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Abstract
This paper introducesMatriKS, a new computerized tool for the assessment of fluid intelligence based on Raven-like matrices.
Based on knowledge structure theory (KST), a mathematical framework initially designed for efficient assessment and
personalized learning,MatriKS is the first large-scale application ofKST tofluid intelligence assessment. The validation results
for MatriKS, suitable for Italian individuals aged 4 to 11 (N = 568), are presented. A multi-method approach incorporating
classical test theory (CTT), item response theory (IRT), and KST was employed. Each of the three approaches, with its own
assumptions and models, highlights structural properties of the data that are not captured by the other two. Nevertheless,
the three approaches provide an acceptable modeling of the data supporting the adequate functioning of MatriKS. The study
concludes by exploring themethodological and practical benefits of usingKST for constructing tests and estimating individual
cognitive profiles.
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Introduction

It is not new that the advancement of science is strictly depen-
dent on newer, more sophisticated techniques tomeasure and
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analyze the variables under investigation. This is particu-
larly true for psychology, a century-and-a-half -old discipline
that is inherently complex, with multiple components, most
of which are latent. As in other empirical sciences, multi-
method measurement allows researchers to explore different
dimensions and perspectives of a scientific phenomenon.
This approach can provide a more comprehensive under-
standing of psychological constructs and offer stronger
evidence for psychological theories than single-method stud-
ies. Moreover, researchers can cross-verify their findings
by comparing results across different methods, reducing
the likelihood of errors or biases associated with a single
approach. This enhances the credibility and reliability of the
conclusions drawn from the research and contributes to the
validity and robustness of a research study (see, e.g., Eid &
Diener, 2006).

In psychology, at least three different measurement app-
roaches are available nowadays: classical test theory (CTT;
see, e.g., Lord&Novick, 1968;Novick, 1966), item response
theory (IRT; see, e.g., Embretson & Reise, 2000) and knowl-
edge structure theory (KST; see, e.g., Doignon & Falmagne,
1999; Falmagne,Albert,Doble, Eppstein,&Hu, 2013;Heller
& Stefanutti, 2024). Among the three approaches, KST is the
newest and least known.

In the field of knowledge assessment and learning, KST
marks a significant departure from traditional psychometric
theories. Indeed, KST is not intended to quantify knowl-
edge or learning in a conventional numerical sense. Rather, it
focuses on identifying the specific items (or skills) a person
masters within a given field of knowledge at a givenmoment.
Thus, the feedback of a KST-based assessment is nonnumer-
ical, assuming the form of a set.

Contrarily to KST, CTT and IRT have a long tradition in
the field of test and questionnaire validation, and are com-
monly used for this purpose. While CTT focuses on classical
measures such as test scores, IRT offers amore nuanced anal-
ysis by considering item-level properties and latent traits. It
is not uncommon to see these two methods used together for
comprehensive test validation (see, e.g., Bacherini, Anselmi,
Havercamp, & Balboni, 2024; Bechger, Maris, Verstralen,
& Béguin, 2003; Eluwa, Eluwa, & Abang, 2011). CTT was
originally conceived as an operational theory of the true score
in a psychological test or questionnaire (Lord & Novick,
1968). Later on, it was extended to approaches for latent
variables, such as factor analysis or structural equation mod-
eling. On the other hand, both IRT and KST originated as
latent variable theories, which clearly separate an observed
score from a true latent variable. Specifically, IRT models
the latent variable as a continuous trait, whereas in KST it is
a discrete state.

Until a few years ago, KST has been applied almost exclu-
sively to the educational context (see, e.g., Falmagne et al.,
2013). In the last decade, some extensions of KST have

been proposed that moved it from its native landscape to the
wider field of psychological (Spoto, Stefanutti, & Vidotto,
2010; Bottesi, Spoto, Freeston, Sanavio, & Vidotto, 2015;
Donadello et al., 2017) and neuropsychological assessment
(Anselmi et al., 2025; Brancaccio et al., 2025; de Chiu-
sole et al., 2024). Moreover, Stefanutti (2019) proposed the
so-called procedural knowledge space theory and showed
that it can be successfully applied in the field of the assess-
ment of human problem-solving and planning (Stefanutti, de
Chiusole, & Brancaccio, 2021; Brancaccio, de Chiusole, &
Stefanutti, 2023a). Nevertheless, the application of KST in
the field of cognitive psychology is still underexplored.

Along these lines, this paper presents MatriKS, a new
computerized tool to measure fluid intelligence, developed
using KST and validated with a multi-method approach,
including CTT, IRT, and KST. Thus, the novelty of this
research is double-faced. First, it applies KST to fluid intel-
ligence assessment, marking a novel use of the theory in
this context. Second, it uses CTT, IRT, and KST together to
demonstrate that a multi-method approach can enhance the
robustness, reliability, and comprehensiveness of test valida-
tion. By combining these diverse methodologies, researchers
can benefit from the distinct advantages that each method
offers, providing a more holistic and effective tool for the
assessment of fluid intelligence.

The paper is organized into the following sections. Section
“Knowledge structure theory: Construction and validation
of cognitive tests” summarizes the key KST-based meth-
ods and procedures used in constructing and validating a
cognitive test. Section “Automatic rule-based generation
of the MatriKS items” provides a detailed description of
the principles underlying the creation of the new Raven-
like matrices integrated into MatriKS. The multi-method
validation analysis is illustrated in Section “Multi-method
validation analysis”. This section outlines the administra-
tionprocedure andparticipants, followedby a comprehensive
presentation of data analyses and results from the perspec-
tives of CTT, IRT, and KST. Considerations on the outcomes
of the three approaches are given in Section “Considerations
on the outcomes of the three approaches”. The paper con-
cludes with some final remarks.

Knowledge structure theory: Construction
and validation of cognitive tests

The theory of knowledge structures (Doignon & Falmagne,
1985, 1999; Falmagne & Doignon, 2011) is a mathemat-
ical approach conceived for the non-numerical assessment
of knowledge. Defining a knowledge domain Q as the set
of all problems useful for assessing knowledge in a given
field (e.g., mathematics, chemistry, statistics, etc.), the indi-
vidual’s knowledge is represented by the subset of problems
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in Q they are able to solve. This subset is named knowledge
state, and it is denoted by K . When a population of indi-
viduals is considered, it is possible to define the collection
K of all knowledge states existing in that population, named
knowledge structure. This last contains at least the empty
set, representing the individual who knows nothing in the
domain, and the full set Q, representing the individual who
knows everything in the domain.

It is worth noticing that a knowledge structure reflects the
precedence relations (e.g., prerequisites) existing among the
problems in Q. Thus, K is a subset of the power set 2Q (i.e.,
the collection of all the subsets that can be obtained from Q).
In particular, if a problem belongs to a knowledge state, then
all of its prerequisites must belong to that knowledge state
too.

KST was initially developed as a behavioral theory that
makes no assumptions about or descriptions of the cognitive
processes or skills underlying problem-solving. Later, the
theory was extended to a “competence” level for the assess-
ment of cognitive skills (Doignon, 1994; Düntsch & Gediga,
1995; Falmagne, Koppen, Villano, Doignon, & Johanessen,
1990; Gediga & Düntsch, 2002; Stefanutti & de Chiu-
sole, 2017; Ünlü et al., 2013; Heller, Stefanutti, Anselmi,
& Robusto, 2015; Korossy, 1997, 1999). Such extension
is known as competence-based knowledge structure theory
(CbKST; Heller, Unlü, & Albert, 2013b; Heller, Augustin,
Hockemeyer, Stefanutti, & Albert, 2013a; Stefanutti &
Albert, 2003). Given a set S of skills, the competence state
is the set C ⊆ S of skills mastered by an individual, and the
collection C of all the competence states is the competence
structure. This last contains at least the empty set, and the
full set S.

The behavioral and competence levels can be connected
by two functions: the skill map and the problem function
(Doignon, 1994; Düntsch & Gediga, 1995; Heller et al.,
2013b). The skill map is a triple (Q, S, μ) where μ : Q →
2S is a function assigning a nonempty subset of skills in S
to each item in Q. In this way, it connects the performance
level to the competence level. Notably, skill maps have two
alternative interpretations called conjunctive and disjunctive
(Doignon, 1994). In the former, all the skills in μ(q) are
necessary for solving q. In the latter, any skill in μ(q) is
sufficient for solving q. Under the conjunctive model (i.e.,
the approach used in the following), the problem function
p : C → 2Q is defined by

p(C) = {q ∈ Q : μ(q) ⊆ C}, (1)

for each stateC ∈ C. The collection of all the p(C) induced
by the states C ∈ C is, indeed, a knowledge structure con-
sisting of knowledge states that are delineated by μ. The
knowledge and the competence structures are determinis-
tic models that need to be empirically validated. This can

be done by testing the fit of a probabilistic model to some
empirical data. The model mostly used for this purpose is
the basic local independence model (BLIM; Doignon & Fal-
magne, 1999; Falmagne & Doignon, 1988). The BLIM is
a probabilistic model that makes a distinction between the
latent knowledge state K of an individual and their observ-
able response pattern R (i.e., the subset of items correctly
solved). This distinction between unobservable knowledge
states and observable response patterns is posited following
the assumption that observed data are noisy and that they
might mask the true knowledge states.

Under the BLIM, the relation between K and R is prob-
abilistic, and it is given by a model in which the marginal
probability P(R) of the response patterns can be computed
by

P(R) =
∑

K∈K
P(R|K )πK , (2)

where πK is the probability of K in the population. Assum-
ing that the responses provided by a student to the items are
locally independent, given the true knowledge state of that
student, the conditional probability P(R|K ) can be com-
puted by

P(R|K )=
⎛
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(3)

where βq ∈ [0, 1) is a careless error probability and ηq ∈
[0, 1) is a lucky guess probability. The careless error parame-
ter reflects the conditional probability that an individual does
not solve item q given that q belongs to their knowledge state
K . On the contrary, the lucky guess parameter reflects the
conditional probability that an individual solves q given that
q does not belong to their K .

The careless error and lucky guess parameters of an item
provide a measure of random error in the two directions of,
respectively, a false negative and a false positive. Therefore,
they also provide an indirect measure of each item’s reliabil-
ity. In this respect, there is a fundamental assumption behind
the BLIM, which is required for having consistent knowl-
edge assessment. According to this assumption, an incorrect
response to a problem q should be more likely if an indi-
vidual is not capable of solving q (no lucky guess occurred)
than if they are (a careless error occurred). Equivalently, a
correct response to a problem q should be more likely if an
individual is capable of solving q (no careless error) than if
they are not (lucky guess). Formally, the assumption takes on
the form of the following inequality: βq + ηq < 1. Items for
which the condition turns out to be false should be removed
from the test.

