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Abstract

Water transport in vascular plants occurs under negative pressures, placing xylem

sap in a metastable state that is susceptible to cavitation and embolism. Recent

experimental observations have revealed the widespread presence of long-lived,

surfactant-coated nanobubbles in xylem sap, challenging the traditional view that

gas bubbles inevitably lead to hydraulic failure. The mechanisms by which such

nanobubbles persist under physiologically relevant conditions, however, remain

poorly understood.

In this thesis, a mathematical framework is developed to investigate the

dynamics and stability of surfactant-covered nanobubbles in plant xylem.

Starting from the Navier–Stokes equations, the Stokes flow regime appropriate

for xylem conditions is derived using dimensional analysis, and classical bubble

dynamics are reviewed through the Rayleigh–Plesset equation. Linear stability

theory and Floquet theory are employed to analyse both steady and

time-periodic bubble behaviour.

Axisymmetric models are formulated to describe deformable bubbles with

surfactant-coated interfaces, incorporating interfacial stress balances, gas

compressibility, and surfactant transport along the bubble surface. Exact

expressions for growth rates are obtained for bubbles with constant base-state

radius, both in the presence and absence of surfactants, while time-periodically

varying bubbles are analysed using a combination of analytical and numerical

techniques. Numerical optimisation methods, including genetic algorithms and



iv

simulated annealing, are used to explore the high-dimensional parameter space

associated with these models.

The analysis is extended to non-axisymmetric perturbations, allowing fully three-

dimensional surface deformations to be considered. In addition, inertial effects are

incorporated by relaxing the Stokes flow assumption and considering a simplified

inertial regime. Across all models investigated, numerical results consistently

indicate that surfactant-covered nanobubbles are dynamically stable over a wide

range of physiologically relevant parameters. No growing modes are observed

for either axisymmetric or non-axisymmetric perturbations, even under periodic

forcing of the bubble radius. The inclusion of inertia does not destabilise steady

bubbles within the regimes considered.

These findings suggest that surfactants play a stabilising role in nanobubble

dynamics and provide a plausible theoretical explanation for the persistence of

nanobubbles observed experimentally in plant xylem. The results support the

view that surfactant-covered nanobubbles need not inevitably lead to embolism

and contribute to a mathematical understanding of water transport under

tension in vascular plants.
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1

Introduction

1.1 Long-distance transport in plants

The long-distance transport of water and minerals in plants is essential to

support their growth and metabolism. Xylem transports water and other

nutrients from root to shoot, while phloem transports energy-rich solutes made

during photosynthesis from shoot to root (Jensen et al., 2016). Xylem and

phloem are found in all vascular plants, including seedless plants, as well as

angiosperms and gymnosperms. Xylem tissue consists of various specialised

water-conducting elements known as tracheary elements. These consist of cells

known as tracheids, which are single-celled, and vessel elements (Jensen et al.,

2016).

Coniferous trees, along with most gymnosperms and seedless plants, such as

the Douglas-fir tree (Domec et al., 2008), lack a continuous system of xylem

vessels and instead depend on tracheids, which are non-living conducting cells

that serve to transport water and to support the trunk (White, 2012). Figure

1.1.1 illustrates the structure and function of wood.

Tracheids, which range in length from 2 to 6 mm, can also disrupt long-distance

transport in annual plant species, for example, at the root-shoot junction or in

the nodes of the stem. This poses internal resistance to xylem volume flow and,

as a consequence, permits intensive xylem–phloem solute transfer (White, 2012).

The geometry of xylem and the width of its vessels are central to understanding
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Figure 1.1.1: Wood structure in (a) gymnosperms and (b) angiosperms, taken
from Jensen et al. (2016).

plant water transport. Xylem vessels are typically tubular, with widths varying

significantly among different plant species and in response to environmental

conditions. Angiosperms feature wider vessels (20 to 500 µm), while

gymnosperms have narrower tracheids (10 to 80 µm). The balance between

vessel width and the risk of cavitation is a key aspect of plant physiology,

influencing how plants adapt to their environments.

Plants are amazing lifeforms that are able to drive a vascular system, which

sustains growth and development, without a central heart. The basic mechanics

of this flow have been difficult to determine due to the sensitive nature of the

conduits. We seek to further develop the understanding of the behaviour of

nanobubbles in xylem. The theory and mathematics of plant signalling and

variation potentials is discussed in Blyth & Morris (2019). The mathematics

of fluid transport in plants, which provides good background knowledge, can be
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found in Blyth & Morris (2018). In this thesis, we will focus on the mathematics

of bubble dynamics.

1.2 Negative pressure in xylem

Large amounts of water are needed in order for plants to live and grow. In fact,

ninety percent of trees with an average height of 21 m transport a maximum

of between 10 and 200 litres of water each day (Wullschleger et al., 1998). The

transportation of this water occurs through the xylem. This water needs to travel

upwards.

Our theoretical understanding of this transport came around the turn of the

20th century with a very influential theory published by Dixon & Joly (1894).

The theory was that the driving force of the flow in xylem comes from suction

generated in the leaves via evaporation of water into the atmosphere, i.e.

transpiration. Water is lost from plants primarily through transpiration, which

occurs via stomata — microscopic pores located in the epidermis of leaves and

young stems. Each stoma is bordered by a pair of guard cells that regulate its

opening and closing in response to environmental and physiological signals, such

as light, humidity, and internal water status (see, for example, Wilson et al.,

2025).

When the stomata are open, water evaporates from the moist cell walls within

the leaf into the intercellular air spaces and diffuses out to the atmosphere. This

evaporation lowers the water potential within the leaf, generating a tension that

is transmitted through the continuous water column in the xylem. As a result,

water is drawn upward from the roots by capillary forces to replace that lost on

the surface of the leaf, maintaining the transpiration stream (see, for example,

Venturas et al., 2017).

Transpiration is driven by photosynthesis. Photorespiration is a wasteful

pathway that occurs when in the second stage of photosynthesis — the Calvin

cycle — the enzyme rubisco acts on oxygen instead of carbon dioxide. This can
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cause a significant loss in vital crop yields (Cavanagh et al., 2022). In terms of

photosynthesis, plants are divided into three categories: C3, C4 and

Crassulacean acid metabolism (CAM) (see, for example, Wang et al., 2008).

The majority of plants are C3 and have no special features to combat

photorespiration. However, C4 and CAM plants have evolved mechanisms to

combat photorespiration.

A result that may seem surprising is that the pressures inside the xylem are even

lower than that of a vacuum, that is, they are negative. In fact, the maximum

negative pressures recorded in plants are around −100 bar (or −10 MPa) (see,

for example, Kanduč et al., 2020).

The idea of negative pressure may seem counter-intuitive from a physics point

of view if one considers equilibrium thermodynamics. In fact, negative pressures

only occur in non-equilibrium or metastable states.

One example of negative pressures being observed experimentally can be found

in Briggs (1953), in which mercury in Pyrex© glass was able to sustain negative

pressures of 425 bar (42.5 MPa) at 28◦C. Experiments have also been carried out

by Pallares et al. (2014) to record measurements of sound velocity in water that

is both super-cooled and at a negative pressure. A more recent, and also exciting,

use of negative pressure is the use of lower body negative pressure (LBNP) to

move upper-body blood, and other fluids, towards the legs during spaceflight.

This is to help offset the effects, including decreased visual acuity, that long-

duration spaceflights have on passengers (Arbeille et al., 2021).

A more popular conception of water transport in plants is that it is analogous

to that of a mechanical vacuum pump. That is, a pressure gradient-driven flow.

However, if this were the case, water transport would be limited to less than

10 m (Jensen et al., 2016). This can be verified mathematically by considering

the hydrostatic pressure head. This can be calculated using the equation, first

derived by Bernoulli (1738), for an incompressible fluid with constant density
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where the flow is steady and there is no viscosity

p+
1

2
ρv2 + ρgh = B ,

where p is pressure, ρ is density, v is velocity, h is elevation, g is gravitational

acceleration and B is the Bernoulli constant. We can apply Bernoulli’s equation

at two different points within a xylem vessel, which we model as a perfect

cylinder, and equate the resulting expressions under the assumption that the

flow is irrotational. In steady flow, streamlines and particle paths coincide,

which justifies the application of Bernoulli’s equation along a streamline. This

set-up is illustrated in Figure 1.2.1.

Figure 1.2.1: A simple schematic representation of a xylem vessel.

From this set-up we get,

p1 +
1

2
v21 + ρgh1 = p2 +

1

2
v22 + ρgh2 , (1.2.1)
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and the continuity condition (by continuity of mass),

ρA1v1 = ρA2v2 .

As in our case A1 = A2, we get v1 = v2. So (1.2.1) can be simplified to

p1 − p2 = ρg(h2 − h1) .

Suppose that at ground level the xylem is at atmospheric pressure p1 = 100

kPa. Under the commonly invoked “vacuum pump” picture, the lowest attainable

pressure is assumed to be zero, corresponding to a perfect vacuum. Taking p2 =

0 then yields the maximum height to which water could be transported by a

pressure gradient alone,

h2 =
p1
ρg

.

Good approximate values of the variables for the flow of water in xylem are

ρ = 1000 kgm−3 and g = 10 ms−2. This would give us a head of

h2 =
105

103 · 10
m = 10m .

This obviously could not work as many trees grow to heights much taller — for

example the aforementioned Douglas-fir conifer can grow to heights between

100–127 m (Domec et al., 2008). Thus, water transport in plants cannot be

explained by a simple pressure-gradient mechanism limited by atmospheric

pressure. Instead, pressures within the xylem must fall below atmospheric

pressure, placing the water under tension rather than compression.

Also, as discussed in Prendin et al. (2018), Norwegian spruce trees prioritise

hydraulic efficiency, to allow growths of greater height, over embolism safety.

This implies that the pressure at the top of the xylem would have to be below

zero.

Vascular plants are the only organism that transports water utilising the cohesion
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between water molecules which acts to pull water through a hydraulic system as

opposed to it being pushed via positive pressure (Yang et al., 2020). However,

many vascular plants show positive pressure (above atmospheric pressure) in the

xylem on a daily or seasonal pattern, or during early development stages. What

is interesting is that the mechanisms of this positive pressure are also largely

unknown but a discussion of which can be found in Schenk et al. (2021a).

The pulling caused by cohesion slightly increases the distance between water

molecules, thus creating negative pressure. As discussed in many papers, this

pull force is generated by the evaporation of water from nanocapillaries in the

cell walls of leaves and the negative pressure is generated by the weight of the

water column and hydraulic resistance in xylem. This is known as the cohesion–

tension theory ; see, for example: Schenk et al. (2021a); Kanduč et al. (2020);

Yang et al. (2020); Jensen et al. (2016); Domec et al. (2008).

The mechanism of cohesion-tension operates under negative pressures. The

three contributing forces to the pressure gradient are gravitational (generally

the smallest contributor), soil water potential (the most significant factor) and

friction. If, for example, we consider water at 20◦C it will boil at an absolute

pressure of 2.3 kPa. So, relative to an atmospheric pressure of 101.3 kPa water

should boil at −99 kPa (Venturas et al., 2017).

Figure 1.2.2 shows the relationship between xylem sap pressure and tree height

for drying soil. The black line illustrates the case for fully hydrated soil and closed

stomata — the hanging water column balances gravitational force. The red line

shows that as long as there is no flow, as the soil dries the starting point of the

pressure gradient is more negative but the slope is unchanged. The blue lines

show the effects of the stomata opening, that is the slope of the pressure gradient

within the plant increases due to friction and transpiration (E) is proportional to

the plant’s hydraulic conductance and its soil to leaf pressure drop. Plants are

able to vary E by adjusting their stomatal aperture. The dashed blue line is the

pressure drop for low E and the solid blue is line is for high E. The red dash-dot
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Figure 1.2.2: Pressure gradients in a tree, taken from Venturas et al. (2017).

line represents the boiling point of water −99 kPa (Venturas et al., 2017).

Under these negative pressures, in order for the cohesion tension mechanism to

work, the boiling of water in the xylem must be avoided. Hence, the water must

enter a metastable liquid phase.

Light stress also has an impact on transpiration as plants have evolved to

combat physiological damage through a variety of techniques including opening

and closing stomata (Shi et al., 2022).

Phloem transport is just as important as it transports vital sugars, a product of

photosynthesis, to where they are needed. In contrast to the xylem, phloem

tubes (or sieve elements) are living cells. The main transport mechanism in the

phloem (other possible mechanisms have been proposed over the years.) is the

so-called Münch mechanism. In 1930, Ernst Münch hypothesised that gradients

of hydrostatic pressure are generated osmotically between phloem source (high

pressure due to loading) and sink organs (low pressure due to unloading)

(Knoblauch & Peters, 2010). A schematic representation of both

cohesion–tension (a) and Münch mechanisms (b) can be seen in Figure 1.2.3.
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(a) (b) (c)

(d)

(e)

Figure 1.2.3: Schematic representation of vascular transport in plants, taken from
Jensen et al. (2016).

1.3 Nanobubbles and embolisms

The fact that water transport in plants relies on negative pressure causes

challenges. This negative pressure can lead to cavitation (the formation of

vapour bubbles when liquids are under tension — i.e. negative pressure) and

thence embolisms, which can cause hydraulic failure (see, for example, Wason

et al., 2021; Schenk et al., 2015; Brodersen & McElrone, 2013). The process of

gas formation in xylem is often referred to as air seeding in the literature — see

for example: Ingram et al. (2021); Wason et al. (2021); Yang et al. (2020);

Schenk et al. (2015); Domec et al. (2008).

An embolism in a plant refers to the formation of air-filled voids or emboli within

the water-conducting xylem conduits, which interrupts the continuous column of

water under tension and severely reduces the plant’s ability to transport water

from roots to leaves. Extensive embolism formation impedes sap flow, reduces

photosynthesis and growth, and can lead to branch or whole-plant death if a

critical fraction of conduits becomes blocked (see, for example, Lens et al., 2013).
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Water is transported via necrotic cells known as xylem conduits which provide a

low-resistance route. Because the xylem conduits are of finite length, the water is

forced to move to neighbouring conduits via pit borders: narrow cavities. These

pit borders are not complete openings in the cell wall; a modified, nanoporous

primary cell wall — called the pit membrane — is retained. This is shown in

Figure 1.3.1.

Figure 1.3.1: Proposed model of nanobubble formation in an angiosperm pit
membrane, taken from Schenk et al. (2015).

An important question is: how do nanobubbles form in the pit membrane? This

can be answered in three stages. Firstly, Figure 1.3.1(C) shows how a nanobubble

is snapped off due to the movement of a meniscus (the curve in the upper surface

of the water — caused by surface tension) through a nanoporous constriction.

This happens when the radius of the constriction is less than half of the radii of

the pore on either side — see Figure 1.3.1(B) (Schenk et al., 2015).

Secondly, as a gas meniscus moves into a liquid-filled pore, it is stabilised as

local pressure increases. This contributes to bubble ‘snap-off’ at the pore

restriction. Due to the low compressibility of water — a discussion of density

and compressibility of water can be found in Gaiduk et al. (2015) — the

pressure release of bubble entry into water under negative pressure is

substantial — about 2 MPa of negative pressure (Schenk et al., 2015).
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Finally, bubbles are formed under a principle of surface-area minimisation (this

is a fascinating area of mathematics in its own right and more can be read about

it in e.g. Morgan (1994)) and under negative pressure, a liquid will favour bubble

formation over rupture of hydrogen bonds between water molecules — this is due

to thermodynamics (Schenk et al., 2015).

What is of particular interest is the fact that stable nanobubbles have been

discovered in plant xylem — that is, bubbles that do not form an embolism

(see, for example, Ingram et al., 2021; Schenk et al., 2015). Although this has

proven to be difficult to recreate in a laboratory setting, the effect of

nanobubble creation (i.e. ‘snapping off’) has been demonstrated artificially in

experiments by Duan et al. (2012) where nanobubbles snap-off under negative

pressure at a silica nanochannel entrance — see Figure 1.3.2.

Figure 1.3.2: Top view microscope images of deformed menisci and nanobubbles
(nanochannels are 4µm wide and 58 nm in height), taken from Schenk et al.
(2015).

It was Blake (1949) who first recognised that gas bubbles under a certain radius,

known as the Blake threshold, are stable. The mathematics of this Blake threshold

will be discussed in Section 4.6.2. What recent studies have shown, for example

Ingram et al. (2021); Yang et al. (2020); Schenk et al. (2017), is that dynamic

surface tension increases the stability of nanobubbles and thus reduces the risk of

an embolism forming. Dynamic surface tension can be brought on by surfactants.
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1.4 An introduction to surfactants

Surfactants are molecules that preferentially adsorb to fluid interfaces and lower

the surface tension, between two liquids, between a gas and a liquid, or between

a liquid and a solid (Manikantan & Squires, 2020). The word “surfactant” is a

contraction of the term surface-active agent (Rosen & Kunjappu, 2012). Many

surfactants are amphiphilic, meaning they have both hydrophilic (the head) and

hydrophobic (the tail) parts — see Figure 1.4.1(a). In the case of nanobubbles

in xylem, these amphiphilic surfactants adsorb to the gas-water interface with

their hydrophobic tails directed out of the water phase, thus coating the bubble

surface in hydrophobic tails, resulting in the reduction of surface tension (See

Figure 1.4.1(b,c)).

Figure 1.4.1: Diagrams showing a surfactant (a) and how surfactants are adsorbed
to an air–water interface, taken from Manikantan & Squires (2020).

Soluble surfactants in plants can be of various origins. They can be produced

endogenously by the plant or absorbed from the environment. Endogenous

surfactants include certain proteins, saponins, and lipids secreted by plant cells

(Zheng et al., 2020), particularly in response to stress or injury. Exogenous

surfactants might enter the plant system through the uptake of agrochemicals

or through root interactions with soil microbes that produce biosurfactants.

1.5 Surfactant-covered nanobubbles

The focus of this thesis is on nanobubbles that form in the xylem. Nanobubbles

are bubbles that experimentally have an average radius of 50 nm and a lifetime
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of over 2 weeks (Ohgaki et al., 2010). These nanobubbles have the potential to

form embolisms which are detrimental to the plant (see, for example, Wason et al.,

2021; Schenk et al., 2015; Brodersen & McElrone, 2013). However, these bubbles

may also exist in a metastable state (see, for example, Vehmas & Makkonen,

2021). There is a lot of literature around the area of drought-induced embolisms,

see for example, Isasa et al. (2023); Lens et al. (2022); Pritzkow et al. (2022).

What is also amazing about plants is that even if embolisms occur in the xylem,

there are various repair mechanisms in place (see, for example, Brodersen &

McElrone, 2013) to mitigate the damage. One of these, that operates under

positive pressure — which we previously mentioned — is to refill the embolised

xylem conduits with water (see, for example, Schenk et al., 2021a).

An exciting and recent development in this area is the detection of airborne

sounds emitted by stressed plants. Khait et al. (2023) recorded ultrasonic sounds

emitted by tomato and tobacco plants inside an acoustic chamber — see Figure

1.5.1. Using machine learning models, you can identify the condition of the plant,

including dehydration level and injury, based solely on these emitted sounds.

Plants under drought conditions experience cavitation, where nanobubbles form

then expand and collapse which then cause vibrations. These vibrations have

been recorded by connecting a recording device directly to the plant.

Figure 1.5.1: Acoustic box setup. The three plants are placed inside a 50×100×
150 cm3 acoustic box with two directional microphones oriented at each plant.
Taken from Khait et al. (2023).
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The existence of gas nanobubbles was first hypothesised after observations of gas

flow in wood (Ingram et al., 2023). This hypothesis led to studies of nanobubble

concentrations in xylem sap using nanoparticle tracking analysis (NTA). NTA

can be used to qualitatively assess whether nanoparticles are spherical, which was

the case for all flowering plant species whose xylem sap was analysed using NTA.

In the samples, which included trees, shrubs and a liana species, nanoparticles

ranging between 20 and 300 nm in radius were found in their sap using data from

Schenk et al. (2017) and Guan et al. (2022), as illustrated in Figure 1.5.2.

Figure 1.5.2: Size distributions and concentrations of nanoparticles observed in
eleven flowering plant species. Data taken from (a) (Schenk et al., 2017) and
(b) (Guan et al., 2022). The data in (a) were collected in moving samples while
the data in (b) were from stationary samples. Figure taken from Ingram et al.
(2023).

NTA, however, does not distinguish between nanobubbles and other

nanoparticles. To assess whether the nanoparticles in xylem sap were indeed

nanobubbles, freeze-fracture electron microscopy was used to investigate the sap

from two plant species: Geijera parviflora and Corylus avellana. The results of

this are shown in Figure 1.5.3.

Nanobubbles in xylem sap are coated in surfactants. Analysis by Schenk et al.

(2017) found evidence for both polar lipids (amphiphilic lipids with a hydrophilic

head and a hydrophobic tail) and proteins. Polar lipids extracted from xylem sap

of thirteen flowering plant species were analysed by Guan et al. (2022) and Schenk

et al. (2021b) using mass spectrometry and included both phospholipids and

galactolipids, with a high proportion of phosphatidic acid, a phospholipid with a
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Figure 1.5.3: Freeze-fracture EM images of surfactant-coated nanobubbles in
Geijera parviflora (A) and Corylus avellana (B). The gas bubble cores are visible
as the white Pt/C free areas, while the dark areas represent the surfactant coat.
Scale bars = 100 nm. Figure taken from Ingram et al. (2023).

negatively charged headgroup. The concentrations and chemical composition of

these polar lipids is shown in Figure 1.5.4.

Figure 1.5.4: Data from (a) California (Schenk et al., 2021b), and (b)
Germany (Guan et al., 2022). DGDG, digalactosyldiacylglycerol; MGDG,
monogalactosyldiacylglycerol; PA, phosphatidic acid; PC, phosphatidylcholine;
PE, phosphatidylethanolamine; PI, phosphatidylinositol; PS, phosphatidylserine.
Figure modified from Schenk et al. (2021b). See Figure 1.5.2 for the full species
names. Figure taken from Ingram et al. (2023).

Lipid surfactants have also been measured in tropical plants. In a study by

Huang et al. (2024), the lipid composition of xylem sap for angiosperm species

from a tropical savanna (seven species) and a seasonal rainforest (five species)
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was quantified using mass spectrometry. Lipids were found in xylem sap in all

species studied, including galactolipids, phospholipids and triacylglycerols, with

a total lipid concentration ranging from 0.09 to 0.26 nmol/L. The list of species

studied can be found in Figure 1.5.5. The lipid concentrations from these tropical

angiosperm species can be found in Figure 1.5.6.

Figure 1.5.5: Table taken from Huang et al. (2024).

While surfactants in xylem sap are often considered stabilising agents for

nanobubbles, molecular dynamics simulations indicate that they can also trigger

bubble destabilisation under certain conditions (Xiao et al., 2017). Specifically,

for nanobubbles attached to or near solid surfaces, surfactant adsorption can

induce contact-line depinning, where the triple-phase boundary (gas, liquid,

solid) becomes mobile, weakening the forces that maintain bubble shape and

facilitating collapse. For bubbles suspended in the bulk liquid, surfactant

molecules at the gas–liquid interface can reduce surface tension, generating

interfacial instabilities that cause the bubble to shrink or rupture. These two

mechanisms demonstrate that surfactants can paradoxically promote

nanobubble collapse rather than persistence, depending on local environment

and concentration, a phenomenon directly observed in the simulations of Xiao

et al. (2017).

In the context of xylem sap, these findings suggest that the interplay between

surface-active compounds and bubble geometry is likely to be crucial in

determining the stability of gas-filled cavities under tension. While previous

studies have largely treated surfactants as purely stabilising agents, the results
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Figure 1.5.6: Lipid concentrations in xylem sap from 12 tropical angiosperm
species collected during the dry season of 2022 (March). Shown are polar lipids
and neutral lipids (TAG = triacylglycerol). Inset: mean values of the total
lipid concentration for tropical savanna and rainforest species, respectively. NS
indicates no significant difference between the two biomes (p = 0.05). Error bars
are standard errors. Abbreviations for each species are listed in Figure 1.5.5.
For each species, three specimens were studied. Figure taken from Huang et al.
(2024).

in the paper by Xiao et al. (2017) highlight that adsorption dynamics and local

flow conditions can reverse this effect. This motivates the present work, where I

will investigate the linear stability of spherical and near-spherical gas bubbles in

a viscous, surfactant-laden environment under conditions representative of

xylem sap. By explicitly incorporating interfacial surfactant concentration and

its coupling to bubble shape perturbations, the analysis aims to quantify the

conditions under which surfactants enhance or undermine bubble persistence,

thereby bridging molecular-level observations with mathematical predictions of

bubble stability in plants.

Surfactants have also been shown to exert a destabilising influence in a range of
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other physical settings. For example, Frenkel & Halpern (2002) investigated a

two-fluid shear flow with an insoluble surfactant on a flat interface and

demonstrated that the presence of surfactants can destabilise the flow.

1.6 Structure of this thesis

This thesis develops a mathematical framework for understanding the dynamics

and stability of surfactant-covered nanobubbles under the extreme physical

conditions present in the xylem. Motivated by experimental evidence for stable,

surfactant-coated nanobubbles and their proposed role in embolism formation

and prevention, the work combines fluid mechanics, interfacial physics, and

stability theory to investigate the mechanisms by which such bubbles may

persist under negative pressure.

Chapter 2 introduces the mathematical background required for the analysis.

Beginning with the Navier–Stokes equations, we derive the Stokes flow regime

appropriate for xylem conditions and review classical bubble dynamics through

the Rayleigh–Plesset equation. Methods from linear stability theory are then

introduced, culminating in an overview of Floquet theory, which provides the

principal framework for analysing periodically forced systems arising from a time-

dependent bubble radius and pressure fluctuations.

In Chapter 3, we introduce numerical optimisation techniques that are used to

explore the high-dimensional parameter space associated with surfactant-covered

bubble models. In particular, global optimisation methods, including genetic

algorithms and simulated annealing, are discussed and implemented to identify

parameter regimes that promote bubble stability under physiologically relevant

conditions.

Chapter 4 considers the axisymmetric bubble problem. A detailed mathematical

model is developed for a deformable bubble immersed in a viscous fluid,

incorporating interfacial stress balances, surfactant transport along the bubble

surface and both constant and time-dependent bubble radii. Stability equations
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are derived for spherical and weakly deformed bubbles, allowing the influence of

surfactants and gas compressibility on bubble stability to be quantified.

The analysis is extended in Chapter 5 to non-axisymmetric perturbations.

Here, fully three-dimensional surface deformations are considered, and evolution

equations for the perturbation amplitudes are derived. The resulting coupled

stability system captures the interaction between hydrodynamics, surfactant

redistribution, and interfacial elasticity, enabling a comprehensive assessment of

the modes most likely to destabilise surfactant-coated nanobubbles in xylem

sap.

Chapter 6 extends the modelling framework by relaxing the Stokes flow

assumption and incorporating inertial effects through the full Navier–Stokes

equations. Although inertial forces are expected to be small under typical

xylem conditions, their inclusion allows the robustness of the stability results

obtained in earlier chapters to be assessed. By deriving the modified kinematic

and dynamic boundary conditions, this chapter examines whether inertia can

destabilise surfactant-covered nanobubbles or introduce new instability

mechanisms.
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2

Mathematical background

Synopsis

In this chapter we will show how to get from the full Navier–Stokes

equations to the Stokes equations. We will then see how, using the

Navier–Stokes equations, we can derive an ordinary differential equation

that governs how the radius of a bubble behaves over time. Finally, we

will discuss how we can use methods from linear algebra to determine the

stability of dynamical systems and how Floquet theory can generalise

this.

2.1 Stokes flow

The Navier–Stokes equations are fundamental to the study of fluid mechanics.

These equations govern the motion of viscous fluids by accounting for the balance

of momentum under the influence of pressure, viscous stresses and external forces.

The context we are interested in is bubbles immersed in a fluid. In which case

these equations describe the interaction between the bubble interface and the

surrounding flow, which is affected by surface tension, viscosity and pressure

gradients, and in some cases, fluid compressibility.

Consider a position vector x. For compressible Newtonian fluids with a velocity

field u(x, t) and a pressure field p(x, t), the equations of motion must include

variations in density, ρ(x, t), a dynamic variable. The full set of compressible
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Navier–Stokes equations is

ρ

(
∂u

∂t
+ u · ∇u

)
= −∇p+∇ · τ + f , (2.1.1a)

∂ρ

∂t
+∇ · (ρu) = 0 , (2.1.1b)

τ = µ
(
∇u+∇uT

)
+

(
λ− 2

3
µ

)
(∇ · u) I , (2.1.1c)

where τ is the viscous stress tensor, µ and λ are the shear and bulk viscosities,

respectively, and f represents external body forces, for example, gravity.

Equation (2.1.1c) represents the constitutive relation for a Newtonian fluid,

which is defined as a fluid where the local viscous stress is linearly proportional

to the local rate of strain. In this context, the shear viscosity (also known as

dynamic viscosity), µ, acts as the constant of proportionality. It measures a

fluid’s resistance to shear deformation under an applied shear stress (e.g.

Esmaeilnezhad et al., 2017). Bulk viscosity, λ, also known as volume or second

viscosity, is a measure of a fluid’s resistance to volumetric changes, such as

compression or expansion (e.g. Ding & Ye, 2006).

The dynamic (shear) viscosity µ and density ρ can be combined to define the

kinematic viscosity ν via

ν =
µ

ρ
, (2.1.2)

which characterises the diffusion of momentum in the fluid independently of its

density. Equation (2.1.1a) encapsulates momentum conservation, whereas

equation (2.1.1b) represents mass conservation. A detailed explanation and

derivation of these equations can be found in the book An introduction to fluid

dynamics by Batchelor (1967). For the purposes of our work, we will take f = 0

from this point onward, i.e. we study fluids in the absence of external forces.

We will discuss the implications of a compressible fluid later on. But for now, we
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will only consider an incompressible fluid, which means that

Dρ

Dt
= 0 , (2.1.3)

where

D

Dt
=

∂

∂t
+ u · ∇ , (2.1.4)

is the material derivative, in which case the Navier–Stokes equations (2.1.1)

reduce to

ρ

(
∂u

∂t
+ u · ∇u

)
= −∇p+ µ∇2u , (2.1.5a)

∇ · u = 0 . (2.1.5b)

We take (2.1.5) as the starting point for a model of a nanobubble. Due to the

spherical geometry of a bubble, it is natural to reformulate the equations in

spherical polar coordinates (r, θ, ϕ), corresponding to the radial distance, polar

angle and azimuthal angle, respectively (see Figure 2.1.1). In this coordinate

system, the position vector is

x = rr̂ , (2.1.6)

where r̂ denotes the outward radial unit vector. The full spherical basis consists

of

r̂ = sin θ cos ϕ̂i+ sin θ sinϕĵ+ cos θk̂ , (2.1.7a)

θ̂ = cos θ cos ϕ̂i+ cos θ sinϕĵ− sin θk̂ , (2.1.7b)

ϕ̂ = − sin ϕ̂i+ cosϕĵ , (2.1.7c)

where î, ĵ, k̂ are the Cartesian unit vectors along the x−, y− and z−axes,

respectively. These unit vectors given in (2.1.7) form an orthonormal set at each

point in space.

In terms of this basis, the fluid velocity field can be written as

u(r, θ, ϕ, t) = ur(r, θ, ϕ, t)r̂ + uθ(r, θ, ϕ, t)θ̂ + uϕ(r, θ, ϕ, t)ϕ̂ , (2.1.8)
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which provides the natural decomposition of the Navier–Stokes equations in

spherical coordinates for describing bubble dynamics.

𝑧

𝑦

𝑥

𝜃
𝜙

𝜽'

𝒓)
𝝓'

Figure 2.1.1: Diagram representing spherical polar coordinates.

We consider a nanobubble within the xylem of a plant, whose undisturbed

radius is denoted by r = a(t), where a(t) is a periodic function of time with

period T . The periodic variation of a(t) may arise from pressure fluctuations in

the xylem sap, which occur due to diurnal changes in transpiration and water

transport (Ingram et al., 2023). Furthermore, periodicity can result from the

intrinsic dynamics of the bubble, driven by the balance between surface tension,

the surrounding fluid, and the gas pressure inside the bubble (Ingram et al.,

2021).

To facilitate analysis, we decompose a(t) into a time-averaged radius and a

dimensionless oscillatory component:

a(t) = aa∗(t) , (2.1.9)

where

a =
1

T

∫ T

0
a(t)dt , (2.1.10)

is the mean radius over one period and a∗(t) is the dimensionless radius

capturing the temporal variation about the mean. This decomposition separates
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the characteristic length scale of the nanobubble from its oscillatory dynamics,

which is particularly useful for nondimensionalisation.

To incorporate interfacial forces, we consider the surface tension of the bubble,

denoted by σ. Surface tension is a physical property of a fluid interface that arises

from the cohesive forces between molecules. Molecules at the surface experience

an imbalance of intermolecular forces compared to those in the bulk, which creates

a contractive effect that tends to minimise the surface area. In the context of

bubbles, surface tension is responsible for maintaining the bubble’s shape and

stabilising the interface (Brennen, 1995). When the surface of the bubble is clean

(that is, free of surfactants or contaminants), the surface tension takes a constant

value σ = σc.

Given the physical parameters that we have, we will now perform a dimensional

analysis of (2.1.5). We introduce the following characteristic scales:

•
σc
µ
: velocity scale

• a: length scale

• P : pressure scale

•
aµ

σc
: time scale.

Now we define dimensionless variables:

u∗ =
µ

σc
u , x∗ =

1

a
x , t∗ =

σc
aµ
t , p∗ =

p

P
, (2.1.11)

and the derivatives become

∇ =
1

a
∇∗ ,

∂

∂t
=
σc
aµ

∂

∂t∗
. (2.1.12)

If we substitute the dimensionless variables (2.1.11) into (2.1.5a) we get

La

(
∂u∗

∂t
+ u∗ · ∇u∗

)
= −aP

σc
∇∗p∗ +∇∗2u∗ , (2.1.13)
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where La is the Laplace number and is given by

La =
ρσca

µ2
. (2.1.14)

The Laplace number is a dimensionless quantity that characterises the relative

importance of surface tension forces compared to viscous forces in a flow. It is

particularly prevalent in the field of free surfaces, droplets and bubbles. See, for

example, Mart́ınez-Calvo et al. (2020). The Laplace number (La) is sometimes

called the Suratman number (Su) in engineering literature. The name’s

appearance in the literature can be traced indirectly through Ryley (1962), who

cites a 1955 paper by Van Der Leeden et al. (1955) — although that 1955 paper

does not itself coin the term ‘Suratman number’. For the sake of brevity, we

will drop the ∗ notation in (2.1.13) moving forward.

Based on whether La is large or small we choose a suitable pressure scale P . For

small La we want to balance the pressure and viscous terms and make

aP

σc
= 1 , (2.1.15)

and so we choose

P =
σc
a
. (2.1.16)

Making the substitution of (2.1.16) into (2.1.13) gives the non-dimensional

Navier–Stokes equations in the form

La

(
∂u

∂t
+ u · ∇u

)
= −∇p+∇2u , (2.1.17a)

∇ · u = 0 . (2.1.17b)

We observe that if we take the limit of La → 0, (2.1.17) simplifies further. This

limit may be realised when the characteristic bubble radius a is sufficiently small.

Representative physical parameter values for nanobubbles in plant xylem are

summarised in Table 2.1. These values can then be used to estimate the
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corresponding Laplace number.

Parameter value Approximate value in plant xylem

ρ 1000 kgm−3

σc (19 to 74)× 10−3N m−1

a 50× 10−9m

µ 10−3 Pa s

Table 2.1: Table showing typical physical parameter values in the plant xylem.
These values are taken from the literature, for example Rand (1983); Roth (1996);
Ellerby & Ennos (1998); Losso et al. (2017); Yang et al. (2020).

Substituting the parameter values from Table 2.1 into (2.1.14) yields Laplace

numbers in the approximate range 0.95 ≲ La ≲ 3.7.

Smaller Laplace numbers, on the order of La ∼ 10−1, are possible for sufficiently

small nanobubbles present in the xylem. In this regime, viscous forces dominate

and the Stokes flow approximation is well justified. At the same time, the

estimated range indicates that scenarios with La ∼ O(1) are also physically

relevant, in which inertial and viscous effects are of comparable magnitude.

Consequently, it is appropriate to consider both limits in the analysis, as will be

done in this thesis.

