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Abstract

In Part I, we present a family of selfinjective algebras of type D, which are Morita
equivalent to skew group algebras of the 3-preprojective algebras of type A. One-
in-three is itself a 3-preprojective algebra, and the corresponding 2-representation-
finite algebras are fractional Calabi-Yau. We show that our work is connected to
modular invariants for SU(3), and give recipes to construct 2-Auslander-Reiten quiv-

ers for an arbitrary 2-representation-finite algebra.

In Part II, we reinterpret Thomas’ construction of a Bridgeland stability condition on
the dg perfect derived category of a classical zigzag algebra of type A, explaining
why the family of stable objects takes the form it does. Our attempts to generalise
this construction to higher zigzag algebras of type A fail, but we are able to prove
a certain group acts by spherical twists in this case. We also study a connection

between tilting hearts of t-structures and mutating quivers with potentials.
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Overview

Following the background in Chapter 1, this thesis splits into two parts.

Part I consists of results from my article [33], which concerns Iyama and Opper-
mann’s higher homological algebra. These authors introduced d-representation-
finite algebras [43], which are algebras with global dimension at most d whose
module categories have so-called d-cluster-tilting subcategories. Herschend and
Iyama [37] showed that d-representation finiteness is closely linked to the fractional
Calabi-Yau property. If an algebra has finite global dimension then its bounded de-
rived category has a Serre functor, an autoequivalence satisfying a certain duality. If
a power of the Serre functor coincides with a shift, the algebra is said to be fractional
Calabi-Yau. Given a d-representation-finite algebra A, one can construct a selfinjec-
tive algebra II called its (d + 1)-preprojective algebra. Grant [32] showed that A
is fractional Calabi-Yau if and only if the Nakayama automorphism of II has finite

order.

We present a family of selfinjective algebras of type D. Using a construction of
Giovannini and Pasquali [29], we show they are Morita equivalent to skew group
algebras of the well-studied 3-preprojective algebras of type A. We also show they
are isomorphic to algebras considered by Evans and Pugh [21, 22] in the con-
text of SU(3) modular invariants. One-in-three of the selfinjective algebras of type
D are 3-preprojective; using Grant’s theorem, we show that the corresponding 2-
representation-finite algebras are fractional Calabi-Yau. Finally, we give recipes to

construct 2-Auslander-Reiten quivers for an arbitrary 2-representation-finite algebra.
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Part II concerns stability conditions on triangulated categories, which were intro-
duced by Bridgeland in [12]. There are two equivalent definitions: one uses the
heart of a bounded t-structure and one uses a slicing. One of the most remark-
able aspects of Bridgeland’s definition is that the set of all stability conditions on
a triangulated category is a complex manifold, whose geometry is closely related
to Happel-Reiten-Smalg tilting. In the article [63], Thomas constructed a stability
condition on the dg perfect derived category of a classical zigzag algebra of type A,
using the slicing definition. The stable objects of this stability condition appear to be
indexed by indecomposable modules over a linearly oriented Dynkin type A quiver.
By reinterpreting Thomas’ construction using the heart definition, we are able to

explain why this is the case.

Our original aim for this part of the thesis was to construct a stability condition
on the dg perfect derived category of a higher zigzag algebra of type A, whose
family of stable objects admits an explicit classification. Unfortunately, our attempts
to generalise Thomas’ construction failed in this aim. We detail why, and prove
two results which represent small steps towards determining the stability manifold
in this case. The first, which we believe to be well-known to the experts, links
HRS tilting with Derksen-Weyman-Zelevinsky mutation of quivers with potentials.
The second shows a certain group acts on the triangulated category of interest by

spherical twists.



Chapter 1

Background

1.1 Preliminaries

In this section we fix our conventions, introduce the categories we will work with,

and recall some of their properties. Our convention is that 0 € N.

1.1.1 Module categories

This material is standard and may be found, for example, in [1].

Throughout this thesis, an algebra A means an associative unital algebra over an
algebraically-closed field k£, and a A-module means a finitely-generated right A-
module: these form an abelian category mod A. Writing A°P for the opposite algebra
of A, we identify mod(A°P) with the category of left A-modules. Given another al-
gebra I', we identify mod(I' ® A°P) - where unadorned ® always means ®y, - with

the category of A-I'-bimodules.

Assume A is finite dimensional for the rest of this subsection. The regular module
decomposes as A = e;A @ eaA @ - - - D e, A, where {ej,e9,...,e,} is a complete set
of primitive pairwise-orthogonal idempotents. We call A basic if e;A % e;A for i # j.

Recall that, given an object X of an additive category 6, add X denotes the smallest

1
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full additive subcategory of ¢ which contains X and is closed under isomorphisms

and direct summands. The projective objects of mod A are the objects of add A.

There are two standard dualities (contravariant equivalences) associated to mod A.
The k-duality is
(—)* = Homg(—, k): mod A = mod(A°P)

and the A-duality is

Homp (—,A): mod A = mod(A°P).

Composing them gives the Nakayama functor
v = Homp (—, A)*: mod A = mod A.

In fact, v is naturally isomorphic to — @, A*. From this, it is easy to see that v maps
Ato A* = (Aey)* @ (Aex)* @ --- @ (Ae,)*. The injective objects of mod A are the
objects of add(A*).

Let us introduce two more important functors. Given M € mod A, take a minimal
projective presentation

p-Lsp M —s0

The transpose Tr M of M is Coker(Homya(f,A)) € mod(A°P); this assignment in-
duces a functor Tr: mod A — mod(A°P). The Auslander-Reiten translations are the

endofunctors

7= (Tr(=))" 77 =Tr((=)")

of mod A. They induce mutually quasi-inverse equivalences

modA 7 modA

T

between the stable and costable module categories.

We now introduce three important families of algebras, following [23].

Definition 1.1.1. A finite-dimensional algebra A is called
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1. selfinjective if A € mod A is injective;
2. Frobenius if A = A* as (right) A-modules;

3. symmetric if A = A* as A-A-bimodules.

Clearly, every symmetric algebra is Frobenius.

Let A be a Frobenius algebra. Then there exists o € Aut(A) such that ,A = A*
as A-A-bimodules, where ;A € mod(A ® A°P) has underlying vector space A, and
a®b e A® A°P acts by multiplying on the right by a and on the left by o(b). We call
o the Nakayama automorphism of A; it is unique up to inner automorphisms [23,

IT]. If e € A is a primitive idempotent then (Ae)* = o(e)A. Hence A is selfinjective.

Recall that two algebras A and I' are called Morita equivalent if there is an equiv-
alence of categories mod A ~ modI'. The following says that “selfinjective” and

“symmetric” are Morita invariant properties.

Proposition 1.1.2. [23, III] Let A be a selfinjective (resp. symmetric) algebra, and let

I" be an algebra such that mod A ~ modT'. Then T’ is selfinjective (resp. symmetric).

Note that “Frobenius” is not a Morita invariant property.

1.1.2 Derived categories

The material in this subsection may be found in [64, §1, 10].

Let ¢/ be an abelian category. A (cochain) complex X over ¢ is a sequence of -
morphisms

dy dS
ey XL IX x 0 TX xl

such that d’; o d';! = 0 for all i € Z. This relation implies that Im d’y * C Ker dy, so

for each i € Z we have the i-th cohomology H*(X) = Kerdy,/Imd% "' € o.

Given another complex Y, a cochain map f: X — Y is a family of &f-morphisms
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fi X* — Y such that such that f*! o di = d o f for all i € Z.

-1 dx' 0 d 1
— X X X
f71 f() fl
—— Yl — Y0 - v!
dY dY

This relation implies that f* induces an o/-morphism H*(X) — H(Y). If this is an

isomorphism for all i € Z, then f is called a quasi-isomorphism.

There is an abelian category C(«/) of complexes over ¢ and their cochain maps.
For each i € Z, the assignment X + H*(X) induces a functor H': C(«) — .
An important autoequivalence of C(«) is the shift functor [1], where X[1] = X1

dé([l] = —d'J* and f[1)' = f"+1. Note that the n-th power of [1] is written [n].

Given a cochain map f: X — Y, its mapping cone cone(f) € C(«) is the complex
with cone(f)! = X! @ Y’ and
—dit 0

deone(s) = | X ey 5 X ey
fz—i—l d%’

Two cochain maps f,g: X — Y are homotopic, written f ~ g, if there exists a family

of of-morphisms s': X’ — Y*~! such that f' — ¢’ = s'*' od’, +di o s foralli € Z.

—1 0
e X! ox X0 ox X1
. L
S - -
et T O S AR Ve
K’ it
Yl Yo Yl
d71 dO
Y Y

A cochain map f: X — Y is called a homotopy equivalence if there exists some
f':Y — X such that f'o f ~idx and f o f’ ~ idy. All homotopy equivalences are

quasi-isomorphisms, but the converse is not true.

One verifies that ~ is an equivalence relation on Homg ) (X, Y’) which is compat-
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ible with composition. Hence we define the homotopy category K(«) of <, where
Ob(K(#)) = Ob(C(«)) and Homg y)(X,Y) = Homgy)(X,Y)/ ~. Note that
K(«) is a triangulated category with suspension functor [1], and the distinguished

triangles are of the form
X L5 v — cone(f) — X[1].

The derived category D(sd) = K(o)[qis~!] is the localisation of K(s/) at the col-
lection of all quasi-isomorphisms. For precisely what this means, we refer to [64,
§10.3]. Vaguely, it means we retain the objects and morphisms of K(«/), while
formally adjoining inverses for the quasi-isomorphisms. Note that D(«) inherits

triangulated structure from K().

We usually work with the bounded derived category DP(s4), which is the full (trian-
gulated) subcategory of D(«) on objects X such that H*(X) = 0 for |i| > 0. If

o = mod A for some algebra A, we write D(A) in place of D(mod A).

A functor F': o — 9B between abelian categories can always be extended to functors
C(#d) —» C(%) and K(#4) — K(%B). Sometimes, F' can be extended to a derived
functor D(«) — D(%). We refer to [64, §10.5] for details.

1.1.3 Dg categories

We follow [46] in our exposition.

Throughout this thesis, graded means Z-graded. Given a graded algebra A, there is
an abelian category grmod A of graded A-modules; its morphisms are homogeneous
A-module morphisms of degree 0. Given M € grmod A and n € Z, M{n} is the
graded A-module with (A{n})! = A",

A differential-graded (dg) algebra consists of a graded algebra A, together with a
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homogeneous linear map d4: A — A of degree 1 such that d% = 0 and
da(ab) = da(a)b+ (—1)98a(ad 4 (b)

for all a,b € A. Its total cohomology is H*(A) = Kerd,/Imdy. This is a graded
algebra, whose i-th graded part H'(A) = (H*(A)) we call the i-th cohomology.

A dg A-module consists of a graded A-module M, together with a homogeneous

linear map dy;: M — M of degree 1 such that d2, = 0 and
dar(wa) = dy(z)a+ (—1)83 @ d 4 (a)

foralla € A, x € M. Its total cohomology is H*(M) = Kerdys/Imdy; € grmod A
and its i-th cohomology is H' (M) = (H®*(M))".

Let N be another dg A-module. We define Hom (M, N) to be the dg A-module
with Hom (M, N)* = Homgmoa 4(M, N{i}), the space of homogeneous A-module
morphisms M — N of degree i. The differential 0 is defined by

A(f) =dnof—(=1)%D fody.

The dg category of dg A-modules dgmod A has objects the dg A-modules, and mor-
phisms given by Homggmoq 4 (M, N) = Homa(M, N). As the name suggests, this is
an example of a dg category (see [46, §2.2] for a definition).

The abelian category of dg A-modules C44(A) has the same objects as dgmod A, with
Homg,, (4)(M, N) = Ker(0: Homa(M,N)° — Homa(M,N)"). Interpreting the
objects of Cg,(A) as graded A-modules which are also complexes, the morphisms of
Cgg(A) are homogeneous A-module morphisms of degree 0 which are also cochain
maps. In particular, there are notions of quasi-isomorphism, shift functor, and map-

ping cone defined as in §1.1.2.

The homotopy category of dg A-modules Kq,(A) has the same objects as dgmod A,
with Homg, 4)(M,N) = H°(3Homa(M, N)). It is a triangulated category with
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suspension functor [1], and the distinguished triangles are of the form

M 5 N — cone(f) — MI[1].

The derived category of dg A-modules Dgg(A) = Kag(A)[qis™'] is the localisation of
K4 (A) at the collection of all quasi-isomorphisms. It inherits triangulated structure

from Kgg(A).

We usually work with

1. the finite-dimensional derived category DY, (A), which is the full (triangulated)

subcategory of D4, (A) on objects M such that dim; H*(M) < oo;

2. the perfect derived category Dy;"(A), which is the smallest full triangulated

subcategory of D4, (A) which contains A and is closed under direct summands.

Finally, the cohomology category of dg A-modules is the graded category Hg,(A) with

the same objects as dgmod A and
Homhdg(A)(M, N) = H*(Homu(M,N)) = Ext;(dg(A)(M, N).

Clearly, information is lost when passing from dgmod A to Hg,(A), but this can
be recovered. Kadeishvili’s theorem! states that Hay(A) can be equipped with the
structure of an A,,-category, unique up to A.,-quasi-isomorphism, such that Hgg(A)
is A,o-quasi-isomorphic to dgmod A. Roughly, this means that for any sequence of

objects My, ..., M, € Hgy,(A), there exists a homogeneous linear map
my . Homgy, 4)(Mp—1, Mp) @ - -- © Homgy 4y (M1, M) — Homgy (4 (M1, M)

of degree 2 — n, such that certain coherence laws are satisfied. In this case, m; = 0

and my = o, the composition in Hg,(A). We refer to [52, §1.2,5.1] for details.

1Kadeishvili’s original theorem [45] concerns A.,-algebras; it appears to have been folklore that it
can be extended to A..-categories. A proof in this generality may be found in [10, §3].
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1.2 Preprojective and zigzag algebras

Parts I and II of this thesis concern higher preprojective and higher zigzag algebras
respectively. In this section, we introduce the classical versions of these algebras to

provide context for our work.

A quiver () consists of a finite set () of vertices and a finite set (); of arrows, together
with functions s, ¢: Q1 — Qo, which map arrows to their source and target respec-
tively. A path p = ajag---ay, in @ is a sequence of arrows with ¢(«;) = s(ait1)-
If t(a;) = s(aq) then p is called an n-cycle. A 1-cycle is called a loop. The path
algebra k(@ has basis the set of all paths in @) (plus the vertex idempotents ¢;), with
multiplication given by concatenation. Any hereditary algebra A satisfies A = kQ

for some quiver (). For an introduction to quivers see e.g. [61].

Recall that an algebra A is called representation finite if mod A contains only finitely
many indecomposable objects up to isomorphism. Gabriel’s theorem tell us that

whether £Q has this property is independent of the orientation of Q.

Theorem 1.2.1. [26] Let () be a quiver. The path algebra kQ is representation finite

if and only if the underlying graph of Q) is an ADFE Dynkin diagram (see Figure 1.1).

Another way to understand this classification is via the preprojective algebra, which

was introduced by Gel'fand and Ponomarev in [27].

Definition 1.2.2. Let Q be a quiver. Then Q is the quiver obtained from Q by adding,
for each arrow i —* j, a reverse arrow j - i. Define p = Yaco, (a0 —a*a) € kQ.

The preprojective algebra of @ is
1(Q) = kQ/{p)-

Example 1.2.3. Let Q be 1 %5 2 5 3. Then

H(Q):k( 1 233)/(0@*755*_@*@,5*@.
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A, 1 2 3 n—1 n
n
D, :
1 2 3 n— 2 n—1
6
E6: ‘
1 2 3 4 )
7
E7: ‘
1 2 3 4 ) 6
8
Eg : ‘
1 2 3 4 5 6 7

Figure 1.1: The ADE Dynkin diagrams.
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Note that I1(Q)) contains k() as a subalgebra, and that II(Q) = P, 77kQ) as

kQ-modules: hence the name preprojective algebra.

Baer, Geigle and Lenzing [2] alternatively defined the preprojective algebra of @) as

P Homyq (kQ, 7 (kQ)),

i>0

where the product of f: kQ — 774(kQ) and g: kQ — 777 (kQ) is
g-f=7"(9)0 f: kQ = T (kQ)

(c.f. Definition 1.4.5). It was shown by Crawley-Boevey and Ringel that the two
definitions coincide [16, 58]. From the latter definition, one can deduce that II(Q)
is finite dimensional if and only if @) has finite representation type (i.e. Q is ADE
Dynkin). In this case, I1(Q) is actually Frobenius. This was first stated by Ringel and
Schofield [59] and proved by Brenner, Butler and King [11]; see also [31] for a nice

alternative proof.

Definition 1.2.4. Let Q be a quiver. The zigzag algebra Z(Q) is the path algebra of
Q modulo the following relations.
1. All paths i — j — k with i # k are zero.

2. All 2-cycles at a given vertex are equal.

Example 1.2.5. Let Q be 1 %5 2 7 3. Then

a g
Z(Q) _k< 1 Q 2 ;/ 3 ) /(045,5,8*—04*04,5*06*>,

c.f. Example 1.2.3.

