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ABSTRACT. In this paper we take the first steps towards the categorification of the Zelevinsky
tensor product of finite dimensional representations of extended affine type A Hecke algebras.
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1. INTRODUCTION

This paper is part of our ongoing study of the birepresentation theory of extended affine type
A, Soergel bimodules in characteristic zero, which we started in [MMV]. The monoidal
category of these Soergel bimodules, denoted gij‘t in this paper, was studied both algebraically
and diagrammatically in [MaTh|] and [Eli2], and categorifies the extended affine type A Hecke
algebra I?[ﬁ"t. This algebra is infinite dimensional, which on the categorical level corresponds to
the fact that gfj‘t is not finitary but wide finitary, in the terminology of [Macph|. Whereas finitary
birepresentation theory of finitary monoidal categories/bicategories, such as Soergel bimodules
of finite Coxeter type, is fairly well developed, see e.g. [MMMTZI] and [MMMTZ2] and
references therein, birepresentation theory of wide finitary monoidal categories/bicategories is
still in its infancy. Some fundamental results in finitary birepresentation theory were generalized
to the wide finitary setting by Macpherson in [Macph|, but his framework does not cover
:c\riangulated birepresentations, which play a prominen’E\roIe in the birepresentation theory of
8. For example, the evaluation birepresentations of 8 in [MMV] are triangulated. In this
paper, we continue our study of the birepresentation theory of gﬁ"t, taking a first step towards
the categorification of parabolic induction. As the reader will see, this also involves triangulated
birepresentations.

Parabolic induction and restriction play an important role in the finite dimensional representation
theory of H®'. In particular, for any integers 1 < k < n, there is a well-known embedding of
algebras

(1) Upmon: HZ @ H, — HO

which is the analog of the embedding of finite symmetric groups Gy x G,,_r — &,,. Given

two finite dimensional representations A, and M, of ﬁ,‘j"t and f[ﬁ’fk, respectively, one can use
Y.n—r to define their Zelevinsky tensor product

L ﬁzxt
(2) M1 ® M2 = Indﬁzxt(gﬁz):tle X MQ,

which is a finite dimensional ﬁfj‘t—representation. Zelevinsky [Zel] classified the finite dimen-
sional irreducible representations of the extended affine type A Hecke algebra in terms of com-
binatorial objects called multisegments. Leclerc, Nazarov and Thibon [LNT] gave a necessary
and sufficient condition for irreducibility of M; ® M, based on the multisegments corresponding
to two finite dimensional irreducible representations M; and M.

Now, let k1, ko, k3 € Z>1 such that ky + ko + k3 = n (assuming that n > 3, of course). Then
one can show that

(3) ¢k1+k2,k3 (¢k1,k2 ® 1dﬁ§;‘t) = wk’l,kQ"rkg (ld]’—\[]‘?l‘t ® ¢k2,k3)>
which implies that there is a canonical isomorphism

(4) (My © Mp) © My = My © (My © M),
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with M; being a finite dimensional representation of ]TI,?‘t for © = 1,2,3. If we define the
embedding of algebras
Uky ooyt i @ Hig' @ H — H

as either one of the two composite maps in , then M; ® My ® Mj can also be defined directly
as R

Ind % My @ My ® M.

n HpsteHst oy ! 2 $
which by the above is canonically isomorphic to either one of the two isomorphic representations

in (@).

More generally, let k1, ..., k,, € Z>; such that 1 <m <n and k; + ...+ k,, = n. Then there
is an embedding of algebras

(5) Vb B @ @ HEY = HE®
which can be used to define the corresponding Zelevinsky tensor product
]\41 ORERXO) Mm’

with M; being a finite dimensional representation of ﬁ,‘j"t for e = 1,...,m, and this tensor
product is associative up to canonical isomorphism. For more information on the Zelevinsky
tensor product and its role in representation theory, see [LNT] and references therein.

In this paper, we initiate the categorification of the Zelevinsky tensor product. Specifically, we
define a linear, monoidal functor

(6) Wjopop: 8P RIS, — KP(82)

which categorifies the embedding ;. ,,, in (I]). Here Kb(gfj‘t) denotes the homotopy category
of bounded complexes in 8¢**. Before continuing, we should note that v, ,,_ is usually defined in
terms of the Bernstein presentation of the extended affine type A Hecke algebra. Unfortunately,
there is currently no categorification of HZ™* based on that presentation. The decategorification

of /S\,ej‘t is naturally associated to the Kazhdan-Lusztig presentation of ﬁﬁ"t, so we define 1y, ,,—
in terms of that presentation and use it as the starting point for the definition of Wy, _j in
this paper. Note that in [StWe], the authors use the categorification of parabolic induction for
finite type A Soergel bimodules, where the analog of Uy, ,,_; is much easier to define and does
not involve Rouquier complexes.

The way to categorify the Zelevinsky tensor product using Wy ,,_ is a bit roundabout, because
we do not know how to make sense of something like

SZXt X’gzxt ggix—tk M1 X MQ,

where M; and M, are finitary birepresentations of /S\z"t and Afjfk, respectively. This would
require an analog of the balanced box tensor product for module categories over finite tensor
categories, defined in [DaNi, Section 2.7], which does not (yet) exist in our setting. There-
fore, we follow a different approach, explained below. We first sketch the general idea and
then point out some technical hurdles. Recall that, for a fiat bicategory C (e.g. a linear
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additive pivotal category satisfying certain finiteness conditions), there is a correspondence
between transitive finitary birepresentations of C and algebra 1-morphisms in (the abelianiza-
tion of) C, see [MMMT, Corollary 4.8]. Note that in that same paper, and subsequent ones
like [MMMTZ2], the correspondence was first formulated with coalgebra 1-morphisms, instead
of algebra 1-morphisms. For technical reasons, we prefer algebra 1-morphisms in this paper,
see the comments below. Moreover, the bicategories in this paper have only one object and are
hence monoidal categories, thus we speak about algebra objects. Any monoidal functor C — D
between monoidal categories maps algebra objects to algebra objects and can, therefore, be
used to induce birepresentations of C to birepresentations of D, whichAis how we would like
to go about categorifying the Zelevinsky tensor product. Unfortunately, 8 is not finitary but
wide finitary, and Uy, does not take values in St but in Kb(Sex),

In [Macph], a correspondence between wide finitary birepresentations and (co)algebra objects
in some completion is given, but there is currently no analog for triangulated birepresentations.
In the examples of finitary or triangulated birepresentations of 8¢* that we fully understand,
the algebra objects are typically given by countable coproducts of tensor products of Soergel
bimodules and Rouquier complexes. Hence we introduce certain cocompletions of additive
and triangulated monoidal categories/bicategories containing these kinds of algebra objects/1-
morphisms in [Section 5.2} which are smaller than the completions considered in [Macph]. To
explain our preference for algebra objects over coalgebra objects in this paper, note that al-
gebra objects typically belong to cocompletions whereas coalgebra objects typically belong to
completions. As can be seen from our calculations in [Section 5.3 cocompletions are easier
to work with in practice. In we work out the explicit example of the categorified
Zelevinsky tensor product W := V @V of the trivial finitary birepresentation V of 8 with
itself. Its construction is technically quite involved. We first define and analyse a wide finitary
85**-birepresentation U corresponding to the algebra object Y := ¥ ;(X K X)) in the cocom-

pletion of Kb(gg"t), where X is the algebra object in the cocompletion of 8¢** corresponding
to V. Following the terminology introduced in [MMV], we call U a wide finitary cover of W.
To obtain a triangulated birepresentation, we then observe that Y induces a right action of Z?
on Kb(gg"t) which commutes with the left action of ngt, so the orbit category € inherits the
structure of a §gxt birepresentation. We prove that U is equivalent to the full subcategory of

(2 whose objects can be identified with those of ngt under the usual embedding into Kb(gg"t).
In general, the orbit category of a triangulated category under a group action does not inherit
a natural triangulated structure, but in this case we can relate it (via a technical detour which
we will explain in to a triangulated orbit category using a dg-enhancement as
in [FKQ| Theorem/Definition 1.1]. By construction, this triangulated orbit category is a /S\g’“
birepresentation and we conjecture that its triangulated Grothendieck group is isomorphic to
W, see |Conjecture 5.29| It seems likely that this approach can be generalized, but we do
not develop a general theory of these kinds of birepresentations and the corresponding algebra
objects/1-morphisms in this paper, leaving that for future work.
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Something else beyond the scope of this paper is the generalization of Wy, _; to a linear
monoidal functor R R R

Wy g SR ISP — K(8S)
for ki,...,km € Z>1 such that 1 < m < n and ky + ... + k,, = n, categorifying (5).
Conceptually it is clear how to define such a generalization, but we postpone the lengthy
technical details to a future paper. Finally, to prove the categorical analog of , i.e., the
existence of a natural isomorphism

‘I}k1+k27k3 (\Ijkl,kz X Id§2§t> = \I]k17k2+k3 (Idgzjt DX \Ijkz,ks)

for 1 < ky, ko, ks < n such that k; + ka + k3 = n, we would first need to extend ¥y, to a
monoidal functor (with the same notation)

Wi KOS BRI (S7Y,) — KO (87).
Proving the existence of such an extension is a non-trivial problem and is related to similar

extension problems in other contexts, see [ALELR| Conjecture 1.2], [Eli2, Section 1.6], [EIHo]
and [MMV], Section 1]. The solution of this problem is also a topic for future research.

Acknowledgements. M.M. is partially supported by CIDMA under the FCT (Portuguese Foun-
dation for Science and Technology) grant UID/04106. V.M. is supported by EPSRC grant
EP/Z533750/1. P.V. is supported by the Fonds de la Recherche Scientifique-FNRS (Belgium)
under Grant no. J.0189.23.

2. PARABOLIC EMBEDDING: DECATEGORIFIED STORY

Throughout the paper, let n € Z>,. For n = 1, the affine Weyl group S, of type ZO is the
trivial group. Similarly, the finite Weyl group &, of type Ay is the trivial group.

Forn > 2, let I := Z/nZ and I := {1,...,n — 1}. By a slight abuse of notation, we will
often identify I with the set of representatives {0,1,...,n — 1} and consider I as a subset of
I.

For n = 2, the affine Weyl group ég of type 121\1 is generated by the simple reflections sy, s1,
subject to the relations

forie 1.
For n > 2, the affine Weyl group @n of type A\n—l is generated by the simple reflections
s;, © € I, subject to the relations
57 =1, sisj = s;8; if |t —j| > 1, 8i8i418i = Si418iSit1,
forie 1.

A reduced expression (rex) for an element w € &,, is a finite word (s;,,...,s;,, ) of simple
reflections, for some m € Zxq, such that w = s;, ---s;, and there is no word consisting of
fewer simple reflections with that property. All rexes for w contain the same number of simple
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reflections, which is called the length of w and denoted by ¢(w). By definition, the rex for the
neutral element is the empty word of length zero (i.e. m = 0).

The extended affine Weyl group éfj‘t, using the weight lattice of GL,,, is the semidirect prod-
uct

<p> X 6717
where (p) is an infinite cyclic group generated by p and

-1
PSP = Sit1;

fori e 1. In particular, when n = 1, the extended affine Weyl group @‘f‘t is just the infinite
cyclic group (p).

The finite Weyl group of type A, _1 is the symmetric group on n letters, G,,, corresponding to
the subgroup of G,, generated by s;, i € I.

2.1. Hecke algebras. Let ¢ be a formal parameter. For n = 1, the extended affine Hecke
algebra HP*' is simply the group algebra of (p) over Z[q, ¢!].

For n = 2, the extended affine Hecke algebra ﬁﬁxt is the Z[q, ¢ ']-algebra generated by Ty, T1,
and p*!, subject to the relations

(7) (Ti+a)(Ti—q)=0,  pp'=1=p""p,  pLp ' =T,
forie 1.
Eor n > 2, the extended affine Hecke algebra f[ﬁ“ is the Z[q, ¢~ ']-algebra generated by T}, i €
I, and p*!, subject to the relations
8) (Li+o(T;—q ') =0, LT =TT if |i—j[>1, TiTin T = Tip T,
(9) ppt=1=p""p, pTip~" = T,
fori,j € I. Note that T} is invertible for every 1 € I:
T ' =T+q—q "
As is well-known, H¢" is a g-deformation of the group algebra Z[S¢] with the standard basis

given by {p™T,, | m € Z,w € &,}, where T, := T, -- -T;, for any reduced expression (rex)
Siy -+ 8, of w.

Another presentation of f[ﬁ“ is given in terms of the Kazhdan—Lusztig generators b; := T; + q,
for i € I, and p*™?!, subject to the relations

(10) b} =[2bi,  ppt=1=p""p,  pbip! =bis,
for n =2, and
(11) bZQ - [2][)@, blbj - b]bl If |Z - ]| > 1, bzbz—i-lbz + bi+1 - bi+1bibi+1 + bi,

(12) ppt=1=p""p, pbip~t = by,
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forn > 2, where i € I and [2] := ¢+ ¢~'. Note that T; = b; — ¢ and T, ' =b;—q !, for every
i € I. The Kazhdan—Lusztig basis is given by {p™b,, | m € Z,w € &,}, where the definition
of b,, requires the choice of a rex for w but is independent of that choice.

For n = 1, the (non-extended) affine Hecke algebra Hy is the trivial one-dimensional alge-
bra isomorphic to Z[q, ¢ ']. For n > 2, the (non-extended) affine Hecke algebra H, is the
subalgebra of H¢* generated by either T} or b;, for i € I.

For n = 1, the finite Hecke algebra H; is also the trivial one-dimensional algebra iiomorphic to
Zlq,q7']. For n > 2, the finite Hecke algebra H, is the Z[q, ¢ ']-subalgebra of H,, generated
by either T; or b;, for i € I.

There is a third presentation of ﬁfft, called the Bernstein presentation. In that presentation,

flg‘” is defined as a twisted tensor product of H, and the algebra of Laurent polynomials in
n indeterminates with coefficients in Z[q, ¢~!]. There are several possible choices for defining

the commutation relations. The one we use here has indeterminates v, ..., y,, with relations
given by

(13) T 'y T =y,

fori e I.

The relation between this Bernstein presentation and our first presentation of ]Tlfft is given

(14) Y1 = pln— - T4,
(15) yi =T Ty Ty pTyy - Ty Ti, i=2,...,n— 1.

Remark 2.1. Some remarks about the various conventions in the literature are in order. We
try to follow conventions close to those in [Eli2]. Our presentation of the extended affine Hecke
algebra in agrees with [Eli2], as does the relation between the standard generators
and the Kazhdan-Lusztig generators.

The standard trace €: }AIfLXt — Z[q,q '], which also plays an important role in this paper, is
the Z[q, ¢ ']-linear map defined by

(16) E(pTTw) = 7“706’11),6’

forr € Z and w € én where d_ _ is the Kronecker delta. The trace induces a g-sesquilinear
form (—, —) on H®** defined by

(17) (z,y) = e(w(@)y),
where w is the g-antilinear antiinvolution on ﬁgxt defined by w(p) = p~! and w(T,,) = T, for

w e &, By definition, g-sesquilinear means that (—, —) is Z-bilinear and satisfies (qz,y) =
g Nz, y) = (z,q¢'y), for all z,y € H™*. The above definitions imply that w(b,,) = b,-1 and
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that the Kazhdan-Lusztig basis is asymptotically orthonormal w.r.t. (—, —), see e.g. [EMTW,
Theorem 3.21] for non-extended affine type A.

Theorem 2.2. For all k,l € 7 and u,v € &,,, we have (p*bu, p'by) = 61 (bu, by) and

(b by) € 1+ qZlqg)|, ifu=wv;
o qZlq), else.

2.2. The embedding. Let 1 < k < n — 1. There are two unital embeddings of Z[q, ¢ ']

algebras 1 : H™ — H® (the left embedding) and ¢ : H®', — H®* (the right embedding),
which are easily defined in terms of the Bernstein presentation:

T T, i=1,... k-1, T Thyyy j=1,....n—k—1,
L: {yw—)yi, i=1,...,k, R {yjr—>yk+j, j=1,...,n—k.
The two embeddings give rise to a Z[q, ¢~ !]-linear map
Yo HPX @ HEY — HE,
defined by
Vin-k(a ® b) :=r(a)r(b).
By definition, ¢y ,—r(a®1) = ¢r(a) and ¥y ,,— k(1 ®b) = ¥r(b), where we denote the identity

element of the various Hecke algebras by the same symbol 1.

It is easy to see that this map is a homomorphism of algebras. Note that ¢;, and i form a
commuting pair of algebra homomorphisms, in the sense that

Yr(a)Yr(b) = Yr(b)Yr(a)
holds for all a € ﬁg"t,b c ﬁ;’fk, because the v, for 1 < m < n all commute with each
other and we have T;T; = T;T;, T,y; = y;1; and T,y; = yT forall 1 < i < k—1 and
k+4+1<j<mn-—1. Therefore, for all a;,as € H*" and by,by € H™",, we have
¢L(a1)¢L(a2)¢R(b1)¢R(bQ) = ¢L(a1)¢R(bl)¢L(az)¢R(bz)7

which means that
Yk n—k(a1a2, b1b2) = Vi pn_r (a1, b1)Ykn—k(az, ba).

Using (14) to translate to the presentation in terms of the standard generators and p given

in and (9), yields

(18) d}L(pL> = leflT;l . T];—ll = an—l ce ka7

(19) Yi(To) = Y (pp*Tipr) = Tt - TN To Ty - - T,
and

(20) Ur(pr) = yk+1Tk_+11Tk_+12 T =T T

(21) Vr(To) = Vr(pr ' Tipr) = To -+ Thor T T Y -+ Ty
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where we use the notation p; and pp for the twist generators of }AI,?“ and ﬁg{tk with p being
used for the generator of HZ™'. The underscript letters L and R are meant to signify “left”
and “right” to match their position in the tensor product H** @ H,.

Since ¥ (pr) and Yr(pr) commute, we have
(22)  Wknrlpr,pr) =Tt Ty ppTs -+ T = pTy - Ten T - T .

