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In this work we show that information transfer occurs between two baths, even in the absence of a direct
coupling between the baths. This bath-system-bath-mediated information transfer leads to intricate non-
Markovian dynamics in the open system considered. We show this through the development of a model for an
undamped vibration in the presence of an overdamped bath. This two-bath model involves a new derivation
of the hierarchical equations of motion (HEOM) for an overdamped Lorentz-Drude (LD) environment that is
summed together with an undamped oscillator (UO) bath, termed LDUO-HEOM. The model is analysed using
expectation values of the bath coordinates which demonstrates an approach to understanding dissipation and
relaxation between multiple, coupled baths. The model generates 2D electronic spectra that are in qualitative
agreement with single-bath models while eliminating additional superfluous damping, which was introduced
by the finite spectral width of the under- damped bath in our previous two-bath underdamped-overdamped,

‘bath vibration model’ [J. Chem. Phys. 156, 084103 (2022)].
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I. INTRODUCTION

Non-Markovianity in an open quantum system is char-
acterized by the recurrence of information from the
bath, back into the system. It has been hypothesized
that non-Markovianity could be exploited as a quantum
resourcel’?, An interesting question is: how does infor-
mation dynamics behave in open systems with multiple
baths®? This question is relevant to a number of ap-
plications including quantum heat engines and quantum
refrigerators. 51U

When considering this question, the construction of
the open quantum system, and nature of the baths di-
rectly affects the information dynamics. In this work
we consider a two bath open system comprising an un-
damped bath and an overdamped bath, where the baths
are combined via a direct sum. As we will show, informa-
tion exchange between the baths does occur despite the
baths not being mixed via a tensor product. In essence,
the system acts as an agent for transferring information
between the baths via what we refer to as a bath-system-
bath coupling.

In this work we use hierarchical equations of motion
(HEOM) which are an important tool for modelling non-
Markovian processes in a wide variety of applications in-
cluding, but not restricted to, energy transduction, quan-
tum information and quantum thermodynamics. While
HEOM is incredibility powerful in its application and ver-
satility, new equations must be derived from first prin-
ciples for each new formulation. In recent years, there
have been a number of new forms of HEOM*! derived for
specific cases including arbitrary spectral density (ASD)
HEOM!2 dissipation equations of motion (DEOM)+3,
and generalisations of HEOM!4,  These new deriva-
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non-Markovian, HEOM, undamped spectral density, overdamped spectral density, 2D spec-

tions introduce additional flexibility into the decomposi-
tion of the Matsubara basis and hence account for dif-
ferent environmental structures. Further, the definition
of the system-bath boundary has been demonstrated to
have a profound impact on the dynamics of the OQS
model 721 This current work was motivated by some of
our previous work where we considered system boundary
placement by examining two different OQS models ap-
plied to a molecular system, where a vibrational mode is
coupled to the electronic degrees of freedom. The models
are called the Hamiltonian vibration model (HVM) and
the bath vibration model (BVM). %% In the HVM the in-
tramolecular vibration is defined explicitly in the Hamil-
tonian and in the BVM the same vibration is removed
from the Hamiltonian and subsumed into the bath via
a canonical transformation. In practice, the BVM was
constructed by combining an underdamped bath added
to an overdamped bath, where the former describes the
molecular vibrations and the latter the rest of the en-
vironment. In principle the HVM and BVM should be
mathematically equivalent however we showed this was
not the case in practice. This is because the in the
case of the BVM, the additional bath gives rise to ad-
ditional spectral broadening, that leads to superfluous
damping that is not consistent with HVM dynamics and
its resulting spectra. Our new derivation removes the
spurious damping, without the computational expense
of the ASD-HEOM. This is achieved through construc-
tion of a HEOM with two spectral density components,
one overdamped (with a Lorentz-Drude form), and the
other a completely undamped mode describing the pure
intramolecular vibration. The derivation follows well es-
tablished methods of Tanimura and co-workers?#23, Ag
discussed in Humphries et. al?2, the BVM results in in-
trinsic canonical damping from the underdamped mode,
that we argued is superfluous when added to a second
overdamped bath, which already describes the noisy en-
vironment. This originates from the canonical transform
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which carries the underdamped vibration into the envi-
ronmental degrees of freedom. By creating a hierarchy
which contains an undamped, rather than underdamped,
contribution we show that we can remove this artifact.
In Section IT we outline key differences between one-
and two-bath models, including a brief overview of some
relevant, recent studies. In Section III we give a detailed
account of the derivation of our LDUO model. In Sec-
tion IV we briefly detail the parameters used in the sim-
ulations employing the LDUO model. In Section V we
present our results which includes and analysis of the re-
sulting 2D electronic spectra and a detailed analysis bof
that bath dynamics through expectation values of collec-
tive bath coordinates, before conclusions in Section VI.

1. BACKGROUND AND APPROACH

Undamped hierarchies have been constructed in ear-
lier works?%2” where the stability of these models have
been dramatically improved by some researchers?d. Our
work is a novel extension of these models through the ad-
dition of a second overdamped (Lorentz-Drude) bath to
the undamped bath. This construction differs from pre-
vious works on canonically transformed, underdamped,
equations because of how the environment is constructed.
In works by Garg??), Lai*, Green®!, and Tanimura23'32
a pure system vibrational mode is extracted from the
Hamiltonian and placed via the canonical transform into
a Markovian bath. This is shown schematically in Figure
1(a), where superimposing the pure harmonic frequency
(described by a delta function) with a Markovian envi-
ronment (described by white noise) results in an under-
damped (i.e. Lorentzian) spectral density. In particular
we note that this environment is described by a single
bath. In such a model there is no superfluous canonical
damping as the environment is correctly described by the
white noise component of the single spectral density.

