 8 = (p, g) € Dy;popm is the parameter of the model, where p may be interpreted as the ‘success
probability’ and ¢ as the “failure probability’. The outcome space Oy, of the binomial model is the collec-
tion of all probability distributions on the set S ={0,1,...,7}. The prediction function is given by

& n—Fk
f(0) = (1(0)),_» where f.(0) = ﬁ and the prediction range is the collection f(Dy,,0m) Of all the

binomial distributions on §. Clearly some probability distributions in the outcome space are not binomial,
hence the model is testable because f (Dyinom) € Opinom:

In this example, a parameter point § € D is a two-dimensional real vector belonging to Dy, In
other models, the parameter domain is an 7z-dimensional space, hence the single parameter point§ € D
is an z-dimensional real vector. Then, let 8, represent the 7th coordinate of the parameter point 6 in the
real space R”. The cootdinate 0; is a parameter of the model.

It is important to notice that the model parameters need not be independent. In the example of the
binomial model provided above it is straightforward that the two parameters p and ¢ are not indepen-
dent, as they must satisfy the constraint p + ¢ = 1. Because of this, the binomial model has one free pa-
rameter. The number of free (or independent) parameters of a parametric model can usually be deduced
from the definition of its parameter space.

Besides testability, another critical aspect of a probabilistic model is identifiability. It is about the
‘uniqueness’ of the model parameters. Informally, the model is identifiable if every outcome point cor-
responds to at most one parameter point. Identifiability makes the predicted probability distribution
uniquely interpretable through a single parameter point. Formally, the model is globally identifiable (or
simply identifiable) if the prediction function f is injcctive.1 1t is Jocally identifiable at a given point @ € D if
f is injective at some relative neighbourhood of € in D. The model is locally identifiable if it is locally
identifiable at any point 8 € D. Global identifiability implies local identifiability, though the inverse
implication does not hold in general. It is often enough to show local identifiability for having interpre-
table parameters. Statistical inference on the true values of all the model parameters is only possible if
the model is at least locally identifiable.

'A function / with domain X and codomain Y is injective in X if for every xy,x, € X, 5y # x, implies Sa) # £ (),
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2.1 | The basic local independence model (BLIM)

With the purpose of establishing an equivalence between the TE model and the BLIM, the latter is here
described in its main aspects. It is worth noticing that a set-theoretical notation is used in this section
because it is the standard one used for introducing the model in its reference context.

The BLIM (Falmagne & Doignon, 1988) is a probabilistic model with latent classes developed in
the framework of knowledge space theory (KST; see, e.g., Doignon & Falmagne, 1999; Falmagne &
Doignon, 2011; Falmagne et al., 2013). It was originally conceived with the precise aim of empirically
validating the so-called &nowledge structures. Knowledge structures are deterministic models of the orga-
nization of knowledge in a particular domain. Formally, a knowledge structure is a pair (@, K) where Q
is a set of dichotomous items, and K is a collection of subsets K of Q that contains at least the empty
set and Q. The elements of the knowledge structures are called &nowledge states. They are latent classes
representing the subsets of Q that a student is assumed to have mastered. The knowledge structure K
thus describes the full set of possible knowledge profiles in a population of students.

A special type of knowledge structures, called ‘quasi-ordinal knowledge spaces are those that can be
derived from a precedence relation among the items in Q. This precedence relation, denoted by 5, is defined
on O such that for all items p,q € Q and any subset K C 0, if g € K and p I ¢, then it must also be that
2 € K. In other wotds, pis a prerequisite for ¢ if p < g. The subsets K € K that respect this relation are
called knowledge states. As an example, consider the item set O = {a, b, ¢, d}, along with the precedence
relations @ S b S ¢ and 2 5 d. The resulting knowledge structure K consists of all subsets of Q that are
consistent with these relations:

K=A{0,{a},{a,b},{a,d},{a,b,c},{a,b,d},0}.

Although the quasi-ordinal knowledge spaces are rather important due to their bijective correspondence
with the precedence relation on the set of items, they are not the only type of knowledge structures. There
exist several approaches for constructing knowledge structures which are not based on precedence relations
(de Chiusole et al., 2017, 2025; de Chiusole, Spoto, & Stefanutti, 2020; Sargin & Unli, 2009; Schrepp, 2003,
2007).

Since, knowledge states cannot be directly observed, what is observed instead are the response pat-
terns R € 0, where each response pattern is the set of items correctly solved by a student.

A rather important concept is that of equally informative items. Two items p and g, belonging to the do-
main (), are equally informative (denoted by p ~ ¢) if they both belong to exactly the same states in the
knowledge structure K. The formal definition of this notion is as follows: p ~ ¢ if, for all states K € K,

p € Kifand only if g € K.

A practical example of equally informative items can be easily found in the educational field. For instance,
two mathematical problems are hypothesized to be equally informative when they have the same solution
process (e.g., same formulas), although they are applied to different numbers. The paper by de Chiusole
et al. (2018) analyses different types of equally informative items and develops some procedures for testing
their equal informativeness.

The model assumes a probability distribution 7: K = (0, 1) over the knowledge states, representing
the probability of randomly selecting a student from the population who possesses a given knowledge
state. Moreover, due to random error, the true knowledge state K € K of a student and her response pat-
tern R € 2€ can differ. Thus, there is a positive conditional probability P(R|K) > 0 for every response
pattern R and every knowledge state K € K. This assumption gives rise to an unrestricted latent class
model where the probability P(R) of a response pattern is predicted by

P(R)= Y P(RIK)mg, W

Kek

and 7y is the probability of state K.
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Under the assumption that item responses are locally independent given the knowledge states, for
any response pattern R, and any knowledge state K € K, the conditional probability P(R|K) takes on
the form

PRIO=| T8, TT a-801| I1 || TII a-nl @)

7€K\R ¢EKNR JER\K 7EO\(RUK)
where for each item g € O, B, € [0, 1) is the careless error probability and 5, € [0, 1) is the lucky guess
probability. More in detail, ﬁq is the conditional probability of observing a wrong answer for item ¢
given that ¢ € K; whereas 7, is the conditional probability of observing a correct answer for item g
given that g & K.?

Considering the example introduced at the beginning of the section, suppose that the response pat-
tern of a student is R = {4, ¢} and their knowledge state is K = {4, b}. Then, by applying Equation (2),
we obtain P(R|K) = (1 —p,)p,n.(1 —n,). In fact, a belongs to both K and R, hence no cateless etror
occurred for this item. On the contrary,  belongs to K but not to R: a careless error. Item ¢ belongs to
R but not to K, meaning that a lucky guess occurred for this item. Finally, item 4 neither belongs to K
nor to R, meaning that no lucky guess occurred for this item.