The image of the Kazhdan—Lusztig generators under v, and ¢y is
(b)) =0b;, i=1,...,k—1,
Vrb) =brrss j=1,...n—k—1.
Using and it follows at once that
Yr(bo) =T "+ T g Ty -+ - T,
Vr(bo) =Ty T T - Tyt

2.3. Diagrammatics. As is well known, the various Hecke algebras described above also have
a diagrammatic incarnation, since all of them can be defined as a quotient of the group algebra
of the corresponding braid group. In this incarnation, the standard generators correspond to
crossings between two neighboring strands. In the affine case, we have to use braid diagrams
on a cylinder, which we depict as a rectangle where the two vertical boundary components are
identified. In this diagrammatic presentation for H** we have

\

[

/.

1

n

Ty =

Ty =

Vo J 1]

3

~—;

1

2~ —

/ / /[
\\ \\

where 2 = 1,...,n — 1. Note that we don't draw all the vertical lines and that the boundary
points at the top, resp. at the bottom, of the braid diagram are cyclically ordered. In our planar
presentation we always order them from left to right starting with 1 and ending with n. In our
conventions, the product XY consists of gluing the diagram of X atop the one of Y.

The embedding vy, ,_ can also be described diagrammatically in a natural way. The diagram
for ¥r k(X ®Y) consists of placing the cyclinder with the diagram for Y € HZ™, inside the
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cylinder with the diagram for X € ﬁ],‘j"t and then projecting the outer cylinder over the inner
in such a way that the boundary points of the diagram for X are sent to themselves, while the
boundary points of the diagram for Y are sent to the points labelled £+ 1,...,n. This is easily

visualized using colored diagrams: we use blue for the diagrams of the elements of H** and

purple for the ones of f[i’fk. In this convention, the cylinder with a purple diagram goes inside
the one with blue diagram.

Example 2.3. The diagrams for Y1 (pr) = Yrn—k(pr ® 1) and Yr(pr) = Ykn—i(1 @ pr):

1 an—l P Tk

®’///M> ’//
/ /

(R

Example 2.4 (Diagrams on a cylinder). To visualize this product, it might help to draw the
inclusions from using diagrams on a cylinder. For the curious reader we have also
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drawn the diagram for the Bernstein generator ;.

Y

<

1 n—=k \J

The Bernstein generator 1y, can be drawn as

Note that the equation ¥ (P @ 1)Uk k(1R pR) = Vkn—k (1@ pr) Uk n—k(pr®1) translates
to “blue and purple sliding past each other” in the corresponding compositions of the diagrams

above.

3. ROUQUIER-SOERGEL CALCULUS

3.1. Soergel calculus in extended affine type A and Rouquier complexes. In this section,
we initially revisit the definition of the diagrammatic Soergel category for the extended affine
type A as presented in [MaTh| (see also [MMV] and [Eli2]).
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Let k be an arbitrary field. Our conventions for graded (k-linear additive) categories and shifts
are as in [MMV] §3.1], which match those of [EMTW, Section 4.1]. Since those conventions
are important, let us briefly recall them. Throughout this paper, graded will always mean
Z-graded. For any t € Z, the grading shift (t) of a graded vector space M = @,z M, is
defined by (M(t)), := M, for all a € Z. This implies that hom(M (r), N(t)) consists of all
homogeneous linear maps between M and N of degree t —r. The graded morphism space of all
morphisms from M to N is defined as Hom(M, N) := @;czhom (M, N(t)). In the categories
of this paper, the objects need not be vector spaces, in which case the grading shifts are formal,
but the morphism spaces are always vector spaces consisting of (equivalence classes of) linear
combinations of diagrams. Each diagram has some degree s € Z and can therefore be seen
as a morphism between two objects with shifts M (r) and N(t), such that s =t —r, or as a
homogeneous morphism between M and N of degree s =t — r. To distinguish a non-graded
category C with shift and lower case morphism spaces of the form hom(M (r), N(t)) from the
associated graded category with morphism spaces of the form Hom(M, N), we denote the
latter by C*.

Recall that the additive envelope of a k-linear category C is the additive, linear category Cq
whose objects are formal direct sums of objects in C and whose morphisms are matrices of
morphisms in C, such that composition is given by matrix multiplication. The Karoubi envelope
of an additive, linear category is a formal enhancement which results in an idempotent complete
category we denote Cg .. For more information on these formal constructions, see e.g. [EMTW,
Sections 11.2.2 — 11.2.4].

3.1.1. Soergel calculus in extended affine type A. The diagrammatic Bott-Samelson category

of extended type /Aln_l, denoted @\SZXt, is the Z-graded, R-linear, pivotal category whose objects
are grading shifts of finite words in the alphabet fU{j:}, and whose vector spaces of morphisms
are defined below in terms of generating diagrams and relations. Recall that a pivotal category
is a monoidal category with duals satisfying certain conditions, see [EGNO, Definition 4.7.8].
We will (/)\ften identify that alphabet with the corresponding elementary Soergel bimodules
{Bi,i € I} U{B;'}, which is justified by [MaTh, Theorem 2.10]. These are bimodules over
a polynomial algebra R, defined below . Under this identification, a word in the alphabet
corresponds to a tensor product of B; and B, which is called a Bott-Samelson bimodule. The
empty word is the identity object, which is identified with R. The tensor product is taken
over R, but we will often suppress ®g in our notation, e.g., we will simply write B;Bs for
B; ®g Bs. The diagrams then correspond to R-R-bimodule maps, but we will not use those
maps explicitly in this paper. As explained above, the diagrams can be seen as morphisms
between degree-shifted objects or as homogeneous morphisms between unshifted objects. In
this definition, we take the former point of view. As explained above, the graded version of

— ext,*

B3, will be denoted by BS.. .

The identity morphism on i € Tis given by a vertical non-oriented strand colored by 7, whereas
the identity morphism on +/— is given by a vertical upward/downward oriented black strand.
As usual, we will color the unoriented strands to facilitate the reading of the diagrams. When
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there are too many different colors in a diagram, the colors are sometimes indicated by labels
next to the strands. We say that two colors ¢, 7 € I are adjacent if i = j =1 mod n and that
they are distant otherwise.

The number of different types of diagram increases with n, so below we first give the generating
diagrams for n > 1, then the additional ones for n > 2 and, finally, the additional ones that
only show up for n > 3.

e Forn >1,

v\

(23)
Degree 0 0

and the corresponding oriented black caps.

oFornZQ,withiET,

() A XX
Degree 1 1 0 0

and the diagrams obtained from these by a rotation of 180 degrees (which have the
same degrees).

e Forn >3, withi,j,k € I such that [i — j| =1 and |i — k| > 1,

. X X
0 0

Degree

and the diagrams obtained from these by a rotation of 180 degrees (which have the
same degrees).

We read diagrams from bottom to top as morphisms, i.e., their source is at the bottom and
their target at the top.

Diagrams can be stacked vertically (composition of morphisms) and juxtaposed horizontally
(monoidal product of morphisms), while adding the degrees, and are subject to the relations
below. The list contains all relations for all n > 1, but for n = 1 and n = 2 only the relations
involving the respective generators should be considered. For n = 2, there is an additional
subtlety in (7)), as indicated. We also assume isotopy invariance and cyclicity, meaning that
closed parts of the diagrams can be moved around freely in the plane as long as they do not
cross any other strands and the boundary is fixed, and all diagrams can be bent and rotated,
and the bent and rotated versions of the relations also hold.
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e Relations involving only one color:

- |
(27) :( - <
(28) Q =0

(29) 2|+ [t-2

e Relations involving two distant colors:

S —
T —

oF
& >< \/
ﬂ l

(33) I|—|; =0
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Note that follows from ([31)).

e Relations involving two adjacent colors:
J
(34) >K _ Al N \_/
/\

|I—I| forn =2

(fa-g]) e

(38) >< -

K- XK
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e Relation involving three colors such that ¢ is adjacent to 7, and j is adjacent to k:
k i J k i ki J
" | % o }%é
i ko ik i ko
e Relations involving only oriented strands:

(41) 0:1
o 11RO TIX

e Relation involving oriented strands and two distant colored strands:

j—1 i—-1 j—1 i—-1
(43) \9—< _ ;Q
{ J { J

e Relations involving oriented strands and two adjacent colored strands:

(44) i—1 = i =
XY XX
(45) X - A

¥
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e Relations involving oriented strands and three adjacent colored strands:

i1—1 i—1

U N N

i1 i1 i+l Qi+

Remark 3.1. Further relations that are consequences of ([37)) usually have two cases too, e.g.

¢

—2 | forn=2

—| forn>2

and similarly with the two colors switched.

—ext
Note that the empty word is the identity object in BS,, and its endomorphisms are the closed
diagrams, which by the relations above are equal to polynomials in the colored dumbbells

!

As each dumbbell has degree 2, the degree of any polynomial in these dumbbells, as a morphism
— ext

in BS
R.

Note further that, by relations ([29)), and ([33)), the morphism , defined in [MaTh] by

(48) :—ip,

is central, in the sense that it can be slid through all diagrams (i.e. it commutes horizontally
with all morphisms), because it is equal to the sum of all simple roots.

is twice its polynomial degree. From now on, we denote this polynomial algebra by

n 1

Definition 3.2. The extended Soergel category :3\%’“ is the Karoubi envelope of the additive

— ext
envelope of BS,, .

Note that in our definition shifts are already part of @Bim and recall that the idempotent
complete category /S\fj‘t is Krull-Schmidt, see e.g. [EMTW, Section 11.2.3]. It therefore makes
sense to consider the split Grothendieck group [:S\ﬁj‘“]@, which has a natural Z[q, ¢~ ']-module
structure defined by [X(1)] =: ¢[X], for every object X € /8\2“. It also has a natural algebra
structure, inherited from the monoidal structure on g‘jj‘t.
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Finally, let us recall the Soergel categorification theorem, see e.g. [MaThl, Theorem 2.5] for
extended affine type A (which was based on previous results by Harterich) and [EMTW, The-
orem 11.1] for general Coxeter type. For every w € S, choose a rex w = (Siys---, ;) and
define the Bott-Samelson bimodule

BS(w) :=B,,---B;, € @TSZXt.

There is an essentially unique indecomposable summand B,, € g,eft of BS(w) that is not a
summand of BS(u) for any u < w in S, where < is the Bruhat order. The isomorphism
class of B,, does not depend on the choice of rex for w. More generally, for any k € Z and
any w € @n the object B’;Bw is indecomposable in :S\fj‘t and the set of these indecomposables
is complete and irredundant, meaning that they are all mutually non-isomorphic and every
indecomposable in gfj‘t is isomorphic to one of them up to grading shift. Recall further that
ﬁgxt has a g-sesquilinear form (—, —), see (L7)). Similarly, [gfj‘t}@ has a ¢-sesquilinear form
(—,—), called the graded Euler form. To define it, one has to recall that the morphism spaces
in g;"t’* are free as left and as right graded R-modules and that their graded rank is finite and
does not depend on whether we consider them as left or as right R-modules. By definition,
the value of ([X],[Y]), for X,Y € :S\fl“, is equal to the graded rank of Homgex:.. (X,Y’). The
following theorem combines Soergel's categorification theorem and Soergel’s conjecture (which
has been proved, see [MaTh] and references therein).

Theorem 3.3. The Z[q, ¢ ']-linear map
v B = [57e
Y(p*by) = BBy (k€ Z,w e S,)

is an isomorphism of Z|q, ¢~ ']-algebras intertwining the two q-sesquilinear forms.

This intertwining property goes under the name of Soergel’'s hom formula and will be used
several times in Section , so let us state it explicitly here:

(49) (p"bu, p'by) = ([B,xB.], [B,B,]) = rk <Hom§ (BB, Bple))
forall k,l € Z and all u,v € én where rk denotes the graded rank.

3.1.2. Rouquier complexes. We give a summary of the material in [MMV, §4.1] that is needed
in the sequel. In particular, we introduced a diagrammatic calculus for certain morphisms
between tensor products of Rouquier complexes and Bott—-Samelson bimodules in finite type A.
In the summary below, we recall the basic features of that calculus, generalizing it to exte:pded
affine type A as well. Note that it only describes part of the morphism spaces in K°(8),
which are not yet understood in full generality. Describing the homotopy categories of Rouquier

complexes in terms of generators and relations is a hard problem, even in finite type A, see for
example [LiWi.
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Throughout the rest of the paper, if C a k-linear, additive category, for any field k, we write
C®(C) for the category of bounded complexes in C and K°(C) for its homotopy category. If
C is also monoidal, then the usual monoidal product of chain complexes equips K°(C) with a
monoidal structure as well. If C is also graded, then K°(C) is bigraded and we denote the shift
inherited from C by (-) and the homological shift by [-].

For n > 2, the Rouquier complexes T € Kb(gfj‘t) for i € I are defined by

? )

(50) T, := B, — R(1), T; ! := R(—1) —— B,
with B; placed in homological degree zero in both complexes.
The identity morphisms of Tfﬂ are depicted by

I, = | and It o= |

All generators in (1)), and below have degree zero with respect to both gradings.

e The I-color generators are the cups and caps:

The following lemma recalls the content of [MMV| Lemma 4.4].

Lemma 3.4. For any i € I, we have the following relations between morphisms in K° (g,e;‘t):

"'0., "’: . "’*.,
.. i . i
A
i i i Sy S i i i £
(53) S CU R S R S 1R . D
~
i 7 7 7 7 7
i H % * A H A ;
i i & ", H H & *
4 H A 5 H A § %
v v i i i i

For the diagrams and relations given in the rest of this section there are also similar diagrams
and relations involving inverses of Rouquier complexes.

For n > 2, there are additional diagrams and relations.
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e The six-valent vertices for i and j adjacent:

(55)

Note that a solid strand corresponds to the identity on a Soergel bimodule, whereas a dashed
strand corresponds to the identify morphism on a Rouquier complex, and all morphisms are
defined in the homotopy category. These satisfy

e The crossings for 7 and /: distant:

%
A A

", i
", H
s H
**, f
", H
R H

3.2. More diagrammatic shortcuts for Rouquier complexes. We now develop some new
diagrammatics to handle morphisms between tensor products of Soergel bimodules and Rouquier
complexes.

(56)

These satisfy

For any a,b € 7Z define
ToToi1Tore... Ty ifa<b,
Tiap =9 Ta ifa="b,
TyTe 1Ty o... Ty ifa>b,

where the indices on the right-hand side can be shifted modulo n so that they belong to
I ={0,1,...,n — 1}. For example, we have T_59 = T, 5T, ToT1Ts. Of course, the
above notation is not unique, since Ti,y) = Tioiinptrn for any a,b,k € Z, but we trust
that this does not cause any confusion. Note that in general T(o 5 # Tiayinptin if & # 1,
e.g., T,y = ToTy while T, ) = ToT,—1--- Ty, which are different when n > 2. Observe
that it is important that the indices a,b in T|,; be integers and not residue classes modulo
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n, because that allows for products of T; whose length is greater than n, e.g., Tjg2,—1) =
ToTy - Ty 1 ToTy- - Ty

Using the same conventions, we introduce the identity morphism on T/, by

( 4+ 4 .
: - ifa<b,
a a—.s—2 l.)
V'S :
ro_ if a =0,
0.8 ‘ N .
Y if a > b,
L ¢ (1,.—2 b

The unit and counit of the adjunction between T, and its inverse are drawn as a cup and
a cap, respectively, and these satisfy the usual isotopy and invertibility relations (cf. “M‘
Lemma 4.4, Lemma 4.15]). Cups and caps have degree zero, as do the generators in

©. €. ). 6. [ and @)

Lemma 3.5. For any a,b € Z, we have the following relations between morphisms in K°(S,):

(57)
(58)
[a:,: bl [a b) [(’ b] [(1 b] [a, b] [a b]
(59) P H %
[a, b] [(L: b] v * [a,b] [a,b] [a,b]

[a, )

It is useful to introduce mergers and splitters

la, ]

(60)

(a,b] [b+1,] la, c]
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for ¢ > b > a, realizing the equalities of chain complexes T/, 5 Tp41, = T, (and analogously
for their inverses). By definition, they satisfy

la,b] [b+1,c]

(61)

[{1..1)} [1)—}—‘1.,(:] [a,.,.h] [h+"1,(1] [(J,.,.(:} [(1:(:]

Of course, similar mergers and splitters can be defined for a > b > ¢, where [a, ¢| is subdivided
into [a,b] and [b — 1, ¢|. Further, one can use cups and caps to define generators like

[a,b]  a,c] [a,b] a,c]

[ZH»::I. cl

satisfying the obvious relations in K%(8,,).

Lemma 3.6. The following equations hold in K b(ggxt):

b b
:::::::[bf 1,d] i=a i .[(L, b—1] i=a 1
Proof. An easy computation using [MMV, Lemma 4.6]. O

The chain complexes Bp‘lTW,] and T[a,l,b,l]Bp_l are isomorphic. This is an easy consequence
of the isomorphism of the chain complexes Bp_lTk ~ T,_, B!, which follows from . This
homotopy equivalence and its variants are represented by the diagrams

(a, b]

(63) [a—1,b—1] [a—1,b—1]




Parabolic induction 23

We assume that n > 2 until the end of this section. We say that [a, b] and [c, d] are distant if
every index appearing in T/, is distant from every index in T, 4. In this case the chain com-
plexes T[M}T[icld] and T[icld]T[a,b] are isomorphic, with the isomorphism being given by diagrams
like

(64)

[a, b]

which satisfy the relations in Kb(ge"t) given below, for mutually distant [a, b], [c,d] and [e, f]
and with any of the possible orientations

(65)

@8 [ed (b [od)

and (together with its variants)

When k = [k, k] is distant from [a,b], the chain complexes B;T(,; and Ty, ;B are ho-
motopy equivalent and the homotopy equivalence can be represented by the diagram by the
diagram

(67)

[at b]
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satisfying the relations

[a:.: b] k [a.-,. b] k [a:: bk [a:: bk [a: b] [a: b]

and its variants. If [a,b] is distant from ¢, j and k, and j is adjacent to ¢ but distant from £k,
we also have

(69)

For 0 < a,b < n the chain complex Ty, B is homotopy equivalent to By_1T,; when
b < k < a, and homotopy equivalent to Bj1 T, when a < k < b (note that a # b). This is
proved in the same way as [MMV, Lemma 4.11]. The homotopy equivalences are realized by
the following family of diagrams

b—
(70) — , where g,5 = —— and k between a and b — &,
ktew | k |b— al

satisfying the relations

(71)

(72)
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(73)

k+eap [(l, b} k+ €ap [(1, b]

[a, b] k

and their variants. Relations ([71]) are immediate, while the relations in the remaining two lines
are proved as in [MMV| Lemmas 4.18 and 4.21], respectively.