Now we require the environment to be described by an
overdamped spectral density, rather than purely white
noise. To do this we adopt a two-bath approach where
the overdamped contributions are defined by a Lorentz-
Drude spectral density. Importantly this means that the
environment contributions will have some non-Markovian
character, see Green et al. for more details®l. Previ-
ous studies canonically subsumed a system vibration into
an overdamped environment by combining a Lorentzian
with an overdamped spectral density, through a two-bath
model. However, as we showed with the BVM, by doing
this environmental damping is over-represented by dou-
bling up on the environmental noise, see Figure 1(b),
because there is noise in the Lorentzian as well as the
LD spectral density. In 2022 we showed that a two-bath
model in the limit of zero canonical damping is equiv-
alent to a single-bath approach??. This motivated the
current work where we now seek to develop a new model
whereby the vibration remains in the bath but the white
noise component is removed entirely. This is combined
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FIG. 1: Schematic of (a) two component, one bath
model, (b) a three component, two bath model, and (c)
the limiting case of (b) as a two component, two bath

model.

with an overdamped, Lorentz-Drude, spectral density as
part of the HEOM derivation, thereby removing the su-
perfluous damping, as seen in Figure 1(c).

There are a number of motivational factors for do-
ing this. Firstly it means that we can choose where to
place the vibrational mode, the system Hamiltonian or
the bath, which may have practical implications such as
computing time. However, there is also significant the-
oretical interest, as it gives us insight into information
dynamics between the bath and the system, which is an
important area of study in open quantum systems. In
particular in this work, we will investigate how informa-
tion is exchanged between the two baths, via the quan-
tum system. This is of general theoretical interest be-
cause non-Markovianity can be understood as a resource
in quantum information theory. While a detailed analysis
is outside the scope of the current work, this model has
the potential to offer insight into how information might
be fed between baths and back into a quantum system
from its environment (recurrence).

11l. MODEL AND DERIVATION

The one bath model consists of a one-dimensional sys-
tem coupled to an overdamped bath of N harmonic oscil-
lators. The system of interest is defined by an harmonic
potential dependent on ¢, the position operator of the
system, with mass m, and explicit Hamiltonian vibra-
tional frequency wyo. The oscillators in the single bath
have masses {m;}, frequencies {w;} and coupling con-
stants {c;}. The general, total, Hamiltonian is,

Hioy = Hg + Hp + Hgp + Hsr, (1)

where,



Hs = |g) hy (9] + [e) he {e] , (2)
with
p? 2
h, o + SMWiod’s (3)
p? 2 2
he = Tweg + o + imeO(q —d)*, (4)

Hsp = — Z ¢X;4; (6)

and p,q, {p;}, {x;} are the respective momentum and po-
sition operators for the system and the bath, and d is the
displacement of the excited state potential energy sur-
face.

In the context of this work, this system is extended
to a two bath approach. This is achieved by canonically
transforming the system frequency wyo into a separate
spectral density. This is what becomes the undamped
oscillator mode, and hence is why the system vibration
is named UO in the one bath system Hamiltonian. Such
a process transforms the molecular coordinate ¢ into the
electronic subsystem and the ‘vibrational’ subsystem (de-
pendent on wye) into the undamped (UO) bath coordi-
nate, x. Consequently, the system can be redefined from
equation (1) with

1
Hs = (hwe, — 3muowdod ) e) (e, (7)

and with a pair of bath contributions

Hp = Hyo + Hip, (8)
’ 1 2 2
Hyo = - 9
Uo 9muo + 2mUOWUOX ) 9)
and
2 2
5 ijjX»
Hp =) |2+ 1
LD ) [2mj + 5 1 ) (10)

which then couple to the system degrees of freedom via

Hsp = Hgvo + Hsip, (11)
Hsuo = —muowgo xd [e) (e], (12)
= —SHo x le) (el , (13)

where the Huang-Rhys factor of the undamped mode is
analogous to its associated ‘Matsubara amplitude’ from
the spectral density cyo = S[I}g and

Hsip = — chxj le) (e] . (14)

J

Once the bath contribution is split between two com-
ponents, it is crucial to note that no explicit Hyorp o
XX; |e) (e] component is included within Hgg. In our
model the excited state displacement, d, is defined implic-
itly from the reorganisation energy, Auo. Therefore this
system has oscillators from the two baths with masses
{mj,muo}, frequencies {w;,wyo}, coupling constants
{¢j,cuo}, and the respective momentum and position
operators {pja p}7 {Xja X}'

The system dynamics is initiated by a driving field,
used to excite the fundamental transition, through

Hep = —p - (XFE(t_Tp) exp(—iwegt+ikr)) +c.c, (15)

where xr is the electronic field strength, w., the funda-
mental frequency of the system’s electronic transition, k
is the associated wavevector, and E(t — 7,) is the field
envelope. The envelope is assumed to be Gaussian such

that
E(t —7,) = exp (W) (16)

with a peak centre at 7, and a variance, defined from
the full-width-at-half-maximum (FWHM) as 2¢4/2In(2).
Full details of the system field coupling can be found in
Green et al. B,