In the BLIM, the restriction g T 1, < 1for cach item is a required property for obtaining a consis-

tent assessment of the knowledge state. In fact, it states that the probability of failing ¢ by a careless error
should be strictly less than the probability of failing ¢ because it is not mastered. Equivalently, the prob-
ability of correctly solving the item because it is mastered must be strictly greater than that of guessing
it.

The p,, n, and 7 parameters of the BLIM can be estimated by maximum likelihood (ML) via the

expectation—maximization algorithm (Stefanutti & Robusto, 2009), by minimum discrepancy (MD,
Heller & Wickelmaier, 2013) or by an estimation procedure that is a mixed of the two (MDML, Heller
& Wickelmaier, 2013).

Over the years, several studies were carried out on the BLIM having both empirical and theoret-
ical aims. Empirical studies provided the usefulness and the applicability of the model in real con-
texts (see, e.g., de Chiusole, Stefanutti, et al., 2020). Theoretical studies were aimed, on the one hand,
at studying some properties of the model and, on the other hand, at providing model extensions
useful in several real contexts. Concerning the former, a review on the identifiability of the BLIM
can be found in Doignon et al. (2018). Concerning the latter, methods for obtaining ML estimates
from data in which some responses are missing were developed (Anselmi et al., 2016; de Chiusole
et al., 2015), together with procedures for testing the invariance of the f, and #, parameters (de

Chiusole et al., 2013).

2.2 | The true-and-error model

The true and error theory was developed by Birnbaum and collaborators in the study of preference
which is a special topic of decision-making (Birnbaum, 2011; Birnbaum & Gutierrez, 2007; Birnbaum
& Quispe-Torreblanca, 2018; Birnbaum & Schmidt, 2008). This research area has seen a wealth of
contributions and the development of numerous models aimed at capturing the complexity of human
choice behaviour. Among the most influential are the random utility models (e.g., McFadden, 1987;
Swait & Louviere, 1993), which account for heterogeneity in preferences across individuals, and ap-
plications in environmental and resource economics (e.g., Boxall et al., 2002; Bujosa et al., 2010; Hynes

*The subscripts in Equation (2) are given by using set operations: K \ R is the set difference between K and R, that is the collection of elements
in K but notin R; K N R is the intersection between K and R, that is the collection of elements that the two sets K and R have in common; and
R U K is the union between K and R, that is the collection of elements contained in K, R or both.
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etal., 2008; Provencher & Bishop, 2002). Another prominent class includes latent class parametric mod-
els (e.g., Greene & Hensher, 2003), which assume a finite number of distinct preference types within
the population. Finally, pairwise comparison models, such as the Bradley-Terry-Luce model (Bradley
& Terry, 1952; Luce, 1959), offer a probabilistic framework for modelling choice between alternatives
presented two at a time.

TE models differ from the most part of traditional approaches in several key assumptions. Most
notably, TE assumes that individual preferences are discrete rather than continuous, and that errors in
choice behaviour reflect noise around these true, discrete preferences, rather than randomness in un-
derlying utilities. The remainder of this section is devoted to presenting the TE in detail, including its
core assumptions and mathematical formulation.

Given a finite set 4 of alternatives, a single paired comparison of a choice experiment to which TE
models are applied consists of the presentation of an unordered pair {a, b} C A to the participant. It is
assumed that an observable response is obtained for each comparison (no missing answers). Upon pre-
sentation of the unordered pair {4, &} of alternatives, the observable response of the participant is either
a or b in an exclusive sense. The response is represented by the ordered pair (4, b) if  is chosen, and by
the ordered pair (4, a) if b is chosen. Given the ‘forced choice’ nature of the paired comparisons task, the
collection of all the responses provided by the participant is a fournament (i.e., an asymmetric and weakly
connected binary relation O). Such relation is named the observed response pattern. Then, for any a,b € A,
the notation 205 is interpreted as ‘the respondent has chosen « over 4.

The first key assumption of TE models is that an individual has a ‘true preference’, represented by a
tournament T for 4. The interpretation of the ‘true preference’ T is as follows: given any two alterna-
tives @, b € A, aTh holds true if a is preferred to . Most importantly, the ‘true preference’ T may differ
from the observed response pattern O.

In earlier formulations of TE models, the true preference of a subject was assumed to be constant
all over the experiment. Later on, a distinction was made between iTET and ¢gI'ET (Birnbaum &
Bahra, 2012) designs (where 1" stands for ‘individual’ and ‘g’ stands for ‘group’). In the former, the pref-
erence of a subject is allowed to change over time, whereas in the latter it is assumed to be constant over
time. This last assumption is reasonable within a single brief experiment.

In ¢T'ET, if people made no errors, the same respondent would make the same choice every time,
when presented with the same two alternatives. In realistic settings, people can make errors and their
responses (e.g., choosing alternative / in a pair comparison between z and /) can be inconsistent with
their true preference (e.g., aTh). A second key assumption of the TE model is that, for every possible
compatison (a, b), with a, b € A, there is a probability ¢,, < 1/2 of observing b preferred over &, given
that aTh is the true preference. A third key assumption is that individual choices are conditionally inde-
pendent, given the true preference. As an example, if A = {a, b, ¢} is a set of three alternatives, the true
preference is such that aTh, b'Tr and aTr whereas the observed responses are such that /Oz and »O¢, and
aOc then the probability of observing O, given that the true preference is T is

e =) (1 = ).

]

In the whole, the model contains 2( 5

) different probabilities ¢, (where |4]is the cardinality of the set A),

one for each ordered pair (4, b) of alternatives in A.

Several constraints can be introduced on the error rates ¢, In the first versions of the TE models
(e.g., Birnbaum & Gutierrez, 2007), a symmetry between error rates was assumed, by requiring that the
equality e,, = ¢, stays true for all @, » € A. The model with this particular constraint was subsequently
named TE-2 (Birnbaum & Quispe-Torreblanca, 2018). If, moreover, an equality is assumed among the
error rates of all choice problems, then a ‘constant model’ is obtained, named TE-1. The more general
version of the model does not assume any kind of equality among the error rates and it is named TE-4
(Birnbaum & Quispe-Torreblanca, 2018) which in the rest of the present article is referred to as the TE
model.
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CONNECTIONS BETWEEN BLIM AND TE MODELS 7

TABLE 1 The set of all tournaments on 3 alternatives (left column) and the corresponding subsets of the reference
tournament Ty = {(a, b), (a,¢), (b,¢)} (right column).