For the case where La ∼ 10−1 in the xylem, we can reasonably take the limit

La → 0 in (2.1.17a) and we retrieve the Stokes equations of fluid flow

∇p = ∇2u , (2.1.18a)

∇ · u = 0 , (2.1.18b)

or, in dimensional form

∇p = µ∇2u , (2.1.19a)

∇ · u = 0 . (2.1.19b)

This is a classical result and can be found in many standard texts (see, for

example, Batchelor, 1967). The Stokes equations form the basis of much of the
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analysis presented in this thesis, beginning in Chapter 4. However, in Chapter 6,

the full Navier–Stokes equations will be used.

2.2 Newtonian stress tensor

At the interface between the gas inside the bubble (typically air) and the

surrounding liquid, the dynamics are governed by a balance of forces. In

particular, Newton’s second law requires that the net force acting on an

infinitesimal interfacial element be balanced by the surface forces acting upon

it. This balance gives rise to the interfacial stress condition, which relates the

stresses in the two fluids to the effects of surface tension.

Specifically, the stress balance across the interface is given by

(
T (2) − T (1)

)
· n̂ = 2κmnσn̂−∇sσ , (2.2.1)

where T (1) is the Newtonian stress tensor of the gas inside the bubble and T (2)

is the stress tensor of the water in the xylem, n̂ is the unit normal vector to the

bubble surface, κm is the mean curvature of the bubble surface, σ is a measure

of surface tension and ∇s is the surface gradient operator given by (e.g. Stone &

Leal, 1990)

∇s = (I − n̂n̂) · ∇ , (2.2.2)

which projects the gradient onto the tangent plane of the interface. The stress

tensors are defined as follows

T (1,2) · n̂ = (−p(1,2)In + 2µ(1,2)e
(1,2)) · n̂ , (2.2.3)

where µ1 is the dynamic viscosity of the gas inside the bubble, µ2 is the viscosity

of the water and In is the identity matrix. The rate-of-strain tensor is defined in
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spherical polar coordinates as (e.g. Batchelor, 1967)

e =


err erθ erϕ

eθr eθθ eθϕ

eϕr eϕθ eϕϕ

 .

We nondimensionalise (2.2.1) e, T (1,2), pG and κm as

e =

(
σc
aµ2

)
e∗ , T (1,2) =

(σc
a

)
T (1,2)∗ κm =

1

a
κ∗m ,

σ = σcσ
∗ and ∇s =

1

a
∇∗

s , (2.2.4)

where e∗, T (1,2)∗ , κ∗m and σ∗ are non-dimensional quantities. The

non-dimensional stress tensor of the gas is hence given by

T (1)∗ = −p(1)
∗
I + 2

µ1
µ2

e∗ , (2.2.5a)

and for the water in the xylem we have

T (2)∗ = −p(2)
∗
I + 2e∗ . (2.2.5b)

Substituting (2.2.4) and (2.2.5) into (2.2.1) gives us

[
−p(2)

∗
I + p(1)

∗
I + 2

(
1− µ1

µ2

)
e∗
]
· n̂ = 2κ∗mσ

∗n̂−∇∗
sσ

∗ . (2.2.6)

By noting that the viscosity of the water is much greater than the viscosity of

the gas in the bubble we have

µ1
µ2

≪ 1 . (2.2.7)

Also, we let p(1)
∗
= pG, where pG denotes the pressure of the gas inside the

bubble, and p(2)
∗
= p, which is to be evaluated at the bubble surface, and

T ∗ = −pI + 2e∗ . (2.2.8)
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Therefore, (2.2.6) becomes

T · n̂+ pGn̂ = 2κmσn̂−∇sσ , (2.2.9)

where we have dropped the ∗ notation for the sake of brevity but all terms are

non-dimensional.

2.3 Rayleigh–Plesset equation

Having established the Navier–Stokes equations, we now derive an equation

governing the dynamics of an unperturbed bubble. In this idealised model, the

bubble is assumed to remain perfectly spherical, with its interface described by

r = a(t). We will work in spherical polar coordinates as shown in Figure 2.1.1.

We therefore begin with the Navier–Stokes equations (2.1.17), which are given

by

La

(
∂u

∂t
+ (u · ∇)u

)
= −∇p+∇2u , (2.3.1a)

∇ · u = 0 , (2.3.1b)

where we recall that La is the Laplace number. A general velocity field, in

spherical polar coordinates, is in the form u = (ur, uθ, uϕ). For an unperturbed

spherical bubble, by symmetry, it is reasonable to assume that the velocity field

is of the form

u = F (r, t)r̂ ,

where F (r, t) is a function to be determined and r̂ is the unit vector in the radial

direction. As a consequence, equation (2.3.1a) becomes

r-direction : La

(
∂F

∂t
+ F

∂F

∂r

)
= −∂p

∂r
+

[
1

r2
∂

∂r

(
r2
∂F

∂r

)
− 2F

r2

]
, (2.3.2a)

θ-direction : 0 = −1

r

∂p

∂θ
, (2.3.2b)

ϕ-direction 0 = − 1

r sin θ

∂p

∂ϕ
, (2.3.2c)
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and equation (2.3.1b) becomes

1

r2
∂

∂r

(
r2F

)
= 0 . (2.3.3)

From equation (2.3.2b) and (2.3.2c) we can immediately deduce that the pressure

p is a function of r and t only, that is p = p(r, t).

In order for equation (2.3.3) to hold, the function F must be of the form

F (r, t) =
A(t)

r2
, (2.3.4)

where A(t) is an arbitrary function to be determined. Substituting (2.3.4) into

(2.3.2a) yields

La

(
1

r2
dA

dt
− 2A2

r5

)
= −dp

dr
,

which we now integrate with respect to r to obtain

La

∫ ∞

r

(
1

r′2
dA

dt
− 2A2

r′5

)
dr′ = −

∫ ∞

r

dp

dr′
dr′ . (2.3.5)

Solving equation (2.3.5) for p gives us

p = p∞ + La

(
1

r

dA

dt
− A2

2r4

)
, (2.3.6)

where p∞ is the far-field pressure. To proceed, we require both dynamic and

kinematic boundary conditions. The dynamic condition expresses the balance

of forces prevailing at the interface between the gas in the bubble and the fluid

outside. At the interface, Newton’s second law applies. That is, the net force on

an infinitesimal patch must be balanced by the surface forces.

The balance of normal and tangential forces at the bubble surface is expressed

by the dynamic stress condition (2.2.9):

T · n̂+ pGn̂ = 2κmσn̂−∇sσ , (2.3.7)
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where T is a Newtonian stress tensor,

T = −pI + 2e , (2.3.8)

and e is the rate-of-strain tensor defined in spherical polar coordinates as

e =


err erθ erϕ

eθr eθθ eθϕ

eϕr eϕθ eϕϕ

 ,

where, in our case,

err =
∂F

∂r
, eθθ = eϕϕ =

F

r
, erθ = erϕ = eθr = eθϕ = eϕr = eϕθ = 0 .

The mean curvature of a smooth surface with normal vector n̂ can be calculated

using the following equation, a detailed description of which can be found in

Peters (2001),

κm =
∇ · n̂
2

,

where in the case of a spherical bubble n̂ = r̂ and

κm =
1

2
∇ · r̂ =

1

2

[
1

r2
∂

∂r
(r2 · 1)

]
r=a(t)

=
1

a
(2.3.9)

at the bubble surface r = a(t). The bubble surface has two mutually orthogonal

tangential vectors, t̂1 = θ̂ and t̂2 = ϕ̂, which are both perpendicular to the normal

vector n̂. By taking the dot product of (2.3.7) with n̂, t̂1 and t̂2, respectively,

we obtain three component equations

2(e · n̂) · n̂− p+ pG =
2σ

a
, (2.3.10a)

2(e · n̂) · t̂1 = −∇sσ · t̂1 , (2.3.10b)

and

2(e · n̂) · t̂2 = −∇sσ · t̂2 , (2.3.10c)
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where

e · n̂ =


∂F

∂r
0 0

0
F

r
0

0 0
F

r



1

0

0

 =


∂F

∂r

0

0

 . (2.3.11)

We will now simplify the problem by assuming that the surface tension does not

vary on the surface of a bubble, thus ∇sσ = 0. In physical terms, this means

that we are ignoring the effects of surfactants. From this assumption, we can see

that equations (2.3.10b) and (2.3.10c) are consistent. Equation (2.3.10a), using

(2.3.11), becomes

pG − p(a) + 2
∂F

∂r
=

2σ

a
, (2.3.12)

noting that

∂F

∂r
= −2A(t)

r3
,

equation (2.3.12) can be rearranged to give

p(a) = pG − 4A

a3
− 2σ

a
. (2.3.13)

The kinematic condition applies to any surface that is moving. Our surface shape

is defined as r − a = 0 and it states that a particle sitting on the surface must

move along with the fluid.

This requires the material derivative of the surface function to vanish at the

bubble surface. This means

D

Dt
(r − a) = 0 ,

which leads to

−∂a
∂t

+

(
A

a2
r̂

)
·
(
r̂
∂

∂r

)
(r − a) = −da

dt
+
A

a2
= 0 . (2.3.14)

From equation (2.3.14) we know that the function A is given by

A(t) = a2
da

dt
. (2.3.15)
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Substituting (2.3.15) into equations (2.3.6) and (2.3.13) we get

p(a) = p∞ + La

(
a
d2a

dt2
+

3

2

(
da

dt

)2
)

(2.3.16)

and

p(a) = pG − 4

a

da

dt
− 2σ

a
. (2.3.17)

Equating equations (2.3.16) and (2.3.17), which eliminates p, and rearranging

yields the following result

La

(
a
d2a

dt2
+

3

2

(
da

dt

)2
)

+
4

a

da

dt
=

(
pG(t)− p∞(t)− 2σ

a

)
. (2.3.18)

Equation (2.3.18) is called the Rayleigh–Plesset equation and it models the radius,

a, of a bubble over time given specific physical parameters.

This agrees with the result derived by Plesset & Prosperetti (1977) by generalising

the following equation for a bubble boundary a(t), which was first derived by

Rayleigh (1917), to include the effects of surface tension, liquid viscosity and

non-constant p∞

La

(
a
d2a

dt2
+

3

2

(
da

dt

)2
)

= p(a)− p∞ ,

where again La is the Laplace number, p∞ is the pressure in the liquid at a long

distance from the bubble (i.e. a far-field condition) and p(a) is the pressure of

the liquid at the bubble surface.

2.4 Stability analysis

When we derive a bubble stability problem we will need to analyse the stability of

systems of ordinary differential equations. Firstly, we will go over how the theory

of eigenvalues and eigenvectors can be used to this end. The linear algebra used

in this section is widely known and more details can be found in the literature,

see for example Strang (2014).
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Consider a system of ordinary differential equations with constant coefficients

dx

dt
= Ax(t) , (2.4.1)

where x(t) ∈ Rn is a vector of n unknowns and A ∈ Rn×n is a constant matrix.

Suppose we have the initial condition x(0) = x0 then the solution to (2.4.1) is

given by

x(t) = eAtx0 , (2.4.2)

where the exponential matrix is given by

eAt = In +At+
1

2!
(At)2 +

1

3!
(At)3 + ...+

1

k!
(At)k + ... , (2.4.3)

where the infinite series here can be shown to converge for all real numbers t.

The Jordan Normal Form Theorem states that every square matrix A ∈ Cn×n

is similar to a matrix in Jordan normal form. That is ∃P ∈ Cn×n, which is

invertible, such that

A = PJP−1 , (2.4.4)

where J is a block-diagonal matrix of Jordan blocks and P is made up of

eigenvectors and generalised eigenvectors of A. Each Jordan block corresponds

to one eigenvalue of A, say λi, and has the form

Jk(λi) =



λi 1 0 ... 0

0 λi 1 ... 0

...
. . .

. . .
. . .

...

0 ... 0 λi 1

0 ... 0 0 λi


k×k

. (2.4.5)

If all blocks are 1× 1 (so that J = diag(λ1, λ2, ..., λn)), then A is diagonalisable.

Using (2.4.4) we can write (2.4.2) as

x(t) = ePJP−1tx0 = P eJtP−1x0 , (2.4.6)
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where each Jordan block has the exponential

eJk(λi) = eλit



1 t t2

2! ... tk−1

(k−1)!

0 1 t ... tk−2

(k−2)!

...
. . .

. . .
. . .

...

0 0 ... 1 t

0 0 ... 0 1


k×k

. (2.4.7)

If A is not diagonalisable, that is we have at least one Jordan block of size at

least 2, then this introduces t, t2, ... polynomial terms that cause polynomial

growth when eigenvalues have zero real part.

If A is diagonalisable and admits a full set of linearly independent eigenvectors

{v1, ...,vn} with corresponding eigenvalues {λ1, ..., λn} then the general solution

to (2.4.1) can be expressed as

x(t) =

n∑
i=1

civie
λit , (2.4.8)

where the constants ci are determined by the initial condition x(0) = x0 and λi

are, in general, complex.

The eigenvalues λi of the matrix A play a fundamental role in determining the

stability properties of the system (2.4.1), as summarized in Table 2.2. For the

solutions of (2.4.1) to remain bounded, all eigenmodes must be stable. If any

eigenmode is unstable, the corresponding solution grows without bound, and the

system is considered unstable.

Eigenvalue behaviour Maximum Jordan block size Stability of mode

Re(λi) < 0 any size Stable

Re(λi) = 0 size 1 Marginally stable

Re(λi) = 0 size ≥ 2 Unstable

Re(λi) > 0 any size Unstable

Table 2.2: Table summarising how different values of Re(λi), where Re denotes
the real part, affects the stability of a system of ordinary differential equations.
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2.5 Floquet theory

Floquet theory is a powerful mathematical framework used to analyse the

stability and behaviour of solutions to linear differential equations with periodic

coefficients. Named after the French mathematician Gaston Floquet, who

introduced it in 1883 (Floquet, 1883), the theory provides insight into the

dynamics of systems governed by linear time-periodic differential equations,

which frequently arise in physics, engineering, and applied mathematics. The

information in this section comes from Iooss & Joseph (1980) and Glendinning

(1994). We wish to analyse a system where the coefficient matrix A is a

periodic function, with period T , of time such that

dx

dt
= A(t)x , A(t+ T ) = A(t) , (2.5.1)

for t ∈ R. First, we consider the simplest case, i.e. x ∈ R. Then

dx

dt
= A(t)x , A(t) = A(t+ T ) , (2.5.2)

which can be integrated immediately to obtain

x(t) = x0 exp

{∫ t

0
A(t′) dt′

}
. (2.5.3)

Hence we say that

ϕ(t) = exp

{∫ t

0
A(t′) dt′

}
(2.5.4)

is a fundamental solution for the problem with x(t) = ϕ(t)x0. Since we have

∫ t+T

0
A(t′) dt′ =

∫ T

0
A(t′) dt′ +

∫ t+T

T
A(t′)dt′ , (2.5.5)

and using the periodicity of A(t′), A(t′) = A(t′ + T ),

∫ t+T

T
A(t′) dt′ =

∫ t

0
A(t′) dt′ , (2.5.6)
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we have

ϕ(t+ T ) =

(
exp

{∫ T

0
A(t′) dt′

})(
exp

{∫ t+T

T
A(t′) dt′

})
= ϕ(T )ϕ(t) , (2.5.7)

and in particular, by induction on n,

ϕ(nT ) = ϕ(T )n . (2.5.8)

The quantity ϕ(T ), that is, the value of the solution after one period, is called

the Floquet multiplier. It is convenient to write

ϕ(T ) = esT , (2.5.9)

where s is called the Floquet exponent and may in general be complex. It is

important to note that s is not uniquely defined, since the logarithm is

multivalued. In particular,

s =
1

T
log ϕ(T ) +

2kπi

T
, (2.5.10)

for any integer k. In the context of a system linearised around a periodic orbit,

the origin of this linear system corresponds to the orbit itself. To determine its

stability, we examine the growth or decay of perturbations by factoring out an

exponential term from the solution. To this end, we define

v(t) = ϕ(t)e−st . (2.5.11)

We then compute

v(t+ T ) = ϕ(t+ T )e−s(t+T ) = ϕ(t)e−st , (2.5.12)
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since ϕ(t+ T )e−sT = ϕ(t). Hence, v(t+ T ) = v(t) and therefore v(t) is periodic

and bounded. Putting this all together, we have

x(t) = ϕ(t)x0 = v(t)estx0 . (2.5.13)

Therefore, if Re(s) < 0 solutions tend to zero, whilst if Re(s) > 0 solutions are

unbounded as t→ ∞.

We now generalise the idea of Floquet exponents to Rn. To do this we go through

the same process as before but we consider the equation

dx

dt
= A(t)x , x ∈ Rn , A(t) = A(t+ T ) . (2.5.14)

Let Φ(t) be the fundamental matrix of (2.5.14). A fundamental matrix is an n×n

matrix whose columns consist of n linearly independent solution vectors of the

system; it essentially maps any initial condition x(0) to its state at time t via the

relation x(t) = Φ(t)x(0). For our purposes, we define Φ(t) such that it satisfies

Φ(0) = In, where In is the n × n identity matrix. The Floquet multipliers are

then the eigenvalues of the matrix Φ(T ).

Since Φ(t) is a fundamental matrix, we have that

d

dt
Φ(t) = A(t)Φ(t) . (2.5.15)

Upon substituting t+ T into (2.5.15) we get

d

dt
Φ(t+ T ) = A(t+ T )Φ(t+ T ) = A(t)Φ(t+ T ) , (2.5.16)

as A(t) is periodic. Therefore, we know that Φ(t + T ) is also a fundamental

matrix of (2.5.14) and

Φ(t+ T ) = Φ(t)C , (2.5.17)

where C is a constant matrix. By setting t = 0 and using the condition Φ(0) = In
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we determine that C = Φ(T ) which means (2.5.17) becomes

Φ(t+ T ) = Φ(t)Φ(T ) , (2.5.18)

and, in particular, by induction on m,

Φ(mT ) = Φ(T )m . (2.5.19)

Now let λk be the eigenvalues of Φ(T ) and ek the corresponding eigenvectors.

Here we will assume that the eigenvalues are all distinct. If not, we will need

a more general approach like that set up in (2.4.4). The (λk) are called the

Floquet multipliers and if λk = eskT then sk is a Floquet exponent. As in the

one-dimensional case, sk is defined only up to multiples of 2πi/T .

Now we let

x0 =
n∑

k=1

akek , (2.5.20)

for constant ak and recall that x(t) = Φ(t)x0 for the particular choice of

fundamental matrix made above. Hence, using (2.5.18)

x(t+ T ) = Φ(t+ T )x0 = Φ(t)Φ(T )

(
n∑

k=1

akek

)

= Φ(t)

(
n∑

k=1

eskTakek

)
. (2.5.21)

Let xk(t) = Φ(t)akek, 1 ≤ k ≤ n, so xk(t+T ) = eskTxk(t). By analogy with the

one-dimensional case, we define vk = e−sktxk(t). Then

vk(t+ T ) = e−sk(t+T )xk(t+ T ) = e−sktxk(t) = vk(t) , (2.5.22)

so every component of vk(t) is periodic with period T . Furthermore,

x(t) =

n∑
k=1

xk(t) =

n∑
k=1

esktvk(t) , (2.5.23)

from which we can conclude, as in the one-dimensional case, that if all Re(sk) < 0
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then (2.5.23) is asymptotically stable. However, if any Re(sk) > 0 then some

solutions diverge to infinity.
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3

Optimisers

3.1 Introduction to optimisers

Optimisation plays an important role in science and engineering, underpinning

efforts to identify the most efficient, cost-effective or accurate solutions to

complex problems. The goal of an optimiser is to find the best solution,

whether a maximum or a minimum, from a set of feasible solutions.

Optimisation problems can be classified into:

• Local Optimisation: finds the best solution in a nearby region of the solution

space.

• Global Optimisation: aims to find the absolute best solution across the

entire solution space, often in the presence of many local optima.

Whether in design, such as a wind farm layout (Yang & Cho, 2019); control,

such as adaptive control of a DC–DC converter (Alqudah et al., 2014); machine

learning, such as for microstructures (Shang et al., 2023); or physics-based

modelling, such as in computational fluid dynamics (Owoyele et al., 2021), the

ability to find optimal parameters or configurations is often critical to system

performance. However, many real-world optimisation problems are non-convex,

high-dimensional, and riddled with multiple local optima, posing significant

challenges to conventional gradient-based or deterministic methods. This has

led to the development and application of global optimisation algorithms, which

are capable of exploring the solution space more thoroughly and avoiding
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premature convergence to suboptimal solutions.

3.2 An overview of global optimisers

Among the diverse family of global optimisation methods, Genetic Algorithms

(GA) and Simulated Annealing (SA) stand out as two of the most prominent

and widely applied approaches. Inspired by natural processes, biological

evolution in the case of GA and the physical annealing process in SA, both

algorithms use stochastic exploration mechanisms to navigate complex

landscapes. Unlike local methods (e.g., gradient descent or Newton-Raphson),

global optimisers do not rely on gradient information, which makes them

suitable for noisy or non-differentiable functions. Their performance is often

measured in terms of robustness (ability to avoid local minima),

exploration–exploitation balance, and convergence speed.

Global optimisation techniques include metaheuristic algorithms such as

Genetic Algorithms, Simulated Annealing, Particle Swarm Optimisation,

Differential Evolution, and others. These algorithms use randomness in the

search process to avoid premature convergence and to increase the likelihood of

discovering the global optimum.

3.3 Genetic Algorithms

3.3.1 Origins and theory

Genetic Algorithms were first proposed by John Holland and colleagues in the

1970s at the University of Michigan, inspired by the principles of natural selection

and evolutionary biology (Holland, 1975). GAs mimic the process of natural

evolution, in which populations of organisms evolve over generations through

mechanisms such as selection, crossover, and mutation.

3.3.2 How GA works

The basic workflow of a Genetic Algorithm involves the following steps:
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1. Initialisation: a population of candidate solutions (chromosomes) is

generated, either randomly or using a seeding strategy.

2. Evaluation: each candidate is assessed using a fitness function, which

quantifies its quality with respect to the optimisation objective.

3. Selection: individuals with higher fitness are more likely to be selected for

reproduction. Common strategies include roulette wheel, tournament, and

rank-based selection.

4. Crossover (Recombination): pairs of selected individuals exchange segments

of their structure to produce offspring, inheriting traits from both parents.

5. Mutation: with a small probability, parts of a chromosome are altered to

introduce variability.

6. Replacement: the new generation replaces the old one and the cycle repeats.

Over successive generations, the population is expected to converge toward an

optimal solution. Genetic Algorithms are widely used in engineering design,

neural network optimisation, robot path planning, and multi-objective

optimisation. Zigunov et al. (2022) use GA to optimise active flow control in

cold and hot supersonic jets to minimise noise. Katoch et al. (2021) wrote a

comprehensive review of the development and future of GAs discussing

operators, variants, applications, strengths, and limitations.

3.4 Simulated annealing

Simulated Annealing was introduced by Scott Kirkpatrick, C. Daniel Gelatt,

and Mario Vecchi (Kirkpatrick et al., 1983) as a probabilistic technique for

approximating the global optimum of a function. The method is inspired by the

physical process of annealing in metallurgy, where a material is heated and then

slowly cooled to reduce defects and achieve a stable crystalline structure.

The underlying theory draws on statistical mechanics, specifically the
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Metropolis–Hastings algorithm, a Markov Chain Monte Carlo (MCMC)

method, which defines the probability of accepting a higher-energy state (i.e., a

worse solution) to escape local minima (Metropolis et al., 1953).

In SA, it is adapted to control the acceptance of new solutions based on the change

in the objective function (or “energy”) ∆E, and a temperature parameter T :

P (accept) =


1 , if ∆E ≤ 0 (better solution)

exp

(
−∆E

T

)
, if ∆E > 0 (worse solution)

, (3.4.1)

where

• ∆E = Enew − Ecurrent

• T is the current temperature

• P is the probability of accepting a solution called the Metropolis criterion.

Equation (3.4.1) is inspired by the Boltzmann distribution from thermodynamics,

which models the probability of a system being in a state with energy E

P (E) ∝ exp

(
− E

kT

)
. (3.4.2)

In optimisation, the Boltzmann constant k is set to 1 for simplicity where the

objective function is analogous to the energy of a physical system and the degree

of randomness allowed is analogous to temperature.

The consequence of (3.4.1) is that better solutions are always accepted and worse

solutions are accepted with a probability that depends on how much worse they

are and the current temperature. The benefit of accepting worse solutions is

that it promotes broader exploration of the solution space and helps prevent

the algorithm from becoming trapped in local minima. As the temperature, T ,

decreases (cooling), the algorithm narrows its search as it hones in on one area

— this is called exploitation.
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3.4.1 How SA works

Simulated Annealing proceeds as follows:

1. Initialisation: start with an initial solution and an initial temperature T0.

2. Neighbour Generation: generate a small perturbation of the current

solution (a neighbour).

3. Evaluation: compute the change in objective function ∆E.

4. Acceptance Criterion: if ∆E < 0, accept the new solution. If ∆E > 0,

accept it with probability exp(−∆E/T ).

5. Cooling Schedule: gradually reduce the temperature, typically using

exponential or logarithmic decay.

6. Termination: stop when the temperature is sufficiently low or a set number

of iterations is reached.

3.4.2 Implementation considerations

When implementing SA you should consider the following key factors:

• Initial temperature, T0: this affects exploration range.

• Cooling schedule: determines the rate of temperature decay.

• Neighbourhood function: defines how new solutions are generated.

• Stopping criteria: this can be based on temperature, iteration count or

convergence.

Chikasue & Furukawa (2015) use SA as a numerical scheme to relax vorticity fields

by preserving specified invariants in an incompressible neutral flow (without a

magnetic field) and its magnetohydrodynamics (MHD). Suman & Kumar (2006)

provide a comprehensive review of SA-based optimisation algorithms.
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3.5 Finding the best pub in Norwich analogy

Here we compare how GA and SA would use exploration and exploitation for the

problem of finding the best pub in the city of Norwich. It is said that the fine

city of Norwich once had a pub for every day of the year.

Genetic Algorithm

• Exploration:

Consider a group of friends all exploring the city.

– Each person in the group tries pubs in different districts of Norwich.

– They meet up, share their experiences (crossover) and sometimes one

person tries a completely unexpected place (mutation).

– This keeps the group from getting stuck in one area too soon.

• Exploitation:

As time passes, the group starts revisiting the districts with their most

highly rated pubs and trying similar ones nearby.

Simulated Annealing

• Exploration:

Now consider that you are exploring. At first you’re adventurous; you’ll try

almost any pub, even if the last one was bad. This is like high temperature:

you’re willing to take big risks and large detours.

• Exploitation:

Over time, you get tired and more picky. In which case, you stick close

to the best area you’ve found so far, occasionally taking a short walk to

test a new spot nearby. This is like low temperature, which means low risk

taking.

The key difference between the GA and SA approaches is that GA explores using a
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population and diversity from crossover and mutation (i.e. multiple people search

in parallel) whereas SA explores with one search path, controlled by temperature.

This slowly transitions from wide exploration to narrow exploitation. A key

similarity is that you end up a bit drunk by the end of the process!

3.6 Applying GA and SA to a model

Consider the classic predator-prey model given by the Lotka-Volterra system

(Lotka, 1925; Volterra, 1926). The variable x is the population density of prey

(e.g., the number of rabbits per square mile) and the variable y is the population

density of some predator (e.g. the number of foxes per square mile).

dx

dt
= αx− βxy , (3.6.1a)

dy

dt
= −γy + δxy , (3.6.1b)

where t is time and the unknown parameters are θ = [α, β, γ, δ]. The prey

parameters, α and β, describe the maximum growth and death rate of prey per

capita and the effect of the presence of predators on the death rate of the prey,

respectively. The predator parameters, γ and δ, describe the maximum death

and growth of predators per capita and the effect of the presence of prey on the

predator growth rate, respectively.

The system (3.6.1) is to be integrated forward in time starting from the initial

condition (xsim(0), ysim(0)) = (xsim,0, ysim,0) to obtain the simulated solution

(xsim(t), ysim(t)). If we have given observational data xdata(ti) and ydata(ti) for

the set of time points {t0, t1, ..., tN}, t0 = 0, we can use GA and SA to estimate

the values of θ such that the solution to (3.6.1), xsim(ti; θ) and ysim(ti; θ)

provides the best fit to the given data. To do this, we set the objective function,

E(θ) such that

E(θ) =

N∑
i=0

(
(xsim(ti; θ)− xdata(ti))

2 + (ysim(ti; θ)− ydata(ti))
2
)
. (3.6.2)
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Following the procedures of GA and SA, the objective function E(θ) will be

minimised and the values of α, β, γ and δ which give this minimum will be

returned. You can also set parameter constraints to the algorithms. For example,

you may want to impose that α + γ ≥ 10. This would mean that GA and SA

would minimise E(θ) for all parameters θ such that α+ γ ≥ 10.

This example serves as a simple but representative demonstration of how global

optimisation algorithms can be applied to nonlinear dynamical systems through

the construction and minimisation of an objective function. Although the

Lotka–Volterra model is used here in a data-fitting context, the key idea is more

general: GA and SA provide a systematic way to explore parameter space and

identify parameter values that optimise a chosen quantity, even in the presence

of nonlinear coupling and constraints.

In Chapter 4, this framework is adapted to the nanobubble stability problem,

where the objective is not to fit data but to determine the maximum growth

rate of coupled perturbations in the bubble radius and surfactant concentration,

subject to physical parameter constraints. This example therefore illustrates

the flexibility of global optimisation methods and motivates their use in a more

complex setting where the quantity of interest arises directly from the governing

equations rather than external observations.



4

Stability analysis for an

axisymmetric bubble

Synopsis

The aim of this chapter is to derive a stability equation for a nanobubble

in xylem. We use an idealised model which assumes that the bubble

is a sphere, centred at the origin, in an infinite domain. Due to the

geometry of the problem, we work in spherical polar coordinates (r, θ, ϕ),

corresponding to the radial distance, polar angle and azimuthal angle,

respectively.

a(t)

Figure 4.0.1: Schematic of a bubble of instantaneous radius r = a(t) in an
unbounded ambient viscous fluid.
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4.1 Introduction

In this section, we assume that the Laplace number, La, is sufficiently small such

that the effects of inertia are negligible in comparison to the effects of viscosity

in the Navier–Stokes equation. As such, we will model the bubble using the non-

dimensional Stokes equation. Given that the undisturbed radius of the bubble is

r = a(t) for some a(t), the domain we are solving over is r ∈ [a(t),∞).

The equations of motion of the ambient fluid are given by (2.1.18)

∇p = ∇2u , (4.1.1a)

∇ · u = 0 , (4.1.1b)

where u is the velocity field and p is the pressure in the fluid. Using a well-known

vector calculus identity, equation (4.1.1a) can be written as

∇p = ∇(∇ · u)−∇× (∇× u) (4.1.2)

= −∇× (∇× u) , (4.1.3)

where (4.1.1b) is substituted into (4.1.2) to obtain (4.1.3). The continuity

equation (4.1.1b) allows us to introduce a Stokes stream function, ψ(r, θ, t),

assuming that the flow is axisymmetric such that

u = ur(r, θ, t)r̂ + uθ(r, θ, t)θ̂ + 0ϕ̂ , (4.1.4)

where

ur =
1

r2 sin θ

∂ψ

∂θ
, (4.1.5a)

uθ = − 1

r sin θ

∂ψ

∂r
. (4.1.5b)

Introducing a stream function reduces the axisymmetric vector problem to a

scalar problem for the single variable ψ(r, θ, t). The relations in (4.1.5) can be
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written succinctly as

u = ∇×
(

ψ

r sin θ
ϕ̂

)
, (4.1.6)

using the definition of the curl for a vector field in spherical coordinates, A =

Arr̂ +Aθθ̂ +Aϕϕ̂,

∇×A =
1

r sin θ

(
∂

∂θ
(Aϕ sin θ)−

∂Aθ

∂ϕ

)
r̂ +

1

r

(
1

sin θ

∂Ar

∂ϕ
− ∂

∂r
(rAϕ)

)
θ̂

+
1

r

(
∂

∂r
(rAθ)−

∂Ar

∂θ

)
ϕ̂ . (4.1.7)

We now substitute the velocity field (4.1.6) into the Stokes equation (4.1.3) which

gives us

∇p = −∇×∇×∇×
(

ψ

r sin θ
ϕ̂

)
. (4.1.8)

We can eliminate the pressure term, p, by taking the curl of equation (4.1.8), as

∇×∇p = 0, and obtain

0 = −∇×∇×∇×∇×
(

ψ

r sin θ
ϕ̂

)
. (4.1.9)

It can be shown that

∇×∇×
(

ψ

r sin θ
ϕ̂

)
=

(
−D2ψ

r sin θ
ϕ̂

)
, (4.1.10)

where

D2 ≡ ∂2

∂r2
+

1

r2
∂2

∂θ2
− cos θ

r2 sin θ

∂

∂θ
. (4.1.11)

Thus, using the relation (4.1.10) on (4.1.9), we obtain the following equation

governing the stream function ψ

D4ψ = D2(D2ψ) = 0 . (4.1.12)

Once the solution to (4.1.12) is obtained it can then be substituted into (4.1.5)

to give us the velocity profile, u.
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4.2 Formulating a Stokes stream function

The stream function formulation is a classical device in low Reynolds number

hydrodynamics, going back to Stokes’ nineteenth-century analysis and developed

in detail in texts such as Happel & Brenner (1983). Its utility lies in reducing the

vectorial Stokes system to a scalar one, particularly effective for axisymmetric

flows.

To model how a gas-filled bubble behaves in the fluid we assume a basic-state

flow driven by a source located at the centre of the bubble. Our aim is to

assess the stability of the basic state by introducing infinitesimal axisymmetric

perturbations of the form

u(r, θ, t) = u0(r, t) + ϵu1(r, θ, t) , (4.2.1)

where

u0(r, t) = u(0)r (r, t)r̂ + u
(0)
θ (r, t)θ̂ , (4.2.2)

and

u1(r, θ, t) = u(1)r (r, θ, t)r̂ + u
(1)
θ (r, θ, t)θ̂ , (4.2.3)

where the subscripts 0 and 1 represent the basic and perturbed states respectively,

which need to be determined, and ϵ is a small perturbation parameter. The Stokes

stream function is perturbed as

ψ(r, θ, t) = ψ0(r, t) + ϵψ1(r, θ, t) , (4.2.4)

where ϵ ≪ 1. To obtain the basic state stream function, ψ0, we consider a

spherically symmetric potential Φ = Φ(r) such that the basic state velocity is

given by

u0 = ∇Φ . (4.2.5)

By substituting (4.2.5) into (4.1.1b) we find Φ satisfies the Laplace equation such
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that

∇2Φ =
1

r2
d

dr

(
r2

dΦ

dr

)
= 0 , (4.2.6)

which yields the solution

Φ(r) = −m
r

+ c , (4.2.7)

where m and c are integration constants. This potential produces the radial

velocity

u0 = ∇Φ =
m

r2
r̂ = ur,0r̂ (4.2.8)

which corresponds to a source (m > 0) or a sink (m < 0) of strength m. By

convention, m = Q/4π where Q is the volume flux through the surface that

encloses the source/sink.

In order to relate the flux Q to the radial velocity, we consider kinematic

compatibility on the surface of the bubble, r = a. The kinematic boundary

condition ensures that the bubble surface moves with the fluid, so that no fluid

crosses it. A consequence of this is that the material derivative of the bubble

surface must vanish at r = a, that is

D

Dt
(r − a) = 0

∣∣∣∣
r=a

. (4.2.9)

From (4.2.9) we find that ur,0(r = a, t) = ȧ, where the dot notation represents

a derivative with respect to time, and hence Q = 4πa2ȧ. Therefore, the velocity

components of u0 are

u(0)r =
a2ȧ

r2
and u

(0)
θ = 0 . (4.2.10)

Using the definition of the stream function, (4.1.5), and the calculated values of

the velocity components of u0 (4.2.10), we get the following two partial differential

equations (PDEs) for ψ0

1

r2 sin θ

∂ψ0

∂θ
=
a2ȧ

r2
, (4.2.11a)
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and

− 1

r sin θ

∂ψ0

∂r
= 0 . (4.2.11b)

From (4.2.11b) we can see that ψ0 does not depend on r. Subsequently, solving

(4.2.11a) gives us

ψ0 = −a2ȧ cos θ + C(t) , (4.2.12)

where we can take C(t) = 0 as it is only a function of time and will not affect

ur,0 or uθ,0. This means that we can set our stream function to be

ψ = −a2ȧ cos θ + ϵψ1(r, θ, t) , (4.2.13)

where ψ1 is a function to be determined.

