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Abstract High-frequency quartz crystal microbalances (QCMs) operating in the
thickness-shear mode exhibit pronounced frequency-temperature behavior, particularly
in ultrathin plates. Since frequency-temperature stability is strongly influenced by
structural dimensions, temperature variations modify the electromechanical coupling
and mode interactions of quartz, thereby affecting the electrical response of QCMs. In
this study, the Lee plate model incorporating temperature bias fields is developed to
analyze the vibrational and electrical responses of QCMs with and without electrodes.
The novelty of this work lies in establishing a mathematically consistent plate
formulation that captures temperature dependent mode coupling and electrical response
without empirical correction factors. Its correctness is validated through dispersion
analysis of infinite quartz plates and formulated as a system of partial differential
equations (PDEs) for free and forced vibration analysis. Results reveal that strong mode
coupling induced by structural dimensions and intensified by temperature variations
leads to significant loss of mass sensitivity over a limited temperature range. Moreover,
the resonant frequency associated with the admittance peak and the electrical response
amplitude become highly sensitive to the absorbed mass under temperature bias fields.
These findings provide a rigorous mathematical explanation for temperature-induced

activity dips and electrical anomalies in high-frequency QCMs.
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1. Introduction

Quartz crystal microbalance (QCM), as a typical thickness-shear mode quartz
crystal resonator, are widely employed for high-precision mass sensing due to their
excellent sensitivity and frequency stability. In high-frequency devices, frequency
stability and electrical reliability are particularly sensitive to external temperature
variations, and the frequency-temperature behavior becomes increasingly complex as
the operating frequency increases. To investigate mode coupling and energy-trapping
characteristics, a two-dimensional cross-sectional model is commonly adopted,
formulated using elastic theory or plate theory. For high-frequency applications, plate
theory is generally preferred because of its higher computational efficiency and easier
implementation of mode coupling analysis. In these resonators, geometric parameters
such as the plate thickness, length-to-thickness ratio, electrode coverage, and absorbed
mass play a critical role in determining resonance characteristics, and the influence of
these parameters become increasingly significant as the resonant frequency increases,
especially in ultrathin plates. Meanwhile, temperature variations also modify the
material stiffness, piezoelectric coupling, and damping, which in turn affect vibrational
displacements and electrical admittance responses. Therefore, accurate modeling of the
interaction between structural parameters and temperature-dependent material
properties is crucial for understanding the vibrational and electrical behavior of high-
frequency QCMs.

Beyond conventional mass detection [1, 2], QCMs are also employed in



biomedical sensing [3, 4] and liquid property analysis [5, 6], highlighting their broad
applicability. Under ideal conditions, the mass sensitivity of QCMs follows the
Sauerbrey relation [7], which establishes a linear relationship between mass change on
the electrode surface and the corresponding frequency shift [8, 9]. However, this
proportional relationship is strongly influenced by temperature variations, which may
compromise frequency stability and reduce measurement accuracy. With advances in
precision quartz cutting and ultrathin fabrication, high-frequency QCMs exceeding 100
MHz have been realized [10], exhibiting enhanced sensitivity and high quality factors,
while their temperature-dependent behavior is commonly analyzed using elastic theory
incorporating thermal effects [11]. Early investigations of thermal effects mainly
focused on free vibration analysis of quartz structures [12-14] or different crystal cuts
[15, 16]. Although Mindlin plate theory combined with incremental thermal effects has
been used [17, 18], temperature-dependent corrections to the cutoff frequency are
required and therefore, this theory is not suitable for high-order plate formulations.
Meanwhile, advanced thermoelastic and heat transfer models, including multi-phase
lag and microstructural formulations [19-21] as well as nonlocal and memory-
dependent heat transfer theories [22, 23], further underscore the importance of rigorous
thermal-mechanical coupling for accurate vibration analysis under thermal effects. In
contrast, the Lee plate theory systematically approximates the three-dimensional elastic
wave equations by expanding displacements into trigonometric series and linear
functions of the plate thickness [24, 25]. By introducing a linear term to account for in-