The terminology “zigzag algebra” first appeared in [39, §3]. There is a more con-
ceptual definition in terms of trivial extension algebras, but the above will suffice for
us. Note that Z(Q) is always finite dimensional and symmetric. If ) is ADF Dynkin

then Z(Q) is quadratic dual to the preprojective algebra I1(Q).
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In this thesis, we equip Z(Q) with the path-length grading and view it as a dg

algebra with trivial differential (i.e. d = 0).

1.3 Quivers with potentials

Quivers with potentials play a central role in this thesis. For example, they are used
to classify 3-preprojective algebras (see Theorem 1.4.8). They were introduced in

[17]; we follow the treatment in [8].

Given a quiver @, let [kQ, kQ] = (xy — yz | =,y € kQ) be the linear subspace of
k@ spanned by all commutators. We call (kQ)cyc = kQ/[kQ, kQ] cycle space. To see

why, consider a path p = ajas - - - o, in Q.
* If pis not a cycle then p = ag(az - a,) — (ag - ap)ay € [kQ,kQ)], so p =0
in (kQ)cyc-
* If pis a cycle then aj(ag - ay) — (a2 ap)ag € [kQ, kQ), so all cyclic per-

mutations of p are identified in (kQ)cyec.

An element W € (kQ)cy. is called a potential on ), while the pair (Q, W) is called
a quiver with potential (QP). By the previous discussion, IV is a formal linear combi-

nation of cycles in @, considered up to cyclic equivalence.

For each o € @1, define a linear map 0,: (kQ)cyc — kQ such that, for any cycle

Cc= oy in Q,

One can think of 9, as formal differentiation with respect to a.

Definition 1.3.1. Let (Q, W) be a QP. The associated Jacobian algebra is

JHQ,W) = kQ/(0uW | a € Qu).
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We call (Q, W) Jacobi finite if J(Q, W) is finite dimensional.

Example 1.3.2. Let @ be
1—2 3
a Y
_
2 5 4
and let W = a8y — vde. Then

OuW = By, 08W = ya, O,W = aff — de,

OsW = —evy, 0-W = —~d.
Thus J(Q, W) has basis {e1, es, 3, €4, , 5,7,0,¢,af = de}.

We are particularly interested in the following class of QPs.

Definition 1.3.3. [38, Definition 3.6] A QP (@, W) is called selfinjective if J(Q, W)

is a selfinjective algebra.

Definition 1.3.4. [38, Definition 3.1] Let (@), W) be a QP. To each subset C' C @,

we associate a non-negative grading on k(), given on arrows by

1 ifaecC,
degq(a) =
0 else.

We call C a cut if W is homogeneous of degree 1 with respect to this grading. We say

(Q, W) has enough cuts if, for every arrow a € @)1, there exists a cut C' containing .

If C'is a cut then there is an induced grading on J(Q, W). Its degree 0 part is denoted

J(Q,W)¢. Clearly, J(Q,W)c = J(Q,W)/(C).

Example 1.3.5. Let (Q, W) be as in Example 1.3.2. Then {«a,d} and {v} are both
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cuts, but {«, 5} is not. Choose C' = {v}. Then J(Q, W)¢ is the path algebra of
1 —2 3
_
2 5 4
modulo the relation a8 = de.

1.3.1 Ginzburg dg algebras

Ginzburg dg algebras were introduced in [28]. They provide a way to construct
Calabi-Yau triangulated categories (see §1.5). We consider two types: one is at-

tached to a quiver and one is attached to a QP.
Definition 1.3.6. Let () be a quiver and let N € N, N > 2. The N-Ginzgburg quiver
of Q is the graded quiver Qv with vertices Q) = Qo and

1. the arrows of ) in degree 0;

2. for each arrow i - j in @, a reverse arrow j % iin degree 2 — N;

3. for each i € QY, aloop i — i in degree 1 — N.
Definition 1.3.7. Let Q be a quiver. The Ginzburg dg algebra I'(Q) of Q) is the graded
path algebra of Q2 with differential d satisfying

1. d(a) =d(a*) =0forall @ € Q;

2. d(ti) = X peq, cilaa™ —a*a) for all i € Q.

Example 1.3.8. Let Q be 1 % 2 5 3. Then I'(Q) is the graded path algebra of
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where deg(a) = deg() = 0 = deg(a™) = deg(5*), d(t;) = —1, and the differential

satisfies

d(t1) = aa™, d(t2) = Bp* — a*a, d(t3) = —F*5.

For any quiver @, it is easy to see that H(T'(Q)) = I1(Q).

Definition 1.3.9. Let (Q, W) be a QP. The Ginzburg dg algebra I'(Q, W) of (Q, W)

is the graded path algebra of Q? with differential d satisfying
1. d(a) =0 for all « € Qq;
2. d(a*) = 0,W forall a € W;

3. d(ti) = Y neq, tilaa” —a*a).

Example 1.3.10. Let Q be
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deg(t;) = —2, and the differential satisfies

d(a*) = Bv, d(B7) = ya, d(v7) = af;

d(t1) = aa™ ="y, d(t2) = BB — o’ a, d(t3) = vv* — 6.

For any QP (Q, W), it is easy to see that HO(T'(Q, W)) = J(Q, W).

1.3.2 Mutation

One of the key features of [17] is the introduction of QP mutation, which generalises
Fomin-Zelevinsky’s quiver mutation (see [24]). First, we need a certain splitting

theorem.

Definition 1.3.11. [17, §4] Let (Q, W) and (Q’, W’) be two QPs on the same vertex

set Q.

1. We say (Q, W) and (Q', W’) are right-equivalent if there exists an algebra iso-
morphism f: kQ — kQ’ such that f(W) = W' in (kQ')cyec-

2. The direct sum (Q, W) & (Q', W') is the QP with vertices Q, arrows @ U @}

and potential W + W',

Theorem 1.3.12. [17, Theorem 4.6] Let (), W) be a QP without loops. Then (Q, W)
is right-equivalent to the direct sum of @ QP (Qyed, Wreq) such that all cycles in Wieq

have length at least 3, and a QP (Q1riv, Wiriv) such that J(Qiriv, Wiriv) = k.

We are now ready to define mutation of QPs. We say a QP (Q, W) is mutable at

k € Qg if @ does not contain any loops, nor any 2-cycles starting at k.

Definition 1.3.13. [17, §5] Let (Q, W) be a QP mutable at k € Q. Let (@, W) be

the QP obtained from (@, W) using the following algorithm.

1. Replace each arrow « incident to k£ with an arrow «* in the opposite direction.
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2. For each path j " k % i in the new quiver,

(a) add an arrow ¢ [Oﬂ 7
(b) replace a5 with [af] in the potential,

(c) add a term [af3]B*a* to the potential.

The mutation u(Q, W) of (Q, W) at k is defined to be (@red; Wred).

Example 1.3.14. Let (Q, W) be as in Example 1.3.10 and set k = 2. Then Q is

3
S X
[af]
1<a—*2

and W = [afB)y + [af]B*a*. In this case, @red and @triv are

3 3
é and !
[af]

respectively, while Wred = (0 and Wmv = [af]y.

Theorem 1.3.15. [48, Theorem 3.2] Let (Q, W) be a QP mutable at k € Q. Let T’
and T be the Gingburg dg algebras of (Q, W) and ui(Q, W), respectively. There is an
equivalence of categories Dg4(I') =~ D4 (I"), descending to an equivalence of categories

DL (T') ~ DEL(T).

1.4 Higher homological algebra

This section and §1.5 comprise the core of the background, especially for Part I.

Definition 1.4.1. [43, Definitions 2.1-2] Let A be a finite-dimensional algebra and
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let d € ZT. An object M € mod A is called d-cluster tilting if

add M = {N € mod A | Exti(M,N) =0, 1<i<d-1} and

add M = {N € mod A | Ext{(N,M) =0, 1 <i<d—1}.

We call A d-representation finite if gl. dim A < d and mod A contains a d-cluster-tilting

object.

Definition 1.4.2. [41, §1.4.1] Let A be a finite-dimensional algebra, d € Z". The
d-Auslander-Reiten translations are the endofunctors 7, = Q¢! and 7, = 7~ Q!¢

of mod A, where 2 and 2~ are the syzygy and cosyzygy functors respectively.

Given a d-representation-finite algebra A, we define the subcategory
Mp = add{T;"A|i >0} C modA.
Proposition 1.4.3. Let A be a d-representation-finite algebra.

1. [42, Theorem 1.6] For any d-cluster-tilting object M € mod A, we have that
add M = M.

2. [41, Theorem 2.3] The d-Auslander-Reiten translations induce mutually quasi-

inverse equivalences
Td
——
My 7 My
T4

between the stable and costable categories of M 4.

We call L 5 the d-cluster-tilting subcategory of mod A (c.f. [42, Definition 1.1]).

Example 1.4.4. An algebra A is 1-representation finite if and only if it is represen-
tation finite and hereditary (i.e. A = kQ for an ADFE Dynkin quiver (J). In this case,

we recover the classical Auslander-Reiten translations, and #, = mod A.

Definition 1.4.5. [37, §2] Let A be a d-representation-finite algebra. The associated
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(d + 1)-preprojective algebra is

TI(A) = @ Homa (A, 757 A),

i>0

where the product of f: A — Td_iA and g: A — Td_j Ais
g-f= Td_i(g) of: A— Td_(Hj)A.

Hence II(A) is non-negatively graded, with degree i part Homp (A, 7 ‘A). This grad-

ing is called the tensor grading.

Example 1.4.6. If A = kQ for an ADFE quiver ), we recover the classical prepro-

jective algebra of Q.

Proposition 1.4.7. [44, Corollary 3.4] Let A be a d-representation-finite algebra.

Then TI(A) is selfinjective. If A is also basic then I1(A) is Frobenius.

We understand 2-representation-finite algebras especially well, thanks to the follow-

ing classification of Herschend and Iyama.

Theorem 1.4.8. [38, Theorem 3.11] Let (Q, W) be a selfinjective QP, and let C' C Q1

be a cut.

1. J(Q,W)¢ is 2-representation finite, and its 3-preprojective algebra is J(Q, W).

2. Every basic 2-representation-finite algebra arises this way.
In particular, the grading on J(Q, W) induced by C' coincides with the tensor grading.

We now present an important family of examples.

1.4.1 3-Preprojective algebras of type A

Definition 1.4.9. Define w: N® — N3 by w(xq, 21, 12) = (21, 22, 70).
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Given z,y € N3, we write  ~ y if + = w/(y) for some j € {0, 1,2}.

Definition 1.4.10. [43, Definition 5.1] Let n € Z, n > 2. Let A" be the quiver with
vertices

8:{x€N3]a¢o+x1+x2:n—1}

and arrows
2

?:U{xﬂ)x+vi|x,x+vieﬂg},
i=0

where vg = (—1,1,0), v1 = (0,—1,1) and vy = (1,0, —1).

Example 1.4.11. A* is the following quiver. Note we often write 2oz 22 in place of

(wo,x1,22) and x N y in place of z =% y.

N
VAVYAN
/\/\/\

Definition 1.4.12. Let n > 2. Define a Jacobian algebra I, = J(A",W}') over

C using the potential W} = > _ A% (c)c, where the sum is taken over all 3-cycles

¢ = ez, a4, o, in A", and

1 if (ig,41,12) ~ (0,1,2),
Ai(e) =
—1 if (ig, i1, 42) ~ (0,2, 1).
Informally, this is the sum of all anti-clockwise 3-cycles minus the sum of all clock-

wise 3-cycles.

Remark 1.4.13. If a;e, lies on an edge of A" then Oy,e, W) = ezaiy10i—1, while if

a;ez is an internal arrow then Oy,e, W) = ez (ip106—1 — aj—1041). Hence 117} is the
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path algebra of A™ modulo the following relations.

1. Each length-two path which starts on and ends on the same edge of A", whose

midpoint is not on that edge, is zero.

2. Each rhombus in A" commutes.
Thus II7; is precisely the algebra called A2n) in [43, Definition 5.1].

Note that w permutes Ag, inducing an automorphism of A" such that
(z 5 24 v;) = (W) 5> w(@) + viey),

where we used that w(zx + v;) = w(z) + v;—1. In particular, this automorphism
preserves W}, so we get an induced automorphism of II’; which we also call w by

abuse of notation.

Proposition 1.4.14. [37, Theorem 3.5]. For all n > 2, the algebra 11’} is Frobenius,

and its Nakayama automorphism is w.

Theorem 1.4.8 then implies that, for any n > 2 and cut C C A}, 1, /(C) is 2-
representation-finite, and its 3-preprojective algebra is II’;. This first appeared as

[43, Proposition 5.48]. Hence 117} is called a 3-preprojective algebra of type A.

Example 1.4.15. Consider 1} (see Example 1.4.11). If C = {e,aq | x € AR} C AT,

then II’; /(C) is the path algebra of

N
NN
NN N
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where the marked compositions are zero and the rhombi commute. This is isomor-
phic to the Auslander algebra (endomorphism algebra of the direct sum of indecom-
posable modules) Aus(kQ) of a linearly oriented Dynkin type A4 quiver (). Hence

the terminology “type A”.

1.4.2 2-Zigzag algebras of type A

Higher zigzag algebras were introduced by Grant in [30]. They have a conceptual
definition in terms of twisted trivial extension algebras, but we only need a specific

family, which we will define explicitly.
Definition 1.4.16. [30, Example 3.2] Let n € N, n > 2. The 2-zigzag algebra of type
Ay, denoted Z7, is the path algebra of A™ modulo the following relations.

1. Forallz € A% and i € {0,1,2}, e;a? = 0.

2. Each rhombus
Yy

T z
N A
y/

in A™ commutes.

Note Z7 is finite dimensional, symmetric, and quadratic dual to the 3-preprojective

algebra IT’; of type A, [30].

In this thesis, we equip Z7 with the path-length grading and consider it as a dg

algebra with trivial differential (i.e. d = 0).

1.5 Fractional Calabi-Yau algebras

Throughout, we assume triangulated categories are k-linear and Hom-finite.
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Definition 1.5.1. [9, Definition 3.1] Let 7 be a triangulated category. A Serre functor

is an autoequivalence S of J such that
Homg (E, F) 2 Homg (F,S E)*

naturally in £, F € 7.

Example 1.5.2. [34, §4.6] Let A be a finite-dimensional algebra with gl. dim A < co.

Then the derived Nakayama functor
— @k A*: DP(A) —» DP(A)
(see [64, §10.6]) is a Serre functor.

The Serre functor S on DP(A) gives rise to a derived higher Auslander-Reiten theory.

Definition 1.5.3. [42, §1.2] Let A be a finite-dimensional algebra, d € Z*. The
derived d-Auslander-Reiten translations are the autoequivalences S; = S[—d] and

S; = S™[d] of DP(A).

Given a d-representation-finite algebra A, we define the subcategory
Uy =add{S; A | i€ Z} C D(A).

Proposition 1.5.4. [42, §1.2] Let A be a d-representation-finite algebra.

1. For any M € mod A, H°(S; (M)) = 7 (M). Moreover, Uy = M A[dZ).

2. We have Sq(Up) = S (Un) = U,.

Note that %, is a d-cluster-tilting subcategory of Db(A) in the sense of [42, §1.2].

The following definition is due to Kontsevich [50].

Definition 1.5.5. Let J be a triangulated category with Serre functor S and suspen-

sion functor . Let N, m € Z, m # 0. We say J is
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1. N-Calabi-Yau if there is a natural isomorphism S = ©V;
2. (N, m)-fractional Calabi-Yau if there is a natural isomorphism S™ = ¥V,

If A is a finite-dimensional algebra with gl. dim A < oo, we say A is (N, m)-fractional

Calabi-Yau if this property holds for D"(A).

Remark 1.5.6. Many authors display the Calabi-Yau dimension as N/m, but we pre-

fer (N, m) to reflect the fact one cannot “cancel common factors” in general.

Example 1.5.7.

1. For any quiver Q, D} (T'(Q)) is 2-Calabi-Yau [28, Theorem 3.6.4].
2. For any QP (Q, W), DE, (T(Q, W)) is 3-Calabi-Yau [28, Theorem 3.6.4].

3. If Q is ADE Dynkin with Coxeter number h then kQ is (h — 2, h)-fractional
Calabi-Yau [55, Theorem 3.8(2)].

4. For any cut C C A7, II% /(C) is (2(n — 1),n + 2)-fractional Calabi-Yau [19,
Remark 2.29].

The fractional Calabi-Yau property is closely related to d-representation finiteness.

Consider the following definition.

Definition 1.5.8. [37, Definition 0.3] Let A be a finite-dimensional algebra with

gl.dim A < co. Given ¢ € Aut(A), define
¢" = —@% (4A%): D°(A) = D°(A)

(see [64, §10.6]). If there is a natural isomorphism

for some ¢ € Aut(A) and N, m € Z, we say A is (N, m)-twisted fractional Calabi-Yau.

Theorem 1.5.9. [37, Theorem 1.1] Every d-representation-finite algebra is twisted

fractional Calabi-Yau.