Given this description of the system and bath we can
construct the density matrix, starting from the system
in the vibronic basis. For a set of states {|q;,x;)} with
corresponding transition probabilities {P;} the density
matrix is equivalent to the outer product,

p(q,x) = Zpi s xi) (i X3 - (17)

To derive the equations of motion we use the path in-
tegral formalism. Introducing the time propagation op-
erators we can find the density matrix at an arbitrary,
non-zero time, ¢ from an initial density matrix at time
Zero,

a5 (Y gy (20

h h
(18)
Next we apply the Born approximation so the system is
initially in a factorisable state with respect to the ther-
mally equilibrated bath,

po(q,x) = ps(a)p(x), (19)

which allows the reduced density matrix element to be
expressed in path integral form, once the bath degrees of



freedom have been traced out33+34

s ] [ [on(5)

X exp ( _ iSSfEQH) (an[quqi]) ps(do; 4o, 0)

x Dlai]Dlaz] dao dag, (20)
where f Dlqq) represents the functional integral. The ac-
tion, denoted Sg[qy; ], is associated with the correspond-
ing system Hamiltonian, Hg.

The bath effects are contained within the Feynman
and Vernon influence functional for the nth bath, and
full details of the separation of system and bath degrees
of freedom can be found within the original derivation
331350301 Tanimura and Kubo®? take a form of the influ-
ence functional which explicitly contains the fluctuation,
L5 (t),and dissipation, iL}(¢)%? kernels of the system of
interest and consequently the influence functional takes
the form:

/L' t T
F,, = exp (— ﬁ/ / B*(q, q}; 7)
o Jo

iLY (1 —7)B%(qe, a3 7') + Ly (1 — 7")B* (ar, qi; T’)]

x dr’ dT)7 (21)

with the general form of the bath coupling operator
B in the vibronic basis obeying, B*(7) = B*(qs;7) —
BX(qj;7), and B°(r) = B*(a;i7) + B (q}i7), respec-
tively. This form is used within one bath models where
there is an explicit ¢, system, coordinate within the
Hamiltonian and a system vibration. After canonical
transformation from a vibronic system basis to an elec-
tronic system basis the continuous nuclear paths in sys-
tem space, q(7), become discrete system states s(7) as
a consequence of the removal of system vibrations. This
leads to the simplification of the influence functional to

Fn —exp<—// St7$t7

il (1 — 7B (54,85 7') + LY (1 — 7 )B* (8¢, 8}; T/)]

x dr’ dT)7 (22)

where the bath coupling operator B obeys the commu-
tation and anti-commutation relations of the electronic
system state, respectively, B*(7) = s(r) — s'(7), and
B°(7) = s(7) + /(7). Such a change is necessary when

moving to a two bath model. The explicit form of the
bath coupling operator used in this work is

B =B, + B, (23)
= (e} (el + (le) gl + 19) (e)) @ T~ (24)

The kernels can be expressed by the spectral distribution
as

L3(t) = /000 JIn(w) cos(wt)coth <BZW> dw, (25)

iLy(t) = — /000 Jn(w) sin(wt) dw. (26)

We split the environment into two major contributions:
an overdamped bath (denoted LD for Lorentz-Drude),
which is appropriate for Gaussian noise and an un-
damped oscillator (UO) mode. The approach is simi-
lar to our BVM, where the undamped oscillator mode
is subsumed canonically into the spectral density. This
results in a form of the BVM, but in the limit of a zero
linewidth vibration, where the canonical damping is zero.
The spectral density can be written,

J(w) = Jup(w) + Juo(w), (27)
where
2nLpYLDWEW
(wo = w)? + (YLpw)?’

which can be further simplified to the Lorentz-Drude
form given that y1p > wo such that App = w?/Yp,

JLD(W) =

JLD(w) =

2 A
2mpein, (28)
w* + ALD
and
1
Juo = 5588@ (0(w —wyo) + d(w + wuo)) , (29)

with SII}(P)” = Ayo/wuo- This form of the undamped part
of spectral density matches that which is used in Seibt et
al 3889 with the exception of the factor, wyo. This en-
sures that the spectral density has an amplitude propor-
tional to the reorganisation energy, Ayo. We note that
this is equivalent to applying a single delta function of the
form J(w) = S{8wuod(w—wyo). The next step is to de-
compose the respective bath contributions, according to
the Matsubara scheme, in order to explicitly incorporate
time-dependent, but temperature-independent, Matsub-
ara decomposition coefficients and frequencies*®32 into
the correlation function. We perform this process for
each component of the total spectral density piecewise.
Starting with the Lorentz-Drude component we decom-
pose the correlation function using complex contour in-
tegration®d, resulting in:

hA N\
LLD(t) = nLDALD (Cot (62LD> _ ’L) e Arpt

= 2TILDALDVn ot
+Zﬁrw2 7ye (30)



which can be simplified by denoting,

A
do = mpArp (cot (ﬁh;D) - z) ,

Vg = ALD7 (31)

277LDALD Up 2n7r
dn = y n — ",z 32
o (uz—AiD> =g (@
such that
Lip(t) =) dpe ! (33)
n=0

Next we decompose the undamped oscillator mode com-
ponent, proposed in reference [I7, through the sifting
property of the delta function resulting in:

HR
= SUO% lexp(—inot) (Coth <6H;UO ) +1>

+ exp(iwyot) (coth (’BRZUO> - 1>] . (34)

From this we have generated the Matsubara decomposi-
tion coefficients and frequencies for the second bath:

Lyo(t)