TeT ET)=TnT,
{(a,0),(a,0),(b,¢)} {(a,0),(a,0),(b,¢)}
{(a,0), (a,0),(c, b)} {(2,0), (a,0)}
{(a,0),(c,2),(b,0)} {(a,0),(b,0)}
{(4,a),(a,0),(b,0)} {(a,0),(b,0)}
{(a,0),(c,a),(c, b)} {(a,0)}

{(6,9), (a,0), (e, b)} {(a,0)}
{(6,a),(c,2),(b,0)} {(b,0)}

{(4,a), (¢, a), (¢, 0)} (]

Al

Since a true preference relation is any tournament T for 4, it consists of exactly ( 5

) ordered pairs

(a, b) of elements in A. This holds because, for weak connectedness and asymmetry, exactly one of the
1A
two pairs (@, b) or (b,a) is in T. Given this binary choice, a total number of 2( 2 ) distinct preference

relations are theoretically given.

As an example, with | 4| = 3 alternatives, one has (; ) = 3 distinct unordered pairs, and thus, 2 =38

distinct preference relations. Left column of Table 1 lists all of these relations as sets of ordered pairs.
In this collection, there are exactly two intransitive relations, namely {(a, ), (b,¢), (¢,a)} (Row 3) and
{(b,a), (¢, b),(a,c)} (Row 6).

Let T denote the collection of all the tournaments for the set 4. A fourth key assumption of TE
models is that every theoretically possible preference relation T € T, henceforth named a (true) preference

1Al
state, may have a nonzero probability z(T) in the population. Thus, the model also comprises 2( 2 )
probabilities (1) of the preference states. This means that, in the whole, the TE model has

2<|f|)+2(|§”)—1

free parameters.

As it is shown in Section 3.2, the model described above is not testable, unless further constraints are
introduced or replications are considered. In the work by Birnbaum and Gutierrez (2007), the TE model
is always applied to data with replications, that is two (or more) paired comparisons for every single pair
{a, b}, with the positions of the two alternatives # and b counterbalanced. This has the effect of doubling
(at least) the number of paired comparisons, and, thus, to exponentially increasing the number of the
response patterns.

Moreover, the repeated presentation of the same choices allows to estimate an error rate for each
distinct choice. Suppose the choice (4, b) is presented twice. Assuming that the two error rates are inde-
pendent and that both of them are less than 1/2, the probability Py, that a person chooses stimulus « the
first time and stimulus / the second time can be computed by

Py =p( —e)ey + (1= pley, (1 —ep,), (3)
where p is the probability that an individual really prefers « over b. Subjects that really prefer 2 over b made
a correct choice the first time but made a mistake the second time. Subjects that really prefer 4 over « made
the wrong choice the first time but the right one the second time. The probability p that an individual really
prefers 2 over b can be estimated also computing the probability Py, that a person chooses  both times by

Py =p(l—e,)* + (1= p)ey,. @)
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8 | STEFANUTTI g1 AL,

In this last case, subjects that really prefer « over » made a correct choice both times, whereas, subjects that
really prefer b over « made the wrong choice both times.

Applications of TE models to empirical data can be found, for instance, in Birnbaum (2004, 2011),
Birnbaum and Gutierrez (2007), Birnbaum and Schmidt (2008), Birnbaum and Bahra (2012), Birnbaum
and Quispe-Torreblanca (2018). Moreover, several recent developments have expanded both the theoret-
ical foundation and the empirical applicability of TE models. For instance, it has been shown that using
classical statistical tests or oversimplified TE models can lead to incorrect inferences when analysing
decision-making processes (Birnbaum, 2023c). Furthermore, a recent work has clarified the relation-
ships between variants of the TE model ('TET and gT'ET) and highlighted methodological limitations
of earlier approaches that do not fully account for error structure (Birnbaum, 2023b). Additional find-
ings demonstrate that even in paradigms with minimal data (e.g., one choice problem with replications),
complex error models such as TE4 can remain testable and constrain interpretation meaningfully, even
under limited degrees of freedom (Birnbaum, 20232). These contributions further emphasize the im-
portance of appropriately specifying the TE model and avoiding overly restrictive assumptions when
analysing empirical data.

It is worth noticing that, concerning transitivity, all TE models are neutral in the sense that the
true preference states can be both transitive and intransitive. The probabilities of these states can be
estimated from a real data set for computing the probability of violating transitivity. Thus, the model
provides a statistical null hypothesis for transitivity (Birnbaum & Gutierrez, 2007). Of course, a special
case of the model is the one in which only transitive preference states are possible (i.e., the probability
of all the intransitive states is zero).

If the transitive model fits the data, then the hypothesis that transitivity is descriptive of preferences
in the domain under examination can be retained.

3 | CONNECTIONS BETWEEN TE MODELS AND
THE BLIM

Despite the different areas of application, there is a close connection between the BLIM and TE mod-
els, which is formally spelled out in this section. In KST, the ‘domain of knowledge’ is a set Q of items,
where the single item is a primitive concept. On the contrary, in TET one starts from a set .4 of primi-
tive objects called ‘alternatives’.

A single comparison of a choice experiment to which the TE model is applied consists of the pre-
sentation of an unordered pair {a, b} of alternatives in A to the participant. It is assumed that each
of the |A|(]A| — 1)/2 unordered pairs is presented in exactly one comparison of the experiment (see
Section 3.1for the multiple replications case) and that an observable response is obtained for each com-
parison (no missing answers). Upon presentation of the unordered pait {a, b} of alternatives, the ob-
servable response of the participant is either 2 or 4 in an exclusive sense. The response is represented by
the ordered pair (a, b) if a is chosen, and by the ordered pair (b, a) if 4 is chosen. The collection of all the
responses provided by the participant is, thus, a tournament I € T. Such relation is named the observed
response pattern. Then, for any a, b € A, the notation a1’} is interpreted as ‘the respondent has chosen «
over 0.