With the aim of simplifying the following calculations to find ψ1, we now introduce

the auxiliary variable

ξ = cos θ ∈ [−1, 1] , (4.2.14)

so that derivatives with respect to θ may be written compactly as

∂

∂θ
= − sin θ

∂

∂ξ
= −

√
1− ξ2

∂

∂ξ
. (4.2.15)

Using (4.2.15) we can write (4.1.11) as

D2 =
∂2

∂r2
+

1− ξ2

r2
∂2

∂ξ2
, (4.2.16)

and the velocity components (4.1.5a) and (4.1.5b) become

ur = − 1

r2
∂ψ

∂ξ
, (4.2.17a)

and

uξ = − 1

r
√
1− ξ2

∂ψ

∂r
. (4.2.17b)
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Returning to the stream function equation (4.1.12), we rewrite it in the form

D2ψ = H , (4.2.18)

where H(r, ξ, t) satisfies

D2H = 0 . (4.2.19)

Thus, solving (4.2.19) allows us to subsequently determine ψ from (4.2.18).

Assuming an ansatz of the formH(r, ξ, t) = A(r, t)B(ξ), substitution into (4.2.19)

yields

∂2A

∂r2
B +

1− ξ2

r2
A
d2B

dξ2
= 0 . (4.2.20)

Proceeding via separation of variables, we obtain

r2

A

∂2A

∂r2
= −1− ξ2

B

d2B

dξ2
= k, (4.2.21)

for some separation constant k. This leads to the following ordinary differential

equations for A and B:

r2
∂2A

∂r2
− kA = 0 , (4.2.22a)

(1− ξ2)
d2B

dξ2
+ kB = 0 . (4.2.22b)

Differentiating (4.2.22b) with respect to ξ gives

(1− ξ2)
d3B

dξ3
− 2ξ

d2B

dξ2
+ k

dB

dξ
= 0 . (4.2.23)

Letting k = ν(1 + ν), where ν is a constant and C =
dB

dξ
we get

(1− ξ2)
d2C

dξ2
− 2ξ

dC

dξ
+ ν(1 + ν)C = 0 , (4.2.24)

which is precisely Legendre’s equation of degree ν, with general solution

C(ξ) = a1Pν(ξ) + a2Qν(ξ) , (4.2.25)
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where a1 and a2 are constants and Pν and Qν are Legendre functions of the first

and second kind, respectively.

For non-integer ν, the Legendre function Pν(ξ) exhibits singular behaviour at

ξ = −1, while Qν(ξ) is singular at both ξ = ±1. Since ξ = ±1 correspond

to the poles of the spherical coordinate system, physical considerations require

the solution to remain finite across the entire interval ξ ∈ [−1, 1]. This restricts

admissible solutions to the case ν = n, where n is a non-negative integer; in this

case, Pn(ξ) reduces to a polynomial that is regular at both poles. We therefore

take ν = n.

Integrating (4.2.25) with respect to ξ gives

B(ξ) = a1Pn(ξ) + a2Qn(ξ) + constant , (4.2.26)

where

Pn(ξ) =

∫ ξ

−1
Pn(x) dx , Qn(ξ) =

∫ ξ

−1
Qn(x) dx . (4.2.27)

The Legendre functions of degree n are defined (see, for example, Abramowitz &

Stegun, 1964) by Rodrigues’ formula

Pn(ξ) =
1

2nn!

dn(ξ2 − 1)n

dξn
, (4.2.28a)

Qn(ξ) =
1

2
Pn(ξ) ln

1 + ξ

1− ξ
−Wn−1(ξ) , (4.2.28b)

where

Wn−1(ξ) =

n∑
m=1

1

m
Pm−1(ξ)Pn−m(ξ) , (4.2.29)

W−1(ξ) = 0 . (4.2.30)

Although Qn(ξ) has a logarithmic singularity at ξ = ±1, the integral defining

Qn(ξ) remains finite, so Qn itself is well-defined. However, its derivative satisfies

dQn

dξ
= Qn(ξ) ,
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which diverges logarithmically at the poles. Since the velocity components are

proportional to derivatives of the stream function (see (4.2.17)), any contribution

from Qn(ξ) would lead to unbounded velocities at ξ = ±1.

To ensure a physically admissible solution with finite velocity on the axis, we

must therefore set a2 = 0, retaining only the Pn contribution.

Finally, the remaining integration constant is arbitrary, as the stream function is

only defined up to an additive constant. For convenience, we choose this constant

such that

B(−1) = 0 , (4.2.31)

which sets a natural reference level for the stream function at the south pole

(ξ = −1) without affecting the resulting velocity field.

This leaves us with the following solution for B(ξ)

B(ξ) = a1Pn(ξ) . (4.2.32)

Solving (4.2.22a) gives the following solution for A

A(r, t) = b1(t)r
−n + b2(t)r

1+n , (4.2.33)

where b1(t) and b2(t) are arbitrary functions of t. This gives the following solution

for H

H = (b1(t)r
−n + b2(t)r

1+n)Pn(ξ) . (4.2.34)

We now move on to present the solution to the original problem D4ψ = 0, which

is satisfied when D4ψ1 = 0, or

D2ψ1 = H . (4.2.35)

We know that the complementary function of (4.2.35) is

ψ1,CF =
(
c1(t)r

−n + c2(t)r
1+n
)
Pn(ξ) (4.2.36)
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where c1(t) and c2(t) are arbitrary functions of t. We find that the particular

integral of (4.2.35) is

ψ1,PI =
b1(t)

2− 4n
r2−nPn(ξ) +

b2(t)

4n+ 6
r3+nPn(ξ) . (4.2.37)

Furthermore, we require that both ur and uξ decay as r → ∞. Referring to

(4.2.17a) and (4.2.17b), we therefore demand that

ψ(r, ξ, t) ∼ o(r2) as r → ∞ . (4.2.38)

Thus we need to take b2 = 0 and c2 = 0. Therefore, the general solution of

(4.2.35) may be written as

ψ1(r, ξ, t) =
∞∑
n=0

(
cn(t)r

−n + dn(t)r
2−n
)
Pn(ξ) , (4.2.39)

where b1(t) = (2− 4n)dn(t) and cn(t) and dn(t) are arbitrary functions of t that

are to be determined.

4.3 Kinematic condition

To investigate the stability of a nanobubble to axisymmetric perturbations, we

consider a small deformation of the bubble surface, which we write as

r = f(ξ, t) , (4.3.1)

where

f(ξ, t) = a(t) + ϵ

∞∑
n=0

A1,n(t)Fn(ξ) . (4.3.2)

Here, a(t) denotes the radius of the base-state bubble, ϵ is a small parameter with

ϵ ≪ 1, and A1,n(t) is the amplitude of the first-order perturbation associated

with the nth mode. The functions Fn(ξ), where ξ = cos θ, describe the angular

dependence of the perturbation which is to be determined below. In what follows,

we analyse each mode separately.
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Recall that the bubble radius can be decomposed as

a(t) = a a∗(t) , (4.3.3)

where a denotes the time-averaged bubble radius and a∗(t) describes the

dimensionless oscillatory variation. We take

a∗(t) = 1 +∆cos(ωt) , (4.3.4)

where ω is the oscillation frequency and ∆ is the oscillation amplitude, satisfying

0 ≤ ∆ < 1. The time-averaged bubble radius is defined by

a =
ω

2π

∫ 2π
ω

0
a(t) dt . (4.3.5)

We non-dimensionalise (4.3.1) by defining

r = ar∗ , t =
aµ

σc
t∗ , A1,n(t) = aA∗

1,n(t
∗) , f(ξ, t) = af∗(ξ, t∗) , (4.3.6)

which gives us

r∗ = f∗(ξ, t∗) , (4.3.7)

where

f∗(ξ, t∗) = a∗(t∗) + ϵA∗
1,n(t

∗)Fn(ξ) , (4.3.8)

and

a∗(t∗) = 1 +∆cos(Ca t∗) . (4.3.9)

Taking the typical interfacial velocity scale to be U ∼ aω, the capillary number

is given by

Ca =
µaω

σc
. (4.3.10)

This form arises by taking the characteristic velocity as the typical interface speed,

aω, rather than a steady flow velocity. The capillary number, Ca, quantifies the

relative importance of viscous stresses to capillary forces under periodic forcing.
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We will now drop the ∗ notation.

We now seek a particular solution to (4.2.35) subject to the appropriate

boundary conditions for the bubble problem. The kinematic condition

encapsulates the requirement that the fluid velocity at the interface matches the

motion of the interface itself. This is a standard starting point in free-boundary

problems such as the stability of drops and bubbles, with precedent in classical

works on interfacial dynamics by Prosperetti (1982) and others. Kinematic

compatibility at the interface of the bubble r = f(ξ, t) requires

D

Dt
(r − f) = 0 , (4.3.11)

at r = f . Expanding out (4.3.11) gives us

−∂f
∂t

+ ur +
uξ
√
1− ξ2

r

∂f

∂ξ
= 0

∣∣∣∣
r=f

. (4.3.12)

At this stage, it is convenient to express the first-order stream function in

separable form as

ψ1(r, ξ, t) = Gn(r, t)Pn(ξ) , (4.3.13)

where

Gn(r, t) = cn(t)r
−n + dn(t)r

2−n , (4.3.14)

The complete solution is obtained by summing over the modal index n = 1, 2, ....

Substituting (4.2.17) into (4.3.12) and taking binomial expansions gives

−ȧ− ϵ
dA1,n

dt
Fn(ξ)

− 1

a2

(
1− 2ϵ

a
A1,nFn(ξ)

)
(−a2ȧ+ ϵGn(a, t)Pn(ξ)) +O(ϵ2) = 0 . (4.3.15)

By linearising (4.3.15) with respect to ϵ we get the following amplitude evolution

equation, which governs how A1,n behaves over time

dA1,n

dt
+

2ȧ

a
A1,n = − 1

a2
Gn(a, t)Pn(ξ)

Fn(ξ)
. (4.3.16)
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The left-hand side of (4.3.16) depends only on t, whereas the right-hand side

retains a dependence on ξ through the ratio Pn(ξ)/Fn(ξ). For the equation to

hold for all ξ, this ratio must be independent of ξ, which requires Fn(ξ) to be

proportional to Pn(ξ).

This reflects the underlying structure of the governing equations: for

axisymmetric disturbances, separation of variables leads to Legendre

polynomials as the natural basis for the angular dependence. Consequently, all

perturbation quantities inherit this ξ-dependence. We therefore take the

angular dependence of all perturbation fields to be given by Pn(ξ) and proceed

by analysing each mode n separately.

4.4 Pressure term

In incompressible Stokes flow, the momentum equation can be simplified by

introducing a stream function and taking its curl, which eliminates the pressure

term and reduces the problem to a single equation for the velocity field. While

this approach efficiently provides the velocity distribution, the pressure is still

required to evaluate interfacial stresses.

Once the velocity field is determined from the stream function, the pressure can

be recovered by returning to the original Stokes equation (4.1.8)

∇p = −∇×
(
−D2ψ

r sin θ
ϕ̂

)
. (4.4.1)

In view of the angular structure established above, it is natural to seek the

pressure in a consistent separated form. We therefore write

p = p0 + ϵ
∞∑
n=0

p1,n(r, t)Pn(ξ) , (4.4.2)

where we recall that Pn(ξ) is the Legendre polynomial of degree n. The

orthogonality of the Legendre polynomials ensures that each mode evolves

independently. Accordingly, we fix a particular mode n and suppress the
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subscript, writing p1(r, t) in place of p1,n(r, t) for notational convenience.

We now substitute (4.4.2) into (4.4.1) and linearise with respect to ϵ. At O(1)

we find

∇p0 = 0 . (4.4.3)

Consequently, p0(t) is spatially uniform and depends only on t. At O(ϵ) we find

∂p1
∂r

Pn(ξ)r̂ − sin θ

r
p1P

′
n(ξ)θ̂ = − 1

r2
∂(D2ψ1)

∂ξ
r̂ − 1

r sin θ

∂(D2ψ1)

∂r
θ̂ , (4.4.4)

where the dash notation denotes a derivative with respect to ξ. From equation

(4.2.18) we know that

D2ψ1 = (b1(t)r
−n + b2(t)r

1+n)Pn(ξ) , (4.4.5)

where in an infinite domain we take b2 = 0. Also, from (4.2.22b) we know that

Pn(ξ) = − 1− ξ2

n(n+ 1)
P ′
n(ξ) , (4.4.6)

where P ′
n(ξ) = P ′′

n(ξ). Substituting (4.4.5) and (4.4.6) into (4.4.4) and taking

the r̂ and θ̂ components, respectively, gives us

∂p1
∂r

= −b1(t)r−(2+n) , (4.4.7a)

and

p1 =
b1(t)

n+ 1
r−(1+n) . (4.4.7b)

The θ̂-component (4.4.7b) determines p1 directly, while the r̂-component (4.4.7a)

provides its radial derivative. Integrating (4.4.7a) with respect to r recovers

(4.4.7b), up to an arbitrary function of t, which may be absorbed into the base

pressure since only ∇p appears in the governing equations.

Conversely, differentiating (4.4.7b) with respect to r recovers (4.4.7a), confirming

that the two equations are consistent. In particular, the θ̂-component does not
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introduce an additional constraint but is automatically satisfied once the radial

component is enforced.

This consistency reflects the fact that the pressure is a scalar field whose

gradient must be compatible across components. Using b1(t) = (2 − 4n)dn(t),

the perturbed pressure is therefore

p1(r, t) =
2(1− 2n)

n+ 1
dn(t)r

−(1+n) . (4.4.8)

In a finite domain, where we take b2 = (4n + 6)fn in (4.4.5), the perturbed

pressure is given by

p1(r, t) =
2(1− 2n)

n+ 1
dn(t)r

−(1+n) − 2(2n+ 3)

n
fn(t)r

n . (4.4.9)

4.5 Dynamic condition

The motion and deformation of a bubble are governed by the balance of forces

at its interface. At the surface, the stresses exerted by the surrounding

Newtonian fluid — arising from both pressure and viscous effects — must be

balanced by interfacial forces, including surface tension and any contributions

from surfactants.

When surfactants are present on a bubble, the surface tension is no longer

constant but depends on the local surfactant concentration at the interface. For

a bubble that oscillates, its surface area changes and the surfactant distribution

evolves: expansion dilutes the surfactant layer, leading to an increase in surface

tension, while contraction compresses the layer, reducing the surface tension.

This dynamic coupling between area change and surface concentration creates

gradients in surface tension, known as Marangoni stresses, which oppose fluid

motion along the interface. In this way, the surface equation of state — such as

the Langmuir model (Manikantan & Squires, 2020) — provides the crucial link

between interfacial thermodynamics and the hydrodynamics of bubble motion.
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The Langmuir equation of state relates the surface tension, σ, to the surfactant

concentration, Γ, via

σ = σc +RT Γ∞ ln

(
1− Γ

Γ∞

)
, (4.5.1)

where R is the ideal gas constant, T is the absolute temperature, Γ∞ is the

maximum packing concentration of surfactant on the interface, and σc is the

clean surface tension.

Consistent with the angular structure identified previously, all perturbation

quantities are expanded in terms of Legendre polynomials Pn(cos θ).

Accordingly, we write

σ(θ, t) = σ0(t) + ϵ

∞∑
n=0

σ1,n(t)Pn(cos θ) , (4.5.2)

and

Γ(θ, t) = Γ0(t) + ϵ
∞∑
n=0

Γ1,n(t)Pn(cos θ) . (4.5.3)

Substituting these expansions into (4.5.1) and linearising with respect to ϵ gives

σ0(t) = σc +RT Γ∞ ln

(
1− Γ0(t)

Γ∞

)
, (4.5.4)

and, for each mode n,

σ1,n(t) = −RT Γ∞
Γ1,n(t)

Γ∞ − Γ0(t)
. (4.5.5)

Since the Legendre modes are orthogonal, each mode evolves independently. In

what follows, we therefore consider a fixed mode n and suppress the subscript,

writing σ1(t) in place of σ1,n(t) for notational simplicity.

We non-dimensionalise (4.5.4) and (4.5.5) with respect to σc, the surface tension

value of a clean bubble surface. This gives us

σ(θ, t) = σcσ
∗(θ, t) , σ0(t) = σcσ

∗
0(t) and σ1(t) = σcσ

∗
1(t) , (4.5.6)
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where the non-dimensional surface tension values are given by

σ∗0(t) = 1 + βs ln

(
1− Γ0(t)

Γ∞

)
, (4.5.7a)

and

σ∗1(t) = −βs
Γ1(t)

Γ∞ − Γ0(t)
. (4.5.7b)

The parameter βs, which is given by

βs =
RT Γ∞
σc

, (4.5.7c)

is a dimensionless measure of the effectiveness of the surfactant, comparing the

maximum surface pressure contribution of a saturated monolayer to the surface

tension of the clean interface. A larger βs means that the surfactant has a stronger

ability to lower surface tension relative to the baseline value.

At this stage, the surfactant concentration Γ is retained in dimensional form.

A consistent non-dimensionalisation of Γ will be introduced later in Section 4.8,

where it is incorporated into the full coupled bubble–surfactant system. For the

sake of brevity, we now drop the ∗ notation.

The balance of normal and tangential forces at the surface is expressed by the

dynamic stress condition derived in Chapter 2 (2.2.9)

T · n̂+ pGn̂ = 2κmσn̂−∇sσ , (4.5.8)

where T is a Newtonian stress tensor given by (2.2.8),

T = −pI + 2e , (4.5.9)

pG is the pressure of the gas inside the bubble, κm is the mean curvature of the

surface, n̂ is the unit normal vector to the surface, e is the rate-of-strain tensor

and

∇s = (I − n̂n̂) · ∇ ,
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is the surface gradient operator, which projects the gradient onto the tangent

plane of the interface. The unit normal vector to the perturbed surface (4.3.1),

defined by r − f(ξ, t) = 0, where

f(ξ, t) = a(t) + ϵA1,n(t)Pn(ξ) , (4.5.10)

is given by

n̂ =
∇(r − f)

|∇(r − f)|

∣∣∣∣
r=f

. (4.5.11)

Computing the gradient in spherical coordinates, where ξ = cos θ, yields

∇(r − f) = r̂ +
sin θ

r

∂f

∂ξ
θ̂, (4.5.12)

so that, upon evaluating at r = f(ξ, t),

n̂ =

(
1 +

(
sin θ

f

∂f

∂ξ

)2
)−1/2(

r̂ +
sin θ

f

∂f

∂ξ
θ̂

)
. (4.5.13)

Substituting (4.5.10) into (4.5.13) and expanding for small ϵ we obtain, to O(ϵ),

n̂ = r̂ + ϵ
sin θ

a
A1,n(t)

d

dξ
Pnθ̂ +O(ϵ2) . (4.5.14)

The corresponding unit tangent vector, t̂ is given by

t̂ =
ϕ̂× n̂

|ϕ̂× n̂|

∣∣∣∣
r=f

, (4.5.15)

which is calculated to be

t̂ = −ϵsin θ
a

d

dξ
Pn(ξ)A1,nr̂ + θ̂ +O(ϵ2) . (4.5.16)

The mean curvature term in (4.5.8) is given by

2κm = ∇ · n̂
∣∣
r=f

= ∇2r −∇2(a+ ϵA1,nPn(ξ))
∣∣
r=f

(4.5.17)

To simplify (4.5.17), we use the standard identity for Legendre polynomials in
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spherical coordinates (see, for example, Jackson, 1999, p. 110):

∇2Pn(ξ) = −n(n+ 1)

r2
Pn(ξ) . (4.5.18)

Substituting (4.5.18) into (4.5.17) and evaluating at the perturbed interface r =

f , we obtain

2κm =
2

a
+
ϵA1,n

a2
(n− 1)(n+ 2)Pn(ξ) +O(ϵ2) . (4.5.19)

Therefore, we can express the perturbation of the mean curvature, κm as

κm = κ(0)m + ϵκ(1)m A1,nPn(ξ) , (4.5.20)

where

κ(0)m =
1

a
and κ(1)m =

(n− 1)(n+ 2)

2a2
. (4.5.21)

The form of e in the Newtonian stress tensor (4.5.9) is given by

e =


err erθ erϕ

eθr eθθ eθϕ

eϕr eϕθ eϕϕ

 , (4.5.22)

where, in axisymmetric spherical polar coordinates,

err =
∂ur
∂r

, eθθ =
1

r

∂uθ
∂θ

+
ur
r
, eϕϕ =

ur
r

+
uθ cot θ

r
,

erθ = eθr =
r

2

∂

∂r

(uθ
r

)
+

1

2r

∂ur
∂θ

and eθϕ = eϕθ = eϕr = erϕ = 0 ,

(4.5.23)

as per Batchelor (1967), p. 601. In the following sections we calculate the normal

and tangential components of (4.5.8) for different given forms of pG(r). In doing

so, we will obtain a pair of simultaneous equations for cn(t) and dn(t), which are

the unknowns of our expression for ψ1(r, ξ, t) (4.2.39), for each case.
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4.5.1 Constant bubble pressure

In this section, we assume that the pressure inside the gas bubble, pG, remains

constant. We linearise the normal and tangential components of (4.5.8) with

respect to ϵ, using the perturbation expansions introduced previously.

Taking the normal component at O(1) yields the basic state pressure

p0 = pG − 2

a
σ0 − 4

ȧ

a
. (4.5.24)

At O(ϵ), the normal component evaluated at the interface r = a gives

−p1(a, t) + 12
ȧ

a2
A1,n +

2

a2

(
2

a
Gn − ∂Gn

∂r

)
=

2σ1
a

+
A1,n

a2
(n− 1)(n+ 2)σ0 , (4.5.25)

where p1(a, t) denotes the perturbation pressure evaluated at the interface. Here,

Gn(r, t) represents the radial dependence of the perturbation stream function ψ1,

given by (4.3.14),

Gn = cn(t)r
−n + dn(t)r

2−n , (4.5.26)

where cn(t) and dn(t) are to be determined. Similarly, taking the tangential

component of (4.5.8) at O(ϵ) and evaluating at r = a yields

3n(n+ 1)
ȧ

a
A1,n +

1

2a2

(
a2
∂2Gn

∂r2
− 2a

∂Gn

∂r
+ n(n+ 1)Gn

)
=
n(n+ 1)

2
σ1 . (4.5.27)

Equations (4.5.25) and (4.5.27) provide a closed system for determining the

coefficients cn(t) and dn(t), which will be solved in Section 4.6.1.

4.5.2 Adiabatic gas equation

In this section, we assume that the gas inside the bubble undergoes an adiabatic

process, meaning that no heat is exchanged with the surrounding fluid. Under
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this assumption, the internal gas pressure satisfies the adiabatic law

pG(r)V
γ = k̄ , (4.5.28)

where k̄ is a constant, V is the volume of the bubble and γ is the adiabatic index

of the gas. This modelling assumption is commonly adopted in studies of bubble

dynamics (see, for example, Wang et al., 2021). Note that in the special case

γ = 1, (4.5.28) reduces to Boyle’s law. We non-dimensionalise (4.5.28) by setting

pG =
σc
a
p∗G and V = a3V ∗ , (4.5.29)

where p∗G and V ∗ are dimensionless quantities. The non-dimensional version of

(4.5.28) is hence given by

p∗GV
∗γ =

1

σca3γ−1 k̄ . (4.5.30)

We will now drop the ∗ notation. The volume of the bubble can be calculated

using the divergence theorem

∫∫∫
V
∇ · r dV =

∫∫
S
r · n̂ dS , (4.5.31)

where S is the surface of the bubble. In spherical coordinates r = rr̂ and

∇ · r =
1

r2
∂
(
r2 · r

)
∂r

= 3 . (4.5.32)

So, from (4.5.31) we get that

V =
1

3

∫∫
S
rr̂ · n̂ dS , (4.5.33)

where, if r = f = a+ ϵA1,nPn(ξ),

r̂ · n̂ = r̂ ·
(
r̂ +

ϵ sin θ

a
A1,nP

′
n(ξ)θ̂

)
= 1 . (4.5.34)
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Therefore, the volume of the bubble is given by

V =
1

3

∫∫
S
f dS , where dS = f2 sin θ dϕ dθ , (4.5.35)

and so

V =
1

3

∫ π

0

∫ 2π

0
(a+ ϵA1,nPn(ξ))

3 sin θ dϕ dθ +O(ϵ2) . (4.5.36)

Using the substitution ξ = cos θ we get

V =
4πa3

3
+ 2πϵa2A1,nPn(1) +O(ϵ2) . (4.5.37)

So, returning to (4.5.30) we obtain

pG =
1

σca3γ−1

(
k

a3γ
− 3ϵkγA1,n

2a3γ+1
Pn(1)

)
+O(ϵ2) , (4.5.38)

where k = k̄/
(
4π
3

)γ
and

Pn(1) =

∫ 1

−1
Pn(x) dx =

∫ 1

−1
P0(x)Pn(x) dx ,

as P0(x) = 1. However, we know

∫ 1

−1
Pm(x)Pn(x) dx =

2

2n+ 1
δm,n , (4.5.39)

where δm,n denotes the Kronecker delta, equal to 1 if m = n and to 0 otherwise

— see, for example, Abramowitz & Stegun (1964) pp. 773–774 — so we have

Pn(1) = 2δn,0 . (4.5.40)
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The linearised normal and tangential components of (4.5.8) for the adiabatic gas

case, evaluated at r = a, are given by

−p1(a, t) + 12
ȧ

a2
A1,n +

2

a2

(
2

a
Gn − ∂Gn

∂r

)
=

2σ1
a

+
A1,n

a2

(
(n+ 2)(n− 1)σ0 +

B
a3γ−1

δn,0

)
, (4.5.41)

and

3n(n+ 1)
ȧ

a
A1,n +

1

2a2

(
a2
∂2Gn

∂r2
− 2a

∂Gn

∂r
+ n(n+ 1)Gn

)
=
σ1n(n+ 1)

2
, (4.5.42)

where the dimensionless group B is defined by

B =
3kγ

σca3γ−1 . (4.5.43)

Equations (4.5.41) and (4.5.42) can be solved simultaneously to determine cn(t)

and dn(t), and hence the perturbed stream function (6.2.6) for an adiabatic gas.

This is carried out in Section 4.6.2.

4.6 Linear stability analysis of a bubble with constant

base-state radius

We simplify the problem by assuming that the leading-order bubble radius

remains constant, which corresponds to setting ∆ = 0 in (4.3.9) and thus a = 1.

Additionally, we neglect the effects of surfactants by taking βs = 0 in (4.5.7), so

that σ0 = 1, σ1 = 0, and

∇sσ = 0 . (4.6.1)

For this simplified case, the amplitude evolution equation (4.3.16) reduces to

dA1,n

dt
= −Gn(1, t) , (4.6.2)
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where Gn is defined by (4.3.14) as

Gn = cnr
−n + dnr

2−n . (4.6.3)

If A1,n(t) remains bounded, then our system is stable.

4.6.1 Stability condition for constant bubble pressure

First, we will consider again the case where pG is a constant. We can solve

(4.5.25) and (4.5.27) simultaneously to calculate cn(t) and dn(t). Hence, we find

dn(t) =
n(n+ 1)(n+ 2)(n− 1)

2(2n2 + 1)
A1,n . (4.6.4)

and

cn(t) = −(n+ 1)2(n+ 2)(n− 1)2

2(n+ 2)(2n2 + 1)
A1,n . (4.6.5)

Substituting (4.6.4) and (4.6.5) into (4.6.3) and thence into (4.6.2) gives us an

amplitude evolution equation which determines the stability of our system,

namely

dA1,n

dt
=MnA1,n , (4.6.6)

where

Mn = −(2n+ 1)(n+ 1)(n− 1)

2(2n2 + 1)
. (4.6.7)

We can make the following remarks about (4.6.6):

1. The gas pressure makes no O(ϵ) contribution, therefore the restoring effect

is purely due to surface tension.

2. The n = 1 mode (rigid translation) is neutral because the geometric factor

(n− 1) vanishes in (4.6.7).

3. The n = 0 mode (volume change) is unstable as the value of Mn in (4.6.7)

is positive.
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4.6.2 Stability condition for adiabatic gas case

Now we consider the adiabatic gas case where

pG = k − BA1,nδn,0 . (4.6.8)

Solving (4.5.41) and (4.5.42) simultaneously gives the following expressions for

cn(t) and dn(t)

dn(t) =
n(n+ 1)

2(2n2 + 1)
((n+ 2)(n− 1) + Bδn,0)A1,n , (4.6.9)

and

cn(t) = − (n+ 1)2(n− 1)

2(n+ 2)(2n2 + 1)
((n+ 2)(n− 1)σ0 + Bδn,0)A1,n , (4.6.10)

If we substitute (4.6.9) and (4.6.10) into (4.6.2) we obtain the following stability

equation:

dA1,n

dt
=MnA1,n , (4.6.11)

where

Mn = − (2n+ 1)(n+ 1)

2(n+ 2)(2n2 + 1)
((n+ 2)(n− 1) + Bδn,0) . (4.6.12)

Some important remarks follow immediately from (4.6.11):

1. For n ≥ 1 we have δn,0 = 0, so the gas pressure makes no O(ϵ) contribution

and the restoring effect is purely due to surface tension.

2. The n = 1 mode (rigid translation) is neutral because the geometric factor

(n− 1) vanishes in (4.6.12).

3. The n = 0 mode (volume change) requires separate treatment because the

gas pressure perturbation enters at leading order through δn,0 = 1.

For the spherically symmetric mode n = 0, the requirement that the solution to
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(4.6.11) remains bounded imposes a constraint on the governing parameters. In

particular, boundedness requires

−2 + B > 0 , (4.6.13)

where B is defined in (4.5.43) as

B =
3kγ

σc a3γ−1 . (4.6.14)

This condition can be rewritten as

a3γ−1 <
3kγ

2σ0
. (4.6.15)

In the special case n = 0 and γ = 1, this reduces to

a2 <
3k

2σ0
. (4.6.16)

This inequality corresponds to the classical Blake threshold (see, for example,

Atchley, 1989). Notably, in the present formulation, this condition arises

naturally from the requirement that the perturbation solution remains

bounded, thereby providing an alternative route to the Blake threshold distinct

from the standard derivation based on the Rayleigh–Plesset equation.

4.6.3 Comparison with Rayleigh–Plesset analysis

The Rayleigh–Plesset equation (2.3.18) is given by

La

(
a
d2a

dt2
+

3

2

(
da

dt

)2
)

+
4

a

da

dt
=

(
pG(t)− p∞ − 2σ

a

)
, (4.6.17)

where a(t) denotes the radius of a spherical bubble and p∞ is the (constant)

far-field pressure. We assume Boyle’s law for the gas pressure in the bubble, pG

given by the leading-order term of (4.5.38) with γ = 1

pG =
k

σca2a3
. (4.6.18)
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The Rayleigh–Plesset equation is derived from the Navier–Stokes equations and

therefore incorporates inertial effects. In contrast, the amplitude evolution

equation (4.6.11) is obtained under the Stokes flow approximation, which

corresponds to neglecting inertia and is equivalent to taking the limit of

vanishing Laplace number, La → 0. To compare the growth rates predicted by

these two descriptions, we analyse the Rayleigh–Plesset equation in the limit of

small La.

To this end, we first rescale time according to

t = Laτ , (4.6.19)

which isolates the slow inertial dynamics. Substituting this scaling into (4.6.17)

yields

a
d2a

dτ2
+

3

2

(
da

dτ

)2

+
4

a

da

dτ
= La

(
k

σca2a3
− p∞ − 2σ

a

)
. (4.6.20)

We now consider a small perturbation about an equilibrium radius a0, writing

a = a0 + δa1e
λτ , (4.6.21)

where a0 and a1 are constants, λ is the growth rate and δ ≪ 1. Upon substituting

(4.6.21) into (4.6.20) and collecting terms at O(δ) gives

O(δ) : a0λ

(
λ+

4

a20

)
=

La

a20

(
2σ − 3k

σca2a20

)
. (4.6.22)

Since we are interested in the small-La regime, we expand the growth rate as

λ = λ0 + λ1La +O(La2) , (4.6.23)

and substitute (4.6.23) into (4.6.22). Comparing coefficients of like powers of La,

the O(1) terms yield

a0λ0

(
λ0 +

4

a20

)
= 0 , (4.6.24)
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from which we obtain two possible leading-order growth rates,

λ0 = 0 or λ0 = − 4

a20
. (4.6.25)

At O(La) we obtain the following.

2a0λ0λ1 +
4λ1
a0

=
2

a20

(
σ − 3k

2σca2a20

)
. (4.6.26)

If λ0 = 0, equation (4.6.26) yields

λ1 =
1

2a0

(
σ − 3k

2σca2a20

)
, (4.6.27)

and hence

λ =
La

2a0

(
σ − 3k

2σca2a20

)
+O(La2) . (4.6.28)

Substituting (4.6.28) into (4.6.21) and reverting to the original time variable

t = Laτ , we find that the growth rate in physical time is

λ =
1

2a0

(
σ − 3k

2σca2a20

)
+O(La) . (4.6.29)

This expression coincides with the growth rate obtained from the amplitude

evolution equation (4.6.12) for n = 0 and γ = 1, upon setting a0 = 1 and σ = 1

in (4.6.29). Thus, the slow mode of the Rayleigh–Plesset equation recovers the

Stokes-flow stability criterion in the limit La → 0.

The second solution,

λ0 = − 4

a20
, (4.6.30)

corresponds to a rapidly decaying mode. Substituting this value of λ0 into (4.6.26)

yields

λ1 = − 1

2a0

(
σ − 3k

2σca2a20

)
, (4.6.31)

so that

λ = − 4

a20
+O(La) . (4.6.32)
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This mode represents fast viscous relaxation arising from the viscous damping

term in the Rayleigh–Plesset equation and is independent of the pressure balance

at leading order. It decays on an O(1) timescale in τ , or equivalently on an

O(La) timescale in time t and therefore does not influence the long-time stability

of the bubble. In the Stokes-flow limit La → 0, this viscous mode dominates

the short-time dynamics, while the slow inertial mode determines the onset of

instability.

In summary, the linear stability analysis of the Rayleigh–Plesset equation reveals

two distinct dynamical behaviours. The slow mode, associated with λ0 = 0,

describes the long-time evolution of the bubble radius and yields a growth rate

that, in the small-La limit, reduces to the same expression obtained under the

Stokes flow approximation. This slow mode represents the quasistatic balance

between pressure and surface tension that controls the onset of instability, such

as the classical Blake threshold (4.6.16) in cavitation theory. The fast mode,

associated with λ0 = −4/a20, represents rapid viscous relaxation and decays on a

much shorter timescale, independent of the pressure balance. Such separation of

modes — a slow inertial/balance mode and a fast viscous damping mode — is a

common feature in reduced models of bubble dynamics and has been observed in

the literature on Rayleigh–Plesset dynamics and bubble stability analyses (see,

for example, Carreras-Casanova & Vanhille, 2025).

4.6.4 Interpretation of the n = 1 mode as rigid motion

Recall that the radius of the bubble given by (4.3.1) is

r = a(t) + ϵA1,nPn(cos θ) . (4.6.33)

We now show that the n = 1 mode corresponds to a rigid translation of the

bubble, rather than a deformation of its shape. We know that the radius of the

bubble for n = 1 is given by

r = R , (4.6.34)
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where

R = a+ ϵA1,1P1(cos θ) = a+ ϵA1,1(t) cos θ . (4.6.35)

If we assume that the interface r = R translates in the z-direction by c = χϵ

where χ = O(1) then it must have a new centre at z = c and a radius d — see

Figure 4.6.1. If d = a, the bubble has undergone a rigid translation without any

change in shape.

Figure 4.6.1: Diagram showing set-up for translating sphere in the x− z plane.

Using the cosine rule, the distance d from the new centre to a point on the

interface satisfies

d2 = R2 + c2 − 2Rc cos θ . (4.6.36)

Expanding R2 gives

R2 = a2 + 2aϵA1,1 cos θ +O(ϵ2) . (4.6.37)

Substituting (4.6.37) into (4.6.36) and using c = ϵχ, we obtain

d2 = a2 + 2ϵa cos θ(A1,1 − χ) +O(ϵ2) ,

Choosing χ = A1,1 we find that d = a, showing that the interface r = R represents

a rigid translation in the z-direction by a distance ϵA1,1 without deforming its

shape.