To prove the next lemma we will use the hom & dot trick. Due to its extensive use in the next
section, we will briefly explain it in the following remark.

Remark 3.7 (The hom & dot trick). Let A and B be two non-zero diagrams in a given
morphism space. If the latter space is one-dimensional, then A = A\B, where X is a non-zero
scalar. To prove that A = 1 we will often attach dots to certain endpoints of A and B and
simplify the resulting diagrams so that they can be easily compared.

Lemma 3.8. For a,b,c € Z such that c is distant from [a,b], the following relations hold in
Kb(s\%xt):

[a,b]

c+1
(74)
c+1

[a+1,b+1] l[a+1,b+1]

Proof. We use the hom & dot trick. By using cups and caps, both diagrams can be deformed to
morphisms of degree zero from B.,; to B,,T[(L,,]B(;B;lT_1 which is homotopy equivalent

[k bH]
to B,y 1 because

BpT[a,b]BcB;IT[;_}_LbH] = T[a—i—l,b—i—l]BchB;lT[;il,bH} = T[a+1,b+1]Bc+1T[;j_1’b+1] = Bc+1-

Soergel's hom formula in (49)) implies that the space of degree-preserving endomorphisms of
B.i1 (either in gfj“ or in K°(8%)) is one-dimensional, so the two deformed diagrams are non-
zero multiples of each other, which implies that the same holds for the two diagrams in ([74)).
Attaching a dot to one of the free ends of the non-oriented strand we see that these morphisms
are equal. U

Of course, there are other variants of (74)) with, for example, other orientations, or involving
one oriented black strand and two thick oriented strands. Note that we can even relax the
condition that ¢ is distant from [a, b]. We leave the details to the reader.
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Until the end of this subsection, assume that a,b € Z such that a < b. By applying [MMV,
Lemma 4.8] recursively, one obtains a homotopy equivalence

(75) T,!

o1, B0 Tpra) 2 T Ba Ty

[ba+]”

The corresponding isomorphism in Kb(gfl"t) and its inverse are represented by the diagrams

b,a+1] a [b,a+1] [b—1,a] b [b—1,4q]
r 23 i, A
(76) and
% & ,.‘
[b—1,a] b [b—1,aq] b,a+1] @ [b,a+1]
satisfying the relations
[b*l,a] b [b*l,a] [b_a+1] o [h,a+1]
(77)  [ba+1] batl] = [b—1,a b—1,a =
[b—1,a] b [b—1,q] [b—1,a] b [b—1,q] [b,a+1] @ [b,a+1] [ba+1] @ [ba+1]
in Kb(geXt). There is a similar homotopy equivalence
-1 -1
(78) TiapuBo T 1) = Tt yBaTiens):

and the corresponding isomorphism in Kb(/S\fLXt) and its inverse are represented by the dia-
grams

[a+1,b] a [a+1,b] la,b—1] b [a,b—1]
'::: ‘.::::ﬂ E"':::. “:::.

(79)

and
& k- | | 4 i
la,b—1] b [a,b—1] [a+1,b] @ [a+1,0]

satisfying relations analogous to those in ([77)).

Remark 3.9. One needs to be careful with the use of the colors of the strands in the diagrams

in and . For example, the definition of Wy in [Section 4.1.2| contains the diagram

n—1[0,k—1] [L,k]

[fk} A [0, k—1]
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for 0 < k < n. To compare the labels of this diagram with the conventions in ([79)), one needs
to use the equality

0,k—1] —1 [0,k—1] [0,k—1] n—1 [0,k—1]
' n b

[—1,k—2] k—1 [1,k—2] (1, k—2] k=1 [-1,k—2]
However, there is no homotopy equivalence given by a diagram of the form

[n,k—1] n—1 [n,k—1]
.::;::::“ b |

E |
n—1,k—2]k—1[n—1,k—2]

because that would imply that a =n —1 and b =k — 1 in (79), violating our assumption that
a < b.

Proceeding as in the proof of [MMV) Lemma 4.25], one can show that the following holds in
Kb(/S\ext):

[b,a+1] a [b,a+1] [b,a+1] b, a+1]
re s e

(80)
[b—1,a] b [b—1,a] [b—1,a] b [b—1,q]

For k distant from [a, b], it is easy to see that

b,a+1] 4 [b,a+1] [b,a+1] 4 [b,a+1]
r

Proof. We use the hom & dot trick. By using cups and caps, both diagrams are isotopic to

diagrams realizing morphisms from T[’bil’a]BbT[b_La} to T[b,aH]BaBaT[’b}aH]. Gluing the second
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diagram in ([76) at the bottom results in two morphisms of degree —1 from Ty, ,;.11B, T !

[b,a+1]
to Ty at1)B.B T[b at1]’ By biadjointness and the invertibility of Ty, 41 in Kb(SeXt) there is a
canonical |somorph|sm

homK,,(g%,(t) <T[b at+1)Ba T[b a+1]7T[ba+1]B B T[b +1]< 1)) = home(s‘%xt) (B, BaBo(—1))
= homg,., (By, ByBa(~1)) = R.

The latter isomorphism follows from Soergel’s hom formula in and the fact that B,B, =
B, (1) ® B,(—1). By attaching dots to the free top ends labeled a in and using and
(27)), one sees that they are equal. O

Lemma 3.11. For ¢ distant from [b, a], we have

(83)

@ [b,a+1] [b—1a] € @ [b,a+1] [b—1a] €

(84) c+1

[1)."(1,]
in Kb(8ext).

Proof. We use the hom & dot trick again and only prove , being similar. As in the
proof of [Lemma 3.8] first apply cups and caps to get two degree preserving morphisms from

Tp—1,0 Tp,atr1BB T[b +1]T[_b 1, tO ByB., then use the homotopy equivalences
Tio—10 T+ 11BeBa Ty Tl = TooraTinaryBaT oy Tl 10 Be
~ Tp- la]T[b 1,0 B T la]T[b 1,0 Be
~ BbBC

and the fact that ByB, = By, which implies that homg.. (Be., Byc) is one-dimensional by

Soergel’'s hom formula in (49). We attach dots to the upper boundary points labeled b and
c of the two diagrams in (83) and show that the resulting diagrams are equal using and

7). O
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4. PARABOLIC EMBEDDING: CATEGORIFIED STORY

4.1. The categorical embedding. Let k,n € Z such that 0 < k < n. In this section we are
going to define a monoidal, R-linear functor

Uy SPURISEY, — KP(82)
categorifying the embedding vy ,,_, of algebras from [Section 2.2 but before giving the definition
in [Section 4.1.2 we first explain the general idea behind it.

4.1.1. Symmetric pairs of monoidal functors. The content of this subsection must be known
to experts, but we do not know of any reference in the literature for what we call a symmetric
pair of monoidal functors in [Definition 4.2 We thank Robert Laugwitz for pointing out to us
that our definition can be reformulated in terms of the Drinfeld centralizers of the monoidal
functors, as we will briefly explain in[Remark 4.3] Since we claim no originality in this subsection
and it is only meant to help the reader understand our construction of Wy ,,_j, we have not
endeavored to formulate the abstract notions and results in the most general setting.

As for the terminology, we call a monoidal category or functor strict monoidal if the coherers
of the monoidal structure are identities, otherwise we simply call it monoidal. However, we
should warn the reader that we treat canonical natural isomorphisms, such as the unitors and
issociaAtors of ><,®Aand @, as identities. With this harmless simplification, the categories
ST 8, and K®(8%*) are considered to be strict monoidal. However, our monoidal functor
Uy n—i is definitely not strict, as will see in [Section 4.2.3]

In this more abstract subsection, we work over an arbitrary field k. Recall that, for k-linear
categories C and D, their tensor product C ¢ D is the k-linear category with Ob(C ¢ D) =
Ob(C) x Ob(D) and morphism spaces Homeop ((1, j), (k,1)) = Home(i, j) ® Homp(k, 1),
where ® = ®y. Further, we define their box tensor product C XD as the Karoubi envelope of
the additive envelope of C ¢ D.

Proposition 4.1. Let £ be an idempotent complete additive k-linear category. Then any k-
linear functor CoD — £ extends in an essentially unique way to a k-linear (and hence additive)
functor Cg o X Dg . — £.

Proof. Let U: CoD — &£ be a k-linear functor. By the universal property of additive envelopes,
this uniquely determines a functor (CoD)g — £. Since the natural inclusion (CoD)g — (Cq o
Dg)e is an equivalence, precomposing with an inverse equivalence yields a k-linear (additive)
functor (Cs ©Dg)e — € and, since & is idempotent complete, also a k-linear (additive) functor
U (CpoDg)gpe — E.

Now any pair e; and ey of idempotents in Cq and Dy gives rise to an idempotent e; ® es in
(Cq ©Dg)gs, SO we obtain an embedding Cg . © Dy, . — (Cq;0Dg ). Thus we can restrict our
functor ¥’ to a k-linear functor Cg . ¢ Dg . — £.

Using the universal property of the additive envelope again, we thus obtain a k-linear functor

\I/”: (C@’e & D@’e)@ — (C/’
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Noting that (Cp. ¢ Dae)a.e = Ca. X Dg . by definition, completes the proof. O

Thus, to define Wy, _;: SRS, — KP(S4), we only need to define its restriction
—~ext —ext b/ Sext
which is exactly what we will do in [Section 4.1.2|

Suppose, additionally, that C and D have strict monoidal products o¢ and op, respectively, and
strict identity objects, both denoted by 1. Then the coordinatewise monoidal product defines a
strict monoidal structure on CoD (taking into account the aforementioned simplifications), and
C and D can be embedded as commuting monoidal, k-linear subcategories of C<oD by tensoring
objects and morphisms on the right, resp. on the left, with 1 and idy, respectively. Another
way to phrase this, is to say that the embeddings of C and D into C ¢ D form a commuting
pair of strict monoidal, k-linear functors, although we could not find this terminology in the
literature.

Suppose that &£ is also strict monoidal with monoidal product og and identity object 1, and let
U;:C — &€ and Yp: D — £ be two strict monoidal, k-linear functors. Then we can define
the k-linear functor W: CoD — £ by ¥ := U og Ug, where

(85) V(X oY) :=U,(X)og Ug(Y) and W(fog):=VL(f)oe Yr(g),

for any objects X € C,Y € D and any morphisms f € C,g € D. By definition, ¥(X ¢ 1) =
U (X) and U(LoY) = Ug(Y) for objects X € C,Y € D, and ¥(f oidy) = V.(f) and
U(idy ¢ g) = Yg(g) for morphisms f € C,g € D. Of course, we could equally well define U as
Wr og Uy, but the latter functor need not be naturally isomorphic to W, o Wy in general.

Definition 4.2. We say that (¥, V) form a symmetric pair of monoidal functors if there is
a natural isomorphism
CI \I/LO(‘:\I/Ri)\I/ROg\I/L

satisfying the hexagon identities, given by the commutativity of the diagrams

C(X100Xg)0Y

\IIL(XI Oc XQ) O¢ \I!R(Y)

(86) \I/L(Xl) Og \I}L<X2) C¢ \IIR(Y)

> \I[R(Y) Og ‘IIL(Xl O¢ XQ)

idy, (x,)°¢ szoyl

U (X1) og WR(Y) og Wi (Xs)

Cxpov ogidy ) (xq)

» WR(Y) og UL (X7) og ¥r(X2)
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and

CXo(Yi0pYs)

‘I/L(X) O¢g ‘I/R(Yi op Y2)

(87) U (X) og Wr(Y1) o Wr(Y2)

> ‘IIR<Y1 op Yé) Og \I/L(X)

CXovy O€ id\IfR(Yg)l

\I’R(Yﬂ O¢ \I’L(X) O¢ ‘I’R(Yz)

idg ,(vy) % CXoYy

» Wr(Y1) og Ur(Ys) og Vi (X)
forall X, X;,Xo€Cand Y, Y,,Ys € D.

If we write ¥(X,Y) := U(X oY) and (xy := (xoy, denote composition of morphisms in £
by - and suppress identity morphisms, then the commutativity of the diagrams in and
translates to the equations

(88) CXloCXQ,Y = CXl,Y : CXQ,Y and CX,YloDYQ = CX,YQ : CX,YN

respectively. These are very similar to the hexagon identities for a braiding, which is symmetric
because C)_(,ly defines the braiding for (Vg, W, ). This justifies our choice of terminology in
[Definition 4.2] Note that the commutative diagrams in and are actually pentagons
in our case, because we have omitted the sixth side of the usual hexagons, which in our case is
an identity, due to our assumption that the underlying monoidal categories are strict. In fact,
those pentagons could be reduced to triangles, since two of the remaining five sides are also
identities, but we have decided to include them for clarity.

Note that the embeddings of C and D into C ¢ D form a symmetric pair of monoidal, k-
linear functors with trivial braiding, in the sense that there is an equality V(X)) oz V(YY) =
Ur(Y)og Ur(X) and Cx,y = idy(x,y) for all objects X € C,Y € D.

Before we go on, let us explain the aforementioned relation with Drinfeld centralizers.

Remark 4.3. Let A and B be two strict monoidal, k-linear categories and F': A — B a
strict monoidal, k-linear functor between them. The Drinfeld centralizer of F', denoted Zp =
Zr(A, B), is the k-linear category whose objects are pairs (B, 3), with B € B an object and

B: F(=)og B = Bog F(-)

a natural isomorphism (called half-braiding) satisfying Sa,o,4, = Ba, - Ba, for A1, Ay € A
(where we are suppressing two identity morphisms, as before). The morphisms in Zp are
morphisms in B which commute with the respective 's. The category Zr has an obvious
monoidal structure such that the forgetful functor Forget : Zr — B, defined by (B, 5) — B,
is a monoidal functor. For more information on Drinfeld centralizers, see e.g. [Ho€, Section
1.5] (especially Example 1.5.3) and [EIHo| Section 2.8] and references therein. Note that Hoek
uses the term Drinfeld center, whereas Elias and Hogancamp use the term Drinfeld centralizer,
which we find more adequate and therefore adopt here as well.
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If (U, Wk, () is a symmetric pair of strict monoidal functors, then ¥, and Wy factor through
each other’s Drinfeld centralizers, i.e., both diagrams below commute.

C Al y & D Yr > &
XH(\PL(XLCXx Aget ’ YH(WR(Y),C—}Y)\ Aget
Z‘I’R Z‘I’L

In general, a pair of monoidal functors F': C — £ and G: D — & which factor through each
other’s Drinfeld centralizers only yields two half-braidings. The factorization of F' through Z4
yields isomorphisms By, which satisfy the hexagon identity w.r.t. X € C, and the factorization
of G through Zp yields isomorphisms [y x, which satisfy the hexagon identity w.r.t. Y € D.
However, two half-braidings do not necessarily add up to one braiding, which has to satisfy the
hexagon identities for both variables at once. In our case they do add up to a braiding, because
they satisfy the additional condition By x = ﬁ)}}y.

Lemma 4.4. The functor ¥ in (85]) extends to a monoidal functor, which restricts to the
strict monoidal functors ¥, and Vg, if and only if U, Wy form a symmetric pair of monoidal
functors.

Proof. Suppose that ¥ extends to a monoidal functor. Then there exists a natural isomorphism
(89) W (X1 o¢ Xy, Y1 0p V) U(X1,Y)) og U(Xs,Y5)

for any objects X1, X5 € C and Y}, Y2 € D. Note that U(1,1) = Uy (1)ogWr(1) = logl =1
holds on the nose, so 7 is the only coherer that can be non-trivial.

By definition, the object on the |.h.s. of is equal to

(X1,Y1),(X2,Y2)
Blaatat L A

(90) \IIL(XI) O¢ ‘IIL<X2) O¢ \I’R(Yi) O¢ \I/R<Yé)

while the object on the r.h.s. is equal to

(91) \I/L(Xl) C¢ ‘I’R(Yl) C¢e qu(X2) Ce ‘I’R(Yz),

hence 7)(x, v),(xs,v5) IN (89) is completely determined by the natural isomorphism

(92) U7 (Xy) og Wp(Y1) San, Ur(Y1)og Ui (Xy),

where Cx,y; = 7(1,v1),(x,,1)- Note that we have swapped the order of X, and Y; in the

subscript of (, which conforms to the notation of a braiding.
Let X1, X5, X3 € C and Y7, Y5, Y5 € D. The usual coherence condition for 7 is

(93)  M(XaYa),(Xa,33) * (X1Y1),(Xaoe X YaopYs) = TN(X1,Y1),(X2,Y2) * TN(X10e X2, YiopYa),(Xa,Ya) s
where we have suppressed several identity morphisms again. By the same arguments as above,
we obtain the corresponding coherence condition for (:

(94) CX3,Y2 ) CX2OCX37Y1 = CX27Y1 ) CXg,Yloz)Yz'

Note that the coherence conditions in (93]) and (94) are equivalent.
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The hexagon identities for ¢ are obtained from (94) as special cases, by putting Y2 = 1 and
Xy =1, respectively. This proves that W, U is a symmetric pair of monoidal functors.

Conversely, suppose that W, WU is a symmetric pair of monoidal functors with braiding (.
Thanks to the interchange law for morphisms in a monoidal category, we have

(95) CX37Y2 ’ gX27Y1 - <X27Y1 ’ €X31Y2’

as can be seen from the corresponding commutative diagram:

U (Xo)UR(Y1) UL (X5)UR(Ys) SLE V(Y)W (X)WL (X3)WR(Y2)
(96) lCX:;,Yz lCXS’YQ
U (X2)UR(Y1)VR(Y2)VL(X3) Sxa Ur(Y1)WL(Xe)VR(Y2) VL (X3)

Multiplying both sides in on the right by (x, v, and using the hexagon identities yields (94)),
which implies that 7 satisfies (93)). This proves that ¥ extends to a monoidal functor. O

The following corollary shows that our choice to define W as W og Wy, instead of Wy og Uy,
is not essential if the pair of monoidal functors W, Wy is symmetric. The proof uses similar
arguments as the proof of [Lemma 4.4] and is straightforward, so we leave the details to the
reader.