1 h
¢1 = ¢ = 5 S5UBwuo <coth<ﬁ ;’U‘)) + 1), (35)
1 h
o =c) = ngngO <Coth (B ;UUC)) - 1) . (36)
Y1 =17 = iwyo, (37)
Yo =77 = —iwyo- (38)

Additionally, the coordinates are moved into a coherent
state basis transforming al-L and a;, to x; and p; for the
environment modes {j}. This representation uses

¢) =exp (Y- daat) [0)

where |0) is the system vacuum sate, ¢; are complex
numbers, and ¢ their complex conjugates such that

a; |b) = s |d)
(blal = (d] b7

This is a movement from trajectories in physical space
to trajectories of coherent states: s, x, s and x to

(39)

Qi = (d*(7),d(r)) and Q} = (¢™*(7),d'(7)). Given
these decompositions, and in a manner equivalent to the

process in Ishizaki Tanimura?”, we construct the total

influence function as:

F= | |]:n:f"LD><-7:U07
f _ 1 t T “ ,
Uo = €Xp _ﬁ E Bk; (Qt7Qt77—)x
0o Jo 7

exp(—k (T — 7'))O0k(Q¢, Q}; 77) dr’ dT>. (43)

(42)

where,

O = ;[(Ck cr)Br(Qe, Qs 7')+ (Ck+CZ)B;;<(Qt,Q;;T/)‘|’
()

and

Fip = exp (/ / “(Qe, Q 1)V(Qe, Qs 7)) ALp

o0 1 t T
x exp(—Arp(r — 7)) d7’ dT) x H exp <— ﬁ/ /
ot} 0 Jo

B (Qe, Q3 7) U (Qr, Qi 7' ) exp(— v (r—77)) dr’ dT) '
(45)

where,

¥ =nLp [CO'C <BthD>BX (Qe, Qy; ™) —iB°(Qy, QQ?T/)] ;
(

46)

i ﬂLDALD Un
— Bh(v2 — A}p)

B*(Qn Qi) (47)

For a value of K, which satisfies vx = 27 K/Bh > wo,
where wq is the fundamental frequency of the system,
then v, exp(—v,(t—7')) = 6(r—7') for n > K—|—1. This
simplifies the influence functional, equation (4
(m lk)

We introduce the auxiliary operator Py ires

matrix element, in equation (49)), as*"

by its



t T
J R exp <_ /0 /0 ZB?(QthQW) exp(—k (T — 7'))Ok(Q¢, Qs 77) dr’ dT) %
&
t T
exp <_/ BX(Qt,QQ;T)eXP(—ALDT)l—/ Arpd(Q, QL ) exp(ArpT) dr’] d7>><
0 0

K t T
71;[16)@ (/0 B*(Qy, Q}; 7) exp(—vp,T) [ 7/0 a0 (Qs, Qh; 7) exp(vn ') dT'] d7'> X

m,l
p§1 jkI)< Qt7 Qta

k

K
{ exp
n=1

for non-negative integers Iy, m, j1,...,jk. Differenti-
ating equation with respect to time, and then com-

J

— Z(lk% +mALp) —
&

m,l,—1
> by
k

0 (m,lx) )
atph JkK = _ﬁHg

— mAL

[~

Upon first inspection it may appear that there is an ab-
sent factor of y, in the creation term from the (I, — 1)th
Matsubara axis, however this is not the case. Based on
the reduction criteria for the infinite Matsubara compo-
nents, which for the overdamped contribution is:

Vg = ﬁ > wo, (51)
we reduce to a delta function for a sufficient value of
K. However, such a reduction cannot be performed for
the undamped component. The undamped contribution
introduces a pair of Matsubara decomposition coefficients
and frequencies, as opposed to an infinite number, and as

ﬁp(m 1,lk)

J1---JK

o0

11 exp< /0 BX(Qr, Qs 7)¥a(Qr, Q43 7) d¢>. (48)

n=K+1

@ QO (i5[Qu,Q —iSs[Qu, Q) ,
/t(to / f()) <7IS[(?;CM>]:6XP (W)p(Qto7Qto;to)X

t Lk
H { /0 exp(—k(t — 7))0k(Q, QL T) dT’} { exp(—Arpt)

m

¢
_/ ALpd(Qq, Qp; ') exp(ALpT’) dT/‘|} X
0

[—/0 vn W (Qe Qi 7') exp(vnt’) dT'H D[Q:] DIQi)- (49)

(

puting the path integrals, results in the following equa-
tions of motiont®:

“Yiwt 3 B w)p;l;;

n=K+1

. N
ZJ"V" "pgzn Jkr? 1 JK

m+1l ml +1 ml
ph JKk +ZBI€ Pji.. ]kK ) ZBXph Jk+1 JKC (50)

(

such a sufficient value of K being chosen is unlikely. This
lack of reduction motivates the current derivation and it
results in factors of (cx £ ¢}) in O, which (based on the
form of ¢; in equation ) accounts for the apparent
missing factor of .

The condition,

K

Z(lk% +mArLp) + Zjnvn >
k n=1

wo
min(Z(vg), R(vn))’

—  Tpae = 10 maX(I(’yk)) (53)
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FIG. 2: Two-dimensional electronic spectra (2DES) for the BVM system, column 1, and the LDUO-HEOM,
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terminates the over- and undamped axes. This leads to
hierarchy volumes that are similar for both baths.