4.6 Linear stability analysis of a bubble with constant base-state radius 81

Since this mode represents rigid-body motion, we expect it not to evolve

dynamically in the absence of external forcing. In particular, the normal

velocity of the interface must vanish, which requires

dA1,1

dt
= 0 . (4.6.38)

This is consistent with equations (4.6.6) and (4.6.11), for n = 1, which show

that (4.6.38) is satisfied for both the constant-pressure and adiabatic gas cases.

That is, the bubble has the freedom to move from the origin without affecting its

stability.

Having established this result analytically, we now illustrate the geometric

interpretation of the perturbation. Figure 4.6.2 shows plots of the interface

(4.6.33) for n = 1, 2, 3.
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Figure 4.6.2: Plot of the perturbed bubble in the x−y plane for a(t) = 1, ϵ = 0.2
and A1,1(t) = 1. The dashed circle shows the undisturbed initial bubble position
and shape.

As predicted by the analysis above, the n = 1 mode corresponds to a rigid

displacement of the bubble, while higher modes represent shape deformations.

4.6.5 Bubble dynamics in a finite geometry

In the previous sections, we analysed the stability of a gas bubble in an unbounded

water domain. While this provides fundamental insight into the mechanisms

governing bubble shape oscillations, it neglects an important geometric constraint

present in biological systems. In particular, embolised gas bubbles in plant xylem
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vessels evolve within conduits of finite cross-section, bounded by rigid cell walls.

The presence of these walls modifies the surrounding flow field and, consequently,

the hydrodynamic stresses acting on the bubble interface. Motivated by this

physical setting, we now extend our analysis to account for confinement effects

by introducing a fixed, impermeable outer boundary.

We model the xylem conduit as a rigid spherical shell of radius r = βa, with

β > 1, concentric with the bubble. The parameter β therefore quantifies the

degree of confinement: large values of β recover the unbounded-domain limit,

while smaller values correspond to stronger wall effects. This idealised geometry

allows us to isolate the influence of finite domain size on the linear stability of

the bubble without introducing additional geometric complexity.

To focus solely on confinement-induced hydrodynamic effects, we simplify the

problem by assuming that the leading-order bubble radius remains constant in

time. This corresponds to setting ∆ = 0 in (4.3.9), so that

a(t) = 1 ,

and the rigid spherical wall is located at

r = β .

Furthermore, we neglect the effects of interfacial surfactants by taking βs = 0 in

(4.5.7), which implies

σ0 = 1 , σ1 = 0 , ∇sσ = 0 .

Under these assumptions, the interface behaves as a clean surface with uniform

surface tension.

The gas pressure inside the bubble is modelled by an adiabatic gas law of the
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form

pG = k − BA1,nδn,0 ,

where the Kronecker delta ensures that gas compressibility only affects the

spherically symmetric mode n = 0.

The flow is described using a stream function,

ψ(r, ξ, t) = −a2ȧ ξ + ϵψ1(r, ξ, t) , (4.6.39)

which, for the present case a = 1, reduces to a purely perturbative contribution.

For each spherical harmonic mode n, we write

ψ1(r, ξ, t) = Hn(r, t)Pn(ξ) ,

where the general radial solution (4.3.14) in a finite domain is

Hn(r, t) = cn(t)r
−n + dn(t)r

n+1 + en(t)r
2−n + fn(t)r

n+3 . (4.6.40)

The four coefficients arise from the fourth-order radial operator governing Stokes

flow.

At the rigid outer wall r = β, we impose no-slip and no-penetration conditions,

which require the radial and polar velocities given by (4.2.17) to vanish such that

ur = 0 , uξ = 0 on r = β ,

which can be expressed equivalently in terms of the stream function as

∂ψ

∂ξ
= 0 ,

∂ψ

∂r
= 0 on r = β . (4.6.41)



84 Chapter 4: Stability analysis for an axisymmetric bubble

Substituting (4.6.39) and (4.6.40) into (4.6.41) yields the linear system

−ncnβ−(n+1) + (n+ 1)dnβ
n + (2− n)enβ

1−n + (n+ 3)fnβ
n+2 = 0 , (4.6.42a)

cnβ
−n + dnβ

n+1 + enβ
2−n + fnβ

n+3 = 0 . (4.6.42b)

Solving (4.6.42) simultaneously gives

cn =
2fnβ

n+3 + (1− 2n)enβ
2−n

(2n+ 1)β−n
, (4.6.43)

dn = −2enβ
2−n + (2n+ 3)fnβ

n+3

(2n+ 1)βn+1
, (4.6.44)

which correctly eliminates two degrees of freedom.

The pressure perturbation associated with Hn is (4.4.9)

p1 =
2− 4n

n+ 1
dnr

−(n+1) − 4n+ 6

n
fnr

n ,

which satisfies the Stokes equations in the bulk. At the bubble interface r = 1,

the kinematic condition yields

dA1,n

dt
= −Hn(1, t) , (4.6.45)

while the normal and tangential stress balances give

−p1(a, t) + 2

(
2Hn − dHn

dr

)
= ((n− 1)(n+ 2) + Bδn,0)A1,n . (4.6.46)

and

d2Hn

dr2
− 2

dHn

dr
+ n(n+ 1)Hn = 0 , (4.6.47)

Solving (4.6.46) and (4.6.47) simultaneously determines the remaining coefficients
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en and fn uniquely in terms of A1,n, leading to the expressions quoted below.

cn =
n(n+ 1)

[
−Λ1β

2n+3 + (n− 1)(n+ 1)β4n+2 + Λ2β
2n+1

]
A1,nΠ

(−ζ1β2n+3 − ζ2β4n+2 + ζ3β2n+1 − ζ4 − ζ5β2n−1)
, (4.6.48)

dn =
n(n+ 1)

[
Λ3β

2n+3 − Λ4β
2n+1 + n(n+ 2)

]
A1,nΠ

(−ζ1β2n+3 − ζ2β4n+2 + ζ3β2n+1 − ζ4 − ζ5β2n−1)
, (4.6.49)

en =
n(n+ 1)

[
−n(n+ 2)β4n+2 + Λ4β

2n+1 − Λ3β
2n−1

]
A1,nΠ

(−ζ1β2n+3 − ζ2β4n+2 + ζ3β2n+1 − ζ4 − ζ5β2n−1)
, (4.6.50)

fn =
n(n+ 1)

[
−Λ2β

2n+1 − (n+ 1)(n− 1) + Λ1β
2n−1

]
A1,nΠ

(−ζ1β2n+3 − ζ2β4n+2 + ζ3β2n+1 − ζ4 − ζ5β2n−1)
, (4.6.51)

where

Π = (n+ 2)(n− 1) + Bδn,0 , (4.6.52)

Λ1 =
1

2
(n− 1)(n+ 1)(2n+ 1) , (4.6.53)

Λ2 =
1

2
n(n+ 2)(2n− 1) , (4.6.54)

Λ3 =
1

2
n(n+ 2)(2n+ 1) , (4.6.55)

Λ4 =
1

2
(n+ 1)(n− 1)(2n+ 3) , (4.6.56)

ζ1 = n(n− 1)(n+ 2)(n+ 1)(2n+ 1)2 , (4.6.57)

ζ2 = 2n(n+ 2)(2n2 + 1) , (4.6.58)

ζ3 = 2n(n− 1)(n+ 1)(n+ 2)(2n+ 3)(2n− 1) , (4.6.59)

ζ4 = 2(n− 1)(n+ 1)(2n2 + 4n+ 3) , (4.6.60)

ζ5 = (2n+ 1)2(n4 + 2n3 − n2 − 2n+ 3) . (4.6.61)

(4.6.62)

Substituting these results into (4.6.45) yields the linear amplitude evolution

equation

dA1,n

dt
= λn(β)A1,n , (4.6.63)

where the growth rate λn(β) is given explicitly by

λn(β) =
n(n+ 1)(2n+ 1)

[
−
(
n+ 1

2

)
β2n+3 + β4n+2 − 1 +

(
n+ 1

2

)
β2n−1

]
Π

−ζ1β2n+3 − ζ2β4n+2 + ζ3β2n+1 − ζ4 − ζ5β2n−1
.

(4.6.64)
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(a) Plot of equation (4.6.64) for n = 2.
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(b) Plot of equation (4.6.64) for n = 10.

Figure 4.6.3: Plots of how the growth rate λn varies as β increases from 1 for
n = 2 and n = 10. The black dashed line is the limit given in (4.6.64).

The amplitude evolution equation (4.6.63) shows that the effect of confinement

enters entirely through the dependence of the growth rate λn on the

confinement parameter β. To assess the impact of the outer wall, we evaluate

λn(β) numerically for a range of mode numbers n and confinement ratios β > 1.

The results for n = 2 and n = 10 are plotted in Figure 4.6.3.
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Taking the limit as β → ∞ in the expression for λn in (4.6.64) gives

λn −→ − (2n+ 1)(n+ 1)

2(n+ 2)(2n2 + 1)
((n+ 2)(n− 1) + Bδn,0) , as β → ∞ .

(4.6.65)

For all modes n considered, the growth rate λn is found to be strictly negative for

all β > 1, indicating that shape perturbations always decay in time. Moreover, for

each such mode, λn is observed numerically to approach the limiting value (4.6.65)

monotonically as β increases. While a general analytical proof of monotonicity

for arbitrary n is not provided here, this behaviour has been consistently verified

across all computed modes.

The limiting expression (4.6.65) exactly matches the growth rate obtained in the

unbounded-domain analysis (4.6.12), providing a strong consistency check on the

formulation and confirming that the classical infinite-domain result is recovered

smoothly in the limit of weak confinement (β → ∞).

Thus, within the present framework, the inclusion of a rigid outer boundary does

not introduce any new instability mechanisms. Instead, confinement modifies

the decay rate of perturbations without altering the qualitative stability of the

bubble.

All numerical evidence indicates that, in the absence of surfactants and

base-state radius oscillations, geometric confinement alone does not destabilise

bubble modes. This suggests that additional physical effects — such as

surfactant transport, elastic wall compliance, or unsteady radius dynamics —

are required to produce sustained or growing shape perturbations in confined

biological geometries such as xylem vessels.



88 Chapter 4: Stability analysis for an axisymmetric bubble

4.7 Stability analysis of a bubble with a

time-dependent base-state radius

We now remove the simplification that the radius of the bubble in the basic state

is a constant, which means we take ∆ ̸= 0 in (4.3.9) and hence

a(t) = 1 +∆cos(Ca t) . (4.7.1)

However, we will still assume that the effect of surfactants is neglected and as

such we take βs = 0 in (4.5.7) and therefore σ0 = 1, σ1 = 0 and

∇sσ = 0 . (4.7.2)

For this more complicated case, we need the full amplitude evolution equation

(4.3.16)

dA1,n

dt
+

2ȧ

a
A1,n = − 1

a2
Gn(a, t) , (4.7.3)

where Gn is defined by (4.3.14) as

Gn(r, t) = cn(t)r
−n + dn(t)r

2−n . (4.7.4)

As before, if An(t) remains bounded, then the bubble will be stable.

4.7.1 Constant bubble pressure

First, we will consider again the case where pG is a constant. We can solve

(4.5.25) and (4.5.27) simultaneously to calculate cn(t) and dn(t). Hence, we find

dn(t) =
n(n+ 1)(n+ 2)(n− 1)an−1

2(2n2 + 1)
A1,n +

3n(n+ 1)(n− 1)ȧan−1

2n2 + 1
A1,n , (4.7.5)
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and

cn(t) = −(n+ 1)2(n− 1)2an+1

2(n+ 2)(2n2 + 1)
A1,n

− 3(n+ 1)(n2 − n+ 1)ȧan+1

(2n2 + 1)
A1,n . (4.7.6)

Substituting (4.7.5) and (4.7.6) into (4.7.4) and thence into (4.7.3) gives us an

amplitude evolution equation which determines the stability of our system,

namely

dA1,n

dt
=Mn(t)A1,n . (4.7.7)

where

Mn(t) = −(2n+ 1)(n− 1)(n+ 1)

2a(2n2 + 1)
− (n− 1)(4n+ 1)

2n2 + 1

ȧ

a
. (4.7.8)

4.7.2 Adiabatic gas case

Now we consider the adiabatic gas case where

pG =
k

a3γ
− BA1,n

a3γ−1
δn,0 , (4.7.9)

where

B =
3kγ

σ0a3γ−1 . (4.7.10)

Solving (4.5.41) and (4.5.42) simultaneously gives the following expressions for

cn(t) and dn(t)

dn(t) =
n(n+ 1)an−1

2(2n2 + 1)

(
(n+ 2)(n− 1) +

B
a3γ−1

δn,0

)
A1,n

+
3n(n+ 1)(n− 1)ȧan−1

2n2 + 1
A1,n , (4.7.11)
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and

cn(t) =− (n+ 1)2(n− 1)an+1

2(n+ 2)(2n2 + 1)

(
(n+ 2)(n− 1) +

B
a3γ−1

δn,0

)
A1,n

− 3(n+ 1)(n2 − n+ 1)ȧan+1

(2n2 + 1)
A1,n . (4.7.12)

Substituting (4.7.5) and (4.7.6) into (4.7.4) and thence into (4.7.3) gives us an

amplitude evolution equation which determines the stability of our system,

namely

dA1,n

dt
=Mn(t)A1,n . (4.7.13)

where

Mn(t) =− (2n+ 1)(n+ 1)

2a(n+ 2)(2n2 + 1)

(
(n− 1)(n+ 2) +

B
a3γ−1

δn,0

)
− (n− 1)(4n+ 1)

2n2 + 1

ȧ

a
. (4.7.14)

We can analyse the stability of (4.7.13) using Floquet theory as detailed in

Chapter 2. First, we integrate (4.7.13) with respect to t to obtain

A1,n(t) = A0 exp

(∫ t

0
Mn(s)ds

)
, (4.7.15)

where A1,n(0) = A0 and

∫ t

0
Mn(s)ds = −(n− 1)(4n+ 1)

2n2 + 1

∫ t

0

ȧ

a
ds

− (2n+ 1)(n+ 1)

2(n+ 2)(2n2 + 1)

(
(n− 1)(n+ 2)

∫ t

0

1

a
ds+ Bδn,0

∫ t

0

1

a3γ
ds

)
. (4.7.16)

Hence, we say that

ϕ(t) = exp

{∫ t

0
Mn(t

′)dt′
}

(4.7.17)

is a fundamental solution for A1,n(t) = A0ϕ(t). We can evaluate the following

integrals as ∫ t

0

ȧ

a
ds = log

(
a(t)

a(0)

)
, (4.7.18)
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where a(0) = 1 +∆ and

∫ t

0

1

a
ds =

2

Ca
√
1−∆2

arctan

(√
1−∆

1 +∆
tan

Ca t

2

)
. (4.7.19)

Therefore, for n ≥ 1, the solution to (4.7.13) is

A1,n(t) = A0

(
a

1 + ∆

)−α

exp

(
−β arctan

(
λ tan

Ca t

2

))
, (4.7.20)

where

α(n) =
2(n− 1)(4n+ 1)

2n2 + 1
, (4.7.21)

β(n,∆,Ca) =
(2n+ 1)(n+ 1)(n− 1)

Ca(2n2 + 1)
√
1−∆2

, (4.7.22)

λ(∆) =

√
1−∆

1 +∆
, (4.7.23)

and we define arctan(λ tanCa t/2) such that it is a continuous and increasing

function of t

arctan

(
λ tan

Ca t

2

)
= Arctan

(
λ tan

Ca t

2

)
+ (k − 1)π (4.7.24)

for max{0, (2k − 3)π} ≤ Ca t < (2k − 1)π , k = 1, 2, 3, ... ,

where we define

−π
2
≤ Arctan

(
λ tan

Ca t

2

)
<
π

2
,

to be the principal arctan branch. The fundamental solution to (4.7.13) is

ϕ(t) =

(
a

1 + ∆

)−α

exp

(
−β arctan

(
λ tan

Ca t

2

))
, (4.7.25)

where arctan is defined as in (4.7.24). As discussed in Section 2.5, the Floquet

multiplier is given by

exp

(
2π

Ca
s

)
= ϕ

(
2π

Ca

)
, (4.7.26)

where

ϕ

(
2π

Ca

)
= exp(−βπ) , (4.7.27)
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The Floquet exponent, s, is given by

s =
Ca

2π
log ϕ

(
2π

Ca

)
, (4.7.28)

which is determined up to the constant kCai for any k ∈ Z. From Floquet theory,

we can write (4.7.20) as

A1,n(t) = A0v(t)e
st , (4.7.29)

where v(t) is a periodic function. We can see that if Re(s) < 0 solutions tend

to zero, whilst if Re(s) > 0 solutions are unbounded as t → ∞. In this case, we

know what s is exactly

s = −Caβ

2
= −(2n+ 1)(n+ 1)(n− 1)

2(2n2 + 1)
√
1−∆2

, (4.7.30)

where we recall that 0 < ∆ < 1. The average curvature, κm of a bubble with

radius a = 1 +∆cos(Ca t) is given by

κm =
Ca

2π

∫ 2π
Ca

0

1

1 + ∆cos(Ca t)
dt =

1√
1−∆2

. (4.7.31)

Therefore, we can write the growth rate s as

s = −(2n+ 1)(n+ 1)(n− 1)

2(2n2 + 1)
κm , (4.7.32)

and thus is proportional to the average curvature of the oscillating bubble.

Important remarks follow immediately from (4.7.30):

1. For n ≥ 1 we have δn,0 = 0, so the gas pressure makes no O(ϵ) contribution

and the restoring effect is purely due to surface tension.

2. The n = 1 mode (rigid translation) is neutral because the geometric factor

(n− 1) vanishes in (4.7.30).

3. The n = 0 mode (volume change) requires separate treatment because the

gas pressure perturbation enters at leading order through δn,0 = 1.
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4. For n > 1 we have that s ∈ R and s < 0, which means that the solution to

(4.7.13) tends to 0 as t→ ∞ and the bubble remains stable.

5. If we take ∆ = 0, i.e. a = 1, in (4.7.30) we obtain the growth rate for the

steady bubble problem as shown in (4.6.12).

4.8 Surfactant transport equation

To extend our analysis of the spherical bubble problem, we now consider the

presence of an insoluble surfactant with surface concentration Γ, which is confined

to the interface and does not dissolve into the surrounding liquid. The surfactant

is convected along the interface by the surface velocity and also undergoes surface

diffusion. Its presence modifies the surface tension, σ, of the bubble, thereby

influencing the interfacial dynamics.

The evolution of the surfactant concentration along the interface is described by

the surface convection-diffusion equation

∂Γ

∂t
+∇s · (Γus) + 2Γκmun = Ds∇2

sΓ , (4.8.1)

where un = u · n̂ is the normal velocity of the interface, us = (I − n̂n̂) ·u is the

tangential (surface) velocity, ∇s = (I − n̂n̂) · ∇ is the surface gradient operator,

Ds is the surfactant diffusivity, and ∇2
s = ∇s ·∇s is the surface Laplacian operator

Blyth & Pozrikidis (2004); Stone & Leal (1990). The term 2Γκmun accounts for

interfacial stretching due to the normal motion of the bubble, with κm the mean

curvature.

To simplify the analysis, we non-dimensionalise (4.8.1) using characteristic scales

for length, velocity, time, and concentration:

Γ = Γ∞Γ∗ , us =
σc
µ
u∗
s , un =

σc
µ
u∗n , t =

aµ

σc
t∗ , (4.8.2a)

κm =
1

a
κ∗m , ∇s =

1

a
∇∗

s , (4.8.2b)
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where the ∗ denotes a dimensionless variable and Γ∞ is the maximum packing

concentration of surfactants, σc is the surface tension of a clean bubble, µ is the

dynamic viscosity of water and a is the mean base-state bubble radius.

Substituting (4.8.2) into (4.8.1) gives the dimensionless surfactant transport

equation

∂Γ

∂t
+∇s · (Γus) + 2Γκmun =

1

Pe
∇2

sΓ , (4.8.3)

where we have dropped the ∗ notation for simplicity. Here,

Pe =
aσc
µDs

, (4.8.4)

is the Péclet number, which measures the relative importance of convective

transport along the interface to surface diffusion.

4.8.1 Surface geometry and differential operators

To evaluate the terms appearing in the surfactant transport equation (4.8.1), we

first define the geometry of the axisymmetric, two-dimensional bubble surface.

The surface is given by

f(θ, t) = a(t) + ϵA1,nPn(cos θ) , (4.8.5)

where

a(t) = 1 +∆cos(Ca t) , (4.8.6)

as illustrated in Figure 4.8.1. Here, a(t) is the mean bubble radius, ϵA1,n is

the amplitude of the perturbation, and Pn(cos θ) is the Legendre polynomial of

degree n.

The outward unit normal vector to the surface, defined in (4.5.11), can be written

as

n̂ =
1

M

(
r̂ − fθ

f
θ̂

)
, M2(θ, t) = 1 +

f2θ
f2

, (4.8.7)

where the interface is given by r = f(θ, t), fθ = ∂f/∂θ, and M(θ, t) is a
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Figure 4.8.1: Schematic of the axisymmetric bubble surface described by r =
f(θ, t).

normalisation factor that ensures that n̂ has unit length.

The corresponding unit tangent vector in the meridional plane, defined in (4.5.15),

is given by

t̂ = ϕ̂× n̂ =
1

M

(
fθ
f
r̂ + θ̂

)
. (4.8.8)

Next, we express the surface gradient and Laplacian operators in the general

formalism of a two-dimensional surface embedded in three-dimensional space,

following Aris (2012); Stone & Leal (1990). This framework is required because

the interface is a curved, time-dependent surface, and standard Cartesian

differential operators must be reformulated in terms of local surface coordinates.

Let the surface be parametrised by curvilinear coordinates (ν(1), ν(2)) as

xs = xs(ν
(1), ν(2), t) . (4.8.9)

The associated covariant base vectors, which are tangent to the surface, are

defined by

dα =
∂xs

∂να
, α = 1, 2 . (4.8.10)
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These vectors form a local basis for the tangent plane at each point on the surface,

allowing surface fields to be expressed intrinsically. For example, the surface

velocity can be written as

us = uαdα , (4.8.11)

where uα are the contravariant components.

The surface metric tensor is defined by

dαβ = dα · dβ , (4.8.12)

which encodes the local geometric properties of the surface. Its inverse (or

contravariant metric) dαβ satisfies

dαβdβγ = δαγ , (4.8.13)

where δαγ is the Kronecker delta. The determinant of the metric tensor is denoted

by d = det(dαβ), and the element of arc length on the surface is

ds2 = dαβ dν
αdνβ . (4.8.14)

Throughout, we adopt the Einstein summation convention, whereby repeated

indices imply summation over α = 1, 2. This notation allows tensorial expressions

to be written compactly without explicit summation symbols.

With this formalism, the surface divergence and Laplacian operators appearing

in (4.8.1) can be written as

∇s · (Γus) =
1

d1/2
∂

∂να

(
Γd1/2uα

)
, (4.8.15)

and

∇2
sΓ =

1

d1/2
∂

∂να

(
d1/2dαβ

∂Γ

∂νβ

)
. (4.8.16)

This formulation allows us to rigorously evaluate all terms in the surfactant
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Figure 4.8.2: Schematic of a two-dimensional surface embedded in three-
dimensional space, parameterised by (ν(1), ν(2)).

transport equation (4.8.1) for arbitrary axisymmetric deformations of the

bubble surface.

4.8.2 Spherical surface

We now consider the simplest case of a spherical bubble with constant radius in

a fluid with axisymmetric motion. For a bubble with constant radius, we take

∆ = 0 in (4.3.9), which sets r = 1. Using spherical polar coordinates, we set

ν(1) = θ , ν(2) = ϕ ,

and Cartesian coordinates yi = (x, y, z) as

x = r sin θ cosϕ
∣∣
r=1

= sin θ cosϕ , (4.8.17)

y = r sin θ sinϕ
∣∣
r=1

= sin θ sinϕ , (4.8.18)

z = r cos θ
∣∣
r=1

= cos θ . (4.8.19)

The surface is then represented as

xs = x î+ y ĵ+ z k̂ , (4.8.20)
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with the surface velocity decomposed in the tangent basis as

us = u(1)d1 + u(2)d2 , (4.8.21)

where the covariant surface vectors are

d1 =
∂xs

∂θ
= cos θ cosϕ î+ cos θ sinϕ ĵ− sin θ k̂ = θ̂ , (4.8.22)

d2 =
∂xs

∂ϕ
= − sin θ sinϕ î+ sin θ cosϕ ĵ = sin θ ϕ̂ . (4.8.23)

Thus, the surface velocity can be expressed as

us = u(1)θ̂ + sin θ u(2)ϕ̂ . (4.8.24)

For an axisymmetric fluid, the azimuthal component of velocity vanishes, uϕ = 0,

so the tangential velocity at the bubble surface is obtained by projecting the fluid

velocity onto the tangent plane:

P · u|r=1 = (I − r̂r̂) · (urr̂ + uθθ̂)|r=1

= uθθ̂ , (4.8.25)

where P = I − n̂n̂ is the projection operator which removes the normal

component of a vector and, for a sphere, the normal vector is n̂ = r̂.

Comparing (4.8.24) and (4.8.25) gives

u(1) = uθ
∣∣
r=1

, u(2) = 0 , (4.8.26)

with

uθ = − 1

r sin θ

∂ψ

∂r

∣∣∣∣
r=1

, (4.8.27)

where ψ(r, θ, t) is the stream function defined in (4.2.13).

To compute the surface divergence and Laplacian, we first evaluate the entries of
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the surface metric tensor:

∂yi

∂να
=

xθ yθ zθ

xϕ yϕ zϕ

 , (4.8.28)

with

xθ = cos θ cosϕ , xϕ = − sin θ sinϕ ,

yθ = cos θ sinϕ , yϕ = sin θ cosϕ ,

zθ = − sin θ , zϕ = 0 .

The metric tensor entries are

d11 = x2θ + y2θ + z2θ = 1 , (4.8.29)

d22 = x2ϕ + y2ϕ + z2ϕ = sin2 θ , (4.8.30)

d12 = d21 = xθxϕ + yθyϕ + zθzϕ = 0 , (4.8.31)

so that

dαβ =

1 0

0 sin2 θ

 , d = det(dαβ) = sin2 θ . (4.8.32)

We can calculate the entries of the conjugate of the surface metric tensor using

results given by Aris (2012)

d11 =
d22
d

= 1 , (4.8.33)

d12 = d21 = −d12
d

= 0 , (4.8.34)

and

d22 =
d11
d

=
1

sin2 θ
. (4.8.35)

Using these results, the surface divergence (4.8.15) becomes

∇s · (Γus) =
1

sin θ

[
∂

∂θ
(Γ sin θu(1)) +

∂

∂ϕ
(Γ sin θu(2))

]
. (4.8.36)
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Substituting (4.8.26) gives

∇s · (Γus) =
1

sin θ

∂

∂θ
(Γ sin θuθ) . (4.8.37)

The surface Laplacian (4.8.16) reduces to

∇2
sΓ =

1

sin θ

∂

∂θ

(
sin θ

∂Γ

∂θ

)
, (4.8.38)

since Γ = Γ(θ, t) is axisymmetric.

Finally, the surfactant transport equation (4.8.1) on the spherical bubble becomes

∂Γ

∂t
+

1

sin θ

∂

∂θ
(Γ sin θuθ) + 2Γκmun =

1

Pe sin θ

∂

∂θ

(
sin θ

∂Γ

∂θ

)
. (4.8.39)

For an insoluble surfactant with no normal motion (un = 0), this reduces to the

classical form as given in, for example, Palaparthi et al. (2006):

∂Γ

∂t
+

1

sin θ

∂

∂θ
(Γ sin θuθ) =

1

Pe sin θ

∂

∂θ

(
sin θ

∂Γ

∂θ

)
. (4.8.40)

4.8.3 Axisymmetric deformed bubble surface

We now extend our analysis to a bubble with an axisymmetric deformation. The

radius of the bubble is perturbed as (4.8.5)

r = f(θ, t) = a(t) + ϵA1,nPn(cos θ) . (4.8.41)

As before, we use spherical polar coordinates and set the surface coordinates as

ν(1) = θ , ν(2) = ϕ ,
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with the Cartesian representation

x = f sin θ cosϕ , (4.8.42)

y = f sin θ sinϕ , (4.8.43)

z = f cos θ . (4.8.44)

The surface vector is

xs = x î+ y ĵ+ z k̂ . (4.8.45)

The covariant tangent vectors on the deformed surface are

d1 =
∂xs

∂θ
= fθr̂ + f θ̂ , (4.8.46)

d2 =
∂xs

∂ϕ
= f sin θ ϕ̂ , (4.8.47)

where fθ = ∂f/∂θ. The surface velocity is expressed in this basis as

us = u(1)d1 + u(2)d2 = fθu
(1)r̂ + fu(1)θ̂ + f sin θ u(2)ϕ̂ . (4.8.48)

The tangential velocity is obtained by projecting the fluid velocity onto the

deformed surface using the projection operator P = I − n̂n̂, where the normal

vector is

n̂ =
1

M

(
r̂ − fθ

f
θ̂

)
. (4.8.49)

Evaluating P · u gives

P · u
∣∣
r=f

=
1

M2

(
f2θ
f2
ur +

fθ
f
uθ

)
r̂ +

1

M2

(
uθ +

fθ
f
ur

)
θ̂ , (4.8.50)

where

M(θ, t)2 = 1 +
f2θ
f2

. (4.8.51)

Comparing (4.8.48) and (4.8.50), the surface velocity components are

u(1) =
1

M2

(
fθ
f2
ur +

1

f
uθ

)
, u(2) = 0 , (4.8.52)
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with

ur =
1

r2 sin θ

∂ψ

∂θ

∣∣∣∣
r=f

, uθ = − 1

r sin θ

∂ψ

∂r

∣∣∣∣
r=f

. (4.8.53)

The covariant metric tensor is computed from the tangent vectors:

d11 = d1 · d1 = f2 + f2θ , (4.8.54)

d22 = d2 · d2 = f2 sin2 θ , (4.8.55)

d12 = d21 = d1 · d2 = 0 , (4.8.56)

so that

dαβ =

f2 + f2θ 0

0 f2 sin2 θ

 , d = det(dαβ) = f2 sin2 θ(f2 + f2θ ) . (4.8.57)

The conjugate (inverse) metric tensor is

d11 =
1

f2 + f2θ
, d22 =

1

f2 sin2 θ
, d12 = d21 = 0 . (4.8.58)

Using the metric, the surface divergence (4.8.15) reduces to

∇s · (Γus) =
1

Mf2 sin θ

[
∂

∂θ

(
ΓMf2 sin θu(1)

)
+

∂

∂ϕ

(
ΓMf2 sin θu(2)

)]
,

(4.8.59)

which, using (4.8.52), becomes

∇s · (Γus) =
1

Mf2 sin θ

∂

∂θ

(
Γ sin θfθ
M

ur +
Γ sin θf

M
uθ

)
. (4.8.60)

Similarly, the surface Laplacian (4.8.16) simplifies under axisymmetry, where

Γ = Γ(θ, t), to

∇2
sΓ =

1

Mf2 sin θ

∂

∂θ

(
sin θ

M

∂Γ

∂θ

)
. (4.8.61)

Finally, the surfactant transport equation (4.8.1) on the deformed bubble surface
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is

∂Γ

∂t
+

1

Mf2 sin θ

∂

∂θ

(
Γ sin θfθ
M

ur +
Γ sin θf

M
uθ

)
+ 2Γκmun

=
1

PeMf2 sin θ

∂

∂θ

(
sin θ

M

∂Γ

∂θ

)
. (4.8.62)

If we linearise the surfactant transport equation (4.8.62) with respect to ϵ such

that

Γ(θ, t) = Γ0(t) + ϵΓ1,n(t)Pn(cos θ) , (4.8.63)

we get, by considering terms of O(1),

dΓ0

dt
+ 2

ȧ

a
Γ0(t) = 0 , (4.8.64)

which can be integrated to give

Γ0(t) =
c

a(t)2
, (4.8.65)

where c is a constant of integration and a(t) is given by

a(t) = 1 +∆cos(Ca t) . (4.8.66)

If we say that

Γ0

( π

2Ca

)
= ΓR , (4.8.67)

where ΓR is some given reference, dimensionless, value of surfactant

concentration, we can write the leading-order surfactant concentration as

Γ0 =
ΓR

a2
. (4.8.68)
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If we consider terms of O(ϵ) in (4.8.62) we get

dΓ1,n

dt
+ 2

ȧ

a
Γ1,n(t) + n(n+ 1)

1

Pe

Γ1,n(t)

a2

= −3n(n− 1)(2n− 1)ȧΓ0(t)

a2(2n2 + 1)
A1,n(t)

+
(n+ 1)Γ0(t)

2a2(2n2 + 1)

(
(n+ 2)(n− 1)σ0 +

B
a3γ−1

δn,0

)
A1,n(t)

+
(n+ 1)(2n2 − n+ 2)Γ0(t)

2a(2n2 + 1)
σ1 . (4.8.69)

To close the system, we require a constitutive relation expressing the surface

tension σ in terms of the surfactant concentration Γ. We adopt the

non-dimensional Langmuir equation of state (4.5.1), which relates these

quantities as

σ = 1 + βs ln (1− Γ(θ, t)) , (4.8.70)

where the parameter βs is defined by

βs =
RT Γ∞
σc

, (4.8.71)

with R the ideal gas constant, T the absolute temperature, Γ∞ the maximum

packing concentration, and σc the clean surface tension in the absence of

surfactants.

Substituting the perturbation expansion for Γ (4.8.63) into (4.8.70) and

linearising with respect to ϵ, we obtain expressions for the leading- and

first-order surface tension components:

σ0(t) = 1 + βs ln (1− Γ0(t)) , (4.8.72a)

and

σ1(t) = −βs
Γ1,n(t)

1− Γ0(t)
. (4.8.72b)
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4.9 Stability system for a bubble in an axisymmetric

geometry

In this section we set up stability systems for the bubble using coupled amplitude

evolution equation and surfactant transport equation.

4.9.1 Stability system for a constant base-state bubble radius

In this section we consider the simplified problem by assuming that the leading-

order bubble radius remains constant, which corresponds to setting ∆ = 0 in

(4.8.6) and thus a = 1. We will assume that the gas in the bubble obeys the

adiabatic law.

For this simplified case, the amplitude evolution equation (4.3.16) reduces to

dA1,n

dt
= −Gn(1, t) , (4.9.1)

where Gn is defined by (4.3.14) as

Gn = cnr
−n + dnr

2−n . (4.9.2)

Recall that the surfactant concentration is non-dimensionalised according to

(4.8.2)

Γ = Γ∞Γ∗ ,

where Γ∞ denotes the maximum (close-packed) surfactant concentration, and

Γ∗ is the corresponding dimensionless surface concentration. For notational

simplicity, the superscript ∗ is dropped in what follows. With this scaling, the

physically admissible range of the dimensionless surfactant concentration is

0 ≤ Γ ≤ 1 .

In the constant-radius base state considered here, the leading-order surfactant
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concentration (4.8.68) is uniform and given by

Γ0 = ΓR ,

where ΓR is a prescribed reference value. The leading-order surface tension

(4.8.72a) is then

σ0 = 1 + βs ln(1− ΓR) .

Since surface tension must remain non-negative for physical consistency, we

require

1 + βs ln(1− ΓR) ≥ 0 . (4.9.3)

Inequality (4.9.3) imposes a strict upper bound on the permissible values of ΓR.

Solving for ΓR gives

ln(1− ΓR) ≥ − 1

βs
=⇒ 1− ΓR ≥ e−1/βs ,

and hence

0 ≤ ΓR ≤ 1− e−1/βs . (4.9.4)

Therefore, although the nondimensionalisation allows ΓR to take values up to

unity, the requirement of non-negative surface tension restricts the admissible

reference concentration to the smaller interval (4.9.4). This restriction becomes

increasingly severe as the parameter βs increases. In the limit of strong surfactant

effects (βs ≫ 1), only relatively small values of ΓR are permissible, whereas for

weak surfactant effects (βs ≪ 1), the upper bound approaches ΓR → 1.