plane displacements associated with normal rotations, a unified framework for



analyzing both frequency-temperature characteristics and electrical behavior was
established by Peter C Y. Lee [26]. The Lee plate theory accurately captures high-
frequency thickness modes, boundary effects, and electromechanical coupling under
temperature bias fields without requiring correction coefficients [27], while
maintaining consistency and computational efficiency [28, 29]. The first-order Lee
plate equations provide resonant frequency solutions that closely match exact solutions
[30], and incorporating fully covered electrodes significantly improves the prediction
accuracy of resonant frequencies [31]. Later, Wu et al. [32] extended the Lee plate
theory to SC cut quartz plates with partial electrodes. Based on the incremental thermal
field theory developed by Lee and Yong [33], Wang further derived thermally coupled
Lee plate equations by expanding incremental displacements along the thickness
direction using trigonometric series, and analyzed the frequency-temperature
relationship of quartz crystal plates [34]. By integrating incremental thermal effects into
the Lee plate framework, this approach enables comprehensive evaluation of
temperature influences on the vibrational and electrical responses of quartz resonators,
thereby providing a reliable theoretical basis for high-frequency QCM applications.
Despite these advances, comprehensive investigations that simultaneously
considers thermal bias fields, strong mode coupling, and adsorbed mass effects in high-
frequency QCMs remains limited. In particular, the mechanisms through which mode
coupling-induced by temperature variations leads to sensitivity loss, activity dips, and
electrical response anomalies have not been systematically clarified within a unified

framework. In this study, first-order Lee plate formulation incorporating incremental



thermal effects is employed to analyze finite QCMs with and without electrodes. The
main contributions of this study are as follows. First, a unified model is established to
consistently couple the thermal bias, electromechanical interaction, and mass loading.
Second, the relationship between the plate aspect ratio and strong mode coupling
induced by temperature variations is quantitatively revealed, together with the resulting
sensitivity loss. Third, the influence of the adsorbed mass on electrical stability and
admittance characteristics under temperature variations is clarified. The proposed
approach provides a coherent explanation of temperature-dependent activity dips and
anomalous electrical behavior within a mode coupling framework, and offers practical
guidance for selecting structural parameters, , avoiding the occurrence of unstable

operating regions in high-frequency QCM devices.

2. Lee plate equation considering temperature bias field

Assume that there is a temperature biasing field, the incremental thermal field of
a three-dimensional linear piezoelectric body can be consistently formulated through
the equations of motion, electrostatics, geometry, and constitutive relations [35],

expressed as follows:
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where T}, D;, Sij and E; represents stress, electric displacement, strain, and electric field,
respectively. p denotes the material density. c,,, €j;, &, and B; mean the temperature-
dependent elastic constant, piezoelectric constant, dielectric constant, and thermal
expansion coefficient, respectively. u; means the displacement, and a superscript dot
indicates the partial derivative with respect to time, i.e., 0/0t. ¢ represents the electric
potential, and a subscript comma indicates the derivative with respect to the coordinate
component x;. Using tensor notation, , j, k and / take the value of 1, 2, or 3, respectively.

The piezoelectric material parameters [35] related to temperature are formulated

as follows:
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where cjju, ek, and ey are the elastic constant, piezoelectric constant and dielectric
constant at room temperature (25°C), respectively. ¢, ej; and &” mean the nth-order
thermoelastic constants, nth-order temperature derivative of the piezoelectric constants,
and nth-order temperature coefficients of the dielectric permittivity constants,
respectively. Ji represents the Kronecker delta, and ay is the nth-order thermal
expansion coefficients of quartz. The temperature change AT = T - T is defined, where
T and T are the initial and reference temperatures, respectively, and 7p is equal to 25°C.

For a piezoelectric solid with the volume V' and bounded by the surface S,

mechanical boundary conditions require the displacement and stress continuities,



whereas electrical boundary conditions demand the continuity of electric potential
under either short-circuit or specified states.