Corollary 4.5. Suppose that V, Vg is a symmetric pair of monoidal functors. Then Vo WUp
and U oe Wy, are two naturally isomorphic monoidal functors.

Remark 4.6. The functor U in is a strict monoidal functor if and only if the braiding
( is trivial.

4.1.2. Definition of Wy ,,_i and main theorem. As in [Section 4.1.1| we first define two strict
monoidal k-linear functors

Uy BS, 5 KP8%Y) and Wg: BS., — K8

and then define
(97) Uy B8 0 BS — KO8
by

Upni(X oY) =V (X)UR(Y) and Upni(fog)=Vr(f)¥r(g),
for any objects X € é\SZXt,Y € @\S:ik and any morph/i\sms f e @Bzm,g € @Bfﬁk We
have omitted the symbol for the monoidal product in K*(8"). To avoid cluttering in certain
diagrams of the definition below, we have reduced the number of labels. When there are

several strands of the same color, we often label just one of them. The labels of the others are
understood to be the same.
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On objects. On the generating objects, ¥ and Wy are defined by

Bil—>Bi, izl,...,k—l, BjHBkJrj, jzl,...,n—k—l,
Up: By T - T BTy - T, Ug: { Bors T Ty BRT - T
B, — B, T, 1...T4, B, — T, '...T{'B,.

On morphisms.

[n—1,k] 0 [n—1,k]

e On oriented generators:

n(M=17 ()= 1

n—1,k| (1, k]
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e On generators including strands with distant colors:

[n—1, k]

1,

forl<i<k—landl<j<n—k-—1

e On generators including strands with adjacent colors:

k+j—1

b k[0, k—1] k

n—1,k o 0k=1] % [LA]

and

35
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for & > 2, while

“(X)-

k—10k—1 n—k—10n—k—1

for k£ > 2.

The inner labels in the last line are and [n — 2,k — 1] (left) and and [—1,k — 2]
(right). This ends the definition of U, and V.

—ext
Lemma 4.7. For any domain X and codomain'Y of a generating morphism in BSZ of degree
t, we have

hom e, gexy (P L(X), WL (Y)(H)) = hom@:gzxt (X, Y ().

—~ ext
Similarly, for any domain Z and codomain W of a generating morphism in BS, _, of degree t,
we have

hom g s,y (VR(2), W(W)(1)) = homgien (Z,W(t)).

Moreover, all those morphism spaces are one-dimensional.

Proof. The proof is immediate except for two cases in ¥, and two cases in Vp:

e a crossing in ge"t involving an oriented strand and unoriented strands labeled 0 and
k — 1, respectively in SQth with labels 0 and n — k — 1;

e a six-valent vertex in SZXt involving strands labeled 0 and k& — 1, respectively in g;’ffk
with labels 0 and n — k& — 1.

We only prove the second part of each case, the first being similar.

For a crossing in 8, involving an oriented strand and unoriented strands labeled 0 and n—k—1
we compute

hOme(g%xt)(\IfR(Ban,k 1) \IIR(B[)B ))

~ —1

= home(gext)(Tu k]B Br—1, Tior- I]BkT[o k— 1]T[1,k]BP)
1

= home(Sext)(T[l k]B07 Tio— 1]BkT[o k— 1]T[1,k])

= home(/S\%xt)(B07 T[l k]T[O k— 1]BkT[0 k— 1]T[_171k]>

(78)

= hOme(’g%Xt) (Bo, Bo) = hOHl’S\%Xt (Bo, Bo) = homgix—tk (1307 Bo)
= hOIIlg%X_tk (Ban—k—la B()Bp>.
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For a six-valent vertex in g‘fjﬁk involving strands labeled 0 and n — k — 1 we compute
hom e, Gexy (VR (Br-k-1BoBr-k-1), Vr(BoBn-k-1Bo))
= home(/S\%xt)(anlT[O,k—l]BkT[?]}k_l]anl7 T[O,k—l}BkT[B}k_l]anlT[O,k—l]BkT[B’lk_l})

= home(gzxt)(T[B}k_l]anlT[O,k—l]BkT[B’lk_l}anlT[O,k—l]BkT[?]}k_l]anlT[O,k—l}Bka 1)

(8]

= hom ey Gexry (T[_,llyk,g]Bk—lT[fl,kfﬂBkT[_,lLk,g]Bk—lT[fl,kfmBkT[_,ll,k,Q}Bk—lT[fl,ka]Bkaﬂ)
= home(’S‘%xt)(Bk—lBkBk—lBkBk—lBkyﬂ) = homgg;ct(quBkBk—l, ByBr—1By)

>~ homgixfk (Br-r-1BoBn—k—1, BoBr_x-1Bo). O

4.2. Proof of the main theorem.

Lemma 4.8. The R-linear, strict monoidal functors ¥ and Vg from
a) are well-defined;

b) form a symmetric pair.

Theorem 4.9. The symmetric pair V,, UV gives rise to an R-linear, monoidal functor
Wy SEUBISEY, — KY(82),

Proof. By |Lemma 4.4 and [Lemma 4.8} the R-linear functor in (97))
— ext — ext ~
Upnr: BS, ©BS, , — K8
extends to a monoidal functor, which in turn gives rise to an R-linear, monoidal functor
\Ijk,n—k: /S\ZXt X gz}ik — Kb(gZXt),
as explained in [Section 4.1.1] O
It remains to prove [Lemma 4.8] which will be done in [Section 4.2.1] and [Section 4.2.3

4.2.1. Well-definedness. The proofs that W, and Wy preserve all diagrammatic relations are
very similar, so we only prove that W, is well-defined. Because of the two cases in (37), the
proof that W, is well-defined contains four cases: 1 =k=n—1,1=k<n—-1,2=k<n
and 2 < k < n. However, the first two cases are proved in the same way as the corresponding
part in the fourth case. The third case is also almost the same as the corresponding part of the
fourth case, except for the proof that W, preserves (37)), which we therefore prove separately
at the end of this subsection.

Suppose that k£ > 2. Since Wy, is the identity on diagrams only involving colors different from
0 and k — 1 it preserves the relations involving only those diagrams.

(al) Relations to for i = 0 follow by isotopy and similar arguments as in the first
bullet point in the proof of [MMV, Theorem 5.4].
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(a2) Relations ([30]) to for ¢ = 0 or k = 0 are verified using the relations in and the
usual Soergel calculus.

(a3) Relations to for {i,7} = {0,1} are checked using similar arguments as in the
third bullet point in the proof of [MMV, Theorem 5.4].

(a4) Relations ([34)) to (37)) for {i,j} = {0,k — 1} are more involved and we give a sample
(35]), with the proof of the other relations being similar. We have

computation for relation

9

k=120

where the missing labels in the inner part of the diagram are » — 1 and [n — 2,k — 1]. Using
twice on the strands labeled [n — 2,k — 1] on the first term, and on the second gives

(82).(77)

?

k=120

(a5) Relation for one of the labels being 0 follows easily.
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(ab) The relevant cases for relation are {i,7} =40,1}, {i,7} = {0,k — 1} or k=0 and
all are straightforward.

(a7) The relevant cases for relation (40) are (i,7,k) = (0,1,2), (i,j,k) = (k —1,0,1) and
(1,7,k) = (k— 2,k —1,0). Using arguments similar to the seventh bullet point in the proof of
[MMV,| Theorem 5.4] one verifies the first case. We provide the proof of the second and the
third is similar.

Applying U to the left-hand side of yields (the unlabeled strands of the diagrams on the
right-hand side have labels [n — 2,k — 1], i — 1)

k=11 0k—11

(47

1 k=10 1Ek-1
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Relation for labels (k — 1,0, 1) implies that they are equal.

(a8) Relations and are an easy consequence of and (59).

(a9) Relation ({43)) is immediate if 0 ¢ {i — 1,4,j — 1,j}. The remaining cases can be proved

using relations ([74)), and ({83).
(al0) Checking relation uses only[Lemma 3.5|and relations (71]) and (63]) unless (i—1,7) =
(k—1,0). The remaining cases use 1.) and (63]). Relation ( .D is ver|f|ed usmgm

and relations and . For ) the only case that is not immediate is when ¢ = 0. In
this case,

(all) For relations we need to consider the cases i — 1 =0,7i=0and i+ 1= 0. The

first case uses and .

In the remaining cases, we prove the first relation, the second one being similar.

For « = 0 we compute
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@

(98) W (O;L/<> = [;} and WL(%) =

A

0

T

0 0

define morphisms in

-1 1 1 1
hom e, gex <T[n_17k]BOT[n—l,k]kalT[n_l’k]BOT[n—l,k]7BpT[n—l,k]kaZkalBk72T[n_1’k]Bp ) :

This morphism space is one-dimensional, as can be seen as follows. By (witha = kand b =
0) and (68), we have T;' ;1 BoTp14) = TpopsBrT ey and ThogiBrot = Bea Tpopryy-
This implies that the domain is homotopy equivalent to T[n,kH]BkBk_lBkTEkH]. Commuting
B, with all factors from left to right shows that the codomain is homotopy equivalent to
T[n,kﬂ}Bk_lBkBk_lT[::kH]. By adjunction, the above morphism space is therefore isomorphic
to home(g%xt) (BxBr_1Bg, Bx_1BxBx_1). Moreover, we have

hOHle(g%xt) (BkquBk, kalBkkal) = homg%xt (BkquBk, kalBkkal)

and the latter morphism space is one-dimensional (thanks to Soergel's hom formula in (49))).

We attach a dot to the free end at the top labeled of the diagrams at the right-hand
sides of ([98)). For the left diagram in (98)), use to get rid of the 6-valent vertex and obtain
two terms which can be further simplified by relations , , and . For the right
diagram in , first use , , and to slide the dot closer to the 6-valent vertex,

then proceed as in the previous case. In the end, we see that both diagrams in become
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equal to

IN IN

This completes the proof that W is well-defined for k£ # 2.

Now, let k = 2. As already mentioned, it only remains to check in this case. We have

[y

Now, with 0 and 1 switched,

1)-




Parabolic induction 43

- v )

where in the second equality we used (an easy consequence of [MMV) Lemma 4.6])

$ 4

0 0

[n—1,2] [n—1,2]

1v v

and in the third equality we used twice, one involving labels 1 and 0 and the other involving
colors 0 and

This completes the proof of the last case. O

— ex’ — ext
4.2.2. Definition of (. We will first show that for every pair of objects X € BS, t, Y € BS, ;.
there is an isomorphism in K°(8%)

Cxy: Vi (X)WgR(Y) = VR(Y)UL(X)

and that these isomorphisms satisfy the hexagon identities from [Definition 4.2 After that, we
will show that ( is natural in X and Y.

We define (x,y for pairs of generating objects X € {B;,B,} C Ob(ég:{t) andY € {B;,B,} C

— ext
Ob(BS,,_,) and extend the definition recursively to pairs of monoidal products of generating
objects (corresponding to Bott-Samelson bimodules) by the hexagon identities. Concretely, we
put

(99) <X1X2,Y1Y2 = <X17Y1Y2 ’ CX2,Y1Y2 = CX1>Y2 : CX1,Y1 ’ CX27Y2 ’ CX27Y1
—ext —ext
for any objects X1, Xy € B8, and Y}, Y, € BS,,_,. Alternatively, we could have put

(100) CX1X2,Y1Y2 = CX1X2,Y2 ’ <X1X2,Y1 - CX1,Y2 ’ CXQ,Y2 : CXhYl ’ CX2,Y17

but the expressions in and (100)) are equal because Cx,y; - Cx,v5 = Cxovs - Cxy.v; thanks
to the interchange law, see (95)). In particular, the isomorphisms (xy satisfy the hexagon

identities by definition.
After this explanation, it remains to define (x y for pairs of generating objects.

In all cases below, (x y is obtained by composing invertible morphisms in Kb(gi"t). To see this,
one notes that all diagrams appearing are isotopic to a diagram where at each height there is
either a merger or a splitter, a four-valent vertex (a crossing), a six-valent one (all involving
at least one oriented strand), or just vertical strands. One checks easily that all of them are
invertible (this is implied by the various relations in [Section 3.1| and [Section 3.2)), hence so is
their composite. Therefore, we only give the diagrams for (xy without further explanation.
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[0, k—1]
A

CBp7B0 =

M. Mackaay, V. Miemietz, P. Vaz

€Bi7Bj:>< (’L:l,,k’—l,]:

k+J [n—1,k k+j

L...,n—k—1)

(BB, =
i [n—1, k]
E [0,k—1] [n—1,k] (1, k] n—1,k] o [n—1,k]
]
CBOpr:
2, K]
k

MJLH mélu k [0,k—1] [n—1,k] O W;LH

(1, k]
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[0,k—1] k [0,k—1] [n—1,k] 9 [n—1,k]

N
(n—2, k|
CBo,Bo = (B, B, =
[0, k—2]
., n 7"1., k] (1, K]
[n—1,k] 0 [n—1,k] [0,k—1] k [0,k—1]
In CB,.Bo ,and in (g, By, ¢ = |1, k—2] and b = [n—2 k+1].

This completes the definition of (.

Remark 4.10. Diagrams for ¢ involving inverses of B;l are obtained easily by applying the
appropriate adjunctions and taking inverses (if necessary). We have

[n—1,k]

and similarly for Cl;ll B - A rotation of (g, B, by 180 degrees yields CB;1 Byl
p Dp ’

4.2.3. Naturality of (. To show that ( is natural, we have to prove commutativity of the
diagram

UL (X)VR(Y) —— Ug(Y)¥L(X)
(101) lﬂ“ 20 le(g)wL(f)

Cw,z

Vi (W)UR(Z) —= Yp(Z)¥L(W)

for all objects X, W € @?SZ and Y, Z € BSn & and all morphisms f € hom/\cxt(X W)
and g € homex (Y, Z). Thanks to the hexagon identities for ¢ and the mterchange law for
n—k

morphisms in Kb(gfl"t), it suffices to show commutativity in (101)) for pairs (f, g) where f is a
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—ext —ext
generating morphism in B8, and g = idy for some generating object Y € BS, _,, or f =idx

for some generating object X € ‘ETSZXt and g is a generating morphism in @\S:Tk Finally, we
note that the proof for pairs of the first type and the proof for pairs of the second type are
very similar, so we only give the proof for pairs of the second type below. Concretely, those
pairs are (idx, g), where X € {B,,Bo,...,Bi_1} and g is one of the generators in (23, (24)
or (25)) with labels in {p,0,...,n —k—1}. The only cases in which commutativity of is
not immediate, is when X € {B,, By} and/or the labels of some strands of g belong to {0, p}.

Note that checking commutativity of (101]) always consists of verifying the equality of two
diagrams, both belonging to the same morphism space. In all but two cases the dimension of

the morphism space in the given degree is one-dimensional (see |Lemma 4.11)), so we can use
the hom & dot trick, explained in [Remark 3.7 The remaining two cases are checked directly.

Lemma 4.11. For each generating object X of @SZXt and each generating morphismgqg: Y — Z
— ext — ext

in BS,,_,., there are objects U,V € BS, and an isomorphism

(102) home(g%xt)(\IlL(X)\I/R(Y), Up(Z2)¥(X)) = homé\sext(U, V).

Unless X = Bg and g: 1 — By is a dot labeled 0 or g: By — BoBy is a trivalent vertex labeled
0, the two morphism spaces in ((102)) are one-dimensional by Soergel’s hom formula in (49)).

Proof. We first note that by invertibility of (x z we have U (Z)U(X) = U (X)¥r(Z) and
we need to compute hom gy (Vi (X)WR(Y), UL (X)WR(Z)). For invertible X, the claim
follows from and therefore we have to consider only the cases X = B,. The case
of ¢ > 0 is an easy computation in the lines of the proof of [Lemma 4.7 For i = 0 we proceed
case-by-case.

e For g ={,,

home(/S\%xt)<\IlL<B0)7 ‘I;L(BO)\I]R B0)< >)
T, ' 1.5 B0 T 1k]7T[;1_1 1 Bo T n—1,0 Lo k- I]BkT[Ok o)
1 BOT[n 11 Lo,k I]BkT[Ok 1}T[nl 1.xBo(1))

(
= hom (T
(
(1, BDT[n LT BoTuw Tl sy Bo(1))
(
(
(

Kb(Sext
= hOme Sext
= hom, e, gexry [1,]
NhomK,, gexty (1 ,BoTy [1k 1}T[n 1k+1]B0T[n 1k+1]T[17k*1}B0<1>)

o (1, BeT ToB Ty ' T Bo(1))
= hOIHKb Sext) ]]_ B B B1< >) = hOITle(’S\%m)(Bl,BlB1<1>)

> homg,,. (By, BiBi (1)) & R?.