123



  191 Page 4 of 25 Behavior Research Methods           (2026) 58:191 

It is worth mentioning that two distinct procedures exist
for derivingparameter estimates for theBLIM:bymaximum-
likelihood (ML) via the expectation-maximization (EM)
algorithm adapted for KST (Stefanutti & Robusto, 2009;
Anselmi, Robusto, Stefanutti, & de Chiusole, 2016; de
Chiusole, Stefanutti, Anselmi, & Robusto, 2015) and by
minimum discrepancy (Heller &Wickelmaier, 2013). More-
over, the “pks” R package and a MATLAB toolbox provide
the functions for applying these two estimation procedures
(Brancaccio, de Chiusole, & Wickelmaier, 2024).

The goodness-of-fit of the model to the data can be eval-
uated using the chi-square statistic and a likelihood ratio test
between the estimated and saturated models. If the model
fits the data, there is empirical evidence that the items, skills,
and structure used to collect the data are plausible in the real
world.

Over time, thorough investigations have delved into
this model, establishing it as a robust framework for val-
idating knowledge structures. A (non-exhaustive) list of
studies on this model is Stefanutti, Heller, Anselmi, and
Robusto (2012); de Chiusole, Stefanutti, Anselmi, and
Robusto (2013b); Stefanutti and Robusto (2009); Stefanutti,
Spoto, and Vidotto (2018); Anselmi, Stefanutti, Chiusole,
and Robusto (2017); de Chiusole, Anselmi, Stefanutti, and
Robusto (2013a); deChiusole andStefanutti (2013);Heller et
al. (2015); Heller, Stefanutti, Anselmi, and Robusto (2016).

One of the most important results obtained about the
BLIM concerns its local identifiability. If the domain Q has
a moderate size (e.g., up to about 20 items), a general test of
the local identifiability of the BLIM might be performed by
using the MATLAB function blimit (Stefanutti et al., 2012).
This function tests the local identifiability of the BLIM for
arbitrary knowledge structures. If the model is not locally
identifiable for a given knowledge structure, the blimit func-
tion provides precise diagnostics of the local identifiability
of each parameter in the model.When the number of items in
Q is greater than 20, no analytic procedures can be applied,
and the only possibility to test the local identifiability of the
model is via an empirical procedure. This last consists of esti-
mating the BLIM with the same data set, each time starting
from a different point in the parameter space. If the model is
identifiable, the estimated parameter values do not depend on
their initial values, and they remain the same (up to round-
off error) all the time. If the model is unidentifiable, then
the estimated values depend on the initial values and the
obtained estimated values will change each time. Thus, the
standard deviation of the parameter estimates and the differ-
ence between the maximum and the minimum values of the
estimates can be analyzed. If parameters are identifiable, their
estimates have zero variance (up to round-off error), other-
wise they have a nonzero variance. For a similar approach,
see, e.g., Stefanutti, de Chiusole, Anselmi, and Spoto (2020)
and Stefanutti, de Chiusole, and Brancaccio (2021).

Having a model available that fits the data and whose
item parameter estimates are reliable and identifiable, the
assessment of the underlying skills can be performed by
assigning to each participant their knowledge and compe-
tence states. For each response pattern R and each knowledge
state K ∈ K, the conditional probability P(K |R) is com-
puted by an application of the Bayes theorem, with the
following formula:

P(K |R) = P(R|K )πK(K )

P(R)
, (4)

where P(R) and P(R|K ) are computed, respectively, by
Eqs. (2) and (3), and πK are the state probability estimates.
For each individual, the posterior probability distribution
among the states is obtained by computing P(R|K ) for all
K ∈ K. Then, the modal state K̂ in the posterior proba-
bility distribution is taken to be the knowledge state of the
individual.

It is worth noting that the same knowledge state can be
mapped to different competence states. This happens when-
ever a 1-to-1 correspondence between knowledge states in
K and competence states in C does not hold, resulting in a
collection of non-singleton equivalence classes among com-
petence states. However, if some dependence among the
skills (e.g., in the form of a prerequisite relation) is theoret-
ically plausible, then their introduction in the model might
reduce the size of the equivalence classes. In general, when
the 1-to-1 correspondence does not hold, the “minimumcom-
petence state” can be computed for each knowledge state
(Stefanutti & de Chiusole, 2017; de Chiusole, Stefanutti,
Anselmi, & Robusto, 2020; Heller, Anselmi, Stefanutti, &
Robusto, 2017), which includes only the skills that the indi-
vidual certainly masters. The minimum competence state Ĉ
that corresponds to a particular knowledge state K̂ is built
by taking the union of the subsets of rules assigned to each
item q ∈ K̂ via the skill map μ, that is:

Ĉ =
⋃

q∈K̂
μ(q). (5)

In this way, for each individual of the sample, the modal
knowledge state K̂ and the correspondingmodal competence
state Ĉ are obtained.

Automatic rule-based generation
of theMatriKS items

In this section, the principles that guided the generation of
MatriKS items are given and justified in light of the most
relevant literature that studied the structure of Raven’s stim-
uli and the properties that contribute to their difficulty. For
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an overview, see, e.g., Carpenter, Just, and Shell (1990),
DeShon, Chan, and Weissbein (1995), Matzen et al. (2010),
and Primi (2001).

A review of the studies cited above allowed for the devel-
opment of a new and simplified taxonomy that individualizes
the so-called “transformation rules” mostly used for creat-
ing new Raven-like stimuli. These rules are listed in Table 1
and refer to the following five macro-categories: elabora-
tionof the general configuration, visuospatial transformation,
pre-inference reasoning, inference reasoning, and directional
logic.

Figure 1 shows one Raven-like matrix as an example of
the way the transformation rules apply in a matrix.

The manipulated transformation rules are: (i) the external
shape, which varies with the so-called top-left to low-right
diagonal logic; (ii) the filling of the “pacman”, which varies
with a horizontal logic; and (iii) the size of the circle, which
varies with a horizontal logic, too.

Individuals aged4 to 11were chosen as the target group for
the test administration. Thus, all the generative rules belong-
ing to the category inference reasoning were excluded. This
aligns with Piaget’s stages of cognitive development (Piaget,
1978), which proposes that logical thinking (i.e., the formal
operational stage) typically emerges after age 12. All other
rules were taken into account when building the MatriKS
stimuli.

In addition to the transformation rules, Raven-like matri-
ces can be created with different numbers of cells and

different types and numbers of response options. Dimensions
used in current Raven’s tests are: (a) the so-called “Monothe-
matic” or “jigsaw puzzles” matrices, representing a single
figure from which a piece is missing; (b) 2 × 2 matrices,
representing series of four cells, one of which is missing; (c)
3×3matrices, representing series of nine cells, one of which
ismissing. Themissing cell is typically at the lower-right cor-
ner of the matrix. Figure 2 shows an example for each of the
three types of matrices. MatriKS contains all three types of
matrices.

The answer to each Raven-like matrix has to be chosen
from a list of response options. Only one option is correct,
and all the others are wrong. Wrong options are named dis-
tractors. Studies on common response errors in the Raven’s
tests (see, e.g., Kunda, Soulieres, Rozga, & Goel, 2016) led
to group distractors into the following four categories: (i)
repetition refers to an error response corresponding to a cell
adjacent to the missing one; (ii) wrong principle refers to an
error response that applies an incorrect combination of rules,
(iii) difference refers to an error response characterized by
a pop-out effect since it is perceptively different from all
the other responses; and (iv) incomplete correlate refers to
an error response with a missing or modified transforma-
tion rule. In MatriKS, the response options were designed
to represent each of the four distractor categories. Figure 3
shows one distractor for each of the four types for the matrix
depicted in Fig. 1. In MatriKS, response options of the 2× 2
and monothematic matrices include one distractor for each

Table 1 Taxonomy of the “transformation rules” most commonly used in the literature

Macro-category Rule Definition

Configuration elab. Completion Identification of the missing portion of an object

Visuospatial Orientation Manipulation of the spatial orientation

Shape Manipulation of the shapes

Filling Manipulation of the shading

Size Manipulation of the size

Pre-inference Object addition Visual combination of two objects into a whole

Object subtraction Visual deletion of the objects across cells

Inference Conjunction (AND) The object in the third cell is obtained via the intersection between the objects in the
first two cells

Disjunction (OR) The object in the third cell is obtained via the union of the elements in the first two
cells

Exclusive disj. (XOR) The object in the third cell is obtained via the symmetrical difference between the
elements in the first two cells

Directional logic Horizontal Rules are applied horizontally (across columns)

Vertical Rules are applied vertically (across rows)

Diagonal Rule are concurrently applied vertically and horizontally

Note: The third cell can be the third cell of either a row or a column. The diagonal directional rule can follow the main diagonal of the matrix from
the top-left corner to the bottom-right corner (TL-BR directional logic) or the secondary diagonal of the matrix from the bottom-left corner to the
top-right corner (BL-TR directional logic)
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Fig. 1 Example of a Raven-like matrix automatically generated manipulating the external shape (diagonal logic), filling (horizontal logic) and size
(horizontal logic) transformation rules

macro-category along with the correct response. Thus, an
overall of five response options was considered for these
matrices. In the 3 × 3 matrices, two distractors for each
category were included in the response options, except for
the difference distractor, for which only one distractor was
included. This was done intentionally to emphasize the pop-
out effect of this distractor. Thus, an overall of eight response
options was considered for 3 × 3 matrices.

In choosing the characteristics of the stimuli for MatriKS,
the aimwas to create an itempool that is: (1) sufficiently large
to leave the possibility to exclude some items (if needed); (2)
representative of several combinations of the transformation
rules; and (3) composed by items with gradually increasing
complexity.

Table 2 displays the features of each of the 40 items of
MatriKS. Columns 1 to 4 indicate, respectively, the number
of the item, the type of matrix among Monothematic (Mono
in the table), 2×2, or 3×3, if thematrix is colored or not, and
the number of response options. The last column displays the
subset of transformation rules manipulated in each matrix.

It is worth noticing that, assuming that an individual is
able to solve the matrix if they recognize each of the rules
manipulated in it (later on named “rule-to-skill correspon-
dence assumption”), the last column of Table 2 represents
what in KST is named skill map (Q, S, μ), where Q is the
set of the 40 matrices, S is the set of the 11 transformation
rules, and μ is the function assigning to each matrix q ∈ Q
the subset of rules/skills required for solving it.