The term preference state refers to the ‘true preference’ of an individual, which may differ from the
observed response pattern. It is represented by a tournament P € 7. Although all preference states be-
long to T, not all elements in 7 need to be preference states. Depending on the specific application and
hypotheses, additional properties of preference states (e.g., transitivity) may become necessary. Thus,
in general, the collection of the preference states will be a nonempty subset P C 7. Such collection is
named the preference structure. Notice that, instead, the TE models described in the previous section al-
ways assume that all possible tournaments are preference states.
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CONNECTIONS BETWEEN BLIM AND TE MODELS | 9

We now provide the basic concepts that connect the BLIM to the TE model. Let T, € T be any arbi-
trary tournament, and call it the reference tonrnament. Define moreover the mapping & T — 270 such that,
forany T € T,&(T) = T N Ty, Then we have the following theoretical result.

Proposition 1. The mapping & is bijective, and its inverse &~ !is given by

ETNR) = {(a,b) € AX A: (a,b) € R or (b,a) € Ty\R},
Jor every R € 270,

Proof.  First, we show that the composition & ™1 o€ is the identity on 7. Given any T € T,
we have

(&1 0&)(T) = {(a, b): (0, ) €E(T) or (b, a) E TY\E(T)}
={(a,b): (a,b) €T N Ty ot (b,a) € T\\T}.

Because both Tjy and T ate tournaments, (b,4) € T,\ T if and only if (a,b) € T\ T;,. Thus,
E tol)(T)=(TN To) U (T\T,) = T. Then, we show that £~ maps onto T, by showing
that, forall R € 270, £ ~1(R) is both asymmetric and connected. Asymmetry: (4, b) € &~ (R)
iff (a,b) € R or (b,a) € T\ R. Then, (a, b) € R implies both (b,4) & R and (4, ) & T;\R,
which imply (b,a)  E~1(R). Similatly, (b,4) € T\ R implies both (a,b) & T,\R and
(b,a) & R, which imply (b,a) & £~ (R). Weak connectedness: (a, b) & &~ 1(R) iff (2, b) & R
and (b,a) & T, \ R. This implies (2, ) € T, \ R. Hence (b,a) € £~ 1(R). [

An example may clarify the few notions introduced so far in this section. Let A = {a, b,¢} be a set
of three alternatives. The collection of all possible tournaments for A is listed along the left column of
Table 1. It can be easily verified that each of the listed collections of pairs is a weakly connected and
asymmetric relation. Suppose to choose tournament Ty = {(a, b), (a,¢), (b,¢)} as the reference. Then
&(T) is shown in the right column of the table for each of the 8 possible tournaments T'. It is easily seen
that the right hand column lists all possible subsets of T,

Let P C T be a preference structure, and let K = E(P) = {£(P): P € P}. Itis clear that the restriction
of & to ICand P is a bijection. Given this representation, the equality P(R|K) = P(&~1(R)|& ~1(K)) holds
true for all R € 270 and all K € K.

Moreover, let O = T, so that every item g € Q is indeed a pair (a, b) of alternatives. With this substi-
tution, Equation (2) becomes

P(17|P) =PEIIED)
= l H 1= ab)] l H /34/;] l H ’145] H (I =ny) |
(@hePnl” (@h)EP\ I (@HE\P (@h)EAR\(PULUI)

By setting ¢, = f, and ¢, = 11, one finally obtains, forany P € Pandany T € T,

ab

P(7|P) =PE)IED)
_ _ _ ®)
- H (1 eﬂ[i) H Cab H Cha H (1 gba) >
(a,b)EPNT” (a,b)eP\1” (a,h)€1V"\P (a,h)EAZ\(PUT/UI)

where I = {(a,a):a € A}. The two parameters ¢,;, and ¢, ate error probabilities associated with the pairs
(a,b) € (AX A\ In particulat, e, is the conditional probability that (4,4) € 17 (i.e., the choice of b is ob-
served) given that («, b) € P (a is preferred), whereas ¢, is the conditional probability that (2, b)) € 17 given
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10 | STEFANUTTI g1 AL,

that (b, a) € P. The total number of ¢, parameters equals |4|(].4A| — 1)/2. The number of ¢, parametets is
the same.

Equation (5) can be regarded as the general formula of the conditional probabilities of response
patterns, given true preferences in the TE model. To the best of our knowledge, there is no paper in
the literature where this general equation explicitly appears. However, a particular instance of it can be
found in Birnbaum and Gutierrez (2007).

Concerning the BLIM, it assumes a probability distribution z: K — (0, 1) on the knowledge states in K.
Defining then the parameter #(§(K)) = n(P) for each state K € K, and setting P(R) = P(§(R)) = P(1")
for every R € 270, we immediately obtain

P = Y P(VIPa(P) ©
rPeP
for every I € T. 'This equation corresponds to Equation (1) of the BLIM. The name of the model repre-
sented by Equations (5) and (6) remains the same (i.e., BLIM), since all of its equations are obtained by a
change of representation of the observable and latent variables. Up to such modifications, the algebraic form
of the model remains the same, although its parameters receive a different interpretation.

In the BLIM, as long as the cardinality of Q is finite, it can be any natural number. This is not true
for the TE model. In fact, in this last model, the equality O = T}, holds, and T}, is a tournament having
cardinality #(n —1)/2 for some natural number 7 > 2. Hence, the TE model with no replications is a
special case of the BLIM.

3.1 | Multi-tournaments: Applying BLIM to replications

Replications are multiple presentations of the same pair of alternatives in the same experiment, to the
same participant, at different times. They have not been considered so far in this article, with respect to
the application of BLIM to preference data. However, it is often the case that the experimental design
contains multiple replications of the same pair of alternatives. Hence the model needs to be properly ex-
tended to cover those experimental designs. As it will be seen, only the deterministic part of the theory
need be adapted, whereas the probabilistic model remains exactly the one described in Section 2.1,
thereby showing that the BLIM encompasses various TE models for replications.

To begin with, replications at different times of the same pairwise comparison {a, #} to the same
participant in the same experiment are here considered as distinct elements. To make the BLIM appli-
cable to multiple replications of the same comparison, the notion of ‘multi-tournament’ is introduced.
This last is, essentially, a binary relation for the set .4 that can be partitioned into blocks (or equivalence
classes) A, each of which is a tournament on its own right. Each block collects the alternatives pre-
sented at time moment 7; moreover, each equivalence class collects all presentations of one alternative
at the various time moments.

The notion of a multi-tournament can be utilized to express change of preference over time. An
important special case of the ‘multi-tournament’ is the ‘repeated tournament’, where all tournaments
are isomorphic to one another. The ‘repeated tournament’ reflects the assumption that individual pref-
erence does not change across replications. In the whole, the additional concepts of ‘multi-tournament’
and ‘repeated tournament’ allow to define the preference structure for multiple replications as a collec-
tion of multi-tournaments (or repeated tournaments), bringing the entire development into the charted
territory where the BLIM described in Section 2.1 can be applied as it is.