The continuity of boundary conditions are defined by Eq. (3)

ul = uAi’
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According to the divergence equation in /" and boundary conditions on S derived

by Tiersten [36] using the variational principle, two equations are formulated as follows:

L dtIV [(ﬁikT}cj,]’ - p@&"j + Di,i5¢]dV =0, ( )
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where ¢ and o represent the surface traction and surface charge density, respectively. n;
means the unit outward normal to S.

As illustrated in Fig. 1, the three-dimensional plate is determined in a rectangular
coordinate system x;. The displacement and electric potential of the plate are expressed
in a function of trigonometric series expansions along the plate thickness. For a quartz
crystal plate with the partial electrode, the potential in the region covered by the
electrode (denoted as ¢°) is expanded in terms of sinusoidal functions to satisty the zero-
potential boundary condition [26], whereas the potential in the non-electrode region
(denoted as ¢“) is represented by the sum of cosine expansions [37]. The detailed

expressions are mathematically defined as follows:



U, (x,,%,,%;,1) = Z(u(”)(xl,x3,t) bc u(o))cos (1—1//)

n=0

B (X, %y, X;,) = A(t)+B(t)t//+Z¢(")(xl,x3,t)sm—(l W),
n=0 (5)
¢“<xl,x2,x3,r)=Z;zs(")(xl,x;,t)cos%(l—w,

8/(n*z*), n=odd

0, n =even

1 nm
c, = f_l V/COST(I—‘//)C[V/ ={
where w = xo/b, and b is half the plate thickness. u” and ¢ are the n-order

displacement and potential components, respectively, which are in functions of x1, x3

and r.

Fig. 1. 3D structure of the uniform plate.

Substituting Eq. (5) into Eq. (1c), one can obtain:

S, Z{S“”cos (1- y/)+S(”)s1n (1- V/)}
n=0

(6)

n=0

E = Z{E(")cos )+E<”>sm (1- w)}

Therefore, the strain and electric field components associated with the n-order
incremental thermal field in the Lee plate equations, considering both electrode-free

and electrode cases, are transformed into Eq. (6):
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Assume that dV = dAdx; and dA = dxidx3 are defined [26], with the integration
along the plate thickness x>, the following two-dimensional divergence theory is
reformulated by substituting Eq. (5) into the variational equation (4):

[ fisd4=[ n,1,ds. (8)

It is noted that the trigonometric relationships are defined as follows:
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The variational forms of the equations of motion and electrostatic equations in the

incremental thermal field are derived:
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where a = 1 or 3. The stress, face-traction and electric displacement components are

defined by Eq. (11):
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For independent variations of 6(u” -bcuus) ) and 64" in Eq. (10), the n-order
equations of motion and electrostatic equation considering the incremental thermal field

can be obtained:

n 1 n nm 7 (n
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Substituting Egs. (6) and (7) into Eq. (1b), the stress component and electric
displacement component considering the incremental thermal field in the Lee plate

theory are obtained:
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where, the constant By, is as follows:
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Substituting Eq. (13) into Eq. (4), boundary conditions considering the thermal
effect can be obtained on the basis of the above assumptions and similar derivation
process. Also, the conditions of 2D (surface) and 1D (edge) interfaces are defined by

Egs. (15) and (16), respectively:

t,=np, T, or u,=u,

(15)
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0,0bc )+, _5n0bcnﬁskar’,ls + B 1" or w) =uy”,

n’s,s
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where  and s denote the directions normal and tangential to the edge, respectively (see

Fig. 1).

3. First-order Lee plate equation

Generally, a QCM consists of a quartz crystal plate with electrodes on both sides.
The reason for the selection of the AT-cut quartz crystal operating with thickness-shear
mode lies in its stable frequency-temperature behavior. Fig. 2 shows the schematic
diagram of QCM with the adsorbed mass layer. The thickness and length of the quartz
crystal plate are 4, = 2b = 0.033mm and /;, = 1.2mm, respectively. The thicknesses of
the upper and lower electrodes are 4.1 = 100nm and /4.2 = 200nm, with the electrode

length /. of 0.7mm. The density of quartz p, is 2649kg/m>. The electrode material
12



property is silver, with the density of p. is 10490kg/m?>.

adsorbed mass layer

h —>
q x]
AT-cut quartz crystal
hgz ™ / g
q
) [ A

Fig. 2. Schematic diagram of the QCM structure for detecting adsorbed mass layer.
Retaining the first two terms in the Lee plate equations considering the incremental

thermal field described in Section 2, the first-order governing equations are obtained.