Table 2 guided the creation of the items. More in detailed,
the items were created using an ad-hoc developed R package
designed for the automatic rule-based generation of Raven-
likematrices (i.e., thematRikspackage,Brancaccio, Epifa-
nia, & de Chiusole, 2023b; Brancaccio, Epifania, Anselmi,
& de Chiusole, 2025b; Epifania, Brancaccio, Anselmi, &
de Chiusole, 2026). It generates stimuli based on specified
parameters, including: (a) the type of matrix (e.g., 2 × 2 or 3
× 3); (b) the objects to be used (e.g., square, circle, etc.); (c)
the rules that guide the manipulation (e.g., change in shape,
orientation, size, etc.); (d) the direction of the manipulation
(e.g., vertical, horizontal, or diagonal). For a comprehensive
understanding of the package and its functionalities, readers
can refer to the documentation accompanying the matRiks
package.

Multi-method validation analysis

Participants

The sample was composed of n = 609 children (47%
female). Data from 40 children with developmental disor-
ders (e.g., ADHD, dyslexia), as well as data from one child
with a missing response due to the skipping of an item,
were excluded from the analyses. The final sample was com-
posed of n = 568 children (47.89% female) aged 4 to 11
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Fig. 2 Three examples of Raven-like matrices having different dimensions. Namely a monothematic matrix (Panel a), a 2 × 2 matrix (Panel b),
and a 3 × 3 matrix (Panel c) are depicted

(mean = 8.33, sd= 2.19). The lower and upper bounds of
the age interval are included. This means that the test can be
administered from the first day of the 4th year of age to the
last day of the 11th year of age.

Data were collected among several Italian primary and
middle schools. The informed agreements were given to
the parents of the children. Only the children for whom
the informed agreement signed by their parents could be
retrieved were included in the study. To avoid any form
of discrimination, no exclusion criteria were applied at this
level, such that every child could participate, given the signed
agreement of their parents.

The descriptive statistics of the sample are reported in
Table 3, along with the total proportion of correct responses
for female and male children according to the different
schooling years. The schooling years refer to the number of
school years that the children have successfully completed.

For instance, 0 schooling years means that children have
not yet successfully completed an entire school year (e.g.,
they are enrolled either in kindergarten or in the first year
of elementary school). Three schooling years identify chil-
dren that had completed three entire school years and are
currently enrolled in the fourth class of elementary school.
A subsample of children was used to investigate evidence of
convergent and discriminant validity (see Section “Assess-
ment tools and administration procedure” for more details).
This subsample was composed of 237 children aged 4 to 11
years old (M = 7.89, DS = 2.04), 51% males (n = 120),
attending kindergarten (n = 60, 25%) or primary school
(n = 177, 75%). Table 1 of the supplementary material
reports the distribution of participants across different school
levels. Participants were recruited in two Italian regions:
Emilia Romagna (n = 103, 43%) and Umbria (n = 134,
57%), located in the north and center Italy, respectively.
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Fig. 3 Example of the plausible distractors for the matrix depicted in
Fig. 1

Assessment tools and administration procedure

MatriKS was administered to each child individually in a
separate classroom by trained researchers. The test was pre-
sented on the PsycAssist platform (de Chiusole et al., 2024)
available at https://psycassist.fisppa.unipd.it by using a tablet
(IoS operating system with a 10.9in screen). The admin-
istration of MatriKS was carried out with the tablet held
horizontally.

TheMatriKS testwas introducedby abrief animatedvideo
(95 s), which presented the test, explained the structure of
the stimuli and the correct way to select the response from
the response list. After the video presentation, children were
presented with four practice items and, then, the test started.
There were no time constraints. A response was registered
once the child touched one of the response options. If the
child struggled to find an answer to an item, the researcher
could decide to skip it. No feedback was given about the
correctness of the responses provided by the children. The
stimuli were presented one at a time in random order.

To investigate evidence of convergent and discriminant
validity, children completed the colored progressivematrices
(CPM; Raven, 1954; Belacchi, Scalisi, Cannoni, &Cornoldi,
2008) and the Tower of London test (ToL; Shallice, 1982;
Sannio Fancello, Vio, & Ciacchetti, 2021), in addition to
MatriKS.

CPM represents one of the most popular measures of non-
verbal reasoning abilities for children and elders. It consists
of 36 items, increasing in difficulty, organized into three
series (i.e., A, AB, and B) with 12 items each. The task con-
sists of identifying the piece that best completes the given

Table 2 The 40 stimuli included in MatriKS. See text for more details

# Color Dim. # Options τ(q)

1 yes Mono 5 {C}
2 yes Mono 5 {C}
3 yes Mono 5 {C}
4 yes Mono 5 {C, V }
5 yes Mono 5 {C, V , H , V H}
6 yes 2 × 2 5 {C, O, V }
7 yes 2 × 2 5 {C, O, V , H , V H , D}
8 yes 2 × 2 5 {C, O, F, V , H , V H}
9 yes 2 × 2 5 {C, F, Sh, V }
10 yes 2 × 2 5 {C, F, Sh, V , H , V H}
11 yes 2 × 2 5 {C, O, Sh, V , H , V H , D}
12 yes 2 × 2 5 {C, O, Sh, V , H , V H}
13 no 2 × 2 5 {C, O, V }
14 no 2 × 2 5 {C, O, V , H , V H , D}
15 no 2 × 2 5 {C, O, Sh, V , H , V H}
16 no 2 × 2 5 {C, F, Sh, V }
17 no 2 × 2 5 {C, F, Sh, V , H , V H}
18 no 2 × 2 5 {C, O, Sh, V , H , V H}
19 no 2 × 2 5 {C, O, Sh, V , H , V H}
20 yes 2 × 2 5 {C, Sh, OA, V }
21 yes 2 × 2 5 {C, Sh, V , H , V H , OS}
22 yes 2 × 2 5 {C, Sh, V , H , V H , OS}
23 no 2 × 2 5 {C, Sh, OS, V }
24 no 2 × 2 5 {C, Sh, V , H , V H , OA}
25 no 2 × 2 5 {C, Sh, V , H , V H , OA}
26 yes 3 × 3 8 {C, F, V }
27 yes 3 × 3 8 {C, S, H}
28 yes 3 × 3 8 {C, F, H}
29 yes 3 × 3 8 {C, Sh, V }
30 yes 3 × 3 8 {C, Sh, S, V , H , V H}
31 yes 3 × 3 8 {C, Sh, V }
32 yes 3 × 3 8 {C, Sh, V }
33 no 3 × 3 8 {C, Sh, V }
34 no 3 × 3 8 {C, Sh, S, V , H , V H}
35 no 3 × 3 8 {C, Sh, V }
36 no 3 × 3 8 {C, F, Sh, V , H , V H}
37 no 3 × 3 8 {C, O, F, H}
38 no 3 × 3 8 {C, O, F, V , H , V H}
39 no 3 × 3 8 {C, O, Sh, S, V , H , V H}
40 no 3 × 3 8 {C, O, F, Sh, V , H , V H}
Note: C = Completion; O = Orientation; F = Filling; Sh = Shape; S
= Size; V = Vertical Logic; H = Horizontal Logic; VH = Vertical &
Horizontal Logic; D = Diagonal Logic; OA = Object Addition; OS =
Object Subtraction

matrix, choosing among six alternatives. Series A evaluates
the ability to identify similarities (based on shape, dimension,
direction, quantity, orientation, figure/background, density
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Table 3 Descriptive statistics of the sample considering schooling years (column 1), gender (column 2), along with the proportion of correct
responses (column 6)

Sch. years Gender n Age range (SD) Mean age Prop. correct (SD)

0 F 84 4.20 – 7.18 5.60(0.80) 0.47 (0.50)

M 96 4.19 – 7.36 5.63(0.77) 0.44 (0.50)

1 F 26 7.07 – 8.28 7.68(0.33) 0.70 (0.46)

M 36 7.12 – 8.12 7.68(0.26) 0.68 (0.47)

2 F 53 7.88 – 10.22 8.68(0.39) 0.77 (0.42)

M 46 8.14 – 9.37 8.74(0.28) 0.75 (0.43)

3 F 56 9.06 – 10.17 9.67(0.32) 0.82 (0.38)

M 49 9.16 – 10.21 9.74(0.29) 0.79 (0.40)

4 F 23 10.32 – 11.98 10.94(0.37) 0.83 (0.38)

M 40 9.30 – 11.41 10.80(0.36) 0.82 (0.38)

5 F 30 11.02 – 12.06 11.59(0.32) 0.86 (0.35)

M 29 11.12 – 11.90 11.53(0.22) 0.84 (0.37)

criteria), series AB assesses the ability to detect symmetry,
and series B measures the conceptual thinking skills (i.e.,
detection of abstract relations according to operant-deductive
logic and their retention in working memory). A score of
one is assigned if the person identified the correct option.
Otherwise, the score is zero. Thus, the highest total score
achievable is 36.

ToL is one of the most popular measures of individu-
als’ planning abilities across diverse chronological ages. The
materials include a wooden base with three pegs of different
lengths and three colored beads (red, green, blue). The task
consists in moving the beads from a starting configuration,
the same for each problem, to a drawn target position, dif-
ferent for each problem, in a given number of moves and
respecting three rules (i.e., moving one bead at a time, plac-
ing the picked bead into a peg before picking up another one,
placing no more than two beads on the middle peg and no
more than one bead on the shortest peg). ToL consists of 12
items of increasing difficulty, which require an increasingly
greater number of moves to be solved. For this study, a score
of one was assigned if the individual reached the target posi-
tion within the required number of moves at the first attempt.
Thus, the highest total score achievable was 12.

The three instruments were administered individually in
a quiet room at school, by trained psychologists (n = 2)
or psychology interns (n = 9). Instruments were adminis-
tered in a counterbalanced order, both for the typology of
test (computerized vs traditional, i.e., MatriKS vs CPM and
ToL) and the two traditional measures (i.e., CPM and ToL).
Table 4 shows the frequencies of these administration orders.
Moreover, between the administration of MatriKS and the
traditional instruments (or vice versa), there was a delay of
three to four weeks.

Preliminary analysis

Two items (Items 3 and 7 in Table 2) were removed from the
analysis because an inconsistency was detected among the
response options. The subsequent analyses are based on an
item pool composed of 38 items, which was also the maxi-
mum achievable observed score.