CHAPTER 1. BACKGROUND 24

By [14, Proposition 2.1], a twisted fractional Calabi-Yau algebra A is fractional
Calabi-Yau if and only if the twist ¢ has finite order in the group of outer auto-
morphisms of A. In the case A is d-representation-finite, Grant found necessary and

sufficient conditions for this to happen.

Theorem 1.5.10. [32, Theorem 6.14] Let A be basic d-representation-finite, and let o
be the Nakayama automorphism of II(A). Then A is fractional Calabi-Yau if and only

if o has finite order.

Remark 1.5.11. We have presented simplified versions of the previous two theorems:

they also explain how to compute the Calabi-Yau dimension.

1.6 Bridgeland stability conditions

The following material will be used in Part II. As well as the original paper of Bridge-

land [12], we highly recommend the survey of Barbieri [3].

Recall the following concept, due to Beilinson, Bernstein and Deligne [7].

Definition 1.6.1. A pair (7=Y 7=9) of full subcategories of a triangulated category

9 is called a t-structure if

1. 290 c g=<0and -920 c 20,
2. Homg (7=, 2~-92%) = 0;

3. for each E € 7, there exists a distinguished triangle
E** - FE — E*' — $E~°
with E<0 € 7=0 and E2! € =720,

The heart of the t-structure is the abelian subcategory 7<° N 720 c J. The t-
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structure is called bounded if

g = (U z—i97<0> n (U zig>0> :

1€EN 1€N

In particular, bounded t-structures are determined by their hearts.

Example 1.6.2.

1. Let o be an abelian category. There is a bounded t-structure on D (s ) whose

heart is «.

2. Let A be a dg algebra. There is a bounded t-structure on Dfddg(A) whose heart

is mod(H"(A)) [47, Example 7.1].

3. Suppose Z is either Z(Q) for some quiver @, or Z for some n € N-. By [47,
Theorem 8.1], there is a bounded t-structure on D{;"(Z) whose heart is the
smallest full subcategory which contains Z and is closed under extensions and

direct summands.

Given an abelian or triangulated category 6, we denote by K(6) its Grothendieck
group. Fix a finite-rank free lattice L and an epimorphism ¢: K(€) — L. We say
a group homomorphism % : K(¢) — C has the support property with respect to a
subset X C Ob(%6) if % factors through ¢, and there exists a norm ||- || on L& R and

a constant ¢ € R such that, for all £ € X, |%(E)| > c|[¢(E)||-
Definition 1.6.3. [60] Let ¢/ be an abelian category, and let %: K(s«/) — C be a
group homomorphism such that, forall 0 # E € 4,

%(F) € H:= {rexp(in¢) | r >0, 0 < ¢ < 1}.

The phase of 0 # E € o is ¢(F) = arg%(F)/m € (0,1]. We call E %-semistable
(resp. %-stable) if every proper subobject 0 # F' C FE satisfies ¢(F') < ¢(E) (resp.
o(F) < ¢(F)). We say % is a stability function if it has the Harder-Narasimhan
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property: every 0 # E € ¢ has a filtration
O=FCF,C---CE, 1CE,=F,
where each subquotient Fj := E;/E;_; is %-semistable with phases

P(F1) > d(F2) > -+ > o(Fy).

Definition 1.6.4. [12] A stability condition (¥¢,°%) on a triangulated category J
consists of the heart # of a bounded t-structure, together with a stability function

% : K(#€) — C which has the support property with respect to % -semistable objects.

The support property did not appear in the original definition of Bridgeland, but

was introduced in [51, §1.2].

Definition 1.6.5. [12, Definition 3.3] A slicing % of a triangulated category 7 con-
sists of a full additive subcategory % (¢) C 7 for each ¢ € R, such that the following

axioms are satisfied.

1. Forall ¢ € R, 2 (¢ + 1) =2 (¢)[1].
2. If g >, E€P(¢) and F € P (), then Homg (E, F') = 0.

3. For each 0 # E € J, there exist real numbers ¢; > ¢ > --- > ¢, and a

collection of triangles

OZEO El E2f~"*>En_1—>En:E

IS LN IN
AN N \\
N N N
N N N
N A N

Ay As Ay

such that A; € 2 (¢;) forall 1 < j <n.

Proposition 1.6.6. [12, Proposition 5.3] A stability condition on 7 is equivalent to
a pair o = (P,%) consisting of a slicing %, together with a group homomorphism
%: K(J) — C which has the support property with respect to non-zero objects of
Uger 2 (), and such that % (E) € Rxoexp(ing) for all 0 # E € P ().
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Sketch. Let (#€,%) be a stability condition on 7 in the first sense. Foreach 0 < ¢ < 1,
i € Z,set?P (¢p+i) = add{E[i] | E is % -semistable of phase ¢}. This defines a slicing.

Pairing with K(7) = K(#€) 4 gives a stability condition in the second sense.

Conversely, if (%,%) is a stability condition on ¥ in the second sense, then the
abelian category & (0, 1], defined as the extension-closure of (J,¢ 1) % (¢), is the
heart of a bounded t-structure. Pairing with K(% (0, 1]) = K(9) £ gives a stabil-

ity condition in the first sense.

The non-zero objects (resp. simple objects) of % (¢) are called o-semistable (resp

o-stable) of phase ¢. We call % a central charge.

The following is one of the most remarkable aspects of Bridgeland’s definition.

Theorem 1.6.7. [12, Theorem 1.2], [6, Appendix A], [5] Denote by Stab(%) the set of
all stability conditions on a triangulated category I (for a fixed choice of K() 5 L).
If Stab(7) is non-empty then it is a complex manifold. Moreover, it is locally isomorphic

to the space Homyz (K(7), C) via the forgetful map (#€,%) — °¢.

Bridgeland’s original theorem concerns the set of locally-finite stability conditions,
but local finiteness is implied by the support property. The structure of the stability

manifold is closely linked to Happel-Reiten-Smalg tilting.

Definition 1.6.8. [35] Let #(1, /(> be hearts of bounded t-structures on a triangu-
lated category 7. Then (¢, #(s) is called a tilting pair if 7/, lies in the smallest full

subcategory of J containing #¢;, #¢;|—1] and closed under extensions.

Proposition 1.6.9. [66, Corollary 5.2] Let 0 = (#,,%,) and 7 = (#€;,%;) be sta-
bility conditions on a triangulated category 7. Then o, lie in the same connected
component of Stab(%) if and only if #¢,, 7€, are related by a finite sequence of tilting

pairs.

We can provide a more concrete description under stricter assumptions about the

hearts involved. Call a heart finite if it is finite length and has finitely many simple
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objects up to isomorphism. Denote by Stab(#) C Stab(Y) the space of stability

conditions supported on a given heart # of J.

Proposition 1.6.10. [60, §1] Let J€ be the finite heart of a bounded t-structure on
a triangulated category . Then any group homomorphism %: K(#) — C with
%(S) € H for all simple objects S € # is automatically a stability function with the

support property. In particular;, Stab(#€) = H", where n is the rank of K(#).

Definition 1.6.11. [35] Let #€ be the finite heart of a bounded t-structure on a
triangulated category 7, and let S € # be a simple object. The backward tilt of 7%,
of #€ at S is the smallest full extension-closed subcategory of 7 containing S[—1]
and

St = {FE € ¥ | Homy(S, E) = 0}.

The forward tilt }Eg is the smallest full extension-closed subcategory containing S[1]
and

1S = {E € # | Homy(E, S) = 0}.
We have tilting pairs (#¢, %) and (#%, #€). Moreover, (jﬁbs)ﬁs[fl] ~ 6 ~ (3‘6%)*’3[1].
Proposition 1.6.12. [12], [65]. Let #¢y,#€> be hearts of bounded t-structures on a
triangulated category 9, such that #¢; is finite. Take a simple object S € #(1. Suppose

@ # Wg C Stab(#;) is the real-codimension 1 locus on which S has phase 1, and all

other simple objects have phase less than 1, then

0 = (H6y)% <= Stab(#€)) N Stab(#6y) = Wg.
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Introduction

Many mathematical objects admit a classification by Dynkin diagrams, perhaps most
famously the semisimple Lie algebras over C. Gabriel’s theorem says that the path
algebra of a quiver is representation finite if and only if its underlying graph is an
ADE Dynkin diagram, which happens precisely when the preprojective algebra of
the quiver is finite dimensional. The group Zs acts on the type A Dynkin diagrams by
rotating them through 7. One obtains the type D diagrams by taking Z,-orbifolds,
i.e. quotienting by this action while duplicating the fixed vertex, whenever one

exists (see Table A).

A related classification appears in [21, 22], where Evans and Pugh study Jacobian
algebras over so-called ADE graphs, introduced by Di Francesco and Zuber in work
on SU(3) modular invariants [18]. The group Zs3 acts on the type A graphs by
rotating them through 27/3. One obtains the type D graphs by taking Zs-orbifolds,
i.e. quotienting by this action while triplicating the fixed vertex, whenever one
exists. The type A algebras are well-studied. Indeed, we show they are isomorphic
to the 3-preprojective algebras of type A. In this part I present work from my article
[33], which started as a study of the type D algebras using higher homological
algebra.

We present a family of selfinjective algebras, which are Morita equivalent to skew
group algebras of the 3-preprojective algebras of type A by a construction of Giovan-
nini and Pasquali [29]. Our definition is standalone, in the sense that it makes no

reference to type A. This unlocks the possibility of locally reconstructing the algebra

30
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Type A Dynkin diagram Zs-orbifold

. Ty : .D

Ay : e

Table A: Type D Dynkin diagrams (and tadpole diagrams) arising as Zs-orbifolds of
type A diagrams.

around a given vertex, which we utilise in the proof of Lemma 3.1.4. In §2.3 we

show these algebras are isomorphic to the type D algebras of Evans and Pugh.

Using the classification of Herschend and Iyama [38], we show that one in three of
the selfinjective algebras are 3-preprojective. We call these the 3-preprojective alge-
bras of type D by analogy with Dynkin diagrams. By considering their Nakayama
automorphisms and applying Grant’s theorem [30], we show that the corresponding
2-representation-finite algebras are fractional Calabi-Yau. Finally, we give a recipe
to construct 2-Auslander-Reiten quivers for an arbitrary basic 2-representation-finite

algebra.

Remark. Following the convention in [21, 22], we denote by D" the quiver obtained
as an orbifold of A" (and label the corresponding algebras accordingly). However,
only every third quiver is the quiver of a 3-preprojective algebra. We could have
chosen to only label those with a D. However, it is not obvious how one should

index in this case (see Table B).
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Quiver Our notation

3-preprojective algebra?

32

Alternative notation

.Q D2

°:>°D D3

X

N X% %N %

r:r?

-~

-~

Baad 9

-~

Table B: Two options for notation. See Figure 2.1 for the missing quivers.



Chapter 2

3-Preprojective algebras of type D

Denote by >~ the strict lexicographic order on N3. Throughout, = denotes congru-
ence modulo 3. Given z,y € N3, write  ~= y if z is component-wise congruent

modulo 3 to w/(y) for some j € {0, 1,2} (see Definition 1.4.9).

Definition 2.0.1. Let n € N, n > 2. Define

Qp ={zeN?|zo4a+a=n—1, z>w(), z >z},

2
Q7 = U {2 2% Wi (@) + v | 2,0 (z) + v; € QLY
i,j=0

where vg = (—1,1,0), v1 = (0,—1,1) and vy = (1,0, —1).
If n # 1, let D" be the quiver with vertices D = Qf and arrows D} = QF.

If n = 3m + 1 for some m € Ny, write X = (m, m, m), and let D" be the quiver

with vertices D = Qp U {Xo, X1, X2} (i.e. take three copies of X) and arrows

m o QUULX —wo 2 Xy, Xp 25 X +us | k=0,1,2).

Some examples are given in Figure 2.1. Note we often write xoxiz2 in place of

(xo,x1,22), T M y in place of x RN y, and z N y in place of x &8 V.

33
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Definition 2.0.2. Let n > 2. Define a Jacobian algebra II}, = J(D", W3) over C

using the potential W}, = > _ A} (c)c, where the sum is taken over all 3-cycles in D",

and A7 is defined as follows.

1. Suppose ¢ = e j, i, 4, (i, 5, CcOntains three distinct arrows. If jo+j1+j2 = 0

then

1 lf (Z() +j0,i1 +,70 +j17i2) ~= (07172)7

—1 if (ip + jo, i1 + jo + j1,12) ~= (0,2,1).

Otherwise, A\ (c) = 0.

2. If ¢ = ez} ; for aloop e,a; j then

ol

if (i + j,i 4 24, 7) ~= (0,1,2),

—3 i (i 44,0+ 24,1) ~= (0,2,1).

3. If n = 1 then let ¢ = €>™/3. For each k € {0,1,2}, A (a18x7x) = —1 and

A (o1 Bkve) = CF.

Example 2.0.3. The potential on D* is

2
Wy = apaas + OapasTon + Z(Ckamﬂk% — a1 B, 7k)-

k=0

Note we often write «; for a; o. Hence 113, is CD* modulo the ideal generated by

Qpay,

2
> EBen,
k=0

k
o1 Bk — 1Bk,

a1Q,

2
200 = Y Bk,

k=0

k
CTyRo21 — YRO2,1-
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Example 2.0.4. The potential on D5 is

5
W3 = eqporpri g — e3010000201 + €310 Q1 02

3
€21109 1
3 .

+ €301 022002 1 — 2200121002 2 +

2.1 Morita equivalence to skew group algebras

Definition 2.1.1. Let G be a finite group acting on an algebra A by automorphisms.
The skew group algebra A#G has underlying vector space A® kG, and multiplication
satisfying (a ® g)(b® h) = ag(b) ® gh for all a,b € A, g,h € G.

In [29], Giovannini and Pasquali study the case A = J(Q, W) is a Jacobian algebra
and G is a finite cyclic group. Under certain assumptions, they give a recipe to
construct a QP (Q, W) such that J (Q, W) is Morita equivalent to A#G, building on
[57]. In particular, their assumptions are satisfied when (Q, W) is strongly planar

and G acts by rotations (definitions to follow) [29, Lemma 6.5].

Definition 2.1.2. [38, Definition 8.1] Let (Q, W) be a QP. Its canvas X w) is the

following 2-dimensional CW complex (see e.g. [36, §0]).

1. The 0O-cells are the vertices of @, i.e. X?Q w) = Qo-

2. The 1-cells are indexed by the arrows of ). For each o € @1, the attaching

map ¢l : {0,1} — X?Q,W) satisfies ¢ (0) = s(a), ¢L(1) = t(a).

3. The 2-cells are indexed by the cycles appearing in W. For each a € @1, fix a
characteristic map e/, : [0, 1] — X (g ) extending ¢,. For each ¢ = ag - - - ap—1,

the attaching map ¢?: S* — X (1Q Wy satisfies

42 (cos (2;(1 + t)) sin <2§(z + t)>> — <l (1)

for integers 0 < i < n and real numbers 0 < ¢ < 1.
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Informally, the 1-skeleton is the underlying graph of @), and to obtain the canvas we

glue a 2-cell along each cycle appearing in .

Definition 2.1.3. [29, Definition 6.3] A QP (Q, W) is called strongly planar if there

is an embedding X g ) — R? whose image is homeomorphic to a disc.

Lemma 2.1.4. For each n > 2, (A", W}) is strongly planar.

Proof. Identify R? with the plane P = {z € R3 | 29 + 71 + 22 = n — 1}. Embed
the vertices of A™ in the obvious way. For each e,; € A}, embed the 1-cell D] .
as the line segment joining x and x + v;. The induced embedding X(4n yn) < P
has image {z € P | xo, 1,22 > 0}, which is a closed triangle lying in the plane and

therefore homeomorphic to a disc. O

Definition 2.1.5. [29, Definition 6.4] Let (@), W) be a strongly planar QP, and let G

be a finite cyclic group acting on (). Then G acts on (Q, W) by rotations if

1. there is an embedding X g y) < R? such that the action of a generator of G

is induced by a rotation of the plane;
2. the action of G is faithful;
3. every cycle ¢ appearing in W is one of the following types:

(a) ¢ contains no vertices fixed by G;
(b) c contains precisely one vertex fixed by G' (counted with multiplicity®);
(c) ccontains precisely one vertex not fixed by G (counted with multiplicity);

(d) c only contains vertices fixed by G.
Lemma 2.1.6. For each n > 2, Z3 acts on (A", W7}) by rotations.

Proof Since w? = id, there is a group action

Zs — Aut(A"),

j = wl.

'Hence if ¢ contains two arrows whose targets are fixed (even if these happen to be the same
vertex), it fails condition (b). Analogously for condition (c).
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1. Consider the embedding X anwny = P from the proof of Lemma 2.1.4. Then

n—

w is induced by rotating P clockwise through 2T about (%51, 251, 221)

2. Since n > 2, (n —1,0,0) is a vertex of A" not fixed by w or w?, so the action is

faithful.