Using the displacement expansion defined in Eq. (5), the corresponding displacement

and electric potential are given by:

(n) . (n) _ (n+l) _ (n+l) _
u", " =0 (n>1), u™"=0, ¢""=0(n>1)
(17)

Ty =0, uy =0, but uy’ #0.

Assume that the straight-crested wave propagates along the x;-axis, a coupling of
modes arise in the AT-cut quartz crystal plate, specifically the flexural (F), face-shear

(FS), and first-order thickness-shear (TSh1) modes. Their associated displacement

components [38] are denoted as u5”, i and u{”. Hence, the displacements are linearly

approximated by:
T
uy (X, Xy, X3,8) = (ufl)(xlaxpt) _bc1u;?1))cosa(l —y),

_ o ©
“z(x1axzax3at)_“é)(xlvxsvt)a (18)

Uy (X, %, X3, 1) =u§°)(x1,x3,t).
Combining with Eq. (18), the geometrical equation of the first-order Lee plate
theory considering the incremental thermal field is defined:

13
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The boundary conditions are:

(n) _ 1) (1 ©) _ () ;7 0)
4 _nlﬂnTn or u, bcluZI =u —bc Lo

(0) _ (0) (0) 0 _ (0)
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©) — 0) 0) 0) ~(0)
Ly =Ty + Bl or u, =u,,

2) _ n, 51(2) or ¢(2> _ ¢§<2>.

Thus, the potential of first-order Lee plate in the region covered by electrode is
formulated as follows:

B (x,,%,,%,,1) = A(t) + B(t)y + 4" (x,, x,,1)sin % (A=) +4? (x,x,O)sinz(1-y).  (21)

In the non-electrode region, the potential is given by:

B (x,,%,,%,,8) = ¢V (x,, %, 1) cos%(l ) +¢% (x,,x,,t) cos (1 -y). (22)

Accordingly, the relations between the electric field and the potential are defined
as follows:
_B(@) JED = ¢(1> EO = ¢<2>’

b (23)
EV =- ;n’ E® = _¢§2)_

£V -

For the first-order Lee plate theory considering the incremental thermal field in
the region covered by the electrode, only the electrode mass effect is considered while
the elastic effects are neglected. The motion of equations and electrostatics equations

are formulated as:

14



ﬂzzz(zog + ﬁ23T1(301) =2p(1+R+ Rg )@) =0,
BT+ BTl =2p(1+ R+ R )& =0,
N (24)
11T1(111) - %:BuTz(ll) + pbcl@ -p(1+2R+ 2Rg )“&) =0,

DY + %Df) =0.
where, the adsorbed mass layer is represented by the mass ratio R,. R denotes the mass
ratio of the electrodes to the quartz crystal, defined by R = pe (he1t he2)/ (pg hy).

q ry yR=p

The motion equations and electrostatics equations in the non-electrode region are

derived as follows:

BTy + BT —2p8%' =0,

ﬁ32T1(20,3 + ﬁ337;(301) - 210&) =0,
(25)
Tc j—
ﬂuTl(ll; - EﬁuTz(ll) + P(bcl"@) _&)) =0,

DY -Z B =0,
T 2b

Also, the constitutive equations of the first-order Lee plate theory considering the

incremental thermal field in the region covered by the electrode are described as follows:

0 _ ()] g (0) 8 0 <(1) 0 17(0)
T;," =4cges), +4csss); +;cs6512 —2eyE,",

8 _
0 _ 0 () 0 (0) 0 =) 0 17(0)
Ty =4cges), +4csss); +;Cssslz —2exE,",
8
1 _ o () 0 (2
T =csy —7—en By,
RY4
26
T o 9—<1>+§ 0 (0>+§ 0.0 4 9E(°)+i 0 5O (26)
21 = 2CeeS1y Co6512 Cs6513 €L, €ly s
T /4 T kY4
— 8
@ _ 0 (1) 0 (2
D, _gellsll +e,E7,
8 _
2 _ 6 —(1) 0 Q)
D, ——5626512 +e,E,",
0 =)

©0) _n,0 (0 0 (0 0 17(0) 8
Dz _2626S12 +2325S13 +522E2 +;ezsslz :

And the constitutive equations in the non-electrode region are derived:
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8 8
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T T
N _=0.() , =001
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8 8
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Using the stress-relief method [26], the equivalent elastic, piezoelectric, and
dielectric coefficients of quartz for the plate equations are mathematically formulated

as follows:

0 0 0
20 [’ - (Cya P T ngzsﬂzs )cg/-zz
skl = LCju ] 0
! ! (Com P + o3 B3)
0 0 0
(cg,-zzﬁzz + €235 )€ 1 (28)
0 0 ’
(Com P + s fBo3)

[0+ (ezzzﬁzz + 6123:823 )eAZZ ).
(szﬂzz + szz3ﬁz3)

I,

kl [ kl

gik
Correspondingly, the modified constitutive equations are given by Eq. (29):

8
) _ —a (1) =0 17(2)
T =c,8y — 37[611E1 )
(with electrode)
5o = S e e, 29)
T

1) _ =0.,0) _ =0 (1)

T11 =05 _ellEl > .
o o ( (without electrode)
n_ N D

D7 =es), +511E

For low-frequency bending vibrations of the plate or vibrations induced by the
quasi-static bending with traction-free faces, the adjustment of shear stress is reported
n [24]:

7o % Fo. (30)

4. Dispersion Relations
16



Both the resonant frequencies and the vibration modes of the quartz plate can be
determined by the dispersion curves. By comparing the dispersion curves predicted by
the Lee plate theory with those obtained from 3D elastic theory, the validity and
accuracy of the simplified plate model can be critically assessed. Furthermore, the
coupled governing differential equations are formulated through the simultaneous
solution of Egs. (18)-(30), thereby providing the theoretical foundation for subsequent
vibration and frequency analyses.

From the governing differential equations, the displacement field and electric

potential with electrode can be expressed in the following assumed forms:
u’=Asin(Ex,)e, u=4,sin(Ex,)e™, u"=4,cos(Ex,)e, ¢ = /CﬂA4cos(§x1)e[‘”’. 3
822

1)

The displacement and electric potential without electrode are assumed as follows:
u®=Acos(Ex, )™, u®=Acos(Ex,)e”, u'=Asin(Ex,)e™, ¢ = /CLGA4Sin(§xl . (32)
822

where, A1, A2, A3, and A4 are undetermined constants, & is the wave number in the x;
direction, i is the imaginary unit, and o is the frequency. The frequency, wave number,

and material parameters are nondimensionalized [39] as follows:

2 =0
2 2 T Ceg T
(] :Q _2_5 5_ .
4b 2b
0 0 0 (33)
c e 3
_ P Prq —_ _Pq
%q—_g,%q —9 Hl/z’gﬁl_—ﬁ'
Ces Ce6€22 €

where Q and Z are the dimensionless frequency and wave number, respectively.

By substituting the assumed displacements and potentials into the governing
17



differential equations, a homogeneous linear system in terms of the independent
variables is obtained. Nontrivial solutions exist only when the determinant of the
coefficient matrix vanishes, thereby yielding the dispersion relation.
det([Q, Z]axa) = 0 (34)
As shown in Fig. 3, the dispersion curves for mass ratios of 0 and 0.01,
corresponding to the unelectroded and electroded models, are presented. For
comparison, the dispersion curves are also calculated based on the piezoelectric elastic
theory, as indicated by the black lines in Fig. 3. The results indicate that the dispersion
curves derived from the Lee plate equations are in excellent agreement with those
obtained from the elastic equations, without any correction factors. In particular, both
sets of dispersion curves agree closely near the cutoff frequency of the thickness-shear

mode, i.e., in the long-wavelength range.