The proportions of correct responses for female and male
participants in each schooling year are illustrated in Table 3.
To test for any significant difference between male and
female respondents across schooling years, a generalized
linear model (GLM) including the main effects of gender
and schooling years, as well as their interaction, was fitted
on the proportion of correct responses. The coefficients for
each predictor are expressed in log-odds, which can be easily
transformed into odds ratios (ORs) by exponentiation. ORs
close to 1 indicate little or no association. Values between
approximately 1.5 and 3 suggest a moderate effect, while
values above 3 indicate a strong effect. ORs below 1 indi-
cate a negative effect, with smaller values (e.g., OR < 0.67)
representing stronger effects (Bland & Altman, 2000; Chen,
Cohen, & Chen, 2010; Davies, Crombie, & Tavakoli, 1998).

Table 4 Frequencies of tests administration orders

Order n %

Typology

Traditional measures – MatriKS 135 57

MatriKS – Traditional measures 102 43

Traditional measures

CPM – TOL 129 54

TOL – CPM 108 46
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To further understand the contribution of each predictor,
the η2 effect size measure was computed (Nagelkerke, 1991)
with thersq package (Zhang, 2024) in (RCoreTeam, 2023).
The main effects of schooling (β = 0.47, SE = 0.03, z =
14.36, p < .001, η2 = 0.31, OR = 1.60) and gender (βM =
−0.11, SE = 0.04, z = −2.54, p = .01, η2 = 0.01, OR =
0.89) were significant, while the interaction effect was not
(β = −0.02, SE = 0.02, z = −0.91, p = .36, η2 = 0.001,
OR = 0.98).

In terms ofORs, schoolingwas associatedwith amoderate
increase in the likelihood of correct responses (OR = 1.60),
indicating that each additional year of schooling raised the
odds of a correct answer by approximately 60%(Bland&Alt-
man, 2000; Chen et al., 2010). Conversely, the odds ratio for
gender (OR = 0.89) suggested a negligible and practically
irrelevant effect, while the interaction term (OR = 0.98)
reflected the absence of any meaningful association (Davies
et al., 1998).

Overall, the effect size indices based on η2 corroborated
the pattern observed for the ORs, confirming that schooling
explained the largest proportion of variance in the proportion
of correct responses.

Classical test theory

Methods

In this application, exploratory factor analysis (EFA) and
confirmatory factor analysis (CFA; Joreskog, 1969) were
used for investigating evidence of the construct validity of
the MatriKS score interpretation.

To perform cross-validation of the latent structure of
MatriKS using EFA and CFA, the sample was split into two
subsamples based on the stratification of gender and school-
ing year of the whole sample. Stratification by gender and
schooling year was employed to preserve the proportional
representation of these variables within each sub-sample.

Preliminary steps for conducting EFA and CFA were
assessed using Kaiser–Meyer–Olkin (KMO, Kaiser, 1970)
measure of sampling adequacy and Bartlett’s test of spheric-
ity. KMO examines the strength of the partial correlation
between the items. Values greater than .80 are considered
optimal, while values greater than .70 are considered accept-
able for running EFA (Kaiser & Rice, 1974). The Bartlett’s
test of sphericity is used to test the null hypothesis that the
correlation matrix is an identity matrix. To run the factor
analysis, the Bartlett’s test needs to be below the nominal
level of significance.

EFA was employed to explore and determine the num-
ber of latent factors and the pattern of relationships between
the indicators and the latent factors. CFA was employed for
testing the soundness of the factorial structure and for inves-
tigating the reliability of the test.

Among other methods available for determining the
dimensionality of a test (e.g., MAP, parallel analysis, eigen-
values), the scree test was employed for determining the
number of latent factors to investigate with EFA. Given that
MatriKS is a maximum performance test where a correct
response is expected and the responses are dichotomically
coded as correct or incorrect: (i) the tetrachoric correlations
between the items is usually employed as the starting point
for EFA, (ii) the weighted least square mean and variance
adjusted (WLSMV) estimator is used in EFA, and (iii) the
diagonally weighted least squares (DWLS) estimator is used
in CFA.

The models investigated with EFA and CFA were con-
sidered to have a good fit to the data when the root mean
square error of approximation (RMSEA) is equal or lower
than .08 (optimal ≤ .06, Hu & Bentler, 1999) and the com-
parative fit index (CFI) and theTucker–Lewis Index (TLI) are
equal to or greater than .95 (Hu & Bentler, 1999). The items
with substantial factors loadings on the latent factor(s) (i.e.,
ai ≥ .30) were retained, and, in case of solutions with mul-
tiple factors the items with cross-loadings (i.e., items with
substantial factor loadings on more than one factor) were
discarded. According to Hattie (1985), the following criteria
were applied to rule out the over extraction of latent factors
and to support the unidimensional model: (i) the first latent
factor explains more than 20% of the common variance, (ii)
the ratio between the eigenvalues of the first and second latent
factors is greater than 3, (iii) the first and second latent factors
are strongly correlated (i.e., > .50), and (iv) the indicators
present substantial factor loadings (> .30) on the first latent
factor.

Reliability was checked by computing Cronbach’s α. A
value α > .85 suggests an optimal reliability, while an
increase of .01 of the α value when an item is removed is
sufficient for considering the item as not contributing to the
internal consistency of the scale, and it is hence removed
(Hattie, 1985).

To investigate the convergent and discriminant validity
of MatriKS, the relationships between accuracy scores of
MatriKS and those obtained on measures of a similar con-
struct (CPM; convergent validity) and of a different construct
(ToL; discriminant validity) were considered. A multilevel
modeling framework accounting for the nesting of class-
rooms within schools represents the most suitable approach
to address the dependency among children belonging to the
same class and hence sharing the same educational context.
However, this approachwas not feasiblewith the current data,
as only three schools included more than one classroom. To
account for the non-independence of observations, a variable
uniquely identifying each classroom within each school was
created and modeled as a random intercept in a generalized
linear mixed model (GLMM) for binomial responses with a
logit link function. The GLMM allowed for the concurrent
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accounting of both the dependency among observations and
the proportional nature of the dependent variable (i.e., the
number of correct responses out of the total items compos-
ing MatriKS).

The strength of the relationship between the MatriKS
score and the scores used for the investigation of conver-
gent (CPM scores) and discriminant (ToL scores) validity
is expressed in terms of odds ratio (OR). Since both CPM
and ToL scores were standardized prior to model fitting, the
reported ORs reflect the multiplicative change in the odds
of a correct response on MatriKS associated with a 1 stan-
dard deviation increase in the CPM/ToL scores. Moreover,
the marginal and conditional R2 were computed to under-
stand the proportion of the MatriKS score explained by the
linear combination of the predictors, either by excluding –
marginal – or including – conditional – the random effects
(Nakagawa & Schielzeth, 2013).

Results

EFA and CFA have been applied with the lavaan pack-
age (Rosseel, 2012), while Cronbach α has been computed
with the psych package (Revelle, 2023) in R (R Core
Team, 2023). The lavaan package has also been used
to fit a unidimensional CFA model in IRT analysis. The
GLMM for the investigation of the convergent and diver-
gent validity of the MatriKS score was fitted with the lme4
package (Bates, Mächler, Bolker, & Walker 2015), while
the conditional and marginal R2 for evaluating its predic-
tive power (Nakagawa & Schielzeth, 2013) were computed
with the performance package (Lüdecke, Ben-Shachar,
Patil, Waggoner, & Makowski, 2021). The first sub-sample
(n = 278) has been used for running the scree test and EFA.
The second sub-sample (n = 290) has been used for carrying
out the CFA and investigating the reliability of MatriKS. No
significant differenceswere found in the proportion of correct
responses between the sub-samples and their stratifications
(all p > .05).

The Bartlett’s test of sphericity (χ2 = 48, 795, d f = 703,
p < .001) indicated that the tetrachoric correlation matrix
was adequate for running both EFA and CFA. Moreover,
KMO values ranged between .78 and .95.

The scree plot indicated the extraction of three latent fac-
tors. However, while the second and third factors appeared
to be closely clustered together and proximate to the elbow,
the first latent factor was notably distant from the elbow
and the other two latent factors. Parallel analysis suggested
the extraction of eight factors, although only the first three
observed factors were above the simulated latent factors.
Given that: (i) the first latent factor explained more than
the 20% of the common variance (i.e., 50%), (ii) the ratio
between the eigenvalues of the first two factors was greater
than 3 (i.e., 6.52), (iii) the correlation between the first two

latent factor was strong (i.e., r = .60), and (iv) all items but
one (item 18) presented substantial factor loadings on the
first latent factor (ai ≥ 30), the unidimensional model was
preferred. RMSEA and CFI suggested a good fit of the uni-
dimensional model to the data (0.03 and .97, respectively).
After removing item 18, the Bartlett’s test of sphericity
(χ2 = 44, 627, d f = 630, p < .001) indicated that the tetra-
choric correlation matrix was adequate for running both EFA
and CFA. Moreover, KMO values ranged between .88 and
.96. Discarding Item 18 led to a slight increase in the propor-
tion of explained common variance (51%), while RMSEA
and CFI remained unaltered. All remaining items showed
substantial and significant factor loadings, ranging from .46
to .88.

The factor solution found with EFA was further investi-
gated with CFA, where the 1-factor model was fitted to the
data, excluding Item 18. CFI, TLI, and RMSEA suggested a
good fit of the 1-factor CFA model to the data (.96, .96, and
.03, respectively). All items presented substantial and signif-
icant factor loadings (reported in Table 5 along with their
respective standard errors) on the latent factor. Cronbach
α = .91 suggested a strong reliability of MatriKS. More-
over, the values of α obtained by leaving one item out did
not increase, indicating that no other items (apart from Item
18, which had already been excluded in previous analyses)
needed to be removed from the test.

Table 5 Standardized factor loadings of the unidimensional model fit-
ted on MatriKS

Item ai SE Item ai SE

1 0.73 0.07 23 0.68 0.06

2 0.84 0.05 24 0.72 0.05

4 0.59 0.08 25 0.58 0.06

5 0.45 0.07 26 0.66 0.05

6 0.74 0.05 27 0.69 0.05

8 0.78 0.04 28 0.71 0.05

9 0.56 0.06 29 0.76 0.06

10 0.65 0.06 30 0.52 0.06

11 0.61 0.06 31 0.75 0.05

12 0.69 0.05 32 0.84 0.03

13 0.56 0.06 33 0.73 0.07

14 0.54 0.07 34 0.43 0.07

15 0.74 0.05 35 0.83 0.06

16 0.53 0.08 36 0.65 0.05

17 0.87 0.04 37 0.73 0.05

19 0.71 0.05 38 0.75 0.05

20 0.66 0.06 39 0.43 0.07

21 0.52 0.08 40 0.63 0.06

22 0.62 0.07

Note: ai : Standardized factor loadings of the items on the latent factor,
SE : Standard errors of the factor loadings
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The GLMM for the investigation of the convergent and
discriminant validity of MatriKS showed a satisfactory over-
all performance,with amarginal R2 = 0.76 and a conditional
R2 = 0.86. The high marginal R2 indicates that the
fixed effects alone explained a substantial proportion of the
MatriKS score variance. The inclusion of the random effect
accounting for the educational context variability improved
the model’s explanatory power, as suggested by the high
value of the conditional R2. The model showed an ade-
quate fit, with residuals approximately centered around zero
(median = 0.37; Q1 = −0.89; Q3 = 1.19). The extreme
residual values might indicate locally less well-fitted cases,
but no clear pattern of systematic misfit was observed.