0

ot "I

Subsequently, the infinite hierarchy can be truncated
(m’lk)
Pjrcinc:

by the terminator®1A4L:
(54)

Here, the phonon contributions from the system charac-
teristic damping rate vanish as they are a purely real de-
cay, whereas the purely imaginary oscillating components
persist. This can be rationalised through the limit of in-
finite time, all contributions with an associated damp-
ing will vanish leaving only oscillatory components after
the application of the Markovian criterion. This can be
rewritten a

. o0
m i
(mole) <—hHSX—Zlk’7k+ Z B*v,,
k

n=K+1

0 m,l 1 . - m,l
apglj’}z ~ (—hHSX—z(lo—ll)wUO—F Z BX\I/n> p§1jk1)<
n=K+1
(55)

Since the undamped oscillator component contributes a
pair of Matsubara decomposition frequencies and coeffi-
cients, we expect the number of hierarchy elements to be
only slightly greater than that of an overdamped HEOM.

IV. NUMERICAL SIMULATIONS

The objective of the above derivation is to produce a
version of HEOM that will give accurate spectra for sys-
tems in which an undamped oscillation is coupled to an
overdamped spectral density. This new model is designed
to eliminate the additional damping that occurs from
an underdamped spectral density with finite linewidth.
We apply the LDUO-HEOM to nonlinear optical spec-
troscopy to test the effect of superfluous damping on
quality of 2D spectra. Note that in generating the spec-
tra, instead of using the squared macroscopic polarisa-
tion, in the case of an undamped mode it is necessary to
sum the absorptive component with the 7¢ phase flipped
dispersive component in order to preserve the spectral
broadening.

To benchmark the new HEOM, a two-level system with
a fundamental transition frequency of we, = 3000 cm ™!
is used. This is coupled to a harmonic oscillator mode of
frequency wg = 500 cm ™!, and excited by a laser field,
resonant with the electronic transition, at a field strength
of xp = 103V m™!, coupled via yt = o,. Full details of
the model can be found in Green et al. 31

The bath parameters, used in these simulations are
n = (50,50) cm~!, and v = (100,2500) cm~!, for the
BVM, the first value in parentheses corresponds to the
overdamped environment and the second the canonically



subsumed mode resulting in an underdamped bath, and
n=>50cm™ !, A =100 cm~!, and A\yo = 0.5 cm~?, for
the LDUO-HEOM.

The left column of figure [2| shows the BVM case while
the right shows the LDUO-HEOM case for the identical
system. The two sets of spectra in figure [2| are qualita-
tively similar, both in terms of peak positions and broad-
ening, demonstrating that the LDUO-HEOM is effective
in modelling the BVM in the limit of vanishing canon-
ical damping. Both the BVM and LDUO-HEOM spec-
tra present an inhomogeneously broadened fundamental
peak which becomes more rounded for later population
times, indicating spectral diffusion at later times. A no-
table consequence of the undamped mode is a vertical
stretching (along the emission axis) of the peaks. This is
expected and occurs because of the longer-lived oscilla-
tion of the polarisation that results from the undamped
contribution to the total spectral density.

One of the most major benefits of this new approach,
apart from the removal of the artificial damping, is the
reduction in computational cost. In order to generate
these spectra there is an equilibration step, an evolution,
and calculation of 2D spectra. In the case of the BVM
these steps take 1 hour 29 mins, 3 hours 34 mins, and 16
hours and 19 mins, respectively. However, in the LDUO-
HEOM the same steps took ~ 30 seconds, ~ 1 minute,
and ~ 3 minutes, respectively, on the same cluster. This
means that the LDUO-HEOM took 0.56% of the time
the BVM did, or better, and represents an improvement
of at least 99.4%.

V. ANALYSIS OF BATH COMMUNICATION

Having shown that the two-bath LDUO-HEOM ap-
proach produces 2DES which are in qualitative agree-
ment with analogous single-bath models, we now con-
sider communication (i.e. information transfer) between
the two baths. Firstly we note that fully coupled, prod-
uct spectral densities and full generating functional ap-
proaches are yet to be applied to any two-bath mod-
els. When the baths are not directly coupled, the degree
of implicit communication between the two constituent
baths is dictated solely by their couplings to the quan-
tum system. A previous study, Seibt et al. proposed
models in which sub-components of the total system are
explicitly coupled together via Herzberg-Teller coupling
through generating function approaches.®® In our model,
the system-bath boundary is not as clear cut because hy-
bridisation between the degrees of freedom of the envi-
ronment and the molecule is implicit in the construction
of the LDUO-HEOM. While the appearance of a vibronic
progression in the 2DES, above, indicates that the elec-
tronic degrees of freedom from the system couple with
vibrational information contained in the spectral density,
this does not confirm whether the individual baths inter-
act with each other in the absence of explicit bath-bath
coupling. To quantify any explicit correlations between

the baths, which would imply information transfer be-
tween them, we apply the bath coordinate expectation
value approach proposed by Zhu et al##44, The system-
bath interaction term is taken as

Hsp =) ¢;x;B=-F®B, (56)
J

where F = ). ¢;x; is a collective bath coordinate for the
system. Zhu et al. showed that the expectation values of
the collective bath coordinate, F, can be tracked directly
from the density matrix and its associated ADOs. The
structure of the bath coordinate is such that it defines
environmental polarisation effects in fermionic systems
and energetic fluctuations due to excitation of the envi-
ronment. In both instances, this quantifies the degree
of the system-bath interaction. In HEOM methodologies
the information exchanged between a system and bath is
distributed throughout the ADOs and as such, the ADOs
are intrinsic to the calculation of expectation operators
of the bath coordinate. The hierarchy structure reflects
the properties of the OQS including the bath relaxation
rate and system-bath coupling strength.