3. Note z € Ay is fixed by Z3 if and only if g = 21 = 2. Butzo+21+22 =n—1,
so this occurs precisely when n = 3m+ 1 for some m € Ns. In this case, there
is a unique fixed vertex (m,m, m). Let c be a cycle appearing in W}. Then ¢
passes through any given vertex of A™ at most once. Since there is at most one

vertex fixed by Zs, c is either type (a) or (b). O

Theorem 2.1.7. [29, Theorem 3.20] Let G be a finite cyclic group acting by rota-
tions on a strongly planar QP (Q,W). Then G acts on J(Q, W). Furthermore, there
is a construction giving a QP (Q, W) and an idempotent n € J(Q, W)#G such that
J(Q, W) = n(J(Q,W)#G)n, and this isomorphism induces a Morita equivalence be-
tween J(@, W) and J(Q, W)#G.

We apply their construction to (A", W}), and conclude that (ﬁ, ﬁ/vﬁ) = (D", W3).

Vertices

Let Vi = {z € A} | z = w(z), z = w?(2)}. Writing X = (231, 21 221y et
Vo = {X}if n = 1, and Vo = & otherwise. Note that V; L V5, is a complete set of
representatives of the Zs-orbits of vertices of A", and that V5 contains precisely the
fixed vertices. Now ng = V1 if n # 1, while ﬁ(} =V U{Xop, X1, X} if n=11[29,
Notation 3.9-11]. Note the idempotent is n = (}_,cy;0y, €2) ® 0 € I #7Z3, where

we mean the group element 0 € Zg.

Arrows

For each arrow in A7, we fix a representative of its Z3-orbit, and define arrows in

An corresponding to these representatives [29, Notation 3.13].
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1. Consider an arrow in A7} between two vertices not fixed by Zz. There is a
unique arrow in its orbit whose target is in ;lv”, and it must be of the form
w () % wi(z) + v; for some z € AZ, i, j € {0,1,2}. We define a correspond-

. Qg .~
ing arrow z —% w’(x) + v; in A7}

2. Suppose n = 1. There are three arrows in A} whose target is X, all in the
same Zs-orbit. Only one of them has its source in ﬁ, namely X — vy 9 x.
We define corresponding arrows {X — vy TN Xk | k=0,1,2} in jﬁf There
are three arrows in A7 whose source is X, all in the same Zs-orbit. Only one
of them has its target in A?, namely X 25 X + va. We define corresponding

arrows {Xj, = X + vy | k=0,1,2} in;lv?.

Potential

We fix a complete set C LI Cy of representatives of the Zs-orbits of 3-cycles in A",
where C; contains the cycles that do not pass through the fixed vertex X, and C,
contains the cycles that do. In particular, if n # 1 then Cy = @. To each ¢ € C; we
associate a cycle ¢ in ;471, while to each ¢ € Cy we associate three cycles ¢y, ¢1, ¢2 in

An [29, Notation 3.17].

1. Consider a 3-cycle in A" that does not contain X. Choose a representative ¢

of its Zg-orbit that contains at least one vertex from A{j. Then c is of the form
o g s
r—y — 2z —ux

where z € A7, {0,142} = {0,1,2}, y' = x + vy and 2’ = z + vy, + vy . Then
y = wh(y) € A% and z == w1 (2') € AP for unique jo,j; € {0,1,2}. Let
i, 11,72 € {0,1,2} satisfy ig = i) — jo, i1 = ¥} — jo — j1 and jo = —jo — 1.
Define ¢ to be the cycle

20,J0 11,J1 i2,j2
" ( ) y ( ) . ( ) .
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in A”. See Remark 2.1.8 for a proof ¢ exists.

2. Suppose n = 1. There are six cycles in W) containing X, in two disjoint

Zs-orbits. As representatives of these orbits we choose

c X—F’UQL)X—’UOi)Xi)X—FUQ,

e X‘FUQL)X*Ul i)Xi>X+v2.
For each k € {0, 1,2}, we define the cycles

C;: X+U2—1>X—’U0ﬁ>in>X+U2,

X 4oy 2H X e P x5 X 4

in A". We also define p(c™) =0, p(ct) = —1. Informally, this will adjust for

the fact that X —v; ¢ 5473 but w(X —v1) € ﬁé

By [29, Notation 3.18], the potential on An is

2
wn |Z3 - c|Aa(c) ~ —p(c)k ~
Wi = Z fc—i- Z )\A(C)ZC PR .
ceCy ceCs k=0
Remark 2.1.8. We prove that the cycle ¢ defined above exists in An. Recall ¢ is the

cycle

-/ . -/ . . .
z % I (y) Ly w0 (2) L2

in A", where z,y, z € A%, {if,, i}, iz} = {0,1,2} and jo, j; € {0,1,2}.

-/
1. Consider z —2 w0 y). Applying w’° shows that the arrow in its Z3 orbit with
target in ﬁg is wio(x) —% y, where ig € {0, 1,2} satisfies iy = i), — jo. Hence

. (io,do) . T
there is an arrow z —=" y in A7

2. Consider w9 (y) — w=J0=J1(z). Applying wo+il shows that the arrow in
its Zs-orbit with target in A? is w’ () 1 2, where iy € {0, 1,2} satisfies

. . . . . (11,51 .~
i1 =1} — jo — j1. Hence there is an arrow y —>) z in Ag.
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3. Note that w70—71(z) =% z already has target in A”, so there is an arrow

L 2de) A3, where j, € {0,1,2} satisfies j, = —jo — Ji.

(t0,J0)  (i1,J1)  (i2,J2)

Therefore the cycle ¢ given by z =2’ y "8 2 "2 o exists as claimed.

Theorem 2.1.9. For each n > 2, (A", W2) = (D", W), so I} = (I #Z3)n. In

particular, 117 is Morita equivalent to I’ #7Z3.

Proof. By inspection, Aj = Dy, A7 C D7. To see that D} C A7, take e,a;; € DY
Then z,w’(z) +v; € Af, SO €, is an arrow in A} between two vertices not fixed
by Z3, whose target is in Afj. Hence e,c;; € A} by construction, and we conclude

that A" = D™,

Note that ﬁ//z and W are both linear combinations of 3-cycles in D". Hence to show
they are equal it is enough to check, for every 3-cycle ¢ in D", that its coefficient

Xfl(c) in V[T}f is equal to its coefficient A}, (c) in W§.

1. Suppose ¢ = ez j 0, j) iy j, contains three distinct arrows. In the case
Jjo+j1+j2 # 0, c does not appear in 17[\/:7{ by construction, so S\E(c) =0=\}(c).
Otherwise, let i(,, 7} € {0, 1,2} satisfy i;, = io + jo and ¢} = i1 + jo + j1. Then
¢ = d, where d is the cycle ey oy iy in A™. Hence

_ |Zs - dXy(d)
3

= Aa(d)

X3 (c)

1 if(io + jJo, %1 + jo +j1,i2) ~= (07172)
—1 if (do + jo. 11 + Jo + j1,42) ~= (0,2,1)

= )\fD(C).

2. Suppose ¢ = ema?’j for a loop e ;. Let¢/,i" € {0,1,2} satisfy i/ =i + j and
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1" =i+ 2j. Then c = J, where d is the cycle e, o ;7 c; in A™. Hence

3. Suppose n = 1 and suppose c is a 3-cycle in D" containing X, for some k.

Then either ¢ = a1 8y = ¢, or ¢ = a2 18k VK = C;- But

N (i Byk) = N (¢7) PR = —1 = A2 (an B,

)\Nﬁl(az,lﬁk%) = N ()P = ¢k = N (a1 Brn)-

Therefore (ﬁﬁ, 171/77) = (D", W3), and Theorem 2.1.7 completes the claim. O

2.2 Taking cuts

Lemma 2.2.1. Suppose n # 1. There does not exist a cut of (D", Wg).

Proof. If n = 3m for some m € N then there is a loop e;a22 € DT, where
x = (m,m,m — 1). The 3-cycle ewoz%’72 appears in W, with non-zero coefficient. For

any subset C' C DY, degc(eza3 ) € {0,3}, so C is not a cut.

Similarly, if n = 3m + 2 for some m € N then there is a loop e, 1 € DY, where
x = (m+ 1,m,m). The 3-cycle exoz%l appears in W, with non-zero coefficient. For

any subset C' C DY, degc(eza3 ;) € {0,3}, so C is not a cut. O

Definition 2.2.2. [29, §7] Let G be a finite cyclic group acting by rotations on a
strongly planar QP (Q,W). A cut C of (Q,W) is G-invariant if g(a) € C for all

geG, aeC.
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Lemma 2.2.3. Let n = 3m + 1 for some m € Nsq. Then (D", W) has enough cuts.

Proof. As usual, put X = (m,m,m). Take an arrow 6 € D}. There are three

possibilities.

1. Suppose § = ega;; for some x € Df, 4,5 € {0,1,2}. In this case, define

= € (z) € A?
2. Suppose 0 = 3 for some k € {0, 1,2}. In this case, define 0’ = apex € AY.

3. Suppose 6 =, for some k € {0,1,2}. In this case, define ' = exay € AT.

By [29, Proposition 8.2], there must exist a Zz-invariant cut C’ of (A", W) contain-

ing ¢’. Hence by [29, Proposition 7.3],

C= {633041'73‘ | TE an ewj(x)ai € C} U {ﬁ07ﬁlvﬁ2 ’ Qpex € C,}

U{y0,71,72 | exae € C'} (2.1)

is a cut of (D", W). Since ¢’ € C’, we have ¢ € C. Therefore (D", W) has enough

cuts. O

Lemma 2.2.4. [29, Corollary 2.6] Let G be a finite group acting on a Frobenius alge-
bra A by automorphisms. If the Nakayama automorphism of A generates the subgroup

Im(G) C Aut(A), then A#G is symmetric.

Proposition 2.2.5. For each n > 2, 1I}} is symmetric. If n = 1 then for any cut C,

113, /(C) is 2-representation-finite, and its 3-preprojective algebra is II7,.

Proof. By Proposition 1.4.14, II"; is Frobenius and its Nakayama automorphism is
w, which generates Im(Z3) C Aut(II’;). Hence Lemma 2.2.4 shows that II", #Z3
is symmetric. Since being symmetric is Morita invariant, the same is true of II7.
In particular, (D", W}) is a selfinjective QP, so Theorem 1.4.8 yields the second

statement. O
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If n = 1, we call I} a 3-preprojective algebra of type D. Given a cut C, we call
13, /(C) a 2-representation-finite algebra of type D. The following, which is immedi-
ate from [29, Theorem 7.9], shows that the various 2-representation-finite algebras

associated to II1}, are closely related.

Corollary 2.2.6. Let n = 1. Then II} /(C) is derived equivalent to 111}, /(C") for any

pair of cuts C, C'.

2.3 Connection to operator algebras

In [21, 22], Evans and Pugh study Jacobian algebras of the A and D quivers (in-
terpreted as the SU(3) ADE graphs of Di Francesco and Zuber [18], see also [15])
with respect to different potentials. We show that their algebras are isomorphic to
the ones considered here. We use the letter V' to denote the Evans-Pugh potentials,

in contrast with the letter W for ours.

Fix n > 2 and write ¢ = ¢/™/("*2)_ For each m € Z there is a quantum number

[m] = (g™ —q¢ ™) /(¢—q ).

2.3.1 Type A

Definition 2.3.1. [21, Theorem 5.1] Define a potential on A™ by V! = > % (c)c,

where the sum is taken over all 3-cycles in A" and, for each x = (29, 1, z2) € A,

n Ve + 1y + 2w + 1w + 2)[w1 + 2 + 2][x1 + 22 + 3]
wh(ezopagag) = 2] )

n _ \/[3:1 + 1][1‘1 + 2][:132][332 + 1”:E1 + 29 + 2][I‘1 + 29 + 3]
wh(ezapanar) = 9] .

Remark 2.3.2. We believe there is a small typo in [21, Theorem 5.1]. Namely, the
formula (14) should have [k + m + 3][k + m + 4] in place of [k + m + 2][k + m + 3].

Translating into our notation gives the above definition.

Lemma 2.3.3. [17, Proposition 3.7] Let (QQ,W) be a QP and Q' be a quiver. An
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isomorphism f: kQ — kQ' induces an isomorphism J(Q, W) = J(Q', f(W)).

We first replace the commutativity relations in II’; with anti-commutativity relations,

adapting the method in [30, §3.3].

Lemma 2.3.4. Let |IW}| be the potential on A" given by the sum of all 3-cycles, each
with coefficient 1. Then II7; = J(A"™, |W7}|).

Proof. Define par;(x) = (—1)""*i+! for all x = (xo,x1,22) € Ay and i € {0,1,2},
where z3 = z¢. Let f: CA™ — CA" be the unique algebra automorphism such that
f(eza;) = par;(z)eza; for all e, € AT. Consider a cycle cin W}. If ¢ = e;apaqan

for some = € A then A’ (c) = 1. Hence

Ff(N4(c)e) = parg(z) par; (x + vo) pary(z + vo + v1)c
= (—1)" " (=1)" 72 (=1 (ot
— (_1)2n+QC

:C7

where we used that zo + 1 +x2 = n— 1. Similarly, if ¢ = e;apaa; for some z € Af

then X\’ (c¢) = —1. Hence

f(Na(c)e) = —parg(z) pary(z + vo) pary (z + vo + v2)c
— _(_1)n—z1(_1)n—($0—1)(_1)77,_(;52_1)6

— _(_1)2n+3c

Therefore f(W}) = |W}|, meaning II’; = J(A",|W}|) by Lemma 2.3.3. O

Proposition 2.3.5. For all n > 2, II"; = J(A", V}).

Proof. By Lemma 2.3.4, it is enough to show that J(A", |W}|) = J(A",V}). For
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each z = (zg, 21, 22) € AJ, let

{I/[xl + 1][x1 -1—2][3:1 + X9 —|-2][$1 + 29 +3]

coefp(z) = s |
coef (z) = é/[xl][l’l + 13][@2] + 1]z + 2]’

_ {1/[952][1‘2 + 1)[z1 + zo + 1][z1 + 22 + 2]
coefy(x) = o '

Let g: CA™ — CA™ the the unique automorphism such that g(e,«;) = coef;(z)e;a;

for all e,a; € AT. Consider a cycle cin |W}|. If ¢ = e;apagap for some = € Af, then

g(c) = coefy(x) coefy(z + vg) coefa(x 4+ vg + v1)c.

Note that

{1/[5U1+1][$1+2Hl‘1 + zo + 2][x1 + 22 + 3]

coefp(x) = %0 7
coef1(z + vo) = Vw1 + 1]z 4;2[]2[]1‘2 + 1]z + 2]7
coefy(x + vo + v1) = é/[xz + 1][z2 + 2] [xi —E—Q]l’z + 2][z1 + 22 + 3] '
Hence
g(c) = Vles + Uz + 2wz +1] [@[;i 2][x1 + x2 + 2|[z1 + z2 + 3]0 — (o).

Similarly, if ¢ = ezapasa; for some x € Afj, then

g(c) = coefy(x) coefa(x + vo) coef(x 4+ vy + v2)c.

Note that

Vzol[xe + 1[z1 + 22 + 2][21 + T2 + 3]
V(2] ’
V[z1 + 1[z1 + 2][x2][r2 + 1]
v [2] '

coefa(x 4+ vg) =

coef(x 4+ vg + v2) =
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Hence

g(c) _ \/[x1 + 1”x1 + 2] [CL‘QH%Q +[21]] [xl + 20 + 2] [.’E1 + 22 + 3] o MZ(@C.

Therefore g(|W7}|) = V!, meaning J(A", |W}|) = J(A",V}) by Lemma 2.3.3. O

2.3.2 Type D

The only way (A", V') differs from (A", W7}) is that the coefficient of each cycle in
the potential has been multiplied by a non-zero scalar. In particular, they have
the same canvas. Hence (A", V}') is a strongly planar QP on which Z3 acts by
rotations, so we may apply Theorem 2.1.7. Rescaling the coefficients does not affect
the construction of the quiver, nor of the idempotent, nor does it change which

cycles appear in the potential. Hence we obtain a potential

2
f/;?ll _ Z |Z3 C|IU’A T+ Z ,LL )kZCp(c)kév
=0

ceCy ceCy

such that J(D", 17}) = n(J(A"™, V1)#Z3)n, where we slightly abuse notation and

consider 7 as an element of J(A", V) #Zs3.

Definition 2.3.6. [21, Theorem 6.1-2] Define a potential on D™ by V) = " uf,(c)c,

where the sum is taken over all 3-cycles in D", and 7, is defined as follows.

If n = 3m + 1 for some m € Ny then, for each k € {0, 1,2},

papy (2,1 Bk vk) = ¢k [m + 2] \/%n[”;]}[m + 1]3,

For all other cycles ¢ (including when n # 1), uif(c) = ﬁﬁ(c).

Remark 2.3.7. In [21, Theorem 6.1-2], the authors explicitly give the coefficients of
six cycles, and say that the rest are given by the coefficients of the corresponding

cycles in V. If we assume that uf(c) = ;jﬁ(c) for all ¢, we already get the desired
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coefficients for four of the distinguished cycles, so we omit them from the definition.

Lemma 2.3.8. For all n > 2, J(D", V1) =2 J(D, V2).