The first-order surface tension perturbation term is now given by

σ1(t) = −βs
Γ1,n(t)

1− ΓR
. (4.9.5)

Solving the components of the dynamic stress condition (4.5.41) and (4.5.42)
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simultaneously gives us

dn(t) =
n(n+ 1)

2(2n2 + 1)
((n+ 2)(n− 1)σ0 + Bδn,0)A1,n(t)

− n(n+ 1)(n− 1)βs
2(2n2 + 1)

Γ1,n(t)

1− ΓR
, (4.9.6)

and

cn(t) = − (n+ 1)2(n− 1)

2(n+ 2)(2n2 + 1)
((n+ 2)(n− 1)σ0 + Bδn,0)A1,n(t)

− (n+ 1)(n2 − n+ 1)βs
2(2n2 + 1)

Γ1,n(t)

1− ΓR
, (4.9.7)

Substituting (4.9.6) and (4.9.7) into (4.9.2) and thence into (4.9.1) yields the

following amplitude evolution equation

dA1,n

dt
= −(2n+ 1)(n+ 1)A1,n

2(n+ 2)(2n2 + 1)
((n+ 2)(n− 1)σ0 + Bδn,0)

+
(n+ 1)βs
2(2n2 + 1)

Γ1,n(t)

1− ΓR
. (4.9.8)

The linearised surfactant transport equation (4.8.69) becomes

dΓ1,n

dt
+ n(n+ 1)

1

Pe
Γ1,n(t)

=
(n+ 1)ΓR

2(2n2 + 1)
((n+ 2)(n− 1)σ0 + Bδn,0)A1,n(t)

− (n+ 1)(2n2 − n+ 2)βsΓR

2(2n2 + 1)

Γ1,n(t)

1− ΓR
, (4.9.9)

where we recall that B is defined in (4.5.43) and is given by

B =
3kγ

σca3γ−1 . (4.9.10)

We can write the linear system (4.9.8) and (4.9.9) as a matrix equation such that

d

dt

A1,n(t)

Γ1,n(t)

 =

m1 m2

m3 m4


A1,n(t)

Γ1,n(t)

 , (4.9.11)
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where the matrix entries mi, i = 1, ..., 4 are given by

m1 = −2n+ 1

n+ 2
LΠ , m2 =

βs
1− ΓR

L ,

m3 = ΓRLΠ , m4 = −βs(2n
2 − n+ 2)ΓR

1− ΓR
L− n(n+ 1)

Pe
, (4.9.12)

and

Π = (n+ 2)(n− 1)σ0 + Bδn,0 , L =
n+ 1

2(2n2 + 1)
. (4.9.13)

The general solution to (4.9.11) is given by

(A1,n,Γ1,n)
T = c1e

λ1tv1 + c2e
λ2tv2 , (4.9.14)

where c1 and c2 are constants to be determined and λ1 and λ2 are the eigenvalues

of the matrix

M =

m1 m2

m3 m4

 , (4.9.15)

and v1 and v2 are the corresponding eigenvectors. The eigenvalues of (4.9.15)

are given by

λ1,2 = λ± =
m1 +m4

2
±

√(
m1 +m4

2

)2

− (m1m4 −m2m3) . (4.9.16)

To calculate the eigenvectors we need to solve

Mv1 = λ1v1 and Mv2 = λ2v2 . (4.9.17)

This gives us

v1 =

 1

(λ1 −m1)/m2

 and v2 =

 1

(λ2 −m1)/m2

 . (4.9.18)
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4.9.2 Sign of the eigenvalues and modal stability

The eigenvalues governing the linear stability of the coupled amplitude-surfactant

system are given by

λ1,2 = − 2n+ 1

2(n+ 2)
LΠ− βs(2n

2 − n+ 2)ΓR

2(1− ΓR)
L− n(n+ 1)

2Pe

±

[(
− 2n+ 1

2(n+ 2)
LΠ− βs(2n

2 − n+ 2)ΓR

2(1− ΓR)
L− n(n+ 1)

2Pe

)2

− 2βsn(2n
2 + 1)ΓR

(n+ 2)(1− ΓR)
L2Π− n(n+ 1)(2n+ 1)

(n+ 2)Pe
LΠ

]1/2
, (4.9.19)

where we recall that L and Π are defined as in (4.9.13) as

L =
n+ 1

2(2n2 + 1)
, Π = (n+ 2)(n− 1)σ0 + Bδn,0 . (4.9.20)

Since L > 0 for all n ≥ 0, the sign of the eigenvalues is governed primarily

by the sign of Π and the trace of the system matrix. We define the half-trace

contribution

T =
m1 +m4

2
= − 2n+ 1

2(n+ 2)
LΠ− βs(2n

2 − n+ 2)ΓR

2(1− ΓR)
L− n(n+ 1)

2Pe
. (4.9.21)

The second term in (4.9.21) is non-positive and the third term is strictly negative

for 0 ≤ ΓR < 1 and n ≥ 1, respectively. The sign of the first term depends on Π,

which we now examine case by case.

Case n ≥ 2: shape modes

For non-axisymmetric modes n ≥ 2 we have

(n+ 2)(n− 1) > 0 , (4.9.22)

and since σ0 ≥ 0 by (4.9.3), it follows that

Π = (n+ 2)(n− 1)σ0 ≥ 0 . (4.9.23)



110 Chapter 4: Stability analysis for an axisymmetric bubble

Consequently, one term in (4.9.21) is non-positive and the other two are strictly

negative, and hence

T < 0 , for n ≥ 2 . (4.9.24)

Next, consider the discriminant appearing in (4.9.19). Writing it as

D = T 2 + S , (4.9.25)

where

S = −2βsn(2n
2 + 1)ΓR

(n+ 2)(1− ΓR)
L2Π− n(n+ 1)(2n+ 1)

(n+ 2)Pe
LΠ . (4.9.26)

As βs > 0 and 0 ≤ ΓR < 1, we observe that

S ≤ 0 , for n ≥ 2 , (4.9.27)

and therefore

0 < D ≤ T 2 . (4.9.28)

It follows immediately that

λ1,2 = T ±
√
D ≤ 0 , n ≥ 2 . (4.9.29)

Hence, all non-axisymmetric shape modes are linearly stable where here we define

λ1 = T +
√
D and λ2 = T −

√
D, so that λ1 is the dominant eigenvalue.

Proposition 4.9.1 (Surfactant-enhanced stability). For all modes n ≥ 2 and any

physically admissible non-zero surfactant concentration 0 < ΓR < 1 with βs > 0,

consider the linearised amplitude–surfactant system (4.9.11), whose eigenvalues

are

λ1,2 = T ±
√
D , (4.9.30)

with

T = − 2n+ 1

2(n+ 2)
LΠ− βs(2n

2 − n+ 2)ΓR

2(1− ΓR)
L− n(n+ 1)

2Pe
. (4.9.31)
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Then the dominant eigenvalue, λ1, satisfies

λ2 < λ1 < λclean , (4.9.32)

where

λclean = −2n+ 1

n+ 2
LΠ− n(n+ 1)

2Pe
(4.9.33)

is the eigenvalue corresponding to the clean interface limit (βs = 0).

Consequently, the presence of surfactant strictly enhances the linear stability of

all non-axisymmetric modes, since both eigenvalues are more negative than the

corresponding clean-interface value.

Proof. From the definitions above, we have

2T = λclean −
βs(2n

2 − n+ 2)ΓR

1− ΓR
L . (4.9.34)

The second term is strictly negative for 0 < ΓR < 1, βs > 0 and n ≥ 2. Therefore

2T < λclean =⇒ T <
λclean
2

. (4.9.35)

Next, consider the discriminant D in the eigenvalue formula:

λ1,2 = T ±
√
D.

From the structure of (4.9.19), for 0 < ΓR < 1 and βs > 0, we have 0 <
√
D < |T |

for n ≥ 2, so that

λ1 = T +
√
D < T + |T | = 0 . (4.9.36)

Comparing with the clean-interface growth rate, we have

λ1 < 2T < λclean . (4.9.37)
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Therefore, the dominant eigenvalue in the presence of surfactant is strictly smaller

than the clean-interface growth rate, proving that surfactants enhance stability

for all modes n ≥ 2.

Case n = 1: translational mode

For n = 1 we have

Π = 0 , and L =
1

3
. (4.9.38)

The eigenvalues (4.9.19) reduce to

λ1 = 0 , λ2 = − βsΓR

1− ΓR
− 2

Pe
< 0 . (4.9.39)

The zero eigenvalue corresponds to rigid translation of the bubble and reflects

the translational invariance of the governing equations.

Case n = 0: radial mode

For n = 0 the quantity Π becomes

Π = −2σ0 + B and L =
1

2
, (4.9.40)

where we recall that B is defined in (4.9.10) and is given by

B =
3kγ

σca3γ−1 , (4.9.41)

and the eigenvalues (4.9.19) simplify to

λ1 =
1

2

[
1 + βs ln(1− ΓR)−

2βsΓR

1− ΓR
− B

2

]
, λ2 = 0 . (4.9.42)

The neutral eigenvalue again reflects the invariance of the base state, while the

sign of λ1 determines the stability of the radially symmetric mode. This mode

alone can become unstable, depending on the balance between surface tension

and gas compressibility.
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In summary, the linear stability analysis shows that the coupled

amplitude–surfactant dynamics possess a fundamentally stabilising structure.

All non-axisymmetric shape modes n ≥ 2 are linearly stable, with both

eigenvalues non-positive and strictly more negative in the presence of surfactant

than in the corresponding clean-interface limit.

The translational mode n = 1 remains neutrally stable due to invariance under

rigid translations of the bubble centre, while the second eigenvalue is strictly

damped by surfactant and diffusive effects.

Consequently, insoluble surfactant acts to suppress perturbations and enhances

the decay of shape deformations. The radially symmetric mode n = 0 is the

only mode capable of instability, with its stability governed by the competition

between capillary, surfactant and compressibility effects.

4.9.3 Stability system for a bubble with a time-dependent base-

state radius

We now turn to the stability of a bubble whose leading-order radius varies

periodically in time. This regime arises when the forcing parameter ∆ in (4.8.6)

is non-zero, corresponding physically to an oscillatory base-state driven, for

example, by an imposed acoustic field or time-dependent ambient conditions. In

contrast to the constant-radius configuration analysed previously, the

unperturbed bubble radius now undergoes prescribed temporal oscillations,

introducing parametric forcing into the perturbation dynamics.

Specifically, we take

a(t) = 1 +∆cos(Ca t) , (4.9.43)

where ∆ denotes the oscillation amplitude and Ca sets the forcing frequency.

The period of (4.9.43) is

T =
2π

Ca
. (4.9.44)

The time dependence of the base state fundamentally alters the structure of



114 Chapter 4: Stability analysis for an axisymmetric bubble

the linear stability problem: the coefficients governing the evolution of shape and

surfactant perturbations are now explicitly time-periodic, and classical eigenvalue

analysis must be replaced by a Floquet framework.

As in the constant-radius case, we consider perturbations of mode n. However,

the temporal modulation of a(t) couples directly into the amplitude equations

through both kinematic effects and surfactant transport, giving rise to a non-

autonomous linear system. The aim of this section is to derive the governing

stability system for each mode n, which will later be analysed using Floquet

theory to determine conditions for parametric growth or decay.

For this regime, the amplitude evolution equation is given by (4.3.16)

dA1,n

dt
+

2ȧ

a
A1,n = −Gn(a, t)

a2
, (4.9.45)

where Gn is defined by (4.3.14) as

Gn(a, t) = cn(t)a
−n + dn(t)a

2−n . (4.9.46)

Solving the components of the dynamic stress condition (4.5.41) and (4.5.42)

simultaneously gives us

dn =
n(n+ 1)an−1

2(2n2 + 1)
((n+ 2)(n− 1)σ0 + Bδn,0)A1,n

+
3n(n+ 1)(n− 1)ȧan−1

2n2 + 1
A1,n − n(n+ 1)(n− 1)an

2(2n2 + 1)
σ1 , (4.9.47)

and

cn(t) = −(n+ 1)2(n− 1)an+1

2(n+ 2)(2n2 + 1)
((n+ 2)(n− 1)σ0 + Bδn,0)A1,n

− 3(n+ 1)(n2 − n+ 1)ȧan+1

2n2 + 1
A1,n +

(n+ 1)(n2 − n+ 1)an+2

2(2n2 + 1)
σ1 , (4.9.48)

Substituting (4.9.47) and (4.9.48) into (4.9.46) and thence into (4.9.45) yields the



4.9 Stability system for a bubble in an axisymmetric geometry 115

following amplitude evolution equation

dA1,n

dt
= −(n− 1)(4n+ 1)

2n2 + 1

ȧ

a
A1,n

− (2n+ 1)(n+ 1)A1,n

2(n+ 2)(2n2 + 1)
((n+ 2)(n− 1)σ0 + Bδn,0)−

(n+ 1)

2(2n2 + 1)
σ1 .

(4.9.49)

Equation (4.9.49) is a generalisation of (4.6.11) taking into account that a(t) is

a function of time and surface tension σ can vary on the surface of the bubble.

The leading-order and first-order values of surface tension are given by

σ0 = 1 + βs ln(1− Γ0(t)) , (4.9.50)

and

σ1 = −βs
Γ1,n(t)

1− Γ0(t)
. (4.9.51)

The leading-order surfactant concentration is now given by (4.8.68)

Γ0 =
ΓR

a2
, (4.9.52)

and the equation for the first-order perturbation is

dΓ1,n

dt
+ 2

ȧ

a
Γ1,n(t) + n(n+ 1)

1

Pe

Γ1,n(t)

a2

= −3n(n− 1)(2n− 1)ȧΓR

a4(2n2 + 1)
A1,n

+
(n+ 1)ΓR

2a4(2n2 + 1)

(
(n+ 2)(n− 1)σ0 +

B
a3γ−1

δn,0

)
A1,n

− (n+ 1)(2n2 − n+ 2)βsΓR

2a(2n2 + 1)(a2 − ΓR)
Γ1,n . (4.9.53)

We can then write the bubble stability system as

d

dt

A1,n(t)

Γ1,n(t)

 =

m1(t) m2(t)

m3(t) m4(t)


A1,n(t)

Γ1,n(t)

 , (4.9.54)
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where the matrix entries mi(t), i = 1, ..., 4 are periodic functions of time given by

m1(t) = −(n− 1)(4n+ 1)

2n2 + 1

ȧ

a
− 2n+ 1

a(n+ 2)
LΠ(t) , (4.9.55)

m2(t) =
a2βs

a2 − ΓR
L ,

m3(t) = −3(n− 1)(2n− 1)

(2n2 + 1)

ȧ

a4
+

ΓR

a4
LΠ(t) ,

m4(t) = −(2n2 − n+ 2)βsΓR

a(a2 − ΓR)
L− 1

Pe

n(n+ 1)

a2
− 2

ȧ

a
, (4.9.56)

and

Π(t) = (n+ 2)(n− 1)σ0(t) +
B

a3γ−1
δn,0 , L =

n+ 1

2(2n2 + 1)
. (4.9.57)

As our stability system (4.9.54) is in the form

dx

dt
= A(t)x , (4.9.58)

where the entries of A(t) are all periodic with period T , we can analyse its

stability via Floquet theory. By (2.5.23), the solution to (4.9.54) is given by

x(t) = (A1,n(t),Γ1,n(t))
T = es1tv1(t) + es2tv2(t) , (4.9.59)

where s1, s2 are the Floquet exponents and v1(t),v2(t) are periodic with period

T . Using the method outlined in Section 2.5 we need to integrate the system

(4.9.54) over one time period with the initial condition x(0) = x0. These will

give the entries of the fundamental matrix Φ(t). The eigenvalues of this matrix,

λ1,2 are related to the Floquet exponents via

s1,2 =
1

T
log(λ1,2) , (4.9.60)

which is determined up to a constant. We can see that if either Re(s1,2) > 0, the

solutions of (4.9.54) are unstable, if both Re(s1,2) < 0, they are stable.

We now show that the Floquet exponents associated with (4.9.54) are independent
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of the capillary number Ca. We rewrite (4.9.54) as

dA1,n

dt
+ α1

ȧ

a
A1,n =

α2(t)

a
A1,n +m2(t)Γ1,n , (4.9.61a)

dΓ1,n

dt
+ 2

ȧ

a
Γ1,n = m3(t)A1,n + α3(t)Γ1,n , (4.9.61b)

where

α1 =
(n− 1)(4n+ 1)

2n2 + 1
, α2(t) = −2n+ 1

n+ 2
LΠ(t) , (4.9.62a)

and

α3(t) = −(2n2 − n+ 2)βsΓR

a3
L− 1

Pe

n(n+ 1)

a2
. (4.9.62b)

Multiplying the first equation of (4.9.61) by aα1 and the second by a2 gives

d

dt
(aα1A1,n) =

α2(t)

a
(aα1A1,n) +m2(t)a

α1Γ1,n , (4.9.63a)

d

dt

(
a2Γ1,n

)
= m3(t)a

2A1,n + α3(t)
(
a2Γ1,n

)
. (4.9.63b)

Since the coefficients are periodic with period T , Floquet theory implies that

solutions may be written in the form

A1,n(t) = estu(t) , (4.9.64a)

Γ1,n(t) = estv(t) , (4.9.64b)

where u(t) and v(t) are periodic functions with period T , and s is a Floquet

exponent.

Substituting (4.9.64) into (4.9.63a), dividing through by aα1A1,n, and integrating

over one period gives

∫ T

0

d

dt
(aα1A1,n)

aα1A1,n
dt =

∫ T

0

α2(t)

a
dt+

∫ T

0
m2(t)

Γ1,n

A1,n
dt . (4.9.65)
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Using

Γ1,n

A1,n
=
v(t)

u(t)
, (4.9.66)

together with the periodicity of a(t), u(t), and v(t), we obtain

log

(
A1,n(T )

A1,n(0)

)
= sT =

∫ T

0

α2(t)

a
dt+

∫ T

0
m2(t)

v(t)

u(t)
dt . (4.9.67)

Hence,

s =
1

T

∫ T

0

α2(t)

a
dt+

1

T

∫ T

0
m2(t)

v(t)

u(t)
dt . (4.9.68)

An analogous expression follows from (4.9.63b), namely

s =
1

T

∫ T

0
m3(t)

u2(t)

v2(t)
dt+

1

T

∫ T

0
α3(t) dt . (4.9.69)

Now observe that all coefficient functions depend on time only through the

combination Ca t as

a(t) = 1 +∆cos(Ca t) . (4.9.70)

Thus all integrals appearing in (4.9.68) and (4.9.69) are of the form

J =
1

T

∫ T

0
f(Ca t) dt , T =

2π

Ca
. (4.9.71)

Introducing the change of variables

τ = Ca t , dt =
dτ

Ca
, (4.9.72)

gives

J =
1

2π

∫ 2π

0
f(τ) dτ , (4.9.73)

which is independent of Ca. Therefore, the Floquet exponents are independent

of the capillary number Ca.

For the surfactant transport equation (4.9.53), the relative importance of surface
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diffusion is quantified by the Péclet number

Pe =
a σ

µDs
,

which compares Marangoni-driven surface convection to surface diffusion. Using

values of a, µ and σc from Table 2.1 and the estimated value of Ds for a surface

in water which can be found in (see, for example, Li & He, 2023, p.13) of 10−10

we estimate the Péclet number as

Pe ∼ 50× 10−9 × 50× 10−3

10−10 × 10−3
∼ 104 , (4.9.74)

and hence

1

Pe
∼ 10−4 . (4.9.75)

Consequently, the prefactor Pe−1 multiplying the surface Laplacian in the

nondimensional surfactant transport equation (4.9.53) is asymptotically small.

In this regime, surfactant redistribution is dominated by advection along the

interface, while surface diffusion acts only as a weak regularising mechanism. To

leading order, the diffusive contribution may therefore be neglected, yielding a

convection-dominated transport equation. This approximation is consistent with

previous theoretical studies of insoluble surfactants on bubbles and drops at large

Péclet number, and it captures the physically relevant limit for nanobubbles in

xylem, where persistent surfactant gradients and strong Marangoni stresses are

expected to arise.

From Floquet theory, the growth rates s1 and s2 can be evaluated numerically

for any prescribed set of parameters. However, care must be taken when

interpreting these results, as the numerical procedure alone does not enforce

physical admissibility. For example, when n = 2, ∆ = 0.2, Ca = 1, γ = 1 and

ΓR = 0.25, the real part of the Floquet exponent Re(s1) appears to attain

positive values, as shown in Figure 4.9.1.
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Crucially, the parameter combinations corresponding to positive growth rates

violate the surfactant constraint (4.9.3) which ensures that we do not have a

negative value of surface tension, viz.

1 + βs ln(1− ΓR) ≥ 0 , (4.9.76)

where we recall that βs, given by (4.5.7c), is a dimensionless measure of the

effectiveness of the surfactant and ΓR is some given reference dimensionless

value of surfactant concentration such that ΓR = Γ0(π/(2Ca)). Therefore, the

positive growth rates are not physically realisable. When this constraint is

enforced, the apparent region of instability is eliminated entirely. Consequently,

although positive Floquet growth rates may arise mathematically for

unconstrained parameter values, they do not correspond to physically viable

states of the system. This highlights the importance of incorporating physical

constraints when assessing stability and motivates the use of constrained global

optimisation to determine whether instability is possible within the admissible

parameter regime.
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Figure 4.9.1: The green region represents stability and the red region represents
instability. The dashed horizontal line indicates the maximum allowed value of
βs that satisfies (4.9.76) when ΓR = 0.25.
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4.9.4 Global optimisation of Floquet growth rates

The stability system (4.9.54) is linear with time-periodic coefficients and can

therefore be analysed using Floquet theory. As discussed previously, the

stability of the system is determined by the real parts of the Floquet exponents

s1 and s2, which are obtained from the eigenvalues of the fundamental matrix

over one forcing period. While these growth rates can be computed numerically

for any fixed parameter set, establishing whether instability is possible requires

a systematic exploration of a high-dimensional and constrained parameter

space.

A direct parameter sweep is computationally expensive and risks missing isolated

regions of instability. For this reason, we employ global optimisation techniques,

as discussed in Chapter 3, which are designed to locate global extrema of objective

functions defined over complex, non-convex landscapes. These methods are well

suited to the present problem, where the dependence of the Floquet exponents

on the parameters is highly nonlinear and involves numerical integration of the

governing system over one period.

Objective function and constraints

Instability of the system corresponds to Re(si) > 0 for at least one Floquet

exponent. However, standard global optimisation algorithms are formulated as

minimisation problems. To identify the largest possible growth rate, we therefore

minimise the negative of the maximum Floquet exponent. Specifically, we define

the objective function

J(βs,ΓR,∆) = min(−Re(s1),−Re(s2)), (4.9.77)

so that minimising J is equivalent to maximising max(s1, s2). If the optimal

value of max(Re(s1),Re(s2)) is negative, the system is linearly stable.

The optimisation is subject to the physical constraint (4.9.3) arising from
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surfactant coverage,

−ΓR + (1− e−1/βs)(1−∆)2 ≤ 0 , (4.9.78)

which ensures that the surfactant concentration remains physically admissible.

The parameter space is explored over the ranges

βs ∈ [βmin, 5] , ΓR ∈ [0.1,ΓR,max] , ∆ ∈ [∆min, 0.99] , (4.9.79)

where

βmin = 0.1 , ∆min = 0.1 , ΓR,max = (1−∆min)
2(1− e−1/βmin) . (4.9.80)

Genetic Algorithm

Genetic Algorithms (GA), as discussed in Section 3.3, are population-based global

optimisers inspired by evolutionary processes such as selection, crossover, and

mutation. A population of candidate parameter sets is evolved over successive

generations, with individuals producing larger Floquet growth rates preferentially

retained. This approach is particularly effective at exploring large parameter

spaces and avoiding premature convergence to local extrema.

In the present problem, each individual corresponds to a parameter triplet

(βs,ΓR,∆). The fitness function is taken to be −J , so that individuals yielding

larger growth rates are favoured. Constraint violations are handled by rejecting

infeasible individuals during the population update.

The results obtained using the Genetic Algorithm are summarised in Table 4.1.

The Matlab code used for these calculations is in Appendix A1. For all mode

numbers n considered, the optimal growth rates remain strictly negative,

indicating stability. The optimiser consistently converges toward values of βs,

ΓR and ∆ close to their lower bounds, identifying these as the regions of



4.9 Stability system for a bubble in an axisymmetric geometry 123

parameter space most favourable for instability. The persistence of strictly

negative Floquet growth rates even in this regime demonstrates that linear

instability is precluded for all physically admissible parameter values.

n value Optimal βs Optimal ΓR Optimal ∆ max(s1, s2) Stable

2 0.1 0.1 0.1 -0.013794 Yes

3 0.10006 0.1 0.10007 -0.019743 Yes

10 0.1 0.1002 0.1 -0.060314 Yes

50 0.1 0.1 0.1 -0.29066 Yes

Table 4.1: Table of results for Genetic Algorithm for n = 2, 3, 10, 50.

Simulated Annealing

Simulated Annealing (SA), as discussed in Section 3.4, is a stochastic optimisation

method inspired by thermodynamic cooling processes. Unlike population-based

approaches, SA evolves a single candidate solution, allowing occasional uphill

moves with a probability that decreases as the algorithm progresses. This enables

the method to escape local minima at early stages while converging toward a

global optimum at later stages.

The same objective function, constraints, and parameter ranges used for the GA

are employed for the SA optimisation. Candidate moves that violate the physical

constraint are rejected. The results are presented in Table 4.2 and show close

agreement with those obtained using the Genetic Algorithm, both in terms of the

optimal parameter values and the resulting Floquet growth rates. The Matlab

code for these calculations is in Appendix A2.

Discussion and conclusions

Both global optimisation methods consistently predict negative values of the

maximum Floquet exponent across all tested values of n, providing evidence
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n value Optimal βs Optimal ΓR Optimal ∆ max(s1, s2) Stable

2 0.10031 0.1 0.10642 -0.013903 Yes

3 0.1004 0.1 0.1 -0.019801 Yes

10 0.10004 0.10008 0.10011 -0.060383 Yes

50 0.10046 0.10013 0.10004 -0.29242 Yes

Table 4.2: Table of results for Simulated Annealing for n = 2, 3, 10, 50.

that the system remains linearly stable within the physically admissible

parameter regime. Moreover, the numerical values of the growth rates obtained

using the Genetic Algorithm and Simulated Annealing are very similar across

the parameter space, indicating that both optimisers converge to essentially the

same extrema. This close quantitative agreement increases confidence that the

true global maximum of the growth rate has been accurately identified, rather

than an artefact of a particular optimisation strategy.

Although isolated regions of apparent instability may arise when physical

constraints are ignored, as illustrated in Figure 4.9.1, enforcing the surfactant

constraint eliminates these regions entirely. In all physically relevant cases, the

optimised growth rates remain negative and of comparable magnitude for both

methods.

Taken together, these results support the conclusion that surfactant-covered

nanobubbles are dynamically stable under periodic forcing, with no evidence of

linear instability for physically realistic parameter values.



5

Stability analysis for a

non-axisymmetric bubble

Synopsis

The aim of this section is to expand our investigation by removing the

simplification we made in the previous section by allowing the system

to vary in the azimuthal direction.

5.1 Stokes equation

We continue to work in spherical polar coordinates (r, θ, ϕ). To study the stability

of the bubble surface, we introduce a small perturbation of the spherical state in

the form

r = f(θ, ϕ, t) = a(t) + ϵRe

{ ∞∑
n=0

n∑
m=−n

A1,m,n(t)P
m
n (cos θ)eimϕ

}
, (5.1.1)

where

a(t) = 1 +∆cos(Ca t) .

Here, Re denotes taking the real part, ϵ ≪ 1, Pm
n denotes the associated

Legendre polynomial of degree n and order m, and A1,m,n(t) is the complex

amplitude associated with the (m,n) spherical harmonic mode. The integer

n ≥ 0 represents the polar mode number, while m satisfies 0 ≤ m ≤ n and

determines the azimuthal dependence of the perturbation. Since the physical
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bubble radius must be real-valued, we take the real part of the spherical

harmonic expansion in (5.1.1).

In what follows, the governing equations will be analysed mode-by-mode, treating

each pair (m,n) separately.

We can plot (5.1.1) by taking ∆ = 0, ϵ = 0.15, A1,m,n = 1 and

f = 1 + 0.15Pm
n (cos θ) cos(mϕ) , (5.1.2)

and this is shown in Figures 5.1.1 and 5.1.2. We can see from Figure 5.1.2 that

the mode (n,m) = (1, 0) represents a rigid translation in the z-direction and the

mode (n,m) = (1, 1) represents a rigid translation in the −x-direction.

Figure 5.1.1: Plot of (5.1.2) for various modes (n,m).

All variables in this chapter are non-dimensional as in the previous chapter. We
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Figure 5.1.2: Plot of (5.1.2) in the z − x plane for various modes (n,m). The
dashed circle represents the unperturbed bubble at r = 1.

again assume that the Laplace number, La, is sufficiently small such that the

effects of inertia are negligible in comparison to the effects of viscosity in the

Navier–Stokes equation (2.1.18). As such, we will model the bubble using the

non-dimensional Stokes equation

∇2u = ∇p , (5.1.3a)

∇ · u = 0 , (5.1.3b)

where u is the velocity field given by u = urr̂+uθθ̂+uϕϕ̂, p is the pressure. We

perturb the flow by setting

u = u0 + ϵu1 , (5.1.4)

p = p0 + ϵp1 , (5.1.5)
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where the subscript 0 represents an unperturbed base state and the subscript 1

indicates a first-order perturbed state. We now substitute (5.1.4) and (5.1.5) into

(5.1.3) which, after comparing coefficients of powers of ϵ gives us

∇2u0 = ∇p0 , (5.1.6a)

∇ · u0 = 0 , (5.1.6b)

and

∇2u1 = ∇p1 , (5.1.7a)

∇ · u1 = 0 . (5.1.7b)

We assume that the base state flow is purely radial and is hence irrotational and

can be expressed as

u0 = ∇Φ , (5.1.8)

where Φ is a velocity potential. Consequently, (5.1.6a) reduces to

∇p0 = 0 , (5.1.9)

as

∇2(∇Φ) = ∇(∇ · ∇Φ)−∇× (∇×∇Φ) = 0 , (5.1.10)

using (5.1.6b). Therefore, we conclude that p0(t) is a function of time only. As

in the previous section, we find that the basic state velocity is

u0 =
a2ȧ

r2
r̂ . (5.1.11)

Taking the divergence of (5.1.3), we find that the pressure perturbation satisfies

Laplace’s equation,

∇2p1 = 0 . (5.1.12)

Following the approach of, for example, Kim & Karrila (2005), we expand the
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solution in terms of solid spherical harmonics. Thus

p1 =

∞∑
n=−∞

pn , (5.1.13)

where pn denotes a solid spherical harmonic of order n. Harmonic functions

in spherical coordinates consist of both regular harmonics, proportional to rn,

and decaying harmonics, proportional to r−n−1, where in both cases the degree

satisfies n ≥ 0. Accordingly, for n ≥ 0, the regular solid harmonics are written as

pn = rn
n∑

m=−n

amnP
m
n (cos θ)eimϕ , (5.1.14)

while the decaying solid harmonics are

p−n−1 = r−n−1
n∑

m=−n

amnP
m
n (cos θ)eimϕ . (5.1.15)

Here, amn are constants. The notation p−n−1 refers only to the radial dependence

r−n−1 and does not imply Legendre polynomials of negative degree.

Equation (5.1.7a) admits the general solution, known as the Lamb solution Lamb

(1932),

u1 =

∞∑
n=−∞
n̸=−1

[
(n+ 3)r2∇pn

2(n+ 1)(2n+ 3)
− nrpn

(n+ 1)(2n+ 3)

]

+

∞∑
n=−∞

[∇Φn +∇× (rχn)] , (5.1.16)

where r = rr̂ is the position vector, and Φn and χn are solid harmonics. For

n ≥ 0, the regular harmonics are given by

Φn = rn
n∑

m=−n

bmnP
m
n (cos θ)eimϕ , (5.1.17)

χn = rn
n∑

m=−n

cmnP
m
n (cos θ)eimϕ , (5.1.18)
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where bmn and cmn are constants, while the decaying harmonics are

Φ−n−1 = r−n−1
n∑

m=−n

bmnP
m
n (cos θ)eimϕ , (5.1.19)

χ−n−1 = r−n−1
n∑

m=−n

cmnP
m
n (cos θ)eimϕ . (5.1.20)

Because the net volumetric expansion or contraction of the bubble is already

entirely accounted for by the purely radial base state (5.1.11), any physically

admissible perturbation must be volume-preserving. This requirement eliminates

the net mass-source mode (n = 0) from the perturbation field. Furthermore,

since we are strictly concerned with the fluid behaviour exterior to the bubble,

we discard the regular harmonics proportional to rn, retaining only the decaying

harmonics as r → ∞. The velocity field therefore becomes

u1 =

∞∑
n=1

[
−(n− 2)r2∇p−n−1

2n(2n− 1)
+

(n+ 1)rp−n−1

n(2n− 1)

]

+
∞∑
n=1

[∇Φ−n−1 +∇× (rχ−n−1)] . (5.1.21)

Adding (5.1.11) and (5.1.21), and extracting the contribution from the nth mode,

the velocity components become

ur =
a2ȧ

r2
+ ϵ

[
−n+ 1

r
Φ−n−1 +

n+ 1

2(2n− 1)
rp−n−1

]
, (5.1.22a)

uθ = ϵ

[
1

r

∂

∂θ
Φ−n−1 −

n− 2

2n(2n− 1)
r
∂

∂θ
p−n−1 +

1

sin θ

∂

∂ϕ
χ−n−1

]
, (5.1.22b)

uϕ = ϵ

[
1

r sin θ

∂

∂ϕ
Φ−n−1 −

n− 2

2n(2n− 1)

r

sin θ

∂

∂ϕ
p−n−1 −

∂

∂θ
χ−n−1

]
. (5.1.22c)

5.2 Kinematic condition

We now wish to get a particular solution to (5.1.3) subject to appropriate

boundary conditions for our bubble problem. Kinematic compatibility at the
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interface of the bubble r = f(θ, ϕ, t) requires

(
∂

∂t
+ u · ∇

)
(r − f) = 0 , (5.2.1)

at r = f , which is given by (5.1.1). If we expand (5.2.1) we get

−∂f
∂t

+ ur −
uθ
r

∂f

∂θ
−

uϕ
r sin θ

∂f

∂ϕ

∣∣∣∣
r=f

= 0 . (5.2.2)

We now substitute (5.1.22a), (5.1.22b) and (5.1.22c) into (5.2.2) and collect

coefficients of first-order epsilon terms to obtain the following amplitude

evolution equation

dA1,n

dt
+

2ȧ

a
A1,n =

(n+ 1)a−n

2(2n− 1)
amn − (n+ 1)a−n−2bmn . (5.2.3)

5.3 Dynamic condition

As in the previous chapters, we have a condition that expresses the balance

of normal and tangential forces prevailing on the bubble surface. This non-

dimensional interfacial stress-balance equation (2.2.9) is governed by the following

equation

T · n̂+ pGn̂ = 2κmσn̂−∇sσ
∣∣
r=f

, (5.3.1)

where T is a stress tensor given by

T =


−p 0 0

0 −p 0

0 0 −p

+ 2


err erθ erϕ

eθr eθθ eθϕ

eϕr eϕθ eϕϕ

 , (5.3.2)

where

err =
∂ur
∂r

, (5.3.3a)

eθθ =
1

r

∂uθ
∂θ

+
ur
r
, (5.3.3b)

eϕϕ =
1

r sin θ

∂uϕ
∂ϕ

+
ur
r

+
uθ cot θ

r
, (5.3.3c)
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erθ = eθr =
r

2

∂

∂r

(uθ
r

)
+

1

2r

∂ur
∂θ

, (5.3.3d)

eθϕ = eϕθ =
sin θ

2r

∂

∂θ

(uϕ
r

)
+

1

2r sin θ

∂uθ
∂ϕ

, (5.3.3e)

and

eϕr = erϕ =
1

2r sin θ

∂ur
∂ϕ

+
r

2

∂

∂r

(uϕ
r

)
, (5.3.3f)

pG is the pressure of the gas inside the bubble, κm is the mean curvature of the

surface, n̂ is the normal unit vector to the surface, σ is a measure of surface

tension which we perturb as

σ = σ0 + ϵσ1P
m
n (cos θ)eimϕ , (5.3.4)

and the surface gradient operator is given by

∇s = (I − n̂n̂) · ∇ . (5.3.5)

The unit normal vector can be calculated as such

n̂ =
∇(r − f)

|∇(r − f)|

∣∣∣∣
r=f

, (5.3.6)

where, for ξ = cos θ,

∇(r − f)|r=f = r̂ − ϵ
sin2 θ

a
A1,n

d

dξ
Pm
n (ξ)eimϕθ̂

− ϵ
im

a sin θ
A1,nP

m
n (cos θ)eimϕϕ̂+O(ϵ2) , (5.3.7)

and

|∇(r − f)| = 1 +O(ϵ2) . (5.3.8)

In this non-axisymmetric regime the normal vector n̂ will have two corresponding

tangent vectors, namely t̂1 and t̂2 where

t̂1 = ϵ
sin2 θ

a
A1,n

d

dξ
Pm
n (ξ)eimϕr̂ + θ̂ +O(ϵ2) , (5.3.9)
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and

t̂2 = −ϵ im

a sin θ
A1,nP

m
n (cos θ)eimϕr̂ − ϕ̂+O(ϵ2) . (5.3.10)

For spherical harmonics Pm
n (cos θ)eimϕ, the following equation holds (see, for

example, Jackson, 1999)

r2∇2
(
Pm
n (cos θ)eimϕ

)
= −n(n+ 1)Pm

n (cos θ)eimϕ . (5.3.11)

The mean curvature is given by

2κm = ∇ · n̂
∣∣
r=f

= ∇2r −∇2(a+ ϵA1,nP
m
n (cos θ)eimϕ)

∣∣
r=f

=
2

a
+
ϵA1,n

a2
(n− 1)(n+ 2)Pm

n (cos θ)eimϕ +O(ϵ2) , (5.3.12)

using (5.3.11). The Lamb solution (5.1.21) to the Stokes equations (5.1.3) has

three unknown constants to be determined, namely amn, bmn and cmn. We will

evaluate these by considering the normal and both tangential components of

(5.3.1). Taking the dot product of (5.3.1) with n̂ gives

(T · n̂) · n̂+ pG = 2κmσ
∣∣
r=f

, (5.3.13)

taking the dot product of (5.3.1) with t̂1 gives

(T · n̂) · t̂1 = −t̂1 · ∇σ
∣∣
r=f

, (5.3.14)

and taking the dot product of (5.3.1) with t̂2 gives

(T · n̂) · t̂2 = −t̂2 · ∇σ
∣∣
r=f

. (5.3.15)

Solving equations (5.3.13), (5.3.14) and (5.3.15) simultaneously will yield the

values of amn, bmn and cmn. The results of which will be given in Section 5.5.
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5.4 Adiabatic gas equation

In this section, we will work under the assumption that the gas in the bubble

undergoes an adiabatic process. That is, a process in which a system does not

gain or lose heat. This means pG will be given by

pGV
γ =

k̄

σca3γ−1 , (5.4.1)

where k̄ is a constant, V is the volume of the bubble and γ is the adiabatic index.