2 - - ) .
* LeePlateTheory - LeePlateTheory
>-. .
2 - ElasticTheory Z * ElasticTheory
8 - =
=5 1.5 S 1.5
o =]
= =2
z 2
= ia
g1 2 1
8 g
& &
— L ! 5 !
“E’ 0.5 : 2 0.5
0 L i L 0 L I
-1 05 0 0.5 1 1.5 2 -1 -0.5 0 0.5 1 1.5 2
Im(Z) Wave Number Re(Z) Im(Z) Wave Number Re(Z)
(a) (b)

Fig. 3. Dispersion curves: (a) without electrode: R = 0, (b) with electrode: R =0.01.

5. Free vibrations
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In the investigation of QCM with external temperature variations, mass sensitivity
represents the most critical performance indicator. The concept originates from Giinter
Sauerbrey, who established a quantitative relationship between the frequency shift and

the adsorbed mass change, known as the Sauerbrey equation [7].

VY VI
ety (35)
O

where, fo is the resonant frequency of the QCM, u, represents the shear modulus of
quartz, and Cr denotes the mass sensitivity coefficient. These parameters are all
temperature dependent. A is the electrode area, and Am is the adsorbed mass on the
electrode surface. Considering only the mass effect, Am is equivalently represented by
the mass ratio R, between the adsorbed layer and the quartz crystal plate. Af indicates
the resonant frequency shift induced by the adsorbed mass. The negative sign in Eq.
(35) reflects that an increase in adsorbed mass results in a reduction of the QCM
resonant frequency.

The frequency spectra for various adsorbed mass ratios are shown in Fig. 4. As the
adsorbed mass ratio increases, the resonant frequency slightly decreases because the
additional surface mass increases the effective inertia of the vibrating plate. In contrast,
the spurious modes exhibit only minor frequency variations, indicating that the primary
thickness-shear mode is more sensitive to surface mass loading than the other modes.

To further investigate the influence of temperature on QCM sensitivity, sensitivity-
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temperature relationships for different plate length-to-thickness ratios are analyzed
under strong and weak mode coupling, respectively, as presented in Fig. 5.

Using the sensitivity-temperature curve for the weak mode coupling (/,/hy = 134),
shown as the black line, the sensitivity varies smoothly with temperature and exhibits
a single-valued relationship. This indicates that the operating mode remains well
isolated from adjacent spurious modes, and the device maintains stable sensing
performance over the entire temperature range. In contrast, for the strong mode
coupling between the TSh and F modes (/,/h; = 133.48), shown as the red line, two
closely spaced sensitivity values appear within a certain temperature range, indicating
a loss of QCM sensitivity. This phenomenon arises from the mode interaction, where
the vibration energy is redistributed between the coupled modes. As a result, the
effective mass sensitivity of the QCM becomes ambiguous within this temperature
interval. A similar phenomenon is observed for the TSh-FS mode coupling (/,/hy =
135.96), shown as the blue line, although the affected temperature interval is relatively
narrower. The comparison indicates that the TSh-F mode interaction induces a broader
sensitivity-loss region than the TSh-FS coupling, confirming that mode coupling is the

main physical mechanism for the loss of sensitivity in the device
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To further understand how mode coupling affects the frequency-temperature
behavior, Fig. 6 presents the frequency-temperature curves for different aspect ratios
corresponding to weak mode coupling (region A) and strong mode coupling (regions B
and C). As shown in Fig. 7(a), when the device operates in the weak coupling region,
the frequency varies smoothly with temperature and the effect of the adsorbed mass
ratio mainly appears as a small vertical shift in the frequency-temperature curves.
However, when the aspect ratio enters the strong coupling regions, the frequency-
temperature curves exhibit abrupt variations. As shown in Fig. 7(b), the TSh-F mode
coupling corresponding to B1, B2, and B3 in Fig. 4(b) produces a pronounced distortion
in the frequency-temperature curves. In this region, the rapid frequency variation with
temperature results in the well-known activity dip phenomenon. This behavior
originates from the exchange of modal dominance between the interacting modes as