Proof. If n # 1 then 17} = VJ}, so assume n = 3m + 1 for some m € Ny,. Let
h: CD™ — CD" be the unique automorphism such that h(8;) = %Bk for each

k € {0,1,2}, and such that & is the identity on all other arrows.

If ¢ = a1 By, then ¢ = ¢, where ¢™ = €(,;,4.1 m—1,m)020v1. Hence

(e = e AL )

[m][m + 1]y/[2m + 1][2m + Q]C
V3[2]
] /I 1P+ 7]
V3[2]

= ¢k

= ¢k

= pp(c)e,

where we used that p(¢c™) =0, and that [/] = [3m +3 -] forall 1 <[ < 2m+2[21,

Lemma 4.3]. Similarly, if ¢ = ag,1 84y, then ¢ = ¢, where ¢ = e 144 1)a00100.

Recalling p(c™) = —1, we have
= _ k(R A (e
h(uj(c)e) = ¢ 5 °

_ oelm 1/ mllm + 2)[2m + 1][2m +2]

- V3[2]

_ [m + 2]/ [m][m + 1}30

- V3[2]

— 13 (c).
Therefore h(vff) = VJ}, meaning J(D", ‘f/}) = J(D", V) by Lemma 2.3.3. O

Proposition 2.3.9. For all n > 2, IT}, = J(D™, V).

Proof. Recall the maps f and ¢ from the proofs of Lemma 2.3.4 and Proposition
2.3.5. They both act as the identity on length-zero idempotents, so we have an

isomorphism gf ® id: Il #Z3 — J(A", V! )#Z3 which preserves 7. Thus we have a
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chain of isomorphisms
n A n ®id n m ~ n 1/n n yn
I = (I #Zs)n “5 n(I(A™ VI #Zs)n = J(D", V) — J(D", ViE),
where the last map is h if n = 1, and id otherwise (see the proof of Lemma 2.3.8).

O

Remark 2.3.10. In [22], the authors determine the Nakayama automorphisms of
J(A"™, V}) and J(D", V). Thus, the above result provides an alternative way to

prove Proposition 2.2.5.



Chapter 3

2-Representation-finite algebras of

type D

3.1 The fractional Calabi-Yau property

Let A = J(Q,W)c be a basic 2-representation-finite algebra, and let o be the
Nakayama automorphism of its 3-preprojective algebra IT = J(Q,W). Then for
all i € Qo, (Ile;)* = o(e;)II as II-modules. By [42, Proposition 1.3], there exists
a function [: Q9 — Z such that (Ae;)* = T;l(i)(a(ei)A) for all i € Qo. Equipping
IT with the tensor grading, [31, Proposition 3.2, §4] tells us that for all ¢ € Q,

(TTe;)* = o(e;)II{i(3)} as graded II-modules.
The following is an amalgamation of results due to Grant.

Proposition 3.1.1. Maintaining the above notation, suppose there exists k € N~ such

that o* = id. Then

1. there exists N € Z such that for all i € Qq, Z?Zl (a7 (i) = N;

2. Ais (2N, k + N)-fractional Calabi-Yau.

Proof. In [31, §3.4], it is demonstrated that if f € Homy(e;A, 7, "(e;A)), then we

50
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have o(f) € Homy (o (e;)A, Té(i)_l(j)_T(G(€j>A)), meaning (o,1) is a degree-adjusted
automorphism in the sense of [32, Definition 4.19]. Hence [32, Lemma 6.15] yields
the first statement. In fact, (o, 1) is a tr-graded Nakayama automorphism in the sense

of [32, Definition 4.21], so [32, Theorem 6.14] completes the result. O

Definition 3.1.2. Let n = 3m+1. Let K’ be the Zs-invariant cut of (A", W) defined

by the following diagram.

(0,0,3m)
/ O \
(m,0,2m) (0,m, 2m)
/ ) \ ! / 1 \
(2m,0,m) (m, m,m) (0,2m, m)
/ 1 \ 1 / ' \ ) / ) \
(3m,0,0) (2m, m, 0) (m, 2m, 0) (0,3m,0)

Here, the label i means that all arrows «; in that region (including those on the

edge) should be cut. Let K be the induced cut of (D", W3).

See Figure 3.1 for K’ and K in the case m = 2.

Remark 3.1.3. Note that all arrows in K’ appear in the leftmost set of (2.1), see the

proof of Lemma 2.2.3. Hence e;q; j € K <= e, € K.

Recall that the socle Soc(M) of a module M is its maximal semisimple submodule.

Lemma 3.1.4. Let n = 3m + 1 and let x = (3m,0,0). Then Soc(e,11},) = (p), where

(3m—1)/2 (3m—1)/2

ez 0y Q100 if m is odd,
p =
3m/2 3m—2)/2 . .
exozom/ agJozg m=2)/ if m is even.

In particular, degy (p) = m.

The proof proceeds by recursively computing the space e, IL} (k) of paths starting at
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006
105 ——---—----3 > 015
204 —--mmmmm N R s 024
e K.
303 ——— 213 ——--mmm3 » 123 —— 033
e P K R
L</ \ 14/ \ / N / N
402 ——— 312 229 132 042
K IN e e
501 411 37 [ s 231 141 051
K K e e
600 510 420 -----mmmo3 2 — y 240 ——— 150 ——— 060

(222),

(222);

501

600 510

Figure 3.1: The Zs-invariant cut K’ of A7 and the induced cut K of D7, indicated
by the dashed arrows.
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x of length k. The m = 1 case is slightly different, so we treat it separately.

Example 3.1.5. Let m = 1, so the distinguished cut is K = {«a;,a2:}. Clearly,
e, 117,(0) = (e,) and e,114 (1) = (ap). One can extend this to a path of length 2 by
following o or as ;. Note that aga; = 0, while there is no relation reducing agpas 1.
Hence e,11}(2) = (apas,1). One can extend this to a path of length 3 by following
a9 or B, for some k € {0,1,2}. Note that agaz18; = Cikaoalﬁk = 0, while there
is no relation reducing agas 2. Hence exngg(3) = (a2, 102). The only way to

extend this path is by following «g, but

2 2 4
Qo2 101 Qg = Qe E Brk = § ?aoalﬂk =0.
k=0 k=0 F

Therefore Soc(eggﬂ‘%) is generated by oo 12, which has degree 1 as claimed.

Proof of Lemma 3.1.4. Let m > 2. To clean up the notation, write IT = J(D, W) in
place of II}; = J(D", W3). Clearly, e,II1(0) = (e;) and e, II(1) = (eyap). There are

two ways to extend this to a path of length 2.

(3m —1,0,1) (3m —2,1,1)

2 T 1
sl 2

z = (3m,0,0) (3m —1,1,0) ~=--mmmmmmemeeeee s (3m —2,2,0)

Note that u,e, W = ezapai, S0 ezapag = 0. There is no relation reducing e,a3,
since the two arrows lie in 3-cycles which do not share a common edge. So certainly

eza2 # 0, and this path generates e, 11(2).
Case 1: m is even.

Let 2 < k < 2 and assume that e,II(k) = (e;af). There are two ways to extend

this to a path of length & + 1.
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LN
1
1 2 SN

y=(m—k+1,k-10) i y+ o 5o y+2fo

y+ fi

Note that Ju,e, W = e,(apa1 — aiag), so exalgal = exozg*lalozo, which is 0 by

assumption. As before, there is no relation reducing ewo/g“, so this path generates

e, I1(k + 1). By induction, e,II(k) = (e,af) for all k < 2.

There are two ways to extend e,a>"? to a path of length dmt2

(27522, 0, #172)

(\‘\\ (271)
3m 3
(%5, %5+, 0)
a1
o Rt
3m+2 3m—4 3m 3m—2
(5=, =L 1) (554, 5=, 1)
0
1 2
_ (3m+2 3m—2
2= (57, 755,0)
3m/2 (3m—2)/2
Note that Jn,e, W = e;(apor — a10p), S0 ez ' "0 = ezoy; ajog = 0. There

/2

. . . 3 .
is no relation reducing ewaom as,1, so this path generates exH(?’m—;Z).

/2

There are two ways to extend e,/ “as 1 to a path of length 374,

_ 0 _
(Wvov 3'm,2 2) 77777777777777777777777 ” (%717%)
9 \ (2.2) 21)
e 21) / \
dnged g, ot w= (%, %,0) 1 (3, 32 1

3m/2 3m/2
Note that Jn, ,W = ey(a2100 — a102.1), SO ezay / a1 = egap L oqagy = 0.

. . . 3m/2 .
There is no relation reducing exaom/ a1, so this path generates exﬂ(%).

Let 1 < k < 3m=2 and assume that e, TI(3%2 + k) = (e,ad™ g 10k). There are

two ways to extend this to a path of length 222 4 k + 1.
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= (32 4 k- 1,0,3m2 k1) —2 vt fy
VA fo mmmmmmmmm o) v —fi
2///
K
v+ 2fo

3m/2 3m/2 _
Note that 0y, W = e, (aap — apa), S0 exaom/ g 1abag = exaom/ Q9 10/5 Lapas,

. . . . . . 3 2 .
which is 0 by assumption. There is no relation reducing egcaom/ ag 105, so this

path generates e, I1(2"5t2 4 k + 1). By induction, e, I1(322 + k) = (exag /20@,10@

for all k < 3m=2,

m/2 (3m—2) /2)

3 . .
Now, t(egay "oz 10y = x. There is only one arrow with source x, namely

ez (see start of proof). But since 0, W = e@m-1,0,1) (a2 — azag), we

1€(3m—1,0,1)

have that exagm/Qag,lagsmﬁ)mao = 0. Hence e, II(k) = 0 for all k& > 3m, and

Soc(e,II) is generated by the path p as claimed. By Remark 3.1.3, we have that

degy (exvij) = degp (e (z)i). Hence

3m/2

degc(p) = dege(eaay™'?) + degycr (0™ eq).
By definition of K’,
deg e (e0p™?) = deger (03 %e,) = %
Therefore we indeed have degy (p) = m.
Case 2: m is odd.
Arguing as in Case 1, one finds that emH(3m—2_1) = <exa(()3m_1)/2>. There are two

: 3m+1
ways to extend this to a path of length =75,
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(Sm—l—l ’ 0’ 3m—1)

2 2
$\\
(21
3m+3 3m—5 0 3m+1 3m—3
(%5, 2=, 1) (#1525, 1) \
(\‘\\\1 \\\
1 2 TN
_ (3m+3 3m—3 3m+1 3m—1
Y= ( 2 i 2 70) 0 ( 2 ) 2 70)
3m—1)/2 3m—3)/2
Note that Ou,e, W5 = ey(apar — arap), so emaé m=1)/ o) = exaé m=3)/ arag = 0.
. . . 3m—1)/2 .
There is no relation reducing exoz(() m=1)/ as,1, so this path generates ezH(?’m—jl).
3m—1)/2
There are two ways to extend e,o\™ /%ay ; to a path of length Smt3
3m+1 3m—1
(575,0,20=) i
2 e \‘\\‘\ (1a2)
kll/ \\\\\\
3m+3 3m—3 S~.
(#7572,0, =75=2) (2,1) S
I
3m+1 3m—3 0 3m—1 3m—1
(F5=, 252, 1) (=, 25—, 1)

\/

3m+1 3m—1
2 2 ’0)

2=

Note that 6azez Wg = ez(OKQJOéLQ — 051040), SO

a(()3m—1)/2 a(()3m—1)/2

(9 Q210012 = € 2041@0 =0.

There is no relation reducing exa(()?’m_l)/ 2042,1042, so this path generates ewﬂ(%).

There are two ways to extend ema((f’m_l)/ 204271042 to a path of length 375

(3m+3’0, 3m—3) ,,,,,,,,,,,,,,,,,,,,,,,,,,, N (M 1 M) (%737712—1

-7 (2,1)

(37712—&-5 ’ 0’ 37712—5)
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Note that aalew Wﬁ = ew(agao — OZLQOéQ’l), SO

a(()3m—1)/2 (3m—1)/2

€y Q2100200 = ez0y ag1aq 01 = 0.

(3m—1)/2

There is no relation reducing e, 103, so this path generates e, IT(375),

2

Arguing as in Case 1, one finds that e,II(3m) = (ema(()?’m_lmaz,laggm_l)ﬂ}, while

e;1I(k) = 0 for all £ > 3m. Hence Soc(e.II) is generated by the path p as claimed.
Using Remark 3.1.3,

degyc(p) = degyer(eqag™ ™ V"?) + degger (a5 ey,
By definition of K’,
degK/(exaégmfl)/z) = mT—17 degK/(agSmH)mex) = mTH
Therefore we indeed have degy (p) = m. O

Theorem 3.1.6. Let n = 3m + 1. For any cut C, 11}, /(C) is (2m, m + 1)-fractional
Calabi-Yau.

Proof. By Corollary 2.2.6, it is enough to prove the statement for C' = K. Propo-
sition 3.1.1(1) with ¢ = id and £ = 1 implies the function [: Djj — Z takes some
constant value V. Again writing = (3m, 0,0), we have that (IT}e,)* = e, II},{N}
as graded II7-modules. In Lemma 3.1.4 we show that Soc(e,II}) is generated by a
path p of degree m, so e,II7; exists in degrees 0 through m. From this we deduce
that (IT})e,)* exists in degrees —m through 0, and that N = m. Therefore II1}, / (K)

is (2m, m + 1)-fractional Calabi-Yau by Proposition 3.1.1(2). O

Recall the discussion at the start of this section. If the function [: Qo — Z takes
some constant value N, then A is called (N + 1)-homogeneous [37, Definition 1.2].

The following is immediate from the proof of Theorem 3.1.6.

Corollary 3.1.7. Let n = 3m + 1. For any cut C, 11}, /(C) is (m + 1)-homogeneous.
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3.2 2-Auslander-Reiten quivers

We give recipes to construct 2-Auslander-Reiten quivers for a basic 2-representation-

finite algebra A = J(Q, W)¢. Recall the function I: Q¢ — Z from §3.1.

Proposition 3.2.1. The 2-Auslander-Reiten quiver of U, C DP(A) is isomorphic to

the quiver I" with vertices
Lo ={(z,i) |z € Qo, 1 € Z}
and arrows

Iy ={(z,i) — (y,9) | (y — 2) € Q1\C, i € Z}

U{(z,i) — (y,i+1) | (y —z) € C, i € Z}.

The 2-Auslander-Reiten quiver of M C mod A is isomorphic to the full subquiver I of

T" with vertices

0={(z,9) |z €Qo, 0<i<I(x)}

Proof. It follows from Proposition 1.5.4(1), and the fact S™((Aey)*) = ez A for all
z € Qo, that S;*(exA) = 75 (e A) if 0 < i < I(2), while S; (e, A) is concentrated in a
single non-zero degree otherwise. From this, using that A is basic, one deduces that
the isoclasses of indecomposable objects of U, = add{S;"(e.A) | z € Qq, i € Z}

(i.e. the vertices of its 2-AR quiver) are in bijection with the elements of T'y.

Note that II(A) = P, Homa, (A, S;" A) [37, §2]. Hence for all z,y € Qo, i,j > 0,
HOmﬁuA (SQ_Z(eIA), S;](eyA)) at I—I()rn%A (emA, S;_j(eyA)) ) eijiiex.

Suppose j = 4. Then Homg, (S;"(ezA), Sy (eyA)) = e,I1%, = e,Ae, has basis
consisting of paths from y to x in A. In particular, the irreducible morphisms from
Sy (exA) to Sy (e, A) in Uy (i.e. arrows (x,i) — (y,i) in the 2-AR quiver) are in

bijection with arrows y — = in Q1 \C.
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Suppose j = i + 1. Then Homgy, (S;i(emA),S;(iH)(eyA)) >~ ¢,II'e, has basis con-
sisting of degree 1 paths from y to x in II. In particular, the irreducible morphisms
from S, (e, A) to S;(HI)(eyA) in Uy (i.e. arrows (z,i) — (y,i + 1) in the 2-AR

quiver) are in bijection with arrows y — z in C.

There are no more arrows in I';. Indeed, if j < i then II’~* = 0 since II is non-
negatively graded. If j > i + 1 then no morphism in Homg, (S;°A,S; J A) is irre-
ducible: it corresponds to a path in IT of degree j — 1 > 2, which can always be

factored into two paths of smaller degree since II is generated in degree 1.

Finally, since 7, “(e,A) = 0 for all i > (), the isoclasses of indecomposable objects
of M = add{ry "A | i > 0} (i.e. the vertices of its 2-AR quiver) are in bijection with

the elements of I',. O

Example 3.2.2. Let A = II} /(C), where C = {aj,as;} is the pair of parallel

arrows. To simplify notation, relabel as follows.

4

7

49

/

Using the definition 7,7 = 77Q~, one computes that

1l — 2

3
el = %, eoh = 2, esA = 140242142, eq A = 42k,

_ - _ 33 _ _
Ty (61/\) = ‘f, Ty (62/\) = 140121142, Ty (63/\) =3, Ty (€4k) = 4319.

The 2-AR quivers of %, C D(A) and .4, C mod A are given in Figure 3.2.