We shall start by providing the following formal definition for a multi-tournament:

Definition 1. The binary relation T for the set A4 is a multi-tournament if

1. the collection T =T NT " lis an equivalence relation for A (i.e., reflexive, symmetric,
transitive),
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CONNECTIONS BETWEEN BLIM AND TE MODELS 1

2. there exists a partition A = {Ay, Ay, ..., A,} of A such that, for all 7 =1,2,...,%, the
binary relation (T'\ T) N (A; X A,) is a tournament.
3. givenanyz,j =1,2,...,n and any « € A;, there is b € Aj with aT'b.

Then, we say that multi-tournament T is based on the partition .A.
Itis convenient to define, for every i = 1,2, ..., s, the collection T(A;) = (T\T) N (A; X A;). If T is a
multi-tournament then, by definition, T'(;) is a single tournament on the set .4;. Moreover, it is easily
seen that the collection

{T(Al)’ T(AZ)a ] T(An>’ T}

is a partition of the multi-tournament T

As already mentioned, the multi-tournament represents the evolution of preference in time. If the
values of the index 7 =1,2, ..., are regarded as different points in the discrete time, then the tourna-
ment T'(A;) represents the preference state at time 7. With this interpretation, elements in the equiva-
lence class

a={b€ A aTb)}

represent instances of the same alternative at different time points, and the quotient set A* = {4*: 2 € A}
is regarded as the set of alternatives. Thus, «* is a single alternative, wheteas any a € 4™ is a particulat instance
in time of that alternative.

A few immediate observations on multi-tournaments are in order. If T is a multi-tournament,
then the equivalence relation T is such that, for any/=1,2,...,nand any a,b € A, if a € A; and aTb
then b € A\ A, (for otherwise, T'(A;) would not be asymmetric). This means that two instances of
the same alternative cannot belong to the same block of 4. A consequence of this property is that,
for any alternative ¢* € A%, and any 7 € 1,2, ..., s, the intersection a* N 4, contains exactly one ele-
ment a;, which is regarded as the instance of alternative 4™ at time 7. Another important consequence
related to this, is that for every 7,7 = 1,2, ..., , there is a bijection / from A, to Aj such that, for every

a € A; and b € A;, h(a) = b if and only if aTh. Moreover, the multi-tournament has the following

property.

Theorem 1. IfT is a multi-tournament for 4, then the partition of .4 on which T is based
is unique.

Proof.  Suppose that T is based on two distinct partitions A = {A4;,A,,...,A4,} and
B={B,B,,...,B,,} of the same set 4. Then, there will be distinct elements @, b € A, and
anindex/ =1,2,...,m such thata, b € A, and no block in B contains both z and 4. In other
words, a, b ate equivalent in A but not in B. From a, b € A;, and the fact that T'(A4,) is a
tournament, it follows that either (a, ) € T'(A;) or (b, a) € T'(A,) holds true. This immedi-
ately implies «Th or bTa. Without loss of generality, suppose «Th holds true. Since there is no
block in B containing both 2 and b, for all blocks B € B, T'(B) can contain neither (a, b) nor
(b, a). This is in contradiction with «Th. Hence, T cannot be based on BB, showing that A is
unique. [ ]

Examples of multi-tournaments for the set A= {a,b,¢,d,e¢,f} are represented by the two rela-
tions T3 and T} in Figure 1. In the same figure, the relation T} is a single tournament, whereas relation
T, on the subset {a, b,¢,d, ¢} is neither a tournament, nor a multi-tournament. To see this, we observe
that

85U801] SUOWILLIOD BANERID 3|cfe! ddke ) A peuienob e sajpne O (88N Jo S9N o} AReiqi 8UIIUO B]1A UO (SUO1IPUOD-PUE-SULBHWIOD™AB] 1M ARG 1 [oU1UO//Sd1Y) SUORIPUOD Pue SWB . 8u) 885 *[9202/20/9T] Uo Arigiauliuo 81 *e1ibuy 1523 JO AIseAIIN - Yosessay UsdO Ad £900, dSW/TTTT 0T/10p/w00" 48] AReaq1jeujuo gnioAsdsday/sdny wioa papeojumod ‘0 *LTEBYY0Z



12 | STEFANUTTI E AL.

be = =
T, = |\. c Ty = §<>ﬁ f
a o/ a 18@18 d
3 S —— S ——
T, = |\3‘ c T, = S
18@5 d a 5@& d

FIGURE 1 Ditected graphs of four binary relations on elements of the set{a, b,¢,d, e, }. Relation T is a simple
tournament on the subset {, 4, ¢}, relation T, is neither a tournament nor a multi-tournament, relation T3 is a multi-
tournament, and relation T} is a repeated tournament. Notice that the symmetric difference between T3 and T is

{(e,d),(d,,(d.)), (/> D)}.

T,=T,n T2_1 = {(a,a),(a,d), (b, b),(b,e),(c,¢),(d,d),(d,a),(ee), (e, )},

which is an equivalence relation. Then, it is easily seen that T, is based on the partition
{A, ={a,b,¢}, Ay = {d,e}}. However, for ¢ € A, there is no x € A, such that ¢Tyx. This violates
Condition (3) of the multi-tournament.

A special case of the multi-tournament is the ‘repeated tournament’, whose definition is as follows.

Definition 2. The multi-tournament T on A is a repeated tournament if the implication

ale, bTd, aTh = (Td
holds true for every 7,7 =1,2,...,n, every a,b € A; and every¢,d € A/-.

An example of a repeated tournament for the set A = {a,b,¢,d,e¢,1} is provided by the relation T,
depicted in Figure 1. Instead, T3 is a multi-tournament, but not a repeated tournament, because prefer-
ence changes from one tournament to another. Specifically, we have 10, aTd, bTe, but not dle. The
repeated tournament represents the special case in which preference is stable over time. In fact, it easily
follows from Definition 2 that, in a repeated tournament, for every two blocks 4; and A, the bijection

h:A; = A, is an isomorphism. That is, for any a, b € A,

aTb & ha)Thb).

Thus, all of the tournaments T'(A4;) are isomorphic to one another. If the instances of * and 4™ are denoted,
respectively, as @y, ay, ...,a,and by, b,, ..., b,, with a;, b; € A;, then one has

aq Tbl =4 aszZ > e ﬂ”Tb”
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The repeated tournament is redundant by definition. It is the repetition of the same tournament for a given
number of times. An irredundant representation of the repeated tournament T is the collection

T* = {(a*,b"): (a,b) € T\ T},
which is called the discriminative reduction of T.