= home Sex

e Forg= Y,
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home(/S\%Xt) (\IJL (BO)\IIR(BO)y qu (BO)\IIR(BOBO) <_ 1>)
= home(/S\%xt) (T[:Ll_Lk]BOT[n—l,k]T[O,k—l} BkT[B}k_l] )

T, i BoT -1 Tos-1Br Ty Tios—1Br Ty (—1))
= home(g%xn)(BOT[n—l,k]T[O,k—uBk, BoT—1,5T0k—11BeBr(—1))
= home(ggxt)(BoBo, BoBoBo(—1))
= homgzxt(BoBo, BoBoBo(—1)) = R®.
The remaining morphism spaces are one-dimensional. This can be checked using the same type
of computation as in the two cases above.

e Forg= X

hom e, gexey (£ (Bo) Wr(BoB;), Wi (Bo) ¥ r(B;By))

= home(g%xt) (T[:Ll,lvk}BOT[nfl,k]T[O,kfl]BkT_l }Bj—f—k,

0,k—1
T[Zl,Lk]BOT[nfl,k} Bk-i-jT[O,kfl]BkT[B’lk,l})

= homge. (Br-1Br-1Bjk-1, Boo1Be-1Bjin-1) = R.

e Forg= /<.7_71 :

home(’S\%xt) (\I}L(BO)‘IJR<Bij—1)7 \IIL(B(])\I[R(B]BP))

= home(’S\%xt) (T[:Zl_ljk]BOT[n—l,k]T[il}k}Bij+k717 T[;l_Lk]BOT[n—l,kz] Bj+kT[E}k] Bp)

= homgaxt<B0Bj+k—17 BoBjr-1) = R.

e Forg= 1><0,

home(gglxt)(\IJL(BO)\PR(B;;BO); \I/L(Bo)\I/R(Bpr))
= home(’g%xt)(T[:ll_l’k]BOT[n—l,k]Tﬁ}k]BpT[O,k—l]BkT[:ll_Lk]7 T[:Ll_Lk]
= homgext (B()Bk7 B()Bk) = R.

e For g = OX”#H ,

hOHle(g%xt)(\I’L(Bo)‘I’R(Ban—k—l), U (Bo)Vr(BoB,))

BOT[n—l,k]Bl—l-kT[E}k B,)

]
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-1 —1 —1 —1 -1
= home(ggXt)(T[n—l,k]BOT[n—Lk]T[l,k}BPBn*17 T[n—l,k}BOT[”‘Lk]T[ka—l]BkT[O,k—l}T[l,k]BP)
= hom:g\%xt (Bn—lBk—h Bn—lBk—l) = R.

e For g = ?)K

hOHle(g%xt)(‘IJL(BO)‘I’R(BlBoBl), U1, (Bo)¥r(BoB1By))
BoTp—1,yBrr1Tiox-1 BkT[B}k,l]Bk—&-la
T—l

—1 —1
1.6 B0 T 10 Ti0k-1BeTg 11 Br1Tioe-1BeTg 1))
= homge. (Br-1BiBr-1Bk, Bno1Bj-1BiBy—1) = R.

1
= hom e ge) (T

* For 9= n—k— ?X'

hom e, Gey (V£ (Bo) W R(Br—k-1BoBr-k-1), W1 (Bo) ¥ r(BoBy—-1Bo))
= hom[(b(/g%xt)(T[:ll_Lk]BOT[n—l,k]Bn—lT[O,k—l]BkT[B}k_l]Bn—l7
T[;Ll_lﬁk} BOT[n—l,k}T[o,k—l]BkT[f)}k_l] ankflT[O,k—l]BkT[?)}k_l])

= homggxt<Bk+lBk71BkBk717 Bi11BiBr_1Br) = R. O

Before checking commutativity of ([101)), we need a technical lemma. In the following, a
rectangular region of a diagram decorated with a (x y will be called a box.

Lemma 4.12. The following relations involving boxes and dots hold in Kb(gfj“):

[n—1,k]

(103)

(104)
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k [n—1, k] & 1,k

(105) (B, .Bo

1,k [0,k—1]" [0, k—1]

[O,k—l]k ) 0ln—1,k]

(106) CR()-,B()

and analogous relations with the dot being attached to any other free end.

Proof. Relations (|103|) and (|104|) are immediate.
Proof of (105]). By the l.h.s. can be written as

k [n—1, k]

(B,,Bo

-1,k o, b 1]

Introducing the diagram of (g, 5, from and computing yields

0,k—1] r [0,k—1] [n—1,k] 0,k—1] r [0,k—1] [n—1,k]

2 (@9).(68),@9).ED. 67D

4

%

[n ,::17 k] [0, k:L 1]

49
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In the equality above, we have used to simplify the only 6-valent vertex appearing (involving
labels & and % — 1, followed by and to slide the dot to the top of the diagram, to
simplify the digons involving strands labeled & and /: — | that were created by , and finally
(57)) to simplify the loop labeled /: — | (created when applying by (61))).

Applying to the strands labeled [n—2, k| and [0, k—2] gives

[0,k—1] g [0,k—1]

which is the r.h.s. of ({105]).

Proof of ({106)). We introduce the diagram for (g, g, in the left-hand side of ((106]) and compute

0,k—1 [0,k—1] [n—1,k] o [n—1,k] [0,k=1]  [0,k=1] [n—1,k] 0 [n—1,k]

A IN

[0, k—2]

€0, (68).(3D)

[n—2, k]

v i i L4

[n—1,k] 0 [njl,k] [O,Ic.:fl} k [0,k—1]
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0,k—1 [0,k=1] [n—1,k o [n—1,k] 0,k—1] [0,k=1 [n—1,k o [n—1,4]

§-
g

[n=1,k] O [n—1,k]  [0,k=1] k [0,k—1]

0,k—1] [n—1,Kk] o [n—1,K]

Y-

(61).(9).(65)

re v e

[n—1,k] O [nflk] [0, k“fl] k [n—1,k] O [n:’l,k] [0, k“fl] k

The proof of the analogous relations with the dot being attached at any other free end is
similar. [l

Now we are ready to prove the naturality of (.

(N1) For X =B, and g = §, commutativity of ((101)) follows from (105]).
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(N2) For X = B, and g = Y/, we have to check

0,k—1]g [0,k—1] k[0,k—1] [n—1,k]
' Al Yy 2 0,k=1]  [0,k—1] & n—1,k]

(B, Bo

1+ 4

(107)

-1,k 0,k—1] k [0,k—1]

We use the hom & dot trick and attach dots to the upper endpoints labeled & on both diagrams
and then use the analogous of ({105 with the dot on the top end to pass the dots past the
boxes with (g, B,

The right-hand side of ([107)) gives

NI R N R S

CB P 7B0

[n—1,k] k [n—1, k] k

while for the left-hand side we have

AN A A A

I

[n—1,k][0,k=1] k [0,k—1] [n—1,k[0,k=1] k [0,k—1] [0,k—1] k [0,k—1]

which equals the right-hand side by .

(N3) For the cases X =B, g = OXJ. and X =B,, ¢ :A"inl we have to check
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k+j [0,k—1] [n—1,k] k+j [0,k—1] [n—1,k
CB Bo

11
108 =
(108) CB,.B;

" k k+j
and
(109) =

[n—1,k] k+j5-1
respectively.

Both equalities can be checked to hold by using the hom & dot trick: attach a dot to the top
endpoints labeled / -+ 1 and use ((103)).

(N4) For X = B, and g ='3{~ we have to check

k+11 k] [n—1,k k+1 (1K [n—1,k]

s

(110)

v
k[0, k—1]

We use the hom & dot trick and attach a dot on the top endpoints labeled & + 1 of both sides
of (110). The left-hand side is simplified using (103]) (with j = 1), followed by on the
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two strands labeled [1, k| and (63). On the right-hand side, we use (45), followed by (105 and
then on the two strands labeled [1. %] and (63). The resulting diagram, in both cases, is

(1, k] [n—1, k|

CB,,B,

we have to check

(N5) For X = B, and g ="

1
[0, k—1]k 1, k] n—1, k]
Al ~
??]]%
(o, B,

(111)

We use the hom & dot trick and attach a dot on the top endpoints labeled % of both sides of

(111)). The left-hand side is simplified using (105)), followed by (45), (80)), and (57). On

the right-hand side, we use followed by (80)), and (103)). The resulting diagram, in
both cases, is

[0, k—1] 1, k] [n—1,K]

A_J ¥ttt

C;B , B,
1 iTr

| 1,k

n—1
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(N6) The cases X = B,, g = | and X = B,, g =, , X are very similar. We only

prove the first case here. We have to check

[0,k—1]k k+1 k [n—1,k] [0,k—1] [n—1,k]
A A A A A
CB,J-BU
C‘B,l-bﬂ
< A
(112) = +
N

[n—1,k [0, k—1] k41 k-+1 k k+1

We use the hom & dot trick and attach a dot on all endpoints labeled k& and k£ + 1 of both

sides of ({112)). On the right-hand side, we use ((105]), along with ({103)), to pull all dots from
the bottom to the top. The resulting diagram is

On the left-hand side we first use (34 on the six-valent vertex, which results in two terms with
dots on the bottom ends. We then use ([105]) several times and ([103)) on the resulting diagrams,
along with to pull all dots and barbells to to left top. This results in

[n—1, kK] [n—1, k]
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which equals the right-hand side since

(N7) For X = By and g = {, we cannot use the hom & dot trick (see [Lemma 4.11)). Com-
mutativity of ([101)) in this case follows from ({106]) rotated 180 degrees.

(N8) For X = By and g = Y[, we cannot use the hom & dot trick (see [Lemma 4.11)). We
have to check

[0,k—1] k 0 0
CB()-,B()
(113)
CB{MBO

[n—1,k]0 k
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We introduce the diagram for (g, p, in the left-hand side of (113 and compute

E[0,k—1] [0,k—1]%[0,k—1] [n—1,k]¢ k[0,k=1] [0,k=1]k[0,k—1] [n—1,klo

A 4 ~ 7 ip — AN

Y

A & A\~

[0,k—2]

£
B

~ ' &

v i v i #
0[7L7],]€] [O,k—l] k [O,k’—l] O[TI/—L/C] [O,k—l] k [O,k—l]
k[0,k—1] [0,k—1]f[0,k—1] [n—1,k|¢g E[0,k—1] [0,k—1]%[0,k—1] [n—1,k|¢g
. N ch Y — N IN ~p Av—< it it

4 vl “

[0, k—2]

(65).(69)

p

O[nf::l,k] [0,1;71] Eo0,k—1] 0[n—1,k ko [0,k—1]
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E10,k—1] [0,k—1]k[0,k—1] [n—1,Kk]Q L10,k—1] [0,k—1]k[0,k—1] [n—1,k]Q

IN ~ N7 — N IN N N7 i — N

i, AT‘ N i, IN

[0, k— 4 [0, k—2]

v

A4 4

0[n—1,k 0,k-1 k& [0,k-1] 0[n—1,k 0,k—1 k&  [0,k—1]

E[0,k—1] [0,k—1]f[0,k—1] [n—1,K|¢o k [0,k—1][0,k—1] [n—1,K]¢Q

Y h'd Y ‘ v Nz — A

[0,k—2]

[

O[n—ﬁl,k] 0,k—1] &k  [0,k—1] 0[n—1,k 0,k—1]  k  [0,k—1]

which equals the right-hand side of ([113) by (68), and ([82).
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(N9) For the cases X = By, g = o><7‘ and X =By, ¢ :jqu we have to check

k+j [0, k—1] [n—1, k] k-t [0, k—1] [n—1, k]

CBO-,BU

y | 4

(114)

CB07Bj

and

ket j 1K k4 =1,k

(115)

[n—1,k] k+j—1 0 n—1,k] k+j5-1

respectively.

Both equalities can be checked to hold by using the hom & dot trick: attach a dot to the top
endpoints labeled / + | and use (104)).

(N10) For X = By and g ='3{ = we have to check

k-+1[1, k] [n—1,k]

(116)
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We use the hom & dot trick and attach a dot on the top endpoint labeled k 4 1 of both sides

of (116)). The left-hand side is simplified using (104) (with j = k + 1), followed by (|45]),
on the two strands labeled [1, %], and (63)). On the right-hand side, we use ([45]), (59) on the

two strands labeled [1. %], (63)), and finally (106)) to pull the dot across the box (g, p, to the
bottom right.

The resulting diagram, in both cases, is

0 (LK [0,k—1]k

(N11) For X = By and ¢ ="' we have to check

1

[0, k—1]g [n—1, k] [0, k—1]}

(L, k]

Cr§()¢R/,7

(117)

CBD:J—)’n*k‘fI

CR(Jst

[0, k—1] 0 [1,K] n—1

We use the hom & dot trick and attach a dot on the top endpoints labeled /& of both sides of

(117). The left-hand side is simplified using (106]), followed by (45), (80), and (57). On
the right-hand side, we use followed by (80)), and (104)). The resulting diagram, in

both cases, is

[0,k—1] [1, k] [n—1,k
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(N12) The cases X = By, g = ?)K andand X = B,, g = nﬁ,ﬁf?* are very similar. We only
prove the first case here. We have to check

k k+1 k [n—1, K]
N A A
CBO.BQ
Y I A i CB(J7B1
CR(] B i I 7
, v v A
(118) " " - = - -
Y I - CB()«,BU
CBUsBl) v I A b 7
0 0,k—1] ke +1 0 k41 k k+1

We use the hom & dot trick. At the top of both diagrams we attach a dot at the endpoints

labeled 0 and k. At the bottom we attach dots to the endpoints labeled 0, & and the leftmost
endpoint labeled & + 1.

On the resulting diagram at the left-hand side, we use ({106]) twice and ((104) to pull all dots to
the bottom. Using and we obtain

(119)
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On the right-hand side, we use (a variant of) (104)) to pull the dots labeled 0 close to the box
(BB, and use to obtain

[0,k—1]

(120)

[n—1, k] k+1

Finally, applying ([106)) to slide the dot labeled % up through the box, using to slide the
dot labeled k+1 through the strand labeled [0,k —1], and using on the strands labeled
0, k—1] with endpoints at the bottom gives (119).

This ends the proof of the naturality of (. O

Remark 4.13. Naturality for morphisms involving B;l is easy to check by applying adjunctions
(see |Remark 4.10). For example, for X = B, and ¢ =AXJ we have

(1, K]

4

(1, k]
+y &~ 1T 4
$B,.B;

(1, k]
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4.2.4. A conjecture regarding faithfulness. Note that the functor W ,_;, as defined above, is
not faithful.

Lemma 4.14. Recalling (48), we have ¥y, ,,_«([F], @) = [M] = Yrn—k (2, @)

Proof. An easy computation using the definition of W}, ,_; and [Lemma 3.6| O

Define gi"t X, gﬁjﬁk as the usual box tensor product, but with the morphism spaces tensored
over the polynomial algebra R[[7]].

Conjecture 4.15. The functor Uy,,,_, descends to a faithful functor S K, 8, — Kb(Sext).

5. PARABOLIC INDUCTION: AN EXAMPLE

5.1. The decategorified story. In this section, we will work out an explicit example of an
induced triangulated birepresentation W of 8§ and its wide finitary cover U. Below, we will
start with the decategorified story, before we move on to the categorification, after a general
intermezzo on completions of additive categories. The categorified story is divided into two
parts: one dedicated to U and another to W.A Both birepresentations are defined using a
certain algebra object Y in a completion of K°(85*"), but the construction of W is much less
straightforward than that of U, as the reader will see.

5.1.1. The Hecke algebra f-\lg"t. Recall that @)2 is generated by two simple reflections sy and s;
which are only subject to the quadratic relations s3 = e¢ = s?. Any element in S, has therefore
a unique rex, which can be identified with an alternating binary sequence. To work with those,
we have to introduce some notation. For m € Z-o and i € {0,1}, let m; and ;m denote
the alternating binary sequences of length m ending with ¢ and starting with 7, respectively. If
fhj = ;m for certain m € Z and 7,5 € {0,1} (we call this a parity condition), then we write
Zm for that aIternatmg sequence to make the computatlons below easier to read. For example,
4y =14 = 14, = 1010. By convention, we put 0; = ;0 = 0, for i € {0, 1}, which of course
corresponds to the neutral element e € 62

The extended affine symmetric group &5 has an extra generator p of infinite order, and two
extra relations: psop~! = 51 and ps;p~! = sp.

The extended affine Hecke algebra }AISXt is generated by Tp, T} and p*!, subject to only the first
relation in and all relations in @D In this case, it is easy to express the KL basis elements
b, in terms of the regular basis elements T;, explicitly:

(121) =Y g,

u=w
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where < denotes the Bruhat order on @2. Note that u < w holds iff the rex for u is an
alternating binary subsequence of the rex for w and it is easy to invert this change of basis:

(122) Ty=Y (—q)" ™",
u=w

The multiplication constants w.r.t. the KL basis are also easy to compute in this case and are
all equal to 0, 1, 2 or [2] = ¢+ ¢~ . For m,n € Z>; (assuming that the parity conditions are
met in each line below), we have

b1ﬁ11b1ﬁl = [2] (blmi—n\—ll + blmfn\—?al ot bl\m n|+3, 1|m n|+1, )
b0m1 mny — <b0m+n 1, omfn\fih +.F b \m n|+3, 0|m n|+1 )
b1m1 1mo — <b1m+n 1g 1m¢n\—30 +.t b \m n\+30 1|m nl+ 10>
b1m0 o1 — (b mtn— 11 1m:—n\—31 +...+0b \m n\+31 1|m n|+1, )
(123) b1m1b0n1 - blm/:?“n + 2b1min\—21 + ...+ 2b |m n|+2 + bl|m‘17
blmoblnl = blml + blmfn\—21 + + 2b |m n|+2 + bﬂﬁ‘l’
by boriy = o%n‘+2%mn2 T +2%2N ?fnl:rﬁ
boml + 2b0mfn\721 + 2b |m nH—Q + b()|m|17 If m % n
by, borig = { et +2b120’ ?fm:n;
blm/\Jrno + lemin\—Qo o 20 |m n|+2, + b1|ﬁ|o’ if m 7& "

and the analogous equations with 0 and 1 swapped. These formulas are certainly known to
experts, but we couldn’t find an explicit reference for all of them in the literature (the first
formula can be found in [Lus, Proposition 7.7(a)]). Let us, therefore, briefly explain how
we obtained them. There is a close relation between ﬁgxt and a two-colored version of the
Grothendieck ring of finite-dimensional representations (of type ) of quantum sl,, see [Elil}
Section 2.2.1]. In the first four cases above, when the last element of the left alternating
binary sequence and the first element of the right alternating binary sequence are equal, this
correspondence is given by the bijection

by < [2)[Vina],

where [V,_1] is the Grothendieck class of the (essentially unique) m-dimensional irreducible
representation of quantum sl;. Note that the Grothendieck ring over Z must be tensored with
Zlq,q'] for multiplication by [2] to make sense. In the first case, for example, we get

by bisy
2P Vi) [Vaa] =
[2}2 ([Vm—i-n—?] + Vintn—a] +... + [Vlm—n|+2] + [V\m—nl]) —
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2 (Brmmr, + by, + o+ by, T,

where we have used the well-known Clebsch-Gordan rule for the decomposition of the tensor
product of two finite dimensional irreducible representations of quantum sly. It is well-known
that bib,m, = b,m,b; = [2]bm,, for m € Z>, and i, j € {0,1} satisfying the parity condition.
The remaining cases above can be reduced to the first four cases (sometimes with 0 and 1
swapped) by that basic multiplication rule and a simple trick, assuming (just for the sake of
this trick) that we work over Q(q) for example. Suffice it to give an illustrative example:

1 1 1
by, bory = m(blﬁ‘blbl)boﬁl - Eblml(blboﬁl) = mbﬁ?ﬂ(blﬁl + bln/—\ll)ﬂ
where we use the equality bibn, = b 75 + b= . which is the special case of the fifth

equation in ((123) for m = 1.