Each Matsubara frequency corresponds to an indepen-
dent axis within the hierarchy, and ADOs along this di-
mension contain quantum information in terms of integer
multiples of the Matsubara frequency!®. There have been
a number of different ways to represent the ADO hier-
archy geometrically presented over the years #52:40:5 40
In our analysis, we have found that a pyramidal struc-
ture is very intuitive for representing the flow of infor-
mation through the ADOs, from the density operator
in the apex. Figure |3| shows a simple example of a
hierarchical structure with three Matsubara dimensions
v, k € {1,2,3}. Tiers are defined as ADOs with a com-
mon sum of indices. For example, all Matsubara vectors
with a total index sum of 1 are first tier, and are shown
on the blue surface within the hierarchy volume in fig.
Each tier exists as a surface within the Matsubara space
which corresponds to a physical cutoff speed at which
phonon modes are considered to be Markovian. Physi-
cally this corresponds to the extent to which information
is able to extend through the hierarchy. At T'yax, or
greater, ADOs contain phonon states which are faster
than the non-Markovian cutoff and as such these ADOs
will be outside the hierarchy volume in which information
can return to the density matrix.

Given the definition of tiers within the hierarchy, we
calculate the bath coordinate expectation values at each
tier in the hierarchy. To simplify the indexing, we define
three vectors; a collective Matsubara frequency index,
a coefficient index, and Matsubara index for the total
HEOM as

vEPYO = [y, ALp, va), (57)
Cq = [Ckv d07 dn}y (58)

N = [lky My Jn)- (59)



Tier 1 ADOs

Tier 2 ADOs Tier 3 ADOs

FIG. 3: A generalised, arbitrary hierarchy diagram
showing the ADO Matsubara vectors for a system with
three Matsubara dimensions, v, k= {1,2,3}. Tiers
are shown as coloured surfaces within the closed
pyramidal volume. This schematic is for visualisation
and typical, real, hierarchies can contain many more
dimensions than three.

This means that the ADOs can be rewritten as:
m,l _
o5 EN = P (60)

with the associated correlation function

LDUO

Liot(t) = Y eqe " L. (61)

Expectation values of the coordinate F can be gener-

ated through probing the Hamiltonian with a classical
field, f(t),2340

Hiot - Hf = Hs +Hp + Hsg + Hsr — f(t)F.  (62)
In the interaction picture this means we can define
pr(t) = Uy p(O)U} as the total evolved state using Hj
with Up(t) = Texp (z JEFEF ) dT), where 7 is the
time-ordering operator. Then by taking n variational

derivatives with respect to f it is possible to generate
nth order moments of the coordinate F:4346

(o)

=i0(t — 1) Trp (F(h)pf(t)),

(63)

52
mmw(%(wnﬂ _

£=0

—O(t — 12)O(ts — t)Trg (F(t2)F(t1)pf(t)) -

Ot —t1)O(t1 — t2)Trp (F(t1)F(t2)pf(t)>7 (64)

6TL
57 ()T <TYB (s (“)) .

mO(t — tn)...O(ty — t1)Trg (F(tn) . F(tl)pf(t))—l—
(time perturbations), (65)

where © is the Heaviside function. For Gaussian baths
this can be reduced, using the Wick /Isserlis formula,*74¢
to sums of products of pairs of two-point correlators
(Ltot(t)). Upon integration by parts the Heaviside
functions yield static-time boundary conditions, Lot (0)
which are resolved through application of Kubo’s sym-
metric condition ©(0) = 2 %2 Consequently, the simulta-
neous time component can be written as

Liot (t) + Lot (—1)

Ltot (0) = AO = }I_I;% D) 5 (66)
:/ LOt(W)coth(%) dw, (67)
0 s

= Rlea)- (68)

e}

This process yields expectation values (for n = {1,2}) of
F as

F) = Trg (Fpio ) (69)
or

FO () = — Z on. (1), (70)

FO(t) = Aops(t) = Y pna(t) =2 pn, (1), (71)

tier 2 tier 2

ne=0,o0r2 ne=0,or1

where quantities with bracketed powers are expectation
values of the stated order, and are matrix valued. From
these formulae it is clear that static time contributions,
Ag are € R, for Hermitian bath coordinates F, however,
ADOs within the hierarchy are defined as p, € C%*9,
dim: d. As a result of this F(™ e C where real val-
ued components relate to the fluctuation dynamics, and
imaginary portions to the dissipation, equivalent to con-
tributions from the fluctuation dissipation integral

Lot (t) = /000 Jtot (W) (coth(BZ“’) cos(wt)—isin(wt) | dw.

(72)
For this reason we define symmetric and anti-symmetric,
real valued, expectation values for the fluctuation and
dissipation, X and Y, respectively. We note that an
analogous, imaginary, static time quantity at ¢ = 0 is
the Lamb-shift term which is usually contained within a
Hamiltonian renormalisation and not a correlation func-
tion. Given

Z+ 27t A

Mz =255, ad AlZ] =2

(73)



XM —

= Hlpn.),

tier 1

Zna—l

X® =R(Ao)po+ Y Hlon,]+2 > Hlpn.],

— Ao po tier 2 tier 2 a
nqe=0,or2 ne=0,or1l
(75)
and
Y =" Afpn, ], Zna =1, (76)
tier1
Y& =

Z(Ao)po+ > Alon,]+2 > Alpn,],

tier 2 tier 2

Zna = 2.