Theorem 2. A multi-tournament T is a repeated tournament based on the partition
{A, A4, ...,A,} if and only if for every 7 =1,2,..., s, the mapping b;: A; = A* such that
hi(a) = a* for any a € A, is an isomorphism, that is, for 2, b € A,

(@) €T(A) & (ha),hik) € T".
Thus, the discriminative reduction T* of a repeated tournament T is itself a tonrnament.

Proof.  Injectivity of h; Let a,b € A; with a # b. Suppose h;(a) = h;(b). This implies aT'b,
which contradicts 4, b € A, because T'(A;) is asymmetric and weakly connected. Surjectivity
of by if X € T* then, by definition, there is b € T\ T with 4;(b) = X. Thus, by Condition
(3) of Definition 1 there is « € A; with aTb. Hence 5;(a) = A. Tsomorphism: Assume T is a
repeated tournament. If (4, b) € T(A;), then by definition, (¢*,5*) € T. To the contrary,
assume (X,Y) € T* Then, there is (¢,d) € T with ¢* = X and d* = Y. Thus, there exists
J=12,....,nwith ¢,d € A, h(c) =X, bj(d) =Y and (¢,d) € T'(A;). But then, there are
a,b € A;with aT¢and bTd. This, along with (¢, d) € T'(A;)implies (2, b) € T(A;). If instead
T is not a repeated tournament, then there ate elements a, b,¢,d € A such that aTe, bTd,
aThand (¢,d) & T.1f aTb then, (¢,d) & T violates the transitivity of T. Thus, the only pos-
sible case is @(T\ T)&. In this case, by definition, (a*, *) € T* and hence (¢*, d*) € T*, but
(¢,d) & T violates the isomorphism condition. |

The notion of a preference structure introduced at the beginning of Section 3 can be extended to
multi-tournaments and to repeated tournaments. To begin with, let M be the collection of all the multi-
tournaments for the set A4, and R € M be the collection of all the repeated tournaments.

Definition 3. A multi-preference structure is a nonempty subset P € M of multi-
tournaments such that:

1. the collection {M: M € P}isa singleton set,
2. every multi-tournament M € P is based on the same partition of A.

Every multi-tournament in the multi-preference structure P is called a multi-preference
state. A multi-preference structure in which all of the multi-preference states are repeated
tournaments is called a repeated preference structure. The multi-preference states of a re-
peated preference structure are called the repeated preference states.

Condition (1) of Definition 3 assures that all of the multi-preference states in P share exactly the
same equivalence relation M on the set A. This condition appears to be necessary for assuring that the
equivalence class of time instances of a given alternative is the same across all the preference states, and
hence, across all participants. Condition (2) is necessary for making sure that the same instance belongs
to the same block across all preference states.

It should be observed that the two conditions are independent. This is shown by the following two
examples. Let A = {a, b, ¢,d}, and define the following three multi-tournaments for A4:
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14 STEFANUTTI ET AL.

M, ={(a,a),(a, b),(a,c), (b, ), (b,d), (¢, a), (¢, ¢), (¢, d), (d, b),(d,d)},
My={(a,a), (a,b), (a,d), (b, ), (4, 0), (¢, 0), (¢, ), (¢, ), (d, @), (d, D)},
Mz ={(a,a), (a,¢), (a, d), (b, 0), (b, d), (¢, ), (¢, 0), (¢, 0),(d, 1), (d, d)}.

In particular, for M; and M, we have

My ={(a,a), (a,0),(b,), (b,d), (¢,0), (¢,a), (d, d), (d, h)},
My={(a,a), (a,d), (b, ), (b,¢), (¢,0), (¢,0), (d, d), (d, a)},

therefore M| # M,. On the contrary, M;and M, are based on the same partition A = A, = {{4, b}, {s,d}}
of the set 4. Hence Condition (1) is not necessary for Condition (2). Furthermore, it can be checked that
My = M,, however M, is based on the partition As = {{a,d}, {b,¢}}, which is different from A, This
shows that Condition (1) is not sufficient for Condition (2). Since (1) is neither necessary nor sufficient for
(2), the two are independent.

The discriminative reduction of the repeated preference structure P is the collection

P*={T*T € P}.

Obviously, the discriminative reduction of a repeated preference structure is a nonempty collection of tour-
naments, hence a preference structure.

It is now time to state how replications are conceived within the theoretical framework developed so
far. This is the aim of the next definition.

Definition 4. Let P be a multi-preference structure for the set A of alternatives, and let
{A,A,, ..., A,} be the partition on which the multi-tournaments in PP are based. Given any
four alternatives a, b, ¢, d € A, the two unordered pairs {a, b} and {¢, d } are equivalent compari-
sons in P if there are 7,7 = 1,2, ...,n such thata,b € A, ¢,d € Aj and exactly one of the fol-

lowing two conditions holds:

(i)  forall M € P, aMc¢ and bMd,
(i) forall M € P,aMd and biM_.

Given any two alternatives «, b € A, define the subset
P, ={MeP:aMb}

of all the multi-preference states in P in which a is preferred to 4. Then, for any four alternatives a, b, ¢, d € A,
we say that the two ordered pairs (a, b) and (¢, d) are equally informative in P if P, = P_,. We notice that
P, =P,ifand onlyif P,, = P,, because P,, = P\ P,, and P, = P\ P, The next theorem shows that,
in a repeated preference structure, equivalent comparisons (replications) give rise to equally informative

pairs of alternatives.

Theorem 3. In a repeated preference structure P, if two unordered pairs {a, b} and {¢, d }
are equivalent comparisons then either P, =P 0t P, =P,

Proof.  Assume {a,b} and {¢,d} ate equivalent comparisons, an suppose «* =¢* and
b* = d*. Given any preference state M € P, if (a, b) € M then, it follows from Condition
(3) of Definition 1 that (¢,d) € M. Since also the inverse implication holds, we see that
P, =P, In total analogy, if «* = d* and b* = ¢* then P, = P, [
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Notice that two unordered pairs of alternatives {@, b} and {¢,d} for which either P, =P, or

P, =P holds true, do not need being equivalent comparisons. That is, the notion of equally infor-
mative pairs is more general than that of equivalent comparisons, and includes this last as a special
case.