The derived 2-Auslander-Reiten translate S, acts by moving one step to the right,
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so has orbits as follows (c.f. A is (2, 2)-fractional Calabi-Yau).

33
e 2 Mohids 22| -

e e B Bl

3 3
ceo b 1404142 — 3 > 1404142 [2] = e
22 22

In general, if A = II} /(C) for some n = 3m + 1 and cut C, S; has an orbit
e egh o Ty (epA) o T T (epA) o (Aey) > epA[2) -

for each z € D (c.f. A is (2m,m + 1)-fractional Calabi-Yau). These orbits are
disjoint. Indeed, 75 (e,A) = 757 (e,A) implies 75 “(e,A) = e,A. Since e, A is pro-

jective, we must have i = j, whence x = y since A is basic.

In [42, Example 6.13(b)], Iyama presents a different family that could be called 2-
representation-finite algebras of type D. Namely, the Auslander algebras of Dynkin

type D quivers.

Corollary 3.2.3. Let n = 3m+1, let C C DY be a cut, and let () be a quiver of Dynkin
type D. Then 111}, /(C') is not Morita equivalent to Aus(kQ).

Proof. Write A = II1}, /(C), I' = Aus(kQ). Assume for a contradiction there exists an
equivalence of categories F': mod A = modT. If M is a d-cluster-tilting object of

mod A, then F'(M) is a d-cluster-tilting object of mod I'. By Proposition 1.4.3,
My =add M ~add F(M) = My.

In particular, the 2-Auslander-Reiten quivers of /(, and J( coincide. Now, note
that if C' contains one element of {€(, 41 mm—1)01, €(m+1,mm—1)2,1} then it also

contains the other, since C' must contain precisely one arrow from the cycles a; 8oy
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and az 1 5070-

(m+1,m—1,m) fo

(ma m, m)O

(2,1)

(m+1,m,m-—1)

Hence, either C or A contains a pair of parallel arrows, so the same is true of the
2-Auslander-Reiten quiver of .# 5 by Proposition 3.2.1. But by [42, Theorem 6.12],
the 2-Auslander-Reiten quiver of ./ 4 does not contain a pair of parallel arrows. This

contradiction shows that F' cannot exist. O

Remark 3.2.4. It is an open question whether, given n = 3m + 1 and a cut C' C D7,
there exists a quiver ) of Dynkin type D such that A = I}, /(C') is derived equivalent
to I' = Aus(kQ). We cannot argue as above. An equivalence D”(A) — DP(I") must
map 9, to a d-cluster-tilting subcategory of D"(I"), but not necessarily 9r, since

d-cluster-tilting subcategories of derived categories are not unique.



Future work

1. Bases. Finding a basis for IT}}, is difficult, even for small n.

Example. Let n = 4 (see Figure 2.1 and Example 2.0.3). Then

4
esoolly = (e300, o, a2 1, aparg 1 0r2),
4
ea10lly = (e210, a1, 2,1, @1 B0, @181, a1 B2, ag 102, g 120,
4
620111@ = (62017042750, B1, B2, asag, Boyo, 042a0042,1>,

e(lll)kn% = <‘3(111)k7’}’k7 TkQ1, ’)’kalﬂk> forall k € {07 1) 2}

In particular, dimc IT}, = 32.

One calculates as in Lemma 3.1.4, recursively computing the space of paths
starting at each vertex with a given length. To make these calculations we had

to derive the relations

(@ a18070 = CCa1Biy1 = (a1 B2 and as1 B0y = 215171 = 218272
(d) Boyoar = (?Bimiar = (Bayear and Boyoaa,1 = Siyiaes = Bayeqai;

(c) if i # j then v;a1 85 = vin,185 = 0.

To see (a), note that

az.1B27v2 = —Caz1B0v0 — (a1 811 = —Ca1Boyo — Ca1Bii, but also

a2.1B272 = Ca1Baye = =i Boyo — a1 B,

80 Ca1 800+ Car iy = CZar Boyo + a1 B1y1, meaning aq Bovo = (21 f1y1- One
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similarly shows a18070 = (18272, and the fact a1 8y, = (Fao1Biyi for all

k € {0,1,2} implies the second statement.

Part (b) is demonstrated analogously. To see (c), assume i # j. Then we
have y;a1 85 = (*yia21 87, but also y;a1 8 = (?v;a213;. This is a contradiction

unless v;a13; = viap,18; = 0.

2. Greater d. The (d + 1)-preprojective algebras of type A are defined for all
d € Z=o (d = 1 is the classical preprojective algebra of a Dynkin type A
quiver). The corresponding d-representation-finite algebras are always ob-
tained through quotienting by the ideal generated by a cut [43, §5]. Let
{II; ; | n > 2} be the family of (d + 1)-preprojective algebras of type A,
for some d > 2. There is an obvious Z,.1-action on each H;LL 4> SO some goals

are as follows.

(a) Generalise Definitions 2.0.1 and 2.0.2 to give a family {II} ; [ n > 2} of

algebras such that II7, ; is Morita equivalent to II} ;#Zq1.

(b) Prove I} 4 is a (d+1)-preprojective algebra precisely when d is 1 modulo

d+ 1.

(c) Prove that the d-representation-finite algebras associated to each II7 ,

are fractional Calabi-Yau.

The methods employed would almost certainly have to be different to those
in this thesis. Perhaps most significantly, when d > 2 one no longer has the

classification of Herschend and Iyama (c.f. Theorem 1.4.8).

3. Postnikov and orbifold diagrams. A Postnikov diagram P is a collection of
oriented curves in a disc, which intersect each other transversally in an alter-
nating way. Hence they naturally give rise to a quiver with potential (Qp, Woy).
Pasquali [56] showed that Ap := J(Qp, W) is selfinjective if and only if P is
k-symmetric, i.e. invariant under rotation through 27 /k. In this case Baur,
Pasquali and Velasco [4] defined a corresponding orbifold diagram O, which

also has an associated Jacobian algebra Ay = J(Quo, Wy). They showed
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Figure C: Top: A 3-symmetric Postnikov diagram P and the corresponding orbifold
diagram O. Bottom: The quivers Q» and Q.
(Qo, Wy) is precisely the QP obtained by applying the construction of [29]

to (Q, Wy), and hence deduced that Ay is symmetric.

Example. Figure C shows a 3-symmetric Postnikov diagram P on the left, and
its corresponding orbifold diagram O on the right. In fact, we have Ap = 1T}
and Ay = H;g. See [4, 56] for details on how to construct the QPs from the

diagrams.

Grant’s theorem (Theorem 1.5.10) implies that taking cuts of Ap and A yields
fractional Calabi-Yau algebras. The former appeared as [32, Theorem 6.22],

while the latter is a novel observation. Even knowing this, calculating the
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Calabi-Yau dimensions of these algebras remains difficult, and requires explicit
quiver computations as in the style of Lemma 3.1.4. Therefore, a potential
project is to find an algorithm which computes the Calabi-Yau dimension di-
rectly from the Postnikov or orbifold diagram. One of the benefits of this is
that it would provide a way to assign novel numerical invariants to Postnikov

and orbifold diagrams.



Part 11

Higher zigzag algebras
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Introduction

Stability conditions on triangulated categories were introduced by Bridgeland [12].
There are two equivalent definitions: one uses the heart of a bounded t-structure
and one uses a slicing. In the article [63], Thomas constructs a stability condition
o = (2,%) on the dg perfect derived category Dggr(Zn) of the zigzag algebra of
type A,, using the slicing definition. The o-stable objects appear to be indexed, up

to shift, by the indecomposable modules over the linearly oriented Dynkin type 4,

quiver Q.

In §4.1, we reinterpret Thomas’ construction using the heart definition. The heart
in question is the smallest full subcategory #¢ C Dy;"(Z,) which contains Z, and
is closed under extensions and direct summands. This interpretation gives a way
to explain why the stable objects are indexed by the indecomposable k£(Q),,-modules.
Writing 11, for T1(Q,), there is a duality of categories Dff} (Il,) = Dy."(Z,) de-
scending to a duality of hearts mod(Il,) = #. We show this induces a map

{indecomposable kQ,-modules} — {%-stable objects}, and argue that it must be

a bijection.

Our original hope for this project was to construct a stability condition on the dg
perfect derived category Dyj;"(Z3) of the 2-zigzag algebra of type A,,, whose family
of stable objects admits an explicit classification. We note that finding a stability
condition is fairly easy, given that we can exhibit a finite heart, but that it is not
clear how to find one whose stable objects have a “nice” description. In §4.2 we

detail our attempts to generalise Thomas’ construction, and how they failed in this
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aim. We therefore turn our attention away from individual stability conditions and
towards the stability manifold. A long-term goal is to explicitly determine (a con-
nected component of) Stab(Dj; (Z3)). In Chapter 5, we take two small steps in this

direction.

The Ext*-spaces of D' (Z3) (or rather the equivalent category Ki;'(Z%), see be-
low) coincide with the corresponding Hom®-spaces of Hg,(Z3). By Kadeishvili’s
theorem, the latter can be given the structure of an A..-category. If A is a dg al-
gebra such that the A,-structure on Hgy(A) is 3-cyclic, Kontsevich and Soibelman
[51] give a recipe to associate an End'-quiver with potential to any set of objects C.
If this set is cluster, they define a mutation operation, and claim it induces Derksen-
Weyman-Zelevinsky mutation on the level of End!-QPs. The Koszul dual result is
proved by Keller and Yang in [48] (Theorem 1.3.15 in this thesis), but we have been
unable to find a proof on this side of Koszul duality in the literature. We write down
a proof that KS mutation induces DWZ mutation of the End!-quiver. The relevance
to stability conditions comes via tilting: given a heart of Kggr(A) whose set of stable
objects is a cluster collection in Hg,(A), the set of stable objects of a tilted heart is a

mutated cluster collection.

Finally, we prove that a certain group acts on Ki'(Z3) by spherical twists. This
generalises the classical case, where there is a braid group action on Dgzr(Zn) by
spherical twists, and transfers a result of Grant to our setting. We argue that the ac-
tion preserves a certain connected component of the stability manifold. Understand-
ing the group of autoequivalences which preserve a given connected component can
play an important role in explicitly determining that component, since it allows one

to restrict their attention to a fundamental domain (see e.g. [13, 40, 54]).



Chapter 4

Stability conditions on classical

zigzag algebras

4.1 Reinterpreting Thomas’ construction

Denote by @,, the linearly oriented Dynkin type A,, quiver, and let Z,, = Z(Q,,) be
its zigzag algebra. Equip Z,, with the path-length grading, and consider it as a dg
algebra with trivial differential. In [63], Thomas constructs a stability condition on

Dgzr(Zn) using the slicing definition (see Proposition 1.6.6).

Definition 4.1.1. [63, Definition 5.3] Fix positive reals mi,ms,...,m, € Ry and
0<¢1 <¢a<---<¢p<1 Foreachl <j<{<m,letm;, € Rypand ¢;, € (0,1]
be the unique numbers satisfying m; ¢ exp(im¢; ) = >, <<, M exp(ingy). For each
1 <j<n-—1,let Ejj1 = cone(ejr1Z,[—1] = ejZy,). Foreach1 < j < { < n,

inductively define E; ; = cone(e;Z,[—1] — E;¢_1). By definition, E; ; = e;Z,.

Define a slicing % and central charge % as follows. For each ¢ € (0,1] and k € Z,
let

P (¢ + k) = add{E;[k] | 60 = ¢} C D, (Zn),

where our convention is that add @ = {0}. Let %: K(Dj;(Z,)) — C be the linear
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map satisfying % (e; Z,,) = mjexp(in¢;) forall 1 < j <n.Puto = (P?,%).

By explicitly verifying that the axioms are satisfied, Thomas proves the following.

Theorem 4.1.2. [63, Theorem 5.5] In Definition 4.1.1, o is a stability condition on

Dgzr(Zn).

Example 4.1.3. Let n = 3, retaining the notation of Example 1.2.5. Assume that
1

mi = mg = mg3, and set ¢; = 0, g2 = 1 — 0, ¢3 = 1 for some 6 € (0, 5). There

are six o-stable objects up to shift, namely the projectives e; Z3, e2Z3, e3Z3 and three

extensions
0 mg
E13 = cone(eaZs[—1] — e173) = | e1Z3 @ eaZs, ,
0 O
0 mg
FEo3 = Cone(eng[—l} — 62Z3) = | eaZs D es”s, ,
0O O
0 mg O

Ei3 = CODG(Gng[*H — Elg) =|e1ZsDexdzdesZs, |0 0 mg ’

0 O 0

where m, and mg denote left multiplication by « and 5 respectively. The charges of

these objects are displayed on an Argand diagram in Figure 4.1.

For each n € Z the o-stable objects, up to shift, appear to be indexed by indecom-

posable modules over k£Q,,. Indeed, given 1 < j < /¢ <mn,
M, = (paths pin Q, | 7 < s(p) < t(p) <)

is an indecomposable k(Q,-module, and every indecomposable k(Q,,-module is of
this form. The aim of this section is to explain why this is the case, using the heart
definition of a stability condition (see Definition 1.6.4). It is easy to check that the
heart 2 (0, 1] C D' (Z,) corresponding to o is the smallest full subcategory which
contains Z,, and is closed under extensions and direct summands (but not shifts). In

future, we will denote this heart by #€.
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% (Ex:
(B é) %(E12)
%(Egg) %(6223) %(6123)
@) [ ] (]
%(esZs)

Figure 4.1: Argand diagram showing the charges of the o-stable objects, up to shift,
from Example 4.1.3

Our main tool is the following Koszul duality between Ginzburg dg algebras and

zigzag algebras.

Lemma 4.1.4. [25, Theorem 4.4] Given an ADE Dynkin quiver Q, let I' = T'(Q)) and
define T' = R Homr(kQo, kQo)°P. The contravariant functor?

R Homp(—, kQo)°P: Dyg(T) — Dg(T)
induces a duality of categories Dg‘fg(I‘) = Dggr(f‘!).

We refer to I'! as the Koszul dual of T.

Lemma 4.1.5. [20, Corollary 25] Let () be an ADFE Dynkin quiver. There is an
isomorphism of dg algebras T'(Q)' = Z(Q).

LetT',, = I'(Q,) and II,, = T1(Q,,). We have a duality of categories

U = RHomr, (—, k(Qn)o)™: DE,(I') = DL (Z,).

'Here R Homa(M,N) = Homa(C,N), where C is a cofibrant replacement of M (see [48,
§2.12]).
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Recall that mod(II,,) is the heart of a bounded t-structure on Dfidg(l“n). The former
coincides with the smallest full subcategory of the latter which contains k(@) and
is closed under extensions and direct summands (not shifts). Since ¥ (k(Qn)o) = Zp,

U induces a duality of hearts mod(IT,,) = €.

Proposition 4.1.6. In the above notation, ¥ induces a function

{indecomposable kQ,-modules} — {%-stable objects}.

Proof. Let M € mod(Il,,) be an indecomposable kQ,-module (i.e. let M be annihi-
lated by the ideal (a* | a € (Qn)1)). We show that E = W(M) is %-stable. Now,
M = M,;, = (pathspin @, | j < s(p) < t(p) < ¢) for some 1 < j < ¢ < n, so there
is a sequence

Mje— Mjey— - = M1 — Mj; (4.1)
of quotients in mod(II,,), corresponding to a composition series
Mj; C Mjjp1 C--- C Mjpq C Mjy

in its opposite category with composition factors k{e;}, k{e;j41},...,k{e,}. Hence

the sequence (4.1) is mapped by the duality ¥ to a composition series
€jZn C \I/(Mj,j_H) c---C \I/(ijgfl) cCFE (4.2)

in #€ with composition factors e; 72, €112y, ...,e/Z,. Let 0 # F C E be a proper
subobject. Then F' = W(N) for some M — N in mod(Il,). Hence N = M;, for
some j < r < ¢, and arguing as above we conclude that F' has composition factors

€jZn,€j41%n, . . ., €rZy. Therefore

% (F)= Z % (exZn)

J<k<{
= ) %(ewZn)+ > %(enZn). (4.3)
J<k<r r+1<k</

% (F)
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if(ean)

Figure 4.2: Argand diagram showing the charges of various objects from the proof
of Proposition 4.1.6. Note that % (E) must lie in the shaded region (boundary ex-
cluded).

Since my > 0 and ¢ > max{¢,...,¢,} forall r + 1 < k < ¢, we certainly have

arg(%(FE)) > arg(%(F)) (see Figure 4.2). Hence E is %-stable. O

Consider the composition series (4.2). Since W (M ;1) is a non-split extension of
ej+1%y by €jZy,, we must have W(M; ;1) = E; j11. Arguing recursively, we deduce
that W(M;,) = Ej,forall 1 < j < ¢ < n. Since the %-stable objects of # are

precisely the o-stable objects of Dggr(Zn) with phase in (0, 1], and since these are

precisely the £ ,, we deduce that the function in Proposition 4.1.6 is a bijection.