=0

nqe=0,or2 ne=0,or1

(77)
Higher orders of the bath coordinate expectation values
can be generated from the recursion relation:

x(n+1) 7ilL("-i-l) Z H[on.], Zna =i,
il (78)
L = ™ oA, Lt Y, (79)
and
Y+ — Z M Z Alpn,. ] Zna =1,
il (80)
Mi(nJrl) - _Mi(il)l’ (81)

with L = MY = 1. In this work we are primarily inter-
ested in the first two orders of the bath coordinate expec-
tation value because the focus is on comparing one- and
two-component spectral densities. The interested reader
should refer to Zhu et al #3344l for further details on higher
orders of the fluctuation expectation values.

In order to facilitate a direct comparison of the con-
stituent modes we consider projections of the collective
bath coordinate for each of the modes in turn. Geometri-
cally, this corresponds to taking the sealed hierarchy vol-
ume from fig. [3| and projecting it to a closed surface. In
this way we are able to generate bath coordinate expecta-
tion values for the independent LD and UO components,
as well as for the full LDUO. Figure [ demonstrates the
process of projecting out components of the collective
bath coordinate so that only ADOs associated with the
left face of the pyramid are extracted.

Figure 5] presents a decomposition of the bath coordi-
nate expectation values X" (¢) and Y1) (#) for the LDUO
model and its isolated constituents: a pure undamped
oscillator (UO), a pure overdamped Lorentz—Drude bath
(LD), and a canonical two-bath model (LDUQ). These
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results are treated as first order moments which present
the mean coordinate of the bath.

In the top left panel, the projected undamped compo-
nent of the LDUO model is shown. Here we see an os-
cillatory structure with the amplitude of the expectation
values gradually shrinking over the lifetime of the tra-
jectory consistent with a mean bath coordinate reaching
equilibrium. The oscillations arise from the coherent ac-
cumulation of energy via the system from the indirect
bath-system-bath coupling in the LDUO model. The
undamped mode lacks a dissipation channel and hence
progress towards equilibrium is hindered, in this pro-
jected subspace, and the bath continues to build up dis-
placement as it mirrors the system’s dynamics. We fur-
ther note that, while equilibrium might not be reached
with a subspace of the Matsubara volume, equilibrium
would eventually be reached by the total system over-
all. The top right panel shows the isolated UO response
which is further decomposed into the contributions from
its two constituent Matsubara coefficients, cj from equa-
tion , (each associated with the Matsubara frequen-
cies +iwyp) in Figure |§| , that is, a trajectory with a
single undamped bath. The bath dynamics are governed
by a pair of purely imaginary frequencies +iwyo, corre-
sponding to Matsubara frequencies arising from the un-
damped spectral component, which sum to the total un-
damped contribution. These modes correspond to coher-
ent, undamped oscillations in the bath coordinate, which
persist indefinitely and oscillate between +£0.002. We
note that there is still a small amount of growth, justified
in terms of hierarchy stability in the supplementary ma-
terial, which is magnified because there is no other bath
from which energy and information can be transferred.
This reflects the fundamentally energy-conserving nature
of the undamped mode. Despite being part of an open
system, the underdamped bath and system molecule ef-
fectively forms a closed system where energy and infor-
mation is continually exchanging between the two with-
out any net loss, as demonstrated by the dissipative Y
measure which is symmetric about the x-axis .

The middle panels display the response of the over-
damped bath component. The single bath LD model
(middle right) shows pure decay of X*)| and zero Y1)
consistent with the lack of internal coherence or oscilla-
tory structure. That is, the bath acts as a simple sink,
rapidly losing memory of the system through monotonic
loss of information, tending towards the equilibrium con-
figuration. The projected LD component from the LDUO
model (middle left) behaves similarly, although modified
slightly by its indirect coupling to the UO component.
Crucially, there is now a non-zero Y(!) component which
appears because of the system-bath-system coupling that
is present in the LDUO model. Additionally, these be-
haviors underscore the difference between dissipative and
conservative dynamics: the LD component loses memory
and this facilitates equilibration (reaching a well defined
plateau), while the UO component strongly retains mem-
ory. Interestingly, this appears to be amplified in the case
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PrXY(Mvec) = 000

FIG. 4: A schematic of taking the projection onto the XY plane constituent of the collective bath mode resulting in
the removal of the v, Matsubara dimension from a generalised, 3D, hierarchy. Each dimension of this pyramid
originates from a single spectral density. This schematic is for visualisation and typical, real, hierarchies can contain
many more dimensions than three.
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FIG. 5: Tier 1 expectation values. Column 1, the bath coordinate of the full LDUO, projected onto the UO plane,
projected onto the LD plane, or unaltered. Column 2, the bath coordinate of the UO, the LD, and the difference
between the full bath coordinate and the sum of its parts.



of the LDUO, where the baths are indirectly coupled via
the system.

The bath coordinate of the full LDUO model (bottom
left) reveals a hybrid picture, where the bath coordinate
contains both persistent oscillations and decaying com-
ponents. To test that we are definitely seeing informa-
tion exchange between the baths, the bottom right panel
shows a difference plot for X" and YV | with contribu-
tions from the individual baths subtracted from that of
the total LDUQO. We see that the latter is not simply the
sum of UO and LD parts. That is, nontrivial residuals
remain due to interaction between the coherent and dis-
sipative channels. It is therefore clear that strong bath-
system-bath coupling occurs within the LDUO model.