The intercept (β = 0.84, SE = 0.06, p < 0.001,
OR = 2.31) represents the expected probability of a cor-
rect response for average levels of CPM and ToL, which
corresponds to approximately a 70% chance of responding
correctly.

CPM is a significant positive predictor of MatriKS per-
formance (β = 0.70, SE = 0.04, p < 0.001, OR = 2.01),
indicating that a one standard deviation increase in CPM
roughly doubles the odds of a correct response. Conversely,
ToL does not significantly predict performance (β = −0.01,
SE = 0.03, p = 0.87, OR ≈ 1.00), with the odds of a cor-
rect response remaining essentially unchanged. This pattern
of results supports the convergent validity of MatriKS with
CPM and its divergent validity with ToL.

Item response theory

According to IRT models for dichotomous responses, the
probability that person p endorses item i can be estimated
considering the characteristics of both person p (as described
by the parameter θp, indicating the latent trait level of person
p) and item i , as described by different parameters. Different
unidimensional IRTmodels for dichotomous responses exist,
which differ according to the number of parameters used for
describing the functioning of the items. In the 3-Parameter
LogisticModel (3-PL; Lord&Novick, 1968), the probability
of a correct response is:

P(xpi =1|θp, bi , ai , ci ) = ci+(1−ci )
exp[ai (θp − bi )]

1 + exp[ai (θp − bi )]
(6)

where bi is the location of item i on the latent trait θ (it is
also known as difficulty parameter), ai is the discrimination
ability of item i (i.e., the ability of the item to distinguish
between respondents with different latent trait levels θ ), and

is the pseudoguessing parameter of item i describing the
probability of endorsing the item by chance. Additionally,
the discrimination parameters ai quantify the strength of the

relationship between each item i and the latent trait θ . Specif-
ically, ai is a transformation of the factor loadings typically
obtained from factor analysis within the CTT framework (see
e.g., Cho, 2023).

The item response function in Eq. (6) for each item can be
graphically represented with the so-called item characteris-
tics curve (ICC). In this type of graphical representation, the
x-axis represents the latent trait θ and the y-axis represents
the expected probability of observing a correct response,
given the person and the item parameters. The logistic func-
tion of each item can be used to investigate the changes in
the expected probability of a correct response for different
levels of the latent trait.

By constraining in Equation (6) for all the items
in a test, the 2-Parameter Logistic model (2-PL; Birnbaum,
1968) is obtained. If the pseudoguessing parameter and the
discrimination parameter ai in Equation (6) are constrained
to 0 and 1 for all items in a test, respectively, the 1-Parameter
Logistic (1-PL)model is obtained. The 1-PLmodel is mathe-
matically equivalent to theRaschmodel (Rasch, 1960). Since
each IRT model can be derived by imposing or relaxing
constraints on the discrimination and pseudoguessing param-
eters, the 1-PLmodel is nested within the 2-PLmodel, which
is in turn nested within the 3-PL model. The nested nature of
the IRT models allows for the use of the likelihood-ratio test
(LRT, see e.g., Embretson & Reise, 2013) for model com-
parison between two competing models, along with the use
of entropy indexes such as the Akaike information criterion
(AIC; Akaike, 1973) and the Bayesian information criterion
(BIC; Schwarz, 1978).

The choice for the most appropriate IRT model can
be based on both a priori theoretical considerations and
empirical criteria (e.g., model comparison). In tests where
the respondents must produce the correct response (e.g.,
open-ended question) the probability of guessing the cor-
rect response out of luck is virtually null, making the 3-PL
less feasible than the 2-PL or the 1-PL models. The choice
between these two models depends on the discrimination
ability of the items. If all items show the same level of dis-
crimination across different levels of the latent trait, they
contribute uniformly to its assessment, making the 1-PL
model the most appropriate choice. As such, the specific
responsepattern of eachperson p does not conveymore infor-
mation than the marginal value obtained for each respondent
by summing up their responses across items (i.e., sufficient
statistic for the estimation of θ ).

When the items of a test presentmultiple response options,
it is reasonable to assume that the respondents may occa-
sionally guess the correct response by luck, making the
3-PL model the most appropriate one. Adding up on the
effect of the discrimination parameters, the presence of the
pseudoguessing parameter implies that correct responses to
different items do not convey the same information with
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respect to the latent trait. As in the 2-PL model, two respon-
dents with the same observed score but different response
patterns may obtain different estimates of θ .

IRTmodels offer the possibility of evaluating themeasure-
ment precision of each item with respect to different latent
trait levels by means of the item information function (IIF),
which can be computed as:

IIFi (θ) = a2i [P(θ) − ci ]2
(1 − ci )2P(θ)Q(θ)

. (7)

where P(θ) is the probability of observing a correct response
according to Eq. (6) and Q(θ) = 1 − P(θ). Depending on
the specific IRT model that is fitted, the ai and the may be
constrained to be 1 or 0, respectively.

From Eq. (7), it appears clear that the IIF varies as a func-
tion of the bi , ai , and parameters. Specifically: (i) the item
ismore informative (i.e., higher IIF) for θ levels that are close
to the item location bi than for θ levels far from bi ; (ii) the dis-
crimination parameter ai plays a central role in determining
the IIF, such that the higher the discrimination ability of the
item, the higher its IIF, and (iii) items with positive gener-
ally are less informative (i.e., lower IIF), and the higher the
pseudoguessing parameter, the lower the information. In the
absence of pseudoguessing (i.e., ), the maximum of
the IIF is obtained for θ = bi . The pseudoguessing parame-
ter highly affects the precision with which the items measure
the latent trait.

The test information function (TIF) is a measure of the
overall information of a test with respect to different levels
of the latent trait, and it is obtained as the sum of the IIFs
across items. The shape (i.e., the regions of the latent trait
for which the test is informative) as well as the height (i.e.,
the amount of information of the test for different regions of
the latent trait) strongly depend on the locations of the items
along the latent trait, and, if considered, on the discrimination
and the pseudoguessing parameters.

The standard error of estimation (SE) describes the mea-
surement precision of the test with respect to different latent
trait levels:

SE(θ) = √
1/TIF(θ). (8)

The SE and TIF are inversely related: the higher the infor-
mation for specific latent trait levels, the lower the SE and the
higher the measurement precision for those specific levels.
Among the factors influencing the SE, the quality of the items
in a test – together with the length of the test and the degree
of match between item difficulties and the latent trait lev-
els of the respondents – plays a key role. Specifically, higher
TIFs and lower SEs are typically observed in longer tests that
include highly discriminating items with a low probability

of guessing (see, e.g., Hambleton, Swaminathan, & Rogers,
1991).

Three main assumptions need to be met in order to obtain
meaningful estimates from IRT models: (i) the items must
comply to a monotonic function (i.e., the number of correct
responses to each item monotonically increases as the level
of the latent trait increases), (ii) the latent trait on which the
person and item characteristics lie is unidimensional, and (iii)
once the effect of the latent variable is taken into account, the
correlation between the observed responses of any pairs of
items must be close to 0 (i.e., local independence).

The next section illustrates the methods used for testing
these assumptions, alongwith the criteria that have been con-
sidered for validating MatriKS within an IRT-framework.

Method

To test the monotonicity assumption of the items, Mokken
(1971) suggested the so-called H coefficient. Values of the
H coefficient equal to or lower than .30 suggest that the item
does not comply with the monotonic function and should
hence be discarded.

In Section “Results”, the CFA selected the 1-factor model,
supporting the unidimensionality of the latent variable under-
lying MatriKS. This may suggest that MatriKS could be
unidimensional also when analyzed in IRT framework. How-
ever, the CTT validation highlighted the variability between
the factor loadings of the items, suggesting that the assump-
tion of the equal discrimination of the itemsmade in the 1-PL
model cannot hold. Moreover, since MatriKS is a multiple-
choice test where the correct response is chosen among a
response list and it may be guessed, the 3-PL model might
be the most appropriate for the IRT validation of MatriKS.

In addition to these considerations, the best-fitting IRT
model is chosen by model comparison, considering the
Akaike information criterion (AIC), the Bayesian infor-
mation criterion (BIC), and the likelihood ratio (LR) test.
Although model comparison allows for choosing the model
that best explains the data among the competing models, it
does not provide any information concerning the absolute fit
(i.e., how well the model approximates the observed data) of
the model (see, e.g., Brown, Templin, & Cohen, 2015). The
absolute fit of the IRT model chosen via model comparison
is assessed with the M2 statistic and its associated p value
(Cai & Hansen, 2013; Maydeu-Olivares & Joe, 2005) with
α = .05. RMSEA and SRMR derived from the M2 statistic
are reported as descriptive indices of global fit. In this light,
RMSEAvalues< .04 andSRMR< .08 denote an acceptable
fit (Maydeu-Olivares, 2013).

The item fit is considered as well by using the Orlando–
Thissen S − X2 statistic (Orlando & Thissen, 2000, 2003)
withα = .05.Moreover, RMSEAvalues based on the S−X2

statistic were considered as well for evaluating item fit, with
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values lower than .05 indicating an optimal fit and values
lower than .08 indicating an acceptable fit.

Local independence is evaluated by correlating the stan-
dardized residuals of each pair of items and interpreting the
results according to the Q3 statistics (Yen, 1984). Values of
Q3 greater than .20 suggest local dependence between a pair
of items (Davidson, Keating, & Eyres, 2004), although other
critical values could be considered (see, e.g., González-de
Paz et al., 2015; La Porta et al., 2011).

If the 3-PL model results as the best fitting one among
the competing IRT models, the pseudoguessing parameter

is considered as well for evaluating the quality of the
selected items. Different guidelines exist for evaluating the
quality of the items based on the pseudoguessing parame-
ter. For instance, Birnbaum (1968) suggests that items with

(where k is the number of response options for
item i) should be discarded because it means that the cor-
rect response might be guessed above chance. The number
of response options in MatriKS is five or eight. Thus, a
conservative threshold is 1/5 = .20. This value is also in
accordance with Baker and Kim (2004) who suggested a
threshold value around .20. For these reasons, the items pre-
senting with are discarded.