4.2 The failure of generalisations

Note that, in Thomas’ construction, we choose the phases of the projective modules
to be ordered linearly (¢1 < ¢2 < --- < ¢,,), and that the resulting stability condition
has stable objects indexed by indecomposable modules over the linear Dynkin type

A, quiver (1 — 2 — -+ — n).
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Let myi,ma,...,my, € Rag, & = (¢1,02,...,¢,) € (0,1]™. Recall that the smallest full
subcategory #€ C Dgzr(Zn) containing Z,, and closed under extensions and direct
summands is the heart of a bounded t-structure. Let % : K(#) — C be the unique
linear map with % (e;Z,) = mjexp(in¢;) for all 1 < j < n. Then %(e;Z,) € H for

all 1 < j <n,so (#,%) is a stability condition by Proposition 1.6.10.

Let ()4 be the quiver with vertex set {1,2,...,n}, such that there exists a single
arrow i — jif and only if j € {i — 1,7+ 1} and ¢; < ¢;. Provided ¢; # ¢;;1 for all
1 < i < n, there is a duality of categories ¥': fo}o,(F(Qd,)) = Dy, (Zn) descending

to a duality of hearts mod(II(Q,)) = ¥¢, as in §4.1.

Question 4.2.1. Does V¥ induce a bijection

{indecomposable k@) 4-modules} — {%-stable objects}?

We have seen that the answer is affirmative in the case ¢; < ¢ < --- < ¢,. Unfor-

tunately, this appears to be an anomaly.

Example 4.2.2. Let n = 3. Assume that m; = mo = ms, and set ¢1 = 6, ¢po = 1,

¢3 =1 — 0 for some § € (0,1). Then Q, is 1 — 2 +— 3. Note that

1 3
mod(I(Qy)) = add {12131 3} 2. 3.[ 8] 2. 8.[¥] 4. 5.

where the boxed modules are precisely the indecomposable £Q,-modules. We ex-
hibit an indecomposable kQ,-module A such that ¥(M) is not %-stable, and a

% -stable object whose preimage N under V¥ is not an indecomposable £Q) 4-module.

Let M = . Then M has proper quotient 3 in mod(II(Qy)), so ¥(3) = e3Z3 is a



CHAPTER 4. STABILITY CONDITIONS ON CLASSICAL ZIGZAG ALGEBRAS 76

%(63Z3) %(\IJ(N/)) %(6123)

%(6223) \

Figure 4.3: Argand diagram showing the charges of various objects from Example
4.2.2.

proper subobject of ¥(M) in #€. But

arg Z(W(M))/m = arg(Z (e1Z3) + % (e2Z3) + % (e3Z3)) /7
= 1 — arctan(2sin(70))/m
<1-40

= arg % (e3Z3)/m.

Hence M is an indecomposable k@ 4-module such that W(M) is not %-stable.

Let N = é Then N has two proper quotients in mod(II(Q)), namely N = } and 1.
Hence ¥(N) has two proper subobjects in #¢, namely ¥(N’) and ¥(1) = e; Z3. Note

that

arg% (U(N'))/m = 1 — arctan <%> /7r,

while arg % (e1 Z3) /m = 6. Both of these charges are strictly smaller than
arg”2 (¥(N))/m = 1 — arctan(2sin(7h)) /,

so W(N) is a %-stable object whose preimage N is not an indecomposable kQ)4-

module.
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Our original hope for this project was to construct, for all n € Z™, a stability con-
dition on the dg perfect derived category DE?(ZQ) of the 2-zigzag algebra of type
A, whose family of stable objects admits an explicit classification. We reiterate that

finding a stability condition is fairly easy, in view of Proposition 1.6.10, but that it is

not clear how to find one whose stable objects have a “nice” description.

Had the answer to Question 4.2.1 been affirmative in general, we hoped to use
similar methods for DS?(Z;L). Indeed, we expect (but have not proved) there is an
isomorphism of dg algebras I'(A™, W#)' = ZI'. As in the classical case, this would
give us a duality

y: DEL(T(A", W})) 5 D5 (23)

by [25, Theorem 4.4], descending to a duality of hearts mod(II;) = 46,5, where
the latter is the smallest full extension-closed subcategory of Dggr(Zg) containing
Z2% and closed under direct summands. Given % : K(#;) — C with %(e, Z%) € H
for all x € Aj, (#62,%) is a stability condition by Proposition 1.6.10. Define the set
Cy =A{(z N y) € AT | ¢» > ¢y}. For certain choices of %, Cy C A7 is a cut. In

this case, we hoped ¥, would induce a bijection
{indecomposable 11’} / (C )-modules} = {%-stable objects}.

While we still expect the conjectured isomorphism I'(A™, W#)' 2 Z2 to hold, it has

become clear this method will not work.

Example 4.2.3. Let n = 3. For convenience, relabel A? as follows.

Let % be the stability function defined in Figure 4.4. Then Cy = {23, @41, 45} is a
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%(6525’)“33(6323)/
%(e223) /

% (es Z3) /

% (eaZ3) —

Figure 4.4: Argand diagram showing the choices of % (e, Z3) which define the sta-
bility function % from Example 4.2.3, as well as the charges of various other objects.

cut.

Let M = . This is an indecomposable II’; /(Cx)-module such that ¥5(M) is not
%-stable. Indeed, the proper quotient 5 in mod(II’; /(C%)) yields a proper subobject

Uy (5) = e5Z3 in #0, which has greater phase.

Let N = é Then Wy(N) is a %-stable object whose preimage N is not an in-
decomposable 11’ /(Cy)-module. Indeed, the proper quotients N’ = 1 and 1 in
mod (Il /(Cy)) yield proper subobjects Wo(N') and Uo(1) = e1Z3 in #,, both of

which have smaller phase.



Chapter 5

Results on the higher case

In this chapter we work in K{7'(Z%), the smallest full triangulated subcategory of
K. (Z3) which contains Z3 and is closed under direct summands. This does not
change the setting in an essential way: for any dg algebra A, chlzr(A) ~ Dgzr(A)

[62, 83].

5.1 Tilting and mutation

Throughout this section, let A be a dg algebra. Using Kadeishvili’s theorem, view

Hg,(A) as an A.-category.

Definition 5.1.1. [51, §3.3] The A-structure (m; = 0, ma = o,ms3,...) on Hyg(A)
is called 3-cyclic if, for each pair of objects M, N € Hgy,(A), there exists a non-

degenerate symmetric pairing
(—,—): Homhdg(A)(N, M) ® Hom;{dg(A)(M, N) — k[-3]
which is cyclicly invariant, in the sense that

<fn7mn—1(fn—1 & ®fl)> == <f17mn—l(fn K- ®f2)>
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forall My,..., M, € Hqe(A) and f; € Hom;{dg(A) (M;, M;11), where M, 1 := M;.
For the rest of this section, assume the A.-structure on Hg,(A) is 3-cyclic. Note

that the pairing induces an isomorphism Hom?{dg( 4(M,N) = Homfi;z( A) (N, M)*

foreachn € Z, M, N € Hgy(A).

Definition 5.1.2. [51, §8.1] Let C be a set of objects of Hgy(A). The associated
Hom!-quiver with potential (Qe, We) has

1. vertices the objects of C;

2. arrows M — N in bijection with a basis B(M, N) of Homhdg(A)(M, N);

3. potential We =} -, W¢', where

We =S o a(fur @@ fO) o fo

n

Here the sum runs over all M,..., M, € Cand f; € B(M;, M;1).

Note that one can define the Hom'®-quiver of a set of objects in any graded category:

the 3-cyclic A-structure is only needed to define the potential.

Definition 5.1.3. [51, Definition 20] Let S € C, a set of objects of Hg,(A). We say

@ is cluster at S if

1. each M € C is spherical, i.e. Homhdg(A)(M, M) =k @ k[-3];

2. forall M # Sin C,
Homgy, (4)(S, M) = Homhdg(A)(S, M)® Hom%{dg(A)(S, M),
where at most one of the summands is non-zero.

Condition 1 ensures Q¢ is free from loops. Since Hg,(A) is 3-cyclic, Condition 2 can

be rephrased as

Homhdg(A)(S, M) = Homhdg(A)(S, M) @ Homhdg(A) (M, S)*,
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where at most one of the summands is non-zero. Therefore Q¢ is free from 2-cycles

at S. In particular, (Qe, We) is mutable at S.

Definition 5.1.4. [51, §8.1] Let C be a set of objects in Hgyy(A) which is cluster at

S. The mutation of € at S is

vsC = {S[—1]} U {cone(S[—1] ® Hom%{dg(A)(S, M)S M) |S#M e}

Just like ux(Q, W) is not necessarily mutable at k, vgC is not necessarily cluster at
S[—1]. The relevance to stability conditions is explained by the following result,

which follows immediately from [49, Proposition 5.4].

Corollary 5.1.5. Let #€ be the finite heart of a bounded t-structure on K" (A) whose
set of simple objects C is cluster at S in Hgg(A). Then vgC is the set of simple objects of

0,

We now connect Kontsevich-Soibelman mutation of cluster sets to Derksen-Weyman-

Zelevinsky mutation of QPs.
Proposition 5.1.6. Let C be a set of objects in Hqg(A) which is cluster at S. Then
Quse = Qe, where (Qe, We) = ps(Qe, We).

Remark 5.1.7. It is our understanding that actually (Q,qe, Wage) = (Qe, We), and
that this is well-known to the experts. Kontsevich and Soibelman make this claim
[51, §8.1], while Keller and Yang prove the Koszul dual result in [48] (Theorem
1.3.15 in this thesis). However, we were unable to find a proof written down on this

side of Koszul duality, so we feel this work is worth including.

Proof of Proposition 5.1.6. To simplify notation, we write Hom to mean Homy; 4e(A)

throughout. Partition €\{S} into

X ={X € €| Hom!(S, X) # 0},
Y ={Y €€ |Hom?(S,Y) # 0},

Z ={Z € C|Hom*(S, Z) = 0}.
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Note that

vgC = {S[-1]} U{X | X € X} UY U Z, where

X = cone(S[—1] ® Hom!(S, X) =% X)

>~ cone(527[—1] V24 x)

for our chosen basis B(S, X) = {f1,..., f.} of Hom!(S, X). For each pair of ob-
jects M, N € vgC, we compute a basis for Hom® (M, N), which tells us the arrows
between M and N in Q,4e (thanks to the duality, there is no need to also compute

Hom?® (N, M)). For each pair, these coincide with the arrows in Q¢.

Firstly, note that Hom®(S[—1], S[—1]) = Hom"3(S, S). Hence there are no loops at

S[—1]in Qu4e-

Let Y € Y. Then Hom®*(S[—1],Y) = Hom?(S,Y)[1] = Hom'(Y, S)*[1]. Hence each

arrow Y -5 S in Qg is replaced by an arrow ¥’ & S[—1] in Qu4e-
Let Z € Z. Then Hom®*(S[—1], Z) = 0, so S[—1] and Z are not adjacent in @, e.

From now on, fix X € X and B(S,X) = {f1,..., fn}. There is a triangle
SYn-1] " —"X — X — S (5.1)

in Kgg(A). Note that Hom®(X, S[-1]) = Hom?(X,S)[-1] = Hom'(S, X)*[-1],
Hom®(S®"[—1], S[~1]) = Hom®3($®", S). Since Exty, (4)(M, N) = Hom*(M, N),

applying Homg, (4)(—, S[—1]) to (5.1) yields exact sequences

0 — Hom®(5%", §) — Hom'(X, S[-1]) — 0,

0 — Hom?®(X, S[-1]) — Hom!(S, X)*[—1] ol Hom?(5%", §) —s Hom*(X, S[—1]) — 0.
A basis for Hom! (S, X)*[—1] is {f{,..., f*}[~1], while a basis for Hom?(S®", S) is
{idg op1,...,id§ op,}, where p; denotes projection onto the j-th copy of S. Note

that f7 o (f1--- fn) = idg opj, so these spaces are isomorphic and we deduce that
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Hom®(X, S[—1]) = Hom®(S®", S)[—1]. The latter has a basis {py,...,pn}[—1], s0
4 Voo
each arrow S L X in Qe is replaced by an arrow S[—1] f# X in Q,4e, where f]\/

is the image of p; in Hom! (X, S[—1]).

LetY €Y, B(Y,S) = {g1,...,9m}. Then Hom*(Y, S¥"[~1]) = Hom! (Y, S¥")[-1].

1. Assume Hom®(Y, X) = Hom!(Y, X). This corresponds to an arrangement

fl:"'vfn X

gl?"‘?gm/
hiy..shg

— W\

~

in Qe, where B(Y,X) = {hi,...,hs}. Applying HomKdg(A)(Y, —) to (5.1)

yields an exact sequence
0 — Hom' (Y, X) — Hom'(Y, X) — Hom' (Y, $%")[—1] — 0,

so Hom* (Y, X) = Hom!(Y, X) ® Hom! (Y, S¥). A basis for Hom' (Y, $&™)[—1]
is {iog; |1 <k <n,1<j<m}[—1], where i; denotes inclusion into the
k-th copy of S. Thus @, e contains mn additional arrows Y — X, giving the

following arrangement.

v v N
St Fe

hi,...she; (g5 fr)

Here (g; fx) is the preimage of i; o g; in Hom'(Y, X ), and we identify h; with

its image in that space.

2. Assume Hom®(Y, X) = Hom?(Y, X) = Hom!(X,Y)*. Performing a change of
arrows if necessary [17, Definition 2.5], assume B(X,Y) = {hy,..., hy} such

that, forall 1 < j < mand 1 < k < n, f; o g; is either 0 or h} for some
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1 < < £. This corresponds to an arrangement

gl?"'?gm
hiy..she

— W\

~

in Qe. Applying Homg , (a) (Y, —) to (5.1) yields an exact sequence

(frofu)o=

0 — Hom' (Y, X) — Hom! (Y, §97)[—1] Hom'(X,Y)* — Hom?(Y, X) — 0,

so Hom®* (Y, X) = Ker((f1 ... fn) o —)[1] @ Coker((f1 ... fn) o —). Note that a
basis for Hom! (Y, S®")[~1] @ Hom!(X,Y)* is

{igog;j |1 <k<n,1<j<m}[-1]U{R],...,h},

which is in bijection with the arrows between Y and X in the intermedi-
ate quiver @v@ from DWZ mutation. Write (g; f) for the preimage of iy o g;
in Hom'(Y, X), and identify hy with its image in Hom?(Y, X). Using that
(fi-+- fn) o (ix 0 gj) = f o g;, a basis for Hom®*(Y, X) is

({(gjfr) [T <k <n, 1<j<m}U{hy,....hg)\{(g5fk), hi | fi 0 g5 = hi}-

But f;, 0 g; = h if and only if the cycle h;g; fi, appears in We, if and only if the
cycle hjlg; fi] appears in We, if and only if this pair is deleted when moving
from @V@ to Qe. Hence the arrows between Y and X in Quse coincide with

those in Qe.

Let Z € 2. Then Hom®(5%"[—1],Z) = 0 so Hom*(X, Z) = Hom*(X, Z). Hence the

arrows between X and Z are unchanged in @, .¢.

Let X’ € X with B(S,X’) = {f{,..., f,}. There is a triangle

/ fifl e /
SE 1] Vo) o, Xy gom (5.2)
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in Kqg(A). Note that Hom®*(S®"[~1], X’) = Hom!(S®", X')[1]. Arguing as above,

we see that Hom®(X, $%"'[—1]) & Hom®(S®", §87')[—1].
1. If X 2 X' then applying Homg, (4)(—, X') to (5.1) yields exact sequences
0 —» Hom'(5%", X")[1] — Hom!(X, X') — Hom!(X, X") — 0,

0 — Hom?(X, X') — Hom?(X, X") — 0,

where at most one of Hom!(X, X’), Hom?(X, X') is non-zero. In particular,
Hom' (X, X') = Hom! (59", X')@Hom! (X, X’), so applying Homg, (4) ()/f, -)

to (5.2) yields exact sequences

Hom" (5%, §8)[—1] (ifn)om Hom!(S®", X') & Hom* (X, X’) — Hom!(X, X’) — 0,

0 — Hom?(X, X') — Hom?(X,X') — 0.

A basis for Hom®(S%", 9" )[~1]is {izop; | 1 < j < n, 1 < k < n'}[-1],
while a basis for Hom!(S®", X") is {ffop; | 1 < j <n, 1 <k < n'}. Now
(fi--- f}) o (i o pj) = fi. o pj, so these spaces are isomorphic and we deduce
that Hom® (X, X ) = Hom*(X, X'). Hence the arrows between X and X' are

unchanged in Qe

2. If X = X' then, since X is spherical, applying Homg, (1)(—, X) to (5.1) yields

exact sequences

0 — Hom"(X, X) —s Hom®(X, X) °Y“5/ Hom! (5%, X)[1] — Hom'(X, X)

0— Homg()A(,X) — Hom?*(X, X) — 0.

Since Hom"(X, X) is generated by idyx,

Hom! (59" X)

Hom ) )

@® Hom3(X, X).

— 0,
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Hence applying Homg  (a) ()A( ,—) to (5.1) yields exact sequences

0 —s Hom®(X, X) — Hom?(5%", §8m)[—1] Ui dn)e= % — Hom'(X, X)

0 — Hom®(X, X) — Hom?*(X, X) — 0.