Note that when γ = 1 we retrieve Boyle’s law.

The volume of the bubble can be calculated using the divergence theorem

∫∫∫
V
∇ · r dV =

∫∫
S
r · n̂ dS , (5.4.2)

where S is the surface of the bubble. In spherical coordinates r = rr̂ and

∇ · r =
1

r2
∂
(
r2 · r

)
∂r

= 3 . (5.4.3)

So, from (5.4.2) we get that

V =
1

3

∫∫
S
rr̂ · n̂ dS , (5.4.4)

where the bubble surface is given by r = f = a+ ϵA1,nP
m
n (cos θ)eimϕ which has

the unit normal vector given by (5.3.6), namely

n̂ = r̂ − fθ
f
θ̂ −

fϕ
f sin θ

ϕ̂ , (5.4.5)

where we define fθ and fϕ to be

fθ =
∂f

∂θ
and fϕ =

∂f

∂ϕ
. (5.4.6)

In which case, we have

r̂ · n̂ = 1 . (5.4.7)



5.4 Adiabatic gas equation 135

Therefore,

V =
1

3

∫∫
S
f dS , dS = f2 sin θ dϕ dθ , (5.4.8)

and so

V =
1

3

∫ π

0

∫ 2π

0

(
a+ ϵA1,m,nP

m
n (cos θ)eimϕ

)3
sin θ dϕ dθ ,

=
a3

3

∫ π

0

∫ 2π

0

(
1 +

3ϵ

a
A1,m,nP

m
n (cos θ)eimϕ

)
sin θ dϕ dθ +O(ϵ2) . (5.4.9)

To evaluate (5.4.9) we need to consider two cases: namely m = 0 and m ̸= 0. For

m = 0 we get

V =
1

3

∫ π

0

∫ 2π

0

(
a3 + 3a2ϵA1,m,nPn(cos θ)

)
sin θ dϕ dθ +O(ϵ2) , (5.4.10)

where

P 0
n(cos θ) = Pn(cos θ) . (5.4.11)

In which case we obtain the same result as (4.5.37) namely

V =
4πa3

3
+ 4πϵa2A1,nδn,0 +O(ϵ2) (5.4.12)

where δn,0 is the Kronecker delta.

For m ̸= 0, (5.4.9) becomes

V =
2πa3

3

∫ π

0
sin θ dθ =

4πa3

3
. (5.4.13)

So, combining the results (5.4.12) and (5.4.13), we get

V =
4πa3

3
+ 4ϵa2A1,m,n(t)δn,0δm,0 , (5.4.14)

where

δn,0δm,0 =


1 if m = n = 0

0 else

. (5.4.15)



136 Chapter 5: Stability analysis for a non-axisymmetric bubble

So, returning to (5.4.1) we obtain

pG =
k

σca3γ−1a3γ
− ϵ

B
a3γ−1

A1,m,nδn,0δm,0 +O(ϵ2) , (5.4.16)

where k = k̄/
(
4π
3

)γ
and B is defined as in the axisymmetric case (4.5.43) such

that

B =
3kγ

σca3γ−1 . (5.4.17)

5.5 Amplitude evolution equation

In this section, we want to find specific values of amn, bmn and cmn for (5.1.22).

Returning to (5.3.13), (5.3.14) and (5.3.15) we can write these as:

−p+ 2err − 4erθ
fθ
f

− 4erϕ
fϕ

f sin θ
+ pG = 2κmσ , (5.5.1a)

2(err − eθθ)
fθ
f

+ 2erθ − 2eθϕ
fϕ

f sin θ
= − 1

f

∂σ

∂θ
, (5.5.1b)

2(eϕϕ − err)
fϕ

f sin θ
− 2eϕr + 2eϕθ

fθ
f

=
1

f sin θ

∂σ

∂ϕ
, (5.5.1c)

all evaluated at r = f . We now substitute (5.3.3) into (5.5.1), linearise with

respect to ϵ and compare coefficients of powers of ϵ. Considering terms of O(1) in

(5.5.1a), we get the same expression for the leading-order pressure as obtained in

the axisymmetric case (4.5.24) where the gas in the bubble undergoes an adiabatic

process

p0 =
k

σca3γ−1a3γ
− 2

a
σ0 − 4

ȧ

a
. (5.5.2)

By considering all terms of O(ϵ) in (5.5.1) we obtain three simultaneous equations

for the unknown variables amn, bmn and cmn to solve. Upon solving we get

amn = −n(2n− 1)an−1

2n2 + 1

[
(n− 1)(n+ 2)σ0 +

B
a3γ−1

δn,0δm,0

]
A1,m,n

− 6n(2n− 1)(n− 1)ȧan−1

2n2 + 1
A1,m,n +

n(n− 1)(2n− 1)an

(2n2 + 1)
σ1 , (5.5.3a)
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bmn = −(n− 1)(n+ 1)an+1

2(2n2 + 1)(n+ 2)

[
(n− 1)(n+ 2)σ0 +

B
a3γ−1

δn,0δm,0

]
A1,m,n

− 3(n2 − n+ 1)ȧan+1

2n2 + 1
A1,m,n +

(n2 − n+ 1)an+2

2(2n2 + 1)
σ1 , (5.5.3b)

and

cmn = 0 , (5.5.3c)

The vanishing of cmn is particularly noteworthy. Since the coefficients cmn

multiply the toroidal contribution ∇ × (rχ−n−1) in the Lamb representation

(5.1.21), the condition cmn = 0 shows that no rotational or azimuthal

component of the flow is generated at O(ϵ). Consequently, the perturbation

dynamics are governed entirely by the irrotational and poloidal parts of the

velocity field associated with amn and bmn. In particular, despite allowing for

fully three-dimensional perturbations with arbitrary azimuthal mode number

m, the linearised dynamics do not excite any toroidal motion. Substituting

(5.5.3) into (5.2.3) we obtain an amplitude evolution equation for the bubble

dA1,m,n

dt
=− (n+ 1)(2n+ 1)

2a(2n2 + 1)(n+ 2)

[
(n− 1)(n+ 2)σ0 +

B
a3γ−1

δn,0δm,0

]
A1,m,n

− (4n+ 1)(n− 1)ȧ

(2n2 + 1)a
A1,m,n − (n+ 1)

2(2n2 + 1)
σ1 , (5.5.4)

where we recall that the bubble has radius

r = a(t) + ϵA1,m,n(t)Pn(cos θ) . (5.5.5)

Therefore, if the solution of (5.5.4) grows in time, the bubble is unstable and if

the solution decays in time it is stable. We note here that the amplitude evolution

equation for the non-axisymmetric case (5.5.4) is the same as the one obtained for

the axisymmetric case (4.9.8). Thus we need to consider the effects of surfactants

to see if removing axisymmetry makes any difference to bubble stability.
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5.6 Surfactant transport equation

We now allow the presence of an insoluble surfactant with surface concentration

Γ, which is convected and diffuses along the bubble interface. The dimensionless

surfactant transport equation is

∂Γ

∂t
+∇s · (Γus) + 2Γκmun =

1

Pe
∇2

sΓ , (5.6.1)

where us = (I − n̂n̂) · u is the tangential surface velocity, un = u · n̂ is the

normal velocity, κm is the mean curvature, and Pe is the Péclet number defined

in (4.8.4) and given by

Pe =
aσc
µDs

. (5.6.2)

We need to calculate the terms∇s·(Γus), un and∇2
sΓ in (5.6.1). The derivation of

which closely follows the axisymmetric case in Section 4.8, the principal difference

being the additional azimuthal dependence introduced through the ϕ-coordinate.

For the perturbed interface

r = f(θ, ϕ, t) = a(t) + ϵA1,m,n(t)P
m
n (cos θ)eimϕ , (5.6.3)

as shown in Figure 5.6.1, the outward unit normal vector is

n̂ =
1

M

(
r̂ − fθ

f
θ̂ −

fϕ
f sin θ

ϕ̂

)
, (5.6.4)

where

M2 = 1 +
f2θ
f2

+
f2ϕ

f2 sin2 θ
, (5.6.5)

and the two corresponding unit tangent vectors are

t̂1 =
1

M

(
fθ
f
r̂ + θ̂

)
, (5.6.6)

and

t̂2 =
1

M

(
fϕ

f sin θ
r̂ + ϕ̂

)
. (5.6.7)
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Consequently, the normal velocity is given by

un =
1

M

(
ur −

fθ
f
uθ −

fϕ
f sin θ

uϕ

)
. (5.6.8)

Here we use the notation

fθ =
∂f

∂θ
and fϕ =

∂f

∂ϕ
. (5.6.9)

Using the surface metric associated with the parametrisation (θ, ϕ), the two-

𝑦

𝑥

𝑧

𝑓(𝜃, 𝜙, 𝑡)

𝒕,𝟏

𝒏.
𝜃

𝜙

𝒕,𝟐

Figure 5.6.1: Diagram showing the surface of the bubble.

dimensional surface is given by

xs = x î+ y ĵ+ z k̂ , (5.6.10)

where (x, y, z) are constrained to lie on the surface such that

x = r sin θ cosϕ|r=f = f sin θ cosϕ , (5.6.11)

y = r sin θ sinϕ|r=f = f sin θ sinϕ , (5.6.12)

z = r cos θ|r=f = f cos θ . (5.6.13)
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The surface velocity us is given by

us = (fθ u
(1) + fϕ u

(2))r̂ + f u(1)θ̂ + f sin θ u(2)ϕ̂ , (5.6.14)

where

u(1) =
(f2uθ + fθfur) sin

2 θ − fθfϕ sin θuϕ + f2ϕuθ

M2f3 sin2 θ
, (5.6.15a)

and

u(2) =
(f2 + f2θ ) sin θuϕ + fϕ(fur − fθuθ)

M2f3 sin2 θ
, (5.6.15b)

where ur, uθ and uϕ are given by (5.1.22a), (5.1.22b) and (5.1.22c) respectively

and are to be evaluated at r = f .

The surface divergence and Laplacian operators associated with the surface

parametrisation (θ, ϕ) may be written as

∇s · (Γus) =
1

Mf2 sin θ

[
∂

∂θ

(
ΓMf2 sin θ u(1)

)
+

∂

∂ϕ

(
ΓMf2 sin θ u(2)

)]
,

(5.6.16)

and

∇2
sΓ =

1

Mf2 sin θ

∂

∂θ

[
f2 sin2 θ + f2ϕ
Mf2 sin θ

∂Γ

∂θ
−

fθfϕ
Mf2 sin θ

∂Γ

∂ϕ

]

+
1

Mf2 sin θ

∂

∂ϕ

[
−

fθfϕ
Mf2 sin θ

∂Γ

∂θ
+

f2 + f2θ
Mf2 sin θ

∂Γ

∂ϕ

]
. (5.6.17)

We now substitute (5.6.16) and (5.6.17) into (5.6.1) and where 2κm and un are

given by (5.3.12) and (5.6.8) respectively.

We linearise the surfactant transport equation (5.6.1) with respect to ϵ by writing

Γ(θ, ϕ, t) = Γ0(t) + ϵΓ1,m,n(t)P
m
n (cos θ)eimϕ . (5.6.18)

At O(1) we recover

dΓ0

dt
+ 2

ȧ

a
Γ0 = 0 , (5.6.19)
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with solution

Γ0 =
ΓR

a2
, (5.6.20)

where ΓR is given as in (4.8.67). Proceeding to O(ϵ) yields

dΓ1,m,n

dt
+ 2

ȧ

a
Γ1,m,n +

n(n+ 1)

a2
1

Pe
Γ1,m,n

= −3n(n− 1)(2n− 1)ȧΓ0

a2(2n2 + 1)
A1,m,n

+
(n+ 1)Γ0

2a2(2n2 + 1)

[
(n+ 2)(n− 1)σ0 +

B
a3γ−1

δn0δm0

]
A1,m,n

+
(n+ 1)(2n2 − n+ 2)Γ0

2a(2n2 + 1)
σ1 . (5.6.21)

The surface tension is related to the surfactant concentration through the

Langmuir equation of state

σ = 1 + βs ln(1− Γ) , (5.6.22)

which, upon linearisation, gives

σ0 = 1 + βs ln(1− Γ0) , (5.6.23)

and

σ1 = −βs
Γ1,m,n

1− Γ0
. (5.6.24)

We therefore recover the same leading-order surfactant transport structure

(5.6.20) as in the axisymmetric problem (4.8.68), with the principal

modification arising from the additional azimuthal dependence through the

ϕ-coordinate. This introduces extra geometric contributions involving fϕ into

the surface divergence and Laplacian operators, but the resulting linearised

evolution equation for the surfactant perturbation (5.6.21) retains the same

coupled amplitude–surfactant form obtained previously (4.8.69). Consequently,

each spherical harmonic mode (m,n) evolves independently at linear order.
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5.7 Stability system for a non-axisymmetric bubble

If we substitute (5.6.24) into (5.5.4) and (5.6.21) we obtain a linear system for

the perturbed bubble radius and surfactant concentration

d

dt

A1,n(t)

Γ1,n(t)

 =

m1(t) m2(t)

m3(t) m4(t)


A1,n(t)

Γ1,n(t)

 , (5.7.1)

where the matrix entries mi(t), i = 1, ..., 4 are periodic functions of time given by

m1(t) = −(n− 1)(4n+ 1)

2n2 + 1

ȧ

a
− 2n+ 1

a(n+ 2)
LΠ(t) , (5.7.2)

m2(t) =
a2βs

a2 − ΓR
L ,

m3(t) = −3n(n− 1)(2n− 1)ΓR

(2n2 + 1)

ȧ

a4
+

ΓR

a4
LΠ(t) ,

m4(t) = −(2n2 − n+ 2)βsΓR

a(a2 − ΓR)
L− n(n+ 1)ΓR

a2
1

Pe
− 2

ȧ

a
, (5.7.3)

and

Π(t) = (n+ 2)(n− 1)σ0(t) +
B

a3γ−1
δn,0 , L =

n+ 1

2(2n2 + 1)
. (5.7.4)

We observe that the system (5.7.1) is independent of the azimuthal mode number

m and therefore exhibits no azimuthal dependence. Similar behaviour has been

observed elsewhere in the literature. For example, Adou & Tuckerman (2016)

used Floquet analysis for Faraday instability on a sphere in a non-axisymmetric

regime and likewise obtained a stability problem independent of m. Comparing

(5.7.1) with (4.9.54), we see that the axisymmetric and non-axisymmetric stability

systems are identical.

Consequently, the corresponding Floquet multipliers and stability boundaries

are also independent of m, with any coupling between azimuthal modes arising

only through non-linear effects beyond the present linear analysis. This suggests

that additional physical effects are required in order to generate instabilities. In

Chapter 6, we therefore extend the analysis to include inertial effects.



6

Stability analysis for a bubble

experiencing inertia

Synopsis

In this chapter, inertial effects are incorporated by extending the

bubble model to the full incompressible Navier–Stokes equations.

Using a stream-function formulation, a linear stability problem is

derived for axisymmetric perturbations about a spherical base state.

Exact solutions are obtained for a steady bubble radius, leading to an

implicit relation for the growth rate. Asymptotic and numerical analysis

over a wide range of Laplace numbers provides evidence that inertia does

not destabilise the bubble. In all cases considered, perturbations decay

or remain neutrally stable.

6.1 The effect of inertia

All analysis up to this point has assumed that the effect of inertia was negligible in

comparison to the effect of viscosity. We now relax this assumption and consider

the full Navier–Stokes equations (2.1.17) for an incompressible fluid with velocity

field u

La

(
∂u

∂t
+ (u · ∇)u

)
= −∇p+∇2u , (6.1.1a)

∇ · u = 0 , (6.1.1b)
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where La denotes the Laplace number and no external body forces are assumed.

To facilitate the use of a stream-function formulation, we take the curl of (6.1.1a),

La

(
∇× ∂u

∂t
+∇× (u · ∇)u

)
= −∇×∇p+∇×∇2u . (6.1.2)

Since ∇×∇p = 0 and, for incompressible flow, ∇2u = −∇×(∇×u), this reduces

to

La

(
∂

∂t
(∇× u) +∇× (u · ∇)u

)
= −∇×∇×∇× u . (6.1.3)

Using the vector identity

∇× (u · ∇)u = ∇×∇
(
u2

2

)
−∇× u×∇× u (6.1.4)

= (u · ∇)∇× u− ((∇× u) · ∇)u , (6.1.5)

equation (6.1.3) may be written in the vorticity form

La

(
∂

∂t
(∇× u) + (u · ∇)∇× u

)
= La((∇×u) ·∇)u−∇×∇×∇×u , (6.1.6)

We now assume axisymmetry, so that u = (ur, uθ, 0), and introduce a Stokes

stream function ψ(r, θ, t) defined by

ur =
1

r2 sin θ

∂ψ

∂θ
, uθ = − 1

r sin θ

∂ψ

∂r
, (6.1.7)

or equivalently,

u = ∇×
(

ψ

r sin θ
ϕ̂

)
. (6.1.8)

With this definition,

∇× u = ∇×∇×
(

ψ

r sin θ
ϕ̂

)
=

(
−D2ψ

r sin θ
ϕ̂

)
, (6.1.9)

and

∇×∇×∇×∇×
(

ψ

r sin θ
ϕ̂

)
=

(
D4ψ

r sin θ
ϕ̂

)
, (6.1.10)
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where the operator D2 is defined by

D2 ≡ ∂2

∂r2
+

1

r2
∂2

∂θ2
− cos θ

r2 sin θ

∂

∂θ
. (6.1.11)

The advective operator takes the form

u · ∇ =

(
1

r2 sin θ

∂ψ

∂θ
r̂ − 1

r sin θ

∂ψ

∂r
θ̂

)
·
(
∂

∂r
r̂ +

1

r

∂

∂θ
θ̂ +

1

r sin θ

∂

∂ϕ
ϕ̂

)
(6.1.12)

=
1

r2 sin θ

∂ψ

∂θ

∂

∂r
− 1

r2 sin θ

∂ψ

∂r

∂

∂θ
, (6.1.13)

and so

(u · ∇)(∇× u) =

(
1

r2 sin θ

∂ψ

∂θ

∂

∂r
− 1

r2 sin θ

∂ψ

∂r

∂

∂θ

)(
−D2ψ

r sin θ
ϕ̂

)
= − 1

r3 sin2 θ

∂ψ

∂θ

∂

∂r
(D2ψ)ϕ̂+

1

r4 sin2 θ

∂ψ

∂θ
(D2ψ)ϕ̂

+
1

r3 sin2 θ

∂ψ

∂r

∂

∂θ
(D2ψ)ϕ̂− cos θ

r3 sin3 θ

∂ψ

∂r
(D2ψ)ϕ̂ , (6.1.14)

Next we calculate

(∇× u) · ∇ =

(
−D2ψ

r sin θ
ϕ̂

)
·
(
∂

∂r
r̂ +

1

r

∂

∂θ
θ̂ +

1

r sin θ

∂

∂ϕ
ϕ̂

)
=

−D2ψ

r2 sin2 θ

∂

∂ϕ
,

(6.1.15)

from which it follows that

((∇× u) · ∇)u =
−D2ψ

r2 sin2 θ

∂

∂ϕ

(
1

r2 sin θ

∂ψ

∂θ
r̂ − 1

r sin θ

∂ψ

∂r
θ̂

)
(6.1.16)

= − D2ψ

r4 sin2 θ

∂ψ

∂θ
ϕ̂+D2ψ

cos θ

r3 sin3 θ

∂ψ

∂r
ϕ̂ , (6.1.17)

as

∂r̂

∂ϕ
= sin θϕ̂ and

∂θ̂

∂ϕ
= cos θϕ̂ . (6.1.18)

Substituting (6.1.14) and (6.1.17) into (6.1.6) yields a single scalar evolution

equation for the stream function. Introducing ξ = cos θ, this equation may be
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written as

La

(
∂(D2ψ)

∂t
+

1

r2

[
∂ψ

∂r

∂(D2ψ)

∂ξ
− ∂(D2ψ)

∂r

∂ψ

∂ξ

]
+

2

r2

[
ξ

1− ξ2
∂

∂r
+

1

r

∂

∂ξ

]
ψD2ψ

)
= D4ψ . (6.1.19)

By noting that the Jacobian determinant is given by

∂(ψ,D2ψ)

∂(r, ξ)
=
∂ψ

∂r

∂(D2ψ)

∂ξ
− ∂(D2ψ)

∂r

∂ψ

∂ξ
, (6.1.20)

and defining the operator L as

L =
ξ

1− ξ2
∂

∂r
+

1

r

∂

∂ξ
, (6.1.21)

we can write (6.1.19) in the form

La

[
∂(D2ψ)

∂t
+

1

r2

(
∂(ψ,D2ψ)

∂(r, ξ)
+ 2D2ψLψ

)]
= D4ψ , (6.1.22)

which agrees with the equivalent equation given in the paper by Riley (1966), for

example.

6.2 Form of stream function in Navier–Stokes flow

As in Chapter 4, we introduce a perturbation to the stream function such that

ψ(r, ξ, t) = ψ0(t) + ϵψ1(r, ξ, t) , (6.2.1)

where ϵ≪ 1 and we assume that ψ0 is given as in (4.2.12)

ψ0(t) = −a2ȧξ , (6.2.2)

corresponding to the spherically symmetric base flow induced by radial motion

of the interface, while ψ1 represents the perturbation to be determined.

Substituting (6.2.1) into the operators D2 (6.1.11), L (6.1.21), and the Jacobian
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determinant (6.1.20), we obtain

D2ψ = ϵ

(
∂2ψ1

∂r2
+

1− ξ2

r2
∂2ψ1

∂ξ2

)
= ϵD2ψ1 , (6.2.3)

Lψ = ϵ
ξ

1− ξ2
∂ψ1

∂r
+

1

r

(
−a2ȧ+ ϵ

∂ψ1

∂ξ

)
, (6.2.4)

and

∂(ψ,D2ψ)

∂(r, ξ)
= ϵ

∂ψ1

∂r

∂

∂ξ
(ϵD2ψ1)−

∂

∂r
(ϵD2ψ1)

(
−a2ȧ+ ϵ

∂ψ1

∂ξ

)
. (6.2.5)

Substituting these expressions into the stream-function equation (6.1.22), we

find that the O(1) terms vanish identically, confirming that the choice (6.2.2) is

consistent with the governing equations. Retaining terms at O(ϵ) yields the

linearised perturbation equation

La

[
∂(D2ψ1)

∂t
+
a2ȧ

r2

(
∂(D2ψ1)

∂r
− 2

r
D2ψ1

)]
= D4ψ1 . (6.2.6)

We now decompose ψ1 such that

ψ1(r, ξ, t) =
∞∑
n=0

gn(r, t)Pn(ξ) , (6.2.7)

where we recall that

Pn(ξ) =

∫ ξ

−1
Pn(x) dx . (6.2.8)

and the form of gn(r, t) is to be determined.

Applying D2 once more gives

D2ψ1 =
∂2g

∂r2
Pn(ξ) +

1− ξ2

r2
gP ′′

n(ξ) , (6.2.9)

but we know from (4.2.22b) that

P ′′
n(ξ) = −n(n+ 1)

1− ξ2
Pn(ξ) , (6.2.10)
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which means we can express (6.2.9) as

D2ψ1 = wnPn(ξ) , (6.2.11)

where

wn(r, t) =
∂2gn
∂r2

− n(n+ 1)

r2
gn . (6.2.12)

In addition, by taking the operator D2 of both sides of (6.2.11) we obtain

D4ψ1 =

(
∂2wn

∂r2
− n(n+ 1)

r2
wn

)
Pn(ξ) . (6.2.13)

Substituting these expressions into (6.2.6), we obtain a governing equation for

wn(r, t),

La

[
∂wn

∂t
+
a2ȧ

r2

(
∂wn

∂r
− 2

r
wn

)]
=
∂2wn

∂r2
− n(n+ 1)

r2
wn . (6.2.14)

The first-order radial derivative term arises from advection by the underlying

radial flow and complicates the structure of the equation. We therefore seek a

transformation which removes the advective contribution and reduces (6.2.14) to

a simpler diffusion-type equation. To this end, we introduce the factorisation

wn(r, t) = ζ(r, t)χ(r, t) , (6.2.15)

which, upon substitution into (6.2.14), yields

Laχ
∂ζ

∂t
+ Laζ

∂χ

∂t
= χ

∂2ζ

∂r2
+ 2

∂χ

∂r

∂ζ

∂r
+ ζ

∂2χ

∂r2
− La

a2ȧ

r2

(
χ
∂ζ

∂r
+ ζ

∂χ

∂r

)
+

(
La

2a2ȧ

r3
− n(n+ 1)

r2

)
χζ . (6.2.16)

To eliminate all ∂rζ terms, we require χ to satisfy

2
∂χ

∂r
− La

a2ȧ

r2
χ = 0 , (6.2.17)
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which integrates to

χ(r, t) = C(t) exp

(
−La

a2ȧ

2r

)
. (6.2.18)

Without loss of generality, we set C(t) = 1. Dividing (6.2.16) by χ then gives

La
∂ζ

∂t
=
∂2ζ

∂r2
+ V (r, t)ζ , (6.2.19)

where

V (r, t) = La2a
2ä

2r
+ La2aȧ

2

r
− La2a

4ȧ2

4r4
+ La

a2ȧ

r3
− n(n+ 1)

r2
. (6.2.20)

An additional advantage of the transformation is that the resulting equation

(6.2.19) contains no first-order radial derivatives. This simplifies the numerical

treatment of the problem, since only second-order radial derivatives need to be

discretised, avoiding the additional approximation associated with advective

terms. Although we do not pursue a numerical solution of the transformed

system in this thesis and instead focus on solving (6.2.14) in Section 6.8, the

transformed formulation could, in principle, be used as the basis for a numerical

implementation.

6.3 Stream function solution for steady base-state

bubble radius

To facilitate analytical progress, we first consider the simplified case in which the

leading-order bubble radius remains constant. This corresponds to setting ∆ = 0

in (4.3.9), so that the base-state radius satisfies a = 1. The more general case of

a time-dependent base-state bubble radius will be examined in Section 6.8.

Under this assumption, the coefficient χ(r, t) reduces to unity and the governing

equation (6.2.19) for wn simplifies to

La
∂wn

∂t
=
∂2wn

∂r2
− n(n+ 1)

r2
wn . (6.3.1)
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Substituting the definition of w given in (6.2.12) into (6.3.1) yields an evolution

equation for the stream-function amplitude gn(r, t),

La
∂

∂t

(
∂2gn
∂r2

− n(n+ 1)

r2
gn

)
=

∂2

∂r2

(
∂2gn
∂r2

− n(n+ 1)

r2
gn

)
− n(n+ 1)

r2

(
∂2gn
∂r2

− n(n+ 1)

r2
gn

)
. (6.3.2)

We seek separable solutions of the form

gn(r, t) = estF (r) , (6.3.3)

where s denotes the temporal growth rate. Substitution of (6.3.3) into (6.3.2)

leads to the fourth-order ordinary differential equation

F ′′′′ − 1

r2
(
2n(n+ 1) + sLa r2

)
F ′′ +

4n(n+ 1)

r3
F ′

+
n(n+ 1)

r4
(
(n+ 3)(n− 2) + sLa r2

)
F = 0 . (6.3.4)

As a consistency check, we consider the highly viscous limit La ≪ 1, in which

inertial effects are negligible. In this regime, (6.3.4) reduces to

F ′′′′ − 2n(n+ 1)

r2
F ′′ +

4n(n+ 1)

r3
F ′ +

n(n+ 1)(n+ 3)(n− 2)

r4
F = 0 +O(ϵ2) .

(6.3.5)

The general solution of (6.3.5) is

F (r) = c1r
−n + c2r

n+1 + c3r
n+3 + c4r

2−n , (6.3.6)

which coincides with the classical solution obtained from the Stokes equations,

providing a useful validation of the formulation.

For finite La, the general solution of (6.3.4) may be written as

F (r) = c1r
−n + c2r

n+1 + c3
√
rJn+ 1

2
(
√
−sLa r) + c4

√
rYn+ 1

2
(
√
−sLa r) , (6.3.7)

where J and Y are Bessel functions of the first and second kind respectively.
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Introducing the notation

z =
√
−sLa ,

and expressing the solution in terms of spherical Bessel functions, (6.3.7) may

equivalently be written as

F (r) = c1r
−n + c2r

n+1 +

√
2z

π
q(r) , (6.3.8)

where, for the same c3 and c4 as in (6.3.7),

q(r) = c3rjn(zr) + c4ryn(zr) . (6.3.9)

Here, jn(z) and yn(z) are spherical Bessel functions which are related to Bessel

functions via

jn(z) =

√
π

2z
Jn+ 1

2
(z) and yn(z) =

√
π

2z
Yn+ 1

2
(z) . (6.3.10)

Spherical Bessel functions can be expressed by Rayleigh’s formulas (see, for

example, Abramowitz & Stegun, 1964, p.439)

jn(z) = (−z)n
(
1

z

d

dz

)n(sin z

z

)
, (6.3.11a)

and

yn(z) = −(−z)n
(
1

z

d

dz

)n (cos z
z

)
. (6.3.11b)

The admissible form of F (r) is determined by enforcing the far-field condition

ur ∼ 0 and uθ ∼ 0 as r → ∞ , (6.3.12)

where the velocity components are given by

ur = − 1

r2
∂ψ

∂ξ
=

1

r2
[
−a2ȧ+ ϵestF (r)Pn(ξ)

]
, (6.3.13a)
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and

uθ = − 1

r
√
1− ξ2

∂ψ

∂r
= − ϵ

r
√
1− ξ2

estF ′(r)Pn(ξ) . (6.3.13b)

To analyse the far-field behaviour, we employ the large-argument asymptotics of

the spherical Bessel functions. For fixed order and |z| ≫ 1, the corresponding

ordinary Bessel functions satisfy (see, for example, Abramowitz & Stegun, 1964,

p.364)

Jn(z) =

√
2

πz

{
cos
(
z − nπ

2
− π

4

)
+O(|z|−1)

}
, (6.3.14a)

and

Yn(z) =

√
2

πz

{
sin
(
z − nπ

2
− π

4

)
+O(|z|−1)

}
. (6.3.14b)

Using the relations between ordinary and spherical Bessel functions (6.3.10), it

follows that, for |z| ≫ 1, the spherical Bessel functions behave as

jn(z) ∼
1

z
sin
(
z − nπ

2

)
, (6.3.15a)

and

yn(z) ∼ −1

z
cos
(
z − nπ

2

)
. (6.3.15b)

Consequently, the large-r behaviour of (6.3.9) is

zq ∼ c3 sin
(
zr − nπ

2

)
− c4 cos

(
zr − nπ

2

)
. (6.3.16)

Writing z = zr + izi and expressing the trigonometric functions in exponential

form yields

zq ∼ c3
2i

(
exp

(
izrr − zir − i

nπ

2

)
− exp

(
−izrr + zir + i

nπ

2

))
− c4

2

(
exp

(
izrr − zir − i

nπ

2

)
+ exp

(
−izrr + zir + i

nπ

2

))
, (6.3.17)

Differentiating (6.3.8) gives

F ′(r) = −c1nr−n−1 + (n+ 1)c2r
n +

√
2z

π
q′(r) , (6.3.18)
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where, for r ≫ 1,

q′(r) ∼ c3 − ic4
2

exp
(
izrr − zir − i

nπ

2

)
+
c3 + ic4

2
exp

(
−izrr + zir + i

nπ

2

)
.

(6.3.19)

We now distinguish three cases according to the sign of zi, corresponding to

different far-field behaviours.

Case 1: zi = 0

In this case s1 is purely real, with si = 0 and sr = −sR for sR > 0, so that

z =
√
sRLa. Substituting (6.3.8) and (6.3.18) into (6.3.13), we find that the

algebraic term proportional to rn must be eliminated, requiring c2 = 0. With

this restriction, the oscillatory contributions decay as r−1 and hence both ur and

uθ vanish as r → ∞.

However, in this case the far-field condition (6.3.12) yields only a single

non-trivial constraint, namely the elimination of the algebraically growing

mode, which requires c2 = 0. The remaining contributions decay algebraically

as O(r−1) and therefore automatically satisfy the far-field condition. As a

result, three constants, c1, c3, and c4 remain undetermined. Consequently, the

solution is underdetermined: the boundary conditions do not uniquely fix the

far-field behaviour. This reflects the fact that purely oscillatory modes with

zi = 0 neither grow nor decay exponentially, and therefore cannot be uniquely

selected by the far-field condition alone.

Case 2: zi = zI , where zI > 0

Here

scase 2 =
1

La

(
z2I − z2r − 2zrzI i

)
. (6.3.20)

As r → ∞, the second exponential term in (6.3.19) grows like ezIr and must

therefore be eliminated to satisfy (6.3.12). This requires

c4 = ic3 , (6.3.21)
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together with c2 = 0. Under these conditions, all remaining contributions decay

exponentially and the far-field condition is satisfied.

Case 3: zi = −zI , where zI > 0

In this case,

scase 3 =
1

La

(
z2I + z2r − 2zrzI i

)
, (6.3.22)

but now the first exponential term of (6.3.19) grows as r → ∞. To prevent this

unphysical growth, we require

c4 = −ic3 , (6.3.23)

again with c2 = 0, ensuring that the solution decays in the far field.

Notice that

scase 3 = scase 2 , (6.3.24)

where the overbar denotes complex conjugation. The far-field condition (6.3.12)

therefore uniquely selects exponentially decaying solutions when zi ̸= 0,

corresponding to Cases 2 and 3. These two cases are complex conjugates of one

another, yielding conjugate pairs of growth rates. In contrast, when zi = 0 the

solution remains underdetermined, as the far-field condition alone is insufficient

to exclude purely oscillatory modes. This distinction plays a crucial role in

determining which perturbations represent physically admissible eigenmodes of

the system.

6.4 Kinematic boundary condition

The non-dimensional bubble surface is written as

r = f(θ, t) = a(t) + ϵA1,n(t)Pn(cos θ) , (6.4.1)
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where A1,n(t) denotes the amplitude of the nth shape perturbation mode. The

base-state bubble radius is given by

a(t) = 1 +∆cos(Ca t) , (6.4.2)

where ∆ is the oscillation amplitude and Ca is the capillary number.