Once the best IRT model is chosen via model comparison
at the first step, the validation procedure is repeated until
the global fit of the model is reached, no misfitting items are
retained, no local dependence is found, and, if the 3-PLmodel
is the chosen one, no items with pseudoguessing parameters
greater than .20 are retained.

The IRT validation has been carried out with the mirt
package (Chalmers, 2012) in R (R Core Team, 2023), while
the graphical representations have been obtained with the
ggplot2 package (Wickham, 2016).

Results

After checking for monotonicity, four items (Items 5, 18, 34,
and 39) presented an H coefficient below the threshold and
were hence removed from the item pool. The three IRTmod-
els were hence fitted on a starting item pool composed of
34 items. The results of model comparison are reported in
Table 6. The 3-PL model resulted as the best-fitting model.
Also, from a theoretical perspective, the 3-PL model is the
most appropriate given that the respondents might guess

the correct response out of luck from the response options
presented with each item. The IRT validation of MatriKS is
hence based on the 3-PL model.

Table 7 illustrates the process undertaken for the IRT
validation of MatriKS with the 3-PL model. The first row
(denoted as “Start”) refers to the 3-PL model fitted on the
starting item pool composed of 34 items, while the last row
refers to the final item section found after refining the test
according to the following criteria (further described in Sec-
tion “Method”): (i) global fit of the model according to the
p value of the M2 statistics, the RMSEA, and the SRMSR,
(ii) item fit according to the p value associated to χ2 statis-
tics of each item and its associated RMSEA, (iii) lack of
local dependence with other items, and (iv) pseudoguessing
parameter below .20.

Despite being the model best fitting the data according to
model comparison (see Table 6), the 3-PL did not fit the data
according to the M2 statistics (p < .001), although the other
fit indexes (RMSEA and SRMSR) suggested an acceptable
fit to the data. The lack of global fit might be due to different
reasons, among which are misfitting items (Items 9 and 19),
itemswith local dependence (Items 28, 37, 36, 40), and items
with guessing parameters above .20. All items that showed
local dependence had a pseudoguessing parameter greater
than .20. Taken together, this pattern of results might suggest
the contribution of more than one dimension in guiding the
correct response process. All monothematic puzzles (Items
1, 2, 4) showed a pseudoguessing parameter greater than
.20, suggesting that their correct solution can be found out
of luck and not only because the person knows the correct
response.

All these items have been removed, and the 3-PL has been
fitted again on the new set of items. Despite the global fit of
the model being barely acceptable at the second step (i.e.,
p value = .08), items with either pseudoguessing parame-
ters above the threshold (Item 27, second step) or misfitting
items (Steps 3 to 6) were found, and hence the procedure was
repeated. After removing the local-dependent items from the
starting pool, no further local dependencies were found.

The final model (End in the table) showed an optimal fit
after removing 20 items, hence the final version of MatriKS
validated within an IRT framework with the 3-PL model
is composed of 14 items. The ICCs of the final version of
MatriKS are illustrated in the left panel of Fig. 4, while the

Table 6 Model comparison between the IRT models fitted on the starting item pool of 34 items

Model AIC BIC logLike χ2 	 df p

1-PL 16720.42 16868.05 −8326.208 – – –

2-PL 16386.83 16682.09 −8125.413 401.589 34 < .001

3-PL 16316.51 16759.41 −8056.257 138.312 34 < .001

Note: 	 df: Difference between the degrees of freedom of the two competing models
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Table 7 Item response theory validation of MatriKS with the 3-PL model

Step M2 df p RMSEA SRMSR Item Misfit LD

Start 678.27 493 < .001 0.03 0.05 9, 19 28, 37, 36, 40 1, 2, 4, 8, 12, 25, 28, 36, 37, 40

2 214.36 187 0.08 0.02 0.04 27

3 193.42 168 0.09 0.02 0.04 31, 35, 38

4 140.79 117 0.07 0.02 0.05 11

5 124.52 102 0.06 0.02 0.05 32

6 106.93 88 0.08 0.02 0.05 16,20

End 74.05 63 0.16 0.02 0.04

Note: LD: Local dependence measured with the Q3 statistics, : guessing parameter greater than .20

item parameters along with the item fit measures are illus-
trated in Table 8.

The two rightmost lines in the left panel of Fig. 4 illus-
trate the ICCs of two 4-cell items, specifically of items 21
and 22. According to Table 2, these items are supposed to
be the most complex ones in terms of mastered rules (i.e.,
pre-logic rules), and they are the most difficult items accord-
ing to the 3-PL. Only the four-cell items present a lucky
guess parameter greater than 0 (Items 10, 14, 15, 17, 21, 24),
while the nine-cell items do not. Item 14 presents the highest
pseudoguessing parameter, but it is in line with the chance
probability of guessing the correct response out of luck given
the number of response options.

From the IIFs represented in the right panel of Fig. 4, it
appears that there is a clear separation between the informa-
tion provided by the nine-cell items (mostly located on the
left side of the latent trait) and that provided by the four-cell
items (mostly located on the right side of the latent trait). In
otherwords, nine-cell items appear to bemore informative for
medium to low levels of the latent trait, while four-cell items
appear to be more informative for medium to high levels.

The test information function (TIF), along with the stan-
dard error of measurement, is reported in Fig. 5.

Consistently with what is observed on the IIFs in the right
panel of Fig. 4, MatriKS is highly informative for latent trait
levels around the mean 0, although the information on this
specific latent trait level is slightly lower. Nonetheless, by
combining the information of the TIF with that of the SEM
concerning the precision of measurement, it can be said that
MatriKS provides reliable assessment for latent trait levels
ranging between −2 and +2.

The IRT validation of MatriKS pursued with the appli-
cation of the 3-PL model led to the elimination of 20 items
(plus 4 items eliminated because of a lack of monotonicity),
resulting in a test composed of 14 items. All monothematic
puzzles were discarded; the final test does not present any
item that relies solely on the completion rule. Nonetheless,
all other rules and directional logics are still represented in
the final version of the test.

Knowledge structure theory

Methods

The skillmap (Q, S, μ) depicted in the last columnof Table 2
was used for constructing the knowledge structure of the test
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Fig. 4 Item characteristics curves (left panel) and item information functions (right panel) of the final item pool of MatriKS. The green lines
represent the four-cell items, the orange lines represent the nine-cell items
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Table 8 Item parameters and fit measures of the final version of
MatriKS

Item bi ai S-X2 df p value RMSEA

6 −1.12 2.32 0.00 2.36 6 0.88 0.00

10 −0.20 2.02 0.12 13.24 9 0.15 0.03

13 −0.62 1.62 0.00 8.66 9 0.47 0.00

14 0.27 2.33 0.18 14.41 10 0.15 0.03

15 −0.54 2.01 0.06 7.09 8 0.53 0.00

17 0.24 3.70 0.08 3.45 8 0.90 0.00

21 1.11 1.61 0.05 10.82 8 0.21 0.02

22 1.02 1.47 0.00 4.77 7 0.69 0.00

23 −1.27 1.37 0.00 14.46 9 0.11 0.03

24 0.43 2.68 0.08 6.56 8 0.58 0.00

26 −0.93 2.00 0.00 12.82 8 0.12 0.03

29 −1.41 2.48 0.00 4.78 6 0.57 0.00

30 −0.59 1.13 0.00 6.19 9 0.72 0.00

33 −1.46 3.07 0.00 2.60 5 0.76 0.00

Note: Items from 6 to 24 are 2 × 2 matrices, items from 26 to 33 are
3 × 3 matrices

under the conjunctive model. A knowledge structure K of
117 states was obtained. It is important to note that the skill
mapwasbuilt under the rule-to-skill correspondence assump-
tion. This assumption states that each rule used to build a
matrix directly matches the skill needed to recognize it. This
implies that the cognitive requirements for solving a matrix
can be fully described by the set of rules applied in its con-
struction. This assumption might be too strong since, beyond
the recognition of all the transformation rules manipulated
in generating the matrix, other more intuitive mechanisms
could lead to the correct response of an individual. Thus,
the empirical test is a crucial phase for understanding if the
rule-to-skill correspondence assumption can be retained.

Some “dependencies” among the 11 transformation rules
considered for building the 38 matrices of the test were the-
oretically plausible. Defining dependencies among rules has

the advantage of reducing the size of the equivalence classes
on the competence states. In particular, the following assump-
tions were considered: (i) the Completion rule represents a
minimum requirement (i.e., a prerequisite) for mastering all
the other rules, as it is assigned to all matrices in the test.
This assumption is justified by the fact that identifying the
missing element in a pattern is a necessary cognitive step to
find any transformation rule in a matrix; (ii) Vertical Logic
rule (V ) is a prerequisite for Vertical & Horizontal Logic
rule (V H ); (iii) Horizontal Logic rule (H ) is also a prereq-
uisite for V H ; (iv) V H is a prerequisite of Diagonal Logic
(D). Assumptions (ii) and (iii) are very plausible in practice,
since V H rule explicitly combines V and H , applying them
to different objects appearing in the matrix. In this sense,
V H rule does not introduce a completely new operation,
but rather requires the coordinated application of the two
underlying rules. Also, assumption (iv) is very plausible in
practice, since it requires that V H Logic be applied to the
same object. Based on the assumptions described above, a
competence structure consisting of 385 states was derived.
Since a 1-to-1 correspondence between K ∈ K and C ∈ C
does not hold, an equivalence relation among the competence
states exists. Specifically, all competence states delineating
the same knowledge state form an equivalence class.

The degree of uncertainty within each equivalence class
can be characterized through a set of statistical indices,
each capturing a different aspect of the variability among
competence states in the same class. Specifically, for each
equivalence class [C], with C ∈ C, the following indiceswere
obtained: (1) the number of skills each of which belongs to
all states in [C], computed as |⋂[C]|; (2) the number of
skills each of which belong to no states in [C], computed as
|S\⋃[C]|; (3) the sum of the two numbers obtained in points
(1) and (2), named “certain”; (4) the difference between the
number of skills in S and the number obtained in point (3),
named “uncertain”; (5) the mean canonical distance (i.e.,
given any two sets X and Y of S, the canonical distance
is |X	Y |, where 	 is the symmetric difference between sets
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Fig. 5 Test information function (left panel) and standard error of measurement (right panel) of MatriKS
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X and Y ) is computed across all pairs of competence states
belonging to the same class; and (6) the probability π|[C]|,
computed as the sum of the probabilities of all knowledge
states delineated within equivalence classes having the same
cardinality |[C]|.