temperature changes, which significantly alters the resonant response of the device.
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Similarly, Fig. 7(c) shows the frequency-temperature curves associated with TSh-
FS mode coupling for the aspect ratios C1, C2, and C3 indicated in Fig. 4(c). Although
a comparable activity dip phenomenon is observed, the temperature interval in which
this instability occurs is noticeably narrower than that in the TSh-F coupling case.
Furthermore, increasing the adsorbed mass primarily shifts the frequency curves but
has little influence on the temperature range where the activity dip occurs. This
indicates that the instability is mainly governed by the intrinsic mode coupling
characteristics determined by the plate geometry rather than by the surface mass loading.
Overall, the results demonstrate that strong mode coupling significantly modifies both
the sensitivity-temperature and frequency-temperature characteristics of high-
frequency QCMs. In particular, the TSh-F mode interaction produces more pronounced
instability and broader temperature regions of sensitivity loss and activity dips
compared with the TSh-FS coupling case. These findings are consistent with the
sensitivity analysis, confirming that strong mode coupling leads to more severe device

instability.

6. Forced vibrations

To analyze the electrical responses of quartz crystal plate under thickness-mode
excitation, an alternating voltage is applied across the electrodes. In the derivation of
the two-dimensional Lee plate equations, these driving terms are incorporated through
the first two terms in the potential. In addition, temperature-induced variations in the
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resonant frequency of the quartz plate affect the electrical response, such as admittance
and phase.
The forced vibrations are considered with an alternating voltage [39]:
B(0) .oy =me™ (36)
Substituting Eq. (36) into Eq. (23) yields:
B(t) = ¢, (37)
where ¢ is the applied voltage and ¢o = 3V.
The total charge on the top electrode and the corresponding current [40] are
I == iw0 (38)
In the first-order Lee plate theory, the electric displacement D> is approximated by
its first-order component, and the relationship is

DY = j_llD2sin%(l—w)dw _4p (39)

2
T

Finally, the admittance per unit area in the electrode within the Lee plate theory

can be calculated by:
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Fig. 7. Admittance response and corresponding displacement for different aspect ratios
with Rg = 0: (a) l;/hy = 134, (b) I4/hy = 133.48, (¢) I,/hg = 135.98.

Fig. 7 illustrates the variation of the admittance response with temperature change
AT and resonant frequency f, along with the corresponding displacement distributions.
Fig. 7(a) shows the result of weak mode coupling, while Figs. 7(b) and 7(c) correspond
to strong mode coupling for TSh-F and TSh-FS mode, respectively. As seen in Fig. 7(a),
the admittance amplitude shows a smooth cubic-like curve as the temperature changes,
while the displacement distribution reveals that the vibration is mainly confined in the
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electroded region, consistent with the energy-trapping effect. However, in Figs. 7(b)
and 7(c), the admittance amplitude exhibits anomalies over temperature ranges, and the
displacement of the ripples is no longer consistent with the energy trapping. It indicates
that the electrical stability is not reliable with strong mode coupling. The results also

agree well with the frequency-temperature characteristic analysis.
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A set of admittance response curves for various absorbed masses is shown in Fig.

8 to analyze how mode coupling affects the electrical stability of the QCM. The black

curve represents the variation of the resonant frequency corresponding to the

admittance peak as a function of temperature. For high-frequency QCM, the variation

range of the adsorbed mass is relatively small. Therefore, under comparable aspect

ratios, the overall patterns of the abnormal admittance responses remain nearly
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unchanged. As the absorbed mass increases, the resonant frequency shifts slightly due
to the increase in effective inertia, while the mode coupling behavior remains
essentially the same. Comparing Fig. 8 with Fig. 6, the trends of the curves and the
temperature ranges corresponding to the activity dip remain nearly identical. This
indicates that the temperature-induced mode coupling dominates the electrical response
of the device, while the influence of the absorbed mass mainly results in a small
frequency shift. These results confirm that strong mode coupling can induce
temperature-dependent activity dip and anomalous admittance amplitude, which may
reduce the electrical stability of the QCM.