Kinematic compatibility at the interface requires that the bubble surface moves

with the fluid, that is

D

Dt
(r − f) = 0 . (6.4.3)

Using spherical coordinates with ξ = cos θ, this condition may be written as

∂

∂t
(r − f) + ur

∂

∂r
(r − f)− uθ sin θ

r

∂

∂ξ
(r − f) = 0 , (6.4.4)

evaluated at r = f .

The velocity components expressed in terms of the stream function are

ur = − 1

r2
∂ψ

∂ξ
, uθ = − 1

r sin θ

∂ψ

∂r
. (6.4.5)

Substituting the perturbation expansion (6.2.1)

ψ(r, ξ, t) = −a2ȧ ξ + ϵψ1(r, ξ, t) ,

and evaluating at r = f , we obtain,

ur = ȧ− 2ϵ
ȧ

a
A1,nPn(ξ)− ϵ

1

a2
∂ψ1

∂ξ
+O(ϵ2) , (6.4.6)

uθ = − ϵ

a sin θ

∂ψ1

∂r
+O(ϵ2) . (6.4.7)

Substituting these expressions into (6.4.4) and collecting terms of O(ϵ) yields

−dA1,n

dt
Pn(ξ)−

2ȧ

a
A1,nPn(ξ)−

1

a2
dψ1

dξ
= 0 . (6.4.8)
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Using the modal expansion

ψ1(r, ξ, t) =

∞∑
n=0

gn(r, t)Pn(ξ) , (6.4.9)

together with the identity

∂Pn

∂ξ
= Pn(ξ) ,

equation (6.4.8) reduces, mode by mode, to

dA1,n

dt
+

2ȧ

a
A1,n = − 1

a2
gn(a, t) , (6.4.10)

In the simplified case of a steady base-state radius (ȧ = 0, a = 1), we write

gn(r, t) = estF (r) , (6.4.11)

so that the kinematic condition becomes

dA1,n

dt
= −estF (1) . (6.4.12)

Seeking solutions of the form

A1,n(t) = Ã est , (6.4.13)

where Ã is a constant, we obtain the dispersion relation

s = − 1

Ã
F (1) . (6.4.14)

This equation implicitly determines the growth rate s, since F (1) depends on s

through the hydrodynamic eigenfunctions.
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6.5 Dynamic boundary condition

We now consider the balance of forces on the bubble surface. The stress balance

equation (2.2.9) is

T · n̂+ pGn̂ = 2κmσn̂−∇sσ , (6.5.1)

where the Newtonian stress tensor is

T = −pI + 2e , (6.5.2)

and the surface tension is expanded as

σ = σ0 + ϵσ1Pn(cos θ) , (6.5.3)

with σ0 and σ1 given by (4.8.72), namely

σ0(t) = 1 + βs ln (1− Γ0(t)) , (6.5.4a)

and

σ1(t) = −βs
Γ1(t)

1− Γ0(t)
. (6.5.4b)

The derivation of the linearised stress conditions follows the same procedure as

in the Stokes-flow model presented in Chapter 4. In particular, the geometric

quantities, strain-rate components, and projections onto the normal and

tangential directions are unchanged, since these depend only on the interface

parametrisation and not on the governing bulk equations. We therefore omit

the intermediate algebra and state the resulting O(ϵ) stress balances directly.

Projecting (6.5.1) onto the normal and tangential directions at r = a(t) gives

−p1(a, t) + 12
ȧ

a
A1,n(t) +

2

a2

(
2gn(a, t)

a
− ∂gn

∂r

)
=

2σ1
a

+
1

a2
((n− 1)(n+ 2)σ0 + Bδn,0)A1,n(t) , (6.5.5a)
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and

3n(n+ 1)
ȧ

a
A1,n(t) +

1

2a2

(
a2
∂2gn
∂r2

− 2a
∂gn
∂r

+ n(n+ 1)gn(a, t)

)
=
n(n+ 1)

2
σ1 , (6.5.5b)

where B is defined as in (4.5.43)

B =
3kγ

σca3γ−1 . (6.5.6)

These expressions are identical in form to those obtained in the Stokes-flow

problem (see Chapter 4, equations (4.5.41) and (4.5.42)). The effect of inertia

therefore enters only through the governing bulk equations used to determine

the functions gn(r, t) and p1(r, t).

6.6 Pressure field and perturbations

We now solve for the pressure field, which we expand as

p = p0 + ϵp1Pn(cos θ) , (6.6.1)

where p0 is the base-state pressure and p1 is the first-order perturbation.

Returning to (6.1.1), the pressure gradient satisfies

∇p = −∇×∇× u− La
∂u

∂t
− La(u · ∇)u , (6.6.2)

where the velocity is expressed in terms of the stream function as

u = ∇×
(

ψ

r sin θ
ϕ̂

)
. (6.6.3)
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Substituting (6.6.3) into (6.1.9) gives

∇p = −∇×
(
−D2ψ

r sin θ
ϕ̂

)
− La

∂

∂t
∇×

(
ψ

r sin θ
ϕ

)
− La

(
∇×

(
ψ

r sin θ
ϕ

)
· ∇
)[

∇×
(

ψ

r sin θ
ϕ

)]
, (6.6.4)

where

D2ψ

r sin θ
=

ϵ

r sin θ

(
∂2ψ1

∂r2
+

1− ξ2

r2
∂2ψ1

∂ξ2

)
. (6.6.5)

Breaking down each term of (6.6.4) we have

∇×
(
−D2ψ

r sin θ
ϕ̂

)
=

ϵ

r2
∂D2ψ1

∂ξ
r̂ +

ϵ

r sin θ

∂D2ψ1

∂r
θ̂ , (6.6.6)

∂

∂t
∇×

(
ψ

r sin θ
ϕ̂

)
=

(
äa2

r2
+

2ȧ2a

r2
− ϵ

r2
∂2ψ1

∂ξ ∂t

)
r̂ − ϵ

r sin θ

∂2ψ1

∂r ∂t
θ̂ , (6.6.7)

and

(
∇×

(
ψ

r sin θ
ϕ̂

)
· ∇
)[

∇×
(

ψ

r sin θ
ϕ̂

)]
= −2ȧ2a4

r5
r̂

+ ϵ

(
ȧa2

r4 sin θ

∂2ψ1

∂r ∂θ
− 4ȧa2

r5 sin θ

∂ψ1

∂θ

)
r̂ + ϵ

(
− ȧa2

r3 sin θ

∂2ψ1

∂r2
+

ȧa2

r4 sin θ

∂ψ1

∂r

)
θ̂

− ϵȧa2

r4 sin θ

∂ψ1

∂r
θ̂ +O(ϵ2) . (6.6.8)

Therefore, considering terms of O(1) of (6.6.4), we obtain the base-state pressure

gradient

∇p0 = −La

(
äa2

r2
+

2ȧ2a

r2
− 2ȧ2a4

r5

)
r̂ , (6.6.9)

which gives

∂p0
∂r

= −La

(
äa2

r2
+

2ȧ2a

r2
− 2ȧ2a4

r5

)
. (6.6.10)

Integrating (6.6.10) with respect to r gives us

p0(r, t) = La

(
äa2

r
+

2ȧ2a

r
− ȧ2a4

2r4

)
+ C(t) , (6.6.11)

where C(t) is an arbitrary function of time. Evaluating at r = a and using the
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Young-Laplace condition gives

p0 = pG − 4
ȧ

a
− 2σ0

a
. (6.6.12)

By evaluating (6.6.11) at r = a, we get

p0 = C(t) + La

(
äa+

3

2
ȧ2
)
. (6.6.13)

By equating (6.6.12) and (6.6.13) we get

La

(
äa+

3

2
ȧ2
)
+ 4

ȧ

a
= pG − C(t)− 2σ0

a
, (6.6.14)

which recovers the Rayleigh–Plesset equation (2.3.18), with the integration

function C(t) playing the role of the far-field pressure p∞(t).

6.6.1 First-order pressure perturbation

The first-order pressure gradient is

∇p1 = ϵ
∂p1
∂r

Pn(ξ)r̂ − ϵ sin θ

r
p1

d

dξ
Pn(ξ)θ̂ . (6.6.15)

Therefore, considering terms of O(ϵ) in the θ̂-component of equation (6.6.4) we

get

p1 =
∂

∂r

(
− 1

n(n+ 1)

∂2gn
∂r2

+
1

r2
gn

)
+

La

n(n+ 1)

∂2gn
∂r ∂t

+
ȧa2La

r2n(n+ 1)

∂2gn
∂r2

.

(6.6.16)

Similarly, the r̂-component gives

∂p1
∂r

= − 1

r2
∂2gn
∂r2

+ La
ȧa2

r4
∂gn
∂r

+
La

r2
∂gn
∂t

− La
4ȧa2

r5
gn +

n(n+ 1)

r4
gn . (6.6.17)

Differentiating (6.6.16) with respect to r and using (6.3.2) to eliminate ∂4rgn

confirms the consistency of the solution.

In the simplified case of a steady base-state radius, where ȧ = 0 and a = 1,
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gn(r, t) can be written as (6.3.3)

gn(r, t) = estF (r) , (6.6.18)

with F (r) given by (6.3.8).

Substituting this form into (6.6.16), we can express the first-order pressure

perturbation as

p1(r, t) = estp̃1(r) , (6.6.19)

where the spatial component p̃1(r) is

p̃1(r) =
∂

∂r

(
− 1

n(n+ 1)

d2F

dr2
+

1

r2
F

)
+

sLa

n(n+ 1)

dF

dr
. (6.6.20)

This provides the first-order pressure perturbation associated with a given mode

n and growth rate s in the steady radius base-state case.

6.7 Uniform surface tension and fixed-radius base

state

In this section, we will make the simplifying assumptions that ∆ = 0 in (6.4.2),

so a = 1, and βs = 0 in (6.5.4), so σ0 = 1, σ1 = 0, which means that there

is no variation of surface tension on the bubble surface. The first-order stream

function perturbation can be written as (6.2.7)

ψ1(r, ξ, t) =

∞∑
n=0

gn(r, t)Pn(ξ) , (6.7.1)

where gn can be expressed as

gn(r, t) = estF (r) , (6.7.2)

with F (r) given by (6.3.8).
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In this regime, the amplitude evolution equation is given by (6.4.14)

s = − 1

Ã
F (1) . (6.7.3)

The dynamic stress conditions (6.5.5) evaluated at the interface r = 1 become

−p̃1(1) + 2

(
2F − dF

dr

)
= ((n− 1)(n+ 2)σ0 + BPn(1)) Ã , (6.7.4a)

and

d2F

dr2
− 2

dF

dr
+ n(n+ 1)F = 0 . (6.7.4b)

As discussed previously, the admissible far–field behaviour of the solution leads

to three distinct cases. We now examine each in turn.

6.7.1 Growth rate equation for Case 1

In Case 1, the far–field condition permits oscillatory behaviour without

exponential growth or decay. After enforcing the decay of algebraically growing

terms, the general solution involves three undetermined constants, c1, c3, and

c4, while only the two interfacial conditions (6.7.4) are available.

Consequently, the system is underdetermined and no discrete eigenvalue s can be

obtained. This case therefore does not yield an eigenvalue problem that can be

solved analytically and, as such, will not be considered further in this section.

6.7.2 Growth rate equation for Case 2

Case 2 corresponds to choosing the half-plane of z =
√
−sLa, zi > 0, in which

the exponentially growing contribution is eliminated by imposing

c4 = ic3 .
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Solving the interfacial conditions (6.7.4) simultaneously under this constraint

yields

c1 =
(n+ 1)

[(
n(n+ 2)− 1

2z
2
)
R

(1)
n (z)− z

]
ΠÃ

2z
(
Λ2 +

1
2z

2
)
− 2z2

(
Λ1 − 1

4z
2
)
R

(1)
n (z)

, (6.7.5)

and

c3 = − n(n+ 1)(n+ 2)
√
πz−3/2ΠÃ

2
√
2
[(
Λ2 +

1
2z

2
)
h
(1)
n−1(z)− z

(
Λ1 − 1

4z
2
)
h
(1)
n (z)

] . (6.7.6)

Here,

Π = (n− 1)(n+ 2) + Bδn,0 , Λ1 =
1

2
(n+ 2)(2n+ 1) , (6.7.7)

Λ2 = (n− 1)(n+ 1)(n+ 2) , (6.7.8)

and h
(1)
n = jn + iyn denotes the spherical Hankel function of the first kind. We

also define the ratio

R(1)
n =

h
(1)
n

h
(1)
n−1

. (6.7.9)

Substituting (6.7.5) and (6.7.6) into the amplitude equation (6.7.3) yields the

transcendental growth rate equation

z2 = −
La (n+ 1)

(
2z + z2R

(1)
n (z)

)
Π

4z
(
Λ2 +

1
2z

2
)
− 4z2

(
Λ1 − 1

4z
2
)
R

(1)
n (z)

. (6.7.10)

6.7.3 Growth rate equation for Case 3

Case 3 corresponds to choosing the half-plane of z =
√
−sLa, zi < 0, in which

the exponentially growing contribution is eliminated by imposing

c4 = −ic3 .

Proceeding in the same manner as in Case 2, the solution of (6.7.4) yields

c1 =
(n+ 1)

[(
n(n+ 2)− 1

2z
2
)
R

(2)
n (z)− z

]
ΠÃ

2z
(
Λ2 +

1
2z

2
)
− 2z2

(
Λ1 − 1

4z
2
)
R

(2)
n (z)

, (6.7.11)
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and

c3 = − n(n+ 1)(n+ 2)
√
πz−3/2ΠÃ

2
√
2
[(
Λ2 +

1
2z

2
)
h
(2)
n−1(z)− z

(
Λ1 − 1

4z
2
)
h
(2)
n (z)

] . (6.7.12)

Here h
(2)
n = jn − iyn is the spherical Hankel function of the second kind, and

R(2)
n =

h
(2)
n

h
(2)
n−1

. (6.7.13)

Substitution into (6.7.3) yields

z2 = −
La (n+ 1)

(
2z + z2R

(2)
n (z)

)
Π

4z
(
Λ2 +

1
2z

2
)
− 4z2

(
Λ1 − 1

4z
2
)
R

(2)
n (z)

. (6.7.14)

To relate Cases 2 and 3, we use the analytic continuation properties of the

spherical Hankel functions. Since

h(1)n (z) = jn(z) + iyn(z) , h(2)n (z) = jn(z)− iyn(z) ,

and the spherical Bessel functions satisfy (see, for example, Abramowitz &

Stegun, 1964, p.361)

jn(z̄) = jn(z) , yn(z̄) = yn(z) ,

it follows that

h
(1)
n (z̄) = h(2)n (z) .

Consequently,

R
(1)
n (z̄) =

h
(1)
n (z̄)

h
(1)
n−1(z̄)

=
h
(1)
n (z̄)

h
(1)
n−1(z̄)

=
h
(2)
n (z)

h
(2)
n−1(z)

= R(2)
n (z) .

Now define

F (1)(z) = −
La (n+ 1)

(
2z + z2R

(1)
n (z)

)
Π

4z
(
Λ2 +

1
2z

2
)
− 4z2

(
Λ1 − 1

4z
2
)
R

(1)
n (z)

,
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so that (6.7.10) may be written as

z2 = F (1)(z) .

Since Λ1, Λ2, Π, and La are real-valued,

F (1)(z̄) = −
La (n+ 1)

(
2z + z2R

(2)
n (z)

)
Π

4z
(
Λ2 +

1
2z

2
)
− 4z2

(
Λ1 − 1

4z
2
)
R

(2)
n (z)

= F (2)(z) ,

where F (2)(z) denotes the right-hand side of (6.7.14). Taking the complex

conjugate of

z2 = F (1)(z)

therefore gives

z̄ 2 = F (2)(z̄) .

Hence, if z satisfies the growth-rate equation for Case 2, then z̄ satisfies the

growth-rate equation for Case 3. Since

z2 = −sLa ,

with La ∈ R, it follows that the corresponding growth rates satisfy

s(2) = s(1) .

Therefore, the growth rates associated with Cases 2 and 3 form a

complex-conjugate pair. This algebraic conjugacy is consistent with the earlier

result that the far-field condition distinguishes Cases 2 and 3 via opposite

exponential branches, thereby enforcing a conjugate pairing of admissible

growth rates.

6.7.4 Asymptotic growth rates in the small- and large-La limits

Having established the eigenvalue problem and the complex-conjugate nature

of Cases 2 and 3, we now examine the behaviour of the growth rate s in the
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asymptotic limits of small and large Laplace number, La. These limits correspond

physically to the regimes where viscous effects dominate (La → 0) or inertial

effects dominate (La → ∞). Studying these limits allows us to connect the full

Navier–Stokes formulation with the well-known Stokes-flow results and to identify

the effect of inertia on the stability of the bubble.

Since Cases 2 and 3 are complex conjugates, their growth rates have the same

magnitude and real part in each asymptotic regime. Therefore, it is sufficient to

analyse one case in detail, knowing that the other exhibits the same growth or

decay rate but with the sign of the imaginary part reversed.

Small-La limit (La → 0)

We begin with Case 2. To evaluate the small-La limit, we require the asymptotic

behaviour of the spherical Bessel functions for small argument. These may be

expressed as (see, for example, Abramowitz & Stegun, 1964, p. 437)

jn(z) =
zn

(2n+ 1)!!

{
1− z2

2(2n+ 3)
+ · · ·

}
, (6.7.15a)

and

yn(z) =
(2n− 1)!!

zn+1

{
1− z2

2(1− 2n)
+ · · ·

}
, (6.7.15b)

where z =
√
−sLa. Here, the double factorial notation n!! denotes the product

of all positive integers up to n with the same parity as n such that n!! = n(n −

2)(n− 4) · · · .

For integer n ≥ 1, it follows that as z → 0,

jn(z) ∼
zn

(2n+ 1)!!
, (6.7.16a)

and

yn(z) ∼ −(2n− 1)!!

zn+1
. (6.7.16b)

Since z =
√
−sLa, taking the limit La → 0 is equivalent to taking z → 0. Using
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(6.7.16), the spherical Hankel function of the first kind satisfies

h(1)n (z) = jn(z) + iyn(z) ∼ −i(2n− 1)!! z−(n+1) , (6.7.17)

and therefore the ratio function of the first kind (6.7.9) behaves as

R(1)
n (z) ∼ −i(2n− 1)!! z−(n+1)

−i(2n− 3)!! z−n
=

2n− 1

z
. (6.7.18)

Substituting (6.7.18) into (6.7.10) and simplifying yields the small-La growth rate

s ∼
(n+ 1)

(
2
√
−sLa +

√
−sLa(2n− 1)

)
Π

4
√
−sLa(Λ2 − Λ1)

= −(n− 1)(n+ 1)(2n+ 1)

2(2n2 + 1)
.

(6.7.19)

Here, Π, Λ1, and Λ2 are defined in (6.7.7) and (6.7.8). Taking the limit La → 0 in

(6.1.1) yields the Stokes equations, and hence the limit La → 0 of (6.7.10) should

recover the Stokes-flow growth rate. Indeed, comparison of (6.7.19) with the

growth rate obtained under the Stokes-flow approximation in Chapter 4 (4.6.12)

shows exact agreement.

By the complex-conjugate relation, Case 3 yields the same magnitude of

growth/decay rate, confirming that in the viscous-dominated regime, inertial

effects introduce no additional instability.

Large-La limit (La → ∞)

Next, we consider the inertia-dominated regime La → ∞. We begin with Case

2, for which z =
√
−sLa satisfies

z2 = −
La (n+ 1)

(
2z + z2R

(1)
n (z)

)
Π

4z
(
Λ2 +

1
2z

2
)
− 4z2

(
Λ1 − 1

4z
2
)
R

(1)
n (z)

, (6.7.20)

where the ratio function is defined as

R(1)
n (z) =

h
(1)
n (z)

h
(1)
n−1(z)

. (6.7.21)
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To evaluate the large-La limit, we require the asymptotic behaviour of the

spherical Bessel functions for large argument. For |z| ≫ 1, these are given by

(6.3.15) as

jn(z) ∼
1

z
sin
(
z − nπ

2

)
, (6.7.22a)

yn(z) ∼ −1

z
cos
(
z − nπ

2

)
. (6.7.22b)

Since z =
√
−sLa, solutions with s algebraically small as La → ∞ correspond to

the large-|z| regime.

Using (6.7.22), the spherical Hankel function of the first kind satisfies

h(1)n (z) = jn(z) + iyn(z) ∼
1

z

[
sin
(
z − nπ

2

)
− i cos

(
z − nπ

2

)]
. (6.7.23)

Applying Euler’s formula,

eiz = cos z + i sin z ,

this expression can be written compactly as

h(1)n (z) ∼ 1

z
(−i)n+1eiz . (6.7.24)

Therefore, for |z| ≫ 1, the ratio function (6.7.21) has the asymptotic form

R(1)
n (z) ∼

1
z (−i)n+1eiz

1
z (−i)neiz

= −i . (6.7.25)

Substituting (6.7.25) into (6.7.20) yields

z2 ∼ −
La(n+ 1)

(
2z − iz2

)
Π

4Λ2z + 2z3 + 4iΛ1z2 − iz4
.

Factoring z2 from the numerator and z4 from the denominator gives

z2 ∼ −La(n+ 1)Π

z2

(
2
z − i

)(
4Λ2
z3

+ 2
z + 4iΛ1

z2
− i
) .



6.7 Uniform surface tension and fixed-radius base state 169

As |z| → ∞,

2

z
→ 0 ,

4Λ2

z3
→ 0 ,

4iΛ1

z2
→ 0 ,

and therefore (
2
z − i

)(
4Λ2
z3

+ 2
z + 4iΛ1

z2
− i
) → 1 .

Hence,

z2 ∼ −La(n+ 1)Π

z2
,

so that

z4 ∼ −La(n+ 1)Π .

Recalling that z2 = −sLa, we obtain

s2 ∼ −(n+ 1)Π

La
,

and therefore

s ∼ ±i

√
(n+ 1)Π

La
as La → ∞ . (6.7.26)

Thus, the growth rate vanishes like La−1/2 in the inertia-dominated limit. Here,

Π is defined as in (6.7.7) to be

Π = (n− 1)(n+ 2) + Bδn,0 . (6.7.27)

We now consider the isobaric limit, in which the gas pressure inside the bubble

remains constant. In the adiabatic law (4.5.28),

pGV
γ = k̄ , (6.7.28)

this corresponds to taking the adiabatic index γ = 0, where k̄ is constant. It then

follows from (6.5.6) that

B =
3kγ

σca3γ−1 = 0 . (6.7.29)

Hence,

Π = (n− 1)(n+ 2) ,
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and the large-La growth rate (6.7.26) reduces to

s ∼ ±i

√
(n− 1)(n+ 1)(n+ 2)

La
, La → ∞ . (6.7.30)

This agrees, subject to non-dimensionalisation, with the classical result of Lamb

(1932) (p. 469) for shape oscillations of a bubble with constant equilibrium radius

in an inviscid fluid with constant internal gas pressure.

By the complex-conjugate relation, Case 3 yields the conjugate branch of the

growth rate obtained in Case 2, and therefore the same oscillation frequency and

asymptotic decay behaviour. In both cases,

s = O(La−1/2) , La → ∞ ,

so that the growth rate vanishes in the inertia-dominated limit. Thus, no

additional instability arises in the inertia-dominated regime.

6.7.5 Growth rate as a polynomial in z

In this section we will show that the transcendental equations for the growth rate

for Case 2 (6.7.10) and Case 3 (6.7.14) can be expressed as polynomial equations

in z, where z =
√
−sLa.

To achieve this, we use Rayleigh’s formulas to rewrite the spherical Hankel

functions in a form for which the oscillatory exponential factors cancel in the

ratio functions R
(1)
n (z) and R

(2)
n (z). The resulting growth-rate equations then

reduce to algebraic polynomial equations in z.

Recall that, by Rayleigh’s formulas (6.3.11), the spherical Bessel functions can

be expressed as

jn(z) = (−z)n
(
1

z

d

dz

)n(sin z

z

)
, (6.7.31a)

and

yn(z) = −(−z)n
(
1

z

d

dz

)n (cos z
z

)
. (6.7.31b)
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We begin by considering Case 2.

6.7.6 Growth rate polynomial for Case 2

For Case 2, we have the Hankel function of the first kind which is expressed as

h(1)n (z) = jn(z) + iyn(z) (6.7.32)

= (−z)n
(
1

z

d

dz

)n sin z

z
− i(−z)n

(
1

z

d

dz

)n cos z

z
(6.7.33)

= −i(−z)n
(
1

z

d

dz

)n eiz

z
, (6.7.34)

using (6.7.31). We can simplify this further with the following proposition

Proposition 6.7.1.

(
1

z

d

dz

)n eiz

z
= eiz

(
1

z

d

dz
+

i

z

)n 1

z
. (6.7.35)

Proof. By induction on n.

Base case: n = 0. Substituting n = 0 into (6.7.35) the left- and right-hand sides

are equal to each other and so the base case holds.

Inductive step: assume (6.7.35) is true for n = k, for k = 0, 1, 2, ... such that

(
1

z

d

dz

)k eiz

z
= eiz

(
1

z

d

dz
+

i

z

)k 1

z
. (6.7.36)

Next we show (6.7.35) is true for k + 1. To do this we apply

1

z

d

dz
, (6.7.37)

to both sides of (6.7.36). This gives us

(
1

z

d

dz

)[(
1

z

d

dz

)k eiz

z

]
=

(
1

z

d

dz

)[
eiz
(
1

z

d

dz
+

i

z

)k 1

z

]
. (6.7.38)
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By applying the product rule to the right-hand side of (6.7.38) we get

1

z

d

dz
(eiz) = eiz

(
1

z

d

dz
+

i

z

)(
1

z

d

dz
+

i

z

)k 1

z
. (6.7.39)

Thus we have (
1

z

d

dz

)k+1 eiz

z
= eiz

(
1

z

d

dz
+

i

z

)k+1 1

z
, (6.7.40)

where k+1 replaces k in (6.7.36). This completes the inductive step. As we know

(6.7.35) is true for n = 0, we now know it to be true for n = k = 0, 1, 2, ...

The ratio function (6.7.9) can now be expressed as

R(1)
n (z) =

h
(1)
n (z)

h
(1)
n−1(z)

=

(−z)
(
1

z

d

dz
+

i

z

)n 1

z(
1

z

d

dz
+

i

z

)n−1 1

z

. (6.7.41)

Therefore, the z-equation for Case 2 (6.7.10) contains no explicit sin z or cos z

terms, and may be written as

z2 = −
La(n+ 1)

(
2z + z2R

(1)
n (z)

)
Π

4z(Λ2 +
1
2z

2)− 4z2(Λ1 − 1
4z

2)R
(1)
n (z)

. (6.7.42)

The corresponding equation for the growth rate s is thus given by

s =
(n+ 1)(2

√
−sLa − sLaR

(1)
n (

√
−sLa))Π

4
√
−sLa(Λ2 − 1

2sLa) + 4sLa(Λ1 +
1
4sLa)R

(1)
n (

√
−sLa)

. (6.7.43)

Since R
(1)
n (z) may be expressed as a rational function whose numerator is a

polynomial of degree n, clearing denominators in (6.7.42) yields a polynomial

equation in z. The highest-order contribution arises from the z4R
(1)
n (z) term in

the denominator of (6.7.42), resulting in an overall polynomial degree of n+ 4.

For the case n = 2, (6.7.42) becomes

z6 + 5iz5 − 45z4 − 72iz3 + 12(6 + La)z2 + 60iLaz − 60La = 0 , (6.7.44)
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which has six solutions, say {zk : k = 1, 2, ..., 6}. The corresponding equation for

the growth rate s is

s3La2 − 5i(−s)5/2La3/2 + 45s2La + 72i(−s)3/2La1/2

+ 12s(6 + La)− 60i
√
−sLa + 60 = 0 . (6.7.45)

As s = −z2/La, it would be tempting to say that the solutions of (6.7.45) would

be

sk = −
z2k
La

. (6.7.46)

However, we assume that we are working with the principal branch of s1/2, that

is to say

−π < arg s ≤ π . (6.7.47)

A problem may arise if any of the complex numbers in (6.7.46) lie outside the

principal branch and on another Riemann sheet. A Riemann sheet is one branch

of a multi-valued complex function, defined so that the function is single-valued on

that branch. For functions involving square roots, such as
√
−sLa, the associated

Riemann surface consists of two sheets, which are connected at branch points and

distinguished by the choice of sign of the square root. More information on this

can be found in text books on analysis (see, for example, Ahlfors, 1979).

To see this, we consider the toy equation

z + z
1
2 + 1 = 0 , (6.7.48)

where we assume that we work with the principal branch of z1/2, viz.

−π < arg z ≤ π . (6.7.49)

As before, it is tempting to say that (6.7.48) has two roots since we can put
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z = p2 so that

p2 + p+ 1 = 0 =⇒ p = −1

2
±

√
3

2
i . (6.7.50)

Then

z = p2 = −1

2
∓

√
3

2
i . (6.7.51)

The problem is that both of the complex numbers in (6.7.51) lie outside of the

principal branch and on another Riemann sheet. To see this we note that

p = −1

2
∓

√
3

2
i = e∓2iπ/3 , z = p2 = e∓4iπ/3 . (6.7.52)

Therefore, perhaps surprisingly, there are no solutions, with the square root

interpreted according to (6.7.49), to (6.7.48). To confirm this we plot in Figure

6.7.1 the contours of the modulus of F (z) = z + z1/2 + 1. This plot was created

using Matlab which uses the principal branch for the square root as in (6.7.49).

It appears from the plots that z = −1/2 might be a solution but it is clear that

it is not since

−1

2
+

1√
2
i + 1 ̸= 0 . (6.7.53)

Returning to the study of (6.7.44), since we are working in Case 2, only the values

of z = zr + izi where zi > 0 are valid. To calculate the numerical solutions to

(6.7.44), we will now take La = 1. In Section 6.7.8, we will numerically calculate

the solutions to (6.7.43) for a range of La from 10−3 to 105. The solutions to
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jF (z)j = jz + z1=2 + 1j
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1.92
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3.38
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p
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2
i
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1
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(a) The lines represent contours of |F | with the numerical
values shown.

(b) The colour chart tells you what the values of |F (z)| are in
the complex plane.

Figure 6.7.1: Contours of |F (z)|. The black circle plots are the points (6.7.51).
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(6.7.44) for n = 2, which were calculated using Matlab, are to six decimal places

z1 = 0.975289 + 0.138279i , (6.7.54a)

z2 = −0.975289 + 0.138279i , (6.7.54b)

z3 = −0.820840− 0.992012i , (6.7.54c)

z4 = 0.820840− 0.992012i , (6.7.54d)

z5 = −5.881192− 1.646260i , (6.7.54e)

z6 = 5.881192− 1.646260i , (6.7.54f)

and are plotted in the Argand diagram in Figure 6.7.2. Only the roots in the

upper-half plane will be valid for Case 2.

Re(s)
-6 -4 -2 0 2 4 6

Im
(s

)

-3

-2

-1

0

1

2
Roots of z-equation in the complex plane

Figure 6.7.2: Plot of the solutions (6.7.54) to the equation (6.7.44).

As we can see from the solutions zk and plot in Figure 6.7.2, the only two values

are valid for Case 2, namely,

z1 = 0.975289 + 0.138279i , (6.7.55a)

z2 = −0.975289 + 0.138279i . (6.7.55b)
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The corresponding values of s are

s1 = −0.932068− 0.269729i , (6.7.56a)

s2 = −0.932068 + 0.269729i . (6.7.56b)

We now determine which of these values is consistent with the principal branch

condition (6.7.47). Define

H(s) = −s3 + 5i(−s)5/2 − 45s2 − 72i(−s)3/2 − 84s+ 60i(−s)1/2 − 60 . (6.7.57)

Therefore, the only admissible solution of (6.7.45), and hence the only valid

growth rate of (6.7.3), is

H(s1) = 0.000000 + 0.000000i , (6.7.58a)

H(s2) = 18.784260 + 17.445904i . (6.7.58b)

Therefore, the only valid solution of (6.7.45) and thus the only growth rate of

(6.7.3) is

s1 = −0.932068− 0.269729i , (6.7.59)

where Re(s1) < 0, which means that the bubble is linearly stable for n = 2,

La = 1.

6.7.7 Growth rate polynomial for Case 3

For Case 3, the analysis proceeds analogously using the spherical Hankel function

of the second kind,

h(2)n (z) = jn(z)− iyn(z) .

Following the same procedure as in Case 2, the growth-rate equation may be

written in terms of z =
√
−sLa as

z2 = −
La(n+ 1)

(
2z + z2R

(2)
n (z)

)
Π

4z(Λ2 +
1
2z

2)− 4z2(Λ1 − 1
4z

2)R
(2)
n (z)

, (6.7.60)
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which again reduces to a polynomial equation in z of degree n + 4. The

corresponding equation for the growth rate s is thus given by

s =
(n+ 1)(2

√
−sLa − sLaR

(2)
n (

√
−sLa))Π

4
√
−sLa(Λ2 − 1

2sLa) + 4sLa(Λ1 +
1
4sLa)R

(2)
n (

√
−sLa)

, (6.7.61)

For n = 2, the polynomial (6.7.60) is

z6 − 5iz5 − 45z4 + 72iz3 + 12(6 + La)z2 − 60iLaz − 60La = 0 . (6.7.62)

As shown previously, the growth rates for Cases 2 and 3 form a complex-conjugate

pair. Therefore, for La = 1, the admissible growth rate for Case 3 is

s = −0.932068 + 0.269729i . (6.7.63)

Since

Re(s) < 0 ,

the bubble is linearly stable for n = 2 and La = 1.

6.7.8 Growth rate for Case 2 and 3 for varying Laplace number

In Section 6.7.3, we showed that the admissible growth rates for Cases 2 and 3

form a complex-conjugate pair. To determine whether growth rates with

positive real part can arise, we repeated the calculation of admissible growth

rates while varying the Laplace number, La. These computations were carried

out numerically in Matlab over the range

10−3 ≤ La ≤ 105 .

The corresponding admissible growth rates for n = 2 and n = 3 are shown in

Figures 6.7.3 and 6.7.4, respectively. The figures show the trajectories of the

admissible growth rates in the complex s-plane as La varies.

For n = 2 and La = 1, the admissible growth rates calculated in Sections 6.7.6
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and 6.7.7 are

s1 = −0.932068− 0.269729i , (6.7.64)

and

s2 = −0.932068 + 0.269729i . (6.7.65)

These values lie on the curves shown in Figure 6.7.3.

Figure 6.7.3: Admissible growth rates s in the complex plane for Cases 2 (blue)
and 3 (red) with n = 2, obtained by varying the Laplace number over 10−3 ≤
La ≤ 105. The two branches form a complex-conjugate pair and approach the
origin as La → ∞, consistent with the asymptotic result (6.7.26). The black
markers indicate the points corresponding to La → 0, La = 1, and La → ∞. In
particular, the (La → 0) marker corresponds to the limit s = −5/6 from (6.7.19),
which forms the cusp of the cardioid-like curve.

For each pair (La, n), we find a unique admissible growth rate in each of Cases

2 and 3, related by complex conjugation. The admissible growth rates trace a

cardioid-like curve in the complex s-plane.

As La → 0, the growth rates approach the asymptotic limit derived in Section

6.7.4,

s = −(n− 1)(n+ 1)(2n+ 1)

2(2n2 + 1)
. (6.7.66)
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Figure 6.7.4: Admissible growth rates s in the complex plane for Cases 2 (blue)
and 3 (red) with n = 3, obtained by varying the Laplace number over 10−3 ≤
La ≤ 105. As in Figure 6.7.3, the two branches are complex conjugates and
tend toward the origin as La → ∞. The black markers indicate the points
corresponding to La → 0 and La → ∞, with the left-most marker corresponding
to the cusp of the cardioid-like curve.

For n = 2, this gives

s = −5

6
, (6.7.67)

which is indicated by the black circle in Figures 6.7.3 and 6.7.4. This point

corresponds to the cusp of the cardioid-like curve.

Conversely, as La → ∞, the growth rates tend toward the origin, consistent with

the asymptotic result obtained in Section 6.7.4,

s ∼ ±i

√
(n− 1)(n+ 1)(n+ 2)

La
→ 0 . (6.7.68)

Increasing the mode number n shifts the cusp further into the negative real half-

plane, since

lim
n→∞

−(n− 1)(n+ 1)(2n+ 1)

2(2n2 + 1)
= −∞ . (6.7.69)

In particular, the cusp location scales linearly with n for large mode number.
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For all computed values of La and n, the admissible growth rates satisfy

Re(s) < 0 .