Figures [7] and [§] show the results for a decomposition
of the bath coordinate expectation values as a second
order moment X(?(¢) and Y () . These results can be
interpreted in terms of two phonon processes as variances
of the bath coordinate from the total Matsubara modes
present in Ag.

In the top left panel of figure [7] the projected un-
damped component of the full LDUO system, shows a
strong oscillation for both the fluctuating and dissipa-
tive components X(? and Y®. The increased ampli-
tude of the UO contributions with respect to their pro-
jections, and the broken symmetry of Y around the
z-axis reflects the coherent build-up of information in
the undamped subspace of the hierarchy being lost into
the LD bath which is accompanied by a decrease in the
effective bath coordinate in the LD subspace of the hier-
archy. We hypothesise that this is due to a net positive
information flux returning to the system, due to strong
non-Markovian effects. Since no dissipation pathway ex-
ists for the pure undamped mode, the displacement of
the bath’s effective coordinate increases over time, as a
result of the bath-system-bath coupling. In contrast, the
top right panel shows the single bath UO trajectory. Un-
like the projected LDUO component, the amplitude of
the both fluctuation and dissipation components (X(Q),
Y®) remain bounded for the ground and excited state
populations with the isolated bath coordinate coherently
oscillating under purely imaginary Matsubara-like fre-
quencies +iwyo. This suggests that the bath-system-
bath coupling in the total LDUO dynamics suppresses
this symmetric growth in amplitude of X()(t) and Y®).

Figure |8 shows individual contributions to the total
X2 and Y@ signal (that is each of the terms in equa-
tions and (77)). The top two subplots (UOg and
UO;) are identical in shape to each other, but with a rel-
ative phase delay, which is consistent with dynamics aris-
ing from terms involving the two Matsubara coefficients,
c, in equation , and their associated complex conju-
gate frequencies, 5. The bottom two subplots show the
tier 0 component of the static time correlator (left) and
the doubly excited mode configuration. In both cases a
plateau forms as the system reaches global equilibrium,
and in the UO cross signal there is also a strong oscilla-
tory component from the undamped modes. It is clear
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from these results that the dominant contributions are
those which arise from the tier zero contribution, which
are of the order of the Aw\, which is consistent with pre-
vious results in Zhu et al. 43l

We now turn our attention to the LD component, and
refer back to the middle panels of figure []] The pro-
jected LD component from the two bath model (middle
left panel) exhibits very low intensity oscillations at the
undamped mode frequency giving rise to a plateauing
decay to the equilibrium configuration, for both the ex-
cited and ground states. This is in contrast to the the
middle right panel, where there are no direct contribu-
tions from the undamped modes. While both the excited
and ground states still decay to the same approximate
equilibrium value there is a larger increase at early time,
due to the absence of the dissipative, Y, signals . This
is because there are no oscillatory features due to the
undamped modes present within the signals, and conse-
quently there is much more symmetric variance between
the populations. This is consistent with a bath that acts
purely as a memoryless sink as the system continuously
loses information to the bath. These panels, once again
highlight the strong sensitivity to bath coordinate dis-
placements introduced via indirect system-bath-system
coupling in the LDUO model.

In the bottom left panel, the full X and Y from the
LDUO model shows that both fluctuation and dissipation
components converge to an equilibrium over time, but
modulated by long-lived oscillations suggesting strong
population-dependent dressing of the bath with vibra-
tional and thermal contributions. To examine whether
the LDUO result can be decomposed additively, the bot-

tom right panel plots the difference XS%UO — XS% — Xg())

and YS%UO fY]EZ]% ngg . Substantial non-zero residuals
remain, confirming that the LDUQO result is not simply
the sum of independent underdamped and overdamped
baths. This confirms the presence of significant bath-
bath correlations mediated via the system, and high-
lights that the fluctuation dynamics of the environment
in LDUO cannot be interpreted as a linear superposition
of simpler baths.

VI. CONCLUSION

The derivation of our LDUO model was motivated by
the desire to remove superfluous canonical damping from
our BVM model. We indeed show that we get qualita-
tively similar spectra to those of the uHEOM BVM while
dramatically improving the computational efficiency, re-
ducing the CPU time by 99.4%, or more, in the weak
coupling case.

Perhaps more interestingly, the development of this
model has also demonstrated that there is a strong bath-
system-bath coupling present in two bath models which
is not present in single bath alternatives, via first and sec-
ond order bath coordinate expectation values. The bath-
system-bath coupling, inherent in this model leads to in-
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direct communication (information transfer) between the
baths. Practically, such nonlinear couplings can have a
profound impact on system dynamics: for example in a
system with electronic dephasing and vibrational relax-
ation baths the bath-system-bath coupling induces non-
trivial electronic-vibrational coupling from the dephasing
and vibrational processes which would be absent in a sin-
gle bath approach. Future work could look at the effect of
combining baths via tensor products on bath dynamics.

VIl. SUPPLEMENTARY MATERIAL

The supplementary material includes an outline of a
comparative, well studied, overdamped version of the
HEOM which is close in structure to the derived LDUO
HEOM. This is used to benchmark the LDUO variant in
the paper. In addition, two further sections are included,
one presenting convergence tests for the presented re-
sults, and another showing numerical stability tests of
both hierarchies.
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FIG. 8: Components of the tier 2 expectation values. Column 1, the bath coordinate of the UOy mode and tier 0

portions. Column 2, the bath coordinate of the UO; mode, and the doubly coupled UOgy and UO; portions.
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