The indices computed in points (1) and (2) can be inter-
preted as the number of skills that an individual masters
and does not master for sure, respectively. The third index
quantifies the number of skills whose classification, as either
mastered or not, is certain. The fourth index can be regarded
as the number of skills for which there is uncertainty about
whether they have been mastered. The fifth index is a mea-
sure of dissimilarity across the states in [C]. The last index
reflects the expected proportion of individuals whose compe-
tence state falls in an equivalence class of a given cardinality.

These indiceswere computed for the structures considered
in this application to evaluate the degree of uncertainty in the
competence states assigned to individuals. The BLIM was
applied to the collected data, and its parameters were esti-
mated by ML (Stefanutti & Robusto, 2009). The absolute
goodness-of-fit of the model was assessed using the Pear-
son chi-square statistic. It is known that the approximation
to the asymptotic distribution of the chi-square statistic lacks
accuracy for large and sparse data matrices. Thus, a paramet-
ric bootstrap procedure over 1000 replications was used to
compute the p value of the chi-square.

The identifiability of the BLIM parameters was checked
by applying the empirical procedure described in Section
“Knowledge structure theory: Construction and validation of
cognitive tests”. In particular, the estimation of the BLIM’s
parameters was repeated 1000 times, each time starting
from a different point in the interval (0, .50]. The estimates
obtained in the single repetition were retained only if the
termination criterion of 10−3 was reached by the EM algo-
rithm. Otherwise, the obtained estimates were discarded, and
the algorithm started again. Then, the standard deviation
of the parameter estimates and the difference between the
maximum and the minimum values of the estimates were
computed. If parameters are identifiable, then the standard
deviation of the estimates is expected to be very close to
zero.

Item reliability was tested by checking if condition βq +
ηq < 1 holds for all items. Items identified as unreliable were
removed from the knowledge domain, the skill map, and the
data. A new knowledge structure was built and the BLIM
was applied again to the data. This procedure was reiterated
until all the items turned out to be reliable.

Having available a model that fits the data and whose item
parameter estimates are reliable, the knowledge state K̂ and
the corresponding minimum competence state Ĉ were esti-
mated for each participant by Eq. (4) and (5), respectively.
On the basis of these estimates, two indices were computed.
The first one is the average proportion of rules mastered by

individuals in the general population. It was computed by:

p =
∑N

i=1 |Ĉi |
|S|N , (9)

where N is the sample size and Ĉi is the minimum com-
petence state corresponding to the modal knowledge state
estimated for an individual i (given a set X , the notation |X |
stands for its cardinality). This index was computed sepa-
rately for the six different schooling years 0 to 5.

The second index is the rule probability Ps , that, for each
rule s ∈ S, was computed as

Ps =
∑

C∈Cs
πp(C), (10)

where Cs is the collection of all the minimum competence
states containing rule s, and p(C) is the knowledge state
obtained by applying the problem function in Eq. (1). In
general, Ps is the marginal probability that an individual in
the population masters rule s. Because it is defined from the
set of minimal competence states containing rule s, it is a
lower bound of this probability. This index was estimated by
maximum likelihood separately for each rule and each of the
six schooling years 0 to 5. To this aim, an average posterior
probability distribution π was estimated for each schooling
year by simply computing themean of the estimated posterior
probability distributions of the individuals belonging to the
same schooling year. The estimated value π̂ replaced that of
π in Eq. (10), to obtain a maximum likelihood estimation of
Ps . It is expected is that both p and Ps are monotonically
increasing in the schooling years.

Results

For running all the data analyses, the MATLAB toolbox
“kst” (Brancaccio et al., 2024) was used. It is available from
the MATLAB file exchange at https://it.mathworks.com/
matlabcentral/fileexchange/157751-kst-
toolbox.

The knowledge structure K obtained with the skill map
depicted in the last column of Table 2 is characterized by
117 knowledge states. Since the competence structure com-
prised 385 states, a 1-to-1 correspondence does not hold.
The degree of uncertainty of the competence states delin-
eated by the same knowledge state was evaluated by the six
statistical indexes introduced in Section “Knowledge struc-
ture theory” (Table 9). The analysis of the equivalence classes
revealed that only four of themexhibit significant uncertainty,
as shown in the last three rows of the table. Specifically, the
uncertainty in assessing individuals whose competence state
falls within any of these four classes amounts to four or more
skills. Nevertheless, these individuals represent only 2% of
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Table 9 Statistical indexes for the equivalence classes of competence states delineating the same knowledge state

|[C]| F | ⋂[C]| |S \ ⋂[C]| Certain Uncertain |X	Y | π[C]

1 57 7.65 3.35 11 0 0 .79

2 24 6.50 3.50 10 1 1.00 .08

3 8 4.50 4.50 9 2 1.33 .03

4 14 5.79 3.21 9 2 1.33 .01

8 10 4.30 3.70 8 3 1.71 .06

12 2 2.50 4.50 7 4 2.06 .00

16 1 3.00 4.00 7 4 2.13 .00

80 1 1.00 3.00 4 7 3.32 .02

the population (based on the sum of the last three proba-
bilities in the last column of Table 9). On the other hand,
the 79% of the population falls within classes where there is
no uncertainty concerning skills. These results suggest that
the overall amount of information for the skill assessment in
MatriKS is satisfactory.

The BLIM based onK applied to the data exhibited a non-
significant bootstrap p-value = .15. Thus, the model fitted
the data well. Moreover, all items turned out to be reliable.

Concerning the identifiability of the model, the standard
deviation of both theβq andηq estimates turned out to be very
close to zero. The highest difference between the maximum
and the minimum estimates was 1.6 × 10−3 for the βq and
2.7 × 10−3 for the ηq . These values support the model’s
identifiability.

It is worth mentioning that βq and ηq estimates are con-
ditional probabilities and, as such, they are affected by the
frequency that the item responses have in the sample (i.e., the
item probability). In particular, if the frequency of observing
a correct response to an item is very high (item probability
close to 1), the conditional probability ηq can be overes-
timated. Similarly, if the frequency of observing a correct
response is very small (item probability close to 0), the con-
ditional probability βq can be overestimated. This is an issue
of ML estimation that arises when there is not enough infor-
mation in the sample for assuring an unbiased estimate of
the parameter (see, e.g., Stefanutti et al., 2020; de Chiusole
et al., 2013b). A way to overcome this problem is to esti-
mate joint probabilities instead of conditional probabilities.
For each item q, the joint probability of βq was computed by
multiplying βq times πq , whereas the joint probability of ηq
was computed by multiplying ηq times 1 − πq .

Figure 6 shows the βq (top panel) and ηq (bottom panel)
parameter estimates obtained by applying the BLIM withK.
In both panels, the conditional (blue circles) and the joint
(magenta circles) probabilities are displayed. Labels of the
x-axis refer to the ID number of the matrices, as defined
in Table 2. The dashed line is for reference. The condi-
tional careless error probabilities are, in general, quite small,

whereas those of the luckyguesses are quite high.Highvalues
for the lucky-guess estimates can be due to several reasons.
One of them is the use of multiple-choice items, which may
increase the chance of guessing correctly. Another possible
explanationmay lie in the high probabilities of correctly solv-
ing the items, as mentioned above. This last was indeed the
case, because the average item probability is .63, with a min-
imum value of .50 and a maximum of .88. The joint values
of both parameters were quite small: the average value of the
jointβq was .08 (sd = .08) and that of ηq was .13 (sd = .07).
Overall, these results indicate that the knowledge structure
of MatriKS is plausible and can be used to assess the skills
related to fluid intelligence.

The performance of individuals in the general popula-
tion is described here by means of the average proportion of
rules mastered p and the rules’ probability Ps indexes. For
each schooling year, Table 10 shows the average proportion
of rules mastered p, and the corresponding standard devia-
tion, estimated for the general population. The average value
of this index increases monotonically across the schooling
years, while its standard deviation decreases. This suggests
that fluid intelligence in the general population improves
as children’s cognitive systems develop, and that individual
variability decreases over time. These results are consistent
with the relevant literature (see, e.g., Horn, 2007; Schroeders,
Schipolowski, & Wilhelm, 2015). Additionally, the average
proportion of rules mastered increases rapidly until year 3
of schooling, and then approaches 95%. This finding indi-
cates that MatriKS is an adequate tool for assessing fluid
intelligence in individuals aged 4 to 11 within the general
population.

Figure 7 shows the results for the rule probability Ps
index, computed for all 11 transformation rules. The top
panels refer to configuration elaboration (on the left) and
visuospatial (on the right) transformation rules. The bottom
panels refer to pre-inference (on the left) and directional logic
(on the right) rules. The monotonic increase in schooling
years was observed for almost all rules. There were very
few exceptions (e.g., for rule Filling at schooling year 5),
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Fig. 6 The BLIM’s item error parameters estimated on the data. The top panel refers to βq parameters, whereas the bottom panel refers to ηq . In
each panel, the conditional (blue) and the joint (magenta) probability is displayed. Dashed lines are for reference

but by a small amount (the biggest drop was .08). In con-
trast, standard deviations of this index were monotonically
decreasing in the schooling year, with very few exceptions
(see Table 11). This means that, in the general population, as
children’s cognitive systems develop, the variability of their
fluid intelligence decreases. Configuration elaboration trans-
formation rule (top left panel) was the easiest rule. Indeed, its
probability was higher than 60% also in preschool children.
Among visuospatial rules (top right panel), Shape appeared
to be the easiest one, whereas size appeared to be the most
difficult one (less than 20% of preschool children mastered
this rule).

Table 10 Average values and standard deviations of the proportion of
rule mastered index estimated in the general population for schooling
years 0 to 5

Schooling year Mean Sd Schooling year Mean Sd

0 0.32 0.33 3 0.91 0.19

1 0.78 0.26 4 0.95 0.12

2 0.86 0.23 5 0.95 0.14

Interestingly, objective addition and subtraction pre-
inference rules (bottom left panel) showed very similar
probabilities of being mastered at all schooling years, with
objective addition rule being slightly easier than the objective
subtraction rule.

Finally, the bottom right panel of the figure displays the
results of the four directional logic transformation rules.
Among these rules, it seems that a dominance relation exists,
with the following order (from the easiest to the most diffi-
cult): vertical only, horizontal only, vertical and horizontal,
diagonal. This last, in particular, is the most difficult rule,
with a probability less than 10% to be mastered by preschool
children.