While a fully rigorous analytical proof remains elusive, the numerical evidence

suggests that no unstable growth rates arise in Cases 2 and 3.

In conclusion, for a steady base-state radius (ȧ = 0, a = 1) in the Navier–Stokes

regime, the numerical computations provide compelling evidence that the bubble

remains linearly stable.

6.8 Growth rate for time-dependent base-state

bubble radius

In this section, we develop a theoretical framework for the numerical

computation of growth rates when the base-state bubble radius is time

dependent. In Section 6.2 of this chapter, we derived the general inertial

perturbation equations governing the evolution of a disturbance to a radially

oscillating bubble. Starting from the stream-function decomposition (6.2.1),

ψ(r, ξ, t) = −a2ȧξ + ϵψ1(r, ξ, t) , (6.8.1)

where ψ1 is given by (6.2.7),

ψ1(r, ξ, t) =
∞∑
n=0

gn(r, t)Pn(ξ) , (6.8.2)

where we recall that

Pn(ξ) =

∫ ξ

−1
Pn(x) dx . (6.8.3)

We subsequently obtained the coupled equations (6.2.12) and (6.2.14) for the

functions gn(r, t) and wn(r, t), together with the associated kinematic and

dynamic boundary conditions at the bubble interface.



182 Chapter 6: Stability analysis for a bubble experiencing inertia

In section 6.3, analytical progress was obtained by restricting attention to the

case of a steady base-state radius, corresponding to the simplification ∆ = 0 in

(6.4.2). We now remove that assumption and consider the more general case

of a time-dependent periodically oscillating base state. The resulting governing

equations now contain coefficients that vary periodically in time, and closed-form

analytical solutions are no longer available. Consequently, the stability problem

must instead be formulated as a discretised Floquet eigenvalue problem.

Specifically, we consider a periodically oscillating base-state radius of the form

a(t) = 1 +∆cos(Ca t) , (6.8.4)

where Ca is the capillary number. As before, we neglect surfactant effects by

setting βs = 0 in (6.5.4), so that σ0 = σ1 = 0.

The perturbed bubble surface is written as in (6.4.1),

f(θ, t) = a(t) + ϵAn(t)Pn(cos θ) , (6.8.5)

where An(t) is the perturbation amplitude. Linear stability is determined by the

temporal behaviour of An(t): growth indicates instability, while decay implies

stability.

The amplitude evolution equation in this regime is given by (6.4.14),

dA1,n

dt
+

2ȧ

a
A1,n(t) = − 1

a2
gn(a, t) , (6.8.6)

where the function gn(r, t) is related to the quantity wn(r, t) via (6.2.12)

wn(r, t) =
∂2gn
∂r2

− n(n+ 1)

r2
gn , (6.8.7)

and wn satisfies the linearised Navier–Stokes equation (6.2.14)

La

[
∂wn

∂t
+
a2ȧ

r2

(
∂wn

∂r
− 2

r
wn

)]
=
∂2wn

∂r2
− n(n+ 1)

r2
wn . (6.8.8)
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The solutions to (6.8.7) and (6.8.8) must satisfy the dynamic boundary conditions

−p1(a, t) + 12
ȧ

a2
A1,n(t) +

2

a2

(
2gn(a, t)

a
− ∂gn

∂r

)
=

1

a2
((n− 1)(n+ 2)σ0 + Bδn,0)A1,n(t) , (6.8.9a)

from (6.5.5a) and

3n(n+ 1)
ȧ

a
A1,n(t) +

1

2a2

(
a2
∂2gn
∂r2

− 2a
∂gn
∂r

+ n(n+ 1)gn(a, t)

)
= 0 , (6.8.9b)

from (6.5.5b), which are to be evaluated at r = a(t).

The physical domain extends from the bubble surface r = a(t) to infinity. For

numerical purposes, this unbounded domain is truncated by introducing an

artificial outer permeable boundary at r = aR, where R > 1. This boundary

allows a flux of fluid at leading-order. At this boundary, we impose permeability

and no-slip conditions, requiring

ur =
ȧ

R2
and uθ = 0 at r = aR .

The radial velocity is given by

ur = − 1

r2
∂ψ

∂ξ
= − 1

r2
(
−a2ȧ+ ϵgnPn(cos θ)

)
. (6.8.10)

Evaluating this condition at r = aR yields

ȧ

R2
− ϵ

1

a2R2
gnPn(cos θ) =

ȧ

R2
. (6.8.11)

At O(1), (6.8.11) is automatically satisfied. At O(ϵ), the permeability condition

(6.8.11) is satisfied provided that

gn(R, t) = 0 . (6.8.12)
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The tangential velocity is

uθ = − 1

r sin θ

∂ψ

∂r
= − ϵ

r sin θ

∂gn
∂r

Pn(cos θ) , (6.8.13)

and the no-slip condition therefore implies

∂gn
∂r

= 0 at r = aR . (6.8.14)

To simplify the numerical treatment and fix the computational domain, we

introduce the scaled radial coordinate

η =
r

a(t)
, (6.8.15)

so that the domain becomes 1 ≤ η ≤ R. Applying the chain rule yields

∂

∂t
= − ȧ

a
η
∂

∂η
+
∂

∂t
,

∂

∂r
=

1

a

∂

∂η
. (6.8.16)

Substituting (6.8.15) and (6.8.16) into the above differential equations and

boundary conditions gives us the following problem to solve.

wn(η, t) =
1

a2
∂2gn
∂η2

− n(n+ 1)

a2η2
gn , (6.8.17)

La

[
− ȧ
a
η
∂wn

∂η
+
∂wn

∂t
+

ȧ

η2

(
1

a

∂wn

∂η
− 2

aη
wn

)]
=

1

a2
∂2wn

∂η2
− n(n+ 1)

a2η2
wn ,

(6.8.18)

with a kinematic boundary condition, at η = 1

a2
dA1,n

dt
+ 2aȧA1,n(t) = −gn(1, t) , (6.8.19)

and dynamic boundary conditions at η = 1 given by (6.8.9a)

−p1a3 + 12aȧA1,n + 2

(
2gn − ∂gn

∂η

)
= a

(
(n− 1)(n+ 2) +

B
a3γ−1

δn,0

)
A1,n ,

(6.8.20)
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and (6.8.9b)

3n(n+ 1)aȧA1,n +
1

2

(
∂2gn
∂η2

− 2
∂gn
∂η

+ n(n+ 1)gn(1, t)

)
= 0 , (6.8.21)

where, from (6.6.16) and changing variable r ↔ η via (6.8.15),

p1(1, t) = − 1

an(n+ 1)

∂wn

∂η
+

La

an(n+ 1)

(
∂2gn
∂η ∂t

− ȧ

a

∂gn
∂η

)
. (6.8.22)

We also have the permeability condition

gn(R, t) = 0 , (6.8.23)

and a no slip condition

dgn
dη

= 0 , (6.8.24)

at η = R.

Since the base-state radius is periodic in time, the governing equations have

periodic coefficients. We therefore seek solutions using a Floquet–Fourier

decomposition.

A1,n = est
∞∑

m=−∞
Ame

imCa t , a =
∞∑

k=−∞
ake

ikCa t , (6.8.25)

a2 =

∞∑
k=−∞

αke
ikCa t , aȧ =

∞∑
k=−∞

βke
ikCa t , (6.8.26)

and

gn = est
∞∑

m=−∞
Fm(η)eimCa t , wn = est

∞∑
m=−∞

Wm(η)eimCa t , (6.8.27)

where s is a growth rate, Am, ak, αk and βk are constants and Fm and Wm are
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functions of η. The values of ak, αk and βk are as follows:

ak =


1 , k = 0

∆

2
, k = ±1

0 , |k| ≥ 2

, αk =



1 +
∆2

2
, k = 0

∆ , k = ±1

∆2

4
, k = ±2

0 , |k| ≥ 3

, (6.8.28)

βk =



Ca∆

2
i , k = 1

−Ca∆

2
i , k = −1

Ca∆2

4
i , k = 2

−Ca∆2

4
i , k = −2

0 , else

. (6.8.29)

Substituting these expansions into the governing equations and boundary

conditions yields a coupled system of linear algebraic equations for the Fourier

coefficients. Truncating the Fourier series at |m| ≤ M results in a

finite-dimensional system. We now substitute these Fourier expressions into the

above differential equations and boundary conditions truncated at M . As we

are only interested in values of n ≥ 2, δn,0 = 0 in (6.8.20).

6.8.1 Discretisation and formulation of the eigenvalue problem

To discretise the radial dependence, we introduce a uniform grid in the rescaled

coordinate η = r/a(t). For j = 1, . . . , N , we define

ηj = 1 + (j − 1)h , (6.8.30)

where

h =
R− 1

N − 1
. (6.8.31)

The quantities

Fm,j = Fm(ηj) , Wm,j =Wm(ηj) ,
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denote the values of the Fourier mode m evaluated at the grid point ηj . Here,

the first index labels the Fourier mode and the second index labels the radial grid

point. Thus, Fm,j represents a scalar unknown associated with the pair (m, ηj),

rather than a two-dimensional array.

To allow the use of centred finite-difference schemes at the boundaries η = 1 and

η = R, we introduce two ghost points (or fictitious points) at

η0 = 1− h , ηN+1 = R+ h .

These points do not correspond to physical locations but are introduced so that

centred finite-difference approximations may also be applied at the boundary

grid points. The ghost-point values therefore appear as additional unknowns

in the discretised system and are determined simultaneously with the interior

values through the discretised boundary and interface conditions. This approach

preserves second-order accuracy throughout the computational domain.

Using centred finite differences, the first and second derivatives are approximated

as

F ′
m,j ≈

Fm,j+1 − Fm,j−1

2h
, F ′′

m,j ≈
Fm,j+1 − 2Fm,j + Fm,j−1

h2
, (6.8.32)

with analogous expressions for Wm,j .

With these approximations, the equation defining W , given by (6.8.17), becomes

M∑
k=−M

αm−kWk,j − F ′′
m,j +

n(n+ 1)

η2j
Fm,j = 0 . (6.8.33)



188 Chapter 6: Stability analysis for a bubble experiencing inertia

Similarly, the governing equation (6.8.18) becomes

La

(
1

η2j
− ηj

)
M∑

k=−M

βm−kW
′
k,j − La

2

η3j

M∑
k=−M

βm−kWk,j −W ′′
m,j

+
n(n+ 1)

η2j
Wm,j + La imCa

M∑
k=−M

αm−kWk,j = −La s
M∑

k=−M

αm−kWk,j .

(6.8.34)

The kinematic condition (6.8.19) at η = 1 becomes

imCa
M∑

k=−M

αm−kAk + 2
M∑

k=−M

βm−kAk + Fm,1 = −s
M∑

k=−M

αm−kAk . (6.8.35)

The first dynamic condition (6.8.20) becomes

1

n(n+ 1)

M∑
k=−M

αm−kW
′
k,1 + 12

M∑
k=−M

βm−kAk + 4Fm,1 − 2F ′
m,1

− (n− 1)(n+ 2)
M∑

k=−M

am−kAk +
La

n(n+ 1)

M∑
k=−M

βm−kF
′
k,1

− imCaLa

n(n+ 1)

M∑
k=−M

αm−kF
′
k,1 =

La s

n(n+ 1)

M∑
k=−M

αm−kF
′
k,1 . (6.8.36)

The second dynamic condition (6.8.21) becomes

3n(n+ 1)
M∑

k=−M

βm−kAk +
1

2
F ′′
m,1 − F ′

m,1 +
n(n+ 1)

2
Fm,1 = 0 . (6.8.37)

At the outer boundary η = R, the impermeability and no-slip conditions (6.8.12)

and (6.8.14) become

Fm,N = 0 , F ′
m,N = 0 . (6.8.38)

Collecting the discretised governing equations, boundary conditions, and interface

conditions yields a finite-dimensional linear system for the unknown Fourier–

radial coefficients,

x = (F ,W , c)T , (6.8.39)

where F and W denote vectors obtained by stacking the discrete Fourier–radial
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coefficients Fm,j and Wm,j , respectively, over all Fourier modes −M ≤ m ≤ M

and radial grid points 0 ≤ j ≤ N + 1. Explicitly,

F = {F−M,0, F−M,1, . . . , F−M,N+1, . . . , FM,0, . . . , FM,N+1} , (6.8.40a)

W = {W−M,0,W−M,1, . . . ,W−M,N+1, . . . ,WM,0, . . . ,WM,N+1} , (6.8.40b)

c = {A−M , A−M+1, . . . , AM} . (6.8.40c)

Here, the first index m labels the Fourier mode, while the second index j labels

the radial grid point.

The discretised governing equations and boundary conditions define a coupled

linear system for the unknown Fourier–radial coefficients contained in x. Each

discretised equation contributes a set of rows to the global matrices A and B.

Specifically,

• the discretised relation (6.8.33) between Fm,j and Wm,j contributes the

block rows AFF and AFW ;

• the discretised evolution equation (6.8.34) for Wm,j contributes the block

AWW , while the terms proportional to the eigenvalue s contribute the

corresponding block BWW ;

• the kinematic condition (6.8.35) couples the interface amplitudes Am to

the interfacial values Fm,1, producing the blocks AAF and AAA. The terms

proportional to s contribute the block BAA;

• the first dynamic boundary condition (6.8.36) contributes the constraint

blocks AC1F , AC1W , and AC1A, while the terms proportional to s

contribute the block BC1F ;

• the second dynamic boundary condition (6.8.37) contributes the blocks

AC2F and AC2A;

• the outer-boundary conditions (6.8.38) at η = R generate the final
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constraint rows AC3F and AC4F .

The subscripts indicate both the equation from which the block arises and the

variables on which it acts. For example, AFF contains the coefficients multiplying

the unknowns F in the discretised Fm,j-equation (6.8.33), while AFW contains

the coefficients multiplying W in that same equation. Similarly, AAA contains

the coefficients multiplying c in the discretised Am-equation (6.8.35).

The resulting system can be written compactly as the generalised eigenvalue

problem

Ax = sBx , (6.8.41)

where A and B are block matrices encoding the spatial operators, time-periodic

coupling, and boundary conditions. The block structure of this system is



AFF AFW 0

0 AWW 0

AAF 0 AAA

AC1F AC1W AC1A

AC2F 0 AC2A

AC3F 0 0

AC4F 0 0



x = s



0 0 0

0 BWW 0

0 0 BAA

BC1F 0 0

0 0 0

0 0 0

0 0 0



x . (6.8.42)

Each block of A and B is constructed using a standard column-by-column matrix

assembly procedure. Concretely, to determine the column corresponding to a

particular unknown, e.g., Fm,j , we set

Fm,j = 1 , all other components of x = 0 ,

and evaluate the left-hand side of all discretised equations. The resulting

coefficients populate the corresponding rows of that column. Repeating this

procedure for every degree of freedom constructs the full matrix.
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This method is applied uniformly to all blocks, including those that couple

different Fourier modes through the time-periodic base state. After assembly,

the generalised eigenvalue problem can be solved numerically to obtain the

Floquet growth rates s, which determine the stability of the bubble.

In this section, we have outlined an extension of the inertial stability analysis

to the case of a time-dependent base-state bubble radius. While the formulation

follows naturally from the steady-radius analysis developed earlier in this chapter,

we have so far been unable to obtain reliable numerical results for the associated

growth rates. The increased complexity of the governing equations, combined

with the time dependence of the base state, presents significant analytical and

computational challenges. Addressing these difficulties remains an important

direction for future work and would allow a direct comparison with the Floquet-

based stability results obtained in the Stokes flow regime.
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7

Conclusions

7.1 Summary of research

The transport of water under negative pressure in plant xylem remains one of the

most striking examples of metastable fluid behaviour in nature. Most detrimental

to the plant in this phenomenon is the formation and evolution of gas bubbles

within the xylem sap, which have traditionally been associated with cavitation

and hydraulic failure. However, growing experimental evidence has revealed the

widespread presence of long-lived, surfactant-coated nanobubbles that do not

necessarily lead to embolism (Ingram et al., 2021). This thesis has aimed to

address the fundamental mathematical question of whether such nanobubbles

can be dynamically stable under physiologically relevant conditions.

In Chapter 2, the mathematical foundations required for modelling xylem

bubble dynamics were established. Starting from the full Navier–Stokes

equations, the Stokes flow regime appropriate for xylem conditions was derived

using dimensional analysis. Classical bubble dynamics were reviewed through

the Rayleigh–Plesset equation, and tools from linear stability theory and

Floquet theory were introduced to analyse both steady and time-periodic

systems. This chapter provided the analytical framework that underpins all

subsequent modelling and analysis in the thesis.

Chapter 3 introduced numerical optimisation techniques designed to explore the

high-dimensional parameter space associated with surfactant-covered bubble
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models. Global optimisation methods, including genetic algorithms and

simulated annealing, were demonstrated to be effective tools for identifying

parameter combinations that influence stability. These techniques were

subsequently used to complement analytical results and to assess the sensitivity

and robustness of stability outcomes across a broad range of physical

parameters.

In Chapter 5, a detailed axisymmetric model of a surfactant-covered bubble

immersed in a viscous fluid was developed. We considered both an infinite

domain and the case where we introduce a wall. Governing equations were

derived for both constant and time-dependent bubble radii, incorporating

interfacial stress balances, gas compressibility, and surfactant transport along

the bubble surface. Linear stability equations were obtained for spherical and

weakly deformed bubbles. For a bubble with constant radius, exact expressions

for the growth rate were derived both in the presence and absence of

surfactants. These results showed that, regardless of the parameter values

chosen, the bubble remains stable. In fact, in (4.9.32) we showed that the

presence of surfactants further enhances stability in this regime.

For a bubble with a time-periodically varying radius, exact expressions for the

growth rate were obtained in the absence of surfactants using Floquet theory.

When surfactants were included, numerical methods were required to analyse

the resulting stability equations. Numerical evaluation across a wide range of

physically relevant parameters, using global optimisation techniques, consistently

indicated that surfactants do not destabilise the bubble interface. No growing

modes were observed in the parameter regimes explored, even under periodic

forcing of the bubble radius.

The analysis was extended in Chapter 5 to non-axisymmetric perturbations,

allowing fully three-dimensional surface deformations to be considered.

Evolution equations were derived for the perturbation amplitudes, resulting in a

coupled stability system that accounts for hydrodynamics, surfactant
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redistribution, and interfacial elasticity. The results demonstrated that the

inclusion of three-dimensional perturbations does not alter the stability

conclusions obtained in Chapter 4: the bubble remains stable across the

parameter space considered, indicating that non-axisymmetric modes do not

introduce new instability mechanisms in the presence of surfactants.

In Chapter 6, the assumption of negligible inertia was relaxed and inertial effects

were incorporated through the full Navier–Stokes equations. Modified kinematic

and dynamic boundary conditions were derived, and a simplified inertial regime

was analysed. Although inertia introduces additional terms into the governing

equations, the steady bubble case continued to exhibit a negative growth rate,

indicating stability.

Taken together, the results of Chapters 4–6 provide a consistent and robust

conclusion: within the modelling framework considered in this thesis,

surfactant-covered nanobubbles are stable across a broad range of parameters

relevant to plant xylem. This theoretical finding aligns naturally with

experimental demonstrations that xylem sap can sustain significant negative

pressures without widespread cavitation, and supports the view that

nanobubbles, when stabilised by surfactants, need not inevitably lead to

embolism. Moreover, no evidence was found to support the hypothesis that

surfactants can destabilise and break down nanobubbles, in contrast to the

results reported by Xiao et al. (2017).

7.2 Reflection

With the benefit of hindsight, there are several aspects of the project that

provided valuable opportunities for learning. In particular, when I started this

project, an earlier and deeper understanding of the work by Blyth & Pozrikidis

(2005) would have provided a stronger foundation for the mathematical

modelling and may have allowed additional avenues of research to be explored

within the available time.
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Similarly, prior to this project, I had not encountered the Lamb solution to Stokes

flow in spherical geometry. Gaining familiarity with this solution over the course

of the project has been instrumental in developing the non-axisymmetric analysis

presented in Chapter 5 and has provided a useful toolset for future investigations

of similar problems.

At the outset of the project, the research direction was strongly guided by my

supervisors, with clear objectives focused on understanding and extending

existing work. As the project progressed, I took increasing responsibility for

shaping the direction of the research and making independent decisions

regarding modelling approaches and analytical techniques. This transition

represents a significant development in my ability to conduct independent

research, but I recognise I still have more room to grow.

Also, the idea of giving presentations on my work scared me and I didn’t think

I would be able to do it. Giving talks can be challenging for many people, and

this was particularly the case for me due to autism. Over the course of the PhD,

however, I have delivered numerous presentations at UEA, the John Innes Centre,

and conferences in Bristol, Newcastle, Harrogate, and Exeter. My confidence in

presenting has improved substantially, and I regard this as an important personal

and professional development arising from the PhD.

7.3 Future work

An immediate direction for future work is the continued development of the

numerical Floquet framework introduced in Section 6.8 for the case of a time-

dependent inertial base state. Although the governing equations and discretised

eigenvalue problem have been formulated, obtaining reliable numerical growth

rates has proved considerably more challenging than in the corresponding Stokes-

flow analysis.

Ongoing work is focused on improving the numerical implementation and

verifying convergence of the discretised system. We expect these difficulties to
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be resolved in the near future, allowing the resulting Floquet stability

calculations to be published as a continuation of the present work.

Several natural extensions of this work remain. A key next step would be to

incorporate surfactant effects into the inertial bubble model developed in Chapter

6. Doing so would help clarify whether the combination of inertia and surfactant

dynamics could introduce destabilising mechanisms not captured in the present

analysis.

As discussed in the Introduction, soluble surfactants are present in xylem sap.

The surfactant transport model used in this thesis assumes insoluble surfactants

and therefore neglects exchange between the bubble surface and the surrounding

fluid. An important extension would be to adopt a transport model that allows

for adsorption and desorption of surfactant molecules, enabling a more realistic

representation of xylem chemistry. To account for this, we could extend the

surfactant transport equation so that we have

∂Γ

∂t
+∇s · (Γus) + 2Γκmun = Ds∇2

sΓ + Jb , (7.3.1)

where un = u · n̂ is the normal velocity, us = (I − n̂n̂) ·u is the surface velocity

vector, ∇s = (I − n̂n̂) · ∇ is the surface gradient operator, Ds is the surfactant

diffusivity and ∇2
s = ∇s · ∇s is the surface Laplacian operator and

Jb = kaC

(
1− Γ

Γ∞

)
− kdΓ

∣∣∣∣∣
r=f

, (7.3.2)

is the flux of surfactants onto and off the bubble surface where ka is a measure

of adsorption and kd is a measure of desorption. C(r, θ, t) is the concentration of

surfactants in the bulk fluid and satisfies the convection-diffusion equation

∂C

∂t
+ u · ∇C = Db∇2C , (7.3.3)

where u is the velocity field given in an axisymmetric regime by u = urr̂+uθθ̂ and

Db is the diffusivity constant in the bulk. We also have the boundary condition
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that

Db(n̂ · ∇C) = Jb (7.3.4)

at r = f where n̂ is the unit normal vector to the bubble surface.

As discussed in the introduction, water in the xylem is under tension. Under

such conditions, the common assumption of incompressibility may no longer be

strictly valid. While this assumption has been made here to simplify the

mathematics, a more realistic treatment would account for density variations in

the fluid. A natural extension of this work would be to consider the full

compressible Navier–Stokes equations, where the fluid density is allowed to

vary:

ρ

(
∂u

∂t
+ u · ∇u

)
= −∇p+∇ · τ + f , (7.3.5a)

∂ρ

∂t
+∇ · (ρu) = 0 , (7.3.5b)

τ = µ
(
∇u+∇uT

)
+

(
λ− 2

3
µ

)
(∇ · u) I , (7.3.5c)

where τ is the viscous stress tensor, µ and λ are the shear and bulk viscosities,

respectively, and f represents external body forces, such as gravity. Incorporating

compressibility would allow for a more accurate description of bubble dynamics in

xylem sap under tension and could provide insight into how density fluctuations

interact with interfacial surfactants to affect bubble stability.
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Appendices

A1 Code for Genetic Algorithm

1 close all;

2 clear all;

3 clc

4

5 global n iPe gamma B P Ca

6

7 format long

8

9 % Parameters

10

11 n = 50;

12 iPe = 0.0;

13 gamma = 1.0; % adiabatic index

14 B = 0.01;

15 Ca = 1.0;

16

17 beta_min = 0.1;

18 Delta_min = 0.1;

19 Gamma_R_max = (1 - Delta_min)^2*(1 - exp(-1/ beta_min));

20

21 if n==0

22 P = 2;

23 else

24 P = 0;

25 end
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26

27

28 % Define Parameter Bounds

29 lb = [beta_min , 0.1, Delta_min ]; % Lower bounds for

parameters [beta_s , Gamma_R , Delta]

30 ub = [5, Gamma_R_max , 0.99]; % Upper bounds for parameters

[beta_s , Gamma_R , Delta]

31

32

33 % Genetic Algorithm Optimization

34 options = optimoptions('ga', 'Display ', 'iter', '

PopulationSize ', 50, 'MaxGenerations ', 200,'

ConstraintTolerance ', 1e-8);

35 optimal_params = ga(@(params) objective_function(params), 3,

[],[], [], [],

36 lb , ub , @nonlinear_constraint , options);

37

38 % Display the Optimal Parameters

39 disp('Optimal Parameters Found:');

40 disp(['beta_s = ', num2str(optimal_params (1))]);

41 disp(['Gamma_R = ', num2str(optimal_params (2))]);

42 disp(['Delta = ', num2str(optimal_params (3))]);

43

44

45 % Display the Final Error

46 final_error = objective_function(optimal_params);

47 disp(['Maximum s1: ', num2str(-objective_function(

optimal_params))]);

48 disp(['Minimum sig0: ', num2str (1 + optimal_params (1)*log(1

- optimal_params (2) /(1 - optimal_params (3))^2))]);

49

50

51 % Objective Function (Maximise s1)

52 function f = objective_function(params)

53 global sig s1 Ca s2
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54

55 beta_s = params (1);

56 Gamma_R = params (2);

57 Delta = params (3);

58

59

60 Nt = 1000;

61 T = 2*pi/Ca;

62 dt = T/Nt;

63

64 yy1 = [1 0];

65 t1 = 0;

66 for it=1:Nt

67 [t1 ,yy1] = runge4step(dt ,t1 ,yy1 ,params);

68 tk(it) = t1;

69 yk(it) = yy1 (1);

70 end

71

72 yy2 = [0 1];

73 t2 = 0;

74 for it=1:Nt

75 [t2 ,yy2] = runge4step(dt ,t2 ,yy2 ,params);

76 end

77

78 sol1 = [yy1 (1),yy1 (2)];

79 sol2 = [yy2 (1),yy2 (2)];

80

81 monod = [sol1 ',sol2 '];

82 % Eigenvalues of monod

83 tt = trace(monod);

84 dd = det(monod);

85 e1 = 0.5*(tt + sqrt(tt^2-4*dd));

86 e2 = 0.5*(tt - sqrt(tt^2-4*dd));

87 % Growth rates

88 s1 = log(e1)/T;
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89 s2 = log(e2)/T;

90

91

92 f = min(-real(s1),-real(s2)); % Minus sign to maximise

f

93 end

94

95

96 % Nonlinear Constraint Function

97 function [c, ceq] = nonlinear_constraint(params)

98

99 beta_s = params (1);

100 Gamma_R = params (2);

101 Delta = params (3);

102

103 %The minimum value of sig0 must be greater than 0

104 c = -(-Gamma_R +(1-exp(-1/ beta_s))*(1- Delta)^2); % Must

be <= 0

105

106 ceq = []; % No equality constraints

107 end

108

109 % ODE system

110 function dydt = odefun(t,y,params)

111

112 global n iPe gamma P L Pi sig B sig0 Gamma0 aa da Ca

113

114 beta_s = params (1);

115 Gamma_R = params (2);

116 Delta = params (3);

117

118

119 aa = 1 + Delta*cos(Ca*t);

120 da = -Delta*Ca*sin(Ca*t);

121 Gamma0 = Gamma_R ./(aa.^2);
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122 sig0 = 1 + beta_s*log(1-Gamma0);

123 L = (n+1) /(2*(2*n^2+1));

124 Pi = (n+2)*(n-1)*sig0 + B./aa .^(3* gamma -1)*P;

125

126 % Matrix entries

127

128 [mm] = matform(da ,aa ,Gamma0 ,Pi ,params);

129

130

131 dydt = [mm(1,1)*y(1) + mm(1,2)*y(2), mm(2,1)*y(1) + mm

(2,2)*y(2)];

132

133

134 end

135

136 function [mm] = matform(da ,aa ,Gamma0 ,Pi ,params)

137

138 global n iPe L Ca

139

140 beta_s = params (1);

141 Gamma_R = params (2);

142 Delta = params (3);

143

144

145 mm(1,1) = -(n-1) *(4*n+1) ./(2*n^2+1)*da/aa - (2*n+1)*Pi*L./(

aa*(n+2));

146 mm(1,2) = (beta_s*L)/((1- Gamma0));

147 mm(2,1) = -(3*n*(n-1) *(2*n-1) /(2*n^2+1))*(da./aa.^2)*Gamma0

+ Gamma0*L*Pi./(aa.^2);

148 mm(2,2) = -beta_s *(2*n^2-n+2)*Gamma0*L./(aa.*(1- Gamma0)) -

iPe*n*(n+1)/aa.^2 - 2*da./aa;

149

150

151 end

152
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153 function [t,yy] = runge4step(h,t,yy ,params)

154

155 beta_s = params (1);

156 Gamma_R = params (2);

157 Delta = params (3);

158

159 [dydt] = odefun(t,yy ,params);

160 yy_pred1 = yy + 0.5*h*dydt;

161 [dy_pred1] = odefun(t+0.5*h,yy_pred1 ,params);

162 yy_pred = yy + 0.5*h*dy_pred1;

163 [dy_pred2] = odefun(t+0.5*h,yy_pred2 ,params);

164 yy_pred3 = yy + h*dy_pred2;

165 [dy_pred3] = odefun(t+h,yy_pred3 ,params);

166

167 dydt = (1/6)*( dydt + 2* dy_pred1 + 2* dy_pred2 + dy_pred3 )

;

168 yy = yy + h*dydt;

169 t = t + h;

170

171 end

A2 Code for Simulated Annealing

1 close all;

2 clear all

3 clc

4

5 global n iPe sig gamma B P Ca

6

7 format long

8

9 % Parameters

10

11 n = 3;

12 iPe = 0.0;
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13 gamma = 1.0; % adiabatic index

14 B = 0.01;

15 Ca = 1.0;

16

17 beta_min = 0.1;

18 Delta_min = 0.1;

19 Gamma_R_max = (1 - Delta_min)^2*(1 - exp(-1/ beta_min));

20

21 if n==0

22 P = 2;

23 else

24 P = 0;

25 end

26

27

28 % Define Parameter Bounds

29 lb = [beta_min , 0.1, Delta_min ]; % Lower bounds for

parameters [Ma, Gamma_R , Delta]

30 ub = [5, Gamma_R_max , 0.99]; % Upper bounds for

parameters [Ma, Gamma_R , Delta]

31 initial_guess = lb + rand(1, length(lb)).*(ub - lb);

32

33 % Simulated Annealing Optimization

34 options = optimoptions('simulannealbnd ', 'Display ', 'iter',

'MaxIterations ', 3000, 'MaxFunctionEvaluations ', 300000 ,'

ReannealInterval ', 50); %,'ReannealInterval ', 30

35 % Run the optimization

36 [optimal_params , f] = simulannealbnd(@objective_function ,

initial_guess , lb , ub , options);

37

38 % Display the Optimal Parameters

39 disp('Optimal Parameters Found:');

40 disp(['beta_s = ', num2str(optimal_params (1))]);

41 disp(['Gamma_R = ', num2str(optimal_params (2))]);

42 disp(['Delta = ', num2str(optimal_params (3))]);
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43

44

45

46 % Display the Final Error

47 final_error = objective_function(optimal_params);

48 disp(['Maximum s1: ', num2str(-objective_function(

optimal_params))]);

49 disp(['Minimum sig0: ', num2str (1 + optimal_params (1)*log(1

- optimal_params (2) /(1 - optimal_params (3))^2))]);

50

51

52 % Objective Function (Maximise s1)

53 function f = objective_function(params)

54 global sig s1 s2 Ca

55

56 beta_s = params (1);

57 Gamma_R = params (2);

58 Delta = params (3);

59

60 if -Gamma_R + (1-exp(-1/ beta_s))*(1- Delta)^2 < 0

61 f = inf;

62 return

63 end

64

65 Nt = 6000;

66 T = 2*pi/Ca;

67 dt = T/Nt;

68

69 yy1 = [1 0];

70 t1 = 0;

71 for it=1:Nt

72 [t1 ,yy1] = runge4step(dt ,t1 ,yy1 ,params);

73 tk(it) = t1;

74 yk(it) = yy1 (1);

75 end
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76

77 yy2 = [0 1];

78 t2 = 0;

79 for it=1:Nt

80 [t2 ,yy2] = runge4step(dt ,t2 ,yy2 ,params);

81 end

82

83 sol1 = [yy1 (1),yy1 (2)];

84 sol2 = [yy2 (1),yy2 (2)];

85

86 monod = [sol1 ',sol2 '];

87 % Eigenvalues of monod

88 tt = trace(monod);

89 dd = det(monod);

90 e1 = 0.5*(tt + sqrt(tt^2-4*dd));

91 e2 = 0.5*(tt - sqrt(tt^2-4*dd));

92 % Growth rates

93 s1 = log(e1)/T;

94 s2 = log(e2)/T;

95

96

97 f = min(-real(s1),-real(s2)); %

98 end

99

100

101 % ODE system

102 function dydt = odefun(t,y,params)

103

104 global n iPe gamma P L Pi sig B sig0 Gamma0 Ca

105

106 beta_s = params (1);

107 Gamma_R = params (2);

108 Delta = params (3);

109

110
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111 aa = 1 + Delta*cos(Ca*t);

112 da = -Delta*Ca*sin(Ca*t);

113 Gamma0 = Gamma_R ./(aa.^2);

114 sig0 = 1 + beta_s*log(1-Gamma0);

115 L = (n+1) /(2*(2*n^2+1));

116 Pi = (n+2)*(n-1)*sig0 + B./aa .^(3* gamma -1)*P;

117

118 % Matrix entries

119

120 [mm] = matform(da ,aa ,Gamma0 ,Pi ,params);

121

122 dydt = [mm(1,1)*y(1) + mm(1,2)*y(2), mm(2,1)*y(1) + mm(2,2)*

y(2)];

123

124

125 end

126

127 function [mm] = matform(da ,aa ,Gamma0 ,Pi ,params)

128

129 global n iPe L Ca

130

131 beta_s = params (1);

132 Gamma_R = params (2);

133 Delta = params (3);

134

135

136 mm(1,1) = -(n-1) *(4*n+1) ./(2*n^2+1)*da/aa - (2*n+1)*Pi*L./(

aa*(n+2));

137 mm(1,2) = (beta_s*L)/((1- Gamma0));

138 mm(2,1) = -(3*n*(n-1) *(2*n-1) /(2*n^2+1))*(da./aa.^2)*Gamma0

+ Gamma0*L*Pi./(aa.^2);

139 mm(2,2) = -beta_s *(2*n^2-n+2)*Gamma0*L./(aa.*(1- Gamma0)) -

iPe*n*(n+1)/aa.^2 - 2*da./aa;

140

141 end
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142

143 function [t,yy] = runge4step(h,t,yy ,params)

144

145 beta_s = params (1);

146 Gamma_R = params (2);

147 Delta = params (3);

148

149 [dydt] = odefun(t,yy ,params);

150 yy_pred1 = yy + 0.5*h*dydt;

151 [dy_pred1] = odefun(t+0.5*h,yy_pred1 ,params);

152 yy_pred2 = yy + 0.5*h*dy_pred1;

153 [dy_pred2] = odefun(t+0.5*h,yy_pred2 ,params);

154 yy_pred3 = yy + h*dy_pred2;

155 [dy_pred3] = odefun(t+h,yy_pred3 ,params);

156

157 dydt = (1/6)*( dydt + 2* dy_pred1 + 2* dy_pred2 + dy_pred3 )

;

158 yy = yy + h*dydt;

159 t = t + h;

160

161 end
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