The importance of Theorem 3 lies in the fact that replications can be easily incorporated into the
preference structure P in the form of equally informative pairs. Under the assumption that preference
is stable in time, P will be a repeated preference structure, otherwise, it will be a multi-preference
structure. Then one simply applies the standard BLIM to the preference structure P, with no need
to change any assumptions of the probabilistic model. In the case of a repeated preference structure,
there will be one z(P) probability for each repeated preference state P € P, and one f, (or ¢,) and
one 1, (or ¢,,) parameter for each pair (a,4) € Ty\ T\, where T} is the (arbitrarily chosen) reference
repeated tournament.

As an illustration, let A = {a, b, ¢, d}, where there are two equally informative pairs, {4, b} and {¢,d},
so that P, = P, where P is the preference structure. Given the equivalence relation

T = {(a,a),(a,0),(b,b), (b, d), (¢, a), (¢, ), (d, b),(d,d)},
the collection of all repeated tournaments is: T = { T, T}, Ty, T3}, with

Ty=TU{(a,b),(,d)},
T;=Tu{(b,a),(d,0)},
T,=TU{(a,b),(d,0)},
Ty;=TU{(b,a),(c,d)}.

Let Tj be the reference multi-tournament, and assume that P = {1}, T} } is the tepeated preference struc-
ture, so that the BLIM is a TE model with two replications. Notice also that the equality P, = P, holds
true, as required. The BLIM's parameters for this preference structure are w(1y), w(1}), ¢, €., €}, and e,
Then, for example, Equation (5) can be applied for obtaining the conditional probability P(T, | T}), yielding:

P(TL1Ty) = (1 = ey) -

By deriving also the conditional probability of T, given T} € P, the marginal probability of response pattern
T, can then be obtained through an application of Equation (6):

P(Ty) = m(Ty)ey (1 — e) + (T ey, (1 — ).

If we assume symmetry of error and same error probability across replications (i.e.,e,, = ¢,, = e, = ¢, = ¢),
since 7 (T}) = 1 — n(T), the previous equation reduces to

P(T,) = e(1 — o),

that is identical to equation (2) of Birnbaum (2013). A similar development can be applied to rewrite
several TE applications (see e.g,, Birnbaum, 2004, 2011, 2013; Birnbaum & Bahra, 2012; Birnbaum &
Gutierrez, 2007; Birnbaum & Quispe-Torreblanca, 2018; Birnbaum & Schmidt, 2008) in terms of Equations
(5) and (6). This example serves as an illustration of how the TE model can be mimicked by the BLIM for
preference.

In relation to true and error models, we see that the gT'ET model (Equation 5) turns out to be a
special case of the BLIM, where a repeated preference structure is specified for capturing replications.
The BLIM is even more general, because the multi-preference structure seems a powerful and flexible
way of specifying change of preference in time.
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3.2 | Model testability and identifiability

This section is about the testability and identifiability of the BLIM for preference and of the TE models.
The term BLIM is deliberately used all over the section for referring to both the preference BLIM and
the TE models that turn out to be special cases of it. There are no noteworthy distinctions among them
for what pertains the results illustrated here. The parameter space of the BLIM for the preference struc-
ture P, and reference (multi-)tournament T, € T, is the set of all points 8 = (f, 7, 7) such that:

1. w = (w(P)pep is a real vector satisfying 7(P) >0 for all P€P and Y pepa(P)=1;
2. B = Bup)wer, a0d 1 = (1) e, are real vectors such that f,, > 0,7,,>0and B, +n,, <1 for all

(ﬂ, 17) (S To.

The outcome space of the BLIM is the collection of all the probability distributions Py over the
entire set 7 of tournaments. An obvious constraint is Y, ;7 P7(T) = 1.

The TE models discussed in Section 3 turn out to be BLIM models where the preference structure
P is the entire collection of tournaments for the set A4, that is P = 7. Without replications, TE mod-
els (i.e., BLIMs on P =T) ate neither testable nor identifiable. To see this, consider first the restric-
tion of the BLIM where, for every pair (a,b) € Ty, f,, =1, =0 (o1, equivalently, in the TE models,
e, = €, = 0); call the no-error BLIM this restriction. It easily follows from (5) that, in the no-error BLIM,
for every observed response pattern T € T and every preference state P € P, the conditional probability

P(T|P) reduces to
1 ifT=P
P(T|P) =
0 ifT#P.

By applying the proper substitutions in (6), this immediately gives Py (T) = z(T) for evety T €T =P,
meaning that for every point in the outcome space there exists a point in the parameter space of the no-error
BLIM that maps to it (i.e., the model's prediction function is surjective). Stated differently, the prediction
range of the no-error BLIM equals the entire outcome space, hence the no-error BLIM is not testable.

It should be observed that the parameter spaces of the no-error BLIM and the BLIM have empty
intersection, because, in the BLIM, both f, > 0 and #,, > 0 hold true. However, Stefanutti et al. (2018)
and Heller (2017) show that, when the knowledge structure is a power set (i.e., when the preference
structure is the entire set 7 of tournaments), none of the parameters f§, or 17, are identifiable, because
there exists a trade-off between each of these parameters and the probabilities of some of the states.
In particular, a nonzero f,, can be set at zero by simultaneously adjusting the probabilities of certain
states, in a way that leaves unchanged the predicted probability distribution over the response patterns.
Conversely, every point in the parameter space of the no-error BLIM can be mapped to some point in
the parameter space of the BLIM, while leaving unchanged the predicted probability distribution on the
response patterns. Thus, by surjectivity, any point in the outcome space can be mapped to a parameter
point in the no-error BLIM, which can be mapped to a parameter point in the BLIM (which is mapped
by the prediction function to the initial outcome point). Thus, because the no-error BLIM is not testable
for P =T, the BLIM is not testable too for P =T.

The identifiability of the BLIM has been thoroughly studied (Heller, 2017; Spoto et al., 2012, 2013;
Stefanutti et al., 2012, 2018; Stefanutti & Spoto, 2020). There are new interesting theoretical results on
the BLIM's identifiability that can be established in applications of this model to the study of prefer-
ence. Such results are consequences of special constraints that arise when transitive preference relations
are considered. In standard applications of the BLIM, lack of local identifiability of the model mostly
depends on the knowledge structure to which it is applied. The model may turn out to be locally iden-
tifiable for certain knowledge structures and not identifiable for others. There are two large classes of
knowledge structures for which the BLIM is known to be not identifiable. They are named the ‘forward
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graded’ and ‘backward graded” knowledge structures. Due to their regularity, such types of knowledge
structures are encountered quite often in standard (mostly educational) applications of the BLIM (Spoto
et al., 2013).