Considerations on the outcomes of the three
approaches

For the multi-method validation of MatriKS, a model was
validated within each of the three frameworks CTT, IRT, and
KST. The three approaches led to a very different selection
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Fig. 7 Rule mastering proportion as a function of the schooling years.
The top panels refer to configuration elaboration (on the left) and visu-
ospatial (on the right) transformation rules. In contrast, the bottom
panels refer to pre-inference (on the left) and directional logic (on the
right) rules

of items. Specifically, IRT validation led to the deletion of 24
items from the original item pool, CTT validation discarded
one item, while KST validation allowed for retaining all the
items.

This divergence in item selection can be attributed to the
different theoretical assumptions underlying each applied
model. CTT and IRT selected models are unidimensional,
whereas the KST selected model is not. It is worth noting
that CTT and IRT differ profoundly in how they formal-
ize the notion of “dimension” and how they link items to
this dimension. In CTT, the factor loadings just express the
strength of the relationship between each item and the latent
factor. In addition, IRT provides information on the location
of items on the latent trait with respect to respondents’ abili-
ties and, in the 3-PL case, also on the probability of guessing
the correct response by chance. To obtain such fine-grained
information, IRT models need a set of stronger assumptions
than the CTT models. This may explain why the unifactorial
solution obtained within the CTT allows for retaining almost

all original items, while that obtained with the 3-PL discards
more than half of them.

KST adopts a multidimensional perspective formalized
through the so-called knowledge structures. This perspec-
tive allows it to retain items that cannot be located along a
unidimensional continuum but remain informative for char-
acterizing individual performance. The knowledge structure
is the distinctive feature ofKST that does not exist inCTTand
IRT. The powerful characteristic of knowledge structures is
that they provide a very precise hypothesis about the structure
of relationships among items or between items and underly-
ing skills, which is then subjected to empirical validation. In
the other two approaches, the specific structure of the rela-
tionships among itemsor between items andunderlying skills
can only be derived a posteriori, after data analysis. In other
words, the specific form of the construct under measurement
is theory-driven in KST, whereas it is mostly data-driven in
the other two approaches. This has to be seen as an advan-
tage of KST with respect to the other two approaches (see,
e.g., Fried, 2020), especiallywith respect to predictive power.
Indeed, KST can be viewed as a complementary validation
approach, as it relies on an explicit theory-based process in
which items are constructed, and their connections are iden-
tified in advance, guided by cognitive theories of knowledge
organization and learning progression.

Given the unique and detailed information provided by
KST at the end of an assessment, and given the novelty of
the theory, this section concludeswith an illustrative example
based on the assessment outcomes of three respondents from
the sample. The aim is to highlight the differences between
KST and the other two approaches. The three respondents are
referred to as John, Sophie, and Jane. John and Sophie have 0
schooling years and are 4.79 and 6.24 years old, respectively.
Jane has 5 schooling years and is 11.31 years old. Both John
and Sophie obtained a sum score of 18 out of 38 (exhibiting
different response patterns), whereas Jane achieved a sum
score of 30 out of 38. Based on these scores, CTT would
indicate that John and Sophie exhibit the same level of fluid
intelligence, and that both perform at a lower level than Jane.
Since John and Sophie displayed different response patterns,

Table 11 Standard deviations of rule probability index estimated in the general population for schooling years 0 to 5

Schooling year C O F Sh S V H VH D OA OS

0 0.48 0.47 0.48 0.49 0.36 0.49 0.47 0.37 0.25 0.48 0.47

1 0.19 0.39 0.35 0.31 0.48 0.24 0.38 0.49 0.50 0.39 0.44

2 0.13 0.29 0.31 0.22 0.46 0.17 0.34 0.42 0.47 0.30 0.40

3 0.09 0.26 0.21 0.18 0.39 0.12 0.26 0.36 0.44 0.27 0.36

4 0.04 0.13 0.17 0.10 0.40 0.06 0.24 0.29 0.38 0.22 0.33

5 0.07 0.21 0.25 0.18 0.34 0.09 0.15 0.23 0.30 0.21 0.31

Note: C = Completion; O = Orientation; F = Filling; Sh = Shape; S = Size; V= Vertical Logic; H = Horizontal Logic; VH = Vertical & Horizontal
Logic; D = Diagonal Logic; OA = Object Addition; OS = Object Subtraction
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the 3-PL model is able to distinguish between their levels
of fluid intelligence based on the different item discrimina-
tions and pseudoguessing. Nonetheless, their performance is
reduced to a single numerical value summarizing their fluid
intelligence levels.

Conversely, KST provides fine-grained information. Spe-
cifically, it provides detailed feedback on three key aspects:
(i) the cardinality |K̂ | of the individual’s knowledge state and
that of the competence state |Ĉ |; (ii) the number of careless
errors and lucky guesses; and, most importantly, (iii) which
transformation rules belong to the competence state of the
individual.

Tables 12 and 13 provide a comparative overview of the
three respondents’ performance. The first table summarizes
the quantitative indices derived from KST, whereas the sec-
ond table presents the corresponding qualitative information,
highlighting differences in the transformation rules mastered
by each respondent. From the KST perspective, John mas-
ters ten items, committed one careless error, and made nine
lucky guesses. In contrast, Sophie masters 15 items, made
two careless errors and four lucky guesses. Finally, Jane
masters 33 items, and made three careless errors. Based on
their knowledge states, Jane made more careless errors than
Sophie who, in turn, made more careless errors than John.
For lucky guesses, the opposite order was observed. This
nuanced information highlights how KST can offer a more
comprehensive evaluation of an individual’s performance by
also considering their error tendencies.

Peculiar information provided by KST on the specific
cognitive tasks mastered by each individual is relevant for
formulating a diagnostic report that goes beyond the mere
numerical score. For the example at hand, it could go along
the following lines. Janemasters all 11 rules, demonstrating a
complete grasp of the entire set of cognitive tasks. These rules
include complex transformations and logical operations,
indicating a high level of cognitive flexibility and problem-
solving ability. In contrast, John and Sophie mastered five
and seven rules, respectively (Table 13). The rules mastered

Table 12 KST-based comparison of the performance of John (0 years
of schooling, 4.79 years old), Sophie (0 years of schooling, 6.24 years
old), and Jane (5 years of schooling, 11.31 years old)

John Sophie Jane

|R| 18 18 30

|Ĉ | 5 7 11

|K̂ | 10 15 33

P(K̂ ) .96 .97 .87

# βq 1 2 3

# ηq 9 4 0

Table 13 Comparison of the mastered transformation rule profiles of
the three real respondents: John (0 years of schooling, 4.79 years old),
Sophie (0 years of schooling, 6.24 years old), and Jane (5 years of
schooling, 11.31 years old)

Rule John Sophie Jane

Completion ✓ ✓ ✓

Shape ✓ ✓ ✓

Filling ✗ ✓ ✓

Orientation ✗ ✓ ✓

Size ✗ ✗ ✓

O-Addition ✓ ✓ ✓

O-Subtraction ✓ ✓ ✓

V-Logic ✓ ✓ ✓

H-Logic ✗ ✗ ✓

VH-Logic ✗ ✗ ✓

D-Logic ✗ ✗ ✓

by John are completion, shape, O-addition, O-subtraction,
and V-logic, indicating a partial understanding of visuospa-
tial transformations and mastery of elementary directional
logic rules only. Sophie, on the other hand, masters comple-
tion, orientation, filling, shape, O-addition, O-subtraction,
and V-logic, reflecting a broader understanding, especially
of visuospatial transformation rules, than John.

This example underscores a crucial aspect of KST: it
accounts for the complexity and diversity of individual cog-
nitive profiles. Even with equivalent performance on a given
assessment, individuals may experience and interact with the
world differently, resulting in distinct profiles of rule mas-
tery. In this case, while both John and Sophie achieve the
same observed score, their underlying cognitive profiles and
areas of strength and weakness differ. By recognizing and
understanding these individual differences, clinicians can tai-
lor instruction to address specific areas of need and promote
more effective training.

Discussion

This study provides evidence for the robustness and versatil-
ity of MatriKS as a measure of fluid intelligence for children
in the general population aged 4 to 11 years. The valida-
tionwas conducted using amulti-method approach involving
three distinct measurement frameworks: CTT, IRT, and KST.
Each of the three approaches with its own assumptions and
models, highlights structural properties of data that are not
captured by the other two approaches. Nevertheless, the three
approaches provide an acceptable modeling of the data sup-
porting the adequate functioning of MatriKS.
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Specifically, CTT and IRT evaluated MatriKS primar-
ily through statistical criteria, focusing on item functioning,
score reliability, and measurement along a latent ability
continuum. In contrast, KST validation relies on a theory-
based perspective, modeling the relationships among items
and individuals’ response patterns with respect to an explicit
cognitive representation of the underlying structure of fluid
intelligence. Importantly, these approaches also differ in
the type of feedback they provide: CTT and IRT mod-
els yield summative information about overall performance,
whereas KST offers structured feedback on individual cog-
nitive profiles. When considered jointly, these measurement
perspectives may contribute to a more comprehensive and
informative assessment by combining robust measurement
properties with theory-driven insights into individual perfor-
mance.

Furthermore, the obtained results – such as the consistent
increase in average fluid intelligence scores among children
aged 4 to 11 and the decrease in score variability across
schooling years – are consistent with established literature
(see, e.g., Horn, 2007; Schroeders et al., 2015). These find-
ings provide compelling evidence supporting the external
validity of the test. Moreover, the multi-method validation
approach sets a benchmark for the development of psy-
chological and neuropsychological tests. While this study
establishes the validity and robustness of MatriKS, several
avenues for future research and development remain to be
explored.

First, future studies should explore the application of
MatriKS in clinical populations. This would involve test-
ing its reliability and validity among children with vari-
ous cognitive, neurodevelopmental, or learning disabilities.
Understanding howMatriKS performs in these groups could
provide valuable insights into its diagnostic utility and poten-
tial modifications needed to accommodate specific clinical
needs.

Second, an adaptive version of MatriKS could be devel-
oped, which adjusts the administration of subsequent ques-
tions based on the responses to the previous ones. This
approach reduces time and frustration for the test-takers.
Moreover, adaptivity allows clinicians to administer the test
to individuals who, otherwise, could be excluded due to their
clinical conditions.

Finally, exploring how MatriKS can be integrated into
training programs to monitor and support children with
various cognitive disabilities represents another valuable
direction. The multi-method feedback provided byMatriKS,
which identifies both strengths and areas for improvement,
makes it a robust tool for both assessment and training design.
In particular, the KST-like fine-grained feedback provided by
MatriKS represents a valuable tool for supporting the clini-
cian in developing personalized paths of interventions. The

ultimate goal is to provide each child with tailored support
for their cognitive development.

Supplementary Information The online version contains supplemen-
tary material available at https://doi.org/10.3758/s13428-026-03049-
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