Recall the standard trace €: fl§"t — Z[q,q~'] from ((16]) and the associated g-sesquilinear form
(—,—) on H$*" from ({17). The formula in (121]) implies that

e(by) = g'™)
for any w € &,. Note further that w(bm,;) = bm,, for m € Z>o and 7,5 € {0,1}. The

following lemma, which is an immediate consequence of the above, is a more detailed version

of in this particular case and will be needed in [Section 5.3

Lemma 5.1. Foranyr,s € Z and i, j, k,1 € {0,1}, we have (p"b,s ,, p°b,7,) = 6rs(b ;5 b,7,)
and

q"lpf () else,
where p(q), p'(q) € Z>o|q] have constant terms equal to two and to one, respectively.

2 . . .
q°p(q), ifm=n Ni#k N j#I
(bimj7bkﬁl):{ ()

5.1.2. Two representations of H$*. Let V = Span{v} be the trivial one-dimensional H*-
module, defined by

p(v) = v,
and let
W=VaoVv,
the Zelevinsky tensor product of V' with itself. Recall from that

ﬁg"t Tyex
Vov= Indﬁ?t@ﬁfxt(v ®V) = Hy" Qpegges (VOV).

Recall also that
U1a(pr @ 1) = pT, Y1a(1@pr) =T 'p, Y1apL ® pr) = p°,
where p € f[;"t. Thus, for any r, s € Z, we have
Yialpl, ® pr) = (0T1)" (17 ' p)*.
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This implies that W is two-dimensional and that {w,w'}, where
(124) w:=1v®uv and W :=pRvVRu,

is a basis of W, on which the action of ﬁgxt is given by the matrices

) b= (] o) m=(0 ) mi=men= (T ).

On the KL-basis, the action thus becomes

(126) ml=tmrd= (4 L) mi=mrd=(7 1)

q

Using the rules for multiplication w.r.t. the KL-basis, we see that the action matrices satisfy:

[b5:.,] = rl0a]lbo, (b, ] = (2r +D)[bals [bg, ] = r{bol[ba], [bgiz ] = (2r +D)[bo, 7 € Zx1-

Recall that ¢ is a formal invertible parameter and let —(?) := — @7, -1, C(q). The following
result is well-known, see e.g. [LNT|, Theorem 1].

Proposition 5.2. The H"“-module WC@ s simple.

There is also an infinite dimensional }AIQGXt—module U which is closely related to W' and whose
categorification will be important below. By definition,

U:= HSI,
the quotient of the regular left }AISXt—moduIe by the left ideal I generated by
(127) p’—1 and bip—q b
Remark 5.3. We stress that I is only a left ideal and not a two-sided ideal. For p* — 1 this

distinction is irrelevant, because p? and 1 both belong to the center of ﬁgxt, but for byp—q b,

it matters. For example, the element (1 — ¢=2)b; belongs to the two-sided ideal generated by
the elements in ((127)) because

(L—g b= (bip—q'b)(p+q ") —bi(p* 1),

but it does not belong to 1.

Proposition 5.4. Let my: H$ — U be the natural projection and define wy, := mu(bg,) and
uy, = 7y (pb;,), for all k € Z>o. Then {ug,u | k € Zxo} is a basis of U and the action of



Parabolic induction 67

HS$** on this basis is determined by
PUk—1 = Up_1,  PUp_1 = Up-1
biug = w1,  biuok = Ugkt1 + Ugk—1, Drugk—1 = [2]ugk_1,
—1_7
(128) bouo = q uy, bour = uz, bougy = [2Jugk, boUoks1 = Uskyo + U,
r_ o —1 ro_ r_ / / o /
biug = q uy,  biuy =y,  byuby, = [2July, bitigy 1 = Ugjpn + Usgy,
I o / ! _ /
boug = uy,  bouyy, = Upyy g + Uy,  bouby = [2Juy, g,

for k € ZZI-

Proof. To show that {uy, u}, | k € Zso} spans U is easy. The KL-basis of HS*"/(p> —1), where
(p®—1) is the (left) ideal generated by p*—1, is given by {p™b; , p"b; | m € {0,1},k € Zxo}.
The images of those elements under 7y, therefore, span U. By induction, it's easy to show
that by p — q_lbg1 € [ for all k € Z~q. For k = 2, we have

borp — q "bor = bo(bip —q 'by) €1

For k > 2, induction yields

bo(by= ,.p — q_lbk/_\ll) — (bg,p — q_lbk/_\Ql) €I, ifkiseven;

bp,p—a” by, = _ . o
b M {bl(bk/_\llp—q W= ) = (b=, p — a 'by=,) € 1, if kis odd.

This shows that pby = b; p = q*1%1 in U, for all k& € Z>o. This in turn implies that
by, = by, = q 'pby,, for all k € Z>o, which completes the proof that {uy, uj | k € Zxo}
spans U.

It remains to prove that the elements wy, u, for k € Zs, are all linearly independent in U.
Suppose that

Ay Uy F - A U, + iy Uy + - iy, =0 in U,
for some 7,5 € Z>o and some iy, .-y flnys Vny - - - Vn, € K. Then
(129) >‘m1bﬁ”711 + ...+ )\mrbfn\” +/Ln1pbnA11 + ... +MnspbnAs1 el

Since byp = pby, any non-zero element in I will be a linear combination of KL basis elements
containing at least a non-zero multiple of pb; , for some k € Z, or a non-zero multiple of
p?b,, for some k € Z>q and i € {0,1}. Either way, linear independence of the KL basis
elements in H$*" implies that can only hold if A b, + -+ 4 A b, + fon, Py, +
oo+ pn,pbs;, = 0 and, therefore, that A\, = pu,,, = 0foralle=1,...,rand j=1,... s
This completes the proof that the elements uy, u}, for k € Z~, are all linearly independent in
U.

Finally, it is easy to determine the action of p, by and by on this basis using the KL multiplication
rules, because 7y is a morphism of H$*-modules. O
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Let J C U be the }AISXt—submoduIe generated by Tiug — pug and let w € U/J be the image of
u € U under the natural projection U — U/J. We have

= T
Thuy = puy = uyg,

Tuh = Tiug = (¢ — q)Thug + up = (¢~ — q)uf + uo.

Proposition 5.5. There is a surjective morphism of ﬁ;"t—modules
o U — W

and ker(r4,) = J.

Proof. Define 7l,: U — W by

W‘(/{/(UO) = w,

extending it to the whole of U by the requirement that it be a morphism of fISXt—modules.
Note that the matrices in ((126]) imply that

i (up) = iy (puo) = priy(ug) = pw = w';

o (bipug) = il (uf) = biw' = w4+ ¢ '’ = ¢ hw = ¢ 7l (biug),
so w4, is well-defined.
The fact that 75, (ug) = w and 7§, (ufy) = w’ proves that T4, is surjective.
It remains to show that ker(rY,) = J. The matrices in (126)) show that pTiw = w, which
implies that
mw (pTiuo) = pTimy, (uo) = pThw = w = my (uo),
so J C ker(74,). To prove that this inclusion is an equality we will show that dimy(U/J) = 2,

which amounts to showing that u_k,u_§€ € span{y, u_{)} for all k € Z>o. We will prove this by
induction. Recall that b; = T; 4 ¢, for i € {0,1}. Then, for the base step, we have

Uy = byug = Thug + quo = pug + quo = Uy + quo,

uf = puy = puj + qpue = g + quf,

Uy = bouy = bo(uy + quo) = 2u_’1 = 2(ug + quy),
uh = puz = 2wy = 2(uj + qup).

For the inductive step, let k& > 2 and assume that that 7,,, u/, € span{%g,uy} for all 0 < m <
k. If k> 2 is odd, then

U = biug—1 — Up_2.
By induction, the elements u;_1, ur_2 belong to span{ug, u}. Siice biug = Uy = uy + quo
and byufy = ¢ 'uy = ¢~ 'uf, + ug, we conclude that w;, € span{ug, uy}. If k> 2 is even, then

U = boup—1 — Up—_2.
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By induction again, the elements u;—1, Uy belong to span{y, u_{)} SirEe boug = ¢ tu) =
g lug + up and bouy, = u) = ug + quf),, we conclude that w; € span{ug,u}}. This completes
the proof that uy belongs to span{ug, u} for all k& € Z~q. Using similar arguments, one can
show that the same also holds for ), for all k € Zx(, which concludes the proof. O

Just to fix notation, let 7y : E@Xt — W be the projection of f[;"t—modules defined by my (x) :=
xw, for any x € HS*. Then there is a commutative triangle

™

Hy —— U

(130) N }VW

Remark 5.6. The infinite dimensional representation U of f[g"t is the decategorification of a
wide finitary birepresentation U of g‘”‘t, which appears naturally as the wide finitary cover of the
induced birepresentation W in[Section 5.3, However, we do not know if U also appears naturally
in any approach to the representation theory of HS* that does not use categorification. Note
that this contrasts with the finitary cover ﬁr,s (r,s € Z) of the evaluation birepresentation
M¢vrs of gf;‘t in [MMV, Corollary 6.5], which decategorifies to a Graham-Lehrer cell module
of H*', see [MMV, Remark 6.6].

5.2. Completions of linear additive categories. In this subsection, we lay the groundwork
for studying the application of our embedding to the induction of birepresentations. Roughly
speaking, birepresentations over an additive bicategory correspond to algebras in some com-
pletion of the latter and one can define induction from one bicategory to another by pushing
forward the algebras through an appropriate embedding. In our case, the situation is rather del-
icate as we move between additive and triangulated bicategories, so in this section we carefully
study the completions in which our algebras live, both in the additive and triangulated world.
Since this section is more general, we will work over an arbitrary field and with bicategories
rather than monoidal categories.

5.2.1. Coproduct completions of additive k-linear categories. Let C be an additive k-linear
category. Recall that the additive closure add(.A) of a full subcategory A of C is the closure
under direct sums and direct summands in C.

We note that Vecty is complete and cocomplete with respect to small weighted (and hence,
in particular, conical) limits and colimits. This follows from [Ri€, Corollary 7.6.4] using [Rie|
Example 3.7.5] and the fact that Vecty is enriched over itself.

This implies that the category of k-linear functors C° = Funy(C, Vecty), is also (co)complete
under weighted (co)limits by [Kel, Section 3.3] with (co)limits being computed object-wise.
As usual, we identify an object X in C with their representables XV = Hom¢(—, X') under
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the Yoneda embedding. We denote by C¥ the image of C under this embedding (which is, of
course, equivalent to C).

Note that we can realise a (co)product indexed by a set J as the conical (co)limit over the
diagram J — C: j — X;. This is a special case of the weighted (co)limit of the Vecty-enriched
functor J — C where J is the free Vect,-enriched category on .J and the weight J — Vect,
is just the constant functor j — k. For a family of objects (X;);cs in C, we slightly abuse
notation by writing [[;.; X; for said colimit in C° rather than the formally correct [[,.; X
and likewise for products.

Since C and hence C° is additive, in particular has a zero object, there is always a canonical

monomorphism
V(Xj)jes* HX] — HX]
jed jeJ
Explicitly, denoting by m;: [, X; — X and ¢;: Xi; — ][, X; the canonical projections
and injections, respectively, v is defined by the condition that

Idx, ifi=k,
iVl = .
g 0 otherwise.

We define C" as the full subcategory of C° where we close C¥ under countable coproducts. We
then denote by C°® = (C"). its Karoubi envelope. Note that both are again additive k-linear
categories. Moreover, C° is closed under countable coproducts. We observe that, by [Bre|
Theorem 4.1], C° and C" coincide provided C is Krull-Schmidt.

A k-linear functor F: C — D between additive k-linear categories induces k-linear functors,
also denoted by F, from C” — D", sending an object [[;.; X; to [[,c, F(X}), and hence
from C° — D°.

=
The next lemma will be crucial for computing morphism spaces in explicit examples.

Lemma 5.7. Assume Y = [[,.,;Y; € C°, where each Y; € C. Let X € C and assume that

Home (X, Y;) = 0 for all but finitely many j € J. Then Homeo(X,Y) = ][, Home (X, Yj).

Proof. Consider the natural monomorphism
[ [ Home: (X, ;) % Homeo (X, [ [ Y))
jeJ jeJ
and compose this with the monomorphism induced by v = vy, i.e.
[ Home: (X, ;) & Homeo (X, [ [ Y;) = Homeo (X, [ V) = [ [ Home- (X, Y))
jet jet jet jed
The coproduct in the domain and the product in the codomain are both finite and hence
isomorphic, so this monomorphism is an isomorphism. In particular, x is an isomorphism.
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The lemma now follows from the fact that Homeo (X, Y;) = Home(X,Y;) by the Yoneda
Lemma. O]

Given that the (co)product of the morphism spaces in is really finite, we write it as
P Home- (X, ;).

jedJ

5.2.2. Coproduct completions and homotopy categories. For a k-linear additive category C, we
can consider the category C*(C) of bounded complexes over C and its completion C*(C)" under

countable coproducts, and the Karoubi envelope C*(C)° of the latter. Similarly, we can consider
C*(CY) and C*(C®).

For reference, we record the following lemma, for which we could not find a proof in the
literature.

Lemma 5.8. For an idempotent complete k-linear additive category C, the category C*(C) is
idempotent complete.

Proof. Assume e® is an idempotent endomorphism of an object (X*,d®) in C®(C). In particular,
each ¢’ is an idempotent endormorphism of X*. Since C is idempotent complete, X* splits into
a direct sum of object X! and X _. Since e* commutes with the differential d°, each of these
summands is preserved under the differential and the complex (X*,d®) splits into a direct sum
of complexes (X?,e*d®e®) and (X°, (1 —e)*d*(1 —e)*). O

Note that the Yoneda embedding C X, €° extends to an embedding C®(C) < C®(C®), which
gives rise to an embedding C’b(C)<> — C’b(CO)Q. The following lemma is straightforward, noticing
that a countable coproduct of complexes, which each have countable coproducts of objects in
each component, is again a complex with countable coproducts in each component.

Lemma 5.9. C%(C°) is closed under countable coproducts, thus C*(C®) ~ C*(C°)° and we
have an embedding 1: C*(C)° — C®(C®).

Proof. Let (X?,d?);c; be a family of objects in C?(C°) and consider the coproduct X =

[ L, (X2, d2) in C¥(C°)". Now define Y = (Y'*,d*) in C*(C°) as the complex whose kth com-
kY

ponent is given by [[,.; X and whose differential d* is given by [], ., X* @ier, [Ticy X

Then clearly, Y = X, so C?(C®) is closed under coproducts and C*(C®) ~ C*(C°)". Since by

[Lemma 5.8, C*(C°) is idempotent complete, C*(C°) ~ C*(C°)°. O

Denote by N°(C) C C®(C) the ideal of nulhomotopic morphisms of complexes, and by K°(C) =
C*(C)/N*(C) the bounded homotopy category.

Observe that the fully faithful functor C*(C) — C®(C®) induced by the Yoneda embedding
preserves nullhomotopic maps, and we thus obtain a fully faithful functor K°(C) — K°(C°).
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Morover, ¢ also preserves nullhomotopic morphisms so we also obtain a fully faithful functor
K*(C)° — K®(C®), which we again denote by ..

Corollary 5.10.  (a) We have fully faithful functors K°(C) K, K'(C)" & K*(C°).

(b) If D is a k-linear additive category, a k-linear functor ®: C — K°(D) induces a k-linear
functor C° — K®(D°).

Proof. The first part is immediate. For the second part, note that ® gives rise to a functor
C® — Kb(D)O. Composing this with the inclusion from the first part yields the desired functor
C® — K°(D°). O

5.2.3. Wide finitary bicategories. Here we recall some of the definitions from [Macph]. Re-
member that a 2-category is a strict bicategory, meaning that all coherers are identities. We
will generally be speaking about bicategories, but some of these happen to be 2-categories.

Denote by 2l the 2-category whose objects are additive k-linear categories, whose 1-morphisms
are k-linear functors and whose 2-morphisms are natural transformations.

A category C is wide finitary if it is an additive k-linear Krull-Schmidt category with at most
countably many isomorphism classes of indecomposable objects and morphism spaces of at
most countable dimension. We denote by ind C a set of representatives of isomorphism classes
of indecomposable objects in C.

We denote the 2-category whose objects are wide finitary categories, whose 1-morphisms are
k-linear functors, and whose 2-morphisms are natural transformations by Qlff.

We say that a bicategory C is wide finitary if
e it has finitely many objects;
e C(i,j)isin A¥ for all i,j € C;
e horizontal composition is biadditive and k-linear;
e the identity 1-morphism 1; is indecomposable for any i € C.
We use oy, resp. o, for horizontal, respectively vertical, composition in a bicategory.

Recall that if C is a bicategory, C*°°P is the bicategory obtained by reversing the direction of
both 1- and 2-morphisms. A wide finitary bicategory C is said to be wide fiat if there exists
a weak involution (—)*: C — C%°P such that, for any 1-morphism F € C(i,j), there are
natural 2-morphisms o: FF* — 15, 3: 1; — F*F satisfying the usual adjunction triangles, i.e.
(OZ Oo IdF) 01 (IdF 005) = IdF and (ﬁ Op Idp*) o1 (IdF* O()Oé) = IdF*

Note that :S\fj‘t is a wide fiat bicategory, where the fiat structure is defined by rotating the
diagrams in Soergel calculus by 180 degrees and the adjunctions v and [ are defined by cups
and caps, respectively.
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5.2.4. Completed and triangulated bicategories. Let C be a wide finitary bicategory. We define
the bicategory C° to be the bicategory on the same objects as C, but with morphism categories
C°(1,3) = C(1,3)°(= C(i, 3)"), with horizontal composition given component-wise, i.e.

iel jeJ ]22{1

and similarly for 2-morphisms. Observe that C° is locally additive and k-linear.

Remark 5.11. Note that this naturally embeds into the completion C° with morphism cate-
gories C°(i,j) = C(i,j)° and horizontal composition given by Day convolution.