A knowledge structure K on a set O of items is backward graded (BG) in an item ¢ € Q if K\ {4} be-
longs to K for every knowledge state K € K. The knowledge structure K is forward graded (FG) in ¢ if
K U {g} belongs to K for every knowledge state K € K (Spoto et al., 2012). If the knowledge structure is
FG in any of the items in O, then it is simply said to be FG. Similarly, if it is BG in any of the items in Q
then it is simply said to be BG. As stated above, the BLIM is not identifiable if the knowledge structure
is either FG or BG.

Example 1. Given the set O = {a, b,¢,d, ¢}, the knowledge structure

Ky =10,{a}, {b}{a, b} {a,c}, {b,c},{a, b,0}, 0}

is FG in both items 2 and 4. In fact, for every state in K € Ky not containing a, there exist one
that equals K U {z}. Analogously, for every state L. € Kq not containing b, there is one that
equals L U {4}. Instead, K is not FG in ¢ because, for instance € KC;but @ U {¢} & K.
On the contrary, the knowledge structure

K, =1{0,{d,e},{a,d,e},{b,d,e},{c,d,e},{a,c,d, e}, {b,c,d e}, 0}

is BG in items @ and 4. In this case, for every state K € K, containing a, there is another one
that equals K\ {#}. A similar result holds for item .

The two notions of forward and backward gradedness can be transferred to preference structures. For
anysubsetR C A X A4,and any pait(a, b) € A X A, definethe notationsR + (2, 5) = RU {(a, 0) }\ {(b, )},
and R — (a,0) = RU {(b,a)} \ {(a, b)}. Obviously, R + (a,b) = R — (b, a).

A family F of asymmetric and connected binary relations for the set A is said to be forward graded
in a pair (a,b) € AXA if P+ (a,b) €F for all P € F. It is said to be backward graded in (a, b) if
P —(a,b) € F for all P € F. It should be noticed that F is FG in (a, b) if and only if it is BG in (4, ). As
is said of knowledge structures, the family F is said FG if it is FG in any pair in .4 X4 and it is said BG
if it is BG in any pair.

The definitions of forward and backward gradedness provided for families of asymmetric and con-
nected binary relations are consistent with the original definitions applied to knowledge structures.

Theorem 4. Let T, be the reference tournament for the set A of options, K be a knowl-
edge structure on Ty, and P = {£(K): K € K} be the derived preference structure. Given
any pair (a,b) € T, K is FG in (a, b) iff P is FG in (a, b). Similarly, K is BG in (a, b) iff P is
BG in (a4, b).

Theorem 5. Let P be the collection of all the asymmetric, connected and transitive bi-
nary relations for the set A. If | A| > 2 then P is neither FG nor BG.

From Theorem 5, replications and repeated preference structures offer a method for resolving
those unidentifiability problems due to forward and backward gradedness. There may be other
properties of the knowledge structure that make the BLIM not identifiable (see, e.g., Heller, 2017).
For a general test of the local identifiability of the BLIM, if the domain Q has moderate size (e.g.,
for up to about 20 items), the MATLAB function blimit (Stefanutti et al., 2012) can be applied,
which tests the local identifiability of the BLIM for arbitrary knowledge structures (i.e., for arbitrary
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subsets of preference relations). In case the model is not locally identifiable for a given knowledge
structure, the blimit function provides precise diagnostics about local identifiability of every
single parameter in the model. For what concerns preference structures, the blimit function con-
firmed that those composed of all and only transitive preferences with either four or five objects are
locally identifiable in a BLIM analysis.

4 | CONCLUSION

The present article provides a connection between two apparently distant research areas: the study of
preference, on the one hand, and the assessment of knowledge, on the other hand. The connection
becomes evident by recognizing that certain TE models, developed in the first research area, can be
mimicked by an adaptation of the BLIM, a probabilistic model applied in knowledge assessment, to
forced-choice pair comparison tasks. The connection between the two types of models was obtained in
three steps. First, a correspondence was established between fundamental concepts of the BLIM (e.g.,
problems and knowledge states) with fundamental concepts of the TE models (e.g., comparisons and
preference states). Second, a version of the BLIM which is suitable for modelling forced-choice pair
comparison data was derived. Moreover, it was shown how the BLLIM can be applied to choice experi-
ments where replications are used.

Identifiability of the model was a key consideration, and, as noted in previous studies on the BLIM,
it largely depends on the preference structure to which the model is applied (Heller, 2017; Spoto
et al,, 2012, 2013; Stefanutti & Spoto, 2020). Given the proven equivalence between the BLIM and
the TE models, these considerations also extend to the TE. New results about the identifiability of the
BLIM were obtained. Indeed, two new theorems were provided showing that some identifiability prob-
lems that are common in the application of the BLIM to knowledge assessment do not occur when the
BLIM is applied to preference studies. In particular, it seems that preference structures that contain all
the possible transitive orders cannot be backward graded or forward graded.

The acknowledgment of equivalences between the BLIM and some TE models allows to capitalize
on the various resources that have been cumulated across time on both sides. Important types of re-
sources, for instance, are software tools and code for applying, estimating and empirically testing the
models. To provide just a couple of examples, Lee (2018) developed Bayesian parameter estimation
procedure for the TE models. This is currently missing in knowledge space theory and in the BLIM in
particular. On the contrary, a preexisting procedure for estimating the BLIM parameters by maximum
likelihood via the EM algorithm (Stefanutti & Robusto, 2009) can be used for estimating the parame-
ters of some of the TE models. This procedure is implemented in R and MATLAB tools (Brancaccio
et al., 2024). Such tools include extension for missing data (Anselmi et al., 2016), and for testing the
local identifiability of the BLIM. Moreover, theoretical results on the identifiability (Heller, 2017; Spoto
et al., 2012, 2013; Stefanutti et al., 2018; Stefanutti & Spoto, 2020) and reliability of probabilistic pref-
erence structures (de Chiusole et al., 2024) can be directly extended from the knowledge domain to
forced-choice paired comparison tasks.

Finally, clustering procedures developed in the context of KST (de Chiusole et al., 2025) can
be applied for extracting preference structures from data. The procedure proposed by de Chiusole
et al. (2025) can be used to extract transitive preference states, whereas the procedure proposed by de
Chiusole et al. (2017) can be used for unconstrained extraction of preference structures.

To conclude, theoretical results obtained in this article are far from exhaustive, and open up an
entire agenda for future work and research aimed at exploring further connections between the two
approaches.
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