Now Hom?(S%", §97)[—1] surjects onto % via (f1-+- fn) o —, with
kernel generated by Z?:1 ij o p;. In particular, X is spherical, meaning there

are no loops at X in Q,,¢e.-

Finally, let E, F' € YU Z. These objects, and therefore the morphisms between them,
are unchanged moving from C to vgC. Hence the arrows between them are also

unchanged moving from Q¢ to Q,,.ec.

We conclude that Q,.¢ = Qe. O

Example 5.1.8. Consider Z = Z3, retaining the notation of Example 4.2.3. Let
s be the smallest full extension-closed subcategory of K;'(Z) containing Z and
closed under direct summands. Then #¢, is the heart of a bounded t-structure,
whose set of simple objects P consists of the projective Z-modules. These have
trivial differentials, so the same is true of the Hom-complexes between them. Hence
the A-structure on Endgy (Z)(ZP) has m,, = 0 for all n # 2. In fact, it is 3-cyclic

and P is cluster at all its objects, so we can construct (Qp, W) and test Proposition

7
/\/\

5.1.6. Indeed, Qy is

— 0,



CHAPTER 5. RESULTS ON THE HIGHER CASE

where f;;: e;Z — e;Z is left multiplication by «;;, and

Wy = frafa1foa + fo3f52f35 + fas feafse — fasfoafs52.

The term f12f41 f24, for example, encodes the relations

fos = far 0 fi2, fi1 = fiz © foa, fia = foa 0 far1.

We now perform KS mutation at eZ. By direct computation, @), is as follows.

66Z

f64 \&

€4Z €5Z

T34 ‘y

622[—1]

flv2 \

A4 3/
“ (f23f12) €

N A

For each i € {1,5},

— . 0 f
e;Z = cone(exZ[—1] f_z% eZ)=|eZ®exZ, 2 ,
0 O

while

fi\é = (O 1d2> ced Dead — 62Z[—1],

0
(f23f12) = te3d — e1Z d ey,

fo3

87
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and we identify f5¢ with

f56
0

cegd —est Deyd

as in the proof of Proposition 5.1.6.

Performing DWZ mutation on (Qp, Wy), one finds that @vy is

/f24fo2\‘
f24
[f24f12] [f23f52]
f12 f23

\_/

[f23f12]

es”

and

Wo = [foafiz) fa1 + [fosfs2) fas + fasfoafss — fas[foafso]
+ [faafro) fo f3u + [fos frol 1o f35 + [fos fo2l f52. £33 + [foa f52l f5a f34-

Splitting (@vfp, ﬁ/;) into its reduced and trivial part, one verifies that Qp = Q,,5.

We expect (but have not proved) that the A,.-structure on Hg,(Z3') is 3-cyclic for

all n > 2.

5.2 A group action

Definition 5.2.1. [30, Example 4.12] Given n > 2, let G be the group with a

generator s, for each x € Ay, and the following relations.

Commutativity: s,s, = sys, for all z,y not adjacent in A".
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Reidemeister 3: s,5,5; = syszsy for all (x — y) € AT.

Cyclic: $;5yS;Sy = SySzSzSy = 5,525y, for each 3-cycle x — y — z — z in A™.
Grant showed there is an action of G% on D(Z}) (with Z3 considered as an ordi-

nary algebra) such that s, acts as the spherical twist Tw, around e, Z3 [30, Theorem

4.24]. In other words, such that
s+(E) = cone (Hong(exZg, E)® e, 78 % ) .

We prove that the analogous result holds in our setting. The method we use is

essentially the same as in [30]. First, we need a technical Lemma.

Lemma 5.2.2. Let A, B be dg algebras, and let (M, d) be a dg A-B-bimodule such that

1. M 2 N @ Lin grmod(B ® A°P) for some N, L;

2. d(N) C N.
Each s € Homgoq(Bgacr) (L, N) induces a homotopy equivalence
id+s: (M,d— sd+ds) — (M,d)
of dg A-B-bimodules.

Proof. Since d(N) C N, there exist differentials dy,d; on N, L and a map of dg
bimodules f: (L[—1],—dr) — (N,dy) such that (M,d) = cone(f). Given a map
s: L — N of graded bimodules, it is standard that f is homotopic to f — sdy, + dys,
leading to a homotopy equivalence id +s: cone(f — sdr + dys) — cone(f). The

domain is isomorphic to (M, d — sd + ds). O

Proposition 5.2.3. There is an action of G5 on KS?(ZQ) such that s, acts as the

spherical twist Tw,, around e, Z%. In other words, such that

sz(F) = cone (Jfong (€25, E) ® e, 25 =% > :
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Proof. To simplify notation, write Z = ZZ. We need to check that the spherical
twists obey the relations of Definition 5.2.1. Note that Tw, is naturally isomorphic

to — ®z M, where

m 0 m
M, :=cone(Ze, ® e, Z = Z)= | Z® (Zey ® e, Z)[1],

0 O

m being the multiplication in Z. Given dg Z-bimodules M and N, we write M N for

M ®z N.

Commutativity: Let z,y € Aj. Note that

0 m®id
My (Zey @ eyZ) = | (Zey ® eyZ) ® (Zey @ exZey @ eyZ)[1],

0 0
Therefore M, M, = cone(M,(Ze, ® ey Z) ALz ) is isomorphic to

Z @ (Zey ®er Z)1| @ (Zey ® ey Z)[1] @ (Zey ® exZey ® ey Z)[2], with differential

o o o o

m
0
0
0

If z,y are not adjacent in A" then e, Ze, = 0, so the final term vanishes. Reversing
the roles of « and y shows M, M, = M,M,. Thus there is a natural isomorphism

Twy o Tw, = Tw, 0 Twy in KSET(Z).

Reidemeister 3: Let (x — y) € AT. Then M, M,(Ze, ® e,Z) is isomorphic to

(Zey ®@epZ) @ (Zex ®epZey @ e Z)[1] @ (Zey ® eyZey ® e Z)|[1]

D (Zey ®egley ®eyle, @ e, Z)[2], with differential
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0 m®id meid 0
0 0 0 idem®id
0 0 0 —m ® id®?
0 0 0 0

Note that

Zey Qeple, QerZ = (Zey R (er) Qe Z)® (Zey, @ (€h) R e, Z)

= (Zey e Z) D (Zey @ exleyQeyley @ ey). (5.3)

Hence M, M,(Ze, ® e, Z) is isomorphic to

(Zey ®erZ) @ (Zey R e Z)[1) @ (Zey ® eyZey @ e, Z)[1]

B (Zeg ®egley ReyZey, e )1 @ (Zey @ epZey ® eyle, @ ey Z)[2],

with differential

0 id®*? | m®id ms®id 0

0 0 0 0 0

0 0 0 0 —m ® id®?
0 0 0 0 id®4

0 0 0 0 0

Here mgs denotes the multiplication of three elements in Z. Applying Lemma 5.2.2

with

N =(Ze, ®e,Z) D (Zey @ e, Z)[1],
L= (Zey®eyZey @e, Z)[1] ® (Zey @ egley @ eyle, ® e Z)[1]
D (Zey ®exZey ®eyZe, @ e Z)[2],

0 0 0
-m®id —m3®id 0
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shows that M, M,(Ze, ® e, Z) is homotopy equivalent to

(0‘0 —m®id®2\

@|L, o]0 id®4 ,

00 0

where we delete the contractible first term. Another application of Lemma 5.2.2

with

N' = (Zey ®@ eyZey @ e, Z)[1]

L'=(Zey ® ey Zey R eyZey ® ex Z)[1) ® (Zey ® exZey Q eyZey ® e,2)[2),

s = (m®1d®2 o>

shows that M, M,(Ze, ® e, Z) is homotopy equivalent to

where we delete the contractible second term.
Therefore M, M,M, = cone(M,M,(Ze, ® e, Z) idm M, M,Z) is homotopy equiva-

lent to

Z & (Zey®er Z2)1] & (Zey @ eyZ)[1] & (Zey @ exZey ® eyZ)[2]

& (Zey @ eyZe, ® e, Z)[2], with differential

0 m m 0 0

0 0 0 idem -m®id
0 0 0 —mid idom
0 0 O 0 0

0 0 O 0 0

Reversing the roles of « and y shows M, M, M, is homotopy equivalent to M, M, M,,

so there is a natural isomorphism Tw, o Twy o Tw; = Tw, o Tw, o Tw, in K{'(2).
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Cyclic: Let x — y — z — x be a cycle in A". Then M,M,(Ze, ® e,Z) is

isomorphic to

(Ze,®e,Z) @ (Zey ReyZe, @e,2)1] ® (Zey @ exZe, ® e, Z)[1]

B (Zey ®egley ®eyZe, ® e, Z)[2], with differential

0 m®id mEid 0
0 0 0 —m ® id®?
0 0 0 idem®id
0 0 0 0

Note that Ze, ®e,Ze,Qe,Z = Ze, Qe ZeyReyZe, e, Z. Hence M, My(Ze,®e,Z)

is isomorphic to

(Ze,®e,Z)® (Zey R eyZe, @ e, Z)1] @ (Zey @ e Zey ® eyZe, ® e, Z)[1]

B (Zeg ®egxley ®eyZe, ® e, Z)[2], with differential

0 m®id | mg3®id 0

0 0 0 —m ® id®?
0 0 0 id®4

0 0 0 0

Applying Lemma 5.2.2 with

N=(Ze.®e,Z)® (ZeyReyZe, Qe Z)[1],
L=(Zeg®eyZeyReyle, e, Z)1] & (Zey ® egley ® eyZe, ® e, Z)[2],
0 0
—m ®id*? 0

shows that M, M,(Ze, ® e, Z) is homotopy equivalent to

0 m®id
0 0
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where we delete the contractible second term.
idm

Hence M,M,M, = cone(M,M,(Ze, ® e, Z) — M,M,Z) is homotopy equivalent

to

Z @ (Zey ®er Z)[1] @ (Zey @ ey 2)[1] @ (Ze, @ e,2)[1] ® (Zey @ e,Z & e, 7)|2]

® (Zey ®eyZe, ® e, 7)[2], with differential

0 m m m 0 0

0 0 0 0 id®m 0

0 0 0 0 —m®id ideom
0 0 0 O 0 -m ® id
0 0 0 O 0 0

0 0 0 O 0 0

Now, M, M,M.(Ze, ® e, Z) is isomorphic to

(Zey ®exZ) @ (Ley ® exZe, e Z)[1] @ (Zey ® eyZey @ ey Z)[1]
& (Ze,Re,Zey Qe Z2)[1] B (Zey @ exZey ® eyZey @ ey Z)[2]

@ (Zey@eyZe, e, Ze, ® e, Z)[2], with differential

0 meid meid m®id 0 0
0 0 0 0 idemeid 0
0 0 0 —m®id®? ideom®id
0 0 0 0 0 —m ®id®?
0 0 0 0 0 0
0 0 0 0 0 0

Recalling (5.3), by twice applying Lemma 5.2.2 and deleting contractible terms as

we did for Reidemeister 3, we find that M, M,M,(Ze, ®e,Z) is homotopy equivalent
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to

(Zey®eyZey, @ e, Z)[1] @ (Ze, ® e, Zey ® e Z)[1]

D (Zey®eyZe, ® e, Ze, ® e, Z)[2], with differential

0 0 idem®id
0 0 —m®id®?

Noting Ze, ® ey Ze, @ e,Z = Zey QeyZe, Re,Le, @ e, Z, by applying Lemma 5.2.2
and deleting a contractible term as above, we find that M, M,M.(Ze, ® e,Z) is

homotopy equivalent to ((Ze, ® e, Ze, ® e, Z)[1],0).
Therefore M, M, M, M, = cone(MyM,M.(Ze, ®e,Z) id M,M,M.Z) is homotopy

equivalent to

Z @ (Zey @er Z)[1] & (Zey @ ey Z)[1] & (Ze, @ e, Z)[1] & (Zey ® exZey @ ey Z)[2]

D (Zey®@eyZe, e, Z)2® (Ze, ®e,Ze, ® e, Z)[2], with differential

0 m m m 0 0 0

0 0 0 0 idem 0 -m®id
0 0 0 0 —m®id idem 0

0 0 0 O 0 —-m®id id®m

Cyclicly permuting the roles of z,y, z shows that M,M,M,M,, M,M.M,M, and

M, M, M,M, are all homotopy equivalent. Hence there are natural isomorphisms
TwyoTw, oTwyoTw, = TwyoTw,oTw,oTw, = Tw, oTwy,oTw,oTw,
in KS?(Z ). O

Let #¢ C Ky (Z) be the smallest full extension-closed subcategory containing Z
and closed under direct summands. Denote by Stab®(K{."(Z)) the connected com-
ponent of Stab(K{"(Z)) containing stability conditions supported on #. Given

[49, Proposition 5.4], it is easy to check that Tw, # ~ (3‘6& z) for all x € Aj.

b
exZ[—1]
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Since autoequivalences commute with tilting, Tw, (%Ey 7) =~ (Tw, %)%Wz(ey 2) for
all z,y € A?. The analogous statements connecting (—)* and Tw™ also hold, so the

action of G on K{"(Z) preserves the connected component Stab® (K" (2)).



Future work

1. Koszul duality. For all n > 2, we expect that I'(A™, W2)' = Z2 as dg algebras.

Example. Let n = 2, retaining the notation of Example 1.3.10. We show that
I'(A%, W2)! = Z2 as cochain complexes. Following [48, §2.14], we have a

cofibrant resolution
0 — Ker(m;) — ;T =5 (e;) — 0

for each i € {1,2,3}. Hence C; := cone(Ker(m;) — ¢;I') is a cofibrant replace-

ment for (e;). As graded I"-modules,

Ci=Zell'e (il ol @~ T)[1] Zeril' ® e1I'[3] @ e2'[1] & e3I'[2],
Cy = e @ (a*F Gt & 5F)[1} = 61F[2] @ e P €2F[3] D egr[l],

C3Zes'® (’yr &b 5*F D tgr)[l] = elF[l] D GQF[Q] @ esl' P €3F[3]
Note that

(m) ifi=7, n=0,
Homgrmodf‘(eira <ej>{n}) =
0 else.

Therefore Homr(C;, (e;)) has trivial differential for all i, j € {1,2,3} (so in

particular, I'! has trivial differential). Hence

R Homr ((e3), (¢)) = Homr (Cy, (e;)) = @) Homgmoar (Ci, (e;){n}). (D)
nez

97
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Hence for each i € {1, 2, 3}, one computes that

R Homp((e;), (e:)) = k & k[-3],
R Homr((€i), (ei+1)) = k[-1],

R Homp((ei), (ei1)) = k-2,

where the subscripts should be taken modulo 3. Hence I'(A%, W?2)' = Z2 as

cochain complexes.

Note that this argument may be readily generalised to n > 2.

2. Tilting and mutation. Recall Proposition 5.1.6. We were able to show that
Quse = Qe, but unable to prove that the potentials coincide. Again, we believe
this is well-known, but haven’t seen a proof written down on this side of Koszul

duality.
Example. Recall Example 5.1.8. After relabelling to match the notation of

Qu,9, the reduced potential from the Derksen-Weyman-Zelevinsky mutation is

Wy = (fasfr2) f19/53 — feafs6 52 5-

This indeed coincides with W,,». The term (fa3f12)f15f43 encodes the rela-

tions

faz = fia 0 (fasfi2), (f19)* = (fasf12) © f3s, (fa3f12)* = f330 fi.

The appearance of a 4-cycle reflects the fact that the objects e; Z and e5Z have
non-trivial differentials. This means that certain Hom-complexes involving
them also have non-trivial differentials, so information is lost when passing to

cohomology which must be recorded using higher compositions. Specifically,
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the term fo4 f56 f25 /5, encodes the relations

foa = m3(f55 ® f56 ® fea), (f52)" =ma(fs6 ® foa ® f34),

fie = m3(foa ® 3, @ f35), [ir = ms(f34 @ fso @ f6).

At the risk of digressing, this says that the Massey product of three consecutive
morphisms in the 4-cycle contains the dual of the remaining morphism (see
[53, §31). The fact W,,» contains no other cycles encodes the fact that all

other compositions in Endhdg( 7) (v2P), normal and higher, are zero.

It also remains to be proved that the A.-structure on Hq,(Z3) is 3-cyclic.

3. Reachable autoequivalences. In §5.2 we exhibited a group homomorphism
Gy — Aut®(Kg; (Z3)), where the latter is the subgroup of Aut(Kg;'(Z3))
containing autoequivalences which preserve the distinguished connected com-
ponent Stabo(Kggr(Zg)) of the stability manifold. Such autoequivalences are
called reachable. When trying to explicitly determine a connected component
of the stability manifold, it is often useful to find the group of reachable autoe-
quivalences, since this allows one to restrict their attention to a fundamental
domain (see e.g. [13, 40, 54]). An obvious goal is to determine whether the
map G5 — Aut®(Kg'(Z3)) is injective (i.e. the action of G4 is faithful) or

surjective (i.e. the action of G is full).
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