Likewise, for any locally additive k-linear (or in particular wide finitary) bicategory C, we can
define K°(C) as having the same objects as C, morphism categories K°(C)(i, j) = K*(C(4,j))
and horizontal composition induced by taking the total complex of the tensor product of com-
plexes. This is a triangulated bicategory, which fits within the bicategorical version of the
framework considered in [LaMi, Section 3.1].

Lemma 5.12. IfC is wide finitary and all 1-morphisms have finite-dimensional endomorphism
rings, then K°(C) is wide finitary.

Proof. Since C is locally idempotent complete, so is K°(C) by [Sch, Theorem 3.4]. Since endo-
morphism rings of 1-morphisms in C are finite-dimensional, the same is true for endomorphism
rings of 1-morphisms in K°(C). Thus K*(C) is Krull-Schmidt by [Kra, Cor 4.4]. Countability
of isomorphism classes of indecomposables is inherited from C. O

Corollary 5.13. For any n € Z~5, the monoidal category (one-object bicategory) K b(gfft) is
wide finitary.

5.2.5. Birepresentations. An additive birepresentation of a locally additive k-linear bicategory
C is a k-linear pseudofunctor from C to 2. A wide finitary birepresentation of a wide finitary
bicategory C is a k-linear pseudofunctor from C to ﬂff.

We can extend an additive or wide finitary birepresentation M of C to an additive birepresen-
tation M of C° by defining the action of F =[[._;F; € C°(1,j) on X =]]..,; X; € M°(1)
componentwise, i.e.

M (F) (X) = M° (H F) (H XJ) — [IME) (x;).

iel jedJ 1€l
jeJ

iel jed

J

Similarly, any additive birepresentation of M gives rise to a triangulated birepresentation K (M)
of K*(C) where K*(M)(i) = K°(M(1)).
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5.2.6. Algebras and birepresentations in C°. Let C be a wide finitary bicategory.

Now assume G is an abelian group and Y = ]_[]EGY]- € C°(i,1) is an algebra 1-morphism
with product

determined by component morphisms m;; = m(¢; on ¢;): Y;Y; — Y,4;, where we identify
Y4, with the subobject of [, .. Y& given by ¢;1;(Y;1;), and unit u determined by a morphism
1, — Yy, where 0 is the neutral element in GG.

For each j € C, we can consider the category of Y-modules in C°(1, j), denoted by modc; 50 Y,
which gives rise to an additive birepresentation modc-Y of C°. Note that each modc; 50 Y is
idempotent complete by construction.

By the usual free forgetful adjunction, we have, for F' € C(i, 1) an isomorphism
Hommodc(i,i)<> v(FY)Y) = Homc(ivi)o(F, Y)
(131) f = fo, (Idg opu)
mo, (gopIdy) <+ g.

Lemma 5.14. Let Y = [[,.;Y; € C°(i,1) be an algebra 1-morphism as above, F €

C(i,i) and g € Homg(; ;)°(F,Y). Assume that g factors over vj, i.e. there exists an
g; € Home1)(F,Y;) such that g = tj o, g;. Then under the isomorphism in (131, ¢

corresponds to a morphism f defined by

f Oy (IdF Oth) = mj,k Oy (g] Op IdYk): FYk — YJ_A,_k

Proof. This is a direct computation, observing that
foy (IdF Oth) = mo, (9 Ch IdY) Oy (IdF Ohék)
=mo, ((¢; oy gj) Oh tk)
=mo, (¢ on 1) oy (gj on Idy,)
=m;y o, (gj on Idy,)

so the claim follows. O

Lemma 5.15. Let C be a wide finitary bicategory and Y € C(i,1)° an algebra 1-morphism.
Assume that for any G € C(i,1), the morphism space Home; ;) (G,Y) is finite-dimensional.
Then the birepresentation My given by My (j) = add{FY |F € C(i,j)} (where the additive
closure is taken in mode; 5)° Y ) is wide finitary.

Proof. By ([131)), for each F € C(1, j), the endomorphism ring Endimnod,, ;0 v(FY) is isomorphic
to Home; 5o (F*F,Y), which by assumption is finite-dimensional. Since each mode; 5)° Y is
idempotent complete, [Kra, Cor 4.4] implies that each M(j) is Krull-Schmidt. Moreover, the
number of isomorphism classes of indecomposable objects is countable and morphism spaces
are even finite-dimensional, so My is wide finitary. O
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5.3. The categorified story. In the first part of this section, we will define a graded wide-
finitary birepresentation U of Se"t and show that it categorifies the representatlon U of He"t
In the second part, we will define a triangulated birepresentation W of s;xt and conjecture that
it categorifies the representation W of f[;"t.

5.3.1. The categorification of U. Let V be the rank one finitary 2-representation of :S\?‘t cate-
gorifying V. The corresponding algebra object X € 8 is given by
X:=][]B)
reZ

with multiplication z1: XX — X defined by the identity on BEB!~* = BY, for all 7,k € Z, and
unit e: I — X defined as the identity on I = Bg and zero to B for aII r # 0. Note that
(Bp)* = B, and homge. (B (s), Byn (t)) = 0s40mR, for any k,m,s,t € 7, where §__ is
the Kronecker delta.

Consider Y := ¥ (XX X) € Kb(gg"t’°). The fact that W, is a monoidal functor and the
isomorphisms B, X B, = (B, XI)(IKB,) = (I®B,)(B, X I) imply that

Y = [TT[®B, 1) (Ty'B,) = [ [[(Ty'B,)* (B, T)"

rEZ SEL reZ sEZ

Note that, for any k,[ € Z, there are natural isomorphisms
(BpTl)k (Tlep)l Y=Y= (Tlep>l(BpTl)k Y,
because (B,T;)* and (T;'B,)! commute and
(BpTl)k (Tl_pr)l Y = H H(BpTl)Hk(Tl_pr)SH =Y.
reZ s€l

In particular, we see that
(132) B,T.Y=~Y, T{'B)Y=Y, BY=BTT{'B)Y=>Y.
For any r, s € Z, define
Y™ = (B,T1) (T;'B,)".
Lemma 5.16. Let i € {0,1}, and k,t € Z, and m € Z~y. Then
(133) home(ggxt) (BB, (t),Y"*) =0

for all but finitely many r, s € 7.

Proof. By [MaTh, Theorem 2.5], the hom-space in (133) is zero if r + s # k. Now, assume
that » + s = k. We also assume that » > £, the case r < k being similar. Then

Y™ = (B, T1) (T 'B,)" " = (B, T1)"(B,T1)" *(B, ' T1) * = BTy =BTy -

P 2r—
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By biadjointness of B,x and B, we have

home(ggxt) (BpkBﬁlt<t>7Bka§_\kl> = home(/S\gxt) (Bﬁlz<t>7T§_\k1> y

which in turn is isomorphic to

home(§§Xt) <Bfle<t>, TIEII\ ) 5

2r—k 1

where Tg/ﬂ“\k is the minimal complex obtained from Tﬁl by Gaussian elimination, which is
r—K1 -

unique up to homotopy equivalence. By [EIWil, Theorem 6.9], the degree-zero cochain object
of T;ﬂn\k is isomorphic to Bﬂl’ which implies that
r—K1 T

dimg (home(ggxt) (Bml(t), T%)) < dimg (home(ggxt) (Bﬁ”(t), Bﬁl» .

For a fixed choice of m,t € Z and m € Z>, Soergel's hom formula and the equations in ((123))
imply that the latter morphism space is zero for all but finitely many r € Z, which proves the
lemma. O

The following corollary is an immediate consequence of |Lemma 5.7 and [Lemma 5.16|

Corollary 5.17. For anyi € {0,1}, and k,t € Z, and m € Zx, there is an isomorphism
(134) hom gy gerie) (BB, (), Y) 2 @5 hom gy geey (BiBa, (£), Y™°) .

r,SEL

We are now going to define a graded wide finitary birepresentation U of :3\3’“ and the rest of
this section after the definition will be dedicated to the proof that it categorifies U.

Definition 5.18. Let
U .= MY

be the wide finitary birepresentation of g‘;"t generated by Y, as defined in [Lemma 5.15|

and the isomorphism in (131)) imply that

(135) homy(AY,BY) & hom g gewe) (A, BY) = @5 hom g, 5oy (A, BY™), A, B € 85,
r,SEL

where for simplicity we write homy (AY,BY) = honnmode(gexh<>> v(AY,BY). The isomorphisms

in ({135)) show that any morphism f € homy(AY,BY) is determined by its components ™ &€
home(ggxt)(A, BY"#), for r,s € Z. Suppose f: AY — BY and g: BY — CY are such that

their only nonzero components under the free forgetful adjunction are f™*: A — BY"*® and
gP1: B — CYP4 . Then the only nonzero component of go f: AY — CY under the free
forgetful adjunction, is given by the composition

(136) A ﬁ) BY"™S 9" CQypPay”ns ldc Ohm} QypPrrats.

For morphisms with multiple nonzero components, this extends additively.

qOhIdyr,s
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Proposition 5.19. Let k,m € Z>q and r,s € Z. When r € Z~,, the morphism spaces
hom e, ey By, (1), B, Y™°) and hom i, gey (B (£), B, Y™)

are both zero for all t > 0.

Proof. We only prove the first case, the proof of the second one being similar. Biadjointness
and the isomorphism B, = B, 5 imply that

hom \(Br, (1), B, Y™) & hom g, e (B, m By (), Y™).

Kb(gg’“
By [MaThl, Theorem 2.5], that hom-space is zero if + s # 0, so suppose that r+s = 0. Then
Y = (ToTl)T.

Let » > 0. By [AMRW, Section 9.1] (see also [EIWil, Theorem 6.9] and [EMTW, Theorem

19.47]), the minimal complex [(ToT;)"]™" is of the form

(85

40
(137) B2Ar1 —>B§—\10<1>@B§—\11<1> — ..,

where the underlined cochain object has homological degree zero and the differential d° is given
by

01 0 1 01

S ) A S |
(138) A= || Wo.n |+ [ Won ||,

-1 11l

01 01 01 01

,,,,,

JWa, by the quantum Satake correspondence, as in [Elill Section 5.3.2] (see also [EMTW,
Section 9.3]), and T denotes the transpose. Note that Elias and Williamson do not give the
multiplicities of the indecomposables in positive homological degree, but in affine type A; both
multiplicities in homological degree one can be deduced from the corresponding coefficients
in (122). On the other hand, the formulas in imply that the decomposition of B, B; (t)
only contains indecomposables of the form B 5, (t+v), with 0 <n < k+m andv € {—1,0,1}.
The parity conditions for 1727 amount to n being odd. Any non-zero morphism of complexes
in hom o, ge) (B, By, (1), [(ToT;)"]™n) is given by a non-zero morphism in the morphism
space homggxt(BlmBa(t},B@l) that is annihilated by postcomposition with the differential

d°. The latter morphism space is the direct sum of morphism spaces whose sources are the
indecomposables of the form B 5, (t+v), with 0 < n < k+m and v € {—1,0, 1}, and Soergel's

hom formula in and imply that the graded rank of Homgex .« (B,7,,Bg,,) is
equal to

(139) (b7, b5, ) = a7 (q),

where p'(q) € Zxo[q] has constant term equal to one. This implies that the morphism space

homggxt(B1ﬁ1<t + v),Bs. ) is zero unless t + v = —|n — 2r|. Suppose that ¢ > 0 and recall

2r1
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that v € {—1,0,1}. Since n must be odd, we also see that |n —2r| > 0, so t +v = —|n — 2r|
can only hold if t =0, v = —1 and |n — 2r| = 1. In other words, the only non-zero morphism
spaces are

homESX“<B1§?11 <—1>, B02A7"1) and homggxt(Blﬁl <—1>, Boé;“1)’

which are both one-dimensional and generated by

(140)

respectively. However, neither of these two morphisms extends to a map of complexes whose
target is [(ToT1)"]™". To see this, note that postcomposition with d° adds an extra dot to
the rightmost, resp. leftmost, top strand of the morphisms in (140]). These morphisms are all
non-zero, because even with dots on all strands such morphisms are non-zero, see e.g. [Ell]
Section 5.3.4] and [EMTW, (10.8i) and (10.9)]. This finishes the proof that

hom ey ey (By, (), B, Y™*) = 0, if r > 0and ¢ > 0. 0
Corollary 5.20. For all k € Z>, the objects B; Y and B,B; Y are indecomposable in U.

Proof. The isomorphisms in ((135]) show that any non-zero idempotent e € homy (B Y, B; Y)
is completely determined by its components e* € home(ngt)(BEp BEIY“S), for r,s € Z, and
that only finitely many components are non-zero. By [MaTh, Theorem 2.5] and
ftion 5.19) we have € = 0 unless r +s = 0 and < 0. Furthermore, e*° must be a multiple of
the identity on By , by Soergel's hom formula in . By a slight abuse of notation, justified

by [Lemma 5.14 let us write e = €™ 7" 4 ... 4 €™ "™, for some r; € Z<p and m € Z-y.

Then e? = e if and only if
(141) Z e Mo =™ forall 1 < k< m.
1<i,j<m

ritri=rg

First, assume that ¢®? = 0 and let 7,,.x be the maximal r € Z_, such that e”~" # 0. Then
the equation in ([141)) for r;, = . has no solution, which shows that e¢* = e cannot hold.

Next, assume that ¢®? = (0. Without loss of generality, we may assume that 7, = 0 and 7; < 0
for all 2 < i < m. Then the equations in ([141)) can only hold if ¢*0 = idg_ and
1

(142) ek Z e o =0, forall 2 < k< m.

i,je{2,....k,...m}
T'Z'—‘rT'j:’f‘k

In turn, the equations in ([142)) can only hold if e"~" = ( for all 2 < k < m, as can be seen
by first considering the maximal r; < 0 and then working one’'s way down until the minimal
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ri, < 0. This shows that €2 = e holds if and only if e = idBE v, hence B; Y is indecomposable
1 1
in U.
Since B; = B,-1, we have
homY(BpBle, BpBﬁlY) &~ homY(BEIY, BEIY)>

which implies that B,B; Y is also indecomposable in U, by the arguments above. U

Remark 5.21. When r < 0, the morphism space home(ggxt)(Bgl, B, Y"®) can be non-zero.

Take k =m =2 and 7 = —1, for example. Then Y11 = (TyT;)~! = T;'T,* and
hOHle(’ggxt) (Bgl, BOlTl_lTal) = home(ggxt)(BloBol, Tl_lTal)

On the one hand, the complex T;' Ty (which is already minimal) is given by

(143) R(=2) £5 By(—1) @ By (—1) L5 By,

with d=2 and d~! given by

w0 () e ()

On the other hand, we have
(145) B10B01 & B101<1> b B101<—1> éh B1<1> &) B1<—1>
Any non-zero morphism in homggxt(Z, Bio), where Z is one of the four indecomposables in ((145]),

induces a map of complexes 7Z — Tl_ngl, which can be null-homotopic or not. By Soergel’s
hom formula in (49), the morphism spaces homgg. (B1o1(—1), B1o) and homgg. (B1(—1), B1o)
are both one-dimensional, with respective generators given by

10

10

(146) JWaion| and ‘ l,
101

and the other two possible morphism spaces are both zero. The map of complexes induced by
the non-zero morphism in homggxt(Bl(—l),Bm) is null-homotopic, with the homotopy being

induced by the identity on B;(—1). The map of complexes induced by the non-zero morphism
in homggxt(Blol(—l),Bm) is not null-homotopic, because Soergel's hom formula implies that

homggxt(B101<—1>7Bo<—1>) = homggxt(B101<—1>,B1<—1>) = 0, so there are no morphisms
which could constitute a homotopy.

Note that this implies that homy(Bo;Y, BgiY) contains a non-zero morphism which is not a
multiple of an idempotent.

Theorem 5.22. The following holds in U.
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a) We have
B,B; Y = B; B,Y =B Y(-1), Vke Zs,

b) We have
By Y = B,B Y(~1), VkeZs

c) The indecomposables
B; Y(s), B,Ba,Y(t), k,m € Zxp;s,t €L
are pairwise non-isomorphic.
Proof. (a) The isomorphism B;T; = B;(—1) in Kb(:S\gXt) and the isomorphism B,Y = T;Y

in U imply that
B,B)Y = B:B,Y =2 B;TY 2B;Y(-1) in U.

The general result, as stated in the theorem, follows by induction and uniqueness of decompo-
sition into indecomposables in U, because

BOBl = B01 and Bk/f\loBl = BE1 fan) Bk/i\21 in /S\SXt7
for all k € Z~s.

(b) The isomorphism in this case can be obtained from the one in the previous case by tensoring
with B, on the left and using that B? acts as the identity on U.

(c) There are three different cases: we have to show that

i) Bz Y(s) # Ba,Y(t), for k,m € Z>o with k #m and s,t € Z;

i) By Y(s) % B,Ba,Y(t), for k,m € Zx¢ and s,t € Z;

i) B,B; Y(s) % B,Bs,Y(t), for k,m € Z>o with k # m and s,t € Z.
The first case implies the third one, because

homy (B,Bg, Y(t), B,B; Y) = homy (Ba, Y(t),B; Y)
by adjunction, so it suffices to prove the first two cases.
i) Suppose that there is an isomorphism in U
f:Bg Y({t) = Ba,Y

for some k,m € Z>o with k # m and some ¢ € Z, which we may assume to be non-negative
without loss of generality. As before, f is determined by its non-zero components in K°(85*)

£ By (t) — B, Y™

for a finite number of integers r, s. By [MaTh), Theorem 2.5] and |Proposition 5.19, this implies
that r+s =0 and r < 0. Since t > 0 and k& # m, both by assumption, Soergel’'s hom formula
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implies that =% = 0 if s = 0. Thus, we must have s > 0 for all non-zero f~%%. Recall
that Y= ~ (T "T;')® and that the minimal complex [(T;'Ty")*]™™ is given by
d—l
e — BS/_\10<—1> S5 BS/_\11<—1> — Bg,.
By adjunction, we also have
hOHle(ggxc)(Bgl <t>, Ble_S’S) >~ home(ggxt)(BlﬁlBE1 <t>, Y—S,s)7

and ([123) and [Theorem 3.3/imply that the indecomposables in the decomposition of B, 7By (t)
1mni

are of the form B 5, (t'), for certain integers n > |k — m| and certain t’ € {t — 1,¢t,t + 1}.
Since k # m, we must have n > 0. Therefore, Soergel's hom formula implies that

homgé"t (B1ﬁ1 <t,>7 B§0> =0

for all integers n,s > 0 and t' > 0. Since ¢’ < 0 can only hold if £ < 0, our initial assumption
that ¢ > 0 implies that we must have t = 0 and ¢ = —1. However, this leads to a contra-
diction. Since f~%° is zero unless s > 0, the inverse of f must have a non-zero component
(fH**: B, — B, Y#7° for some s > 0, which is impossible according to |Proposition 5.19
This completes the proof that the BE1Y<t> are all pairwise non-isomorphic.

i) It suffices to show that B,B; Y % B, Y(t), for any k,m € Z>, and any t € Z. First
assume that £ = m = 0 and suppose, on the contrary, that there is an isomorphism

f:B,Y = Y()

for some t € Z. By tensoring on the left with B, and using the fact that Bi acts as the
identity, we see that ¢ has to be zero. Further, f is determined by its non-zero components
[ B, = Y"*. By [MaThl Theorem 2.5], such a component can only be non-zero if r+s = 1,
so assume this and assume also that » > 1. Then Y"*® ~ B, T3 - By adjunction, we have
(147) hom e gy (B, By Ty, ) = hom o geay (B, Ty, ).