As shown in Figs. 9(a)-(¢c), with weak mode decoupling, the admittance and phase
change smoothly with the temperature. However, in Figs. 9(d)-(k) with strong mode
coupling, the value of admittance and phase increase or decrease significantly with
temperature. The electrical stability with strong mode coupling is more strongly
affected by the mass of absorbed layer. There are some ripples around the resonant
frequency, which is induced by spurious modes. For QCM, the ripples of the admittance
and phase will affect the stability of the electric response, to result in the output of the
electrical parameters. It is evidence that the mode coupling between the TSh and F
modes causes the most severe instability. Since the quality factor Q is proportional to
the phase slope 0p/0f [41], perturbations in the phase response can directly modify the
resonator’s energy dissipation characteristics. It means the perturbations induced by
strong mode coupling affect the Q value. A decrease in Q results in a broader admittance
peak, reduced frequency stability, and increased energy loss, leading to degraded mass
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sensitivity and higher noise in QCM measurements. Therefore, in QCM design under
temperature variations, aspect ratios that are prone to causing mode coupling with the

F mode should be avoided.

7. Conclusions

This study employs the first-order Lee plate theory considering a temperature bias
field to analyze the vibrational and electrical characteristics of high-frequency quartz
crystal microbalances (QCMs). Dispersion analysis of an infinite quartz plate confirms
the accuracy of the developed model, demonstrating excellent agreement with the three-
dimensional piezoelectric elastic theory. As no correction factors are required for these
formulations, the developed model provides a reliable approach for describing
thickness-shear vibrations under thermal effects.

Results show that temperature variations significantly influence mode interactions
in finite QCMSs. Strong coupling between thickness-shear and flexural modes, as well
as between thickness-shear and face-shear modes, causes the pronounced loss of mass
sensitivity within specific temperature ranges. These coupling effects lead to rapid
frequency shifts and activity dips, indicating that mode coupling plays a more dominant
role in the loss of mass sensitivity, as compared with the effect on the absorbed mass.

In addition to shifting the resonant frequency, the adsorbed mass also influences
electrical stability with strong mode coupling. Anomalous admittance responses and
phase perturbations appear near the coupling regions, resulting in the reduced frequency
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stability and degraded sensing performance. These findings provide quantitative
guidance to select appropriate aspect ratios and operating temperature ranges for the

improved temperature stability in high-frequency QCMs.
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Appendix A
The main symbols and parameters used in this study are summarized below.

Nomenclature

i,j, k, 1, a, A1, A2, A3, A4 = constants;

A Electrode area;

Co Temperature-dependent elastic constant;
Cijki Elastic constant at room temperature;
Cr Mass sensitivity coefficient;

D; Electric displacement;

E; Electric field;
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€ Temperature-dependent piezoelectric constant;

eijk Piezoelectric constant at room temperature;
fo Resonant frequency;

Af Frequency shift;

hy Thickness of quartz crystal plate;

het Thickness of upper electrode;

heo Thickness of lower electrode;

I Current;

k Wave number;

lq Length of quartz crystal plate;

le Length of electrode;

Am Adsorbed mass;

n; Unit outward normal;

0 Charge;

R, Mass ratio between adsorbed layer and plate;
R Mass ratio between electrode and plate;
Sij Strain;

Ty Stress;

AT Temperature change;

t Surface traction;

ui Displacement;

u” n-order Displacement components;

Y Admittance;

Z Dimensionless wave number.

Greek letters

o nth-order Thermal expansion coefficients;
Bij Thermal expansion coefficient;

€ Temperature-dependent dielectric constant;
Eik Dielectric constant at room temperature;
Oik Kronecker delta;

Ug Shear modulus of quartz;

p Density;

o Surface charge density;

¢ Electric potential;

¢ n-order Potential components;

Po Applied voltage;

w Frequency;

Q Dimensionless frequency.
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