The minimal complex [Tﬁ_\ll]min is given by By — in homological degree zero, so Soergel's
hom formula in implies that the second morphism space in ([147)) is zero because 2r—1 > 0.
The case when r < 1 can be proved similarly. This implies that f™* = 0 for all r, s € Z, which

proves that B,Y can not be isomorphic to Y (t) for any ¢ € Z.

Now assume that £ > 0. Item b) implies that the proof is complete if we can show that B; Y
and B, Y (t) are not isomorphic for any m € Z>, and any t € Z. Note that the case when
m > 0 reduces to the case when k > 0 by tensoring both complexes on the left with B,
and using that Bi acts as the identity, so we can indeed assume that & > 0 without loss of
generality. Now, suppose in that case that there exists an isomorphism

(148) f: BEOY<t> — Ba, Y
in U, for some k,m € Z>y and t € Z.

We will first show that ¢ = 1 must hold. Then we will show that B; (1) must be a direct
summand of By, Y ™%° for some s > 0. Finally, we will show that that is impossible. To arrive
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at that contradiction, we will first show that there is only a monomorphism By, (1) — Bz, Y~**
for k = 1, but that there is no epimorphism B, Y~%° — By(1). To prove that £ = 1 must
hold, we use localization, which we briefly recall in the beginning of the relevant paragraph.

Note that

1%

hom(Bg, Y(t),Bm,Y) hom(B,B; Y(t),B,Ba,Y)
hom(B; Y(t —1),Bs,Y(1))

hom(Ble, BT?LOY<2 - t>)

I

I

Hence, the inverse of f induces an isomorphism Bz ,Y(2 —t) — B; Y in U. Since ¢t < 1 if
and only if 2 —¢ > 1, we can assume that ¢t > 1 in ([148)) without loss of generality. Thus, let

t > 1. As before, the isomorphism f is determined by its components
fre BEO<t> — Ba, Y™

By [MaTh, Theorem 2.5] and |Proposition 5.19, we have f™* = 0 unless r + s =0 and r < 0.
Soergel’s hom formula in (49)) implies that f%° = 0, thus all non-zero components =" satisfy
r < 0 (which is equivalent to saying that f~° £ 0 can only hold if s > 0, of course).

Now, suppose that s = —r > 0. We claim that ¢ = 1 must hold. Note that Y~** ~ (T 'T;")
and the 0-cochain object of [(T;'Ty"')*]™™ is By, . By adjunction, we have

home(ggxt) (BEO <t>, B 1Y'—S,s) >~ home(gSXt) (BlmBEO <t>, Y_S’S),

and the indecomposables in the decomposition of B, 7By (t) are all of the form By (t') for
certainn > |k —m| and t' € {t — 1,¢,t + 1}. Soergel's hom formula in implies that

homg.. (B, (1), Bs;,))

is zero for all ' > 0 (and any n > 0) and is one-dimensional for ¢ = 0 (in which case n = 2s).
This shows that f~%* # 0 implies that ¢ = 0, which can only hold if ¢ = 1 since t > 1 by
assumption. This completes the proof of the claim.

Now suppose that ¢ = f~!. Then there must be an integer s > 0 such that the following
composite is non-zero:

idBEO<1>oH

BEO <1>Ys’_SY_S’S _ BEO <1> ,

g>~%oidy—ss

B;, (1) &5 By, Y™
where we have used the canonical isomorphism By Y%%(1) = By, (1) for the final codomain.
Soergel's hom formula in implies that that composite is a non-zero multiple of the identity,
hence By (1) is a direct summand of Bz, Y~*°. However, that is impossible, as we will show
below.

First identify g;’“ with the algebraic category of Soergel bimodules over R (the polynomial ring
generated by the dumbbells). Let ) be the field of fractions of R and recall the localization
functor Loc: g;"t — g‘;"é defined by forgetting the grading of Soergel bimodules and tensoring
them on the right with @ (over R), see [EMTW, Section 5.4]. By [EMTW, Lemma 5.20], this
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is a monoidal functor. For any u € @2, let (), be the standard ()-()-bimodule, which is the
one-dimensional ()-vector space with left and right ()-actions defined by
T q-y = xqu(y),

for g,x,y € Q). For any u,v € Ss, we have QuQy = Quy, see e.g. [EMTW, (5.5)], and the
morphism spaces between the standard Q-Q-bimodules are very easy to describe (as follows
from e.g. [EMTW, Lemma 5.2]):

Q, if u=w;
0, else.

homg-g—pimod (Qu, Qv) = {

As indicated in the commutative diagram [EMTW, (5.25)] and proved in [EMTW, Theorem
18.22], for every w € @2, we have
Bw Xr Q = @ Qw
u=w
because in affine type A; we have p, (1) = 1 for all u < w and zero else (where p,,, is the
Kazhdan-Lusztig polynomial for u,w € @2) Concretely, this means that
Loc (Bs,) = Qa, & € ( )eaq,
o<li<n
for any n € Z>o and i € {0,1} (note that ()5, = Q). Localization can also be applied to
Rouquier complexes and [EMTW, Lemma 5.21] implies that, for every w € éQ, we have

Loc(Ty) ~ @, and Loc(T,') ~ Q1.

The results in the previous paragraph imply that Loc(BEO) must be a direct summand of
Loc (B, Y™**), which imposes conditions on k, m and s. On the one hand, we get

Loc(B; ) Qko@ @ on@Qzl)@Q

o<i<k
and, on the other hand, we get

Loc (B, Y~5%) =

<Qm1 S>) @ Qno S in) S Q) Q1250 -

0<n<m
Qi @ D (Q@O @ an/—z\s\o) ® Q50
0<n<m
By the Krull-Schmidt property of add(&D, g, @w), Where the additive closure is taken in
the category of all Q-Q-bimodules, we see that Loc(By ) can only be a direct summand of
Loc (B#,Y™*%) if k =1 and m > 2s.

Thus we have an embedding f~*°: Bo(1) — Bz, Y% in Kb(§§Xt), with m > 2s. By
adjunction, this implies that there is a non-zero morphism B,7Bg(1) — Y %%, Since [Y ~**]min
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is given by B 5, in homological degree zero, such a non-zero morphism can only exist if m = 2s,

thanks to [Theorem 3.3 and equations and ([123). In particular, we have

1

qt+q~
Bz B, = (Bam, @ 0B)

028171250 s—1

so the embedding f~*°: Bo(1) — B 5 Y ~*° is induced by the identity on B(1). However,

we claim that that embedding does not split. Recall that [Y 5] = [(T; 1T, 1)*]™" is given
by
1
o= By (1) @B g (-1) “= B 5

02s—1¢ 1250

where

10 10 10 10
S I 1

Tensoring this complex on the left with B s, | (over R) yields a complex containing the morphism

idp odg!
02s1
~ — J— —> ~ ~
B0251B125711< 1> B0251B12so

When we compose this morphism with the projection of B 5 B onto By(1l), we get a

. 0281 12/\50
non-zero multiple of

7

| JWo,... 1) | | JW(1,... 0 |
-1 1 18
01 01 10 1

It is easy to see that the latter diagram is non-zero. For example, attaching a dot to the top
0-strand and cups to the 2s bottom left strands, and using adjunction to straighten the resulting
diagram, vyields

which is non-zero, as we know. This implies that the projection of B 5, B 5 onto By(1), which

is unique up to a non-zero scalar, does not induce a morphism of complexes B 5, Y™ —
Bo(1), so the embedding f~** does not split.
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This shows that BEOY<t> and Bj,, Y are not isomorphic for any k,m € Z>( such that £ > 0
and any t € Z, which was the last case we had to prove. O

Let [U],, be the split Grothendieck group of U. Since (894, 22 HS*, the free Z[q, ¢~']-module

[U],, carries the structure of an }AISXt—module.

@

Corollary 5.23. The Z|q, ¢ ']-linear map ~,: U — [U], defined by
Yo(ug) == [B;,Y] and ~u(up) == [B,B; Y], k€ Zs,

is an isomorphism of H$**-modules.

Proof. This corollary is an immediate consequence of [Proposition 5.4 and [Theorem 5.22| [

5.3.2. A triangulated /8\5’“ birepresentation W. Unfortunately, there is no obvious triangulated
structure on the category mOde(’S\;xt,o)(Y), e.g., there is no obvious way to define the cone of

a morphism between two objects in that category. This is a well-known problem for categories
of modules over algebra objects in triangulated monoidal categories, see e.g. [Bal]. We will
therefore use a different strategy to obtain a triangulated birepresentation W.

This strategy is motivated by the observation that horizontal composition on the right with
Y"#, for (r,s) € Z?, defines a Z?-action on K°(8$"). To be precise, this is a strong but not
a strict action, because Y"*Y""' is isomorphic to Y"t""5*5' but not equal, in general. The

non-trivial isomorphism is given by (, defined in [Section 4.2.2| and the Z2-action is strong

precisely because ( is natural in both entries and satisfies the hexagon identities.

Using this action, we can define the orbit category € := K*(85%) /Y% which has the same
objects as K°(8S') and its morphism spaces are defined by

homg (A, B) @ hom o, gexy (A, BY"™),

(r,5)€Z?

for A,B € K(85). Composition is defined as in - By construction, the left regu-
lar K*(85*) action on KP(85) induces a left K*(8S)-action on €. The natural functor
Ig K”(Se’“) — €, which is the identity on objects and sends any morphism f: A — B in

Kb(S‘;Xt) to f: A — BY® in ©, is a morphism of wide finitary S*-bireprentations. In the
following proposition, we do not consider any triangulated structures yet.

Proposition 5.24. There is an equivalence of wide finitary ngt birepresentations
add {AY: Ae Kb(ggxt)} ~ 0,
where the additive closure on the left-hand side is taken in K b(§§Xt’°).

Proof. This is exactly the content of the free forgetful adjunction in (135) and (136)). O
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Corollary 5.25. The equivalence in|Proposition 5.24 restricts to an equivalence of wide finitary
85Xt birepresentations

U~
where Q' is the full §§Xt subbirepresentation of Q whose objects are those of ge"t, which can

be identified with the complexes in K b(ggxt) concentrated in homological degree zero via the
usual embedding.

In order to construct a triangulated ngt birepresentation, we proceed in two steps. We con-
sider the Z?-action on K’(85) as generated by Y! B2 and Y!' = T{'B,. Instead of
considering all orbits, we first use results of [Eli2, Section 3.4] to construct a new wide finitary
category SSXt which already contains a canonical isomorphism Bf) = R, and then apply [FKQ|

) under the

ext
2

Theorem /Definition 1.1] to construct a triangulated orbit category from K*(S.
action of the second generator.

Recall from ({127]) and |Proposition 5.5|that W is isomorphic to the quotient of f-\lg"t by the left
ideal generated by

0> =1 and p—Ti.
The first generator is central, so the ideal it generates is two-sided and

—=ext

(149) Yy = H5™/(p* — 1)

is a quotient algebra. Of course, we have

——ext ,s=ext

(150) We=H, [Hy (p—T),
where ﬁ;Xt(p —Ty) is the left ﬁ;Xt ideal generated by p — T;. Elias [Eli2, Section 3.4] showed

—=ex e . —~ext | L. . . .
that H, * can be categorified by equipping BS, with an additional morphism and its " inverse”,
imposing some additional relations, and defining the new wide finitary monoidal category g;Xt

— ext
as the Karoubi envelope of the additive envelope of this "enhanced” BS, . Concretely, we add
the generators

s bod

and the relations
w -l Ao UeuU

(153) = =
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It is easy to see that our relations in ((152)) and ([153)) are equivalent to [Eli2, (3.22a-c), (3.23)],
and that they imply the relations below.

Lemma 5.26. /n gzm, we have

By [Eli2, Lemma 3.25 and Theorem 3.28], there is an isomorphism Bi 2 Rin g;Xt, the split
Grothendieck group of gzeXt is isomorphic to ﬁ;Xt and the natural functor E: ngt — g;m

ext — ext

induces the projection HS = [85], — Hy™ = [85" .

(154)

Since Y"' = B2, the above implies that Y"* = Y%*~" in K*(8,™"), for any (r, s) € Z2. Hence,
it suffices to consider a Z-action on Kb(geXt) with s € Z acting by horizontal composition on
the right with Y% = (T;'B,)*. Let £ := K*(8,™")/Y%Z be the corresponding orbit category
and let €’ be its full g‘;"t subbirepresentation whose objects are those of gsm, which can be
identified with the objects in Kb(g;(t) concentrated in homological degree zero.

. . ~ Fexty .
Lemma 5.27. The natural R-linear monoidal functor E: K*(8$%) — K8, ") induces a
morphism of 85<*-birepresentations Eq: £ — Q, which restricts and corestricts to a morphism
of 85*-birepresentations Eq:: € — €V

Proof. On objects, the functor Eq, is defined by the identity map, of course. Given a morphism
f:A— Bin Q with only one non-zero component f™*: A — BY"* in Kb(SeXt) for some
7,5 € Z, define Eq(f) as the morphism in € whose only one non-zero component Eq(f)%* ™" is
given by postcomposing E(f) with the isomorphism Y™ 2 Y%= in K*(8,™"). This definition
can be extended to all morphisms in homg (A, B) by additivity.

The definition implies immediately that Eq is R-linear and sends identity morphisms to identity
morphisms, and the hexagon identities and binaturality of ( guarantee that it also preserves
composition. Finally, it is a morphism of left 8§** birepresentations because the isomorphisms
Y™ =2 Y0577 in the definition of Eq are applied to the rightmost factor of the objects.

The last claim of the lemma follows immediately. O

The following result is an immediate consequence of [Corollary 5.25/ and |Lemma 5.27|

Corollary 5.28. The functor Eq: induces a morphism of ggxt birepresentations Fq : U — €/
(for which we use the same notation).
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We do not know whether Eq is an equivalence. It is certainly essentially surjective, because it
is the identity on objects, but it is unclear whether it is fully faithful.

The above fits exactly the conditions of [FKQ, Theorem/Definition 1.1]: the triangulated

= ext

category T := K®(8; ") is naturally endowed with the dg-enhancement A := Ch,(8; ) (the dg-

category of bounded complexes in §§Xt), and the complex F := Y*! = T B, naturally yields a

dg-bimodule such that the induced endofunctor H°(F') on H°(A) = Kb(gg"t) is an equivalence
(with inverse induced by Y%~1). This means that there is a canonical triangulated orbit category

W of Kb(g;(t) under the action of Y%!, which in the notation of [FKQ| Theorem/Definition
1.1] is defined by

W .= H° (pretr (C’gg(g;Xt)/Yo’Z>) .

The left gg"t—action clearly commutes with the right action by Y%! hence W is a triangulated
left SS**-birepresentation.

By [FKQ| Theorem 3.17], there is a natural dg-functor

(155) Q: Cy, (g;m> — pretr (C'Sg <g2eXt> /YO’Z> :
which induces a triangle functor Q“ := H°(Q) between the homotopy categories
(156) 0% K (35’“) S W.

As Q* is a morphism of triangulated §§Xt—birepresentations, it induces a morphism of [§§Xt]@—
modules between the triangulated Grothendieck groups

(157) Q%] : [Kb (3;’“)] =W,

= ext

A well-known general result on Grothendieck groups, see e.g. [Ro|, implies that [K%(S, )]s &

—ext —ext
]

8 = H, ™. Thus (157) yields a morphism of H$**-modules

——ext

q: Hy — [W]A'
We claim that this morphism in an epimorphism. Indeed, consider the dg functor ) in ([155)).

The objects of ng(SSXt)/YO’Z are the same as those of ng(gzem). In taking the pretriangulated
closure, we add cones, but those do not generate new elements in the Grothendieck group,

proving the claim.

By construction, horizontal composition with Y%! is naturally isomorphic to the identity functor
on W, so ¢ factors through W by ((150)), resulting in a commutative triangle

—=ext

H —— W
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Surjectivity of ¢ implies surjectivity of ~y. Recall also that W@ is simple, see |Proposition 5.2]

However, we do not know that [W](Z(q) is non-zero, which is why we have to settle for a

conjecture.

Conjecture 5.29. The morphism
7%/(‘1): W(C(q) N [W]i(‘I)

is an isomorphism.

Finally, recall the morphism of ggxt birepresentations Eq : U — ' from |Corollary 5.28] By

[FKQ, Remark 3.12], there is an equivalence of wide finitary ngt birepresentations

— = ext
Q= H(Cgy(8,)/Y™).

= ext

Precomposition with Eq and postcomposition with the canonical functor H(C5,(8, )/ Y?) —
Ho(pretr((]é’g(ngXt)/YO’Z)) yields a morphism of S birepresentations
(158) Iy : U — W.

We conjecture that 11, categorifies the projection 74, in |Proposition 5.5, meaning that the
following diagram commutes

U w s W
YU lWW
%]
[U]ea B— [W]@ B— [W}A
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